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Abstract

We investigate properties of Markov quasi-diffusion processes corresponding to
elliptic operators L = a'/ D; i+ b’ D;, acting on functions on R¢, with measurable
coefficients, bounded and uniformly elliptic @ and b € Ld(Rd ). We show that each
of them is strong Markov with strong Feller transition semigroup 7;, which is also a
continuous bounded semigroup in L, (R) for some dy € (d/2, d). We show that T},
t > 0, has a kernel p;(x, y) which is summable in y to the power of dy/(dy — 1). This
leads to the parabolic Aleksandrov estimate with power of summability dj instead of
the usual d 4 1. For the probabilistic solution, associated with such a process, of the
problem Lu = f in a bounded domain D C R? with boundary condition u = g,
where f € Lg,(D) and g is bounded, we show that it is Holder continuous. Parabolic
version of this problem is treated as well. We also prove Harnack’s inequality for
harmonic and caloric functions associated with such a process. Finally, we show that
the probabilistic solutions are L4,-viscosity solutions.

Keywords It6 equations - Markov processes - Diffusion processes

Mathematics Subject Classification 60J60 - 60J35

1 Introduction

Let R? be a Euclidean space of points x = (x!, ..., x?). For a fixed throughout the
article § € (0, 1) define S; as the set of d x d symmetric matrices whose eigenvalues
are between & and §~!. Fix a constant ||b|| € (0, o). In this article we consider and
discuss only uniformly nondegenerate processes with bounded diffusion coefficient.
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Assumption 1.1 We are given a Borel measurable Sg-valued function a = a(x) and a
Borel measurable R?-valued function b = b(x) such that

101l L, way < l121l-

Define

3 N .
Di=55. Dij=DiDj. L=(1/2a"(x)Dy+b x)D;. (1.1)

The goal of this article is to investigate (time-homogeneous Markov) quasi-diffusion
processes corresponding to L. In the more modern terminology from [18] these are
called diffusion processes, but at this point and later on we will follow the terminology
from [5] in which the notion of diffusion processes is defined differently from [18].

The definition of time-homogeneous diffusion processes first appeared in the book
by Dynkin in 1963, [5], where he also constructs diffusion processes corresponding
to elliptic operators as in (1.1) with bounded and Holder continuous coefficients, such
that the matrix (a;;(x)) is uniformly strictly positive.

If x;(x),t > 0, is a family of continuous processes on R4, parametrized by x € R4,
and the family is a diffusion process corresponding to the above L in Dynkin’s sense,
then, for any bounded domain D c R? and smooth function u,

u(x) =E, |:u(x,D) — /TD Lu(x,)dti|,
0

where Tp = tp(x) is the first exit time of x;(x) from D.

The author took the above property as the definition of quasi-diffusion process
and in 1966 constructed such process under the assumptions that the matrix (a;;(x))
is uniformly strictly positive, is continuous and b is Borel bounded. The domain of
definition of the corresponding generator of the constructed process was also described,
which provides the so-called weak uniqueness of the process with this generator. Later
onin 1973, ([7]), when It6’s formula was extended to W; functions, it became obvious
that the quasi-diffusion processes corresponding to the operators satisfying the above
mentioned condition are weakly unique.

Two years earlier Tanaka constructed Dynkin’s diffusion processes when b is also
continuous. No uniqueness was implied in his paper.

Quasi-diffusion processes are characterized by the property that, for any smooth
function u(x) and starting point x, the process

t
G () — / LuGry (1)) ds
0

is alocal martingale. Stroock and Varadhan (1969), [18], took the time-inhomogeneous
version of this property as the definition of diffusion process and proved existence and
weak uniqueness under the condition that a, b are bounded, a is uniformly continuous
in x uniformly in ¢, and a is uniformly nondegenerate. The proof of uniqueness is
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based on the solvability of parabolic equations with coefficients depending only on
time, a result borrowed from PDE, and the estimate

1 1 1/p
Ex_,x/ f(s—}—t,xt)dth(/ / |f(s+t,y)|pdtdx) , (1.2)
0 0 JRd

which is achieved by a quite clever argument. This argument, however, is heavily
based on the uniform continuity of a with respect to x.

In 1974 [8] the author proved that estimate (1.2) holds true not only for solutions
of stochastic equations but also in the case that a, b are any progressively measurable
bounded functions such that @ is uniformly nondegenerate. The method of proof is
different from the one used by Stroock and Varadhan (and the range of p is more
restrictive).

Recall that the first quasi-diffusion strong Markov processes with bounded Borel
b and Borel uniformly nondegenerate a were constructed in [7]. This construction
was carried over to the case of time-inhomogeneous processes with jumps in [1]. A
different approach again when b is bounded, based on Krylov-Safonov estimates, is
carried out in [2] and produced a particular strong Markov process with strong Feller
resolvent.

It is worth mentioning that with sufficiently regular diffusion matrix a and the drift
which is a generalized function of the type of the derivative of a measure generalized
diffusion processes are constructed in [15]. The case of time-dependent regular a and b
summable to powers which are different in 7 and x attracted a very extensive attention.
In that regard the reader can consult [15,20], and references therein. Our main emphasis
here is on time-homogeneous b € Ly (Rd) and Borel Ss-valued a. For that matter, we
do not know if all results similar to given here hold in time-inhomogeneous case, say,
with b € Ly41 (spacein (¢, x)). Yet a Markov process is proved in [12] to exist in this
case.

In case b € L, we established in [11] the existence of a strong Markov quasi-
diffusion process corresponding to L. Our goal in this article is to investigate properties
of just Markov quasi-diffusion processes corresponding to L regardless of how they
appeared or were constructed.

In particular, we show that each of them is strong Markov with strong Feller tran-
sition semigroup 7;, which is also a continuous bounded semigroup in L p(Rd) for
p € [do, d), where dy € (d/2,d). Our estimate (4.11) implies that 7; has a kernel
p:(x, y) which is summable with respect to y to the power of dy/(do — 1). This leads
to the parabolic Aleksandrov estimate with power of summability dy instead of usual
d + 1 (see Corollary 4.9 for the probabilistic version and Theorem 4.13 for the PDE
version).

For the probabilistic solution, associated with such a process, of the problem
Lu + f = 0 in a bounded domain D C R¢ with boundary condition u = g, where
f € Lg4y(D) and g is Borel bounded, we show that it is Holder continuous in D.
Parabolic version of this problem is treated as well. We also prove Harnack’s inequal-
ity for harmonic and caloric functions associated with such a process. Finally we show
that probabilistic solutions of the corresponding elliptic equations are L 4,-viscosity
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168 N. V. Krylov

solutions. In [19] the reader can find extensions of some of our results to the case of
time-inhomogeneous diffusions.

In our arguments self-similar transformations play a very important role, when we
pass from x; to cx; > with a constant ¢ > 0. Observe that under such transformations
a and b change, but the new a is still in S5 and the Ld(Rd)-norm of the new b is
majorated by the same number ||b||.

We finish the introduction with some notation. For T, R > 0, (t,x) € R+ =
{(t,x) 1t € R, x € R} define

Br(x) ={y € R?:|y —x| <R}, Bgr=Bg(0), Crg=1[0,T)x B,
CT’R(I,.X) = (ta-x)+CT,R7 CR(ta-x) =CR2,R(t7x)a CR ZCR(07 0)7
8 = d/0t.

In the proofs of various results we use the symbol N to denote finite nonnegative
constants which may change from one occurrence to another and we do not always
specify on which data these constants depend. In these cases the reader should remem-
ber that, if in the statement of a result there are constants called N which are claimed
to depend only on certain parameters, then in the proof of the result the constants
N also depend only on the same parameters unless specifically stated otherwise. Of
course, if we write N = N (...), this means that N depends only on what is inside the
parentheses. Another point is that when we say that certain constants depend only on
such and such parameters we mean, in particular, that the dependence is such that these
constants stay bounded as the parameters vary in compact subsets of their ranges.

2 Diffusions and It6 stochastic equations

Suppose that we are given a a quasi-diffusion process corresponding to L, that is, we
are given a continuous Markov process X = (x;, 00, M,, Py) (the terminology taken
from [5]) in R such that for any x € R and r > 0

t
Ex/ Ib(x)|ds < oo 2.1)
0

and for any twice continuously differentiable function # with compact support

t

ulx) = Exu(x;) — Ex/ Lu(xg)ds.
0

Remark 2.1 These requirements would be unrealistic if b were only in L, with p < d
(see [11]).

Define 7 as the first exit time of x; from B (equal to infinity if x; never exits from
BRr). This notation tg is used throughout the article.

Denote by N; the o-field in € generated by the events {w : x; € '} for all s < ¢
and Borel I' ¢ R? and let \V;® be the completion of AV; with respect to (N, Py).
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Diffusions with drift in L4 169

Here is a start up result.

Theorem 2.1 For any x¢ € RY there exists a d-dimensional Wiener process w; such
that (w;, N;'°) is a Wiener process and Py,-(a.s.) for all t > 0

t t
X; = Xo +/ va(xg) dws +/ b(xg)ds. 2.2)
0 0

This theorem would be a simple consequence of Theorem 4.5.1 of [18] if b were
supposed to be bounded. In our case Theorem 2.1 is a direct corollary of Lemma 1.6
of [11] and the following.

Lemma 2.2 For any xo € R? and any twice continuously differentiable function u
with compact support the process

t
& = u(xy) —/ Lu(xg)ds 2.3)
0

is a martingale with respect to N; and measure Py,,.

Proof What we are given and the Markov property imply that for any 0 = 7y < #; <
.. <t, =s < t and Borel bounded g(yo, ..., y,) on R¢¢*+D

Exy (8, o 0,) 6 — £))

=Ey, (g(x,o, s xtn)<Ex_vu(xt,X) —u(xg) — Ey, /OI_S Lu(x,) dr)) =0.

It follows that
Ex,(& — & | N°) =0,

which shows that (&,, ), ¢ > 0, is, indeed, a martingale. O

3 Some results from [10] and [11]

Theorem 2.1 allows us to use the results from [10,11] some of which we list here.
We need a part of Corollary 1.2 of [10] which we state as follows.

Theorem3.1 ForO0 <s <t <00, x € RY, and n > 0 we have

E, max |x, — xs|”" < Nt —s)", (3.1
rels,t]

where N = N(n,d, §, ||b|).
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170 N. V. Krylov

Here are Theorems 2.7 and 2.8 of [11], in which dy = dp(d, 6, ||PI]) € (d/2,d)
and for Borel I' ¢ R4

t
¢,(I) = /0 Ir (x,) ds.

Theorem 3.2 Let p > dy and R € (0, 00). Then there exists N, depending only on
p.d, 8, and ||b||, such that for any Borel nonnegative f on R? we have

TR
Eg fo fGydt < NR¥VP| fllL, e (3.2)

Theorem 3.3 Let p > dy. Then there exist constants N and (v > 0, depending only
ond, p, and ||b||, and there exists Ry = Ro(d, ||b|]) > 2, such that for any . > 0,
R € [0, 00), and Borel nonnegative f given on R? we have
R C
Eg / e ER f(x)di < N(RVA + R /PAY P Wt £l gay,
o .
(3.3)

where W 5, (x) = exp (Vi pdist (¥, B, g/ /)-

Of the same spirit is the following particular case of Theorem 4.7 of [10].

Theorem 3.4 There exists constants N and u > 0, depending only on d, 8, and ||b||,
such that for any A > 0 and Borel nonnegative f given on R**! we have

o0
Eo / e Mt x)dt < NA~HCH2 g1 g Lot (Ré+1)» (3.4)
0

where W) (x) = exp(ﬁulxD.

Introduce
o0
R, f(x) = Exf e M f(xy)dt.
0

Corollary 3.5 Let ¢ > p > do. Then there exists a constant N, depending only on
d, p,q,8, and ||b||, such that for any % > 0 and Borel nonnegative f given on R we
have

Rif < NAYCPTNWE Fllp ey, (3.3)
IR g, ray < NATIHERUP=VD) £ . (3.6)

Indeed, (3.5) is a particular case of (3.3) when R = 0, which can be rewritten as
(R = W20 [ gy gy,
R4
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On the right we have the convolution of two functions. Hence,

- _ r/q
||Rff||Lq/,,(Rd) < Nad/2 p(/ e Vaulxlg/p dx) ”fp”L.(Rd)’

R4
which immediately yields (3.6).
Corollary 3.6 Let p > dy. Then for any f € L,,(Rd) we have

Alglgo IAR.f = fllL,@e) = 0. (3.7)

Indeed, owing to Corollary 3.5 it suffices to prove (3.7) for f € C3° (R%). For such
f by 1t6’s formula (see Theorem 1.3 in [11])

t
Evf(e™ = f(x) + Ex / ¢ (g — 1 f)(xy) ds,
0

where g = Lf € Ly, (Rd) (justincase, b € LaRY), dy < d, f has compact support).
Hence

ARV — f=Rug
and owing to (3.6)
AR f = fllL,@ay < NA™IHERDWDUD g, - ga.

Here the exponent of X is strictly less than zero because dy > d/2 and this yields (3.7).
We are also going to need Corollary 4.3 of [11], which we state as follows.

Theorem 3.7 For any R € (0, 00) and k € (0, 1) there exist constants u > 1, 6 > 0,
and N, depending only on d, 8, ||b||, and k, such that, for any x € B, g and Borel set
I' C Br

Po(¢ep (1) = 60y"R*) = N~y 2, (3.8)

where y = |I'|/|Bg| and || is the Lebesgue measure of T.
Here is a specification of Theorem 4.4 of [10] to our case. Recall that
CT,R = [07 T) X BR, CR - CR2,R-
Theorem 3.8 For any k € (0, 1) there is a function q(y), y € (0, 1), depending only
ond,S§, ||bl, k, and, naturally, on y, such that for any R € (0,00), x € By, and
closed I" C Cpa g satisfying |I'| > y|Cg2 gl we have

Py(tr = T2 ) Z q(¥),
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172 N. V. Krylov

where tr is the first time the process (t, x;) hits I and T2 g is its first exit time from
Cg2 g Furthermore, q(y) — lasy 1 1.

Here is a corollary of estimate (2.19) of [10]:

2
Po(tr < 1) <2exp ( — ﬂTR) (3.9)

where 8 = B(d, §, ||b]]) > 0.

Here is a corollary of Theorem 4.17 of [11].
Theorem3.9 Let R € (0,00), k,n € (0,1), x,y € Beg, and n”'R* > t > nR>
Then there exist N, v > 0, depending only on k,n,d, §, and ||b||, such that, for any
p € (0,1],

NP (x; € Bor(y), TR > 1) = p". (3.10)

4 Strong Markov and strong Feller properties of X

Here is one of basic results of this section. Its proof would be greatly simplified if
we knew that X is strong Markov. Then we would use stopping times. Instead we use
randomized stopping.

Theorem 4.1 Let p > do, . > 0, and f € L,,(Rd). Then there exist o € (0, 1) and
N, depending only on p, d, $, and ||b||, such that

Ry f(¥) = Ry f ()] < NACPTDICDTY £l e — y]*. (4.1)

The following is an immediate and well-known consequence of just continuity of
R;. f (x) with respect to x (see, for instance, Theorem 1.8.11 in [3]).

Corollary 4.2 The process (x;, ./\_ft+, Py) is strong Markov.

Perhaps it is worth recalling for the reader’s orientations that in our case N, is the
Borel o-field in C([0, t], ]Rd), j\_f, is its completion with respect to the distributions of
the trajectories of X starting from all points, ;. = Me=0 Nite.

Note that strong Markov processes (x;, /\_ft, P;) corresponding to L in case b is
bounded are constructed in [7] and strong Markov processes (x,,/\_/tJr, P,) corre-
sponding to L in case b is bounded are constructed in [2]. We show that any Markov
process corresponding to L with b € Ly is strong Markov with respect to A; . The-
orem 4.1 will be proved after some preparations.

The following technical result is obtained by using Fubini’s theorem for f; vanishing
for ¢t > T and then letting T — oo.

Lemma4.3 (i) Let ¢;, Vs, f; be nonnegative Borel functions on [0, 00) such that
Wy = 1, Y, is continuous and decreasing. Then

o0 o0 o o0
/ e frdt = —/ ﬂ’f(/ O £ ds) dw, +f e, £, dt.
0 0 t 0
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(ii) Let f; be a nonnegative Borel function on [0, 00) and let ¢; and v be absolutely
continuous on [0, 00) such that ¢o = o. Assume that

o0 o0 o0
/ e_¢’f;+/ e—‘/’f|¢;—1/f;|(f e @s=9) 1. ds) di < oo.
0 0 t
Then

o0 o0 o0 o0
/ et dt:/ eV dt—/ e—‘l’f(¢;—1/f,’)(/ O fds ) dr.
0 0 0 t

In the sequel we use the parameter n that will be ultimately send to infinity. Note
that by R, (Bg) one usually means the resolvent at A = n of the process killed outside
Bg. Our notation has a different meaning. If n — oo, our R, (Br) converges to the
resolvent at A = 0 of the process killed outside Bg.

Lemma 4.4 Let f be a nonnegative Borel bounded function on RY. For Borel sets
I' c RY define

o]

t
6(T) = / InGey)ds, u(x) = E/ ¢! f(x)dr.
0 0
Also for R > 0 set
o0 ¢
Ry (Bg) f(x) = E, / e "B f(x) dr.
0
Then
u= Ri(Br)f — Ri(Br)Ipu. 4.2)
Furthermore, for any n > 1
Ri(BRr)f = Ru(Br)f + (n — )R (Br)Ip; R1(BR) f- 4.3)
Finally, for any Borel ' C Bg and h" = nR,(BRr) f
o0 B
h'(x) = E, / e TUBR) - (xR (xy) dit
0

oo .
+nE, / e " TYBY) £(x) dt. (4.4)
0

Proof Equation (4.2) is obtained by using the Markov property of X and by applying
Lemma 4.3 (ii) with ¢, = ¢, Y, = ¢I(B;). To check that Lemma 4.3 (ii) is applicable
we use Theorem 3.3 according to which

o0 C
Ex/ e~ BR) 4t < oco.
0
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174 N. V. Krylov

Equation (4.3) is obtained directly by using the Markov property and Lemma 4.3
(i) with ¢ = ¢ (Bg), W, = exp(—(n — 1)y (BE)).

Finally, to get (4.4) it suffices in Lemma 4.3 (i) to take ¢; = nd)t(B;'e), and ¥, =
exp(—n@;(I')). The lemma is proved. O

Remark 4.1 Send n — oo in (4.3) and (4.4) assuming that f = 0 in Bg in (4.4). Then
intuitively we should get

u(x) = Ex/(; S dt = Ri(BR)f — ExRi(BR) f (xzz),
h'(x) = h(x) := Exf(xrk)v h(x) = Ex(I'L’r<'L’Rh(x'L’r) + I'L’r>TRf(xTR))7

where tr is the first time x; hits I'. The formulas we get this way are true indeed if we
know that X is strong Markov (and that tr makes sense and is a stopping time). Of
course, # and i are the objects of main interest, but we cannot handle them because
we do not know yet that X is strong Markov. That is why instead of using stopping
times we use randomized ones when, for instance in case of (4.3), we stop x; on each
time interval d¢ it spends outside Bg with probability (n — 1)dt (provided it was not
stopped before).

The next two lemmas are aimed at partially justifying what is said in Remark 4.1.

Lemma4.5 Let ¢ be a nonnegative function such that ¢ > 1 on Bj,. Then for any
n,p,e>0,and|x| <p+e
o
Iy = Ex/ e ine(x,)dr < 2e~VnelN,
T,

p+2e

where N = N(d, 6, ||b]||) and

t
@=fdmm.
0

Proof We look at the representation of x; as a solution of (2.2) with x9p = x. Then
after defining y as the first time after 7, the process x; exits from B (x; ) 1) Wenote
that

I < Exe_"¢fp+zg = EXE<€_n(¢V_¢Tp+S) | NT/HE)'

Here, by the conditional version of Theorem 2.10 of [10], the conditional expectation
(a.s.) is dominated by 2¢~vV"¢/N and this proves the lemma. O

Lemma 4.6 For Borell" and p > OdefineT", = I'N\B,,. Assume that I" and p are such
that |T'p| > (1/2)|By| and T'3, = ', U {2p < |x| < 3p}. Then there are constant
N,v > 0, depending only ond, 8, and ||b||, such that foranyn > Qand |x| < (5/2)p

3p
1> nEy / Ir,, (e T30 g > 1 — 2¢=VPIN, 4.5)
0
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and for |x| < p
= r 2/N
I:= Ex/ nlr, (x)e ") dr > v — Nem"P" IV, (4.6)
0
Proof Observe that

)
I > Ex/ n[rp(xt)e_"‘Pt(Fp) di =1 — Exefn¢7r2p(l"p)’
0

where for y = [T',|/| B2, | (= 274=1) owing to Theorem 3.7

Ece """ < P(r,, (T,) < 67"(2p)?)
+e "0 P (g, (Ty) = 67" (20)?)
= 1= (1 =e " NYP(pey, (Tp) = Oy*(2p)2) < 1 — (1 — e IN) N1y 20,
This proves (4.6).

To prove (4.5) denote by y the first exit time of x; after 7(5/2), from B(1/2)5 (xzs),)
and observe that

3,
0<1- nEx/ Irs, (xl)efmﬁz(l“}p) dt = Exe_n¢t3p(r3p)
0

< ExE(e_n(d)y W30 =0ei5 T30)) Nr(s/z)ﬂ)'

Here, by the conditional version of Theorem 2.10 of [10], the conditional expectation
(a.s.) is dominated by 2e=V"P/N and this proves the lemma. O

Before doing the next almost final step in our preparation to prove Theorem 4.1,
take n > 1, R € (0, 1], a bounded Borel g > 0, such that g(x) = 0 for |[x] < R and
introduce

" = nR,(Bg)g.

Observe that
o0 c
< (supg)nEx/ e*"‘t”(l‘?R)IB;-e (x;)dt <supg.
0

The proof of the following lemma, actually, is just a simple adaptation of what is
usually done in the theory of elliptic equations when they prove the Holder continuity
of harmonic functions associated with elliptic operators. Again lacking the strong
Markov property and knowing nothing about the sets I'”, introduced below, apart from
the fact that they are Borel, forces us to use randomized stopping times. Somewhat
cleaner this adaptation is seen in our Sect. 6. Concerning the origin of our arguments
see Section 9.6 in [9].
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176 N. V. Krylov

Lemma 4.7 There exist constants a € (0, 1) and N, depending only on d, §, and ||b||,
and there exists a constant N', depending only on d, 8, ||b||, and sup g, such that for
x| < R/12 and any n > 1 we have

1" (x) — B*(0)] < N(|x|/R)* suph" + N'(e"FF/N 4 o=VmUNy = (4.7)
Br

Proof For p > 0 introduce the notation

oscu =supu —infu, M"? =suph”, m” =infh", u" =M"+m")/2.
B, Bf B, ' r B,}) ' r B, 7 r r p/

Take p > 0, such that p < R/4, and consider two cases

(@) [Bp, N{h" = wp}l = (1/2)Bpl,
(b) |B, N{h" < pp}l = (1/2)|By.

In case (a) introduce I'"" = (B, N {A" = ul}) U (BS, N Bg). By using (4.4) and
Lemma 4.5 for |x| < p we find that

" (x) = Ey / Y e L (e () i+ 8 () =2 )+ E7(1), (48)
0

where |£"(x)] < N'e=np/N, Furthermore, A" > /LZ on FZ and A" > mg’p in B3p.
Hence

3p u
By = Gy = By [ e Tty ) as
0
3p .
—i—mngxf e (T )nIpn(x,)dt.
0
It follows by Lemma 4.6 (also note that ,uZ — mg' o = 0) that for |x| < p
500 = v+ (1= vy, = NN eI,

which in light of the arbitrariness of x and (4.8) implies that

(1 —v/2m’ = W/DM" + (1 — v)ml, — N'(e"7*/N 4 e=Vio/Ny,
On the other hand, obviously

(1- v/2)MZ < (v/2)M;‘ + 1 - v)Mg’p.

By subtracting the last two inequalities we get

(1= v/2)0sch” < (1= v)osch” + N/(eP*/N 4 g=Vno/Ny
P 3p
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osch™ < @osch™ + N’(e_"pz/N + e~ VnP/Ny, 4.9

B, B3,

where 6 = 6(d, §, ||b]) = (1 —v)/(1 —v/2) < 1.
In case (b) introduce I'"* = (Bp N{h" < /LZ}) U (ng N Bgr). As in case (a), we
have (4.9), where h"* < ,ug on FZ and " < Mg’p om Bj3,. Hence,

n n n 3 —ngy ()
M) = iy = MEEs | e only o) di

3p .
+M3, E / e T Irn (x,) dt.
0

Here “Z — Mg'p < 0 and the last expectation is less than one. Then by (4.6)
Ry() < (W — M) + M3, + N'e™/V,
which in light of the arbitrariness of x and (4.8) implies that
(1= /DM < v/l + (1 — )My, + N'(e "IN 4 e=VPIN),
On the other, hand obviously
1- v/2)mZ > (v/2)mZ + 1 - v)mgp.

By subtracting the last two inequalities we get (4.9) again.
From (4.9) we see that

ot B W< g7 Z08¢ R 4 0k N (3 TIN o= Vn3THINY
3k 3—k+1

aslong as 37X < R/4, thatis k > [logs(4/R)] =: ko. By observing that, for instance,
exp(—n3~2Kp?/N) is an increasing function of k we obtain, for k > ko

k—ko—1
ok gsc " < ko Bosc h" + N/(e_"3_2k/N + e_*/m_k/N) Z ok,
37k 3-K0 i=0

For |x| < R/12 and k = [log;(1/|x|)] we have
) <37 <R/ 07N Z 07 = a7
where @ = —log; 6. Furthermore,
37% > x|, o7 <42Rge

Now (4.7) follows. The lemma is proved. O
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Proof of Theorem 4.1 Self-similarity transformations show that we may assume that
A = 1. Furthermore, obviously we may assume that f > 0. Estimate (3.3) allows us
to assume that f is bounded and continuous. Then take R € (0, 1], n > 2, and take
g = IB;RI (Bg)f in Lemma 4.7. Observe that by (4.3) we have i < 2R|(Bg) f.
Furthermore, in light of (4.3), Lemma 4.7, and Theorem 3.3, for 0 < |x| < R/12 we
have

|R1(BR) f (x) = Ri(BR) f(0)] < N(R+ Ro//n)* 'PI| fll, za)
N (xI/R)* (R + R VP £l uay + N (e " HFIN 4 o= VlUN),

where N’ is independent of n. By sending n — oo and taking onto account that R < 1
we come to

|R1(BR) f(¥) = Ri(BR) f ()] < NR*“VP|| fll (gay
FN(xI/RN f L, ray-

By applying this result to (4.2) and using Corollary 3.5, according to which |u| <
N”f”Lp(Rd), and also using (3.5), which implies Ry (Bgr)Ip, < NRY/P for R < 1,
we obtain

IR1f(¥) = Rif(O)] < N(R*P + RP)|I fll1,, ey
+NUxI/ RIS, ®e)-

If2—d/p < d/p, we take here R = |x|#, where ™! =2 —d/p + «, and we get
IR1f(¥) = Rif O] < NIxI*U P £l gay, (4.10)

provided that |x| < R/12 = |x|f/12, thatis |x| < n = n(d, 8, p, ||b|)). For |x| > 1
estimate (4.10) holds due to Theorem 3.3. However, if 2 — d/p > d/p, we find B
from B(d/p + o) = « and again come to (4.10).

This proves (4.1) for . = 1 and y = 0. Shifting the coordinates take care of arbitrary
x, y. The theorem is proved. O

To prove that X is strong Feller we need the following generalization of a result
of Lions [14], proved in case b is bounded and p > d, which was generalized in [6]
albeit when b = 0 but with p > dj.

Theorem 4.8 For any p > dy there are constants N and v > 0, depending only on
d, p, 8, and ||b||, such that for any Borel nonnegative f given on R? andt > 0 we
have

T, f(0) < Ni=CP @, flI, ey, (4.11)
where ®;(x) = exp(—pu|x|//1).
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Proof The proof is quite similar to what is done in [14] and [6]. First fix ¢ € (0, 1)
and let F, be the set of Borel f such that e < f(x) < e~! for any x. Then introduce

T, f(0)

Ky =sup —————,
’ 11 £z, @y

where the choice of  (in ©1) will be specified later and the supremum is taken over
all f € F, and over all diffusion processes X, for which Assumption 1.1 is satisfied (§
and ||b|| are fixed). Obviously, K, < oco. Also observe that self-similarity arguments
easily show that (4.11) holds with N = K, if f € F,. Shifting the origin shows that
for f € Fy,t > 0,and x € R?

nfe < K W00 ([ e gy a) o @i

R4
Now, define u(t, x) = T; f (x) and observe that by the Markov property for s € (0, 1)

1/2
u(l,0) = Tyu(l —s5,-)(0) = 2/ Tou(l —s5,-)(0)ds
0

o0

172
= ZEO/ u(l —s,x5)ds < NE()[ Ii<1pe u(l — s, x4) ds.
0 0
By using Theorem 3.4 we obtain
wit(1,0) < N1J, (4.13)

where

I= swp  (u'(1—s,0e") = sup (u(@,x)e"V),
[0,1/2]x R4 [1/2, 1xRé

1
J :f e_”m(/ u(t,x)dt) dy
Rd 12

and v is the least of the constants called i in Theorems 3.4 and 3.3 . As is easy to see

J < e/ e_"‘le]f(x)dx,
R4

which by Theorem 3.3 yields

1/
J<N e*V\XI(/ ef"plx*ylfp(y)dy) pdx,
R4 R4
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where, perhaps, the second v is different from the first one. We allow ourselves to use v
as a generic constant > 0 depending only on p, d, §, and || b||. By Holder’s inequality

s=n( [ emax) ([ smsroran)”

where g = p/(p — 1) and

g(y)=/ e VKIFR=D gy
R4

Since x| + [x — y| = (1/2)(1x] + [y]), we have

J< N(/d e~ PRIV £P () dy)l/p. (4.14)
R

In (4.14) we use u in place of v because this is the way we introduce u =
wu(p,d,$, ||bll) > 0, which is used in the definitions of ®; and K,.

We can certainly assume that  is less than or equal to the first v above and in what
concerns / observe that owing to (4.12) for ¢ € [1/2, 1] we have

1
w(t Dye="M < (. xye i < NKS(/ e MU pr(y) ) /v
]Rd
—puly| 1/p
SNKS( e ”‘”f”(y)dy) .
Rd
Hence

d/
1= VK f el e () dy)
R4
and coming back to (4.13) we get

u(1,0) < NK§/<d+U(/

_ 1/p
» e PHIY\fP(y) dy)

Because of the definition of K, it follows that
K. < NKY@HD g, <N.
After that it only remains to send ¢ |, 0 observing that the last N as well as . depend

only on p, d, §, and ||b||. The theorem is proved. O

Remark 4.2 Once we know that (4.11) holds for Borel nonnegative f, we can repeat
the argument from the beginning of the above proof and conclude that for all Borel
nonnegative f,t > 0, and x € RY,

T, f(x) < Nfd/(z”)(/

1
9 e~ PHIX IV £ (y) dy) /p. 4.15)
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Corollary 4.9 For p > dy such that p > d/2 + 1 there exists a constant N =
N(p,d, s, b)) such that for any T € (0, 00) and nonnegative Borel f(t, x) given on
[0, T x R? we have

T
: —1)/p—d/Q
I:= EO/O f@t, x)dt < NTP=D/P=d/t p)”q)Tf”L,,([O,T]x]Rd)- (4.16)

Indeed,

T T 1/p
1= [ mgaoar =y [Feen( [ eforrea) " @
0 0 R4

and it only remains to use Holder’s inequality.

Remark 4.3 Observe that the usual parabolic Aleksandrov estimate gives (4.16) with
p > d+1. We were able to reduce p because a is independent of z. Also note thatin [8]
there is an example showing that (4.16) and (4.15) generally (when a is independent
of ¢) fail to hold for any fixed p < d if § can be chosen small enough. In that regard
see also the example in [6], that appeared a few years later than [8].

The following is deduced from (4.15) in the same way as (3.6) in Corollary 3.5 is
derived from Theorem 3.4.

Corollary 4.10 For g > p > dy there exists a constant N = N(p, q,d, 8, ||b||) such
that for any t > 0 and nonnegative Borel f

1T £l ey < Nt@PEUD £l gay.

Remark 4.4 The fact that the semigroup 7; is bounded in L,, which follows from
Corollary 4.10 with p = g , should not look very surprising and follows by self-
similarity from the boundedness of 7| (which, however, is not trivial).

Corollary 4.11 For p > dy and f € L,(R%)
ltijg IT:f = fliL,®d) = 0.

Indeed, in light of Corollary 4.10 (with ¢ = p) we may concentrate on f €
Ccy (R9). In that case by Itd’s formula

t
nf-f= [ nirds
0
where Lf € Ly, (R9). Hence, by Corollary 4.10
! @2 p-1/d
T; f — f”Lp(]Rd) 5/0 ||T3Lf||Lp(]Rd) ds 5/0 @21/ p=1/do) dS”Lf”LdO(Rd)
and the last integral tends to zero as ¢ | 0 since dy > d /2.
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Theorem 4.12 The process X is strong Feller in the sense that for any bounded Borel
f given on R? the function T, f (x) is continuous on (0, 00) x R¥.

Proof In light of Theorem 4.8 we may concentrate on smooth compactly supported
£’s. In that case we are going to prove that 7, f(x) is continuous in [0, co) x R?.
Observe that for ¢t > s > 0 we have

\T: f(x) = Ts f | = |T5(Ti—s f — )] = |ExEx,[f (xi—5) — f(x0)]l
<sup|Vf|sup Ey|x;—s — xo| < Nsup |V f|Vi—s,
v

where the last inequality follows from Theorem 3.1. We see that 7; f (x) is continuous
in [0, co) uniformly with respect to x.

Next, for our f Theorem 3.1 easily implies that AR, f — f as A — oo uniformly
with respect to x. After that the continuity of 7; f (x) with respect to x follows from
the fact that

TR, f = MRiT, f,

where the right-hand sides are continuous in x due to Theorem 4.1 and the left-hand
sides converge uniformly in x to 7; f (x). The theorem is proved. O

We finish the section by a version of parabolic Aleksandrov estimates.

Theorem 4.13 Let D be a bounded domain iy RY, p>do,p>d/2+1,T e (0,00)
andletu € Wl’lzoc((O, T)x D)NC([0, T]1x D). Then there is a constant N, depending

onlyond,§, ||l;||, and T, such that in [0, T] x D we have

u < N|[[(Ou + Lu)—|lL,0,1)xD) + sup u. (4.18)
(0((0,T)xD)\({0}x D)

Proof In the same way as in the proof of Theorem 3.1 of [10] we convince ourselves
that we may assume that u € W[l’2((0, T) x D), D is smooth, and b is bounded. In
that case it suffices to prove (4.18) for u € C12([0, T1 x D). For such u, by Itd’s
formula Py-(a.s.) forallt < T

INT

INT
u( ANt, xin7) = u(0,0) + / (0;u + Lu)(s, x5)ds —I—/ Dj;u(s, xs)a’k(xs)dwf
0 0

and the stochastic integral is a martingale, where t is the first exit time of (¢, x;) from
[0, T) x D. By setting t = T and taking expectations we get

T
u(0,0) = —EO/ Ou + Lu)(t, x;)dt + Eou(t, x¢)
0

A

T
EO/ (Ou + Lu)_(t, x;) dt + sup u.
0 0(0,7)x D)\ ({0} x D)

After that it only remains to use Corollary 4.9. The theorem is proved. O
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5 Estimating time spent in space-time sets of small measure

Here we present extensions to the case that b € L, of probabilistic versions of some
PDE results found in [9,13,16]. Recall the notation introduced before Theorem 3.8
and also introduce

C7r=(0,T)x B, C7 p(t,x)=(t,x)+Cq g, Cglt,x)=Ch p(t,%),
C% = C%(0,0). Fix
q,n,k € (0,1).

For cylinders Q = CZ (t, x) define

-1 2
Q/ = (t’ -x) - CZ—IPZ’pv QH = (t -n p, .X) + C;[)*lpzl(z,px’

QL = QU QU ({1} x By(x)).

Imagine that the f-axis is pointed up vertically. Then Q’ is adjacent to Q from
below, the two cylinders have a common base, and along the ¢-axis Q' is n’l times
longer than Q. The cylinder Q” is obtained by contracting Q' to the center of its lower
base with the contraction factor x ~2 for the 7-axis and « ! for the spatial axes.

Remark 5.1 If Q = Cg (¢, x), then the shortest distance between Q and Q” along the
t axis is

n'p? =7 pi =07 P — i), (5.1)
which is bigger than 22 if
K> <1-—2n. (5.2)

Let I' be a measurable subset of Cj and introduce B = B(T', ¢) as the family of
open cylinders Q of type Cf) (to, xo) such that

QcCy and [QNT]=gq|Q]

Finally, define

l—w — U Q//, Fg — U Q//~
QeB QeB:|Q|>¢
Observe that for Q € B the set Q" is open. Hence, ' is open and measurable.
Lemma 5.1 If|I'| < q|Cy|, then

-9

-1
_ W) (1 _}_n)flk_d+2|l—w|

= (1

@ Springer



184 N. V. Krylov

and there exists 0 = 0(d, q, n, k) > 1 such that for any sufficiently small ¢ > O there
exists a closed Ty C T} such that

[Tl = 01T (5.3)

The first assertion of the lemma originated in [13,16], is presented, for instance as
Lemma 9.3.6 in [9]. The second one is proved in the same way as the second assertion
of Lemma 4.7 of [11].

Lemma5.2 Let k € (0, 1). Then there is a constant qo = qo(k,d, §, ||b]) € (0, 1)
such that forany R € (0, 00), Borel setT" C Cg satisfying |I'| > qo|Cr|, andx € Byr
we have

‘L'R/\R2
E, / Int, x) dt = poR> (5.4)
0

where po = po(d, 8, ||bll, k) € (0, 1).

Proof As usual we let R = 1. Then observe that by Lemma 2.13 of [10] we have
E.(ry A1) >v=v(d,3$, ||b], k) > 0. By using Corollary 4.9 we get that

TNl

TNl
Ex(‘El/\l)—Ex/ Ir(t,xt)dIZEx/ Icl\r(l,x[)dt
0 0

< N(IC1| — TPV < N(1 — go) /% < N(1 — go) VO E (1 A 1),

where the constants N depend only on k, d, §, and ||b||. We see how to choose ¢q to
satisfy (5.4) with a o = po(d, 8, |1b]l, «) € (0, 1). The lemma is proved. ]

In Lemma 5.3 by go we mean the one from Lemma 5.2.

Lemma5.3 Take Q = C{(s,y), use the notation Q', 0", Q' introduced above,
assume (5.2), and suppose that Borel T' C Q is such that |I'| > qo|Q|. Then there is
a constant vy > 0, depending only on n, k,d, 8, ||b||, such that for any (to, x0) € Q"

T
EXO/ Iv(t, x)dt > voEx,T, (5.5)
0

where T is the first exit time of (ty + t, x;) from Q’+.

Proof Thanks to (5.2) and Remark 5.1 we have s — 1y € (2p%, n7p?). Also |y —xq| <
kp. It follows by Theorem 3.9 that

Po( sup  |xy =yl < p, [x5—py — ¥l < kp) = v,

rel0,s—to]

where v = v(k, n,d, §, ||b]|) > 0.
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Next. for y defined as the first exit time of (fo +¢, x;) from Q' in light of Lemma 5.2
we have

4

T
Exg/ Ir(t, x;) dt = Ex01y>s—t0/ Ir(t, x;)dt
0 14

T
= Ex01y>s—to,|x5_,0—y|<KpEx_;_,0/0 Ir(t, x;) dt

> wop? P sup  |xr — ¥ < p, [Xs—ig — Y| < kp) = povp™.
rel0,s—1o]

On the other hand, the height of Q’, is (1 4+ n~")p?2, so that (fg + ¢, x;) cannot spend
in Q’, more time than (1 + n~")p?. This proves the lemma. o

Theorem 5.4 For any k € (0, 1) there exists y € (0, 1) and N, depending only on
K, d, 8, ||bll, such that forany R € (0, 00), g € (0, 1), BorelT' C Cgr(R?,0) satisfying
T > qICR(Rz, 0)|, and x € B, g we have

TRAQR?)
Gr(T,x) = Exf Ir(t, x,)dt > N~'q¢'/7 R%. (5.6)
0

Proof Self-similar transformations allow us to assume that R = 1 and write G (T, x)
instead of G1(I", x). Then find and fix qg, 1, ¥ € (0, 1), depending only on d, &, |||,
such that (5.2) holds, 6 from Lemma 5.1 is strictly bigger than 1, and (5.4) holds
whenever |I'| > go|Cr|. Clearly we can find such « € (0, 1) which is larger than the
one in the statement of the theorem.

It is convenient to introduce a function w(q) as the infimum of the left-hand sides
of (5.6) (with R = 1) over all Borel I' C C(1, 0) satisfying |I'| > ¢|C;(1, 0)] and
over all x € B,. Observe that a combination of Lemma 5.2 and Theorem 3.9, as in
the proof of Lemma 5.3, leads to the conclusion that there exists go, no € (0, 1),
depending only on 7, «, d, 8, ||b||, such that

n(g) > no

for g € [qo, 1].
We will be comparing 1(g") and (g”) for 0 < ¢’ < ¢” < 1 such that

1+6)q" >2q". 5.7

We take a Borel ' C C (1, 0) satisfying [T'| > ¢’|C(1, 0)| and in the construction
before Lemma 5.1 we replace Cq by Ci(1, 0), keep all other notation, and from the
chosen T, k, n, and go (not ¢") we build up the sets I', and take ¢ so small that (5.3)
holds. There are two cases:

® =(q" —4q)ICil,
(i) > (q" = g"ICl.

I'e \ C1(1, 0)
e\ Ci(1,0)
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Case (i ). Our goal is to show that
G(I', x) = min (wo, vou(g”)), Ix| <k, (5.8)
where vg depends only on «, 1, d, §, ||D]|.

Observe that, if [I'| > go|Cy], by definition G (", x) > u(qo) > po for |x| < R.
Hence, we may assume that

[Tl < golC1l.
In that case define
[, =T.NCY,0).
Notice that by definition and Lemma 5.1
q'|C1 < || < 67 '|Tel.
Moreover, by assumption
el = [T\ C1(L,0)] + el < (4" = g)IC1] + T .
Due to (5.7), it follows that
ITel = ¢"|Cl,
so that
G, ) = uig", Ixl <.
We now estimate G (I, x) from below by means of G(f‘g, x) using Lemma 5.3.
Since I'; C T/, the closed set I'; is covered by the family {Q” : Q € B, |Q| > ¢}.

Then there is finitely many Q(1), ..., Q(n) € B such that |Q()| > &,i = 1,...,n,
and

r.cljo"@=:n..

i=1

Then for (¢, x) € Il define i(z, x) as the first i € {l, ..., n} for which (¢, x) €
Q" (i). Also set 0/, (0) = C2,y and i(t,x) = 0if (t,x) € dC2,1. Now define recur-
sively 0 = 0, 7! as the first time after y° when (7, x;) exits from Co \ T, y!
as the first time after t' when (7, x;) exits from Q;(i(rl, x;1)), and generally, for
k = 2,3, ... define 7* as the first time after yk_l when (¢, x;) exits from Cp 1 \ I'¢,
yk as the first time after 7 when (t, x;) exits from Q;(i(rk, x.k)). Itis easy to check
that so defined ¥ and y* are stopping times and, since | Q(i)| > ¢ and the trajectories
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of (¢, x;) are continuous, 78 1 7| A2 as k — oo. Furthermore, (a.s.) all the 7¥’s equal
71 A 2 for all large k.

For a domain Q C RI*! we denote by y (s, Q) the first exit time of (s + 7, x;)
from Q and by the strong Markov property obtain

e’} k

G(.x) > Y E; /V Ir(t, x,) dt
k

k=1 T

o0 Y (5,04 (i)
=ZEXEH/ Ir(s + 1, x;) dt
0

i:i(tk,xtk),s:rk

We estimate the interior expectation from below by Lemma 5.3 and get

o]

Y (5.0 ()
G(Nx) = v Y EcE., / In, (s +1,x,)dt
~Jo
k=1

e y(s,0" (1))
Vo E ExExfk/ Ir, (s +t,x;)dt
0
k=1

s:r"',i:i(rk,xrk)

v

S:‘L’k,iZi(‘L’k,xrk)
00 yk R

=vo » Ey /k I, (t, x) dt = voG(Te, x) > voG(Ie, x) > vou(g”).
k=1 T

This proves (5.8).
Case (ii). Here the goal is to prove that

G, x) = puovn"(¢" —¢"", x| <«, (5.9)
where v > 0 and n > 1 depend only on d, &, ||b||, n, and k.
First we claim that for some (¢, x) € T, it holds that t < ¢’ — ¢” + 1. Indeed,

otherwise I': \C1(1,0) C Cyr—g.1(¢"'—q"+1,0)and [T\ C1(1, 0)] < (¢"—¢")ICil.
It follows that there is a cylinder

Q=Cp(s,y) eB
such that Q' contains points in the half-space r < ¢’ — ¢” + 1. Since ¢’ < ¢q”, we
have ¢’ —q” + 1 < 1, and since Q' is adjacent to Q C Ci(1, 0), this implies that the
height of Q' is at least ¢ — ¢/, that is,
p’n ' =q"—q', p*=nq" —4q"). (5.10)

On the other hand, Q C C;(1,0),s > 1,and p < 1.
Moreover, by construction, |[I' N Q| > ¢go|Q| and by Lemma 5.2

T
Ex/ IF(S +t, X[) dt > /,Lopz > Mon(q// _ q/)
0
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if [x — y| < kp, where 7 is the first exit time of (s + ¢, x;) from C,(s, y). Now by
Theorem 3.9 for x € By

T

.1
Ex/ Ir(t, x;)dt > Exlr|>s,|x5—y\§KpExs/ Ir(s +t,x;)dt
0 0

> non(q” — g P(t1 > s, Ixg — ¥ <kp) = N~ p non(q” — q").

This proves (5.9).
By combining the two cases (i) and (ii) we conclude that

G(T', x) = min (o, vor(qg”), movn™ (" —q""), x| <«,

and the arbitrariness of I" allows us to conclude that

(g") = min (po. vou(q”). povn” (q" —q")"). (5.11)

whenever (5.7) holds. Observe that (5.11) is identical to (9.3.10) of [9] and by literally
repeating what is in [9], just replacing & there with our 6, we come to (5.6). The
theorem is proved. O

The following three results are derived from Theorem 5.4 in the same way as similar
results are derived from Theorem 4.1 of [11].

Corollary 5.5 For any k € (0, 1) there exists N = N(d, 8, ||b||, k) such that, for any
R € (0, 00), x € By, and closed set T C Cr(R?, 0), the probability that the process

(¢, x¢) with xo = x reaches I before exiting from Cy g2 p is greater than or equal to
N=H(T|/|CRly 1 b:

Pi(tr < Type.g) = N7'(IT|/|CrH /0, (5.12)

where tr is the first time (t, x;) hits U, Ty g2 g is the first exit time of (¢, x;) from Cyp2 g,
w = 1/y, and vy is taken from Theorem 5.4.

Corollary 5.6 For any Borel nonnegative f vanishing outside Cg(R?,0) and x € B, g

)1/(2M)

’

TR2
/ £, vy dydr < NR©V(E, / U x
Cr(R2,0) 0

where N = N(d, 8, ||b|, k).

Theorem 5.7 Let p € [dy, 00), u € W7, (C21) N C(Ca1), andc € Ly(Ca 1) ¢ = 0.
Then
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2p
(/ |D2u| '/ dxdt) <N sup |ul
C1,1(1,0) 9'Ca

1
+N(/ |8,u+Lu—cu|pdxdt> " (5.13)
Cr1

where 3; = 9/9t, 3'Cp,1 = 3C21 \ ({0} x By), w is taken from Corollary 5.5 and N
depends only ond, é, ||bll, p, and |clL,(c,.1)-

It is worth emphasizing that in (5.13) the restriction on p is p > dp and dy < d. If
a depended on ¢, p would be > d.

Theorem 5.7 is similar to Theorem 9.4.1 of [9] and in the same way as Theorem
9.4.9 of [9] is derived from it (by using a simple trick) one derives from Theorem 5.7
the following.

Theorem 5.8 Let p € [dy, ), u € W;;foc(cl) N C(Cy), and ¢ € L,y(Cy), ¢ > 0.
Then '
1/

p
+ N sup |u|,

2u
( |D2u|1/(2“>dxdt) < N( |3,u+Lu—cu|pdxdt>
C1 C1 3'Cy

where 3'Cy = dC; \ ({0} x By), u is taken from Corollary 5.5 and N depends only
ond,$, ||bll, p, and |cllL,(c)-

In the next section we will need the following.

Theorem 5.9 Let k,1,¢,q € (0,1), R € (0,00), T € [nR?, n~'R?], and closed
I' C Cr,g be such that [T N Cer g((1 — )T, 0)| > q|Ce1,r|. Then there exists
Po = pO(Ka n, é" q, d7 87 ”b”) > OSMCh that,fOr (t()’xo) € C(l—{)T,KRr

Py, (tr < T1,R) = PO, (5.14)

where tr is the first time (to + t, x;) hits I and t7 R is its first exit time from Ct R.

Proof Asusual assume that R = 1. Then observe that one can choose p > 0 depending
onlyond, n, ¢, and g and one can find (to, xo) € Cr,1 with 10 > p2 4+ (1 =2¢)T such
that Cp(t0+p2, x0) ¢ Cr.1and |FﬂCp(t0+p2, x| > q|Cpl|, where g > 0 depends
onlyond, n, ¢, and q. Then by Corollary 5.5, forx € kB, (x9) the P, -probability that
the process (t° 4+ ¢, x,) will hit " before exiting from C, 020 (19, x) is estimated from
below by a strictly positive constant depending only on «, g, d, 8, ||b]|. After that it
only remains to invoke Theorem 3.9 recalling that 19> p? 4+ (1 — ¢)T. The theorem
is proved. O

6 Harnack inequality, Holder continuity of X-caloric functions, and
some other results

Safonov, [17], considered the case of the coefficients of L so regular that X-harmonic
functions are sufficiently smooth and gave the estimate of the Holder norm of X-
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harmonic functions and the estimate of the Harnack constant for them independent
of the imposed regularity of L in terms of only d, 8, ||b||. We emphasize that ||| is a
bound of the L;-norm of b. Our case is not covered by [17], since the origin of our
X is unknown and it is unknown if and in which sense it can be approximated by
processes with regular coefficients. At the same time some arguments here are quite
close to those in [17] as well as to those in [9,13,16].

Definition 6.1 If Q is a set in R¥t! = {(¢,x) : t € R, x € R} and u is a bounded
Borel function on Q, we call it caloric (relative to the process X) if for any (s, y) and

T, R € (0, 00) such that C_‘T’R(s, ¥) C Q and any (fp, xo) € C := Cr r(s,y) we
have

u(ty, xo) = Exyu(ty + tc, X¢0),
where 7 is the first exit time of (f9 + ¢, x;) from C.
If D is a set in R and u is a bounded Borel function on D, we call it harmonic

(relative to the process X) if for any y and R € (0, oo) such that Br (y) C D and any
x € Br(y) we have

u(x) = Exu(xeg(y)),

where tg(y) is the first exit time of x; from Bg(y).

Remark 6.1 If u is harmonic in D and Bg(y) C D and x € Bg(y), then by using the
Markov property of X we find

u(x) = ExE(u(xrR(y)) |NT) = EXI‘L'R(y)STu(x'L’R) + ExITR(y)>TExTu(xrR(y))
= ExIrR(y)fTu(xrR(y)) + EXI‘[R(y)>Tu(-xT) = Exu(xrR(y)/\T)

which implies that u is a caloric function in R x D. Also if u is caloric in Q,

C_'T,R(s, y) C Q and (ty, x9) € C := Cr g(s, y), then by the strong Markov property
for any stopping time T < t¢ we have

u(to, x0) = ExyE(u(to + tc, Xz) | Nt) = Exqulto + T, x7).

Here is the statement of the Harnack inequality.

Theorem 6.1 Let 0 > 1, let R € (0, 00], and let u be a nonnegative caloric function
in CGRZ,R- Then there exists a constant N, which depends only on 6, §, ||b||, and d,
such that

u(R?,0) < Nu(0, x) (6.1)
whenever |x| < R/2.
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Proof As usual without loss of generality we may concentrate on R = 2. Then the case
of general 6 > 1 isreduced to that of & > 2 by appropriate change of the time variable
t — 7(t). One more observation that the best constant N is obviously decreasing in
6, allows us to restrict our attention to the case of 6 = 2.

In case R = 0 = 2, to exclude a trivial situation, additionally assume that

u(4,0) > 0.
Forx = 1/2,n = 1/2, we take N and v from Theorem 3.9, call this N Ny, and,

having in mind Theorem 3.8, find y € (0, 1) close to 1 and ¢ > 0 close to zero, for
which

l—e2q(2 " +[1-q]2". (6.2)
Next, for r € [0, 1), introduce
w(r) =u@, 0)(1—r)"", n@r)=supfu, C,(4,0)} (Co(4,0):={@4 0)}),
and define ry as the greatest number in r € [0, 1) satisfying
n(r) > u(r).
Such a number does exist because n(0) = w(0), u(r) — oo asr 1 1, and n(r)

is bounded, increasing, and right continuous. Choose (¢¢, x%) € C o (4, 0) such that
n(rg) < (14 &)u(t?, x°) and consider the cylinder

(1 —ro)? e _1-n
7 lx — x| < .

Q:={(t,x):0§t—t8<

As is easy to see Q C C_’r1 (4,0), where r1 = (1 + rg)/2. By the definition of r,
this implies that

1—rg

supu < () = (4, 0)(

; ) =200,

We claim that owing to this and (6.2),
|0 N {u>nGto)/2}| = (1 =)0l (6.3)
To argue by contradiction, assume (6.3) is false. Then

|0 N {u < n(ro)/2}] > v10]

and there is a closed set ' C Q N {u < n(ro)/2} such that |I'| > y|Q|. Introduce
as the first time the process (t° + ¢, x;) hits I" and 7 as the first time it exits from Q.
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It follows by Remark 6.1 and Theorem 3.8 that (note that n(rp)/2 < sup o u)

u(tss x&) = EXEI'LT<TQM(I€ + T, -x'rr‘) + EXSITFZTQu(tg + 70, X-[Q)

< Pee(tr < 10)n(r0)/2 + (1 — Pre(tr < 7g)) supu
0
=q()In(ro)/2+ (1 —q(y))supu
0
< q()n(ro)/2+ (1 —q(y))2"n(ro).

We now have

n(ro) < (1+e)nro)[g(27™" + (1 —q(¥)2"] = (1 — Hn(ro),

which is impossible. This proves (6.3).
Next we apply Theorem 5.9 and get that

u(t®, x) > pon(rg)2”~"

if [x —x%| < (1 —r9)4~ !, where po = po(d, 8, ||b]l, y) > 0. After that it only remains
to apply Theorem 3.9 to conclude that for |x| < 1 we have

l—l’()

1 —1 LN, S S|
u(0, x) > Epoﬂ(ro)Nl >2 poN, u(4,0).

The theorem is proved. O

Since harmonic function are also caloric we have the following.

Corollary 6.2 Let R € (0, co] and let u be a nonnegative harmonic function in Byg.
Then for any x, y € Bg we have u(x) < Nu(y), where N = N(d, §, ||b])).

Corollary 6.3 Let R € (0, oo] and let u € WdZO(Bz R) be a nonnegative function satis-
fying Lu = 0 (a.e.) in Bog. Then for any x,y € Bg we have u(x) < Nu(y), where
N =N(,Sé,|blD.

Indeed, by Theorem 1.3 of [11] Itd’s formula is applicable and it shows that u is
harmonic in Bp.

In the next part of the section we deal with Holder norm estimates for harmonic
functions and potentials. If z; = (1, x1) and z2 = (2, x2), we define

p(z1,22) = |x1 — x2| + |11 — 12| /? (6.4)

and call p(z1, z2) the parabolic distance between z;| and z5.

Lemma 6.4 Let R € (0, oo] and let u be a caloric function in Car. Then there exist
constants N and

ap € (0, 1),
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depending only on 8, d, ||b||, such that, for any a € (0, ag] and z1, zo € Cg, we have
|u(z1) —u(z2)| < NR™*p®(z1, 22) sup (lul, C2r). (6.5)

Furthermore, sup(|u|, Cag) in (6.5) can be replaced by osc(u, CaR), where we use
the notation

osc(g,I') = olgcg =supg — illlf g.
r

Proof The case that R = oo is obtained by passing to the limit and the case R € (0, 00)
reduces to R = 1 by using self-similarity. In that case for r € (0, 2], set

w(r) = osc(u, Cy), m(r) = irélfu, M(r) = sup u,
p C,
w(r) = (1/2)(m(r) + M(r)).
Take r < 1/2 and suppose that
Car N {u < n(M}| = (1/2)|Cal.
Then there is a closed I' C Co, N {u < u(r)} such that
|C32, (P2, 00 NT| = (1/4)[C5,2, | (6.6)
By Theorem 5.9 for any (19, xo) € C, we have
Py, (tr < 72r) = po,

where pg > 0 depends only on §, d, ||b||, Tr is the first time (zp + ¢, x;) hits ', 7o, is
its first exit time from C,,. Then by Remark 6.1 for t =+ A 72,

u(to, x0) = Exyu(to + 7, x7).
= Exou(t() + 1, xTr)I‘r[‘<T2r + Exou(t() + T2, x‘L’z,)ITrZ‘L’zr
< u(r)po+ MQ2r)(1 — po)

(we used that u(r) < M (2r)). It follows that
1
M(r) < poz(m(r) + M(r)) + (1 — po)M(2r),
(1= Zm) = Bome) + (1 = poym ().
Adding to this the obvious inequality

(5= Dm@) = =Z2m) + (po — Dm0,
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we get
(1- %)w(r) < (1= pow@r), w(r) < ew(@r), (6.7)

where ¢ < 1, ¢ = ¢(d, ||b||, §). We may, certainly, assume that ¢ > 1/2.

We have proved (6.7) assuming that (6.6) is true. However if (6.6) is false, then —u
satisfies an inequality similar to (6.6) and this leads to (6.7) again.

Therefore, w(r) < ew(2r) for all » < 1/2. Iterations then yield

w(r) < 2w@r) for r < 1/4, ..., w(r) < &"w2'r) for r <27".
If r < 1/2 and we take n := |—log, r], then» < 27" and
w(r) < " w?"r) < e 'r*w(1) < 27 sup (Jul, C1),
where o = —log, ¢ € (0, 1). This provides an estimate of the oscillation of « in any
C, with r < 1/2. The same estimate obviously holds for the oscillation of « in any
Cq(t,x) C Craslongasr < 1/2.

Now take z1 = (f1,x1),22 = (t2,x2) € Cy such that r := p(z1,2z2) < 1/2 and
define

t=H A, x=(x1+x2)/2.
Then we have z; € C_‘R(t,x),i =1,2,and

|u(z1) — u(z)| <267 sup (Jul, C1 (2, x))
<267 p%(z1, 22) sup (Jul, Ca).
In the case that p(z1, z2) > 1/2 we have

|u(z1) — u(z2)| <2sup (|ul, C)
<2 p%(zy, z2) sup (|ul, C2).

Thus, N = 2!+% 42 1in(6.5)is always a good choicewith R = lando = «(§, d)
found above. One can take any smaller « as well since p(z1, z2) < N(d)R. The lemma
is proved. O

Theorem 6.5 Let R € (0, 00), p > do, p > d/2+1, let g be a Borel bounded function
on Cop and f € L,(CaR). For (ty, xo) € Cap define

V2R

M(t(), XO) = EX() f(tO + ts xl) dt + Exog(to + y2Rs xyZR)s
0
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where Yy is the first exit time of (ty + t, x;) from Cag. Then there exists a constant
N, which depends only on p, d, ||bll, and §, such that

u(z1) — u(z2)| < N(R™p%(z1, z2) sup lgl + R/ P| £l cop)  (6.8)
Caor

forzy,z2 € Crand a € (0, ag].

Proof Parabolic scalings allow us to only concentrate on the case that R = 1. After

that it only remains to observe that h(fy, xo) := Ex,g(fo + V2R, Xy,p) is a caloric
function, to which Lemma 6.4 is applicable, and u (o, xo) — h(ty, xo) is estimated by
Corollary 4.9. The theorem is proved. O

Here is a version of Theorem 6.5 which sometimes is slightly more convenient.

Theorem 6.6 Under the conditions of Theorem 6.5 there exists a constant N, which
depends only on p, d, ||b||, and §, such that

|u(z1) — u(z2)| < NR™PpP(z1, z2) (sup [u + R*H2IP) £ll L crp)  (6.9)

Car

for z1, 7o € Cg, where

ap—d—2)

ﬂ:ap+2p—d—2

and o = a(8, d) is the constant from Theorem 6.5 (or Lemma 6.4).

Proof Fix z1, zo € Cg. Since there is the sup norm of u on the right, it suffices to
prove (6.9) assuming that

R Bla
= <,0(Z1,zz)) =4

Then set

R =¢&p(z1, 22).

If z; = (#,x;), i = 1,2, without losing generality we may assume that #; < 1.
Then for

Ixi|+ R <2R and 1 + R*> <4R? (6.10)
we have
21,22 € C4(z1) C Ci(z1) C Cag. (6.11)
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Since z; € Cg, we have lxi| <R and t; < R? and, for any of the inequalities (6.10)
to go wrong, we have to have R > R, that is,

R Bla—1
()
p(z1, 22)

which is only possible if p(z1,22) = R when (6.9) holds trivially with N = 2.
Therefore, in what follows we assume (6.11) and that R < R.
Then by Theorem 6.5 applied to Cz(z1) in place of Cr we obtain

|u(z1) — u(z2)| < N(R™p*(z1. z2) sup |u| + R* /P £l o))
Caor

where the right-hand side is transformed to that of (6.9) by simple arithmetics. The
theorem is proved. O

Corollary 6.7 Let R € (0,00), p >do, p > d/2+ 1, and letu € W;’Z(CQR). Define
f = 0;u + Lu. Then there exists a constant N, which depends only on p, d, ||b|, and
8, such that (6.9) holds for z1, 7o € Cg with the same B as in (6.9).

To prove this it suffices to follow the path laid down in the proof of Theorem 4.13.
In the time-homogeneous situation we have a similar result.

Theorem 6.8 Let R € (0, 00), p > dy, let g be a Borel bounded function on BzR and
f € Ly(Bag). For xog € Bag define

TR
u(xp) = EXO/O FO)dt + Exyg(Xoyz),

(recall that top is the first exit time of x; from Byg). Then there exists a constant N,
which depends only on p, d, ||b||, and §, such that

|u(x1) —u(x2)| < NR™|x; — x| (sup [ul + R*P|| fll,(Brp))  (6.12)

Bag

forx1, xp € Bganda = a(d, 8, ||b|)) € (0, 1).

This theorem is proved in the same way as Theorem 6.6 by using the fact that
h(xo) := Ex,8(x,;) is a caloric function, to which Lemma 6.4 is applicable, and
u — h admits an estimate by Theorem 3.2.

Similarly to Corollary 6.7 we have the following corollary of Theorem 6.8.

Corollary 6.9 Let R € (0, 00), p > do, and let u € Wg(BzR). Define f = Lu. Then
there exists a constant N, which depends only on p,d, ||b||, and &, such that (6.12)
holds for x1, xo € Bg with the same « as in (6.12).

We finish the paper by proving a result showing that the function «# from Theorem 6.8
is an Lg,-viscosity solution of the equation Lu = — f in Byg.
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Theorem 6.10 Let u be as in Theorem 6.8. Then for any ¢ € Wjo (B2Rr) and any point
X0 € Bog at which u — ¢ has local maximum we have

lim esssup(L¢ + f) > 0. (6.13)
&40 B, (x0)

The proof of this theorem is based on the following.

Lemma6.11 Thereis a constant N = N(d, 8, ||b||) such that for any B, (x) satisfying
B.(x) C Borand ¢ € Wjo(Br(x)) we have on B, (x) that

u < ¢+ Nre= 0L + )i llLg 0 + algaé)(u — @)+ (6.14)

Proof For xo € B, (x) by strong Markov property, with 7 defined as the first exit time
of x; from B, (x), and It6’s formula we have

utso) = Ex( [ o+ uco).
b0 = B [ Loy di +ox0).
Hence,

ux0) = 90) = E ([ Lo+ Dt dr + = 94x0)

and (6.14) follows from Theorem 3.2. The lemma is proved. O

Proof of Theorem 6.10 Let xo € Bog be a point at which u — ¢ has local maximum.
Then for ¢ > 0 and all small r > O for

Ge.r () = P (x) — ¢ (x0) + u(x) + e(|x — x0l* — %)
we have that

max (u — =0.
aB,(xo)( Ger)+

Hence, by Lemma 6.11
er® = (u — e ) (x0) < Nir> O (Loe + )4 L4800

where ¢, = ¢ + g|x — xo|>. Here (Lpe + )+ < (L¢p + f + 2etra), + Ner|b| and
in light of Holder’s inequality

ICLge + Py 8oy = (L + [+ 26w @) 4 gy 50300
+Noer bl Ly 8, (x0))-
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Here the last term multiplied by Nyr2~4/40 is smaller than (1/2)er? for all sufficiently
small r (depending on how fast |||l (B, (xo)) — 0). Therefore, for such r

(1/2)er? = (u — ¢e /) (x0) < Nr*~ VO (Lep + f + 26t0a) 4|1y (B, (xo)
< Nr? esssup(Lop + f + 2¢etra) 4,
B, (x0))

esssup(Lo + f + 2etra) > 0,
By (x0))

and the last relation implies (6.13) after setting r, ¢ | 0. The theorem is proved. O

Remark 6.2 Let D be a bounded domain in RY, g be a Borel bounded function on Rd,
and f € Lg,(D). Introduce

u) = E(f0 O +g(xn)),

where t is the first exit time of x; from D. Then by the strong Markov property for
any domain G C D

14
u) = E(/0 Fed+u)),

where y is the first exit time of x;, from G. Therefore, Theorem 6.10 implies that u is
an L ds viscosity solution of Lu + f = 0 in D. It is Holder continuous in D in light
of Theorem 6.8.

Its boundary behavior can be investigated by using, for instance, Theorem 4.10 of
[11], which says that if 0 € 9 D and for some constants o, y > 0 and any r € (0, p)
we have |B, N D¢| > y|B,|, then there exists 8 = B(d, §, ||b||, ¥) > 0 such that, for
any nonnegative i € Ly, (D) and x € D,

T
Ex [ hwydr < NisP bl o, (6.15)

where N depends only on d, §, |||, v, p, and the diameter of D.

The reader can find numerous properties of L ,-viscosity solutions in elliptic and
parabolic settings in articles initiated by [4], references to many of them can be found
in [9].
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