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Abstract

We show that the local limit of the uniform spanning tree on any finite, simple, con-
nected, regular graph sequence with degree tending to oo is the Poisson(1) branching
process conditioned to survive forever. An extension to “almost” regular graphs and
a quenched version are also given.

Mathematics Subject Classification 05C81

1 Introduction

A spanning tree 7 of a finite connected graph G is a subset of edges spanning a
connected graph, containing no cycles, and such that every vertex of G is incident to
some edge of 7. The uniform spanning tree (UST) of such a graph G is a uniformly
drawn tree from the finite set of spanning trees of G. In this paper we study the local
limit of the UST on regular connected graphs with large degree. This limit, defined
by Benjamini and Schramm [3], is an infinite random rooted tree which encodes the
local structure of the UST viewed from a typical vertex, see further definitions and
discussion below.

Theorem 1.1 Let {G,} be a sequence of finite, simple, connected, regular graphs with
degree d(n) — o0. Then the local limit of the UST on G, is the Poisson(1) branching
process conditioned to survive forever.

The large scale geometry of the UST on regular graphs of high degree may behave very
differently depending on the underlying graph, see Sect. 7.1. It is therefore surprising
that from the local point of view the UST’s behavior is universal.
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Let us present an equivalent yet more concrete version of this theorem giving
precisely the probability of seeing a fixed rooted tree in a ball of radius r around a
random vertex. Let 7 be a finite rooted tree of height r > 1, that is, the maximal
graph distance between the root and a vertex of 7" equals r. Denote by 7, the set of
vertices of T at graph distance precisely r from the root and by Stabr the set of graph
automorphisms of T that preserve the root. Given a tree I', an integer »r > 0 and a
vertex v we write Br (v, r) for the induced rooted subtree of I' on the vertices that are
at graph distance at most » from v in I'. Theorem 1.1 can be now restated as follows.

Theorem 1.2 Let {G,} be a sequence of finite, simple, connected, regular graphs with
degree d(n) — oo. Let T'y, be a UST of G,, and X a uniformly chosen vertex of G,,.
Then for any fixed rooted tree T of height r > 1 we have that

T, e~V DI+

lim P(Br (X,r)=T) =
Jim (Br,(X,r) ) Stabr |

where = means rooted graph isomorphism.

We also provide a stronger version of Theorem 1.2 (Theorem 1.4) in which the
assumption of regularity can be weakened to “almost regular” graphs of high degree
which include small perturbations of regular graphs and graphs in which the degree of
most vertices are almost equal. Furthermore, in this more general setting we obtain a
quenched version of Theorem 1.2 (Theorem 1.5) showing that with probability 1 —o(1)
the number of appearances of a fixed rooted tree T in the UST T, is

[V(GIT, e VDT

(14 o(1)) Sy

For instance, with high probability the density of leaves in [, is (1 + o(1))e~! and
the density of leaves attached to a vertex of degree k is (1 + o(1))e2 /(k — 1)!. These
extensions are presented in Sect. 1.3.

When G is the complete graph on n vertices the conclusion of Theorem 1.1 was
established in the pioneering work of Grimmett [6]. The local limit of USTs on dense
graphs (i.e., when the number of edges is proportional to the number of vertices
squared) was recently investigated in [7] where it was shown to be a certain multi-
type branching process that can be described explicitly via the limiting graphon. The
assumption of density of the graph is used in [7] to apply partition theorems in the
spirit of Szemerédi’s Lemma and to use “graph-limit” techniques to explicitly describe
the local limit. These techniques are unavailable in the setting of this paper where the
degree tends to infinity arbitrarily slow.

We remark that Theorem 1.1 recovers the result of [7] in the special case when
the underlying graph is dense and regular (or close to regular). We also remark that
regularity is a necessary assumption for for Theorem 1.1. Indeed, if G is the complete
bipartite graph with n/3 and 2n/3 vertices on each side, respectively, then the local
limit of the UST is a branching process (conditioned to survive) in which the progeny
distribution alternates between Poisson(1/2) and Poisson(2), see [7].
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The local limit of uniform spanning trees 1135

In the rest of this section we formally define the notion of local limits (Sect. 1.1),
discuss the Poisson(1) Galton—Watson tree conditioned to survive and show that The-
orem 1.1 follows from Theorem 1.2 (Sect. 1.2), present the most general versions of
our main theorems as described above (Sect. 1.3) and close with a brief summary of
our notation (Sect. 1.4).

1.1 Local limits

The local limit of finite graphs was first defined in the seminal paper of Benjamini and
Schramm [3], see also [1] for further background.

We denote by G, the space of all locally finite rooted graphs viewed up to root-
preserving graph isomorphisms. In other words, the elements of G, are pairs (G, p)
where G is a graph and p is a vertex of it, and two elements (G1, p1), (G2, p2) are
considered equivalent if there is a graph automorphism ¢ : V(G1) — V(G») for
which ¢(p1) = p2. For a pair (G, p) and an integer r > 0 we write Bg(p, r) for the
induced graph of G on the vertex set which is of graph distance at most r from p.

We endow G, with a natural metric: the distance between (G1, p1) and (G2, p3) is
2R where R is the maximal integer such that there is a root-preserving isomorphism
between Bg,(p1, R) and Bg,(p2, R); possibly R = oco. We consider the Borel o-
algebra on this space and remark that with this metric G, is a polish space, hence we
can discuss convergence in distribution on it (see [1]).

We say that a law of a random element (G, p) of G, is the local limit of a sequence
of (possibly random) finite graphs G, if for any integer »r > 0 the random rooted
graphs Bg, (o, r) converge in distribution to B (o, r), where p, is a uniformly drawn
random vertex of G, that is drawn independently conditioned on G,,.

1.2 Poisson Galton-Watson trees

Let us now describe the local limit of Theorem 1.1. The Poisson(1) Galton—Watson
tree conditioned to survive is defined as the local limit as n — oo of a random rooted
tree drawn according to a Poisson(1) Galton—Watson tree conditioned to survive n
generations. It is classical (see [10]) that this limit exists and can be drawn directly
by taking an infinite path starting from the root vertex and hanging a Poisson(1)
unconditional Galton—Watson tree on each vertex of the path; however, we will not
use this fact in this paper.

Proof of heorem 1.1 given Theorem 1.2. Let (T, p) be an instance of the Poisson(1)
Galton—Watson tree conditioned to survive and let 7 be a finite rooted tree of height
r > 1. Our goal is to prove that

| T, |e~ 1V (DI

P(BF(P,F)QT)=W- (1

Denote by I'* an instance of an unconditional Poisson(1) branching process. We
will prove that
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1136 A. Nachmias, Y. Peres

e~ VDT

IP(BFM(,O, }") = T) = W, (2)

which implies (1) by the following argument. Let p,, denote the probability that T'*
survives n generations. It is well known (see [ 10, Theorem C]) that p, = % Thus,
the probability that Br«(p, r) = T and I'* survives n generations by (2) is just

oIV DIHIT,| o~ IV(DIHT,|

1—(=p,_ )™ =@ D)———— T, |pp.
IStaby | (1= = pa—p)) =1 +0) Stabr | | T | pn

Hence, if we condition on the event that I'* survives n generations and take n — oo
we get precisely (1).

We prove (2) by induction on 7. When r = 1 we have that Staby = k! where £ is
the degree of the root of T and (2) follows. Assume now that r > 2 and let k be again
the degree of the root of T" and call its children {u1, ..., ux}. For 1 <i <k write T,
for the subtree of T induced on all the descendants of u; (that is, all the vertices of T
for which the unique path to u; does not visit the root of 7). We view T}, as a tree
rooted at u;.

We put an equivalence relation on {uy, ..., uz} by declaring u; equivalent to u;
if and only if there exists a root-preserving automorphism between 7,; and 7y,;. Let
£ < k denote the number of equivalence classes and put k; for the number of elements
in the ¢th equivalence class, where | <t < {,sothatk =k +---+k¢.Forl <t <¢
we also denote by T the rooted tree T, . where u; is a representative of the rth
equivalence class. Since T is of height r at least one of the 7)’s must be at height
r — 1 and all others have height at most » — 1. A moment’s reflection shows that

l k 4
Stabr| = [ [ k! ] [ IStaby, | = [ ] k:!IStabga " (3)

=1 i=1 =1

Now, for the event Bru(p, r) = T to occur, we must first have that the root of I'*
has k children (with probability e~!/k!) and that there is a partition of the k children
of the root into £ subsets of sizes {k; }le so that if a child of the root is at the ¢th set,
the » — 1 generations of the branching process emanating from this child is isomorphic

to T, Thus, by the induction hypothesis we have that

ol k C e VAT g
P(Bru(p,r) =T) = — [—] _
(Breto. ) =10 =7 (kl,kz,...,k,>t11 |Stab ) |

Since |V(T)| = 1+ YC_ k|V(TD) and |T,| = Y, kT, | and by (3) we get
that (2) holds, concluding our proof. O
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The local limit of uniform spanning trees 1137

1.3 Extensions

The assumption of regularity in Theorems 1.1 and 1.2 can often be very restrictive.
For instance, the removal of a single edge from the graph violates the assumptions
though it is intuitively clear that the conclusion of the theorems will not be altered.
Moreover, the proof of Theorem 1.5, even in the regular case, requires an extended
version of Theorem 1.2 in which the graphs involved are “close” to being regular. For
these two reasons we now state this extension.

Definition 1.3 A sequence of finite, simple connected graphs {G,} is called high
degree almost regular if there exists some d(n) — oo such that

(1) Atleast (1 —0(1))|V(G,)| of the vertices of G, have degree (1 0(1))d(n), and,
(2) The sum of degrees in G, is (1 & 0(1))d(n)|V (G,)|.

It is immediately deduced from this definition that the total variation distance
between a uniformly chosen vertex and a vertex drawn according to the stationary
distribution is o(1), indeed,

deg(v) 1 _
Xv: ‘ S degw) ol o0 X

We comment that it is straightforward to see that if the average degree of the graphs
tends to infinity, then (4) in fact implies that the graph sequence is high degree almost
regular. We will not use this direction in our proof though.

Theorem 1.4 Let {G,} be a sequence of high degree almost regular graphs. Then the
conclusions of Theorems 1.1 and 1.2 hold.

Lastly, the following gives the quenched version of Theorem 1.4

Theorem 1.5 Let {G,} be a sequence of high degree almost regular graphs. Let T,
be a UST of G, and T be a fixed rooted tree of height r > 1. Denote by Y, (T) the
number of vertices v of G, satisfying Br, (v,r) = T. Then with probability tending
to 1 as n — oo we have that

[V(GIIT, e~ VDT

Y, (T) = (I +o(1)) Stabr |

1.4 Notation

Given a graph G we write V (G) and E (G) for its vertex and edge set, respectively.
For an integer k > 1 we write [k] for {1, ..., k}.

We write deg(u) for the degree of a vertex u.

For vertices u, v € V(G) we write u ~ v if there is an edge between them.

For two positive sequences {a,}, {b,} we write a, = O (b,)) when there exists a
constant C such that a, < Cb,, for all n, and a, = o(b,) when a,,/b,, tends to 0.
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1138 A. Nachmias, Y. Peres

2 Preliminaries
2.1 Random walks and electric networks

We give here a brief review of the theory of electric networks and refer the reader to
[11, Chapter 2] or [13, Chapter 2] for more details.

A network is a connected graph G equipped with positive edge weights c¢(u, v) for
any edge (v, v) € E(G). We write 7 (v) = )_,.,~, c(u, v), where possibly u = v if
there is a loop at v. The network random walk on the network is a reversible Markov
chain {X;}7°, on V(G) with transition probabilities

c(u,v)

u,v) = .
pu,v) = — W
We write P, () for the probability measure of the chain conditioned on Xo = u and
[E, for the corresponding expectation. We denote by 7, and 7, the stopping times

jzmin{tzlthzu},

o, =min{t >0: X, =u} <
which are of course equal unless Xy = u.
The effective resistance between two vertices u, v of the network is the voltage
difference between u and v when unit current flows from u to v. We will not use this
definition directly but rather a probabilistic interpretation of it which can serve as its
definition. We define the effective resistance between u and v in the network G by

1
Retr( o3 &) = o Patre <) ©)

We often write Refr(u <> v) when the underlying network is evident from the context.
When A C V(G) we write Regr(u <> A) for the electric resistance between u and A
in the graph obtained from G by identifying the vertices of A and keeping all edges.

2.1.1 Nash-Williams inequality

The following is useful method of bounding the resistance from below and is due
to Nash—Williams [14]. We say that a subset of edges of the network separates the
vertices a and z if every path from a to z uses at least one edge of the subset. If
Iy, ..., I, are disjoint subsets of edges separating a and z, then

n
-1
Rett(a < 2) = Z( > Ce) ,
i=1 eell;

see [11, Chapter 2.5]. An immediate application of this inequality is that

i I
R > ,
eff (U V) 2 G 1 deg(w) +1

(6)
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The local limit of uniform spanning trees 1139

whenever u # v are vertices of a simple graph and all the conductances are unit.
Indeed, if # and v do not share an edge the lower bound can be improved by dropping
the two +1’s in the denominators since the edges emanating from u separate u from v
and similarly for the edge emanating from v. If u and v do share an edge, we replace
that edge with a path of length 2 and assign conductance 2 to the two edges of the path
and apply again Nash—Williams inequality.

2.1.2 The commute-time identity

The commute time between two vertices a # z in a network is E; 7, + [E; 7,. In other
words, it is the expected time it takes to the random walk started at a to visit z and then
go back to a. It turns out [4] that this quantity is just the rescaled resistance between
a and 7 (see also [11, Corollary 2.21]):

Eq ;. + E; 7o = 2|E(G)|Reft(a < 2), @)

in any network G with unit conductances.

2.2 Uniform spanning trees

Let G be a finite connected graph. The set of spanning trees of G is non-empty and
finite hence we may draw one uniformly at random; denote by I" the resulting spanning
tree. We call I' a uniform spanning tree (UST) of G. In this paper we will only use
two basic properties of the UST.

2.2.1 Kirchhoff's formula

Kirchhoff [8] discovered a fundamental relation between the uniform spanning tree
and electric networks. Let e = (x, y) € E(G). Then

Ple € I') = Refr (x <> y; G). (3)
2.2.2 Spatial Markov property of the UST

Let A, B C E(G) be two disjoint subset of edges of G. We would like to condition
onthe event A C I' and B N I" = {. For this event to have positive probability we
must have that A does not contain a cycle and that when erasing the edges of B from
G we remain with a connected graph. It turns out that this conditional measure can be
described as drawing a UST on a modified graph, see [11, Chapter 4]. We denote by
G /A — B the graph obtained from G by contracting the edges of A and erasing the
edges of B.

Proposition 2.1 Let G be a finite connected graph and A, B two disjoint subsets of
edges such that G — B is connected and A has no cycles. Then the law of the UST
on G conditioned on the event A C I and BN T = 0 equals the law of the UST on
G/A — B, viewed as a random edge subset of G, union the edges of A.
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1140 A. Nachmias, Y. Peres

Lastly we recall the negative correlations of the UST. It is an immediate corollary
of (8) and Proposition 2.1 together with Rayleigh’s monotonicity for electric networks
[11, Chapter 2] that the UST has negative correlations. That is, if e # f are two edges
of a finite connected graph and I" is a UST of G, then

Pleelfel)<Peel)P(fel), )

see [11, Chapter 4].

3 Foster’s theorem and variants

Recall that Foster’s Theorem [5] (which also follows from (8) immediately) asserts
that on any connected graph G

Y Rt & ) =|V(G)| - L. (10)
{x.y}eE(G)
When G is aregular graph with degree d, its number of edges is w. Hence Foster’s

Theorem in this case states that

2 2
E Reft(Xo < X1) = =

d V(G (n

where {X¢, X1} is a uniformly drawn edge of G, or equivalently, X is a uniformly
drawn vertex of G and X is an independent uniform neighbor of Xy. By (6) the
resistance between two vertices in a d-regular graph is deterministically lower bounded
by %. Since this bound is rather close to the expectation above, it gives a useful
concentration estimate for the random variable Ref(Xo < X1).

Lemma 3.1 On any d-regular graph G and for any ¢ > 2/d the number of edges

e = (x,y) with Regr (x <> y) > ¢ is at most VGl

\4
ed—2

Proof Denote by N, the number of such edges. By (6) we bound Reg(x <> y) >

% > % — d%' Hence by Foster’s Theorem (10)
V(G)|d
V@1 -12 Nee + (L v ora—2sa0),
giving the required upper bound on N,. O

Our first variant is an estimate of the resistance between two endpoints of a longer
random walk.

Lemma 3.2 Let (X, ..., Xx) be a k-step random walk, k > 1, on a simple d-regular
graph G starting from a uniformly drawn vertex X¢. Then

2 2k—1)
E Rt (Xo < Xp) = =4+ —5—
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The local limit of uniform spanning trees 1141

Remark. In fact the proof gives that

2 2kk-1 2k 1 k-1
E Retr (Xo < Xi) < — - 1— =
eff (X0 WS+ —s |V(G)|d( d)
k-1

2k i
IV(G)ldd ~ 1) ;“ —a

which is an equality when k = 1 by (11).

Proof In any irreducible finite Markov chain the expected return time from a state to
itself equals the inverse of its stationary mass. Thus, since G is regular we have that
Ex, rx‘; = |V (G)| for any vertex xo of G. Hence for any vertex xg and k > 1

1
VO 2 Byt = o¢ Do [Exote +4], (12)
(X100 XE)
xi#ExoVi=1,....k

where (x1, ..., xg) is a walk of length k£ in G starting from a neighbor x| of xp. On
the other hand we have that

1
EEx, 7o = - D By Ty
(X1 5005 Xk)

The last sum contains all the terms on the right hand side of (12) except those for
which there is an i € [k — 1] for which x; = x¢ (if xx = x¢ the hitting time is O so the
case i = k is dismissed). We let i be the last such index and by (12) we get

k—1
1. x—1 1
EEx, 7 < V(G —k(1 = )" + - Z > > ., Try(13)
i=1 (x1,....%;) (Xjg10eemsXR)
Xi=X0 xjExgVj=itl,..k
where for the second term on the right hand side we bounded the number of (x1, .. ., xg)

in (12) below by d(d — 1)1, By (12) we have that for each i € [k — 1], if x; = xo,
then

Z Ey Txp < |V(G)|dk_i —kd(d — l)k—i—l.
(Xi4 150000 Xk)
xjFExQY j=i+1,...k

We put this back into (13) and bound the number of (x1, ..., x;) for which x; = xg
by d'~!, sum over i and obtain

k—1 1 ko

EEx, tx, < IV(G)|(1 + T) — k(1 — E)H - ; (1— Zz)i'
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1142 A. Nachmias, Y. Peres

Since G is d-regular and Xy is a uniformly drawn vertex we have that (Xo, ..., Xi)
has the distribution as (X, ..., Xo), hence
k—1 121
E[Ex, tx, +Ex, tx,] < 2IV(G)|(1 + T) —2k(1 - 3)
k—1

By the commute-time identity (7) we get that

2 2k-1) 2%k 1
E Regr (X Xp) < - - 1—-
eff (Xo < k)_d+ 7 |V(G)|d( d)
k—1

2k 1.
CV(G)|dd — 1) l;(l B E) ’

concluding our proof. O

As in Lemma 3.1 we obtain a concentration estimate using (6).

Corollary 3.3 Let (Xo, ..., X¢) be a k-step random walk on a simple d-regular graph
G starting from a uniformly drawn vertex Xo. Then for any ¢ > % we have that

P (Refr (X Xp) >e) < 2k
<~ g) < ————.
R P Y
Proof Denote the probability above by p. By (6) the resistance between distinct ver-
tices is always at least % - d%. By Lemma 3.2
2 2k-2 2 2
St—p 2 E Refr (Xo < Xx) Z ep+ (1 — P)(E - d_z)’
and rearranging gives the result. O

We present now our final variant of Foster’s Theorem. Let T be a fixed rooted tree
with k > 3 vertices and G a d-regular graph with n vertices; we think of n and d as
large and k as fixed. We denote T’s vertex set by [k] so that 1 is the root and such that
for any 2 < i < k the graph spanned on [i] is a tree and the vertex i is a leaf. For
instance, we can label all vertices according to a breadth-first search (BFS) order.

We say that a k-tuple of vertices (vy, ..., vx) of G is T-compatible when they are
distinct vertices and for any i, j € [k] such that the pair {i, j} is an edge of T, the pair
{vi, v;} is an edge of G. We draw a random k-tuple in the following iterative fashion.
Let X1 be a uniformly drawn vertex of G; for 2 <i < k — 1 assume we have drawn
(X1,...,Xij—1)andlet 1 < j <i— 1 be the unique index such that the vertex i of the
subtree of 7" induced on [7] is a leaf hanging on j. We draw X; to be a random neighbor
of X;. When T is a path with k vertices, the tuple (X1, ..., Xi) is distributed just as
k — 1 steps of the simple random walk starting from a uniform vertex. Let us remark
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The local limit of uniform spanning trees 1143

that the tuple (X1, ..., Xx) drawn this way is not necessarily T -compatible since the
vertices are not necessarily distinct, but with high probability it will be T -compatible.

Theorem 3.4 Let G be a simple d-regular graph and T a rooted tree on k > 3 vertices
such that d > 16k logk d. Let {X1, ..., Xy} be a random k-tuple drawn as described

..., Xy) are T-

g d
compatlble and

‘ 72k logk d
(k — l)d d?

Refi (Xx < {X1,.... Xp—1}) —

We first prove the following lemma.

Lemma 3.5 Let G be anetwork and [k] are distinct vertices of it withk > 3. Let x > 0
be given and & > 0 satisfy & < 5. Assume that for any distinct i # j in [k] one has

|Reff (i < j) — x| < e. (14)

Then

[Rer(1 < (2. k) = T2ke. (15)

2(k—1)‘

Proof Let p(i, j) be the probability that the network random walk on G started at i
is at j when it first returns to [k]; possibly i = j. Then p is the transition matrix for
the network random walk on [k] with conductances c(i, j) = 7w (@) p(i, j) (= ¢(j, i)
by reversibility). This implies that 77 (i) remains unchanged in this reduced network
and by (5) we conclude that the pairwise effective resistances as well as the effective
resistance between 1 and {2, ..., k} also remain unchanged. Hence (14) holds and it
suffices to prove (15) for this reduced chain on [k]. Since loops do not change the
resistance we remove them from this network, and we denote 7 (i) = >_ i c(, J)
the modified stationary measure after removing the loops.

Let A be the network Laplacian, that is, A is a k x k symmetric matrix defined
by A(i,i) = 7 (i) for any i € [k] and A(i, j) = —c(i, j) for any distinct i # j in
[k]. Given a € [k] we write Ala] for the (k — 1) x (k — 1) matrix obtained from A
by erasing the row and column indexed by a.

For three vertices a,i,j € [k] with i,j € [k] \ {a}, we write g,(i, j) =
G.(i, j)/7(j) for the normalized Green’s function of the random walk killed at a,
that is, G, (i, j) is the expected number of visits to j of a random walk started at i
before it visits a. We view g, (-, -) asa (k — 1) x (k — 1) matrix. The quantity g, (i, j)
is also the voltage at i when unit current flows from a to j (so that the voltage at a is
zero). Hence, g4 (i, j) = Pi(tj < 74) - Refr(a < j).Itis well known that this quantity
can be expressed in terms of the pairwise effective resistances, indeed, by Exercise
2.68 of [11] we get that

. Reft(a < j) + Reff(a <> 1) — Regr (i <> )
ga(la ]) = 2 El
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1144 A. Nachmias, Y. Peres

from which we deduce by our assumption (14) that |g, (i, j) — x/2| < 3e/2 for all
i #jin[k]\ {a}and |g,(i,i) — x| <eforalli € [k]\ {a}.

It is classical (see Exercise 2.62(a) in [11]) that g, (-, -) is an invertible matrix and
that Ala] = [ga(-, -)]_1. Denote by A the (k — 1) x (k — 1) matrix with x on the
diagonal and x/2 in all other entries, so that g, = A + E and ||E||; < 3¢ (k — 4/3)
where || E||1 the maximum £; norm of the rows of E viewed as vectors in RK~!

It is straightforward to verify that A~! is a matrix with « on the diagonal and 8 in
all other entries, where

2k - 1) o2
T kx T kx’

so that [|A1]; = %=0 Ttis a well known fact [15] that if [[A~"||; - ||E||; < I, then

HATYBIIEN
1= A=Y IIENL

HA+E)™ —A7) <

Since & < 53; we learn that A=Y - [|IE|l1 < 1/4 from which we conclude that
[|Ala] — A7Y||; < 32ke/x>. Since a was arbitrary for any i, j € [k] withi # j we
get

‘ iy 2| 3% ‘N(,) 20— 1) _32%ke _ 1
¢ - = 70) — -,
DT x2 ! kx - x?2 T x

since ¢ < % Since k > 3 we have that 7 (i) > and k < 3/2. Thus,

< T2ke,

) 1 32k%e/x
(i) Z(k—l) - 2(k—1)n() -

where we used that if |a — b| < c then |— — —| <c/lab|.

Since there are no loops in our reduced network the network random walk started at
1 visit {2 , k} before returning to 1 with probability 1. Hence R (1 < {2, ..., k})
is just -(1) by (5), concluding the proof. O

logk d

Proof of Theorem 3.4 Put ¢ = . For any i, j € [k] with i # j the random
vertex X; is uniformly distributed over the vertices of G and X ; is the endpoint of a
random walk starting at X; of length ¢ < k, where ¢ is the length of the path between
i and j in T. By Corollary 3.3

k
24 ke d 2%k
P (Rer(X; < X)) = )=
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By the union bound

) ) 2+ # k3
P(3i #j €kl Rar(Xi < X)) > <
log" d
Furthermore, by (6), if X; # X, then the resistance across them is at least % - d%.
At each step of the random process of drawing (X7, ..., Xi), the probability we draw
an already chosen vertex is at most k/d hence the probability that (X1, ..., Xi) is
compatible with 7' (in particular they are distinct vertices) is at least 1 — /il—z >1— 10];‘ i

by our assumption on d.
We conclude that with probability at least 1 — 2k3/loghd for all i, j € [k] with
i # j we have

2 logh d
Reit (Xi < Xj) — 7 = 2

from which Theorem 3.5 implies that desired result (we have used our assumption
d > 16k logk d to verify the assumption of Theorem 3.5). O

Corollary 3.6 Let G be a simple d-regular graph and T a rooted tree on k > 3 vertices

such that d > 16klog* d. Denote by N the number of k-tuples (v1, ..., vi) that are
T -compatible and such that

k 72k logk d
> .

Refr (U < {v1, ..., vk—1}) — G—Ddl = P
Then
2nd* =113
< -
logk d
Proof Immediate from Theorem 3.4. O

4 Tightness

Our goal in this section is to prove Theorem 4.2 showing that, in the setting of Theo-
rem 1.1, for any integer r > 1 the random variables |Br, (X, r)| are a tight sequence.
We remark that for » = 1 this is trivial since the expected degree of a randomly chosen
vertex in any tree is at most 2. This reasoning fails for » > 2, indeed, the behavior
of bigger balls is inherently different, for example, E | Br, (X, 3)| may be unbounded,
see Sect. 7.2 for an example and further discussion.
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1146 A. Nachmias, Y. Peres

Lemma 4.1 Let I be a fixed finite tree, S C V(I') be a subset of its vertices and X a
uniformly drawn vertex of V(I'). Then for any positive integers r, m, M we have

r|Sim’2M
P(Br(X.r = )NS #0, |Br(X,r = Dl <m, [Br(X,n] < M) < SV
Proof If x € T is a vertex such that Br(x,r — 1) N S # {, then there exists a
vertex v € S and a simple path in I" of length £ < r — 1 from x to v. If in addition
|Br(x,r —1)] <m and |Br(x,r)| < M, then when £ < r — 1 all vertex degrees on
this path are at most m and if £ = r — 1, then the degrees of the first r — 2 vertices of
the path are at most m and the degree of v is at most M. For each v € §, the number
of such paths of length £ < r — 1 is at most m® and the number of such paths when
¢ =r — 1 is at most Mm"~2. Hence the number of possible x’s is at most

r—2
S| Y " m" +|S|m" M < r|S|m" M,
(=1

concluding the proof. O

Theorem 4.2 (Tightness) Let {G,} be a sequence of finite, simple, connected, regular
graphs with degree d(n) — oo. Let T, be a uniformly drawn spanning tree of G, and
let X be a uniformly chosen random vertex of G,. Then for any integer r > 0 we have

lim supIP’<|Brn(X,r)| > M) —0.
M—oo p

Proof To simplify the notation we write B, for the random variable |Br, (X, r)|. Our
proof is by induction. The case r = 0 is obvious since By = 1 always. Letr > 1 and
let ¢ > 0 be arbitrary. By induction we know that there exists some m > 0 such that
for all n we have

P (B,_l > m) <&/2. (16)

We fix M > m that we will choose later depending only on m, r and ¢. Our goal is to
estimate P(B, > M B,_1 < m). This equals

o0
P (B, e 2XM, 2 MyB,_, < m> (17)
k=0

For each k > 0 we choose some large A; > 4 that will also be chosen later (it will
depend only k, r, m and ¢) and apply Lemma 3.1 to obtain that the number of edges
with resistance on them at least Ay /d is at most n/(Ay — 2) < 2n/Ag. Let Si denote
the set of vertices which touch at least 251 M /m edges with resistance at least Ay /d.
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Thus, |Sk| < Snm By Lemma 4.1 we have

A2FM
P(B, € [2M, 2" ' M)B,_; < mBr,(X,r — 1) N S # @) < lérA—"Z_l. (18)
We now upper bound
P (B, € [2M, 2\ M)B,_ < mBr,(X,r — )N S = VJ). (19)
If the event above occurs, then there is a path vy, vy, ..., v.—1 in [, starting at vo = X

of length » — 1 such that

(1) All vertices in the path are not in Sk, and,
(2) vy_1 has at least D = 2¥M /m edges of T, touching it whose other endpoint is
notin Br,(X,r — 1).

Since v,—1 ¢ Sk at least D/2 of the edges specified above have resistance at most
Ay /d between their endpoints. We enumerate over all the possibilities of the path
(vo, ..., vy—1) (there are at most nd’ ! choices) and D/2 children of v,_1 (there are
( D%) choices). We apply (9) and bound the probability of each edge being in I, by
Ay /d. We obtain that (19) is bounded by

d
D)2

ZeAk>D/2

)(Ak/d)D/2 = a7

We put this bound together with (16), (17) and (18) to obtain that

o0 o0
€ 16rm” ! 2eAr\D/2
P(B, > M) < = E— EA’_I( ) , 20
(Br > )_2+k_0 AL +k_0k D (20)

where D = 2¥M /m. We now choose Ay = 2*7rm”~1e~! so that the first sum on
the right hand side is at most £/4. We then take M = M (m, r, ) so large such that
for any k > 0 we have

_1/2eAi\D/2
AT (SE) T = easas,

for example, M can be chosen so that 2e Ay /D < €227 r"m="" and D/2 > 2k+!
so that the third sum in (20) is at most /4. We get that P(B, > M) < ¢, concluding
the proof. O

5 Proof of main theorem

We say that a vertex of G is good if it does not touch an edge such that the effective

resistance between its endpoints is at least logd. Given a fixed rooted tree T of height

@ Springer



1148 A. Nachmias, Y. Peres

r on k > 2 vertices, we say that T-compatible k-tuple (vy, ..., vr) is good if all the
vertices of tree-distance at most » — 1 to the root are good. In other words, if the
vertices (vy, ..., Ux—7,|) are good vertices. The following is a key calculation.

Lemma 5.1 Let G be a simple d-regular graph and T a rooted tree on k > 2 vertices.
Ifd > 72k log"*' d, then

1 u 4423
= > J]Reri o o1, viah) <k + : 1)
n ! logd
(Vi,e,vg) =2
T —compatible
good

Proof We prove by induction on k. The base case k = 2 follows (without the second
term on the right hand side of (21)) by Foster’s Theorem (10). We proceed to the
general k > 3 case.

We write C = 2k>. By Corollary 3.6 the number of T-compatible k-tuples
(vy, ..., vr) for which

K+ 72k logk d
Rees (v < {vg, ..., vp— > d 22
ett (Vi <> {v1 k—11) = *—d (22)
is at most Cnd*~'/1ogk d. For these tuples, we bound each term in the product by
lot%d; indeed, we may do so since v; has a good neighbor in {vy, ..., v;_1} for all

i €{2,...,k}. This gives us an upper bound of

1 Cnd*! (logd)kfl o)
- x = .
n’ logtd d logd

For all other tuples we have the opposite inequality at (22). Thus we may bound the
last term in the product by this, sum it over the d possible choices of v; and obtain
that the sum at the left hand side of (21) is bounded above by

L k—1
c k+logd 1
wd TG n Retr (v <> {01, vi1)),
logd ~ k—1) n 2 [IRaio v
[CT Vk—1) =2
T\ {vg }—compatible
good

< —L_ We use our induction

72k logh d
d — logd"

where we used our assumption on d to bound
hypothesis to bound the last term and get that

k 1 B
C | Ftia 4=1c
Z HRCff(vi(—){vlv“-»vi—l})f +—°g(k—1—|— )
, logd = (k—1) logd
(V1,esvp) =2
T —compatible
good
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crs 2 3.41c
- logd logd ’
ket o
where we bounded (kﬁ"'ff < 3.Since 2 + 3 - 4k~ < 4K we get the desired inequality
and conclude our proof. O
Proof of Theorem 1.2 Let (v, ..., vr) be a T-compatible k-tuple of G,. We write

T (vy, ..., vy) for the subset of edges {{vi, vj}: {i, j} € E(T)} of G, (by definition
of T-compatible all of these pairs must be edges of G,). We have that

1
P(Br,(X,r) =T) = ——— P(Br, (v1.7) = T (1. ..., %)),
: |V (G,,)||Stabr| <v1§k> : !

T —compatible

since for each root preserving isomorphism o € Stabr the edge subsets 7' (vy, .. ., vg)
and T (v (1), . - . » Vo (k)) are equal so the corresponding events identify as well. Up to
these isomorphisms, all the events are disjoint and hence the |Staby|~! term above.
Recall that 7, are the vertices at the last level of T viewed from the root. Set
t = k — |T| so that by our labeling convention the vertices [¢] are the vertices of T

that are not in 7. Denote by A7 (v1, ..., vg) the event that all edges emanating from
v1, ..., vy which do not belong to T'(vy, ..., vg) are not in the UST I';,. We have
1
PBr,(X,.r)=T)=——"— Y P(TQ..., v) C Ty Ar (o, es ).

[V(Gp)lIStabr | (
UL,y V)
T —compatible

By Kirchhoff’s formula (8) together with spatial Markov’s property (Proposi-
tion 2.1) for any 7'-compatible tuple (vq, ..., vg), we have that

k
P(T(v1.....0) CTy) =[] Resr(vi < {1, ... vi1)). (23)
i=2

By the spatial Markov property (Proposition 2.1), the probability of the event
At (v, ..., vg) conditioned on T (vy, ..., vx) C I', is the probability that all edges
emanating from {vy, ..., v;} that do not belong to 7'(vy, ..., vx) are not in a UST of
the graph G/(vy, ..., vx) in which the edges T (vy, ..., vg) are contracted and loops
erased. The degree in this graph of the vertex corresponding to (v1, ..., vg) is at least
kd — k* and at most kd.

Denote by {eq, ..., er} the set of edges of G that have precisely one endpoint in
{vi, ..., v/} and do not belong to T (vy, ..., vg). Since all degree are d we have that
L > td — k*. For any ¢ satisfying 1 < ¢ < L we have

Pleg ¢ T | {er, ..., e—1})NT, =0, T(vy, ..., ) CTy)
1 1
<1-— - ;
- d—k+1 kd — k2 —¢+1
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since if e, = (v;, u) for some 1 <i < k and u ¢ {vy, ..., v}, then the degree of
uin G/(vy,...,v) —{e1,...,ee—1} 1s at least d — k (since G, is simple) and the
degree of v; in the same graph is at least kd — k> — £ + 1, and the estimate follows
by the spatial Markov property and our deterministic lower bound (6) on the effective
resistances between two vertices.

We apply this estimate sequentially over {eq, ..., e}, use the fact that L > td —
O(1) and obtain that

1 1
P (@i, v | T, 0) € Ty) §Q<l_d—k+l - )

<e"p( 2_15 dk—e)

k-
<+ 0<d“>>%,

where the second inequality is a straightforward computation with harmonic series.
The constants in the O-notation depend on k. Thus,

A+0d e k-1
P(Br (X,r)=T) < R vl
(Br,(X.n) 2 T) < — e — > ]'[ et (Vi <> {v1, ... V1))
(v1,..., ) i=2
T —compatible

We now show that the probability that Br, (X, r — 1) contains a vertex that is not
good is negligible. Indeed, by Lemma 3.1 the number of such vertices is at most
Cn/logd and so by Lemma 4.1 the probability that Br,(X,r) = T and that there
exists a vertex of Br, (X, r — 1) touching such a vertex is bounded by = C’k =o(l)
since d(n) — oo and k and r are fixed. Hence by Lemma 5.1 we get

- e 'k —1)

Denote by Ty the set of rooted trees T with |V(T)| < M, viewed up to root
preserving graph isomorphism. Let ¢ > 0 be arbitrary, apply Theorem 4.2 to obtain a
number M| = M{(e) < oo so that for all n

> PBr,(X.r)=T)ell—ell

TETMI

By (1) there exists M> = M>(e) < oo such that

3 k=D
|Stabr | &

TETM2
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We put M = max(M;, M>). By (24) we learn that there exists N = N (M, ¢) such
that for any 7 € Ty and any n > N one has

e'k—1) ¢
|Stabr| | Tm|

P(Br,(X,r)=T) <

If two positive sequences {a@}?’:l and {bg}?’:l satisfy a; < by for all £ € [N] as well
as Zfév:l ag € [1 —eg, 1] and Z?’:l be € [1 — e, 1+ ¢], then ZQ’ZI lag — be| < 2e.
Hence

e k-1
> | xn =T - S22 <0,
|Stabr |
TeTy
concluding our proof. O

6 The UST on high degree almost regular graphs

In this section we describe the necessary changes to the proof of Theorem 1.2 in order
for it to work when {G,} is a sequence of high degree almost regular graphs with
d(n) — oo (see Definition 1.3), that is, in order to prove Theorem 1.4. Furthermore,
we prove the quenched version Theorem 1.5 which relies on Theorem 1.4 (even in the
purely regular setting of Theorem 1.2).

We will need to take into account the rate of decay of the o(1) terms in Definition 1.3.
Therefore we assume for the rest of this section that {G} is a sequence of high degree
almost regular graphs such that

{v € VGt 1deg) —dm)] < 8,d}| = A =8)IVGI. @)
and
> deg®) = dIV(Gol| = 8,:dIVG)l (26)
veV(Gy)

where §,, = o(1) is some non-negative sequence tending to 0. Without loss of general-
ity we assume that d (n)~! = 0(8,); otherwise we take the sequence max (8, d (n)~hH.
For such a sequence we have that

) degv) 1 o6 o
veV(Gp) Zvdeg(v) IV (Gn)l

or in other words, we may couple the uniformly drawn vertex with a vertex drawn
according to the stationary distribution so that they are equal with probability at least
1 — O(6,), see [9, Proposition 4.7].
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6.1 Almost regular versions of Sections 3 and 4

Let Xo be a vertex drawn according to the stationary distribution and let X be a
random neighbor of it so that { X, X1} is a uniformly drawn edge of G,,. Then Foster’s
Theorem gives the analogue of (11) for high degree almost regular graphs

24 0(8,)
E Rer(Xo <> X1) = ——— =
d(n)
Lemma 3.1 Let {G,} be a high degree almost regular graph satisfying (25) and (26).

Forany & > 2/d the number of edges e = (x, y) € E(Gy) with Regr(x <> y) > € is
at most YE2GDV (G|

ed—2

Proof Similarly to the proof of Lemma 3.1, we denote by N, the number of such edges.
For every edge (x, y) for which the degree of both its vertices is at most (1 + 8,,)d (n)
we bound Refr(x <> y) > % using (6). By (25) and (26) the number of such
edges is at least (1 — O(6,))|V(G,)|d/2, so by Foster’s Theorem (10)

V(G| -1 Nee + ((1 - 0(811)2)|V(Gn)|d _ N€)2 - dO(Sn)’

giving the required upper bound on N,. O
We use Lemma 3.1'to prove tightness in the almost regular setting.

Theorem 4.2" (Tightness) Let {G,} be a high degree almost regular graph sequence.

Let Ty, be a uniformly drawn spanning tree of G, and let X be a random vertex chosen
according to the stationary distribution of G,,. Then for any integer r > 0 we have

im supP (|Brn (X,r)| = M) —0.

1
M—oco p

Proof The proof of Theorem 4.2 applies verbatim with Lemma 3.1’replacing the use
of Lemma 3.1. O

Next we alter the statement of Lemma 3.2 to the following.
Lemma3.2" Let {G,} be a high degree almost regular graph satisfying (25) and (26)
and let (Xo, ..., Xk) be a k-step random walk on G, with k > 1, starting from a

random vertex X drawn according to the stationary distribution. Then

24+ 0(,)

E Refr(Xo < Xi) < 7

where the implicit constant may depend on k.
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Proof The alterations required in the proof of Lemma 3.2 are changing the stationary
mass of xo and replacing powers of d into the corresponding products of degrees. So
that (12) now becomes

1
Z [ Ex o + k] <
k—1 [ Xk “X0 =
(X1 5eesXp) Hi:O deg(x;)
xi#ExoVi=l1,..., k

1

7(xp)’

where 7 (xg) = deg(xo)/ >, eV (Gy) deg(v) is the stationary mass of xo. The analogue
of (13) is now

1 1
St X T > o Eam
m(xo0) i o) ]_[’j:O deg(x;) Crtom) [1;= deg(x))

Xi=X0 xjF#ExoVj=i+1,...k

Hence plugging in the previous estimate yields

k—1

EEx, tx Z]P’(Xi =X | Xo = x0).
i=1

SR

We average this inequality over x( according to the stationary measure of G,, and get
that

k—1
EEx, T, < V(G| + Y > P(Xi = x0 | Xo = x0).

i=1 xo

Foreachi € [k — 1], the corresponding term in the sum on the right hand side, divided
by |V (G)], is just the probability that P(X; = X¢) when X is a uniformly chosen
vertex. It is easier to bound the return probability when X is a stationary vertex rather
than a uniform vertex. By (27) the difference between the two probabilities is O (6;,).
If Xy is stationary, then X;_ is also a stationary vertex, hence the probability that it
is a vertex with degree smaller than d/2 is O(§,) by (25), and if that does not occur
the probability of moving to X in the next step is at most 2/d = O(5,,). We deduce
that

EEx, tx, < (1+ 0@u)IV(G)I.

and the proof continues precisely as in Lemma 3.2 to give the desired result. O

Corollary 3.3’ Let {G,} be a high degree almost regular graph satisfying (25) and
(26) and let (X, ..., Xi) be a k-step random walk on G,,, with k > 1, starting from
a random vertex Xo drawn according to the stationary distribution. Then for any
& > 2/d we have

0(8,)
ed —2°

P (Rett (X0 <> X3) > €) <
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Proof Denote the probability that Refr(Xo <> Xi) > € by p. Since Xy is stationary so
is Xk hence by (25) the probability that they both are vertices of degree (1 0 (5,,))d (n)
is at least 1 — O(3,,). In this case we bound the resistance between them from below

by 2 d?n(f ) using (6). Thus, by Lemma 3.2'we obtain

24+ 06 2—0(
+T(") > E Rer(Xo < Xg) = 6p+ (1 — p— 0@))%,

and rearranging gives the result. O

We are now ready to state the analogue of Theorem 3.4. Given a fixed finite rooted
tree T with k > 3 vertices, the random k-tuple (X1, ..., Xx) of vertices is drawn
exactly as described above Theorem 3.4 with the only exception that X is now a
stationary vertex.

Theorem 3.4’ Let {G,} be a high degree almost regular graph satisfying (25) and
(26). Let {X1, ..., Xi} be a random k-tuple drawn as described above. Then there

exists C = C(k) > O such that with probability at least 1 — 0(8,1/2) we have that
(X1, ..., Xx) are T-compatible and

ca”z

Rei (Xx < {X1,.... Xp—1}) — = 1)d’

Proof We closely follow the proof of Theorem 3.4. For i # j as in the beginning of
that proof, we have by Corollary 3.3'that

24+ /6
P(Rer(X; & X)) =z =) = 06/,
d
By the union bound
. . 24+ V6
P(3 )€kl RaX; & X)) = =) = 06,

Furthermore, since X; are stationary, by (25) and (27), with probability at least

1 — O(6,) the degrees of X1, ... Xk are all (1 4+ O(6,))d(n), hence the resistance
between any distinct pair is at least 2 0(8”) . Furthermore, as before, the probability
that X1, ..., Xy are all distinctis 1 — O(d 1y which is 1 — O(8,,). We conclude that

with probability at least 1 — O(8,/%) forall i, j € [k] with i # j we have

1/2
2 0(8 )
Regt (X; < Xj) — 71 = —d ,
from which Theorem 3.5 implies that desired result. O
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6.2 Proof of main theorem, extended version

In the proofs of the rest of this section we will need to discard undesirable 7-compatible
k-tuples such as those that have atypical vertex degrees. To that aim we introduce the
following definitions. Recall that our convention is that the vertices [¢] where t < k
are the vertices of T at graph distance at most r — 1 from the root, while { + 1, .. ., k}
are the vertices at graph distance precisely r from the root.

Definition 6.1 Let {G,} be a high degree almost regular graph sequence satisfying
(25) and (26).

(1) We say that a T-compatible k-tuple (v, ..., vx) has typical degrees if
(I =38u)d(n) < deg(v;) < (1 +8u)d(n) Vi€ l[r]
(2) We say that a T-compatible k-tuple (vy, ..., vg) which has typical degrees has

typical neighbor degrees if for each i € [¢] the number of neighbors of v; which
have degree at least (1 — §,)d(n) is at least (1 — 4/8,)d(n).

(3) We say that a T-compatible k-tuple (v1, ..., vg) is good if none of the vertices
1
TIGk-D)
v1, ..., Uy are incident to edges with resistance at least S —— across them.

In the rest of this section all implicit constants in the O-notation depend on k.

Claim 6.2 Let T be a fixed rooted tree with k vertices, and (X,..., X;) be a T-
compatible k-tuple drawn as described above Theorem 3.4’. Then with probability at
least 1 — O(4/3,) the tuple (X1, ..., Xi) has typical degrees and typical neighbor

degrees. Also, with probability 1 — 0 (54 ™1y it is good.

Proof Since X; is distributed according to the stationary distribution for i € [f] it
suffices to prove that X satisfies the requirement of Definition 6.1 and use the union
bound to obtain the desired result.

Indeed, firstly, by (25) and (27) we learn that with probability 1 — O (8, the vertex
X1 has degree within (1 & §,)d(n). Secondly, by Lemma 3.1'the probability that
X1 is not good is 0(8,1,/40‘71)). Thirdly, denote by Vi C V(G,) the set of vertices
with degree within (1 % §,)d(n) and by Vo C Vj the set of vertices in Vi such
that at least (1 — /8,)d(n) of their neighbors are in V|. As before we have that
P(X, € Vi) =1 — O(8,). On the other hand,

P(X2 € Vi | X1 € Vi\Va) <1—0G/8,).
Thus
1—0@,) <P(Xae V) <(1—0W6,)P(X1 € Vi\Va)+1—P(X; € Vi \ Va),

and we deduce that P(X| € V; \ V) = 0(+/$,) concluding the proof. ]

The corresponding analogue of Corollary 3.6 requires that we consider k-tuples
having typical degrees.
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Corollary 3.6 Let {G,} be a high degree almost regular graph satisfying (25) and
(26). Denote by N the number of k-tuples (v1, ..., vr) that are T-compatible, have
typical degrees, and such that

1/2
k - Cé,

R “eey — - ’
etf (Vk <> {v1, Vk—1}) G—Ddl = 4

where C is the constant from Theorem 3.4'. Then

1/2 _

N =06, IV(Gyld*h).
Proof For any T-compatible k-tuple (v, ..., vx) that has typical degrees the prob-
ability that (X1, ..., Xx) equals (vi,...,vg) is 1+0() Furthermore, by

IV (Gwldmk=1"
Claim 6.2, the probability that (X1, ..., X)) have typical degrees is 1 — O (/5y),
hence the total number of 7T-compatible k-tuples that have typical degrees is (1 +
OWENIV(G)ld* .

Lastly, by Claim 6.2 we learn that the assertion of Theorem 3.4’continues to hold
when we condition on (X7, ..., Xi) to have typical degrees and the desired assertion
follows. O

We may now proceed to the proof of the main theorem in the almost regular setting.
We first state the analogue of Lemma 5.1.

Lemmaof 5.1 Let {G,} be a high degree almost regular graph satisfying (25) and
(26). Then

_
V(G

1/4

k
> [[Reti & o1, vimah) <k + 0. (28)

(1, vk) i=2
T —compatible
good, typical degrees

Proof We closely follow the proof of Lemma 5.1 and prove by induction on k. By
Corollary 3.6'the number of T-compatible k-tuples (vy, . .., vx) for which

Rett (Vi < {v1, ..., vk—1}) = (29)

k(= 1)+ C/8,
d

is 0(8,1,/2|V(Gn)|dk_1). For such tuples, we bound each term in the product by
6;1/4(1(71)

. Thus we may bound the sum over such tuples (with the [V (Gp)|~! fac-
tor) from above by

—1/4(k—1)

06 d1) x (— y

1/4

)H — o6,

For all other tuples we have the opposite inequality at (29). Thus we may bound
the last term in the product by this, sum it over the at most (1 + &, )d possible choices
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of vy and obtain that the left hand side of (28) is bounded above by

k—1
k+ O(/én 1
o0}/ + £ O e BD DR | L R A}

(V1seesVp—1) i=2
T \{vi}—compatible
good, almost regular

We apply our induction hypothesis to the sum on the right hand side, collect the

telescoping terms and get the desired result. O
Proof of Theorem 1.4 Recall the definitions of the events T (vy,...,v;) and
Ar(v1, ..., vk) from the proof of Theorem 1.2. We still have that

1
P(Br, (X, ) =T)= —————— > P(Br,(v,r)=T,..., ).

|V(Gn)l|Stabr| (
Ulyeers k)

T —compatible

To proceed with the proof we need to discard a larger set of k-tuples than we did in the
proof of Theorem 1.2 and to do so earlier. By Lemma 4.1 and Claim 6.2 the probability
that B(X,r) = T and B(X,r — 1) contains a vertex that is not of typical degree or
not good or does not have typical neighbor degree is o(1). Thus,

!
PBr, (X.r) =T) = —— > P(T(1.....00) C Ts Az (1., 0p)
|V(Gn)||StabT| (v1,...,0k) '

T —compatible
good, typical degrees,
typical neighbor degrees

+o(1).

The analysis performed in the proof of Theorem 1.2 shows that for any 7-compatible
k-tuple (v1, ..., vg) that has typical degrees and typical neighbor degrees we have

e '(k—1)

Prr(uy,...,v) | T(uy,...,v) CTy) < (1 +o0(1)) k

Since (23) holds, by Lemma 5.1’and the above we get that

- e (k-1
P(Br,(X,r)=T) < W +o(1).

Now the same proof as in Theorem 1.2, below (24), can now be used verbatim, with
the exception that Theorem 4.2'takes the role of Theorem 4.2. O
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6.3 Proof of Theorem 1.5
The proof by a second moment argument. By Theorem 1.4 we have that

[V (G| Ty e~V DI
|Stabr |

EY,(T) = 1+o0(1)
The second moment can be expressed as

EY,(T)*= Y P(Br,(v.r) = TBr,(ur)=T).
u,veV(Gp)

We split the last sum to two according to whether the intersection Br, (v, r)NBr, (u, 1),
viewed as a vertex subset, is empty or not. If the intersection is non-empty, then
u € Br, (v, 2r). Hence we bound

EY,(T)? <Y P(Br,(v.r) = T, Br,(u.r) = T, Br, (v, r) N Br, (u,r) = )

u,v

+Y E[|Br,®,2r)]. (30)

Theorem 4.2'immediately yields that the second term in (30) is 0(|V(Gn)|2) SO we
focus on estimating the first sum of the above inequality. To that aim, we condition
on Br,(v,r) = T and on Br, (v, r) itself. That is, in the terminology of the proof of
Theorem 1.2, we condition the T-compatible k-tuple (vy, ..., vx) and on the edges
T (vy, ..., vr) beinginthe USTI',, and on the event A7 (vy, . .., V), i.e., that all edges
touching {v1, ..., v;}, except for those in T'(vy, ..., vg), are not in I',,. Conditioned
on this information, the UST T, restricted to the unconditioned edges is distributed
as a UST on the graph obtained by G, by contracting the vertices {vy, ..., v} to a
single vertex and erasing edges touching {vy, ..., v;}. Denote the resulting graph by
G),.

It is not hard to verify that G/, is high degree almost regular. Indeed, since G, is
simple, the degrees of all vertices of G, except {vy, ..., v} have dropped by at most
k. The degree of the conjoined vertex {vy, ..., vx} is at most kn and at least 1 and
the total number of edges that were erased from G, is at most rn = o(dn). Thus G/,
satisfied Definition 6.1 perhaps with a slightly larger §, than the one of G, but still
o(1). Denote by I';, the UST on G/,. Then Theorem 1.4 gives

V(G| Ty eV DI
Stabr|

> PBry(u,r) =T)=(1+o(l)

ueV(Gy)

Therefore, the first sum in (30) is just (1 + o(1))[E ¥, (T)]?* while the second sum is
o(E Y,(T)). We deduce that EY,(T)?> = (1 + o(1))[E Y,(T)?], or in other words,
the variance of Y, (T) is o([E Y, (T)]?) and the assertion of the theorem follows by
Chebychev’s inequality. O
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7 Concluding remarks and open problems
7.1 Maximal diameter of the UST on regular graphs

The diameter of the UST, i.e., the maximal graph distance between two vertices, is the
most natural “global” property of the UST. We cannot hope this quantity has a universal
behavior only under the assumption of regularity. Indeed, the complete graph on d + 1
vertices is a d-regular graph in which the diameter of the UST is of order +/d. In
fact, in [12] it shown that that the diameter of the UST on various “high-dimensional”
(such as regular expanders, the hypercube and d-dimensional tori for d > 4) is of
order /| V (G)|.

On the other hand, take m disjoint copies K1, . .., K,, of complete graphs on d + 1
vertices and for each i € [m] let (x;, y;) be an edge of K;. Add the edges (y;, x;j+1) for
each i € [m — 1] to form the connected graph G—it is easily seen that the diameter
of the UST on G is of order n/+/d. (We remark that G is not regular, however, it is
not difficult to make small changes to this construction to make it regular, we omit the
details.) Our first question is whether this upper bound is best possible.

Question. Let {G,} be a sequence of simple, finite, connected d(n)-regular graphs
with d(n) — o0. Let D,, be the diameter of a UST of G,,. Does it hold that

|V(Gn)|) ?

EDn=O<W

Remark 1 In [2] it is shown that if G is a simple, finite, connected graph with minimal
degree Q (n), then its diameter is © (,/n). This confirms the question above when d (1)
is linear in |V (G)|.

Remark 2 Theorem 1.1 implies that with high probability that diameter of the UST
in the setting of the question above is o(|V (G,)|). In fact, the following much more
general statement can be made. We thank Jan Hladky for showing this to us.

Proposition 7.1 Let {G,} be a sequence of graphs with |V (G,)| — oo such that the
uniform spanning tree I'y, of G, has a local limit (I', 0) that almost surely has no
bi-infinite paths. Then, for any fixed ¢ > 0 one has

lim P (D, >¢&V(Gy) =0,

n—oo
where Dy, is the diameter of T'),.

Proof Assume by contradiction that there exists some fixed positive number &1, &3
such that for infinitely many n’s we have

IP)(l)n > SIV(Gn)) > &2.

By passing to a subsequence we may assume without loss of generality that this
happens for every n. Let X be a uniform vertex of G,. Then for any positive integer r,
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the probability that Br, (X, r) contains two disjoint paths of length r emanating from
X isatleastep(e; —2r/|V(G,)|) whichis atleast e1&2/2 > 0 when n is large enough.
This contradicts the fact that (I", 0) has no bi-infinite paths almost surely. O

Corollary 7.2 The conclusion of Proposition 1.1 hold for any sequence {G ,} of simple,
finite, connected d(n)-regular graphs with d(n) — oo.

Proof 1t is well-known that the Poisson(1) Galton—Watson tree conditioned to survive
forever has no bi-infinite paths almost surely, see [10]. O

7.2 Moments of degrees and graph distance balls

The average degree of a finite tree is at most 2 so Edeg (X) < 2 where I', is a UST
of some finite graph and X is a uniformly drawn vertex. What can be said about higher
moments?

Without the assumption of regularity no higher moments are necessarily bounded
as can be seen by taking a star on n vertices. In the class of regular graphs we have
the following construction. Assume that d is a large even integer and consider d /2
disjoint copies of complete graphs on d vertices. From each complete graph remove
an edge, add a new vertex to the graph and connect it to each complete graph with two
edges to the two endpoints of the removed edges. In any spanning tree of this graph
the degree of the special vertex must be at least d/2 and the probability that a uniform
vertex is the special one is of order 2. Thus, the pth moment of the degree for any
p > 2 need not be bounded. However, we can use the techniques of this paper to show
that the pth moment exists for any p € (1, 2).

Lemma 7.3 There exists a constant C < oo such that for any finite connected regular
graph G

C
P(degr(X) > k) < 3

where I is a UST of G and X is a uniformly drawn vertex.

8e|V(G)]
k

Proof Assume thatk > 16e. By Lemma 3.1 there are no more than edges with

effective resistance at least & between their endpoints. So the number of vertices
which touch at least k/2 such edges is at most w Hence the probability that

X is such a vertex is at most % If X is not such a vertex and its degree is at least k,

then there are at least k/2 edges that touch X which have effective resistance at most
& that are in the UST. The probability of this, by (9), is at most

<k6/12> (k/4ed)X'* < (2ed JK)*/* (k j4ed)*? < 27F,

concluding the proof. O
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Question. Does there exist a constant C such that for any finite connected regular
graph G one has Edeg% X)) <C?

A very much related quantity is the size of the graph distance ball of radius r. In
Theorem 4.2 we have proved that its size is tight. The case r = 1 of this statement is
trivial since | Br (X, 1)| = degp(X) and so their first moment is at most 2. When r = 2
the question above about E deg% (X) is equivalent to asking whether E | Br (X, 2)| is
bounded. Indeed, it is easy to see by the mass transport principle [11, Chapter 8]
that Edeg%(X ) = E|Br(X, 2)|—(each vertex transports its degree in I" to all of its
neighbors). The mean of |Br (X, 3)| can already be unbounded—we leave this as an
exercise to the reader.
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