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Abstract

We study the dynamics of symmetric and asymmetric spin-glass models of size N.
The analysis is in terms of the double empirical process: this contains both the spins,
and the field felt by each spin, at a particular time (without any knowledge of the
correlation history). It is demonstrated that in the large N limit, the dynamics of
the double empirical process becomes deterministic and autonomous over finite time
intervals. This does not contradict the well-known fact that SK spin-glass dynamics is
non-Markovian (in the large N limit) because the empirical process has a topology that
does not discern correlations in individual spins at different times. In the large N limit,
the evolution of the density of the double empirical process approaches a nonlocal
autonomous PDE operator ®,. Because the emergent dynamics is autonomous, in
future work one will be able to apply PDE techniques to analyze bifurcations in &;.
Preliminary numerical results for the SK Glauber dynamics suggest that the ‘glassy
dynamical phase transition” occurs when a stable fixed point of the flow operator ®,
destabilizes.

Mathematics Subject Classification 60K37 - 60K35 - 82C44 - 82C31 - 82C22

1 Introduction

This paper studies the emergent dynamics of mean-field non-spherical spin-glasses.
At low temperature, spin-glass systems are characterized by slow emergent timescales
that typically diverge with the system size (see [41,44,62] for good surveys of known
results). Probably the most famous mean-field spin glass model is that of Sherrington
and Kirkpatrick [58]. It is widely known in the physics community that the SK spin
glass undergoes a ‘dynamical phase transition’ as the temperature is lowered [4,5,
41,62]. Essentially what this means is that the average correlation-in-time of spins
does not go to zero as time progresses: that is, some spins get locked into particular
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states and flip extremely rarely. Although there has been much progress in the study
of spin glass dynamics [9,10,40], a rigorous proof of a dynamical phase transition
in the original SK spin glass model remains elusive. More precisely, although it is
known that the time to equilibrium is O (1) when the temperature /3_1 is high [8,33],
there is lacking a proof that the time-to-equilibrium diverges with N when g is large
(to the best of this author’s knowledge). Furthermore it is well-established that the
equilibrium SK Spin-Glass system undergoes a ‘Replica Symmetry Breaking’ phase
transition as 8 increases [39,55,64], and this leads many scholars to expect that a phase
transition should also be manifest in the initial dynamics. The equilibrium ‘Replica
Symmetry Breaking’ transition is characterized by the distribution of the overlap
between two independent replica not concentrating at 0, but possessing a continuous
density over an interval away from zero [53,65]. A major reason for the lack of a
rigorous characterization of the dynamical phase transition (as emphasized by Ben
Arous [5] and Guionnet [41]) is that the existing large N emergent equations are not
autonomous and very difficult to analyze rigorously. This paper takes steps towards
this goal by deriving an autonomous PDE for the emergent (large N) dynamics: this
PDE should be more amenable to a bifurcation analysis (to be performed in future
work) than the existing nonautonomous delay equations [9,37]. These results are also
of great relevance to the dynamics of asymmetric spin glass models, which have seen
a resurgence of interest in neuroscience in recent years [24,26,28-30,32,47].

This paper determines the emergent dynamics of M ‘replica’ spin glass systems
started at initial conditions that are independent of the connections. ‘Replicas’ means
that we take identical copies of the same static connection topology J, and conditionally
on J, run independent and identically-distributed jump-Markov stochastic processes
on each replica. As noted above, Replicas are known to shed a lot of insight into
the rich tree-like structure of ‘pure states’ that emerge in the static SK spin glass at
low temperature [39,53,55,64,65], and it is thus reasonable to conjecture that replicas
will shed much insight into the dynamical phase transition. Indeed Ben Arous and
Jagannath [6] use the overlap of two replicas to determine bounds on the spectral gap
determining the rate of convergence to equilibrium of mean-field spin glasses. Writing
£ = {—1, 1}, the spins flip between —1 and 1 at rate c(o, /, G, for some general
function ¢ : {—1, 1} x R — R*, where the field felt by the spin is written as

N
Gil = N2 sikolk, (1)
k=1

and J = {J/*};<j<x<n are i.i.d. centered Gaussian variables with a specified level
of symmetry. For Glauber dynamics for the SK spin glass [53], the connections are
symmetric (i.e. J/¥ = J¥) and the dynamics is reversible, with ¢ taking the form
[38],

c(0,9) = (1+exp{20(Bg + 1)) @)

where /4 is a constant known as the magnetization, and ! is the temperature. In
this case, the spin-glass dynamics are reversible with respect to the following Gibbs
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Measure

,3 M
1py(@) = exp (5 >

M N
ijap,jap,k_FhZZaP’j—NM;O}V), 3
p=lj

N
k=1 p=1 j=1

where ,ojv is a normalizing factor, often called the free energy, given by

N N
B B o .
p) = N"'log E exp | 5 Z Jkiok 4 h E al | |. 4)

ge&N jok=1 j=1

For further details on the equilibrium Gibbs measure, see the reviews in [13,55,65]. It
is known that as g increases from 0, a sharp transition occurs, where the convergence
to equilibrium bifurcates from being O(1) in time, to timescales that diverge in N
[5,44].

One of the novelties of this paper is to study the emergent properties of the double
empirical process (/l{v (0, G))s>0, which contains information on the distribution of
the spins and fields, without knowledge of the ‘history’ of each spin and field. Formally,
N (o, G) is a cadlag P-valued process (where P = MT(EM x RM)Y), i.e.

i (e, G) : D(10, 00), &)Y x D(10, 00), )Y = D(10, 00), P), (5

10, G) = {1V (1. G}, (g o) Where ©)

~N —1

aY (e, G) =N ZI 8iold . oMy (G GMiys (7
JEIN

where {0, "/} is the solution of the jump Markov Process, and the fields are defined in
(1).

We now overview some of the existing literature on the dynamics of the SK spin
glass. In the physics literature, averaging over quenched disorder been used to derive
limiting equations for the correlation functions [22,42,48,49,53,59—61]. The first rig-
orous mathematical results were obtained in the seminal work of Ben Arous and
Guionnet [9,11] (these results were for a similar ‘soft-spin’ model driven by Brown-
ian Motions). Guionnet [40] expanded on this work to prove that in the soft SK spin
glass started at i.i.d initial conditions, the dynamics of the empirical measure con-
verges to a unique limit, with no restriction on time or temperature. Grunwald [37,38]
obtained analogous equations for the limiting dynamics of the pathwise empirical
measure for the jump-Markov system studied in this paper. More recent work by Ben
Arous, Dembo and Guionnet has rigorously established the Cugliandolo-Kurchan [22]
/ Crisanti-Horner-Sommers [21] equations for spherical spin glasses using Gaussian
concentration inequalities [10]. A recent preprint of Dembo, Lubetzky and Zeitouni
has established universality for asymmetric spin glass dynamics, extending the work
of Ben Arous and Guionnet to non-Gaussian connections, with no restriction on time
or temperature [24].
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368 J. Maclaurin

In the papers cited above, the emergent large N dynamics is non-autonomous: that
is, one needs to know the full history of the emergent variable (either the empirical
measure, or correlation / response functions) upto time ¢ to predict the dynamics upto
time ¢ + &¢. In the early work of Ben Arous, Guionnet and Grunwald [9,11,37,40], the
emergent variable is the pathwise empirical measure. This is an extremely rich object
because it ‘knows’ about average correlations in individual spins at different times.
Ben Arous and Guionnet [9] demonstrated that the limiting dynamics of the pathwise
empirical measure is the law of a complicated implicit delayed stochastic differential
equation. In the later work of Ben Arous, Dembo and Guionnet on spherical spin
glasses, a simpler set of emergent variables was used: the correlation and response
functions [4,10] (this formalism is frequently used by physicists [22,42,53]). Inthe p =
2 case, the resultant equations are autonomous, and this allowed them to rigorously
prove that there is a dynamical phase transition [4].

There is still lacking a rigorous characterization of the dynamical phase transition in
the non-spherical SK model. As has been emphasized by Ben Arous [5] and Guionnet
[41], a fundamental difficulty is that all of the known emergent equations are non-
autonomous (that is, they are either delay integro-differential equations, or an implicit
delayed SDE [9,37]). A major reason that the emergent equations are not autonomous
is that the emergent object studied by [9,37] - the pathwise empirical measure - carries
too much information, because it knows about the history of the spin-flipping. This
is why this paper focuses on determining the limiting dynamics of a different order
parameter: the double empirical process (as defined in (5)-(7)) that cannot discern
time-correlations in individual spins. The empirical process carries more information
about the system than that of Ben Arous, Guionnet [9,11,40] and Grunwald [37]
insofar as it contains information about overlaps between different replicas, but less
information insofar as it does not know about correlations-in-time of individual spins.
The chief advantage of working with this order parameter is that the dynamics becomes
autonomous in the large N limit, just as in classical methods for studying the empirical
process in interacting particle systems [23,63]. One can now apply the apparatus of
PDE:s to the limiting equations to study the bifurcation of the fixed points. Indeed
preliminary analytic work has identified that there is a bifurcation in the fixed point
of the flow (31) for SK Glauber dynamics, and 2 replica (see Remark 2.5).

Many recent applications of dynamical spin glass theory have been in neuroscience,
being referred to as networks of balanced excitation and inhibition. Typically the
connections in these networks are almost asymmetric, unlike in the original SK model.
These applications include networks driven by white noise [14,16,17,28-31,66] and
also deterministic disordered networks [1,20,26,47]'; the common element to all of
these papers being the random connectivity of mean zero and high variance. It has
been argued that the highly variable connectivity in the brain is a vital component to
the emergent gamma rhythm [14]. Another important application of spin-glass theory
has been the study of stochastic gradient descent algorithms [7,54].

Our fundamental result is to show that as N — oo, the empirical process converges
to have a density given by a Mckean-Vlasov-type PDE ? of the form, for & € £ and

! One should be able to adapt the methods of this paper to this setting.
2 See [23,63] for further discussion of such PDEs.
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x € RM,
8 u o2
%(a, X) = ; {c(—ai, ) pi(alil, x) — c(@', x*) pi (e, X) + 2L}, axljzt (e, X)}
i v {mgt (o, X) py (e, x)}, ®)

where & € M (EM x RM) is the probability measure with density p;, a[i] is the
same as &, except that the i’” spin has a flipped sign. m¥ and L are functions defined
in Sect. 2.

In broad outline, our method of proof resembles that of Ben Arous and Guionnet [9]
and Grunwald [37], insofar as (i) we freeze the interaction and (ii) study the Gaussian
properties of the field variables. However our approach is different insofar as, after
freezing the interaction, we do not use Girsanov’s Theorem to study a tilted system,
but instead study the pathwise evolution of the empirical process over small time
increments. This pathwise approach to the Large Deviations of interacting particle
systems has been popular in recent years: being employed in the work of Budhiraja,
Dupuis and colleagues [15], in this author’s work on interacting particle systems with
a sparse random topology [52], and subsequent work in [18,19,31]. More precisely,
we study the evolution over small time intervals of the expectation of test functions
with respect to the double empirical measure: a method that has been applied to
interacting particle systems in, for example, [45] and [51]. To understand the change
in the fields {Glj } over a small increment in time, we use the law y of the connections,
conditioned on the value of the fields at that time step. It is fundamental to our proof
that - essentially due to the Woodbury formula for the inverse of a matrix with a finite-
rank perturbation - the conditional Gaussian density can be written as a function of
the empirical measure ,llgv (6,.G)=N"'}" jery © (@) G and the local spin and field
variables (see the analysis in Section 7.1). o

Notation: Let £ = {—1, 1}. For any Polish Space X, we let MT(X) denote all
probability measures on &', and D([O, T, X ) the Skorohod space of all A’-valued
cadlag functions [12]. We always endow MT(X ) with the topology of weak con-
vergence. Let P := M (EM x RM) denote the set of all probability measures on
EM % RM and define the subset

P={ueP EIxl*] < oo} )

For any vector g € RM, llgll is the Euclidean norm, and ||g|| . is the supremum norm.
For any square matrix K € R”*"™ | K|| is the operator norm, i.e.

K= sup {IIKx|}.

xeR™:||x||=1

Let dw be the Wasserstein Metric [34,63] on 75, i.e.
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370 J. Maclaurin

dW(ﬁ,C)=iIrl]f{E"[||X—g|l+||Ol—0||]}~ (10)

where the infimum is over all measures n € M (EM x RM x €M x RM) with
marginals 8 (over the first two variables), and ¢ (over the second two variables). We
let C([0, T, X) denote the space of all continuous functions from [0, 7] to X. B(X)
denotes the Borelian subsets.

The spins are indexed by Iy := {1,2,..., N}, and the replicas by Iy :=

{1,2,..., M}. The typical indexing convention that we follow is at] = (o,l’j, e,

M.j\T M i,j NM
o, ) e and o, = (0, )icry, jery € ENT.

2 Outline of model and main result

Let (Q F, (F), IP’) be a filtered probability space containing the following random
variables. The connections (J /%) j.kez are centered Gaussian random variables, with
joint law y € MT(RZ+XZ+). To lighten the notation we assume that there are self-
connections (one could easily extend the results of this paper to the case where there
are no self-connections). Their covariance is taken to be of the form

EY[J750"] = 8(j — D8 (k — m) +s6(j — m)S(k —1). 1)

The parameter s € [0, 1] is a constant indicating the level of symmetry in the connec-
tions. In the case that s = 1, J/* = JkJ identically, and in the case thats = 0, J Jk
is probabilistically independent of J*/. (One could easily extend these results to the
case that s € [—1,0)). {ij}j,kGZJr are assumed to be Fp-measurable.

We take M replicas of the spins: this means that the connections J are the same across
the different systems, but (conditionally on J) the spin-jumps in different systems
are independent. Our reason for working with replicas is that, as discussed in the
introduction, in the case of reversible dynamics, replicas are known to shed much
light on the rich ‘tree-like’ structure of pure states in the equilibrium Gibbs measure
[39,53,55,56,64]. If one wishes to avoid replicas, one could just take M = 1. The spins
{o7 }je Iy icly.1=0 constitute a system of jump Markov processes: i being the replica
index, and j being the spin index. Spin (i, j) flips between states in & = {—1, 1}
with intensity c¢(o,”’, G;’) (where G}/ = N~z lecv=l ijaf’k) for a function ¢ :
& x R — [0, 0o) for which we make the following assumptions:

e c is strictly positive and uniformly bounded, i.e. for some constant ¢; > 0,

sup sup |(c(a, g)| <cjandc(o, g) > 0. (12)
oef geR

e The following Lipschitz condition is assumed: for a constantc;, > 0, forallo € £
and g1, g2 € R,

(0. g1) — c(0. 82)| < crlg1 — & (13)
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|logc(o, g1) —loge(o, 82)| < cr|g1 — &2. (14)

e The following limits exist for o = +1,
lim c(o,g) , lim c(o,g). (15)
g—)—OO g—)OO

o The log of ¢ is bounded in the following way: there exists a constant C, > 0 such
that

sup |log c(a, g)| < Cg|g|. (16)
ael

We note that the Glauber Dynamics for the reversible dynamics in (2) satisfy the above
assumptions [35,38].

To facilitate the proofs, we represent the stochasticity as a time-rescaled system of
Poisson counting processes of unit intensity [27]. We thus define {Y*/ (¢)}; ¢ Iy, jez+ o
be independent Poisson processes, which are also independent of the disorder variables
{J7%}; kez+. We define the spin system {o; "/ } to be the unique solution of the following
system of SDEs

ol =0l x A Y”’( /0 clos, Gé’-’)ds), a7

where A - x := (—1)*. Clearly o,/ depends on N (for convenience this is omitted
from the notation). The law of the initial condition o is written as yo € M (EMV).
1o is assumed to be independent of the disorder. Note that the forward Komolgorov
equation describing the dynamics of the law PJN ) € MT (5 MN ) of the spins at time
t (conditioned on a realization J of the disorder) is [27]

dP) (o) 3

y S e/ GNP oliL D) — e G PN @) (18)

iGIM,jGIN

where o[i, j] € € M N is the same as o, except that the spin with indipes (i, j) has a
ﬂlpped Sigl’l, and é;"/ — N—1/2 ZkEIN,kaéj ijo.ll,k _ 2N_1/2Jjj0'tl’J,
For some fixed constant ¢ > 0, define the set

XN ={peceM . inf PingipPpe > Nel. 19
{77 beRM :|b|=1 Z 7 7 } ( )
p.q€ly,jeln

We assume that the initial condition is such that

lim N~ 'logP(ag ¢ XV) < 0. (20)
N—o0
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372 J. Maclaurin

Note that (20) is satisfied if {aé} jery are iid samples from some probability law
o € MT(&'M) that is such that

inf ]E’l"[(b, 0)2] > .
beRM :||b|=1

One would then find that (20) follows from Sanov’s Theorem [25]. For an arbitrary
positive constant 7 > 0, we define

tv=TAinf{r:t€[0,T]ando, ¢ XV} (21)

If Ty < T, then the smallest eigenvalue of the overlap matrix K" b (as defined in
(24)) is less than or equal to c. Intuitively, the stopping time is reached when the spins
in different replicas are too similar. One expects that this is an extremely rare event,
even on timescales diverging in N. See Remark 2.4. The main result of this paper is
the following. We emphasize that these are ‘quenched’ results. ‘Annealing’ methods
are not used in this paper.

Theorem 2.1 Fix T > 0. There exists a flow operator ® : P — C([O, T1, 79) written
D - p = {P; - u}r>0 such that ®g - p = p and for any € > 0

Nm N~ 1ogP( sup dw (®; - 2"V (50, Go), iV (01, Gy)) =€) <0. (22
—00

t<ty

The flow ® is specified in Sect. 2.1. It follows immediately from the Borel-Cantelli
Theorem that P almost surely

lim sup dw (®; - i" (@0, Go), A" (0, G)) = 0. (23)

N—oo <ty

2.1 Existence and uniqueness of the flow ®;

In this section we define ® - u € C([0, T, P), for any u € P such that E*(©8)[g?]
< 00. We write @ - 1= {®; - i}iefo0,7], where &, : P — P, and in the following
we write & = &, - u.

Lemma2.2 FixT > 0. Forany p € P := MT(EM X RM) such that B*©8) [gz] <
00, there exists a unique set of measures {&},cj0,71 C P with the following charac-
teristics

1. For all t € (0,T], & has a density in its second variable, i.e. d& (o,X) =
pi(o,x)dX. p:(0,X) is continuously differentiable in t, twice continuously dif-
ferentiable in X, and satisfies the system of equations (24)—(31).

2. &g =, andforallt € [0,T], t — & is continuous.

For any & € P such that ES8)[ |g||> ] < oo, define the M x M coefficient matrices
{LE kf v K } e RM? to have the following elements,
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An emergent autonomous flow for mean-field spin glasses 373

= B0 t] (24)
=ECY gkl c(od, x7)] (25)
=B [x*olc(ol, x))] (26)

5 = BEON [0k yd]. 27)

For any € P, define A" to be the smallest eigenvalue of K*, i.e.

M
A= inf ZK oot = inf  E() dlod)’]. @8)

aeRM:|a|= 1 acRM:|a|l=1

noting that the eigenvalues of K/ are real (since it is symmetric) and non-negative.
To facilitate the following proofs (in particular, the existence and uniqueness of the
solution to the PDE), we want the following functions mé (o, x) and Lf tobe uniformly
Lipschitz for all ¢ € P. Indeed thanks to our definition of the stopping time ty, it does
not matter how m¢ is defined for £ such that Aé < ¢/2, as long as € is sufficiently
small. To this end, we choose a definition that ensures that & — HE is uniformly
Lipschitz, i.e.

e _ | (K THiEAS = ¢/

_ 29
(I(c/2 — A% + Ks) ! otherwise. 29)

Now define the vector field mé (o, x) : P x EM x RM — RM a5 follows
mé (0, x) = —2LSHx — 25k’ Hé 0 + 2sLEH  viHi g (30)

We can now write down the PDE that defines the density of & := &, (u). For some
o € EM and x € RM, we write p; (e, X) to be the density of £ in its second variable,
ie. &(0 =a, g € [x',x +dx']) == pi(a,x)dx'...dxM. Write a[i] € EM to be
almost identical to o, except that the " spin has a flipped sign. The evolution of the
densities is governed by the following system of partial differential equations

0 9%p
@ = 3 felal xhpielil, x) — el ) prla %)+ 2L 7 (e x)
iely
-V {mS’(oc, X) ps (¢, X)}. 31

Remark 2.3 We emphasize that the convergence result in Theorem 2.1 does not hold
for the path-wise empirical measure, i.e.

_ 1 + M M
=N Z 8("[0 T] G[o ) € Ml (D([O’ T, &7 xR ))’

JEIN
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374 J. Maclaurin

endowed with the Skorohod topology on the set of cadlag paths D([0, T1, EM) [27].
Indeed it is known that the limit of the pathwise empirical measure is non-Markovian,
so the Markovian stochastic hybrid system with Fokker-Planck equation given by (31)
is almost certainly not the limiting law for the pathwise empirical measure [9]. This
does not mean that our result in Theorem 2.1 is inconsistent with the non-Markovian
results in the work of Ben Arous, Guionnet and Grunwald [9,37], since the topology
in our theorem cannot discern correlations in particular spins at different times.

Remark 2.4 1t seems plausible that for any temperature § > 0 and any 7" > 0, there
exists ¢ such that

im N~'logP(ty < T) <0.
N—oo
Perhaps one could prove this by demonstrating that the attracting manifold of the flow
@, is such that all eigenvalues of K& are strictly positive. One expects this to be true
because of the presence of the diffusions in the PDE. However the author has not yet
seen an easy proof of this.

Remark 2.5 Suppose that the dynamics is reversible, with spin-flipping intensity given
by (2), h = 0 and the symmetry s = 1. Preliminary numerical work by C.MacLaurin?
has identified a family of fixed point solutions to (8) with two replicas (i.e. M = 2).
Let g > 0 satisfy the implicit relationship

1
1ﬂ — exp(2,32q + 2h) = 0 and define the matrix elements
—4q

KS =K, =1land K5, = K5 =g¢
uS, =3, = Bl + ¢H and v, = v5, = 2Bgandi, = 0. (32)

With the above definitions, the field distributions p(e, -) in the fixed point solution to
(8) are weighted Gaussians. For & = 0, there is a bifurcation as 8 increases through 1
in the solutions to (32): for 8 < 1, ¢ = 0 is the unique solution, but for 8 > 1, itis no
longer unique.

2.2 Proof outline

We discretize time into (n + 1) timesteps {té”)}ofafn: writing A = t;:-)l — té") =

Tn~!.In Sect. 3 we use an argument that is reminiscent of Gronwall’s Inequality to
demonstrate that if the action of the flow operator over the time interval [ta("), 551)1]
corresponds to the dynamics of the empirical process to within an error of o(A),
then the supremum of the difference between the empirical process and the flow over
the entire interval [0, 7] must be small. We also introduce an approximate flow ¥;,
obtained by evaluating the coefficients in the PDE at ;' rather than &;. In subsequent

sections it will be easier to compare W, to /i than to compare ®; to /i.

3 Private communication.
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An emergent autonomous flow for mean-field spin glasses 375

To accurately estimate the ‘average’ change in the fields Gq(’,,]) — Gq(’,,]) we must
a+l

perform a change-of-measure to a stochastic process a 7 whose spin-flipping is inde-
pendent of the connections. The reason for this change of measure is that now the
changed fields Gt Jo= NT12 D kery J fka, * are Gaussian, and their incremental
behavior can be accurately predicted by studying their covariance structure. In Sect. 4
we define CY such processes {G; ;} 1<i<CN» and we demonstrate that the probability

law of the original £¥" -valued process o'; must be close to at least one of them using
Girsanov’s Theorem. The partition of the path space D([0, T, M)V is implemented
using a second, finer, discretization of time into {t,gm)}ofafm, for some m which is an
integer multiple of n. This finer partition of time is needed to ensure that the Girsanov
exponent is sufficiently close to unity.

In Sect. 5 we demonstrate that the Wasserstein distance can be approximated arbi-
trarily well by taking the supremum of the difference in expectation of a finite set of
smooth functions. Working now exclusively with the processes ¢ ; ;, we Taylor expand

the change in expectation of such functions from t,g”) to t;'_fl, for both the empirical
measure and the flow operator ®,. The Taylor expansion implies that only the first two
moments of the empirical measure and flow operator need to match in order that the
change in the Wasserstein Distance is 0(A). There are two basic types of term in the
difference of the Taylor Expansions: (i) terms that can be bounded using concentration
inequalities for Poisson Processes {Y 7 J (t)}gery, jely- and (ii) terms that require the
law y of the Gaussian connections {J/¥} ; j.kely to be accurately bounded.

In Sect. 6, we bound the terms (i) whose dynamics can be accurately predicted
using the Law of Large numbers for Poisson Processes. These bounds typically involve
concentration inequalities for compensated Poisson Processes (which are Martingales
[2]). In Sect. 7, we bound the terms (i), using the conditional Gaussian probability law

V5.6 " obtained by taking the law y € MT(RW) of the connections {ij}j,kelN and

conditioning on the values of the NM field variables {Gq(’n]; Ygely, jely - We demonstrate
Iq

that the average change in the field terms Gq(nj) G;’(’n{ is governed by the first and
lat a
second moments of y, . The first moment ultimately leads to the term mé in (31),

and the second moment ultimately leads to the diffusion coefficient ,/ Li‘
Before we commence the above plan, we require that the flow operator ®; is well
defined.

Proof of Lemma 2.2 We can interpret p; as the marginal probability law of the solution
of anonlinear SDE driven by a Levy Process. [46] proved the existence and uniqueness
of a solution to such an SDE in the case that the coefficients are uniformly Lipschitz
functions of the probability law (with respect to the Wasserstein distance). By contrast,

our coefficients m¥ and (Lgf)l/ 2 (one must take the square root of the diffusion
coefficient to obtain the coefficient of the stochastic integral) are only locally Lipschitz
(see Lemma 2.6).

To get around this, one first uses [46] to show existence and uniquenes/szfor an
1

}

analogous system driven by uniformly Lipschitz coefficients mé and { (ii’ ) iely
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1/2

These coefficients are taken to be identical to mé and (Lfl’.) when &, € D, where

De={neP : sup B'[(¢)?] <" and inf B'le(@’,x)] > ).
Lely

iely

The solution is written as & ;. One then shows that for small enough €, & ; € D,
for all r € [0, T]. Once one has shown this, it must be that & := & ; is the unique
solution.

To do this, one can easily show (analogously to Lemma 3.6) that for all € > 0, there
exist constants Cq, C > 0 such that

%E&,,[(x,-)z] < CIES[(r)?] + C.

The boundedness of Eé/[(x?)?] then implies a lower bound for lA,i“ since for any
u > 0, thanks to Chebyshev’s Inequality, Ee,t(|xi| <u) > 1 —Eber[(x)2u2, and
the continuity of ¢ implies that inf |y |<, scg c(o, x) > 0. Since u — ij is uniformly
Lipschitz, it must be that 4 — /L’ is uniformly Lipschitz over D¢, since L!; is
bounded away from zero. O

The above existence and uniqueness proof requires that the coefficients of the PDE in
(31) are Lipschitz. This is noted in the follow Lemma.

Lemma 2.6 (i) There exists a constant C1 > 0 such that for any B, { € P,

sup |Lﬁ —L¢
l<p.g=

KB, — K5, | < Crdw(B.©) (33)

1
sup [vB, =08 | kb, — k8, | < CL(L+EP[IxI1P]2)dw(B.£).  (34)
1<p,g<M

(ii) There is a constant C > 0 such that for all B, ¢ € P such that AP, A* > ¢/2, all
o, 0 € EM andall x, g € RM,

[m? (@, x) —m® (o, g)| < Caw (B, O){1 + llgll +E*[ gl ]%}
1

+Clx—gl+C{1+E1gl?]*} le— ol (35)
Imf @ 9] < Cligl + (1 + E*[ 1> ]?). (36)
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Proof Both results follow almost immediately from the definitions, since |c(-, -)| is
uniformly bounded, and |c(¢, x) — c(e, g)| < cr|x — g|. It follows from the definition
in (29) that ¢ — H gk is uniformly Lipschitz (for all indices j, k € I)), since (as
noted in (i) of this lemma) & — K ék is uniformly Lipschitz. Furthermore |H | is

uniformly bounded, because |Kj§k| < 1. O

3 Organization of Proof of Theorem 2.1

This section lays the groundwork for the proof of Theorem 2.1, using an argument
that is reminiscent of Gronwall’s Inequality. The ultimate aim of this section is to
demonstrate that, if the change in the empirical process over a small increment A in
time is similar to the incremental change induced by the flow operator ® 4 - [L, , then
the distance SUP;¢[0.7] dw (,u, , D, - MN ) is O(A?). Thus this section reduces the proof
of Theorem 2.1, to the sufficient condition in Lemma 3.5. The rest of the paper is then
oriented towards proving Lemma 3.5. The proofs of the lemmas stated just below are
deferred to later in the section.

We will express the event in the statement of Theorem 2.1 as aunion of a subevents,
ie.

{ sup dw (®: - A" (00, Go), AV (01, G1)) = €} UAN

I1<TN

As is noted in the following lemma, it will then suffice to show that the probability of
each of the subevents {A;V } is exponentially decaying.

Lemma 3.1 Suppose that events {.AN} = are such that Tim N~'logay = 0. Then

N—oo

hm N~'1ogP( UAN < lim sup {N_llog]P’(Aj»v)}
izl N—>ool<]<aN

Proof Immediate from the definitions. O

We now outline more precisely what these events are. First, we require that the matrix
of connections is sufficiently regular. Let J be the N x N matrix with (j, k) element

equal to N_% J7* . Define Jn to be the event

Iv = {IInl <3} and (37)
Wr={neP: sup EF°®[(g")*] <3} and
I=sp=M
Wae={ueWr: _inf > Kfald >c}. (38)

M| qll=
acRM:|lal|=1 =1
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The following lemma notes that Jx is overwhelmingly likely.

Lemma3.2 /.

N@OON_l logy(jzf,) =A; <0. (39)
2. Also,

JIn S {Forallt >0, p) € W} (40)

Define the spaces of measures

Wio,T1 = {,u[o,r] ED([O, T, P) : s €W and t — i, has finite # discontinuities}
(4D
W[O’T] = {,LL[(),T] e Wo.,r] : sup E“‘[ ”Xp ”2] < 3}. 42)

tel0,T], pely

Next we define a map ¥ : Wy, r; — C([0,T],P), ¥ := (¥,)se0,7], that is an
approximation of the flow ®;, such that the coefficients of the PDE are evaluated at
AN, rather than &. More precisely, it is such that W - (0,77 := nj0.7], and for ¢ > 0,
n; has density p; satisfying the PDE

WPt %) = 3 fe(—al, ¥ pr @il %) — e(od, x')py (et ) + 211 Pt )
ar = PR P i
=V - {m" p(a, x)}. (43)

where a[i] € EM is the same as a € EM, except that the i’" spin has a flipped sign.
We insist that 9 = o, and that ¢ — 7, is continuous. Write ¥, - p[o,7] := ;. One
can easily check that W is uniquely defined.

The following lemma states that W is a good approximation of ®. The second
result in the lemma is necessary for us to be sure that we avoid the pathological
situation of A — 0, which would mean that the coefficients in the PDE blowup
(see the definition in (28)). Incidentally, this is precisely the reason that we require the
stopping time Ty in (21).

Lemma 3.3 Define dr : D([0, T1, P) x D([0, T1, P) — R to be

dr (o,r1, vio,r) = sup dw (ie, vy), (44)
1€[0,T]

noting that dr does not metrize the Skorohod topology. For any € > 0, there exists
8 > 0 such that

{weWor dr(W-pu,pw) <8} S {neWor :dr(® po, ) <€} (45
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Furthermore, there exists §. such that for all § < §.,
HY A" — (KY2) = 45 long as t < Ty and dw (W, - @V, 4N (0., Gy) < 8. (46)

Next we discretize time, and also the flow W;. We partition the time interval [0, T]
into {t n)}Z é, with t(") = bA and A = T/n. For any t € [0, T], define r™ :=
sup(z,,

(n) (n)
We can now decompose the event in the statement of Theorem 2.1into the following
events. It follows from Lemma 3.3 that for any € > 0, there must exist € > 0 such that

< t}. We write ¥}, := W o iy, N, G):=nV heR op =0 -

{sup d (@ - 7)) = &) < { sup di (- 2 )) = ]

t<tn <ty
c Jyu U {Jn and sup dw (W, - 2V, W, - o) > €/3}U
0<b<n-—1 te[tb /\rN téﬁlArN]
U {jN and sup dW(,ut ,,u,lbv) ze/S}U
0<b<n—1 IE[I(H)A‘(N t,ﬁ'jr) Aty ]
U {jN and for some b such that 7y > t;n), dW(Mb A7) ) > 6/3}.
0<b<n

Itis assumed that € < §, as defined in Lemma 3.3. Thanks to Lemma 3.1, for Theorem
2.1, to hold, it thus suffices to prove that some n € 7t

sup lim N~ 'logP(Jy and sup dw (W, - @V, W, - 4Ny > €/3) <0

N—o0
O<b<n [tb(")ArN t;Jr)l Atn]

47)
sup lim N1 logP(jN and sup dW([L{V, [L}Z,V) > 6/3) <0 (48)
O<b<n N—00 tE[t(")ArN t[(,Jr)lArN]
th N~ llog IP(jN and for some b such that ty > t dw(ub ,
W, -4y > €/3) <0 (49)
lim N~ 'logP(J§) <O0. (50)
N—o00

(47) is demonstrated in Lemma 3.6, (48) is established in Lemma 3.7 and (50) is a
consequence of Lemma 3.2.

In order that Theorem 2.1 is true, it thus only remains to prove (49). Define the
events {ugV }Z;(l), for a positive constant u > 0 (to be specified more precisely below -
for the moment we note that u will be chosen independently of » and N), and writing
€ =¢/3,

A A

U,fv {]N, dw (\Ifb+1 o, ;l;,VH) > €exp (utlgn) /T — u), dw(‘IJb N, Mév)
Eexp (ur)” /T —u) and oy > 1,"], (51)

IA
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and observe that
n—1
{jN and for some b such that Ty > t("), dW(,&IIJV, Wy, - /lN) > E} - U Ulﬁv.
b=0

We thus find from Lemma 3.1 that, in order that (49) holds, it suffices to prove that

sup Iim N~'logP(U)) <o0. (52)

0<b<n N—00

We now make a further approximation to the operator W;. For any ¢ € YV and
G € RMN | define the random measure &,(a', G) € P, which is such that &, (a, G) =~
U1 - N (o, G), as follows. Let (Y7 (1)} pely be independent Poisson Counting

Processes, and {W,p } g’lzl independent Wiener Processes (they are also independent of

the proceses Y 7+/(¢) and connections J used to define the original system). Writing
[L,’)V (0, G) to be the law of random variables (£, Xo), define &, (o, G) to be the law of
(¢ A»XA), where, recalling that A - x := (—1)*, for each p € Iy,

(R =cfA-YP(Acel. x)) (53)
" W i Ao
Xa = X0 + Am"? (8o, X) + D*» Wy , where D; " =24/L;” 8, j), (54)

and A = T /n. When the context is clear, we omit the argument of &;.
It follows from the facts that (i) dw (Wpy1- 2", fif, ) < dw (8. (1)), 1) +dw (Woi1-

iV, &) and (i) exp(ur? /T — w) = exp(ury” /T + uA/2T — u) + exp(ury”/
T — w)uA /2T (recalling that A = t;:?l — t,ﬁ")), that

{dw (Wor1 - AV, 23 y) > Eexp (“tlgi)l/T —u)}
C {dw (&, ad.,) > expury? /T — w)éua /2T)
Uldw (Wpi1 - AN, &) > exp (ur)” /T +uA /2T — u)é and dw (&, A2, )
< exp(ut;")/T —w)éuA /2T}
C {dw (&b, il.1) > expur)” /T —wéun /2T
Ufdw (Wpi1 - iV, &) > exp (w” /T + uA /2T — )&} (55)
We thus find that

Uy < {Jy and dy (8. 23,,) > expuy” /T —weun /D))
[Ty and dy (Wp41 - 2V, &) > Eexp () /T +uA /2T) — u) and
dw (Y} - N, /1,],\/) < exp (utlgn)/T —u)é}.

Therefore (52) will be seen to be true once we demonstrate Lemmas 3.4 and 3.5.
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Lemma 3.4 Forany € > 0, for all sufficiently large n, and all b such that0 < b < n,

m N1 log]P’(JN and Ty > Ty > t,ﬁ") and dw (Wpy1 - iV, &)
N 00
> eexp(utb )/T +uA /2T —u)

and dw (W - iV, @) < Eexpur? /T —w)) < 0. (56)

Lemma 3.4 is proved later in this section.

Lemma 3.5 Suppose that for any € > 0, for all sufficiently large n and all 0 < b
<n-—1,

lim N™ 1logIE”(jN and Ty >t (") and dW(éb, /lf,VH) > EA) < 0. (57)

N—o0

Then Theorem 2.1 must be true.

The rest of this paper is devoted to establishing Lemma 3.5. In the next section, Lemma
4.6 determines a sufficient condition for Lemma 3.5 to hold, in terms of processes {7 ; }
whose spin-flipping is independent of the connections. The rest of the sections then
prove that the condition of Lemma 4.6 must be satisfied.

3.1 Regularity of the connections: Proof of Lemma 3.2

Proof We _decompose Jy into a symmetric matrix and an i.i.d. matrix, i.e. Jy =

l/szN + N2 /1= JN + N~ 1/2DN Here Dy is diagonal, JN is symmetric
and J is neither symmetric nor anti-symmetric. The entries in all three matrices can
be taken to be i.i.d of zero mean and unit variance (in the symmetric matrix the entries
are i.i.d. apart from the symmetry J/¥ = J%/). A union-of-events bound implies that

Jim N7 og Py > 3) < max { Tim N7 log (|| > 4/3),
Tim N og P( || > 4/3).
N@wzv—l logP(IDy Il > 1/3)}.
For the last term, using Lemma 3.1

T a1
Tim N log P( Dy > 1/3)

= lim sup N~ log}P’(|DN’p‘,,| >1/3)<0.
N%oo1<p<N

It is a standard result from random matrix theory [3] that

fim N~ llogP(HjN H > 4/3) <o

N—o0
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The last bound follows from recent results on the maximum eigenvalue of the Ginibre
ensemble [57] ,

I —1 ¥
Jim N logP( [T | > 4/3) <o0.
For (2), it may be observed that

EM (g7 = N7 Y (GPD? < NI Y. 077) = Il < 3.

jely jeln

as long as Jy holds. O

3.2 Approximating flow V;

This section proves that ¥, is a good approximation to the flow ®;. We now prove
Lemma 3.6, which implies that the operator W is compact.

Lemma 3.6 There exists a constant C > 0 such that for all jujo.7) € W[O’T], and
writing 0y = W - j4[0,7],

sup EM[[x|*] < C (58)
0<t<T

dw i, mu) < CNt —u forallt > u. (59)

Proof Toimplement the Wasserstein distance, we require a common probability space,
and it is easiest to use the stochastic process with marginal probability laws given
by (43). That is, n;, € P is the marginal law of the solution (e, z;) of the fol-
lowing stochastic hybrid system. Let {Y? (1)} pely be independent Poisson Counting
Processes, and {th }per,, independent Wiener Processes (these processses are also
independent of the Poisson processes {Y”'/ (1)} pely, jery and connections {ij }jkely
used to define the original system) and define for p € Iy,

t
af = aé’A . )71’(/0 c(a?f, xf)ds) (60)

t t
xt=xo+/ m"s(as,xs)ds—i—/ D”SdWS,whereD;LjS=2 Li¥8(@, j), (61)
0 0

and the initial random variables (&, Xo) are distributed according to 1to. One easily
checks that a unique solution exists to the above equation.
We first establish that there exists a constant C such that

d -
EE"f[nxnz] < C{1+E"xI?]}. (62)
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Thanks to Ito’s Lemma,

t
012 = xoll? + / S 4Lk 4 2fx,, mis (e, x0))Jds +2 /0 (xy, D= aW,),
PElm

(63)

where D;‘js =2 Lﬁ"&(i , J). It follows from (36) (and the Cauchy-Schwarz Inequal-
ity) that

(xg, m" (oty, X)) < C %11 + C %]l (1 4+ sup EFs[fIx[|*1"/2).
s€[0,7T]

The definition of VAV[O)T] implies that sup;¢o 77 E* [lgl?] < 3, and it is immediate
from the definition that |Lg5| < c1. Thus taking expectations of both sides of (63),
we obtain (62) as required.

An application of Gronwall’s Inequality to (62) implies that

sup E"[[|x|I*] < (CT +E*[ |Ix||* ]) exp (CT), (64)
0<t<T

which establishes the first identity, since (by definition) IE“O[ ||x||2] < 3. It remains
to demonstrate uniform continuity. It follows from Ito’s Lemma that for all ¢ > u,

t
lIx; _Xu||2 = 2/ <Xv — X, M (e, v))

+4/ ZL’“ds—l—Z/ (x; — x,, DHdWj). (65)

u iely
We thus find that, using the Cauchy-Schwarz inequality,

d
SB[ lx — %] < 2E[ %, — %02 ]"?

i B w50 ]2 + 4,

since |Lf’;’| is uniformly upperbounded by ¢ (the uniform upperbound for the jump
intensity). It follows from (36) that, using the inequality (a + b)? < 2a® + 2b?,

E[ [m* o, x)|*] < 2C2E[ %12 ] + 22 {1 + B[ Ix)2 ]2}, (66)

Thanks to the definition of W[O,T], EH [||x||2] < 3. It therefore follows from (64) that
there exists a constant C such that

d )
S E[lIx = xul*] < CE[Ix, — 21" +4Me,

A

< CE[ I, = xu|* ] + € + 4Mcy.
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Gronwall’s Inequality now implies that
E[lIx; —x.0?] < (t —u)exp [t —w)C}(4Mcy + C), 67)
and Jensen’s Inequality therefore implies that
E[ % — %] < (¢ —wyexp {(t — w)C}dMe; + E))'V2. (68)
The uniform bound c; for the intensity of the spin-flipping implies that
E[ ller — el ] < 4M (2 — u)cy. (69)

The above two identities imply (59). O

We now prove Lemma 3.3.

Proof The second result in Lemma 3.6 implies that all elements of W - W), 7] are uni-
formly continuous. The first result in Lemma 3.6 implies that the individual marginals
{n:} belong to the compact space of measures

P={neP :Elgl*] < C}. (70)

(This space is compact thanks to Prokhorov’s Theorem). It thus follows from the

generalized Arzela-Ascoli Theorem [36] that W - W 7] is compact in C([0, T'], P)
(this space being endowed with the supremum metric (44)).

Suppose for a contradiction that the lemma were not true. Then there would have

to ex1st some € > 0 and some sequence u" € Wz such that dT - u" " <

—1 and dr (® - Mg, ") > €. The compactness of the space v WO 7] means that

(\IJ L )n <7+ must have a convergent subsequence (V- p? )n <7+>converging to some

¢ = (¢1)ref0.1]- Since c?r(\lf ) < n~L, it must be that uPr — ¢ as well. Since
W is continuous, W - uPn also converges to W - ¢. We thus find that W - ¢ = ¢. This
implies that ¢ = @ - ¢, and since ¢ # w, this contradicts the uniqueness of the fixed
point & established in Lemma 2.2.

It remains to prove (46). First we note that for small enough €, we are certain to
avoid the pathological situation of A ®r A" 5 0 for t < ty. This event would imply
that || (K*)~!| — oo (and the PDE in (31) would no longer be accurate). Let €. > 0
be the largest number such that

{peP At =<}
= {u €P : A" >cand AY > ¢/2 for all v such that dy (i, v) < ec}. (71)

Such an €, always exists because the map A* is continuous. We will thus assume
(throughout the rest of this paper) that € < €., because in any case if the RHS of the
following inequality is less than zero, then the LHS must be less than zero too, i.e.
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lim N~"log P( sup dw (®: - 4" (60, Go), A" (01, G/)) = €)

N—o00 <ty

< Tim N~V logP( sup dw (®; - 1" (@0, Go), " (@, G)) = min{e, ec}). (72)
— 00

1<ty
With this choice of €, we are assured that P(QY,) = 0 where
ON = {Hq)"’lgl = (Kcl)f'ﬁ(IJv)_l as long as t < 7y and
dw(®; - 2"V (00, Go), AV (01, Gy)) < €}. (73)

Aslong as € < €, (defined just above (71)), and § is chosen such that (45) is satisfied,
then (46) must hold. O

3.3 Proofs of the remaining Lemmas
Lemma 3.7 For any € > 0, for all sufficiently large n,

sup lim N~ logP(Jy and ~ sup  dw (AN (05, Gp), 1V (05, Gy)) = €) < 0.

N
0<b<n N7 Se[tl(;n)vtb(’jr)l]

(74)

Proof Tt follows from the definition that

dw (i @5, Gp), 1V 04.G) = (N Y |Gh — G )

jely.iely

+N7! Z |0‘§"j—crli’j|.

Jjeln,iely

The renewal property of Poisson Processes implies that the following processes
{Ya(“ (t)}gely, jely are Poissonian:

(n)
. ) ) 1, . .
c(od’, G?'f)ds) —yeJ (f c(od’, G?'f)ds>
0

(75)

(n)

; 4 Iy
Y () = ye <t +/
0

Now as long as the event Jy holds,

N1 Z \GZ"/—Gi’j|25% Z (ol — ol

jEIN,iEIM ‘/'EIN,I'GIM

2N Y v (als -4

jeln.iely

<i2v" 3 v (an).

JEIN i€ly

IA
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- _ ij ij 1 i -
Similarly, N ZjeIN,ielM |0S -0 |§2N 'ZjeIN,ieIM Y, 7 (c1A). Writing €

to be such that «/12€ + 2€ = ¢, and noting that Y, é’] is non-decreasing, it thus suffices
to prove that for any € > 0,

fim N-! -1 i,J =~ ]
Jim N~ogP { Ty and N Z v, Ay =é| <0 (76)
Jjeln,iely

Taking A to be such that c; A < €/2, it suffices to prove that

lim N~'logP | Jyand N™' > v, (c1A) —eiAM 2 €/2 | <0. (77)
N—o00

Jjely,iely

Since the {Y"/}ics, jery are independent, and E[N~' 3" ;0 o/ Y, e a)] =
Mci A, Sanov’s Theorem implies (76) [25]. O

We now prove Lemma 3.4.

Proof Let n, € P to be the law of the same stochastic process as &, (o, G), except that
the law of the initial value at time tlgn) is given by W}, - 4V rather than the empirical
measure. More precisely, writing W, - 1"V to be the law of random variables (ay, Xp),

define 7, to be the law of (ﬂAH(n), ZAJ’_[(n)), where, writing A-x = (—1)*, for p € Iy,
b b
(n)

fort >1,",
Bl =alA-YP((t — 1)l xD)) (78)

R R - AN AN
2 =xp + (t — 1)m™ (@, xp) + D W, o . where D =2\ LEP 56, )).
(79)

Thanks to the fact that exp(utlgn)/T +uA/Q2T) —u) > exp(ut;")/T +uA /4T —u)
+ exp(utlgn)/T — w)uA /4T, analogously to (55) we find that

{dw (Wps1 - 1V, &) > Eexp (uy” /T +uA /2T —u))
C {dw (1, &) > Eexp (1) /T + uA /4T — u))
Ufdw (Wpe1 - 2, ) > exp (ur)” /T +uA /4T —u)éuA 4T} (80)

Thanks to Lemma 3.1, it thus suffices for us to prove the following three inequalities,

NE NI log P(Jn and dw (1p, &) > € exp (utb(")/T + uA /4T — )
—00

and dw (W, - @V, i) ) < Eexp (ut;")/T—u)) < 0and (81)
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for some ¢y > 0,

lim N 'logP(Jy, sup dw(il, i) > €) <0 (82)
N=o0 sl ™ ‘
ot
N@wN_l log (T, sup dw (1Y, @) < €0, dw (b, Wpr1 - AN)
selt,"” 1]
gUA n)
> T exp(ut,”’ /T + uA /AT —u)) < 0. (83)

It has already been proved in Lemma 3.7 that for any €, for all large enough n (82)
must hold.

Proof of (83) We compare the stochastic processes (60)—(61) whose law is Wy - [LN
to the stochastic processes (78)—(79) whose law is 1;,. Notice that these processes have

the same initial condition at time tlg"). Using Ito’s Lemma, for ¢ > M,

t

2 AN AN

X — 2" = f(”) {Z(Xv —z,, m"s (ay, Xg) —m' (ap, Xb))
’

. AN
+ (D — Dy )ds

PElm

t A A ~
+2 f =, DA — D )awW,) (84)
thn

Analogously to the bound in (64), one easily establishes the following uniform bound
for the moments

sup  {IIx %,z )?} < C (85)

vl )

for some constant C. Using the Lipschitz inequality for m in Lemma 2.6, and making

use of the uniform bound in (85), there exists a constant C such that for all s €
(1" 15710,

AN AN N
[ g, %) = m x| = C e = 01l + oy = ).

Taking expectations of both sides of (84), employing the Cauchy-Schwarz Inequality,
and assuming that SUp ;o o | dw (llﬁv ) ll;l,v) < €(, we obtain that
b Tbh+1

2 s (! 2 291/2 2112
E[lIx —z°] < 2C /(”) (E[ lIxs — 25|17 ] + E[ Ixs — 2517 ] "“E[ llots — ot [|17] /7 )ds
I

+4C1(t — 1)eq. (86)
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Properties of the Poisson Process (see for example Lemma 8.1) dictate that
E[ ey —apll*] < 4ciA, as long as s — tlgn) < A. Thus for all ¢ such that
E[ lx, — z|I> ] < A, it must hold that

t
E[Ix — z|*] < 2C f(n) (E[ lIxy — 21> Jds + (¢ — 1) [4M Creo + 4AC Je7).
Iy

We thus find from Gronwall’s Inequality that for any € > 0, through choosing €g to
be sufficiently small, and n to be sufficiently large,

sup  E[llx, —z|*] < Ac. (87)

(n> (n)

telt, 1,101

Using the compensated Poisson Process representation, we obtain that

t
E o =B "1 =4 D" E[[77 (¢ = t5")e(@] 2 )—Yp(fw c@?, xPds)|]
)

PElm
<4 Z / |c(ocb, )—c(ozsp,xf)‘ds]
PElm
<4(ci+c)A  sup B[l — xpll + lloes — el ], (88)
el a5

using the fact that c(-, -) is Lipschitz and bounded. Since the expectation in the last
term goes to zero as A — 0, it follows from (87) and (88) that for sufficiently large
n’

exp(ur,” /T + uA 4T — u).

R EUA
dw (. Wpg1 - V) < TT

We have thus established (83) and it remains to prove (81). Suppose that dy (\Ilb .

an, /lll,v ) < €exp (utbn) /T — ) The definition of the Wasserstein distance implies
that for any § > 0, there must exist a common probability space supporting the random
variables (¢, x, 8, z), with uff the law of (¢, x), and W;, - 2 the law of (B8, z), and
such that

E[lIg — Bl + Ix — 21l ] < 8 + Eexp (uy"” /T —w). (89)
We append the mutually independent Poisson processes (YP(1)} pely and Brownian

motions {th}pelM to this same space, and define (¢ 5, Xa) to satisfy (53)—(54) and
(B a,za) to satisfy (78)—(79). We then observe using the triangle inequality that

E[[¢a = Bal + lIxa — zall]
<E[I¢—Bl+Ix—zll+ [sao—¢+B— Bl +lIxa —x+2z—24ll]
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§8+Eexp(utb")/T u) +E[|¢a—¢+B—Ba| +IIxa—x+2z—25]]and
(90)

E[[¢a—¢+B—Ball¢ B.x¢]
<2 Y E[|[VP(Ac?. xP)) — Y7 (Ac(BP.2")] | ¢. B. x. g] 1)

PElM

Define v, = inf {c(ﬁp, zP), c(¢P, xp)} and let {)71’, Ye, )\/p}PEIM be independent
Poisson Processes. Using the additive property of Poisson Processes [27], we have the
following representation

YP(Ac(c?, xP)) = YP(vp) + VP (Ale(CP, xP) — v,l4)
YP(Ac(BP,27)) = YP(vp) + Y7 (A[c(B?, 2F) — vply).

Hence (91) implies that

E[|¢a—¢+B—Ball¢.B.x2] <2 ) E[YP(Alcc?, x") —v,l4)

PElm
+YP(Ale(BP, 2) —vply) | & B.x. 2]
=2A ) |e(@”. xP) = c(B, 2P|

pely
<24 sup {e1l¢? = Bl +crlx” — g”l}
peElm
where ¢ is the uniform upperbound for the jump rate, and ¢, is the Lipschitz constant

for ¢. Taking expectations of both sides, one finds that there exists a constant C > 0
such that

E[|¢a—&+8—Bal]< CAE[II - BIl +lIx — 2l ]. (92)
We analogously find that for a constant C > 0,
E[lxa —x+z—zall ] < CAE[ ¢ — Bl + Ix — 2| ], 93)

since the coefficients m and L are Lipschitz, as noted in Lemma 2.6. The above results
(89)-(93) imply that there exists a constant C > 0 such that

A

dw(np, &) < dw (fp) W - AM) {1+ CA) (94)

Thus as long as u/4T > C, if dw (i, W, - i) < Eexp (ut )T — u), it must be
that dy (1, &) < € exp (uth")/T + uA /AT — u), which establishes (81). o
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4 Change of measure

It remains for us to prove Lemma 3.5. To do this, we must ‘separate’ the effects of
the stochasticity and the disorder on the dynamics by defining new processes & ; ;
(with i belonging to an index set that grows polynomially in N) that are such that the
spin-flipping is independent of the connections. However it will be seen that 6; ; is an
excellent approximation to the old process, as long as the empirical process lies in a
small subset V! of M7 (D([0, T, EM x RM)). The number of such subsets {V'} is
polynomial in N: this polynomial growth will be dominated by the exponential decay
of the probability bounds of subsequent sections. The fact that the new processes are
independent of the connections will allow us to use a conditional Gaussian measure to
accurately infer the evolution of the fields over a small time step (in Sect. 7). In order
that we may employ Girsanov’s Theorem, it is essential that the processes 6; ; are
adapted to the filtration JF; as well. The main result of this section is Lemma 4.6: this
lemma gives a sufficient condition in terms of the new processes ; ; for the condition
of Lemma 3.5 to be satisfied.

4.1 Partition of the probability space

Define the pathwise empirical measure

AN =N""Y" 806y € MT(D(10, T1, €M x RM)). (95)

JEIn
The pathwise empirical measure will be used to partition the probability space. Before
we partition M (D([0, T, EY x RM)), we must first partition the underlying state

space EM x RM . For some positive integer n, define the sets {Di}p<i<n241 C B(R)
as follows.

DO = (_OO, _n] ) Dn2+1 = (n’ OO) (96)
Di=(n+2G—Dn"!, —n+2in"forl <i <n’ 97)

Next, let {D;}1<i<c, C B(RM) be such that for each i,

Di:DpiXDpéX...Dpiw, (98)
for integers { p‘}.}. The sets are defined to be such that
Cn
RM = | J Di and D; N D; = @if i # j. (99)
i=0
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Next we partition the path space

C
D(0, T1. " x RY) = | ) D1, (100)
i=l1

where {b,-} are defined as follows. In constructing this partition, we require a more
refined partition of the time interval [0, T'] into (m + 1) time points {t,ﬁm)}ofafm: this
is necessary for us to be able to control the Girsanov Exponent in the next section. It
is assumed that m is an integer multiple of n (the integer dictating the number of time
points in the previous section). Throughout this section, unless specified otherwise,
for0 < a < m, we write 0, := o, m. Each ﬁi Cc D0, T], EM x RM) is nonempty,
and of the form

A

D; = {ao,71 % go,77: 8 € [),c,; and o, € [)qé foreach0 <a <m}, (101)

for indices {qé, V£}0§a§m7 1< qé, ré < C,. The indices are chosen such that (i)

DinDj=wifi # j, (i) D; # ¥ and (iii) (100) is satisfied. Let

Wh = {u e M (D0, T1, EM x RM)) : sup sup EF[(g])*] <3}. (102)
pely t€[0,T]

Next, for a positive integer C1Y, make the partition
oy
Wy = v (103)
i=1

where each V'V is such that € VN if and only if (i) # € W; and (ii) for all

lfq,rfén,

u(o € Dyandg e D,) € [al,, — 1/Q2N). Y, + 1/(2N)) for numbers  (104)
ﬁ,{Vq, efo, N LoNTt o 1=NTH ) (105)

It is assumed that the indices are chosen such that (i) ViN # ) and (ii) the partition is
disjoint, i.e. ViN N V]’-V = (Jif i # j. The motivation for the scaling of N~! for the
mass of each set in (104) is that if [LN € V;-V , then we will know the precise mass
assigned to each set, since the empirical process can only assign a mass that is an
integer multiple of N~! to each set.

We next prove that the radius of the sets in the partition goes to zero uniformly, in
the following sense.

Lemma 4.1 Define

U= {f: ML RMOED R | f(@,x) — f(B. 2)
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m

< Y > {lad — Bl + 1x8 — gdl} and £, 0) = 0}.

gely a=0

For f € M, write f : DJ0,T],EM x RM) — R 10 be f(a,x) =
f((a?(m))OSaSm,qele (x:](m))OSaSm,qelM)~ Weﬁnd thathV any m = 1,

lim Iim sup sup sup [EX[f]—E"[f]|=0. (106)

W00 N—oo lgigC{,V ,u,veViN fed
Proof We notice that forany 1 <i < Cflv and any u € ViN ,

EXe[fexx{ sup |xil =n]

q€ly,0<a<m

m
<o 'EFOY xa P x{ sup [xd [ =n}] <30m+ Dn7l,

a=0 gely . 0<a<m

using the fact that ViN C Wg (as defined in (102)). Thus the mass assigned to non-
bounded sets goes to zero uniformly as n — 0. Furthermore it can be seen from the
definition in (99) that the radius of the bounded sets goes to zero uniformly as n — oo,
which implies the lemma. O

Next we observe that the number of sets in the partition is subexponential in N: this
is an essential property, because it means that the partition size is dominated by the
exponential decay of the probabilities in coming sections.

Lemma4.2 Foranyn e ZT,

lim N 'ogCY =0 (107)
N—o00

Proof We notice from (104) that each ViN can assign (N + 1) possible values to the
mass of each set ﬁq X ﬁr e D(0, T], EM) x D([0, T], RM). Since here are 6‘%

such sets, the number of such Vl.N must be upperbounded by (N + l)é%. Since this is
polynomial in N, we have established the lemma. O

4.1.1 Definition of the approximating process

We are now in a position to define the adapted stochastic process ¢; (foreach 1 <i <
Cl). written 6; 1= (57 )geny. jery.relo.7). Write VY, € M (D((0, 1], EM)) to be
the projection of the probability measures in M{ (D([0, T, E¥ x RM)) onto their
marginals over D([0, t], EM) - and define Vl.]t’t to be the analogous projection onto the
marginal over D([0, t], £ M o RM ). We write the intensity of &g;j as @?IJ . We will
choose the fields to be such that as long as ,&f}/)’t] (6):=N"1 ZjelN 80{0.[] € VN then

1,1’

@ Springer



An emergent autonomous flow for mean-field spin glasses 393

necessarily /lf\(’)’t] (6,8, € Vilx. This property is essential for us to be able to control
the Girsanov Exponent in the next section.

We first find any set of paths a; and intensities &; that are such that their empirical
process is in ViN .
Lemma4.3 For all large enough N, for each 1 < i < CN, there exists o; €
D([0, T1, €M)" and &; € D(10, T1, RM)" such that

aN (i, ;) = N7! Z 8(af,®f) € ViN where o; = (otij)jE]N, 6, = (6;'/)./'€IN and

jely

(108)

i =&, o forall t € 1", 17}) (109)

o=, o forallt e (2™, 1), (110)
61{&?”) = Qﬁlf o if@z{,t},’”)’ ij'{,z,ﬁ’") € Dy, for some 1 <b < Cq

|q5‘1 /| <n (111)

Proof Let 5t : M| (D([0, T], EM x RM)) — M (EMNmFD 5 RMN(m+D) be the

projection of a measure onto its marginal at times {f; ' }o<4<m. Because empirical
measures are dense in ./\/l+(5 MN@m+1) o RMN (””‘1)) for all large enough N, there

must exist &; € EMN+D “\yritten &; := (&;.4)0<a<m» and &; € RMN+D wyritten
®; = (@, a)0<a<m such that
u(a,,@)—NIZ8 S N, (112)
JEIN

We can now define &; := (a; ;)sef0,77 € D([0, T1, é'M)N and &; := (&; 1)ref0,7] €
D([O, T1, EM)N as follows: foreach 0 < a < m,

(m) )

. m
m =& g, and o;; = “i,t,ﬁ'") fort € [té ), oy

lta

®, =84 and &, =06 o forallre[1", ).

[m}
Next, we prove that if ﬁf\é . (6) € f}th, then we must be able to find a permutation of

the intensities {Q5ij .} that ensures that the associated empirical process is in VI.N . Define

BV to be the set of all permutations on I (i.e. each member of B is a bijective map
Iy — Iy).
Define the stopping time

=inf{r>0: Iaa’) @) ¢ f;th} and
Ao, @)= N1 Y0, € M{(D(0,11, €M), (113)

JElIn
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Lemma 4.4 For any 6; € D([0, T1, EMYN and any t < %, define TG € BN 10 be
such that

~q.j 4715, () ~
“ft;jm = al_’té,;) forall tY™ < % and (114)
4716, () q:75,5; (J)
is =6, foralls <t. (115)
=7 forall t € 1, 1) (116)

7;.6 is well-defined, but notuniquely defined. Furthermore . .:[0, T]xD([0, T], EMN
— PN is progressively-measurable

Proof Write &; ; := &; ;n7,. We first claim that 7 - 4V (6;) = 7% - @™ (&;), as long as
t < 7;. This is because ViN specifies the mass of each set to an accuracy of N~!, but
the mass assigned to any set by the empirical measure must also be a multiple of N~
This means that we must be able to find a permutation such that (114) is satisfied. O

5J

We can now formally define the stochastic process ¢;. First, &iqt

is ‘stopped’ once
the empirical measure is no longer in Vl.Nt, ie.

~q.] ._ =4.]
0, =0,% (117)

For all ¢+ < 7;, we stipulate that 6;1 ;j satisfies the identity,

it is > i,s

. . . t 5 o i
G99 — g8 A Y‘“(/ oG 6‘1’”‘””(”>ds>, (118)
0

recalling that A - x is defined to be —1*. Recall from (117) that &,q “J is defined to be
stopped for ¢ > T;.

: ~q.]
Lemma 4.5 The stochastic processes {oi’t }jelN,quM,te[O,T]

defined and are adapted to the filtration F;. Also if T; > T, then, writing @575 =

&7 and &L9 = (&4 )seq0,7, it must be that

are uniquely well-

AN CINCHRRVA (119)
Proof This is immediate from the definitions. |

4.2 Girsanov’s Theorem

In this section we demonstrate that the probability law of the original system o, can be
well-approximated by the law of one of the processes {6/}, _; cN- The main result is
Lemma 4.6: the implication of this lemma is that if we can show that the flow operator
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accurately describes the dynamics of the empirical processes generated by each of the
0, then it must accurately describe the original empirical process as well.

Let RIN € MT(D([O, T],é'M)N) be the probability law of the processes

{&;{;j }jelN,qelM,te[O,T]’ Define the stopping time 7; that is the analog of 7; in (113),
ie.
=inf {r > 0: iy 4(0) ¢ m - V). (120)
Notice that, necessarily,
7 € {18} o cpam (121)

Let PJN € MT(D([O, T],EM)N) be the law of the original spin system

q.j .. . .
{"i, e AT}].G Iy.qely 1€l0.T] conditioned on a realization of the connections J, and

stopped at time 7;. Write

$£4.J . 559750 ()

®i,s T ®i,s ’ (122)
where 7. . is defined in Lemma 4.4. Define the Girsanov exponent

AT LA . . .
FiN(O‘[o)T],J) =N"! Z {/0 {C(US(IJ,@?”S])_C(O'sq'j’Gg’])}ds

gely.jeln

AT .
+f {loge(of7, GI) — log (o f@‘”)}d&?”}, (123)
0

and we have defined 65 J to be the integer-valued nondecreasing cadlag process spec-
1fy1ng how many tlmes that Us’] has changed sign over the time period [0, s), i.e.

oy’ - al o (— 1)”‘ . It follows from Girsanov’s Theorem # [37,43] that the Radon-
leodym derivative satisfies

dPN
dRN(G[or)—eXp(NF (010,77, J))- (124)

Write GIJ = NT12 Y0, gkGEE

i and define Ty to be the analog of (21),i.e.

6, =T Ainf{r:1€[0,Tlando, ¢ XV} (125)

4 A quick way to see why this formula holds is to note that the probablhty of a jump occumng over a small
time interval is approximately exponentially distributed, i.e. P(ol’ N i | > O) ~ c(cro s GOJ ) exp (

Ac(oo J GOJ )) Taking the ratio of two such densities, multiplying over many time intervals, and then
taking A — 0, we obtain the formula (124).
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Lemma 4.6 Suppose that for any € > 0, there exists no € Z* such that for alln > ny,
there exists ng(n) € Z*, such that for all v > ny(n), there exists mo(n, n) such that
forallm > m(n, n),

sup  sup lim N 'logP(Jy, Ty > t ) iV 6, G e VN and

0<b<n 1<i<cV N—oo

dw (§(5, , o, Gy ), it N, <n>l,(; w)) = &rn"") =~ <0, (126)

Iy

for some € > 0. Then the condition of Lemma 3.5 is satisfied, i.e. for any € > 0, for
large enoughn € 7T,

Iim N7! log]P’(jN and Ty > tlgn) and dW(Eb(a w, G m), [LN(G w > G m ))
N—>oo I ) 1 Tpsl

>ern') <. (127)

Proof The event Jy necessarily implies that iV W». We can thus apply a union-
of-events bound to the partition in (103) to obtain that

P , T >t(n),d O'n,Gn ,ANan,Gn > €EA
(Ins v > 1", dw (& ( ) t,ﬁ’)“(t,ﬁfl t}§+)l))_ )

< ZP(JN,TN > 1" ,dw(éb(tf (,,),G <n>) i (o, o .G, o )) > €A,

iV, G) eV,

Y, )| <¢/02)

+) P(In. 1N (0. G) e VY. 1) (0. )] > £/2), (128)

noting that the constant ¢ is defined in (126). Noting that CQ’ is polynomial in N
(as proved in Lemma 4.2), thanks to Lemma 3.1, it suffices to prove that each of the
terms on the right hand side of (128) are exponentially decaying in N. Using the
Radon-Nikodym derivative (124),

P(Jn, v > tb »dW(Sb(O' <n>,G (n)) AN (o (), .G, 2 ))
>&n, iV, G) eV ,|F-N(a D <é/2)
< exp(NE/2)P(Ty. Ty > 1" 7dW(‘§b(0' (n>, (n)) i, X G, £ )
= éA Y61, G e V)
< exp(—Nt/2),
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using the assumption (126) in the statement of the lemma. It thus remains to prove
that

lim sup N_llogIP(jN,ﬁN(o,G)eVlN,

N—o0 lsiSC,}\V

¥, )| > t/2) <0. (129)

Notice that ,&N (0,G) € VN implies that 7; > T. Recalling that &1/ := éq(;;{) and

ol o= ot (,1) , define the following time-discretized approximation of the Girsanov
Exponent,

m—1
o =N Y {Tm_l S (el &89 — clof, 61
gely,jeln =

m—1

—-Z [x(GH7| < n}loge(ad, GIY)
a=0

—x (1887 < nyloge(od !, 7)) ol (0l — o f)} (130)

One expects the above approximation to be very accurate for large m € Z™ because

I =627 €10, 1} implies that — 50 f(a L —odl) = ;ﬁrfl 687, (131)
(The probability that 65’ — 627 > 2 is very small once the time interval Tm ! is

small). Thus to establish (129), it suffices to establish the follow two identities

lim sup N~ llogIP’(jN i (o, G)GVN,FN(U J) — FiN(a,J)>E/4) <0

N—o00 1§t§CN
(132)

im sup N7'logP(Jn, iV (0, G) e VN, [N (0, D)| > €/4) <0. (133)

N—o0 lgiSCI{,V

We start by establishing (133). We observe from (130) that there exists a function
H:D([0, T], EM x RM) — R such that

(010,07, 3) = EX @O 1) — BV @83y, (134)

1
Furthermore H is a function of the values of the variables at the times {ta(m)}ofafm.
Now if N (o, G) € Vl.N, then necessarily iV (o, &) € VI.N. It now follows from (i)

the fact that the functions ¢ and log ¢ are uniformly Lipschitz in their second argument
and (ii) Lemma 4.1, that for large enough n, it must be that

B @G p) — B @80 [H)| < b4,
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We have thus established (133). It remains to establish (132). Write

FIJ = (- n<G‘”<n}logc( J Gq])—x{ n<Q5(“<n}logc( J Qiq])

BT = (1617 | > nyloge(od !, GTY).

We wish to split FiN (0,)) — l:l.N (o) into the sum of five terms and bound each term
separately. First, using (131), we notice that the difference of the stochastic integral
in FlN (0, J) and its time-discretized equivalent in FiN (o) 1s

) 1

a .
4. q.J q.J

fzﬁ") <m>d + 2F<m>0 (ogh —od)

— 9 ~q,]J ~q.]
= (m) (G ) — 0 (m))X{Uun) —6%) =2}
la ta+1 ta+1 la

Second, it is immediate from the definition that it is always the case that —n < QAS?] <
n. In order that (132) is satisfied, it suffices to demonstrate the following identities,

Nt
1 q.j q.j
Jim N logIP(jN, 5> / 39 g8 > %> <0 (135)

JE€IN.g€lm
m—1 (m)
T 1 fatl g NS
IJEnMN logP( I, Z Z o (Fy F<m>)(d0s

jeln.,qely a=0

—c(o’, G ds) > E) <0 (136)

lim N~ 1logJP>(jN iV, G) e VY,

N—o00
(m)

~ ~ NeE
> Z/ (F9J — F‘fmi)c(af"’,G?’/)ds > 2—0> <0  (137)

jely.qely a=0

m—1
T a1 q.j (~4.]
Nh_r)nooN log P(jN, E E Fz(”” (ot<m)

a=0 gely,jeln “ atl

) o NE
—otiet — 5% 22) 2 E) <0 (138)

a+l

lim N~ llog]P’<jN i Nw,G) e VN and

DS

gely,jely a=0
(m)

- / {e@ &) — e G?”)}ds}

1

{ Te(od!, &%) — Te@l’, G&7)

m

Nt
> —> < 0. (139)
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We start with (135). The event 7y implies that N =1 3" x{IG?] > n} < 3n~2.

Thus, since c¢(-, -) is uniformly upperbounded by cy,

JEIN

NTUOST XUGH | > nfexp(f1) < 3Mn ey,

q€lm.jeln

Since the right hand side goes to zero as n — o0, (135) follows from (ii) of Lemma
8.2, as long as n is large enough.

(136) follows from the concentration inequality in (i) of Lemma 8.2, employing the
facts that (i) | Fy/ | is uniformly upperbounded, and (ii) &,q I fé c(ed’, GI7yds is
a compensated Poisson Process (a Martingale [2]).

For (137), the boundedness of c(-, -) by ¢ (in the first line), and Jensen’s Inequality
(in the second line) imply that

¢ (m)

m—1
N_l} Z Z /(r:)“(Fg,j — FTy (o8, G?’j)ds‘
1

i
jeln,qelpy a=0 "
m—1 (m)

-1 ) pa
<N7'¢ » |\F — F7 |ds
((m) tq

jely,qely a=0 "

T . .
<oVM / (VSR - RGP
0

JEIN.q€ly

T . .
saViya3 [N S ot o) e

jely.qgely

using (i) the fact that log c(, -) has Lipschitz constant ¢y (in its second argument),
and (ii) as long as the event Jy holds. Define the renewed Poisson Processes

{Yaq’] (t)}qelM,jelN to be

(m)

. 4 8 . . i . .
Y& (1) .= ye/ (r +/ c(ed’, G?*J)ds> —y?J (/ c(ed’, Gg“)ds> }
0 0

(140)
Now since the flipping intensity is uniformly upperbounded by ¢y, if ¢ < " then

a+1
q.j q.J 4]
Z |ol =9 G <4 Z X{Ya (c1t — clté’")) > 1} where
gely.jely “ gely.jely

Y99 = Yg’j(t A fg’j) and

2

(m)
ngj g
;7 =inf{u>0:u= . clos ™, Gs)ds ¢ .
m
la
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Now 1 — 1™ < §, where § = Tm ™. Jensen’s Inequality thus implies that

1/2

T .
/ N7t Z x|V @ =1}y ar
0

jeln,qely,0<a<m—1

T , 1/2
sﬁ{/ N x{Ed s = l}dt} .
0

jeln,qely
We thus find that there is a constant C such that

(m)

a+| i i NE
(JN Nemey. Y% / ~ e 68 ds = %)

jeln,qely a=0

m—1

Y k@ =1)=0).

a=0 jely,qely

For large enough m, this probability is exponentially decaying, thanks to Lemma 8.1.
For (138), since the flipping rate is uniformly upperbounded by ci, there exists a
constant C (n) such that F{*/ < C(n). Thus by Chernoff’s Inequality,

m—1 NE
P<.7N, Z Z F(m)( (m) —0<m>)X{U‘fm’> _6<m) z 2} = 20)

a= OqelM jely fat1

- NE
= P( Z > ol @ =2} = 20C(n)>

a=0 gely, jeIN

[exp( Z > ﬁ"(cla)x{?f’-"(clmzz}—zévcg(”n)ﬂ, (141)

a=0gely,jely

for some constant v > 0. To bound (141) we start by evaluating the integral con-
ditionally on F ROR Notice that {Y 1}q€ Iu,jely are independent of F ,om  (thanks

m 1 m 1

to the renewal property of Poisson Processes). Also Y (18) x (¥ (¢18) > 2} <
Yyl ](clé)x{Yq 7(¢18) > 2}. We thus find that, for @ = m — 1, and using the fact that
P(YS (¢18) = r) = exp(—rdc1)(Ser) /(r),

Elexp(v D P& @ {Pd @8) = 2}) | Fom

qgely,jely

[e’e] NM
<1+ [Z{Scl exp(—dc1 + u)}’}

r=2
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We take m to be large enough that

[2{501 exp(—dc; + v)}’} =m2

r=2

We then continue the argument, evaluating (141) conditionally on J—' (m) , then
]—' ) s and finally .7-' (.- We find that (141) must be less than or equal to

{1 + m_3/2}NM(”’+1) exp( 2(§Vck(n))' For large enough m, this must be exponen-
tially decaying. We have established (138).

We see that (139) is a difference between an integral and its time-discretized approx-
imation, and can easily be shown to be true for large enough m. O

5 Taylor expansion of test functions

After the change of measure of the previous section, our task is easier, because now the
spin-flipping intensity of ¢; ; is independent of the connections J. This section (and
the remainder of the paper) is oriented towards proving condition (126) of Lemma
4.6. This proof is accomplished through the comparison of the expectations of test
functions, using the dual Kantorovich representation of the Wasserstein distance. We
will Taylor expand the test functions to second order, and (in subsequent sections)
demonstrate that the expectation with respect to the flow operator W; almost matches
the expectation with respect to the empirical process.
Let 9 be the set of all functions that are uniformly Lipschitz, i.e.

={feC(EM xRM) 1 |f(a,x)— f(B,2)| < la — Bl + [Ix —zl| and £(0) = 0}.
(142)

It follows from the Kantorovich-Rubinstein theorem [34] that

dy (. v) =fsuﬁp{|1E“[f] —-E"[f1]}. (143)

Our proofs only make use of a finite number of test functions: so we must demonstrate
that the right hand side of the above equation can be approximated arbitrarily well by
taking the supremum over a finite subset. Furthermore we require that the test functions
are three-times differentiable in order that the expectations of stochastic fluctuations
converge smoothly. Let §), be the setofall f € $) satisfying the following assumptions.

e f(a,x) =0 for x| > a.

o f(o,x) = x{a = B} f(x), for some fixed B € EM and f € C3(RM).

e Write the first, second and third order partial derivatives, in the second variable, as
(respectively) f_j, fjk, f_jkl,for J, k,l € Ip. These are all assumed to be uniformly
bounded by 1.
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Lemma5.1 Forany§ > 0, there exists a € Z and a finite subset 5;Jg C $Hq such that
forall t,v e Wa,

dw(p,v) <38+a sup {[E*LA1-E"Lf1]} (144)
f€94q

Proof For any u € W, any f € $H,anda > 0,

EX[fxdlxl > a}] < E4[ ] x{IIx]| = a}]
<a 'E*[IIxII*] < 3/a. (145)

Thus for any § > 0, for large enough a,

dw(w, v) < 8/2+ sup {[E*[f]—E"[f]
fefHa

5, (146)

where $), is the set of all S € $ such that f(a,x) = 0if ||x|| > a. It remains to
demonstrate that we can find a finite subset $), of §, such that

sup {[E“[f1—E"[f1]} < 8/2+a sup {[E*[f1-E"Lf]]}.
feHa fef,

Since continuous functions on compact domains can be approximated arbitrarily well
by smooth functions, it must be that

sup {|E*[£1—E"[£1]} = sup {|B*[f1—E"[£]]}.
fefHa fehH,

It follows from the Arzela-Ascoli Theorem that $j, is compact. Thus we can find a
finite cover of $, such that every function in £, is within §/2 of a function in the
finite cover (relative to the supremum norm). O

Now set 8 = A€/2, and let ¢ € R and b, be such that for all u,v € W»,
dw (i, v) < 8+asupg. g {[E1£1—E"[£1|}. We write § C C*(RM) to be such that

g = {f((x, x) = x{o = B} (x) for some g € EM and ¢ € 3} (147)
and we define the pseudo-metric?

dg(u,v) = sup {|E*[¢px)x{e =B} —E'[px)x{a =B}]|}. (148)
peF.peEM

Henceforth we drop the subscript q from the processes 6, and Cq,,. We find that for
the condition (126) of Lemma 4.6 to be satisfied, it suffices for us to prove that for

5 This satisfies all of the axioms of a metric, except that dg (i, v) = 0 does not necessarily imply that
=
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any € > 0, for all sufficiently large n and all0 < b <n — 1,

im sup N 'logP(Jy, " (5, G)

N=o0y _q<cW

e VY. iy > 1,7, dk (8(6.G). AV @111, Gpr1) = €A) <0, (149)

recalling that Gf’j =N"I1/2 D kely J-/k6,p’k and £,(6, G) is the law of the random
variables in (53)-(54). We emphasize that throughout the rest of this paper, 6 := 6 o
b

that is the subscript is with respect to the n 4 1-point time discretization. Write the
first derivative of ¢ € Fn with respect to the j# variable as ¢ ;- the second derivative
of ¢ € Fm with respect to the j# and k" variables as ¢ ik» and the third derivative as
Djki-

We enumerate § as § = {¢* }llel Foro € EM, define

0y =B Cr Gl g )y (0 = )] = N7 Y xl6h,, = a}o (G,
J€In

(150)
R{® = B+ @G48 (x) x (0 = o). (151)

We first establish a more workable expression for RZ’“.

Lemma 5.2 Recall that afi] € EM is the same as «, except that the i'" spin has a
flipped sign.

Ry =ANT" Y ¢"@G)xl6} = alille(-o'. GY)

jEIN,iEIM
N3 016 = )[4 (Gl + A Y {94 GHmM @, G))
Jeln iely
1L 48 (G — 9% (6] e, G ] + 0((8)72). (152)

Proof Recall the definition of &, (7, G), in terms of independent unit-intensity Poisson
processes {Y”(t)} per,, and independent Brownian motions {W[p }pery in (53)-(54).
We can then write R as

Ry =N~' " E[x{¢) = alp®(x}) 165, Gp] where £y = (¢X7) pery, and
JEly

(153)
X =6 a T (a6 "

. o N Lo AN - AN AN
x) = G] + am™ (5], Gf) + DM Wy where D> = 2\/L1" 5. j). (155
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and the expectation in (153) is taken with respect to the Y and W random variables,
holding 6 and Gy, to be fixed, and A - x := (—1)*. Write

Xjor = x{gh =) = x(6} = @)
+A Y e, Gyhxle] =) — (6,7, Gy)x (6], = elil}).

iely

Basic properties of the Poisson process - and recalling that the jump intensity ¢ is
uniformly upperbounded by c¢; - imply that E[X ZJJ L1 | op, Gb] = O(A?) [27] (one
can see from the Komolgorov Forward equation (18) why this is true). We thus find
that

RE* =N"" 3" (x{6] = a)

JEIN

+A Y {e(=6,7. Gyhxie] = alily — ¢, Gy xie], = a}})

iely
x B[¢* (G + Am™ (&1, G) + D W) 165, Go] + 0(A2).

Applying a Taylor expansion, and noting that the third order partial derivatives of ¢¢
are uniformly bounded, we obtain that

E[¢*(G] + Am™ (&1, G]) + D' W,) | 6, G]

= 9" G+ A Y (o0 @)mi 6] 6 + 0l a5} + 067,

iely
(156)
since E[[[Wa[*] = O((A)*?). This implies the lemma. o
Using a union-of-events bound, we obtain that
P(Tv. i € VY. dk (86, G), 2N (Gp41. Gpy1)) = €A)
< > > PN AN e V). o) — RyY| = EA). (157)

¢eF acEM

The implication of the above argument is that, in order that (149) is satisfied, and
making use of Lemma 3.1, it suffices to prove the following lemma.

Lemma 5.3 [n order that condition (126) of Lemma 4.6 is satisfied, it suffices to prove
the following statement. For any € > 0, there exists ng such that for all n > ng, there
exists ng € ZV such that for all n > ny,

sup  lim  sup sup N 'logP(Jy, iV (6, G)
0<b<n—1N—>o0 1<q<Cl ¢p*eF,acEM

€ Vév, Iy > tlgn), 0y — RZ’“| > eA) < 0.
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Substituting the expression for RZ_’:_"I in Lemma 5.2, we find that the difference can be
decomposed as

5
doopt - Ryt =0+ Y Y Bl 6. G, (158)

acEM acEM i=1

and { ,Bi }?:1 are defined as follows (the dependence of ,Bi on a has been neglected
from the notation). Our aim is to decompose the difference into terms that can either
be controlled with Poisson concentration inequalities or controlled with the Gaussian
law of the connections. Here and below, ﬂév = [L,I]V (o, (}). The term 8 1 represents the
leading order change in the two expectations due to jumps in the spins, while holding
the field to be constant, i.e.

Bl@.6,G)=N"">" ¢"(G))(x(o],, =) — {6} =)
Jeln
A Y fe(=a, Gy)x (6] = elil) — c@, G,)x (6] = a}}). (159)

iely

recalling that a[7] is the same as o, except that the i’ element has a flipped sign.
The sum of the terms 8% + B> represents the leading order change in the two

expectations due to changes in the field G;, while holding the spin to be constant. A

Taylor approximation is used: 82 contains the linear terms, and 47 the quadratic terms,

ﬁz(a,&,f}) _ y-l Z Z ¢a(G }{ b+1 _ Gl J Amﬁ’}?v’i(a,(}i)}
]E]NIEIM
B G=0cn"Yy 3 X1} = a}(¢f, (G} ){Gb+1 - Gﬁ;’j}{clir]l -Gp)
JEIN i, pely

ﬂN
—4L." ASG, p)).
B* can be thought of as the average ‘cross-variation’ between the spins and the fields:

BHe.6.G) =N (Gl ) — ¢“GDHx{6],, =) — x5} =a}}.
Jjely

(160)

The term ,35 is the remainder, such that (158) holds identically. This means that

B.5.G)=N">" xi6] = (0" (G}, ) — ¢“(G))
JEIN
=Y MGG, - Gy

iely
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) Z ¢ip(G G{GyL, — G, {6 =Gl aen

1 pely

We further decompose 2 and 82 as follows. The terms 8, 8% and 8° - to be outlined
just below - will be bounded in Sect. 7 using the conditional Gaussian law of the
connections. The term ﬁli - to be outlined just below - is the mean of a conditional
Gaussian expectation, and I:Zj is approximately half the conditional variance. Define
the M x M matrices {Kb, Ly, ©p, Up} to have the following elements: for p, g € Iy

N N

cPq _ a1 ~pil~q.l Fpq _ ar—1 ~q.k(~pk  ~pk

K,” =N 0y 0, » L =N Z 5 (05 = 54) (162)
=1 k=1
N N

~pq _ a1 ~qk(~pk - pk ~pq _ ar—1 = p.k ~q.k

Rt =Ny GENE - an) L ot =NTT Y 600G (163)
k=1 k=1

If 7y > tb s Kb is invertible, and we write Hb = K;l. For j € Iy, writing 6{7 =

( blj,..., o, ),G,ﬁ = (Géj,...,Gb )and m) = (nﬁé’],...,nﬁz/l’j),wedeﬁne
= —LbeGb — 5lchbo'b +5Lbevab0b (164)

We can now further decompose ﬂ2 as follows,

B (a,6,G =,66(oc 6.G)+ B'(a, 6, G) where (165)
Boe.5.G) =N D" N ¢t (Gxe] = a}{Gyl - Gy — iy} (166)
]GINIEIM
Bl@.6.6)=N" > 3 ¢t Gxla] = a){iy’ — amfs &), G},
jelyiely
(167)

noting that mis is defined in (30). We further decompose B3 («, b, G) as follows
B @,6,G) =p%,6,G) + B« 6,G) + B, &5, Gp)
+ ,B“(oc 0p, Gh) where
Be.6.G) =N Y 3 xle) = e, Gy (Gh - G — i)

jelyi,pely

(168)
B 5.6 =N Y0 D ({5 =)ol GD{G,L, - Gy — )
jely i,pely
(GP) = GoT =)
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— YT S x{e) = el GHLY (169)
jGINlEIM
B, .G =—2N)7" Y >« o}t (G il (170)
Jjely i,pely
Bll@.5,G) =N 3 Y x(6] = alet Gl (L) —2aLl). 171)
jelyiely

We can now decompose the criteria of Lemma 5.3 into the following set of criteria.

Lemma 5.4 To prove Lemma 4.6 it suffices for us to show that for any € > 0, there
exists no such that for all n > no, there exists ng € Z* such that for all n > n, for
each i such that 1 <i < 11 (withi # 2, 3), (recalling that A = Tn™))

sup sup lim N~ 1log sup IP(jN N, G)
0<b<n gacg,accM N0 1<q=c¥

eV oy > 1" | (. 5.G)| = €A /18) < 0. (172)

Proof The above analysis implies that for large enough n,

ldi (AN @pi1.Gp1). £@p. Gp)) =eat e | {|f@.6.G)|=en/18}

1<i<ll i;é23
ufjanTt 3 ¢t @G)xte] = alille(—a'. GyY)
Jjely,iely
. . . VI . ~N .
+NTU Y w6 = )[4 (6)) + A Y {0 @GhHmM (@, Gl +2LL ¢8(GY)
jely iely

—9°(67)e@’ . Gy H)] - Ry | = ear).

(173)
By Lemma 5.2, as long as A is sufficiently small,
{JANTY 3 ¢"(G)xieh = alilic(—a', GyY)
Jjely,iely
NN (6 =[0G + A Y
jely iely
[¢2(GHm™ (o, GI) + 2ij" ¢%(G))
—¢“(G] ) (174)
The Lemma now follows as a consequence of Lemma 3.1, since |§| < oo. m]

The nine bounds necessary for Lemma 5.4 are contained in the next two sections.
They are split into two types: the terms directly requiring the law of the Gaussian
connections (i.e. 8%, B8, %) are bounded in Sect. 7. The other six terms mostly require
concentration inequalities for Poisson processes, and they are bounded in Sect. 6.
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6 Stochastic bounds

This section is devoted to bounding the terms in Lemma 5.4 that do not directly require
the law of the Gaussian connections (i.e. ). The terms that are bounded in the first
part of this section are B* (the ‘cross-variation’ of the spins and fields) and B> (the
remainder after the Taylor Expansion). In the next subsection, the remaining terms
gL, 87, p19, B! are bounded: the bounding of these terms requires concentration
inequalities for sums of compensated Poisson Processes. Throughout this section we
omit the g subscript from the stochastic process, writing 6 q,; := 0.
Throughout this section & € £ M s a fixed constant. Define for u > 0,

() KO
. L I S . b S
Y, (w)=v"/ (u +/0 (657, @Q’g(&))ds) = (/O (657, Qﬁ;’fs(&))ds),
(175)
and notice that {Y;’j (t)}iely, jely are distributed as iid unit intensity Poisson Pro-

cesses. Recalling that A - x := (—1)%, it may be inferred from the definition in (118)
that for t > t(”)

, 4 .
G, = =0, LA Y (/(n) c(657, (’5@‘£)ds) . (176)
)

LetZy = {j € Iy : Forsomei € Iy , Yli’j(clA) > 1}, recalling that ¢y is the

uniform upper bound for the spin flipping rate. Clearly if j ¢ Zy then o i =0 i Iy
Write I, = {j € Iy : j ¢ Zy}. Splitting the indices as Iy = Iy U I}, is useful

because the fields {G) +j . —G? Jy jezt, are independent.
We start with a lemma concerning the average change in fields indexed by Zy .

Lemma 6.1 There exists ng € Z and a constant é,, such that for all n > ny,

_ ~ 12 ~
fm  sup N'logP [N ”GH]—GgH > AY26, | <0. (a77)

N=00 <q<clf jeIy

Proof LetJy bethe |Zn|x|Zy| square matrix with entries given by {N_l/zjjk}j,keIN.

Let its operator norm be Hj N H Observe that

NG =GP

JE€In,i€ly
=N X le-ar
Jje€In Jiely
<4MN~! HjN ” 3 xf{Forsomei e Iy .50, #5617}, (178)

J€In
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Writing éy = 6«/§cf/2M(M + 1), we observe that if HjNH < 3JciA)/2
and N_IZjGZNx{Forsomei e Iy ,5;’_{1 #* 6£’j} < 1AM + 1) then

P o2 .
NT'Y ez, ‘ Gyl -Gy’ H < C, A3/, We thus find that,

L 2 R
Ny Hcg’j1 e H > A32¢, 1 ¢ {N—1|IN| ¢ [c1A/2, clA(M+1)]}

JeIn
U{N Tl € [e1A /2. 1AM + D] and HjN H > 3,/c1A/2].
It follows from basic properties of Poisson Processes (noted in Lemma 8.1) that the
probability of the first term on the right hand side is exponentially decaying. It thus
remains to prove that
Jim N1 1ogIP>(N*1|IN| € [c1A/2, 1AM + 1)] and HjN H =3 clA/Z) <.
—00
(179)

Define Jy to be the |Zy| x |Zy| square matrix with elements IIN|_% J7/%: that is,
Jv = ~/N|Zy|~2J. This means that

{HjN H >3/ciA/2and N YZy| € [c1A/2, c1 AM + 1)]]
c {||jN|| > 3and N~V Zy| € [e1A/2, c1 AGM + 1)]}.

Notice that the (random) indices in Zy are independent of the static connections
(J7 k} j.kez+ - since the Poisson Processes {Y/*/ (¢)} are Markovian and independent
of the static connections. We can now use known bounds on the dominant eigenvalue
of random matrices (as noted in (3) of Lemma 3.2) to obtain that

im N~ 'logP(|Jn| = 3and N~ 'Zy| € [c1A/2, c1 AM + D)])
N—o0

Jim N~"ogE[P(||In| =3 and N Zy| € [c1A/2, ci AM + D] | Y(1))]

< Jim N7 log E[x{1Zv] = NerA /2] exp (— |Zn]A )]
—00
<0, (180)
as required, where the constant A ; is defined in Lemma 3.2. O

We start with the bound of /34 (which is defined in (160)): this can be thought
of as the average ‘cross-variation’ between the spins and fields over the small time
interval A.
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Lemma 6.2 For any € > 0, for sufficiently large n,

lim sup N7! log]P’(/lN e VN,

N=00 ) q<c¥

B (e, 55, Gp)| = €A) < 0.

Proof Now for some z > 0,

Jim N7ogP(" € Vi [p*(e. 6. G)| = €A)

— 00

< max{ lim N7! 10gIP(|IN| > N(MciA +Z)),
N—o00

lim  sup N_llogIP’(}ﬂ4(oc,6,(~})|zéA,}IM

N=o0y q<cW

< NMciA+2), iV e VY)) (181)
By Lemma 8.1,

im N~ 'logP(|Zy| > N(MciA +2)) < 0.
N—o0

It remains to prove that the second term on the right-hand-side of (181) is negatlve
Thanks to the identity in (176), if Yl J(e1A+7) =0foralli € Iy then & 6,,, =0,

and )({abJrl =a}— x{ob = a} = 0. We thus have that

BHe. 6. G) = N3 (oG], — ¢ GDHX G =) — x (G =] (182)
J€In

=Nt GHG], - G {x@] = - x 6] =),
JEIN i€ly

(183)

for G/ = Ajf}i + (1 —Ax; )Gh+1, for some A; € [0, 1], by the Taylor Remainder
Theorem. It follows from (182) that if |Zy| < N€A /4, then since |¢%| < 1, it must
necessarily be the case that

184 (ee. 7, G)| < éa,
as required. It thus suffices for us to prove that

Iim N7! log}P’(ﬁN eV,
N—o00

F(e.5.€)|
> éAand [Iy| € [NEA/4, N(MciA +2)]) < 0. (184)
Using a union-of-events bound,

Jim N~'logP(|*(e, 65, G)| > €A and |Iy| € [NEA/4, N(Mc1 A + 2)])
— 00
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< max { Tim N logP(|Jn| = 31Zn 12N~ and |Zy| > Nea /4

< im g N| =3IZn and |Zy| > NéA/4),
Nm N~ logP(|* (@, 65, G)| = €A and |Zy| € [NEA /4, N(Mc1 A + 2)] and
—00

5] <ama-va,

where Jy is the |Zy| x |Zn| square matrix with entries given by {N’l/zﬂk}j,kdw
Just as we proved in (180), for small enough A,

fim N~ log P( HjN H > 3/Zy|EN"1/2 and |Zy| > NEA/4)
N—oo

< fim N"logP(|Jx| = 381212412 2) <.

N—o0
It thus suffices for us to prove that for A sufficiently small,
Iim N 'logP(|*(«, 65, G)| > €A and |Z,
Tim N logB(|8* (o, 65, G) | = € and [T
€ [NEA /4, N(Mc1 A + 2)] and HJH <3[Zy[PN"2) <0, (185)

To this end, we obtain from (183) that, since |¢>f’| < 1, by the Cauchy-Schwarz
Inequality,

PO N2 Y @ -Gy

jEIN iely
x Y (@] =0 - x6] =)’
J€INn
D SN Y [CAR 0
.]'GIN iely
x Y {xGh =) —x@} =)
J€In

Now if |Zy| < N(Mc| A + 2) and HjN H <3|TNIEN"V2 < 3(Mci A + 2)7, it must

be that, (since (&,i;'rjl — 6;"j)2 <4,
|8 (@, 55, G)[* < 16MN 2Ty [?3(Mc1 A + z)%. (186)
We choose z = A, and find that (186) implies that
}54(05, G, (~})}2 < Const x (A)%.

@ Springer



412 J. Maclaurin

This means that for A sufficiently small,
P(f* (e, 61, G)| = €A and |Ty| € [NEA, N(Mer A + )] and ] <31Zw1?) =0

which implies (185), as required. O

Lemma 6.3 For any € > 0, for large enough n

sup sup Iim N1 log sup IF’(jN, [LN € VN, N > tlgn), ,Bs(ot, o, G)|
0<b<n gegM N—>0 1<q=c¥
> €EA/18) <0 (187)

Proof Recall the definition of 8°:

Be.5.G)=N"Y" x{o] = a}(¢(G], ) — ¢°(G))

JEIN
=Y $HGDIGLL, - Gy
iely
> GGl - GG - 6. (188)
i,pEIM

If sup; ¢ I |G§,’i1 — G;‘j | < (A)z/ 5. then it follows from Taylor’s Theorem that

|x{6] = ) (6 (Gl — G — 3 8 (GDIGL], - Gy

iely
) Z 05, GGyl — Gy HGH — G
zpeIM
l -
=3l > GG, — GG, — GG, - Gy
i,p.q€lm

3(A)%5 16 < AéJ36,

once n is sufficiently large (since A = Trn~!), and G/ is in the convex hull of Gljj and
G{HI.Write Iy = {j € Iy :sup;¢y,, |GZ~JH - G;’j| < (A)Z/S}. Since the magnitude
of ¢ and its first three derivatives are all upperbounded by 1, it must be that there is a
constant C such that

|X{ab = a}(¢a(Gb+l) - ¢a(G ) — Z (ba(G ){Gb+l _ G;;J}

iely

-5 Z ¢a(G Gyl G }{G11;+jl GZI})|

l ,pely
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<c(+ Y |65 -G, (159

PEly

The previous two equations imply that
1B (, 65, Gp)| < Aé/36
+CN™ ! Z SUP |Gb+l - ijl > (A)Z/s Z ’Gb+1 ég’j}z)]'

jely i€l pely

(190)

It thus suffices to prove that

lim N"'log sup P(Jy,CN™ IZ { sup |Gb+1—Gb |

N—o0

1<q<C jely iely
> (MY (1+ Y |Gr - G P)] > ag/36) <o.
pElm

To establish the above equation, it suffices in turn to prove that (writing € = €/108),

Iim N~ 'log sup P JN, CN™ Z sup |Gh+1 - G;’j|

N=eo 1<q=cy JEIn i€ly
> (MY (1+ Y [GL -G > ag) <0 (191)
PElm
hm N~ 'log sup IF’(jN, CN~! Z sup |(~32’i1 - G;’j|
N—oo 1<q<C,, ]eIC iely
~p,jl2 o
> (NP |GE, - GLP] > a8) <0 (192)
PEly
11m N~'log sup P(Jy,CN”! Z { sup |GbJrl - G;JJ|
N—o0 1<q<CN ]EIL iely
> (A)°)] > A¢) <0, (193)

and we recall that Zj, = {j € Iy : j ¢ Zy}. Starting with (191), observe that

(VY [l swp 1G], — Gy 1 > (a0

jEIN iely
(1+ Z ’Gb+1 Gf'jyz)] > AéCc}
PElm
N NG, -G (AT 1)) > agc) (194
JeIy rely
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The probability of the right hand side is exponentially decaying (for large enough n),
as a consequence of Lemma 6.1. The inequalities (192) and (193) are established in
Lemma 6.4. O

Lemma 6.4 Foranye > O, forsufficiently largen € Z (and recallingthat A = T /n),
Nm sup N~ 'logP(N~! Z X{}GZ’_{I —G;;’j|
T <q=cy JeTs
> (A)z/sforsomei € IM} > GA) <0
. . . -y "y
im  sup N 'logP(NT' Y x{|G,l — G,
T <q=cy JeTy,
> (A)Z/Sforsomei € IMHGZL — G;’j|2 > eA) < 0.

Proof The proofs are very similar and so we only include the second result. It follows
from Lemma 3.1 that

Jim N og PN Y (|Gl - G|

JELy
> (A)z/sfor some i € IM}| Z GZ_’JI - Gg’j|2 > eA)
PElm

T a1 -1 i ~i.j

< max{Nh_EnooN log P(N Z )({|Gthl - G,’|
jEI;V,pEIM
> (A)* for some i € IM}]G&JI — Gg’j]2 > €A
and N~ |Zy| € [e1A/2, c1 AM + 1)]),
Nm N~ ogP(NMZy| ¢ [e1A/2, et AM + D))} (195)
— 00

By Lemma 8.1, NE N1 10gIP’(N‘1|IN| ¢ [c1A/2,c1 A(M + 1)]) < 0 as required.
— 00

We write H/ = GZ’J{ = GZ’j . By Chernoff’s Inequality,

P(NT' Y x{|AM] = (A forsome i € Iy }|[AP]* = e
JELY . peln

and N7 Zy| € [c1A /2, ci AM + 1D)]) < exp (— NeA)
x E[x{N7"Zn| € [c1A/2, c1 A(M + D]}

exp( Z X{|1-1i’j| > (A)* for some i € IM}|I:Ip’j|2)]. (196)
jEIICV,pEIM

In the above expectation, & (whic~h. determines the indices Zn) is independent of J.
Furthermore, conditionally on &, G*/ is independent of G”X if j # kand j, k € Iy
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An emergent autonomous flow for mean-field spin glasses 415

This last fact is immediate from the definition of the indices in Z§,: the coefficients of
common edges are zero. We thus see that the conditional moments are

E[H"6] =0
E[(H")? | NIyl € [ A/2.clAM + D] < N7V Y6, =6, + N7
Jj€ln
<4NYZy|+ N7
<4ciAMM + 1)+ N7,
aslongas N'|Zy| < ¢; A(M +1). Standard Gaussian properties therefore dictate that

as long as N_1|IN| < c1A(M + 1), there exists a constant k& > 0 such that for all
sufficiently small A,

E" | exp Z X {\ﬁ”| > (A)* for some i € IM} |I—~Ip’f|2 | &
PElm
< 1+exp(—k(A)"'7) < exp (exp{—k(A)~/%}).

This means that

exp(— NeA)E[x{N "Iyl < craAM + Dyexp( Y x{|H"|

jEI;/,pEIM
> (A)* for some i € IM}|I:Ip’j|2)]
<exp(— NeA+ Nexp{—k(A)~'7}).
For small enough A, the right hand side is exponentially decaying, as required. O

6.1 Bounds using concentration inequalities for poisson processes

Lemma 6.5 Forany € > 0, for all large enough n (and therefore small A = T /n), we
can find ng(n) € Z% such that for all n > ng(n),

sup Iim sup N 'log sup P(Jy, iV (3, G) e VY,

0<b<n N—’C’o]SqSC‘Q’ acEM

< 0.

Bl(a.6p.Gp)| > €A)

(197)
Proof We prove that
T -1 SN~ & N gl ~ @ .
sup lim  sup N~ 'log sup P(Jy, " (G,G) €Vy, B (a,6p,Gp) = EA) <O0.
0<b<n N—o0 lquC.ﬁV acEM

(198)
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The proof of the reverse inequality, i.e.
sup m sup N~ 1log sup ]P’(jN I NG, G) e VN ,8 (a, 5. Gp)
0<b<n N— ®1<q=cl acEM
< —eA) < 0,
is analogous. One can decompose
Bl(@,6,6) = Z)' + AUy, (199)

where

=NT' Y ¢ GD[xl6h, =) — 26 =)

Jeln
—a 30 e 8 )x1e, = alil)
iely,jely
—c(67, és;*ib(n))x{&i = «}}] and (200)
Z/lév = E’lé\l(‘}’éq)[H] — E’lll:](‘;’é)[H] where H : EM x RM — R is of the form
Hg,x) = Y fe(=¢ xDHxle = alil} —c¢', x)x{t = a}}. (201)
iely

Thanks to Lemma 4.1, for large enough n, if iV (6, G) € VCIIV then necessarily
Uy | <&nj2. (202)

Suppose that ), Y (clA) < 1 (recall the definition in (175)). In this case, at

most one of the spins {as }ier,, flips once over the time interval [t(") }51)1] In this
case,

(G =l —xioh =)= A 3 (=57, 8,)xld] = alil

iely,jely b
(Gb 8" /(n>)X{“b —"‘}}

(n)

Y {Y,j’f(/(’i G, & )ds)x (6] = alil)
I

.. b+l 5 .. i
[ el =
b

—Ale(—=5,7, é;’é(,,))x{&ﬁ = afil} — (", @;’im))x{&}{ - a}}}.
sty b
(203)
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Conversely if ) ;. Y (c 1A) > 2 then

(n)

—Z{ fo: €@y, &)ds) (6] = elil)
1,

iely
i [ i i j
-y, (ém c(oy™, By )dS)X{o'b = Ol}}
+xioy =a)—xl6, =) <4 ) v @Mx |y (1n) = 2},

iely

We thus find that
)

VAN _ i lb+| i~
{Zév > 7} - {N ! Z X{a{) :a}(/(n) c(6y”, By )ds
t

Jjely,iely b

1 o ij bl i il
U{N Z X{ab—a[z]}<Yb (/t,ﬁ") c(og’, B )ds)

jE]N,iEIM

[/ R, EA
- / e es;’f)ds> > e—}
t;") 8

i b1 ij ~ij miLj
L.J{N1 Z X{&‘é:a}/ténh) {c(~ 7 J)—c( J, s’/)}ds

jEIN,iEIM
o iy g i Gis €A
-N" Y xie =ot[z]}/(n) {7, 8,7) —c@;7, &) }ds > —=
jely.icly )
.. .. "'A
u{4N—l > vy, n) = 2) = %} (204)
Jjely,iely

The probability of each of the first two terms on the right hand side is exponentially
decaying thanks to (i) of Lemma 8.2. For the third term, one easily shows that as long
as the event Jy holds,

’N—l Y xie] = a}/ {c,7. &,7) — (6,7, &,7)}ds

jeln,iely

Ny x{o,,:a[l]}/ (i &) — G, &))ds

jEIN,[EIM
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418 J. Maclaurin

< ConstAN™! Z X{Y;j’j(CIA) > 1}

Jjely.iely

Thanks to (ii) of Lemma 8.1, one finds that the probability of the RHS of the above
equation exceeding € A /8 is exponentially decaying in N, once A is small enough.
For the last term on the RHS of (204), by Chernoff’s Inequality, for a constant u > 0,

Plav=' > vl@ax(y, n) = 2} = éa/8

jely.iely

<Elexp|4uN= Y vl M)x{¥ (c1A) 2 2} —uéA/8
Jjeln,iely

(205)

Now for any positive integer k, thanks to the renewal property of Poisson Processes,
P(Y)/ (c18) = k) < P(Y} 7 (c14) = 1)" = {e1Aexp(=c10)}F,

since Y;’j (c1A)is Poisson-distributed. We take n sufficiently large that c; A exp(4u) <
exp(—ué/16), and we obtain that

E[exp (4uN"'Y, 7 (c1 M) x (Y} (c1A) = 2} — ué/(8M))]

exp(—ué/(8M))(1+ Y (1 A)F exp(4ku))
k=2

Summing the geometric series, the above can be made arbitrarily small by taking u to

be large. Since the processes Y, ;’j are independent, we find that the RHS of (205) is
exponentially decaying in N, as required. O

Lemma 6.6 For any €, for all sufficiently large n,

im  sup N 'logP(JTn, iV e VY, in > 1",

N=0o0y _q<cW

B (e, 6,G)| = EA) <0

im sup N 'logP(Jy, 2" e VY, iy > té"),

N=o0y q<cW

B'(e,5,G)| > €A) <0

~ aN ~ .
Proof Now since [¢¢| < 1,{|8" (2, ,G)| = €A} C [[2AL}? — Lil| > EA}. The
probability of this event is exponentially decaying, thanks to Lemma 6.7.
The proof of (207) is similar: one compares the definition of my, in (164) to the

definition of m’ill»V in (30). Note that the condition Ty > tlgm implies that ﬁb = H’lllvv
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(see the definition in (29)) and also v, = v/ . One therefore finds that

-~ _ i, AN o
87@.6.G)| =N 7' Y S iyt — amf i3, GY)
./'GINl'EIM
m) — Am™ &, Gl) = — (L, — 2aL A, G — (& — 2A6™ YHy5)

. _ AN 5 T,
+ s(Lp — 2AL" )HpvpHpo g,

Thus
) — o @}, & < [ £y — 2008 | [, |61
~ AN ~ -~ ~ AN ~ 2 - -
+ i — 2 | [ ] + £ — 2807 | [y ]
Now write

Ut = { | -2 < Al

< €A, leb — 2IC’1117V

We now establish that

[Iv.in > 1, |87 (@, 6, G)| = ea} € Iy nU™)* 0 |iy > 1)

for sufficiently small €(, and sufficiently small A. Now Ty > t;") implies that H H, H <
¢!, and the Cauchy-Schwarz Inequality (and also condition 7y ) imply that |vf 12 <
N1 Zje,N |GP-J|> < 3. This means that ||v,| is bounded. Furthermore by Jensen’s

SN\ 2
Inequality (N’1 Yieny |Gt ) <N 'Y
Jn). The probability of (U/V)¢ is exponentially decaying, thanks to Lemma 6.7. O

12
Glﬁ H < 3M (as a consequence of

Lemma 6.7 Forany €y > 0, there exists ng € Z* such that for all n > nq, there exists
no(n) such that for all n > np(n),

_ y N
lim  sup N~ logIP’(JN, N eV, sup sup |L§q _ 2ALI;Z (, )|
N=oo cq<cl 0<b=n—1 p.qely

T -1 ~N _ N =14 iy 6,6)

lim sup N 'logP(Jy, " €Vy, sup sup [k)? =27k, |
N=ooy q<cl 0<b<n—1 p.geln

Proof The proofs are almost identical, so we only prove (209). Recall from (26) and
(163) that

N

ij 1N Ak ik ik

k, =N E:Gb (6, = 4yy) and
k=1

@ Springer



420 J. Maclaurin

. N
AN (= G i -
V=N Z Gifait e, GLb. (210)
By Lemma 3.1,
im -1 “N _\,N - Mb @.G)
im sup N logIP’(jN,;L €Vy., sup sup |"b —2Ak |>60A)
N=00 q<c¥ 0<b<n—1p,qely
T 1 /1«[, (0' G)
= sup sup  lim  sup N7 logP(Jn., iV e 9 _2Ak }
0<b<n—1p.gely N> 1 <q<cV
> €oA). (211)
Now a union of events bound implies that
G
((71\/ n EVN, pq—ZA ﬂb(a )| ZE()A)
CH G
<P(Ty. iV e VY, 28k OOV _oa @) o a3)
o 6
(T, @Y € VY[R — 28k TV > q0a /3)
+P(In. Y e VY ,|;<b —kg’q| > €A/3). (212)
where
ij & k  ~ik
& = 126’ (%" = 5%). (213)

Now, by definition, ,&N (o, @Sq) € Vév. Thus if ﬁN (o, G) € Vév as well, then since
the radius of the set Vév goes to zero as n — 00, (as proved in Lemma 4.1), it must
be that for sufficiently large n

P(a e VY, &l — &[] = eor/3) = 0,
since
Al k k 5q.k k k
=R =N S AGG] — ofh) - 8 6~ L))

We similarly find that for large enough n,

- a6, & iV ,G
P(jN,/LN eV, ZAK;,Z’ (@.84) —2AK§}1’ ©.6)

=P(In, 2" eV, |«

| > eA/3)

I/Lb (G & ) K‘Lb (U G)

| >e/6)=0  (214)
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Concerning the other term on the right hand side of (212),

o & _
k) —2Ak ’Lb ©@8a) _ pg + P4 where
i,

N k| ~pk  =pk ~pk ~pk wpk

kP =N IZqu o p — G 2/) & ey vqut(m)ds)
kely lh &0

_ 1 + ~ .k

Pl — N~ Z (n) /( ") ,qu’t}in))ds)

kely
We thus find that
P(Jn, i e VY, [P — 24k ;‘g |>e A/3)

<P(JIn. iV € ng, [kP4] = egA/6) + P(Tn, i € VY, [P9] = oA /6).

Now « 74 is the sum of compensated Poisson Processes (which are Martingales), since,
making use of the representation in (176),

t
~p.k ~p.k ~p.k ;~pk
crtp —alf :—2/}0{’ dé?
t”

N
Apk _ ~pk Pk ~p.k Gpk
where oy " =0, A-Y, (/(n) c(oy’, Qﬁq’b)dr).
)
Recalling that |@3q’k(n)| < n, it is therefore a consequence of Lemma 8.2 that
q.1,

m sup N7 'logP(Jy. iV € V), [k7| = e /6) < 0.
© 1<gq<c

Since 577 = /" forall s € [t 1 1if Y/ (c1 A) = 0, we similarly find that

im  sup N— 1logIP’<jN/L evy |;21"1|zeoA/6)

N—o00 1<q<CN

< Tim  sup N*‘logP<4c1AN Z(@q"(n)) V2N xiy) s > o)) ?

N=00 <q<cl kely T jeln
> Ao /6) <0
for large enough n (recalling that A = Tn~"), thanks to Lemma 8.1 (ii). O
Lemma 6.8 Forany € > 0, for large enoughn € 7™,

lim N~'logP(zy > 1", I,

N—o00

B, 5, G)| = €A) <0. (215)
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Proof Since |¢fp((;{,')| < 1 by definition,

8@ .0 <N S Y xi6] = iyl

Je€ly i,pely
2
=N 'Y xeg =) [ Y mp
JEIN pelm
<@N)'M Y Y gty
JEIN pely

by Jensen’s Inequality. Thanks to the triangle inequality,
] = ] oot o i
=[] [ |2+ sveon [ o] -+« o] [ 5ot [ ] 2]

We thus find that

] < s o] ]+ ueor? ][]

~ 12~ 14 12
S R L 16

ﬁ,,H < ¢! Since 16/7] < 1,

6£” < /M. The event Jy

implies-after an application of the Cauchy-Schwarz Inequality-that |O}f 7 < /3 and
1#]1] < /3c1. Now

Since Ty > t("), ’

247) = & (21 + 124 ~ 282 )
&y = A <2|K;j[§]‘ + |&F1 — 2AK%V(&,C)|> '

Lemma 6.7 implies that the probability of the following event not holding is exponen-
tially decaying,

- NG 6 _ N GG
sup |LP—2ALhr O P <A sup R - 20650 TP <AL @17
P.q€ly p.g€ly

. i @.G
We can thus assume that the above events hold. Since |ng @ )| < ¢ and
iy 6.G)

AN
Kpq = Cl]Eub [|g(1|] = c]\/ga
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it must be that there exist positive constants Cy, C» such that

i < oo el
(218)

We thus find that

NY [ H <2y HGJH +C2(8) 3CIM(A) + C2(8)’,
Jjely JEIN

(219)

as long as the event Jy holds. In conclusion, as long as the events Ty > ™ , Jn and
(217) hold, it must be that

8%, 5, G)| <3CI1M(A)? + Ca(A)~

Clearly for small enough A, (215) must hold. O

7 Using the Gaussian Law to estimate the field dynamics

In this section we continue the proof of Lemma 5.4: providing bounds for the terms
B, 5, G), B, 6, G), B2, &, G). The bounding of these terms requires the law
y of the Gaussian connections {ij}j,kelzw Recall that the processes {0; }1<i<C{¥ are
independent of the connections, and so conditioning on these processes does not affect
the distribution of the connections. For fixed 6, € E¥V and any g € RMN lety;, 4 €

MT(RN 2) be the regular conditional probability distribution of the connections J,
conditionally on

—1/2 ijk pk_ p/ (220)

kEIN

Standard theory dictates that yg, o is Gaussian (see for instance Theorem A.1.3 in
[50]). We start by determining expressions for the conditional mean and variance of
Ys,.e in Sect. 7.1. We then use these expressions to bound B, g% and B° in Sect. 7.2.

7.1 The Conditional mean and covariance

The main result of this section is Lemma 7.2: this lemma is crucial because it demon-
strates that the conditional mean of the increment G,{, — G,/ can be written as a
function of the variables {67, 67, Gi} and the empirical measure at time 7", i.e.
N (&5, Gp). This property allows us to obtain a closed expression for the dynamics
of the empirical process. We also determine some bounds on the conditional variance

matrix.
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We write

N

N

~i o |Z . . s

v =N"2 Jk~i.k L _ /k ~ik  ~ik

G, =N"2) J76," . F, 2: (6,01 —6,")-
k=1 k=1

Let 73, 5,,, € M (R*MN) be the law of {G, F} under y (for fixed {Gp, G 1))
Since the above definitions are linear, standard theory dictates that v, 5, , is Gaussian.

Nextdefine yév € MT (]RM N ) to be the law of F, under 73 b1 conditionally

b:6b+1,Gp
on Gp. The rest of this section is devoted to finding tractable expressions for the mean

and variance of y& GGy . We define the density of y~ Gpo1.Co to be Ta;, Gpe1 Gy €
C(RMN)

Let TN € C(R*MN) be the Gaussian density of {GZ’j, ﬁ;’j}y:] under y, i.e.

Op, ‘Tb 1
Y2 6,0 (Go Fp) = @) MM (det(Ky G, Gp11)) 72

exp (— (Gp, Fp) 'Ky (6, 651+1) " (Gp, Fp) /2), (221)

and Ky (6p, 6p+1) is the 2NM x 2N M covariance matrix of {(N}Z’j, F“,j’j}
i.e.

iely,jely’

c Kn(ap) K
Ky=1 - - . 222
N ((/ch&b, Gpen)” /CN) 222

The contents of Ky (6 b &b+1) are the following MN x M N square matrices, with
the replica indices at the top, and the spin indices at the bottom, i.e. for i, m € I; and
j, ke IN,

~ im y ~I, mk ]2 ~ll Hll 5~m lk

R @p, &pe0)y = BV [FTE] = 8/, ON™ ‘Z CATE A [CAE A
=1

+ (@ a6 - 5h) (224)
K@y Gpe)t =BV [FLT G = 8(j, k)N 12 (A
=1

G s (225)
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Standard theory (see for instance Theorem A.1.3 in [50]) dictates that the density

N I ;
T&b&w & (Fp) of Vop.6pe1,G, ASSUMES the form
N ~ 1
YN L@y = @r) VM2 get (RN (64, & Tz
sy3 0,16, D) = @) (RY(@p.6p41))

1.~ 5 » 5 - B ~ _ ~ _ ~ . ~
exp(- E{Fb—mb(ﬂb,6b+1,Gb)}TRN(”b"’b+l) I{Fb_mb("b"’bH’Gb)})'

(226)
Here my,(0p, 6p+1, Gp) = {iﬁ;’j(&b, Ophtl, f}b)}(,-,j)elM’N is the vector of condi-
tional means of {F,/} i.e.

iy (. 6p41.Go) = (Kn (G5, G511)KN G0 Gp) (227)

i.e. in the above rﬁ;;] is the element with index (i, j) in the above vector resulting
from two matrix multiplications on the vector G,. Ry (6b, 5b+1) isthe MN x MN
conditional covariance matrix of Fb, i.e.

R (6, 6p+1) = Kn (G, 6p41) — LN (G b, 6p41) where (228)
~ ~ > ~ ~ ~ \—12 ~ ~ T
Ly (6. Gp41) = Kn (G5, 6611)Kn(G5) " Kn (6. Gpa1) (229)
noting that L is an M N x M N matrix.

Lemma 7.1 Recall that ||-|| is the operator norm and the definition ofI:b in (162). We
have the following bounds on NM x N M square matrices

IRN @b, Goi0)ll = |G Gorn)| (230)

|£@b. 3010 = N7 {41 + 45m1) sup i xlait, # 60t (231)
YEIM =1

|£@b. 3010 = | Lo + van—'r2 (232)

1K@ < M{1+ s} (233)

Proof (230) is a known property of finite Gaussian systems: the conditional variance
is always less than or equal to the variance. It follows from the fact that Ry, K and
Ly are positive semi-definite.

For (231), write U} = Ny, X{&Iiil £ &,i’l} and a = (a"/)ier,,. jely-
Observe that

Kn(&p, 6p0)fiald ™k
+17jk

i,mely j.kely

=N Y X @ -6 ) 6 -5

l,jE[N i,mely
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v Y aeREs - a6t -6

iely,j.kely
1
2
PR 2 2 .
S DIE DL I A
i.mely | jelny kely
1
2
irrm i,j\2 m,k\2
+4s Y AU UR Y (a)T D (@)
i,mely Jjeln kely

using the Cauchy-Schwarz Inequality, and the fact that since ‘aéil — aé’l <2,

N
1
N— Z ob I_Gb <4Ub
=1

Now

Bl—

oI @) 3@

imely jely kely
(AT @) =m Y Y @y
[EIM ./'EIN iEIMjEIN

by the (discrete) Jensen’s Inequality. We thus find that

Z Z IﬁN(&bﬁbH)’ma’/amk <4M(1 +s) sup U} Z Z a”/ 2

imely j.kely €M pely jely

which implies (231). The proofs of (232) and (233) are analogous to the proof of (ii)
and are neglected. O

Recall that the M x M matrices {Kh, I:;,, Kp, Up} were defined to have the following
elements

N N

o _ i~ ~ij — ~J, k ~ik

R =N Yalelt L =N e e e
=1 k=1
N

ij NN Gk ik ik Y sl I ND ik &k

/) =N"TY"GN 6 -6t . o) =N 1§ sikGk. (235)
k=1

We now determine a precise expression for the conditional mean. It is fundamental
to the entlre paper that m/ can be written as a function purely of (i) ‘local variables’

(i.e. Gb, G/  and & &7 bals and (ii) the empirical measure (i.e. via the definitions in (234)—
(235)).
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Lemma 7.2 Assume that 6, € XN. (i) Kb is invertible, and we write ﬁb = K;l

LR
1,j M \T ~j ~1,j ~M,ji\T _
(111) Wrmng é = (obj,...,ab ]) s Gé = (ij,...,Gb ]) andmlJ7 =
(Nb/,.. ) we have that

= —LthG — 5K},Hb0b + ﬁLthUthO'b (236)

Proof The factthat;, € X'V implies that the M x M square matrix K, (with elements
defined in (234)) has eigenvalues greater than c. Since it is co-diagonal with its inverse,

it must be that HI:I;, H < ¢! Lets first assume that K (6) is invertible. Let V =

Kn(65) "' Gp. Writing V = {V"j}iezM jeln® it must be that
Gy = Y E[G, Gk (237)
kely,mely

Substituting the identity in (223) we find that

Gyl = Y ARV 4Nt Y iyl (238)

mely kely,mely

Rearranging (238), we find that

vii= Y g leri - = N aligmkyrk
b b N b b
mely kely,pely
- Z A" G —s Z Q"GP (239)
mely pely

where

mp_ IZ~mk

kEIN

In matrix/vector notation, this means that V/ = I:I(}i - 5I:IQ6£. Now using the
identities in (225) and (227),

] = —Ly(H,G] — sHyQ67) — sk, HG] + s°L,QT Hy67)
= —L,H,G] — sicpH,6}, + sLy(H,Q + sQ" Hy) 6} (240)
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We add &If */ to both sides of (238), and sum over j, obtaining that
b = QK + sK, Q. (241)
Multiplying both sides of the above equation by H,, we find that
H,5,H, = H,Q + sQ" Hj,. (242)
Substituting this into (240), we find that, as required,
) = —L,H,G) — s, 6] + 5Ly H,0,H,67. (243)

In reaching this expression we assumed that Ky (6'5) is invertible. In fact the above
expression for the conditional mean must also be correct if the covariance matrix is
not invertible. One can see this by adding 51Id to X(d ), obtaining an expression for
the conditional mean using similar methods, and then taking § — 0. O

7.2 Bounding 3%, B8, B°

These terms are defined in (166), (1_68) and (169). ,36 and ;38 concern the linear
increments in the fields GZ;ZI — G/ and B° concerns the quadratic increments in
the fields.

Lemma 7.3 For any € > 0, for all large enough n,

sup sup lim sup N! logIP’(JN,[LN € Vév, iy > tlgn), \/36(a,&,(~})| >EéA) <0 (244)
acEM 0<b<n N%oolgqgcf\v

sup sup Tim  sup N”llogP(Ty. i e VY iy > i Bt (@.6.G)| =€) < 0. (245)
wecEM 0<b<n N—00 ]SCISC{Y

Proof The proofs of the above two terms are very similar, thus we only prove (244).

Define Rﬁl\{&b € MT(D([QS"), T1, EM)N) to be the law of the stochastic process
G 4,1, conditioned on its value ¢, at time tlgn). (Recall the definition of this process in
Sect. 4.2). As previously, we drop the subscript and write 6 4 ; := 6. Define Q(];V,,, G,
to be the regular conditional probability distribution of (J, ), conditionally on both
o and Gy. Since 6 and J are independent, we have that

N — ) N
Q3,6 = Van6, ® Ry, (246)

Writing ZV = {g € RMY :sup;; ., |8/ [* < 3N}, this means that

Jjely

P(Jy and B8, &, G)| = €A) < sup oY - (|f%a,5,G)| = éA).

- - 65.Gp
G,eEMN GpeZN ’
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It thus suffices to prove that

Iim sup N 'log sup ng’éb(|,36(a,&,(~})| > EA) <0 (248)

N_molgqgcr],v G,eEMN GpeZN
For a constant v > 0, by Chernoff’s Inequality,

05 ¢, (B°@. 6.6 = é8) = 0F ¢ (B°@.5.G) =€n)
< EQ‘I’Yh*Gb [exp (tNBO(a, 6, G) — NteA)
+exp (—tNB% (.6, G) — NtéA)]
— ERiI\,/c?b [Ey&b,f;b[exp (tNﬁé((x, 6', (;) _ NtEA)
+exp(—tNB(a,6,G) — NeA)]].  (249)

Under Qi_v G and conditionally on &/,
bsGb
Boe.6.G) = > > ¢t Ghx{e] = al{Gyl, - Gy — iy}
jeiyi€lu

is Gaussian and of zero mean, using the expression for the conditional mean in Lemma
7.2. The covariance can be upperbounded using (i) and (ii) in Lemma 7.1, i.e.

E'or& [(NB(e,6,6)°] <aM+s) Y {¢0GDHxl6] =al)’

iEIM,jEIN

<4M*(1 +5)N,

using the fact that |¢'| < 1. We thus find that, using the formula for the moment-
generating function of a Gaussian distribution,

N
E %06 [exp (eNBS(@. &, G) — NteA) | Gpi1]exp (2M22(1 + )N — NtéA)

(250)
N ~
E%06 [ exp (— tN O, &, G) — NtZA) | Gpy1]exp (2M22(1 + )N — NréA).
(251)
We now choose t = EA/(4M2(1 + 5)), which means that
— A+ 2M* (1 +5) = __ear (252)
T 8M2(1 +59)
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We thus find from (249), (250), (251) and (252) that

~2 72
(1A%, 5.G)| = €M) < 2exp(— N2 ) (253)
07, 6, P 8M2(1 +5)
This implies (248). The proof of (245) is analogous to the proof of (244). O

Lemma 7.4 For any € > 0, for all sufficiently large n

sup sup lim sup N~ ]logIF’(rN >t ,JN, ﬂN [S Vév, |ﬂ9(dx,6,(~}b)| > éA) <0
acEM 0<b<n N_)OO1<q<C

(254)

Proof Taking conditional expectations (analogously to the proof of Lemma 7.3), it
suffices to prove that

Iim N~ 'log sup Qab Gb(|ﬁ9(a 6,Gp)| = €A) <0 (255)

N—o0 =~
G,eEMN qeEM; GreZN

Thanks to Lemma 8.1, hm N~ logP(sup,cz, N7' Y0, )({othl £ 611y >
(c1 +1A) < 0. We can thus assume henceforth that

NUsup Y x (68 #6017 < (1 + DA. (256)

q€lu lely
By Chernoff’s Inequality, for a constant v > 0,

ahGh(|f3( ,Gp)| = €A |6)

<E %36 [exp (Nt (@, 6, Gy) — NEAr)
+exp (— Ntp’(e, &, Gp) — NéAT) | 6]. (257)

We now bound the first of the expectations on the right hand side: the bound of the
other is similar. Let O be an NM x N M square matrix (indexed using the following
double-indexed notation). The element of O with indices (i, j), (p, k) (for i, p €

Iv , j,k € Iy)isdefined tobe vs(j, k)¢, (Gf)x{ab = a}. Define O = $(0+07).

ij ij_ ~i.j
Under y; &, {Gb+1 Gb —my }lezM,./em
their NM x NM covariance matrix equal to Ry (&b, &b+1) (as defined in (228)).
Gaussian arithmetic thus implies that

are centered Gaussian variables, with

EQQ]bi [ exp (tNE9(ot, g, (}b)) | 6]

—1/2

= exp —tZZ = qb”(G/)L” det (R (6. 6p+1))

jelyiely
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L -~ =172
det ('RN(O'b,Gb_H) 1—0)

=exp | —t Z Z X (5;]; = “) ¢4 (GLY

jelyiely

det (1d = Ry @5, G511 2ORw G, G5:1)' %)

MN
—exp > Y« (a,ﬁ = oc) $e@hHLY | [T -2, (258)
j=1

Jjelyiely

MN
_ j=1
ORN (6, &h+1)1/ 2 (assuming for the moment that the modulus of each of these
eigenvalues is strictly less than one). We thus find that

where {1} are the eigenvalues of the real symmetric matrix Ry (65, Gp11)"/ 2

_ 1
N~"logdet (1d — Ry (5, 651) ?ORN (G5, 5141)'/?)

NM
=—2N)"") "log(l — Ay)

u=1

NM
=-CN) 'Y = —2p/z2) (259)

u=1

where Z, € [1 — Ay, 1]if Xy, > O,else Z, € [1,1 — A,] if &, < O, using the
second-order Taylor Expansion of log about 1. Now

n| < |\RN(&b,&b+1>l/2@RN(6b,&bH)l/zH < O] IRN G, G510l

<o) cn! supZ x{ail #a0"). (260)

9€lm lely

(using Lemma 7.1, an(_i writin_g C=4M1+59)).1t may be observed from the block
diagonal structure of O (i.e. O is ‘diagonal’ with respect to the I indices) that

H@” =1t/2 sup sup |aiul’(¢ (G )X{ab _ot}+¢[”(G )X{ob _a})|

JEIN aeRM : ||a|=1
1/2

<t 3 e &hPP| < mv, (261)

i,pely

since |¢?p((}l{) X{&i = oc}| < 1, and utilizing the fact that the operator norm is
upper-bounded by the Frobenius matrix norm.

We thus find that A; < 3, as long as MA‘} SUPy sy, ZIN=1 x{&fjrll + 6;”[} < %,
and this follows from our earher assumption (256) as long as A is small enough. This
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means that Z; > 1/2. Since

MN
> xj = tw(RyGp. 6510 PORN G 6511) ') = tr(ORN (61, G11)).
j=1

we find that (259) implies that

1
2

N~ logdet (1= Ry (@, 1) PORN @1, G1i)'1?)

<@N)T Y (r+4 HRN(Gb,&b+1)1/2@73/v(5b,5b+1)1/2H2)

Jeln

_ _ 2
= @N) " w(OR (G, G541)) +2 |Ry @1, G010 PORN G, G112

(AR (5r & MxC i i 2
< (2N) ltr(ORN(o;,,ab+1))+2< N sup ZX {O—bqjl ;é()'l?’l}> ’

qGIM ZEIN

(262)
using (260) and (261). Now, noting the definition of Ry (65, 6p+1) in (228),
tw(ORN@Gp, Gp11)) = tt(OKN (G p, Gh11) + tr(OLN G p, Gpi1))-

One can straightforwardly demonstrate that tr (@E N(Op, Opy1 )) < Const(N A2+ 1),
for some constant. More precisely, one can use concentration inequalities to show that
the probability of the above not holding is exponentially decaying.

Now substituting the definition of Ky in (224),

w(OKN @b, 6pi1))
=t Y @ =ael GHIV 3 (6L - o) @ - )
JeIN,i,pely kely
R R G}
One can easily demonstrate using Martingale concentration inequalities (similar to

those in the Appendix) that there exists a constant C such that foralln € Z*,if p # i
then

NHogP N Y (a0 - a0 (5 - at) | = €a?) <0, @63)

kEIN

Using the definition of L in (162), and the fact that (&, —,")? = 26, (6, —6,7¢))
(since 6.°F € {—1, 1}), we obtain that the probability that the following event does not
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hold is exponentially decaying in N,

tr((’_)/azv(ﬁb, Opr1)) =t Z Z X(&i

jEIN iely

)¢ (G2LY + O(NA> + VN Av).
(264)
In summary, we obtain from (256), (258), (262), (263) and (264) that
T oar—1 N 9 ~ _ ~ — 2
Nll_r)nooN log Q&b’cb(ﬁ (a,0,Gp) = €A | a) < —€eAr + tConstA~.

This clearly implies (255) (and therefore the lemma) as long as A and v are sufficiently
small. O
8 Appendix: Properties of poisson processes

The following lemma contains some standard results concerning Poisson counting

processes [27]. The first three can be demonstrated using Chernoff’s Inequality, and
the last is a standard formula.

Lemma 8.1 (i) Foranyt > tén), andanyi € Iy, j € Iy,

PG #6y7) < it — ). (265)
(ii) Forany e > 0,
o —1 —1 i\ j
Jim N7 logP | N Z X Z Y, (c1t) > 0f > (Mey +e)t | <0
JEIN iely

(266)

(iii) For any € € (0, c1),

N@OON—‘ logP | N7! Z X AZ Y, (c1t) > 0% < (c1 —e)r | <0
jeln iely

(267)
(iv) Foranyu,x > 0,
E[exp (u¥' (x1))] = exp (xt{e" — 1}). (268)

The following general lemma yields a concentration inequality for compensated Pois-
son Processes.
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Lemma 8.2 Suppose that {ul”’, v;“ }jery are adapted cadlag stochastic processes,
with utq’j > 0 and that

. ) t .
Zf’j = Yq’]</ u?’jds> (269)
0

. t . , t , .
X =/ v/ (s)dZd7 —/ vyt gs. (270)
0 0

Assume that u;” < Umax fOr Some constant Uyqx.

(i) Suppose that |v;“ | < VUpmax for some constant Vy,qx. Then there exists zo and a
constant C such that for all z € [0, zo],

Plsip Y x¢7 =Nz Sexp<—Nsz/x2) 71)

1€10.x] Je€IN.q€ly

(ii) Suppose that N~ SUP;¢[0.7] ZjE,N X{vf’j # 0} exp(vf’j) < C. Then for all
z>0,

sup P sup Y X7 > Nz | <exp(NumarxC = N2).  (272)

qgely t€[0,x] jely

Proof Now since the exponential function is increasing, for a constant y > 0,

P| sup Z X?’j >Nz | =P| sup exp(y Z X;”j —Nzy)>1
te[o’x]jelN,qelM tel0,x] jeln.qgely
(273)
<Elexp|y > xI/—nNeyl||. @79
L jeln.qely

by Doob’s Submartingale Inequality, and using the fact that the compensated Poisson

Process X ?’j is a Martingale [2]. Choose y to be such that exp(yv,qy) < 2. We now
demonstrate that

Elexply > x¥/ SGXp(NMyzumaxvf,,axx). (275)

Je€In.q€ly

First notice that, since the functions are cadlag,

t+h o oo
}}i_l;%hil {f yuilultds — hyvf"/u,q’j} =0.
t
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We then find that, for ¢ € [0, x),

d ; ;

q.] _ 1 -1 q.]

th exp y- E X; _}Elmoh E | exp y- E Xivn
Jjeln.qelm JEIN.q€lm

—E |exp|y Z X;]’j
J€INn.q€ly

Elexp|y Z X?’] + yv?’j(Z?_;_]h — Z;“) — hyv?’]u?’]
JEIN.q€lm

—E|exp|y Z X?’j
J€IN.qg€lm

—lim A HE exp Z [yX?’j —I—hu?’j{ exp(yvtq’j) — 1} — hyv?’ju,q’j}
jeln.gely

—E|exp|y Z X?’J ,
jely.qely

using the expression for the Poisson moment in (268). Now since exp(yv; J ) < 2,

Taylor’s Theorem implies that exp(yv?”) — 1 < yv?"/ 4 (yv?*/)2. On taking h — 0,
we thus obtain that

d , .
—E|exp|y Z X1 <Elexp|y Z X8| V2N Muyacv?

dt max:*
Jjeln.qelu J€IN.q€lm

Gronwall’s Inequality thus implies (275). We now choose y = min { 7/ RMxupgy v,%, ax))s
(log2)/vima x} and we have obtained (i). (ii) follows analogously. O
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