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A problem appears in the end of Lemma 8 page 355. The first part of the Lemma
remains true but the second weak convergence result for the random predictor is not
exact in general. In fact Z; ,, is not a martingale difference sequence with respect to
the filtration generated by (X1, €1, ..., X;, &,) and the CLT mentioned in the end of
page 355 cannot be invoked.

A new version of the second part of Lemma 8 is given below. An additional assump-
tion denoted (1) below is also required for Theorem 2 to hold. It is satisfied in a wide
range of examples and applications.

Lemmal Let X; = 3 ;' /A& ie) be the Karhunen-Loeve expansion of X; given at
page 334. Assume that the sequence of the squared principal component satisfies the
weak law of large numbers: when L tends to infinity,
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then the second part of Lemma 8 holds namely:
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Remark 1 Assumption (1) holds for Gaussian X and more generally when the principal
components &’s are independent.

Proof In order to clarifly we set below Xo = X,41, s1.; = % Zsz 1 512,1' and denote
E; the expectation w.r.t. the couple (X;, ¢;). The derivation relies on proving classical
pointwise convergence for the characteristic function of S, = J+Tn Z?:] Z; n with
Zin =(I'"X;, Xo)&i.

We prove the result above in the specific case of PCA-spectral cut then f, (x) = 1/x
for x > Ay, (then s, = k;). The reader will check that it does not alter the generality
of the statement.

Then with ¢g, (t) = E (exp (i1S,))

n . . n
it it
ps, (1) =Eo | |]E.,~ exp<W<FTXj,Xo>sj> =Ey {El exp («/721’">} .
n n

Jj=l1
With the above notations on Karhunen-Loeve expansion for X

k

Zip=e¢1 <FTX1, Xo) =&y &1k,
=1

where (£,1),_,., is independent from (&.0) Simple computations give,

I<l<ky’

Ei[Z1,] =0,E; [Zf’n] =0} Zfil £y, and Cauchy-Schwarz inequality yields

3/2 32

k k
R 3 n n
) < (Xa) = (3a)
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Taken from Jensen’s inequality, the bound
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3/2
leads to E; (Zﬁl 51%1) < k/? Zfil E |&,1 |3 < M3/4K"* where M appears in
assumption (A.3) page 334 and finally to

3/2

k
3 n
E, KFTX], Xo)‘ < MK (Z 51%0) . (2)

=1

Then a Taylor expansion for the characteristic function of ("' X1, Xo)e; is

it 262 Jn
E Z = ———H, (¢
“”‘p(m 1’") znk,,foo 6(n k)*/2 “

where H, (t) = [E; [813 <FTX1,X0)3 exp (ir, (FTXl,XO)m)] for some t©; €
(O, t/ «/nkn) is a remainder term in the Taylor’s expansion of ¢z, ,. Hence, we get
from (2),

3/2

k
3 n
|Hy ()] = Elet P Ey (P70, Xo) | < B e M52 (Z éf,o)

=1

Remind that sg, 0 = é Zfil & 12,0‘ From the equations above we can write,

it 202 3/2 [Sk,.0 ~
E — Zin)=1-——% 1+t 2207 @), 3
1exp<m l,n) o Skn,O( + tky ; n()) 3)

where this time: SUp(,. 1) |H (t)| < M3/*E le |3 Then, with assumption (7) page 334
in Theorem 2, we have that ki /n tends to zero when n tends to infinity so that,

2 2
O¢

Elexp<\/:T<FTX1,Xo>sl)=1— o ( Zg,0><1+OP<1>)

when ki Zfil 5120 isan Op (1). In order to conclude we have to take expectation with
respect to Xo and integrate to the limit.

First of all it is plain from (3), the assumption on kl” Zf; 1 512’0 and the continuous
mapping theorem that

E i <FTX X> "oE 2,
ex , e — exp|——0-]).
rexp (o= nXoler )| = exp|——o;
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. n
Besides [E1 exp (JthT Z 1,n>] < 1 almost surely and is uniformly integrable with
respect to Eg. We can conclude that

it . " 12
Eo {El eXP<W<F'X1,XO>81>} n:roo exp (‘3%2>’
n

which concludes the proof of the Lemma. O
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