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Abstract

In this paper, we compare the solutions of the Dyson Brownian motion for general
B and potential V and the associated McKean—Vlasov equation near the edge. Under
suitable conditions on the initial data and the potential V, we obtain optimal rigidity
estimates of particle locations near the edge after a short time # = o(1). Our argument
uses the method of characteristics along with a careful estimate involving an equation
of the edge. With the rigidity estimates as an input, we prove a central limit theorem
for mesoscopic statistics near the edge, which, as far as we know, has been done for
the first time in this paper. Additionally, combining our results with Landon and Yau
(Edge statistics of Dyson Brownian motion. arXiv:1712.03881, 2017), we give a proof
of the local ergodicity of the Dyson Brownian motion for general 8 and potential at the
edge, i.e., we show the distribution of extreme particles converges to the Tracy—Widom
B distribution in a short time.

Mathematics Subject Classification 60H15 - 60F05 - 60B20

1 Introduction

Random matrix models were originally proposed by Wigner [54,55] as models for
the nuclei of heavy atoms. The models he originally studied, the Gaussian orthogo-
nal/unitary ensembles, were successful in describing the spacing distribution between
energy levels. Wigner conjectured that the spacing distribution of a random matrix
ensemble depends only on the symmetry class of the ensemble.

Later, in 1962 [17], Dyson interpreted the Gaussian orthogonal/unitary ensembles
as dynamical limits of a matrix-valued stochastic differential equation. The equation
is given by
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dH(t) = ﬁdB(t) - %H(t)dt, (1.1)

where B(t) is the Brownian motion on real symmetric/complex Hermitian matrices,
respectively. It turns out that the eigenvalues of the above process satisfy a system
of self-consistent stochastic differential equations. These equations have later been
generalized to other stochastic differential equations called the S-Dyson Brownian
motion with potential®“ V,

dai (1) = idB(t)—}—lﬁ:L—lV’()v(t))dt 1<i<N, (12
R T N L2 () = 25(0) 2 ' B

where the initial data {*1(0), A2(0), ..., Ax(0)} is in the closure of the Weyl chamber
Ay = {(x1,Xx2,...,XN) X1 > X2+ > XN}

When 8 = 1 and V = x?/2, the Eq. (1.2) correspond to the eigenvalue process of
Eq. (1.1) for real symmetric matrices; when 8 = 2, they correspond to the eigenvalue
process for complex Hermitian matrices.

Dyson speculated that, under this stochastic eigenvalue process, the bulk local
statistics reach an equilibrium after a time of order slightly larger than 1/N. In other
words, the distributions of the eigenvalue gaps would asymptotically match those of
the corresponding B-symmetry class. In fact, one has three time scales.

1. Fortime? > 1, one should get the global equilibrium. Namely, the global spectral
density should approach that of the corresponding B ensemble. For the Dyson
Brownian motion with general § and potential V', this was studied in [44].

2. For scales of order 1/N « n* < 1, the spectral statistics on the scale n* should
reach the equilibrium after running Dyson Brownian motion for time ¢ >> n*. More
precisely, mesoscopic quantities of the form ZlN: | f((Ai — E)/n*) for appropriate
test functions should be distributed according to a universal distribution.

3. On the microscopic scale, i.e., the scale of order O(1/N), the microscopic
eigenvalue distribution matches that of the Gaussian ensembles in the same
symmetry class. For example, when 8 = 2, the microscopic eigenvalue distri-
bution should be given by the determinantal point process with the Sine kernel
K(x,y) = sin(x — y)/(x — y) provided one runs the Dyson Brownian motion for
t>1/N.

The fact that the local statistics of the Dyson Brownian motion reach an equilibrium
in a short time plays an important role in the proof of Wigner’s original universality
conjecture by Erdds, Schlein, and Yau [28]. The first step of their method is to prove
arigidity estimate of the eigenvalues, i.e., they show that the eigenvalues are close to
their classical locations up to an optimal scale. This can be understood as an initial data
estimate for the dynamic (1.2). The second step is to show that the Dyson Brownian
motion reaches an equilibrium for local statistics in a short amount of time. Since
one needs only to run the Dyson Brownian motion for a short time, the initial and
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final models can be compared. The last step is to compare the original random matrix
ensemble with one that has a small Gaussian component. For a good review of the
general framework regarding this type of analysis, we refer to the book [21] by Erd&s
and Yau.

Of the three steps described in the previous paragraph, the step that is the least
robust is the proof of the rigidity estimates. This part depends very strongly on the
model in consideration and requires significant effort to obtain an optimal estimate.
Even in the basic case of Wigner matrices, the proof of the optimal rigidity estimates
requires the so-called fluctuation averaging lemma [31]. The proof of such lemmas
requires very delicate combinatorial expansions involving iterated applications of the
resolvent entries. For models even more complicated than the Wigner matrices, proving
such lemmas is an intricate effort. A more general method that does not depend on the
details of the models is preferred. This will allow one to treat general classes of models
uniformly. We remark here that in contrast to [31] we do not establish an entrywise or
isotropic local law.

A dynamical approach to proving eigenvalue rigidity using the Dyson Brownian
motion allows us to avoid technical issues involving the details of a matrix model. We
do not need to perform complicated combinatorial analysis. In addition, it will allow
us to treat models that do not occur naturally with an associated matrix structure, such
as the B-ensembles. In an earlier paper by B. Landon and the second author [36],
the rigidity estimates of the bulk eigenvalues arising dynamically from the Dyson
Brownian motion were established. As a result, the optimal rigidity estimates in the
bulk are purely a consequence of the dynamics. The proof of rigidity is based on a
comparison between the empirical eigenvalue process of the Dyson Brownian motion
and the deterministic measure-valued process obtained as the solution of the associated
McKean—Vlasov equation by using the method of characteristics. The difference in
the corresponding Stieltjes transforms can be analyzed by a Gronwall-type estimate.
The method of characteristics was also applied in [6] to study the extreme eigenvalue
gaps of Wigner matrices.

There are substantial difficulties involved in performing a comparison between the
solutions of the Dyson Brownian motion and the associated McKean—Vlasov equation
near the edge. In the bulk, one can derive sufficiently strong estimates by looking at
the distance between the characteristics and the real line; this is thanks to the fact that
we have strong bounds on the imaginary part of the Stieltjes transform in the bulk.
Near the spectral edge, the power of these bounds decays and becomes too weak to
prove optimal rigidity. In our case, we have to establish an equation determining the
relative movement of our characteristics with respect to the edge. The estimates of
the Stieltjes transform of the empirical particle density near the edge heavily depend
on this relative movement. Informally, our main rigidity theorem is as follows; it
summarizes Theorem 4.8 in the text.

Theorem 1.1 (Informal Eigenvalue Rigidity Theorem) Consider a probability mea-
sure juo = (1/N) ZZNZI 8, that satisfies the rigidity estimates on the scale n* near the
edge. The empirical particle density u; at any time t >> /n* of the Dyson-Brownian
motion with general B and potential starting from [ satisfies an optimal rigidity
estimate.
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In addition to the rigidity estimates, another main innovation in this paper is the
computation of the correlation kernel for the Stieltjes transform of the empirical par-
ticle density of the Dyson Brownian motion on mesoscopic scales near the edge. It
allows us to prove a mesoscopic central limit theorem near the edge. The mesoscopic
central limit in the bulk is proven for Wigner matrices in [10,11,33,34,46], for -
ensembles in [46] and for the Dyson Brownian motion in [16,36,39]. Applications for
mesoscopic central limit theorems are given in [38]. Two-point correlation functions
for all mesoscopic scales are considered in [35]. As far as we know, the mesoscopic
central limit theorem near the edge is new even for Wigner matrices and -ensembles.
The dynamical method provides a unified approach to see how it emerges naturally,
and allows us to see the universality of this correlation kernel. Informally, our main
result on the mesoscopic central limit theorem can be stated as follows; it summarizes
Theorem 4.8 and Corollary 5.4 in the text.

Theorem 1.2 (Informal Mesoscopic CLT) Consider a probability measure poy =
(1/N) ZIN=1 8y, which satisfies the rigidity estimates on the scale n* near the edge. The
empirical particle density 1, at any time t > max{/n*, A/N} of the Dyson-Brownian
motion with general B and potential starting from [ satisfies a mesoscopic central
limit theorem on the scale n.

Combining our result with [41], we can give a proof of the local ergodicity of
the Dyson Brownian motion for general 8 and potential at the edge. In other words,
we show that the distribution of extreme particles converges to the Tracy—Widom g
distribution in a short time. Our proof uses only the dynamics and is independent
of the matrix model (if it exists). This is in alignment with Dyson’s original vision
on the nature of the universality of the local eigenvalue statistics. A consequence of
our edge universality result is a purely dynamical proof of the edge universality for
B-ensembles with general potential.

1.1 Related results in the literature

Results for the McKean—Vlasov equation were first established by Chan [12] and
Rogers and Shi [49], who showed the existence of a solution for quadratic potentials
V. The McKean—Vlasov equation for general potentials V was studied in detail in the
works of Li, Li, and Xie. In their works [44] and [45], it was shown that, under very
weak conditions on V, the solution of the McKean—Vlasov equation would converge
to an equilibrium distribution for times ¢ >> 1. The authors were able to interpret the
time evolution under the McKean—Vlasov equation as a type of gradient descent on
the space of measures. This gives the complete description of the Dyson Brownian
motion on the macroscopic scale.

On the microscopic scale, the Dyson Brownian motion was studied in detail by
Erdds, Yau and various coauthors across a multitude of papers [8,22-29,31]. Specif-
ically, for the classical ensembles (8 = 1, 2,4) with quadratic potential and initial
data given by the eigenvalues of a Wigner matrix, it is known that, after r > N~!,
the bulk local statistics of the particles are asymptotically the same as those of the
corresponding classical Gaussian ensemble. After this, the two works [20,40] estab-
lished gap universality for the classical (8 = 1,2, 4) Dyson Brownian motion with
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general initial data by using estimates established in a discrete De Giorgi—Nash—Moser
theorem in [29]. Fixed energy universality required a sophisticated homogenization
argument that allowed for the comparison between the discrete equation and a contin-
uous version; the results have been established in recent papers [7,39]. An extension
of this interpolation at the edge was proven in [41]. These results were a key step in
the proof of edge and bulk universality in various models. An alternative approach to
universality was established, independently, in the works of Tao and Vu [52] and for
the edge in [51].

In the three-step strategy for proving universality, as developed by Erd&s, Yau, and
their collaborators, the first step is to derive a local law for the eigenvalue density.
This is a very technical and highly model dependent procedure. In the case of Wigner
matrices, the proofs have been established in [26,27,30,31,53]. Local laws can be
established for other matrix models in the bulk, such as the case of sparse random
matrices [22] or deformed Wigner matrices [43]. Establishing local laws near the edge
is generally more involved; the case of correlated matrices was shown in [1,4,18]; the
deformed Wigner matrices were considered in [42]; the sparse random graphs were
studied in [5,37]. Local laws for S-ensembles near the edge were considered in [9]
with the discrete analog in [32].

1.2 Notations

For the rest of this paper, we will use C to represent a large universal constant and ¢
to represent a small positive universal constant which may depend on other universal
constants and may differ from line to line. We write that X = O(Y) if there exists
some universal constant such that |X| < CY. We write X = o(Y), or X K< Y if
the ratio | X|/Y — 0 as N goes to infinity. We write X x Y if there exist universal
constants such that cY < |X| < CY.Wedenote the set {1,2, ..., N} by [N]. We say
an event €2 holds with overwhelming probability, if for any D > 0, and N > Ny (D)
large enough, P(Q) > 1 — NP,

2 Background

In this section, we will provide the basic definitions and assumptions in our study
of the 8-Dyson Brownian motion and the associated McKean—Vlasov equation. This
section collects some properties of solutions of the McKean—Vlasov equation, the
proof of various important inequalities on the growth of the solution in time ¢, and
the behavior of its characteristics z;(#). These bounds provide the basis for our later
estimates on the edge rigidity of the S-Dyson Brownian motion. To make the argument
clean, we make the following assumption on the potential V. This assumption allows
us to rewrite certain errors for the regions far away from the spectrum in Sect. 4 as a
contour integral and simplifies the proof. Moreover, this assumption also makes the
analysis of the McKean—Vlasov equation (2.2) easier. We believe the main results in
this paper hold for V in C* as in [36].

Assumption 2.1 We assume that the potential V is an analytic function.
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We denote the space of probability measures on R by M7 (R) and equip this space
with the weak topology. We fix a sufficiently small time 7 > 0 and denote by
C ([0, T], M1 (R)) the space of continuous processes on [0, 7] taking values in M (R).
It follows from [44] that for all 8 > 1 and initial data A(0) € Ay, there exists a strong
solution (A(t))o<;<7 € C([0, T], Ay) to the stochastic differential equation (1.2).

We recall the following estimates on the locations of extreme particles of the j-
Dyson Brownian motion from [36, Proposition 2.5].

Proposition 2.2 Suppose V satisfies Assumption 2.1. Let B > 1, and A(0) € Ay. Let
a be a constant such that the initial data ||L(0)||s0 < a. Then for a sufficiently small
time T > 0, there exists a finite constant b = b(a, T), such that forany 0 <t < T,
the unique strong solution of (1.2) satisfies:

P(max{| A1 (1)], [An (0]} > b) < e V. (2.1)

Assume that the empirical density of A(0) converges to a probability measure fig.
Then, thanks to [44, Theorem 1.1 and 1.3], the empirical density of A(¢) converges to
a probability measure [i,. We let 711, (z) be the Stieltjes transform of [i,. The measure-
valued process {/i;};>0 satisfies the following equation

Dy (2) = D0 (2) (,;WH v 2(z)> N mz(z)zV (2)

+/Rg(z,x)dﬂz(xx (2.2)

where

Vi) = Vi@ - -2V _ V')

o 22 , glx,x):= 7 2.3)

g(z,x) =

It is easy to see that for any fixed z, g(z, x) is analytic in C as a function of x, and for
any fixed x, g(z, x) is analytic in C as a function of z.

We analyze (2.2) by the method of characteristics. Denote the upper half-plane by
(C+. Let
V' (z: ()
Y
If the context is clear, we omit the parameter u, i.e., we simply write z; instead of
Z¢(u). Plugging (2.4) into (2.2) and applying the chain rule, we obtain

0z () = —mmy (z,(u)) — z0(u) =u € Cy. 2.4)

Bty (21 () = ””(Z’(“))zv er@)) | /R e, i), (25)

The behaviors of z; and 1mi5(z5) are governed by the system of Egs. (2.4) and (2.5).

As a consequence of Proposition 2.2, if the probability measure fig is supported
on [—a, a], then there exists a finite constant b = b(a, T'), such that the fi, are sup-
ported on [—b, b] for 0 < ¢t < T. We fix a large constant R. If z,(u) € By (0) and
dist(z;(u), [—b, b]) > 1, then
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1
10zl <142 sup |[V'(2)]. (2.6)
2€By% (0)

Therefore, for any u € By (0), we have z;(u) € Bom(0) forany 0 < ¢ < T, provided
T is small enough.

We also frequently use the following estimates studying the imaginary part of the
characteristics. They were proved in [36, Proposition 2.7].

Proposition 2.3 Suppose V satisfies Assumption 2.1. Let > 1, A(0) € Ay, and
a be a constant satisfying |A(0)||co < a. Fix a large constant R > 0. Then for a
sufficiently small time T > 0, there exist constants depending on the potential V and
the constant a such that the following holds. Fix any 0 <s <t < T withu € By (0)
and Im[z;(u)] > 0. Then,

e O m[z,] < Imlz,], e~ O Impi, (z0)] < Im[ig (z,)] < O I, (201,

e~ U= (Im[z,] + (t — )Im[rt, (z1)]) < Im[zs] < 97 (Im[z] + (¢t — 5)ImPri, (z0)]) . (2.7)

3 Square root behavior measures

In the earlier work [36], the bulk rigidity of the 8-Dyson Brownian motion was proved
via a comparison of the empirical density u; with fi;, the solution of the associated
McKean—Vlasov equation with ¢ as initial data. This is not a good choice for studying
the spectral edge. In most applications, ¢ is the empirical eigenvalue density of a
random matrix and is a random measure. As a consequence, the solution fi; of the
associated McKean—Vlasov equation with 11¢ as initial data is again a random measure.
Even if we have good control of the difference between u, and fi,, it does not tell us
the locations of the extreme eigenvalues unless we have very precise control of fi;.
Unfortunately, proving edge universality requires that we know exactly the locations
of the extreme eigenvalues.

In order to circumvent this problem, we compare the empirical density p, with
¢, the solution of the associated McKean—Vlasov equation with deterministic initial
data fig close to pp. In most applications, e.g., [5,37], we take [i( to be either the
semi-circle distribution,

V04— X2]+dx

Psc(x)dx = , 3.1
2
or the Kesten—McKay distribution,
1 A
parydx = (14 —— — ) V= (3.2)
d—1 d 2

As one can see from the expressions of the semi-circle distribution (3.1), and the
Kesten—-McKay distribution (3.2), they both have square root behavior at the spectral
edge. In fact, in the work of [3], it is observed that square root behavior at the edge
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is a general phenomenon of many random matrix ensembles. We remark here that it
is believed that square root behavior is necessary for the Tracy—Widom fluctuation.
Higher-order singularities lead to new kernels, see [2,13-15,19] For the remainder
of the paper, we assume that the initial measure [ig has square root behavior in the
following sense.

Definition 3.1 We say a probability measure j19 has square root behavior at Ey if
the measure is supported in (—oo, Eg] and, in addition, there is some neighborhood
around Ej such that its Stieltjes transform satisfies

mo(z) = Ao(2) + v/ Bo(2), (3-3)

with Ag(z) and By(z) analytic in a neighborhood around Egy. z = Ej is a simple
root of By(z). All throughout the paper, the complex square root is the branch with
nonnegative real part, i.e., \/|z|e® = /[z[¢!?/? for —m <6 < 7.

Remark 3.2 If [1y has square root behavior at the right edge Ey, then, for any z =
Ey + « + inp with n > 0, it is easy to check that

i <[ ]| 5

The Stieltjes transforms of the semi-circle distribution and the Kesten—-McKay
distribution are given by

x)dx z 2 —4
mSC(Z)Z/‘MZ___‘_—
R X—Z 2 2

[ patodx 1 2\ @-2: JZ_4a
md(Z)_/Rﬁ_O_'—dTl_E) (‘ W T2 )

They both have square root behavior in the sense of Definition 3.1. More generally,
we have the following proposition.

Proposition 3.3 If (1o has an analytic density pg in a small neighborhood of Ey, given
by

diip = po(x)dx = S(x)y/[Eo — x]ydx, Ep—t<x < Ep+r,

where S(x) > 0 is analytic on [Ey — ¢, Eg + t), then [ig has square root behavior in
the sense of Definition 3.1.

One important consequence of our definition of a measure with square root behavior
is the following proposition, which shows how square root behavior is a property that
propagates in time when solving the McKean—Vlasov equation (2.2). We postpone its
proof to Appendix A.
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Proposition 3.4 Let [ig be a probability measure that has square root behavior at the
right edge E in the sense of Definition 3.1. Fix a small time T > 0. Let ({i;)¢e[0,T]
be the solution of the McKean—Vlasov equation (2.2) with initial data [1y. Then, for
0 <t < T, the measures [i; have square root behavior at the right edge E,. The edge
E; satisfies

V'(Ey)

0 E; = —"Ait(Et) - ) s

(3.4)

and itis Lipschitzintime, |E; — Eg| = O(|t —s]|) for0 <s <t < T. Asa consequence,
¢ has a density in the neighborhood of E;, given by

dis(x) = pr(x)dx = (1 + O(|E; — x|)&/[Er — x]4dx, E;—t<x < E;+t.
(3.5)

The constants &; are Lipschitz in time, |&€; — €| = O(|t — s|), for0 <s <t < T.
The Lipschitz constants of E; and &; depend only on the initial measure {1y and the
potential V.

The following proposition studies the growth of the distance from the real part of the
characteristics z; (1) to the edge E;. This is the main proposition we use to give strong
bounds on |m;(z) — m(z)| close to the edge, and it serves as one of our fundamental
inequalities in the next section. The square root behavior of the measures fi; will be
used to describe an equation for the growth of E; and to provide estimates for the
Stieltjes transform.

Proposition 3.5 Let [ig be a probability measure with square root behavior in the sense
of Definition 3.1, let T be as in Proposition 3.4, and let ({i;);e[0,1] be the solution of
the McKean—Vlasov equation (2.2) with initial data fiy. Choose a small parameter
t > 0 such that iy has an analytic density in the neighborhood [Ey — ¢, Eg + t]. If
at some time t K 1, we know that z;(u) = E; + «;(u) + in; (u) with z;(u) € By (E;)
and k; > 0, then, for times O < s < t, there exists a constant C such that ks > 0.
Moreover, the following inequality holds,

Vies @) = \ier ) + C (1 — s). (3.6)

Proof In the proof, we will write kg (u), ny(u) as s, ns. In the following, we prove
that if x; > 0, then dyky < —C /ky for some universal constant C. Then the claim
(3.6) follows by integrating from s to ¢, and we have x; > 0 forall0 < s < t.

We recall the differential equation (3.4) for the edge Ej,

A E; = —ritg(Es) — 4 (ZES). (3.7

We take the real part of (2.4), and then compute its difference with (3.7)

ks = — (Re[ring (25 ()] — s (Eg)) — RelV (ZS(”)Z)] — V() (3.8)
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For the first term in (3.8)

Re[rig(zs(u))] — g (Ey)
= (Re[rig (25 ()] — 1ig(Es + k) + (M5 (Eg + k) — 15 (Ey))

B / diis (x) f diig(x)
= E T — oW -2 ) E e —0E —n
(3.9)

The purpose of the above decomposition is to write the expressions for the Stieltjes
transform in a way that we can easily compare the corresponding integral expressions.
From the integral expression, we can compute the leading order behavior in terms of
ks and 1, in order to get an equation. Thanks to Proposition 3.4, jis has square root
behavior. From Remark 3.2, we have dji;(x)/dx =< /[Es — x]+ in a neighborhood
of E, and we can estimate (3.9)

2

Relrits(zs ()] — s (Eg) > C (( Ks + 15

2+ ).
where C > 0 is some universal constant. For the second term in (3.8)

Re[V/(Zs(M))] - V/(Es) = (Re[V’(zs(u))] - V/(Ks + Es)) + (V/(Ks + E5) — V/(Es))
—Cnf + ). (3.10)

where we used that V' is real on the real line,
Re[V'(zs(u))] — V'(Re[zs (u)]) = Re[V'(Es + &5 + ins)] — V' (Es + k)
= RG[V (Es + Ks5) + 4 (Es + Ks)ins + O(V///(ES + Ks)’? )] = 4 (Es +xs)] > C’?y

Uniformly for 0 < s < t, we have ks, n; < 2t. By taking v sufficiently small, it
follows by combining (3.9) and (3.10) that there exists some constant C > 0 such that

Osksg < _C«/K_Ss

and the claim (3.6) follows. O

4 Rigidity estimates

We prove our edge rigidity estimates in this section. In this section, we fix a determin-
istic measure [ty which has square root behavior as defined in Definition 3.1, and a
scale parameter n* which depends on N. Roughly speaking, if the initial data of the
Dyson Brownian motion is close to jig on the scale n*, then optimal rigidity holds
for time ¢ > /n*. Throughout this section, we denote the solution of the McKean—
Vlasov equation (2.2) with initial data iy by fi;. Thanks to Proposition 3.4, ji; has
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square root behavior in the sense of Definition 3.1 around the right spectral edge E;.
We also fix a small number v > 0 and mainly study the behaviors of the Stieltjes
transform m; (z) in the radius v neighborhood of the right spectral edge E;. We denote
the characteristic flow as in (2.4) starting at zo(u) = u by z;(u). We decompose it
according to its distance to the right spectral edge: z; (1) = E; +«;(u) +1in, (u), where
k;(u) = Re[z;(u)] — E;. If the context is clear, we omit the parameter u, i.e., we
simply write z;, k;, n; instead of z; (u), «;(u), n;(u).

Assumption 4.1 Let A(0) = (11(0), 22(0), ..., An(0)) € Ay where [|[A(0)]|oo < a
for some constant a. Fix a scale parameter * that depends on N. We assume that the
initial empirical density

L
Mo =+ X;Sxim),
i=

satisfies the following estimates.

1. 21(0) < Eyg+n*/2.
2. There exists a deterministic measure [ig, with square root behavior as defined in
Definition 3.1 around the spectral edge Ey, such that we have the estimate

Imo(z) — mo(z)| < NG - e DN UDM, 4.1)
and
. M
Imo(2) — s = . € DEr, 4.2)

where mq(z) and mg(z) are the Stieltjes transforms of wg and Lo respectively, M
is a control parameter M > (log N)'?, and the domains Dy, D™ and D(f)ar are
given by

D = |2 € C* NBe(Eo) : Imlzlmling(2)] = ()2},
Do := {z € C" NB(Ep) : Relz] = Eo + 1"},

DI = {z € CT : | — 1 < dist(z, supp 19) < R+ 1},

where ‘R is a large constant as defined in (2.6), and B (Ep) is the radius v disk
centered at Ej.

Remark 4.2 We remark that, in Assumption 4.1, we can take any M > (log N)!2.
Concretely, one can take M to be some large power (log N)€ or small power N° and
get a slightly weaker rigidity result.

Remark 4.3 1t is important to notice that it is essential to control the difference of mg
and m far away from the support of jig, i.e., in D(f)ar. The estimate for the Stieltjes
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transform far away from the spectrum is the key input in Claim 4.13. The effect of the
potential V is to cause a long range interaction that will cause m; and i, to diverge
if we have no control in this region. To see this effect, one should notice that if we
were to compare the linear statistics of the Dyson Brownian Motion from two different
initial measures, then the difference of these linear statistics will not change too much
on time scales t = o(1).

Remark 4.4 The Assumption 4.1 implies a stronger estimate of the Stieltjes transform
mo(z) on the domain D™ outside the spectrum: For any z = Eqg + k + in € D",

Mlog N

— . 4.
Nk +n) (43)

Imo(2) —mo(2)| <

If n > «k, this directly follows from (4.1). If k > 5, we can rewrite the difference
mo(z) — mo(z) as a contour integral

’

mo(z) — io(z) = yg mo(w) — mo(w) |
C w—2z

where the contour C is the rectangle centered at £y + «, with height 4« and width
2k — n*. Then, we have C € Dg”t, and, for any w € C, it holds that |w — z| 2 «.
Therefore,

—m 1 Mlog N
mo(2) ~ 0@ = b, =0 aw < 2 mo(u) — so(uyiaw £ FLER.
lw —z| k Je Nk
We define the following function
2
f(6) = (max {«/n* — e, M3N—1/3]) , (4.4)

where the small constant ¢ > 0 will be chosen later. We observe that f(0) = n*, and
f(¢t) satisfies an inequality similar to (3.6). Namely, it satisfies /f(s) < /F (@) +
c(t —s) forany 0 < s < ¢. We use this function in interpolating from weak eigenvalue
rigidity at the edge at time O to better eigenvalue rigidity at time ¢, where rigidity refers
to estimates on the difference of the Stieltjes transforms |m; — m;| (Fig. 1).

Theorem 4.5 Suppose V satisfies Assumption 2.1, and the initial data L(0) satisfies
Assumption 4.1. For time T = o(1), with high probability under the Dyson Brownian
motion (1.2), we have M1 (t) < E; + f(t) fort € [0, T].

We define the spectral domains D;. Roughly speaking, the information of the Stielt-
jes transform m;(z) on D; reflects the regularity of the empirical particle density u;
on the scale f(¢).
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supp (i) E

supp(fig) o

Fig.1 The left pane is an illustration of the domains Dgﬁr, Dion, DS“I, 58m. The right pane is an illustration

. ; t
of the domains 'D,far, D", ’D?m, 5;“1 fort > 0

Definition 4.6 For any ¢ > 0, we define the region D, = D" U Do U D;" U Dfar,
where

D" i={z € CY NBe—y/c(Ep) : Im[)Imii; (2)] > ()32},
DoU = {z € C NBe_y/c(Ey) : Relz] = Ey +2£ (1), Im[z] > e’/C/N‘/C} fort >0,

out |

D" = |2 € CF NBeoyye(En) : Relzl = B + £, Imlz] = /M /N?3 ),

thar ={zeCT R —141/c<dist(z,supp i) < R+ 1—1t/c}, 4.5)

where we recall the small constant ¢ > 0 from (4.4), and Dg“‘ is defined in Assump-
tion 4.1. We remark here that we do not use the notation D; to denote the completion
of the domain D;.

For any 0 < s < 1, the spectral domain D is a subset of the domain D, under the
characteristic flow. Our definition of D" for > 0 in (4.5) is not consistent with DS“‘
in Assumption 4.1. We have taken D" slightly larger for the following Claim.

Claim 4.7 Suppose V satisfies Assumption 2.1, and the initial data A(0) satisfies
Assumption 4.1. Forany 0 < s <t < ¢, we have

zyoz, (DM C DM UDM, zy 0z /(DY) C DY,

—out —=out

202, (D)) C Dy . zg0z (D) C DY
Proof In the following, we prove that

—1 i i -1 —1 /~out Z~out -1 ¥
@M cDguDyt, P DRt DY) Dy 5 (D) € D

(4.6)

The general statement follows from the same argument by only considering the charac-
teristic flow from time s to time ¢. Let z; = E; 4«5 +1ins for0 < s < r. By integrating
(2.6), we get that |z, — zo| = O(t) for any z; € D" It follows that z; ' (D) ¢ D",
and Zf] (CT N Be—s/c(Er))) € CT NB(Ep), provided that ¢ is small enough.
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906 A. Adhikari, J. Huang

For any z; € Z_);mt, it holds that x; > f(¢). By the definition of f(¢) in (4.4), we
have

V) et —s)+/f@) <ct —s) + Jir < ks — et — ), 4.7

provided that ¢ < C /2, where C is the constant in (3.6). We can rearrange (4.7) to get

ks = f(s) + e /ig(t — 5). (4.8)

Asaconsequence, we have Eg+ko > Eo+ f(0) = Eg+n*. Thus, kg > n*. Moreover,
thanks to Proposition 2.3, we have ng > ¢°®p, > O+ pr/N2/3 > pp/N?/3,
provided c is small enough. Therefore, we have z,~ ! (5;“”) - 58m. The same argument
implies that z;” ' (DP") c DY™.

Thanks to Proposition 2.3, we have e~ ©OIm[iig(z0)] < Im[i(z;)] <
eOOIm[rg(z0)] and o > e~ OO (n; + tIm[s, (z;)]). Therefore, it follows that

etaplm[rig(z0)] = e~ O (n,Amrt, (z,)] + tIm[sit, (20)1%). (4.9)

Ifz; € D}“ \T)?ut, then E; +«; < E, + f(¢). Since (1, has square root behavior in the
sense of 3.1, Im[m,(z;)] > f(t)l/z/C for some universal constant C. If t < /n*/(3¢),
we have

nolm[rig(z0)] = e~ OO (F ()% +1£(1)/C?)
> e OO/n* — )2 (n* + (1/C? — o = "2, (4.10)

provided cis small enough. If ¢ > /n*/(3¢), k; < n*,and n; > n*, then Im[m1,(z;)] >
J/n*/C, and we have

nolm[rg(z0)] = e~ O imm, (z)* = e~ OO (/n* /B (/1 /C)* = ()2,
4.11)

provided that ¢ is small enough. Therefore, in both cases, we have that zg € D(i)“.
Finally, for the remaining case that t > /7*/(3¢) and z; € CT N By« (E;), we will
show that zg € Dg“t. We prove it by contradiction. Assume, for contradiction, that
there exists some z; € CT N B, (E;) such that ko < n*. By our assumption that fi
has square root behavior, we have Im[r,(z;)] < C+/n*. In addition, we have the
following inequality,

o) e %0 o
Im[ri; (z)] = e~ =V Im[o(z0)] > e ——
o C Jn*+mno
e 0o lIm[Yhz(Z[)]

4.12)

C \/77* + e~ OO tIm[mi,; (z,)] '
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Let us explain how we derived the last inequality. Using Proposition 2.3, we have
no = e~ %0 (n; +tIm[rm; (z/)]) = e~ O rIm[sm, (z;)]. We notice that no//n* + 1o is
monotone in 7ng. The last inequality follows by replacing 1o with e~ OO Im[im, (z)].
The inequality (4.12) is impossible if # > /7% /(3¢), and ¢ is sufficiently small. This
finishes the proof of (4.6) and Claim 4.7. O

The following theorem gives optimal estimates for m; both inside the spectrum and
—out

outside the spectrum, i.e., on the spectral domain DI U D" U D, U Dfar,
Theorem 4.8 Suppose V satisfies Assumption 2.1. Fix time T = o(1). Consider any
initial data A(0) satisfying Assumption 4.1. Uniformly for any time 0 <t < T and
w € Dy, the following holds with overwhelming probability: if w € D}",then

e (w) — sty (w)] < ENM (4.13)
mi(w) —ms(wW .
! ! ~ NIm[w]
Ifw € DI then
R M
Iy (w) — iy ()] < . (4.14)
N
Ifw e DM UD" then
R loe NM
Iy (w) — 1, (w)] < £ (4.15)

NJTw — E;Im[w]

As a consequence of Theorems 4.5 and 4.8, by the same argument as [36, Corollary
3.2], we have the following corollary on the locations of the extreme eigenvalues.

Corollary 4.9 Suppose V satisfies Assumption 2.1, and the initial data )(0) satisfies
Assumption 4.1. Fix some time T = o(1). There exists a constant ¢ > 0 such that with
high probability under the Dyson Brownian motion (1.2), for time 0 <t < T, and,
uniformly for indices 1 < j < eN, we have

(log N)>M
Ai(s) =y S N2

Jor j = (ogN)M, |rj(s) —yj()| S f(s), for j < (logN)M, — (4.16)

where y;(t) are the classical particle locations of the measure [i;, i.e.,

E;
—_— = / dis (x). 4.17)
yj(0)

The proof of Theorem 4.8 follows the argument in [36, Theorem 3.1] with several
modifications. Firstly, when we use the Gronwall inequality, we need to take care of the
error from the initial data, i.e., m(z) — fg(z) # 0. This is where our Assumption 4.1
comes into play. Secondly, we estimate the error term involving the potential V using a

. . . . . —out
contour integral. Finally, to get the estimates outside the spectrum, i.e., on Dfu uD,
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we need to improve several estimates from [36, Theorem 3.1]. More precisely, in [36,
Theorem 3.1], the error estimates at some w € D, depend only on its imaginary part
Im[w]. We improve all such estimates to depend on both Im[w] and its distance to the
spectral edge E;.

Remark 4.10 Similar to Remark 4.4, by performing a contour integral, we have the
improved estimates of the Stieltjes transform outside the spectrum: if w € D", then

(log N)>*M

_— 4.18
Nlw — E| (-18)

[y (w) — vy (w)| 5

Thanks to the sharp estimates (4.15) of the Stieltjes transform on the domain 5?‘“,
Theorem 4.5 follows easily from Theorem 4.8.

Proof of Theorem 4.5 We prove the statement that with high probability, uniformly for
—out
any 0 <t < T,andforw € D, that

log NM
NJTw — E;Im[w]’

[y (w) — g (w)| S (4.19)

implies that, with high probability, there is no eigenvalue in the interval [E; 4+ f () —
e/ M/N?3 E, + f(t) + €'/*M/N?/3]. At time t = 0, by our Assumption 4.1, we
have 11 (0) < Eo + n*/2 < Eo + f(0). Since A{(¢) is continuous, we can conclude
that A1 (¢) < E; + f(¢) for 0 <t < T with high probability.

We take w = E; + f(t) + ie'/*M/N?/3; then, w € D, . Thanks to (4.15), with
high probability, we have

(log N)M 1
[w — E;|Im[w] Nlm[w]’

[m (w) — my(w)] S (4.20)

provided that M > (log N)2. Moreover, thanks to our Assumption 4.1 that /i, has
square root behavior and the fact that Im [, (w)] < Im[w]/y/|lw — E;| < 1/NIm[w],
it follows that

i) = L3 o l 2!
1= 5 ) G Refwl? F il € Nimpwl© 2D

i=1

If there exists some A; () such that X; (r) € [E; + f (1) — ¢!/ M/N*3,E; + f(t) +
¢!/ M /N?/3], then the right-hand side of (4.21) is at least 1/(2NIm[w]). This leads
to a contradiction. O
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Proof of Theorem 4.8 By Ito’s formula, m (z) satisfies the stochastic differential equa-
tion

N

B 2 dB; (s)
dms(z) = BN 121: () = 5 +my(2)9;m(2)ds

1 Vi) Z @)

< (hils) — 1)2 ﬁN2 (Ai (S) —2)% '

We can rewrite (4.22) as
NoaB (s) V/(2) ms(2) V" (2)

dmg(z) = — ﬂN3 Z i) — + 0zmg(2) (ms(Z) + ) >dS + — 5 ds

+/Rg(z,x)dus(x)ds+ I Z(A (v)—z)3 (4.23)

where g(z, x) is defined in (2.3). Plugging (2.4) into (4.23) and using the chain rule,
we have

dB; (v) . mg(z5) V" (z5)
dmg(zg) = ﬂN3 Z () — + 0,m(zs) ( s(zs) — m.v(z.r)) ds + fd‘g

+ [ s s + 224 Z s (4.24)
It follows from taking the difference between (2.5) and (4.24) that
d(my(zs) — il (Zs))

dB; Vi
= ﬁN3 Z (A (5) ES)Z )2 (ms(Zs) —n%(zs)) (8st(zs) + éz )) ds

. 2B & ds
+ /R 8@ 1) (@paa () = dfts (0)ds + 0 Zl o= (4.25)

We can integrate both sides of (4.25) from O to 7 and obtain

t
mi(ze) — i (zy) = /0 (E1()ds + dEx(s)) + (mo(zo0) — fo(z0)).  (4.26)
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where the error terms are

V// 5 .
E1(9) = (ms(zs) — Mg (zs)) <3zms (zs) + ;Z )> +/Rg(zs, X)(dps (x) = dfts (x)),
(4.27)
N
2-8 ds dB; (s)
d&(s) = - 4.28
200 =S l;(x,m ~ )3 ﬂN3 Z (his) = 2)? (4:28)

We remark that £; and & implicitly depend on u, the initial value of the flow z; (u). The
optimal rigidity estimates will eventually follow from an application of the Gronwall
inequality to (4.26).

We define the following lattice on the upper half-plane C,,

—out

Ez{E+ineD U D UD; D(f)ar:EeZ/N3,neZ/N3}. (4.29)

—out

It follows from Claim 4.7 that z,” ! (D) C Dm D"“t UD, D(f)ar. Moreover, [36,
Propsition 3.6] implies that z,(u) is Lipschitz in u Wlth Lipschitz constant bounded
by O(N). Thus for any w € D, there exists some lattice pointu € LNz, ! (Dy), such
that |z, (u) — w| = O(N2).

We define the stopping time

o =T \inf {IX(®)loc = b}

. ClogNM
. . .
;Izlg w € D : |my(w) — g (w)| > Nimlo] }
_ Clog NM
inf {3w e D" UD [y (w) — iy (w)| > °¢
520 NVIm[wllw — Ey|
) Clog NM
inf {3w € DI |y (w) — iy (w)| > L} , (4.30)
s>0 N

where € is a large constant that we will choose later. The second line in the above
definition (4.30) was used earlier in [36] to ensure that, up to time o, we have rigidity
estimates inside the spectrum. The third line ensures we have rigidity estimates up to
time o outside the spectrum, i.e., in D?“‘ U ﬁfm. We notice that as time evolves, this
region will contain points closer to the spectral edge. As a consequence, the scale on
which we have rigidity is improving along time. The fourth line is the analog for the
region far away from the spectrum.

By the same argument we used to prove Theorem 4.5, we can use the estimates in
(4.30) to show that, for any 0 <t < T, we have

M{EANO) S Eipg + f(EAO). (4.31)
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Foru € Eﬂz,_l(D}“) oru € ﬁﬂz,_l(thar),by the argument in [36, Proposition 3.8],
using the Burkholder-Davis-Gundy inequality, there exists a set € of Brownian paths
{Bi(s), Ba(s), ..., BN (5)}o<s<: such that forany 0 < s < randu € £L Nz, (D"

(log )= N)?
d& 432
’/ r )’ Nitsno )’ *32)
andu € LNz (D),
SAC 2
’ / dc‘,’z(r)’ < dogN)” (4.33)
0 N

The case D}car was not exactly considered in the previous work [36]. Since lear is far
away from the spectrum, we can apply trivial bounds to control the error term in this
region. Namely, we have that |A;(#) — z| 2 1 when z; € Dfar, and the analysis will
not be Signiﬁcantly altered.

Foru e LNz (D"‘lt U D ) using the estimate of the largest eigenvalue (4.31),
we can get better estimates than those in [36, Proposition 3.8]. In [36, Theorem 3.1],
the error estimates at some z; € D; depend only on its imaginary part 1;. We improve

all such estimates at z, (1) to depend on both 1, and its distance «; to the spectral edge
—out

E;. The following claims analyze the error term (4.28) foru € LNz, (Do”t uD, ).

Claim 4.11 Under the assumptions of Theorem 4.8, for any u € z; ! (DM U Z_)tout) and
0<s <t wehave

[Im[mgne (2sne)] — IMitsno (2500)]| S It no (2500)]/ 108 N + Nopg.  (4.34)

Proof Ifu € LNz, (D ) we have o > €'/ M N~2/3. From the definition (4.30)
of o, we have that

Mg o) = g (zono)| S — e
n, 2 — M Zs ~
Vne one N\/(KSAU + Nsno ) sno
1 Nsro Im[mS/\U (Zsno)]

logN Ksro F 77v/\a log N

Ifue Nz (DO‘“) then our construction of the domain D" implies ksnp >
2 f(s A o). Combining this with (4.31), we have that |A;(s A 0) — Zsas| = (Ksae +
Nsnac)/2. By the argument in Corollary 4.9, we have optimal rigidity estimates for the
first e N particles at time s A o for indices | < j < eN, we have

(log N)>M
N2/3j1/3 7
Aj(s Ao)—yi(s Ao)| S fs Ano), for j < (logN)M,

Ajs Ao) —yi(s no)l S for j = (log N)M,
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where y; (s A o) are the classical particle locations of the measure [isxq as defined in
(4.17). We can estimate the left-hand side of (4.34) as

|Im[mr/\a (2sn0)] — Im[ritg po (ZY/\G)]| [2i(s) — yi(s)]
N Ly bt i)

N + O(1)
Ns Ao iz |Vt(s) _ZS|3
log N)2M
< UoeN'M o)

N (kspo + 77‘?/\0)2
1 Im[ritgng (zZsno)]
log N NsAo

A

+0(1). (4.35)

This finishes the proof of Claim 4.11. O

Claim 4.12 Under the assumptions of Theorem 4.8, foru € Zt_l (D™ Uﬁ?m) and any
0 <s <t wehave

2-B /W 1 1 ‘< log N A
-k , 36
g Jo N2 Z [Ak(T) — Zr(”)|3 ™ N(ksno ) + Nsno (1)) (556

and there exists a set Q of Brownian paths {B1(s), B2(s), ..., BN(5)}o<s<s, Which
holds with overwhelming probability, such that, on Q, the following inequality holds

/ Z dB(7) < (log N)?
ﬂN3 |ze () = M(D)> T~ Nflkgno W) + Nsno @) sno )
4.37)

Proof For simplicity of notation, we simply write z5 (1), ks(u), ns (1) as zy, ks, 15. By
the definition of o, for T < o, it holds that A1 () < E; 4+ f(r). As a consequence,
we have

SAO 1
/0 N2Z|Ak(r>—zt|3

1 /SAO Im[m+ (z7)]
N lcr + Ex — A (T) +incne
< w /S/\G Im(7itz (z¢)] O(l) / nt/Nke + e
N lkr + Ex —)LI(T)‘Fi’?er - kr — f(T) +no)ne
< dr O(l)logN

O(l)/
(k7 + nr)l/z((Kr)]/z(s Ao —T)+1n7) N(KY/\O' + 77.?/\(7)7

where we used Claim 4.11 in the second inequality; in the last line, we use (4.8), (2.7),
and the increasing gap inequality (3.6): forany 0 <7 <s A0,

n 1/2 1/2
e 2 Moo + ——=L2 (s Ao —1), K2 =u}l2+Cls Ao —1)>K)e
VKsao T Nsac
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We remark that when considering characteristics such that «s,, is greater than

Nsao» We replace each appearance of «; and n; in the last line with x5, and nsaq
. O(log N) .
respectively. Then, we get Trors o Teors)” The denominator can be compared to
Ksno + Nsno-
> Nsro N
In contrast, when ngno > k5a0, the replacement n; 2 ngao + Y [oywE= e 7y is
. . e . . O(log N) .. O(log N)

crucial and integrating in time will give us N This is then less than r=—<""— Cora )
when ngas > Ksno-

This finishes the proof of (4.36).

To prove (4.37), we notice that thanks to Claim 4.7, if z,(u) € D™ U 5?1“, then

—=out . . . .
zs(u) € DM U D?u for any 0 < s < . We define a series of partial stopping times
0=19 <! <2 <..., asfollows:

* =1 Ainfls > 57V kg < kpeinper/2), k=1,2,3,.. .. (4.38)

Notice that since «; and 7, are finite and cannot be smaller than N —1/¢ fora givent, we
have t* =  for k > log N. We now apply the Burkholder—Davis—Gundy inequality to
our stochastic integral. This allows us to bound the supremum of our stochastic integral
over a time range by its quadratic variation with overwhelming probability. We refer
to [48] for a detailed introduction to the Burkholder—Davis—Gundy inequality. The
quadratic variation can be found as follows:

/IkAaii ds
0 BN =iz — Mo
o(l) [i're Im[m ()]

=

N o mel = F6D? + (00)?)
o) "7 ImbinG)l O ("7 my/e T

< — 5 < —= s
- N2 0 ns (ks — f(s))z + (ns)z) - N? 0 Ns ((K‘Y)l/z(lk —-5)+ 77s)2
_0om tno ds
TN o (Kpk nor F Nk ng )25 =5 + Nyt o/ Kk pg + 1141 00 )12

O(l) 1

T ON? (K po F Nk ag) ik pg

where we used Claim 4.11 in the second inequality; in the third inequality, we use
(4.8), the square root behavior of fis: Im[m(zs)] < ng/ (ks + n5), and

Ntk no

Kk ng T Nk g

The Burkholder-Davis—Gundy inequality implies that with overwhelming probability
we have

12 1/2

s 2 Nk o + (" no—s), kT =wl (4.39)

N

sno [ p dB; (1)
/0 BN kZ j2r — Ak (D)

=1

O(1)(log N)?
B N\/(Ktk/\a + Nk Ao )ik no '

sup (4.40)

O<s<tk
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We define €2 to be the set of Brownian paths { B (s), . .., Bn(s)}o<s<7 on which (4.40)
holds for all k. It follows from the discussion above that €2 holds with overwhelming
probability. Therefore, for any s € [#*=1 k], the bounds (4.40) and our choice of #*
(4.38) yield that, on €2,

/“" 2 i dB; (1) O(1)(log N)?
0 BN? = |zz = (D) | = N/(sno + Nsno)lsno
This finishes the proof of (4.37). O

Thanks to Claim 4.12, forany u € £N Z[_I (DU 5?“), with high probability, we

have:
SAO
‘ / dé&r (1)
0

For the last term in (4.27), we rewrite it as a contour integral and bound it by its
absolute value.

(log N)?
N/ (ks po ) + Nsno @) nsno ()

< (4.41)

Claim 4.13 Under the assumptions of Theorem 4.8, for any u € z,_I (Dy) and for any
s satisfying 0 < s < t, we have

N cM
‘/ 8(@sno (), X)(dptspo (x) — dftsna (X))‘ =0 <_N ) - (4.42)
R

Proof From our choice of the stopping time (4.30), we have both ptsas and figas are

supported on [—b, b]. Moreover, g(zsas (#), x) is analytic in x; we can rewrite the
integral in (4.42) as a contour integral

/R 8(Zsno (), x)([dpgao (¥) — dftsns (X))
1
= —Tyg 8(Zsno (1), W) (Mgpg (W) — Higpne (w))dw,
JT1 Cs

where C; is a contour of distance R away from the support of [1s. Thanks to our
definition of Dﬁar in (4.5), we have C; C Dﬁ” . The above contour integral can be
bounded by

'fé 8(Zsno, W) (Mgpo (W) — Migng (w))dw

N cM
< length(Cs) sup |g(zsno,» W)||Htsne (W) — Msps (W) = O <_) s
welCy N

where we use the fact that g is bounded on the contour Cy, the length of Cs is bounded,

and there is rigidity along the contour Cy, i.e., |[fignrys (W) — Mgns (W) < €M /N on
Cs. O
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Now, let us return to Eq. (4.26) for the difference between i, (z) and m,(z). We
plug (4.32), (4.33) and (4.42) into (4.26). On the event Q2 such that (4.32) and (4.33)
hold, foru € LN zf] (D), we have

E(t Ao)M N (log N)2>

Mo (Ztng) — Hiine (Zine)] < Imo(z0) — 1i1o(20)| + O (
N Nnro

tAo
+ / |mf (z5) —
0

Thanks to Assumption 4.1, |mo(z0) —mo(z0)| < M/Nng < O(M)/Nn; e . It follows
from the Gronwall inequality and the argument in [36, Proposition 3.8] that

V" (zs)

> ds.

0.my(zs) +

CM
Mo (Zino) — mt/\a (Zino)| < (4.43)

N NUMU

for some universal constant C provided that t < 7 = o(1). And similarly, for u €
LN zt_l(th"“), we have |mg(z0) — mo(z0)| < M/N and

CM

[Mipe (Zine) — mtAa (Zino)l < T? (4.44)

provided that ¢ < T =o(1).

—out

Forue LNz (D U DM, we plug (4.41) and (4.42) into (4.26), on the event
2 as defined in Claim 4.12, we have

|mMipe (Zens) — M ng (Zrna)]

N CtANo)M (log N)?
< Imo(z0) — 1o o) +o< g
N N/ (Kino + Neno)ino
INO N(Zs)
+ /(; "/hx(zs) ms(zs)| |0;ms(25) + —— (4.45)
For the last term in (4.45), we have
v I C \ Imp
3.my(zs) + (zs) < m[mg(zs)] +0(1) < (1 n ) m(mg(z5)] LC
2 Ns log N Ns
(4.46)
where we used Claim 4.11. We denote the quantity,
C \ Im[n Im[7;
B(s) = (1 N ) m(r(z)] tC= O( m[ms(zs)]>’ 47
log N s N
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916 A. Adhikari, J. Huang

and rewrite (4.45) as

|mtAU (2tro) — Mine (ZtAU)|
INO
< /O B(s) |my(zs) — g (zs)| ds

N O()C(t Ao)M O(1)(log N)?
N N\/(Kt/\o + Nirc )Nt

+ |mo(z0) — 1o (z0) | -

By the Gronwall inequality, this implies the following estimate forany 0 < < T

|mt/\cr (Zrno) = Mino (Zens) |

oe(t Ao)M O(1)(log N)? .
< + |mo(z0) — mo(zo)
N N\/(Kt/\a + nt/\a)r/t/\a } |
ino sM O(1)(log N)? . 1 geivd
+/ B(s) (— + ——————=+ |mo(20) — mo(z0) > el POy
0 N N/ (ks + n5)ns i |
(4.48)
For the function §(7), we have the following estimates
Ao 1 IAO'I -
f B(r)dr < O(f — 5) + (1 n —)f Im{ite @)l
s logN /) Jg Nt
so(t—s)+(1+ : >log( e )
log N Ntro
and thus
I BT L00=s), (1) loe (755 <o), (4.49)

Ntno

where in the last inequality, we used the estimate log(ns/n:r0) < log N. Combining
the above inequality (4.49) with (4.47), we can bound the last term in (4.48) by

/’“’ Im[rit, (2)] (ﬂ (log N)?
0

N m + |m0(ZO) - mO(ZO)D ds

Ntno

tha A N Imlig(z5)]  (log N)?
< Im[rits (z5)1ds + /
Nnino /0 st (z5)lds 0 Ntne N/ (ks + 1)1 *
Im[7is po (2t no
(1 A o) |molz0) — ritg (z0)| m[’"fn—w (4.50)
INO

Thanks to Proposition 2.3 and the square root behavior of the measure [i;rq,
Im[ritg (z5)] = IM[Aiipg (Zeno)] = Nino/(Kine + Nino)'/*. We can bound the first
term on the right-hand side of (4.50) by
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Dyson Brownian motion for general 8 and potential at the... 917

M sIm[rig (z5)]ds = (t A o) MIm[titpg (2ino)) - (1 A0)M
N S —~

Nnino Jo Nnro ~ NKiro + Nirno '
4.51)

For the second term in the right-hand side of (4.50), we have

ds

/MU Nino [ (Kino + nt/\o)l/z
0 Nino N/ (Ks + n5)ng

-0 he Nino d
= 3298
0 N(kino + Ninc)Ns
Ntro

tNO
=0 </ 1723 2d5>
0 N (Kktno + Nine) Mo + (8 ASINine [ (King + Nena)/?)3/

1
~of )
N/ (Ktno + Ninc)Nine

where in the second line we used (2.7). For the last term in the right-hand side of
(4.50), we have

Im[r?lmg(zmg)] _ O( (l A U)MlOgN )
N (k0 + 10)v/Ktre + Nine

_o ( Mlog N )
B N(kino + Nino) '

where we used (2.7) and (3.6) to get ko + 19 2, (t A 0)s/Kirno + Nins. Combining all
the above estimates, we have that, on the event €2,

(t Ao) |mo(z0) — imo(z0)| .
tNO

150 Gone) = )| = O (5 il )
m 4 —m Z =
tro (Zine irno (Zine N/ Kino + Nino)line  N(Kino + Nino)
CMlog N

(4.52)

< .
B N\/(Kt/\o + Neno )Mino

Thus, if we take € in (4.30) larger than the constants C in (4.43), (4.44) and (4.52), then,
with high probability, we have o = T'. Thus, (4.13), (4.14) and (4.15) in Theorem 4.8
follow. This finishes the proof of Theorem 4.8. O

5 Mesoscopic central limit theorem

We assume that the initial data pg satisfies Assumption 4.1. In this section, we will
prove a mesoscopic central limit theorem for eigenvalue statistics after running the
Dyson Brownian motion. We remark here that in order to prove the mesoscopic central
limit theorem on scale 1, we would need to run the Dyson Brownian motion for times
t > /1 in order to get the appropriate Gaussian fluctuations for the eigenvalues.
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918 A. Adhikari, J. Huang

Theorem 5.1 Suppose V satisfies Assumption 2.1, and the initial data A(0) sat-

isfies Assumption 4.1. Fix time T = (logN)™*, an arbitrary small parameter
0 > 0, and scale n satisfying N—2/3+200 < n < N2 Consider com-
plex numbers wi, wa, ..., wr and a time t satisfying N° max{,/7, /n*} < t <

T, where n* is from Assumption 4.1. Then the rescaled quantities Ty ;(w;) =
Nn [m,(E, + w;n) — m;(E; + wm)] — (2 — B)/(4Bw;) (where m; is as defined in
(2.2)) asymptotically form a Gaussian field with limiting covariance kernel

. 1
Kedge(wiv wj) = Nh—I>noo COV<Fn,t(wi)a Fn,t(“—’j)) =

28w JUi(Jwi + W)
forl <i,j <k

Proof of Theorem 5.1 We take a time s(#) depending on ¢ (if the context is clear, we
will omit the dependence), such that

MV < s@t), N®nl? <t —s@t) <« n'/+H0/0, (5.1)

In this section, we will consider the behavior of the fluctuation m,, (z4) — 11, (z4) along
characteristics z;, = E4 + k4 + i1y such that, at the terminal time ¢, the characteristic
satisfies ; =< 1 and —N°n, < «; < ;. From Lemma B.1, we have, for any ¢
satisfying s < g < t, that there exists some universal C such that

—CN°n4 < kq. (5.2)

Along these characteristics, we will use the improved rigidity estimates

. (log N)>M
Img(zq) —mg(z) S ———, (5.3)
q\~q q\~q N(Kq 4 nq)
from (4.18) when k;, > N 23 orelse
. loe NM
Iy (2g) — g (2g)] S~ (5.4)

Nnq

from (4.13) for times g with s(¢f) < g < t. To apply the results of Theorem 4.8, we
will use the analysis of characteristics in Lemma B.1 to argue that the points z, along
our characteristics are in the appropriate regions of applicability. For the rest of this
section, we postpone some tedious but straightforward computations to Appendix B
in order to keep the proof concise.
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We rewrite (4.25) as

A dB;i(q)
d(mg(zq) —mg(zq)) = — ﬂN3 Z (i (q) — z¢)?

V//
+ (mq (Zq) - l’;lq (Zq)) <8qu (Zq) + ;Zq)> dg

+A§g(2q,3€)(dﬂq(x)—dﬂq(x))d‘1+ IBNZ Z ()L (q)—Z )3

(5.5)

We will define S to be the set on which all the estimates from Theorem 4.8 hold
with overwhelming probability. Thanks to the estimates (5.3) or (5.4) and Eq. (B.2) of
the computational Lemma B.3, we can bound the second term on the right-hand side
of (5.5) by first splitting it into a main term and an error term:

V//
(mg(zg) — g (zy)) (8zmq(zq) + ;Zq))

= (mq(zq) — g (2q)) dziitg (2q)

+ (mq(zq) — ”;’lq (Zq)) ((azmq (Zq) a mq (Zq)) + ;Zq)>

N20 NZD
= (mq(Zq)—lﬁq(Zq)) 3zﬁ1q(2q)+0< ( + 1>)

N(|Kq| + 77q) N(|Kq| + 77q)77q
A A N4D NZD
= (m(I(Zq) - mq(Zq)) azmq(Z‘I) +0 (N2(|Kq| + r}q)}’](? + N(|Kq| T ]’]q)> .
(5.6)

The main term coming from this contribution is (mq (zq) — Mg (zq)) ;114 (z4). For
the third term on the right-hand side of (5.5), using Claim 4.13, we have that, on S,

M
‘/ 8(zg, x)(dpg (x) — d/lq(X))’ =0 (ﬁ) . (5.7
R

We can rewrite the last term on the right-hand side of (5.5) as

ZN - B 2-8,,
2
ﬂNz = (ki(g) —zq>3 2 PimaGa) = 85 G + S

2ritg (2q).

(5.8)
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920 A. Adhikari, J. Huang

By standard computations using eigenvalue rigidity (Lemma B.3), on S, we have

’ ) NZD
L O s B
q

By plugging (5.6), (5.7), (5.8) and (5.9) into (5.5), we obtain the following simplified
differential equation of the difference m (z4) — ﬁzq (z¢)

— B

d(mq (Zq) - ”’A’q (Zq)) = (mq(zq) - ”hq (Zq))az”hq (Zq) + Z,B_Nazzﬁlq (Zq)
2 & dBi(g)
5 ; @ — 27 + & (5.10)

_ NR . .
where the error term &; = O (—N2 AR ) holds uniformly over S. We can explic

itly solve the above equation by using

t
I = exp/ 0114 (z4)dq, (5.11)
0

as an integrating factor. We have the following lemma that allows us to evaluate this
quantity. We postpone its proof to Sect. 5.1.

Lemma 5.2 Recall the times s and t from (5.1). Under the assumptions of Theorem 5.1,
we consider a characteristic {z¢}o<c<t = Er + k¢ + in¢ terminating at z; such that
n: < nand —N°n < k; < n. Letting q be a time such that s < q < t, we have

! 2 Kq +177q
(TH)T,) " = exp/ 3, 1fir (z0)dT = (1 40 (N’D )) via T (512
t q . M \Zr o T
where 1;, 1, are as defined in (5.11), and z; = E¢ + k¢ +1in; forany g <t < t.

By using (5.11), the solution to the differential equation (5.10) can be expressed as

my(z) — i (z0) = L (Zg)~ (my () — 1 (z5))

(2B, [ 2 & dBig)
12" Fa2 _ _“ VY
+I¢K 7, (2,3N 07mg(zq)dg I Z @ =20 +&dg | .

i=1

The deterministic integral in the above line is a correction term for the mean value. The
stochastic integral is the cause of the Gaussian fluctuation. We replace every instance
of Z; (Zq)*l with the right-hand side of (5.12). Once this replacement is made, the
remaining computations are standard.
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We recall our choice of s in (5.1): N¥p!/2 « t —5 « n'/4+2/% Due to the rigidity
estimates (5.3) and (5.4) as well as the estimate of «, in (5.2), we can bound the first
term on the right-hand side of (5.13) by

_ N _ 32 k| + N
7@ O 2) = sts )| S (4 N7 >%|ms<zs>—mx<zm
Nl 10 1
N«/>V|Kt|+77t
Nl 10 1 1

(5.14)

~ < ,
N + (¢ — )Imm (z)] i [ + 0 N(lxt] +nt)

where we used (2.7) and (r — s) > N3°(|«;| + 1,)/?. The first term in the integral
on the right-hand side of (5.13) can be evaluated using the results of Lemma B.7.

t2-B, 2 2-f 1 ).
I | 7' S 0km dg=(1+0WN™ Az kg +ingd
/ S i) = (1+0 ”mzvms o C)ig +ngdg

2-8 1

. (5.15)
4BN (< + i)

- (1 + O(N‘“z))

We now combine the above estimates (5.14) and (5.15). After this, we integrate
the rigidity bounds on the error term &, in time using the computations detailed in
Lemma B.4. Putting these estimates all together, on S, it holds that

. _ _20N2-8 1
miCzp) =iz = (140N ) T8
2 [ e dBig) N*
_ s T.(L 1 ! .
\/ﬁN3/s o ; Ga@) -2 T ° N2

(5.16)

We remark that since we have that 7, 3> N~2/3+200 the last error term in (5.16) will

be less than the previous two terms and can essentially be absorbed into the O(N _02)
factor appearing above.

In what follows, we will show that the Brownian motion integrals are asymptotically
jointly Gaussian. Consider the points z1, z2, ..., zx € C4 such that, uniformly for
all 1 < j < k, |Re[z;] — E¢|,Im[z;] =< 7, and let uy, us, ..., u; be points such
that z;(u;) = z;j for j = 1,2,..., k, respectively. We denote for any 1 < j <k,
zt(uj) = Er + i (uj) +in,(uj). For 1 < j <k, let

_ [2 ' L dBi(g) o

(5.17)
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where the time s is chosen as in (5.1). We compute their joint characteristic function,

k
E|exp i ajRe[X;(0]+bm[X;0]} | (5.18)
j=1

Since Z];:I ajRe[X ;()]+b;Im[X ;(¢)]is amartingale, the following is also a martin-
gale, where we use the notation (-) to denote the quadratic variation of the martingale
term inside,

k k
1
exp4i E {ajRe[X ()] + b;Im[X ;(1)]} — §< E ajRe[X;(1)] +bjIm[Xj(t)]>

j=1 j=1

In particular, its expectation is one,

k k

1

Eexp iZ{ajRe[xj(z)]+bj1m[xj(z)]}—2<§ ajRe[xj(t)]+bj1m[xj(t)]>
j=1 j=1

(5.19)

Using the following proposition, we can compute the quadratic variation in (5.19).
Recalling (5.17), we see that X; can be obtained via an algebraic manipulation of
the Stieltjes transform m;(z;) — m;(z;). The next proposition computes the quadratic
variation of the Stieltjes transform. It will be proved at the end of this section.

Proposition 5.3 Recall the times s and t from (5.1). Under the assumptions of Theo-
rem 5.1, we consider a pair of points z; = E; + k; +in; and z;, = E; + «] + in) such
that ¢, 0, < n and —N 0 < ki, k] S 1. We have the following expressions for the
quadratic variances:

f gl 1+0(N"? N2
F/s [(T)(T,)"! gj A (q) _Zq)4 - 16N2(Ki+im))2 +O<W>
(5.20)
=S f @@ )’1][(1/)(1/)’1]§: da
N3 J; ! U T i) — 290 (hilg) — 2p)?
14+O(N~ t‘2) N3 N3?
AN T e+ (R e <N3n,7/2 R /7/2>
(5.21)
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N

| [ — - dg

- I I —1 Z/ I/ 1

7 [@@ ) Y a7

_ 1+0(N"") Lo v, v
RN o Y Y o T A S WM L N

(5.22)

After rescaling and other algebraic manipulations, we see that the expression of the
full quadratic variation of X (¢) is given as follows. It is a consequence of Proposi-
tion 5.3 and Lemma B.6.

k
1 2
§< E ajRe[Xj(t)]+bjIm[Xj(t)]> (1 +ON7? ))

=1

= Z Re (aj +ibj)(ae — ibe)ny (uj)n; (ue)
1< <k 168 /i (uj) — in, )/t (ue) + ing o) (Ve () — ing () + i (ue) + 1n; (ue))?
+ > Re (aj —ibj)(ae — ib)n (u )i (e)
|k 168 /i (u ) + ing (u )/ ) + in ue) (Vi () 4 ine () + i (ue) + in; (ue))?
+ Z Re |: : (aj +ib{)(a( +ibg)r;,(uj)n',(ug) ' 2:| '
Ve L10Be () =i ()i Gue) =i o) (e () = g () + e Gue) = 1 )
(5.23)

Recall that, from (5.19), we know that the expectation (5.18) is equal to the value
of the quadratic variation (5.23). This implies that the random variables X ;(¢) are
asymptotically joint Gaussian.

Using the Eq. (5.16), we see that, with high probability, we have the following
relation.

2-p
4N/3(Zt(uj) —E)

Nn(uj) (mt(Zt(”j)) — g (24 (uj)) — ) =X+ O(N_Dz).

If we take w; = (z;(u;) — E;)/nfor j = 1,2, ..., k, we see that the left-hand side
of the above equation represents the quantities I'; ;(w;) for j = 1,2,..., k from
Theorem 5.1. We have shown earlier that the X ; (¢) are asymptotically joint Gaussian;
the equality above implies that the I';, ;(w;) are also asymptotically joint Gaussian
with the covariance kernel given by

1
Kedge(w, w') = . (5.24)
o 26w w (Vw4 V)2
This completes the proof of Theorem 5.1. O
We recall that the kernel in the bulk is given by
!/ 2 2
Kpuk (w, w') = m7 (5.25)
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provided w € Cy,w' € C_,orw € C_, w’' € Cy; otherwise, Kpy (w, w') = 0 (see
[36]). We can, in fact, recover the kernel in the bulk from the kernel at the edge. We
take w = « +in and w = «’ + i/, and let «, k' tend to —oo. Then,

0 if nn’ > 0,

/
Kedge(w, w') — { Kpui (w, w") if nn" < 0.

Corollary 5.4 Under the assumptions of Theorem 5.1, for any compactly supported
test function r in the Sobolev space H® with s > 1, we define

X_Et
¢r}(x):¢< )
n

Recall that n is an N dependant value satisfying N ~2/3+t20 < 5 < N=2% for some
fixed parameter 0 and t is a time satisfying N° max{,/n, s/n*} <t < T where
T = (logN Y~*. The normalized linear statistics converge to a Gaussian

N

A 2 —

LAy =) (i) — NfR%(X)sz(X) — N(0,0)) — %W(O), (5.26)
i=1

in distribution, as N — 00, where

s 1 YD) -y
oy = 1728 J ( Ty ) dxdy.

Proof The proof of this corollary follows the proof of the central limit theorem in [50,
Theorem 4]. The idea is to combine a Littlewood—Paley decomposition in momentum
space with covariance estimates on the Stieltjes transform. The estimates that we have
established on the asymptotic normality of the Stieltjes transform in a radius O(n)
sized neighborhood of the edge can be used with their Littlewood—Paley analysis. O

5.1 Proofs of Lemmas used in Theorem 5.1

In the following lemma, we compute the leading order behavior of the func-
tion /k; + in;. This allows us to compute integrals in time involving the quantity

NI inl» c.g., (515)

Lemma 5.5 We recall €, from (3.5) as well as the times s and t from (5.1). Under
the assumptions of Theorem 5.1, consider any characteristic flow {z¢}o<r</ with
7, = E; + i, + i, such that g, < 1 and —N°n < k, < n. For any time q satisfying
s < g <t, wehave

t
2k +ing — 2y/kq +ing + n/ ¢ dr
q

=0 (g M)? (= 9)? + ¢ = )/l +ini]) ).

(5.27)
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Proof To derive a differential equation for «; + in,, we take the difference of (2.4)
and (3.4),

0: (kr +1ing) = — (M (z7) — M (E7)) — M + @

2 2
E: 17 E: 37
:_/ djir(x) +/ dur(x)+0(|zT—ET|)
0o X — 2t x—E;
diiz(x)
=~ — E»/oo B o Ol Ee.

At this stage, using Proposition 3.4, we can replace the integral appearing above with
an expression that can be computed explicitly. As is detailed in Lemma B.5, the main
contribution is from the part close to the edge, and we can consider the integral from
—ooto E; — (log N)~! as an error term. A Taylor expansion indicates that the leading
order contribution will be from the integral of €;/[E; — x].

07 (k7 +1ing)

E A
T pr(x)dx )
=—(z — E —————— +0O((logN +0 —E

- 2 (./Er(logN)—l (x—E¢)(x —z¢) ((log ) )> (2 =D

0 3/2
:_(ZT_ET)</ oI+ O(x*/?)

dx + O((log N 2 +0(zr — E
—(logN)~! X(x — (zr — E7)) X ((log ))) (Jz )

= —nCr\/ir + iz +O((log N)? |z — Ex|). (5.28)

We can rewrite (5.28) as

20:/ir + i, = -7 €, +o((1ogN) Ve +m,) (5.29)

We notice that the right-hand side is O(1). By integrating both sides of the above
equation, we get

Viee el =0 (It = 1+l + i) (5.30)

We can plug (5.30) into (5.29) and integrate both sides from ¢ to ¢, again, to get

t
Vi +ine — g +ing + 71/2/ ¢ dt
q
t
=0 <<log N)? f It =]+l + inzldf>
q
=0 (tog )2 (¢ = )i +indl + (1 = 0)?))..
This finishes the proof of Lemma 5.5. O
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With Lemma 5.5 in hand, we can now perform the proposed time integral in
Lemma 5.2 via an appropriate change of variables.

Proof of Lemma 5.2 Through straightforward calculations, we can compute the value
of Z,(Zy) ~! forany ¢ satisfyings < ¢ < r. Following the computations of LemmaB.5,
we have

/ d:1ig(zg)dq = / / ( - Kq - 1|nq)2d x 4 O((log N)z)) dg

- / mdwo«r—s)aogivn

By the assumption in the condition of Lemma 5.2, we have r —s < '/47%/6_ Thanks
to Lemma 5.5, we have

t
‘¢Kq+inq—<\/m+in,+n/2/ Cdr)| < Iyieg +ingl' P (5.31)
q

It gives the following comparison estimate

CeE2 [ ¢, /2
s kg + 177q (Wi +1n; +n/2f ¢, dr)

&ym/2
(Wi +1n; +7/2 fq’ ¢ dr)l-2/3

- 0/3
i = Ve T

(5.32)

<./
N

We combine the estimates in (5.31) and (5.32), and notice that |«g|, || < N —4% This
gives us

(4

! (U 4 ! 2
q -0
| dg +ON ™)
/; 2‘/Kq+1nq s 2(«//(["‘17]["‘7‘[/2/ Cfd )
—In <—”+“7‘> +ON".
K 11,
This finishes the proof of Lemma 5.2. O

Our estimates of the characteristics from Lemma 5.5 will allow us to perform many
of the time integrals that appear in the computation of the quadratic variances. The
proof of Proposition 5.3 consists of bounding the error terms and performing other
computations detailed in the appendix.

Proof of Proposition 5.3 When simplifying the expressions in (5.20), (5.21) and (5.22),
one should first evaluate the Stieltjes transform for a fixed time; when this is done,
we can deal with the time integral. We restrict ourselves to the event S defined earlier
near the beginning of Theorem 5.1. On S, we can apply the rigidity estimates (5.3)
and (5.4) along the characteristic curve.
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We denote Amg(w) = (mg(w) — rig(w)). Regarding (5.20), the left-hand side
can be written as the derivative of the Stieltjes transform m,; at z,, and so

3 3
1 1 82 mq(Zq) 1 3 A az Amq(Zq)
- _ o 0 8mg(zy)
N3 ; ()\.l(q) — Zq)4 6N2 6N2 7 q(Zq) + 6N2
33 d NZD
= zmq(zzq) +0(— A (5.33)
oN N3 (licg| + ng)113

where we used Lemma B.3 to bound BgAmq(zq). To prove (5.20), we multi-
ply both sides of (5.33) by [Z; (Iq)’l]2 and integrate. The error term is given by

(6N~2) [M[Z,(Z4)~'1783 Amg (z4). We can use Lemma 5.2 to bound [Z, (Z,) ~!1? from
above by O (kg + ing|/|x; + in;|). This leads to the upper bound

" g + ing N2? / N2
q —
s e +ing| N3(|Kq|+77q)774 N3|Kt+177t| N3|K,+177,|775/2
&

where we used Lemma B.4 for the last integral. Our choice of , > N —2/3+200 wiyg
ensure that this error term is smaller than the main term, which is of order |k, +in;| 2.
For the leading order term, (6N~2) f; [Z; (Iq)_1 ]28Z3mq (z4)dg, we use Lemma 5.2 to
derive

Kg +1
q 71483

K + 17 Mg (Zq)dq

6N2/ [7,(Z,) " 0¥y 2)dg = (1 + O(N " ))6N2/S

1+ OWT) 535)
T 16N2(k; + )2’ '

where the last step is a straightforward computation (Lemma B.6 with z; = z}). (5.34)
and (5.35) together finish the proof of Eq. (5.20).

Now we turn to our proof of the second Eq. (5.21). We write the left-hand side of
(5.21) as a contour integral of i;:

1 & 1 o g (w) + Amy (w)
N3 E (hi(q) — 2020 (@) —2,)?  2wiN? 7% (w — 277w — g G0

In the case that max{n,/3, n; /3} > |z — z;| (without loss of generality, we assume
that the maximum is n,/3), we set C to be a contour centered at z, with radius
n4/2. In this case, we have dist(C, {z4, z;}) > 14/6. In the case that |z, — z:]| >
max{n, /3, n;/ 3}, we let C = C; UC; consist of two contours, where C; is centered at
z4 with radius 1, /6, and C; is centered at z; with radius n; /6. Then, in this case, we
have dist(C;, z’q) > 14/6 and dist(C2, z4) > n;/6.
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We first estimate the error term in (5.36). If C consists of a single contour, we have

1 % Amg(w) dwl < i/ N20 .
27iN? Jo (w —z9)*(w —z))? | = N2 Je N(lkgl +ng)nj
20
< % (5.37)
N (|Kq| + nq)rlq
We used the estimates Amg(w) < Wﬁr%) and 7, S |w — z4l, lw — z;| on the

contour C. Finally, we used that |C| < 7.

If C consists of two contours C; Uy, we apply the estimates Am, (w) < Wz‘i%)
and 7y S |lw — z4l, lw — zf]l on C; and the corresponding estimates with n; and K(’]
on Cp. We can bound our error term by

1 ?g Amg(w)
- dw
27iN? Jo (w — zg)*(w — 2))?

C NZD NZD
= N2 _/ 4dw +/ 1 4 /4dw
N C] N(|Kq| + nq)nq Cz N(|Kq| + nq)nq

NZD NQD
S 3 + ,
N3 (gl + 103+ N3+

(5.38)

where we used |Ci| = O(5y) and |C2] = O(n(’]). To prove (5.21), we multiply both
sides of (5.37) or (5.38) by [Z; (Iq)’l][It/(I[])’l]. We can use Lemma 5.2 to bound
[Z; (Iq)_l][It’(Ic’l)_l] from above by

\/|Kq +ing Ik, + i)
ke +inellie] + inj]

This leads to the upper bound of the error term

o Vg - img ey + | 20 N2
J “
N

+
Ve 4 inellie] +inj| \N3Uxql+ngng — N3(xj |+ nj)np

- N3 /f 1 N 1 o < N3 [ 1 N 1
= - - 3T 3|13\ 727" 772 )
N3\/|Kl +inlif +ing| Js 773 %3 N3 77t7/2 77;7/2

(5.39)

where, in the first inequality, we used LemmaB.2 to get N~° < |"¢/1 +in; |/lkqg+ing| <

N?, and the last inequality is a straightforward computation (see Lemma B.4). For the
leading order term in (5.21), we have
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t 1 A
/ [Z:(Z) " NZ (@) '] i g (W) dwdg

2wiN? Jo (w — 29)*(w — 2)?

1 kg +ingllc) +in) | 1 E di
=(1+0WN")) \/ — /q Hg ) dg

sl +inglie] + inj| N2 ) o x —2¢)*(x — 2))?
- 1+0(N"")
AN2/k; + /K] + in) (JVi: +1n; + VK| + in;)f

where, in the first equality, we used Lemma 5.2, and the last step is a straightfor-
ward computation (see Lemma B.6). (5.39) and (5.40), together, finish the proof of
Eq. (5.21).

For (5.22), we can first write the left-hand side in terms of the Stieltjes transform
my as

(5.40)

1

1 1 2(=mg(zq) +myg (Z;)) 0zmg(zq) + 9zmg (Z;)
N .

* (1i(q) = 2)* (i (9) — 2g)? @ —2p)? (zq — 2¢)?

(5.41)
We note that |24 —z;| > 14 + 1, As before, we will separate my as my = Amg +1ig
and analyze the corresponding term with Am,. For the terms in (5.41), we have by
Lemma B.3 that

N

l

C NZD NZD
=2 3T YRl K
N \ N(lkgl + ng)(ng) N(lkg |+ ng)(ng)

N2 (Zg — Zé)?’
1 0;Amg(zq) + 0;Amyg (ZZI) C N2 n N2
N2 (g —29)? = N2\ N(igl +19)(ng)3 — Nyl + i3 )

(5.42)

Using the estimate (5.42) as an input, the same analysis used to establish (5.21) can
be used to give (5.22). O

6 Edge universality

We recall the 8-Dyson Brownian motion from (1.2)

i (0) 2 4B(t) + 3 dr LVGu@ndr, i=1.2.....N
(1) = | —dB; — _ — = i , i=1,2,...,N,
' BN ' N L= i) =20 2 '

where the initial data A(0) = (A1, A2, .. ., Ay) satisfies Assumption 4.1 and the poten-
tial V satisfies Assumption 2.1.

In Sect. 4, we showed that a measure with rigidity on the scale n* would have
optimal edge rigidity after running a S-Dyson Brownian motion with potential V' for
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time /n*. Upon further applying the 8-Dyson Brownian motion with potential V/,
we can compare the local eigenvalue fluctuations to that of the S-ensemble with an
appropriate quadratic potential. The main strategy is to perform a coupling between the
B-Dyson Brownian motion with potential V and the f-Dyson Brownian motion with
an appropriate quadratic potential started from its equilibrium measure. We will, as
in previous works, estimate the differences of the coupled processes via a continuous
interpolation. A similar analysis has been performed for the bulk in [40] and at the
edge in [41]. Our result on edge universality can be considered to be an extension of
the result in [9] in that we can dynamically prove universality for more general point
processes, i.e., the Airy B-point process for any g > 1.

Without loss of generality, in the rest of this section, we assume that the initial data
A(0) has eigenvalue rigidity near the edge to an optimal scale, i.e., Assumption 4.1
holds with n* = (log N)€ N~2/3, Otherwise, we can first apply the -Dyson Brownian
motion until we have rigidity near the edge to an optimal scale. We now define u; to
be the unique strong solution to the SDE

duss 1) = idB'(’HLZ*—EW/( (o)de, i=1.2,....N
SR VT N @@ 2 Hi s EE LS,

where the Brownian motion appearing here is the same Brownian motion appearing
in the equation of X; () and the initial data u; (0) has the same law as the S-ensemble
with quadratic potential W,

1 N Y W
7o [T = wjlPe =00 T Tdus. ©.1)
i

i<j

The quadratic potential W is chosen so that its corresponding equilibrium measure
behaves like fip from Assumption 4.1. More specifically, the equilibrium measure
behaves like €o4/[Eg — x]+ to leading order as x approaches E( from the right. It
was proved in [47] that for any fixed integer K > 0, the rescaled vector,

(GreoN /273 ui — Eo))

1<i<K’

converges to the Airy B-point process, which is characterized by the stochastic Airy
operator.

The main result of this section is the following, which states that the extreme
particles of the Dyson Brownian motion for general § and potential V converge to the
Airy-f point process in a short time.

Theorem 6.1 Suppose V satisfies Assumption 2.1, and the initial data L(0) satisfies
Assumption 4.1 with n* = (log NYCN72/3. Let t < N~'3%® where > 0 is an
arbitrarily small parameter and fix some large integer K > 0. With overwhelming
probability, we have
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1
[(Ai (1) — Er) — (ui — Eg)| < N

for a small ¢ > 0 and for any index 1 < i < K, where the u;’s have the law of a
B-ensemble as given in (6.1).

6.1 Interpolation

Let us start with a brief discussion of the main strategy in [41]. As was described
earlier, one wants to find a coupling of the Dyson Brownian motions applied to the
Xi’sand p;’s. It is easier to get estimates on this coupling if one uses the interpolation
ari + (1 —a)u; with 0 < o < 1 between the eigenvalue processes for A; and those
for w;, and studies a Dyson Brownian motion on these interpolated eigenvalues.

Just as we have used 1 earlier as a deterministic measure which could be compared
to the initial eigenvalue density (1/N) vazl 83;(0), we need to find a determinis-
tic measure [io(x, o) that can be compared to the interpolated eigenvalue density
(1/N) XN | 803, 0)-+(1—ay; 0)- The measure [ (x, «) that we will construct has a con-
tinuous density p(x, ), and we will use o(x, ) to refer to this measure; similarly,
we will refer to the initial measure [i( as pg for the rest of this section.

It was observed in [41] that the eigenvalue fluctuations are due to short-range
effects. In order to derive edge universality, it is only necessary to have control of the
eigenvalues that lie within an O(1) neighborhood of the edge. The main difficulty in the
construction of pg(x, ) is to ensure we have a reasonable deterministic approximation
in an O(1) neighborhood of the edge; one can directly use the random point process
(1/N) 321 411.en Sani (0)+(1—ayp; 0) for eigenvalues far away from the edge. To simplify
the notation in the proof, we will assume that we have control of the eigenvalues
Xi(0) on the entire spectrum rather than just in an O(1) neighborhood of the edge.
Our construction of pg(x, ) will be less cumbersome, but will still illustrate how to
approximate the eigenvalues near the edge.

We define the following interpolating processes for 0 < « < 1.

A [ 24+ L de Yo _
dz; (t, o) = ﬂNdB,(t)-i-Nj%i R St SVaGittands, i=1.2....N. (6.2)

The potential is
Vo i=aV+0—-—a)W,
where W is the quadratic potential from (6.1), and the initial data is
2i (0, &) == i (0) + (1 — )i (0),
fori=1,2,..., N.
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We define the Stieltjes transform of the empirical particle process z; (¢, &) from
(6.2) as

1 1
m(z,a) = — _
(2, 9) NXi:Zi(l,Ol)—Z

We recall that by our Assumption 4.1, we have

po(x, 1) := po(x) = fo(x, Dv/[Eo — x]4+, x € (=00, Eol,

where fo(x, 1) is analytic in a neighborhood of x = E( and satisfies lim,_, g, fo(x, 1)
= &p. The equilibrium measure of the S-ensemble (6.1) with the quadratic potential
W has the same form

ﬁo(x9 O) = fo(xv O)V [EO - x]+7 X € (—OO, EO],

with fo(x, 0) analytic in a neighborhood of E¢ and lim,_. g, fo(x, 0) = &. It turns
outthatforany 0 < o < 1, there exists an analytic function fo(x, ) in a neighborhood
of Ey, such that the empirical distribution of the interpolated initial data z; (0, «) is
close to the profile

ﬁ()(.x, a) = f()(.x, a)\/ [EO _x]-‘rv X € (—OO, EO]

The profile pg(x, «) is characterized by the following relation

o0
ﬁ(y,a)=/ potx,e)dx, F 'y, @) =aF 'y, D+ -)F 1(y,0), acl01],
y
(6.3)

where F ! (v, o) is the inverse function of I:“(y, o).

The next proposition establishes the previously claimed analyticity properties
regarding the functions fo(x, @), € [0, 1] in a more general setting. The proof
follows from a direct power series expansion.

Proposition 6.2 Consider the two measures po(x) = fo(x)/[Eo — x]+ and p1(x) =

fi(x)/[Eg — x]+ where fo(x) and f1(x) are analytic functions around the spec-
tral edge Ey. The measure p, whose cumulative distribution function F(y,o) =
f yoo Po (x)dx is determined by the relation

Fly,)=aF ' (y, D+ 1 —a)F ' (3,0),

where F(y, 1) and F(y,0) are the cumulative distribution functions of p1(x) and
po(x) respectively, is of the following form

IOOl(x) = fOt(x)V [EO - x]+’ X € (_OO’ EO]?
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where f,(x) is analytic around the spectral edge Ey.

In our specific construction, we can establish eigenvalue rigidity estimates for the
interpolated processes.

Proposition 6.3 Suppose V satisfies Assumption 2.1, and the initial data L (0) satisfies
Assumption 4.1 with n* = (log NYCN=2/3. Then 0o(x, @) as constructed in (6.3)
satisfies po(x, @) = (€9 + o(1))s/[Eo — x]4, as x — Eq from the right, and, for
1 <i <eN,

(log N)°
00,00 = 710, )] = S22

where the 7; (0, «)s are the classical eigenvalue locations of py(x, ), i.e., 7; (0, a) =

F~Yi/n, Ol) This rigidity of the ezgenvalues would imply that the point process
(1/N) lel 2 (0,c0) IS close to the measure po(x, o), which has square root behavior,
in the sense of Assumption 4.1 up to the optimal scale n* = (log NY¢ N=2/3.

One should note that the above prop is simply a consequence of the definition (6.3).
The value of ; (0, «) is the linearly interpolated value between the endpoints at @ = 0
and 1; in other words, 7; (0, @) = (1 — a)y;(0, 0) + ap; (0, 1). Since optimal rigidity
holds at the endpoints, we have it forall 0 < o < 1.

We let p; (x, ) be the solution of the McKean—Vlasov equation (2.2) with potential
V, and initial data po(x, @), and denote its Stieltjes transform by 71, (z, «). It follows
from Proposition 6.2 and Proposition 3.4 that p; (x, «) has a square root density with a
right edge, which we denote by E; («). Let y; (7, «) be the classical eigenvalue locations
with respect to g, (x, «). To be more precise, they are defined by

i R
N = / o (x, a)dx. (6.4)
Vi(t,a)

As a consequence of Proposition 3.4, we have the following proposition for the den-
sities oy (x, «).

Proposition 6.4 Suppose V satisfies Assumption 2.1 and the initial data A (0) satisfies
Assumption 4.1 with n* = (log N)¢ N=%/3. Fix small constants ¢, » > 0 and time
t < N~13%¢ We have

1) The solution p;(x,a) of the McKean—Viasov equation (2.2) with initial data
po(x, ) satisfies p(x, @) = (& (o) +o(1)y/[Ei(@) — x]4, as x — E(«) from
the right. The changes in the measure and edge locations in o and time t satisfy:

1€ (@) = & (0)] = O(@), |Ei(e) — Ei(0)] = O(1).

The changes in the differences of the Stieltjes transforms for different o are small:
Fix any smalld > 0; for —N~22N=2/3 < k < 0, we have

IRl (i + Eqf (@), &) — ity (E; (@), )] — Re[rit (k + E;(0), 0) — it (E,(0), 01| < || N30,
(6.5)
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For0 <k < N=22N=2/3 e have
[Relrfty (i + Ey (@), @) — iy (Ey (o), )] — Relis (k + E¢ (0), 0) — i, (E; (0), 0)]] < [e]'/2N?. (6.6)

We have the following estimates on the classical eigenvalue locations (as defined

in (6.4)),

) A N i2/3t
forany 1 <i <eN.
2) The optimal rigidity estimates hold:
. (log N)¢
iz, @) — 1 (2, @)] < —o (6.8)
Nn

where n = Im[z] > N723 and k = Re[z] — E: () satisfy k|, n < e. We also
have the rigidity estimates for each particle close to the right spectral edge,

. (log N)©
sup sup |z;(f, o) — ¥ (t, )| < N2 (6.9)

0<a<10<t<T

for 1 <i < eN with overwhelming probability.

Part 1 in Proposition 6.4 consists of deterministic estimates regarding the solution
0t (x, ) of the McKean—Vlasov equation (2.2) and its Stieltjes transform. The proof
is the same as in [41, Lemma 3.4], except that we assume that the initial data A(0)
satisfies optimal rigidity estimates. Thus, we do not need to run the Dyson Brownian
motion first up to time 7y as in [41, Lemma 3.4]. The proof only involves knowing that
the measures p; (x, «) are close near the edge up to a small multiplicative factor along
with the square root behavior of g, (x, ) around the edge. For part 2 of Proposition 6.4,
the rigidity estimates follow from Proposition 6.3 and Sect. 4.

6.2 Short-range approximation

We recall from (3.4) that the edge E;(«) satisfies the differential equation:
1 !
dE: () = —m; (Es(a), a)dt — EVO((E,(oz))dt.

Combining this with the SDE of z; (¢, @), we can derive an equation for z; (¢, o) :=
zi(t, o) — Er(@).

d3; (t, @) = i(119<(t)+i > S Y
Zit,a) = BN o Nj:j#izi(t,ot)—zj(t,a)

1, . 1 .
- EVO/[(Z,‘(I, o) + E¢(a))dr + my(E¢ (), 0)dr + ivo/t(Et(Ot))dl, l<i=N.
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The highest order contribution to the fluctuation around the edge comes from the short-
range interactions, i.e., the particles close to z; (¢, «). Following [41], to quantify this,
we need to define a symmetric set of indices A C [N] x [N], i.e., (i, j) € Aiff
(j, i) € A. The definition of A requires the choice of a short-range scale parameter

£:= N,

We do not want to consider the effects on the dynamics from eigenvalues that are far
away. The parameter ¢ is introduced to quantify the scale of the short-range dynamics.
We see that we will have to choose wy > w where w is from Theorem 6.1. As in [41],
we choose wy = 10w for concreteness. We let

A= {(i, P li =l < 1062 + 213 +j2/3)}.
We denote the interval

li(t, ) = [yj- (1, a) = E(), yj1(t, @) = Er(a)],

where j— = min;{(i, j) € A} and j4 = max;{(i, j) € A}.

We construct a new process Z; (¢, o) that makes two simplifications to the dynamics.
The first is to only consider the short-range interaction on the scale £. The second
is, on a scale N4 with wg > wy, to replace E;(«) and m;(E;(«), a) with E;(0)
and m;(E;(0), 0). For concreteness, we will choose wg = 10w,. We will show that
Zi(t, @) — z; (¢, ) is small. Moreover, the new dynamics Z; (¢, «) are much easier to
study.

For 1 <i < N4, the dynamics of Z; (¢, «) are given by

&io) = |2 dB() + - 3 dr
L= N N Gt o) — 2;(t. @)

jii,eA

/ 01 (E + E((0), 0)

+ X~ .. ~ -~
a0 it,a)—E

dEdt + Re[m,(E,(0),0)]dt.  (6.10)

For N®4 < i, the dynamics of Z; (¢, &) is

A 2 1 dr
i 0) = [ oudBi) + 2 aw- 2j(t, @)

Jii,j)EA
ot (E + E¢(a), @) 1o, .
+ ———dEdt — =V, (zi(t,a) + E dr
fz;'u,a) La)— E p Vit )t Er(e)
1
+ Relm; (E(@). o)ldt + 3V, (E1(@))dt. (6.11)

As we have mentioned before, the first advantage of the new process Z; (¢, «) is that
it only takes into account the short-range interaction. The second benefit is that the
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derivatives 9y 2; (1, o) are vastly simplified when i is close to the edge since we have
replaced many of the terms involving E;(«) by E;(0).

We can show that the parabolic kernel associated with our system of equations is
a contraction in £7 space. Thus, if our initial error z; (0, ) — Z; (0, o) is small, then it
will be small for all later times ¢. Our initial rigidity estimates imply our initial errors
are small. The details of the proof are similar to those of [41, Lemma 3.7]; we have the
same rigidity estimates (6.9) as well as the measure comparison estimates (6.5)—(6.7).

Proposition 6.5 Under the assumptions of Proposition 6.4, with the construction
(6.10) and (6.11), we have

sup sup max |Z; (¢, o) — Z
0<a<10<t<T 1<i=N

(t,a)|] < N2

for some ¢ > 0. For any fixed large integer K > 1, we have

(log N)¢

sup sup sup Iz,-(t,a)—)?i(t,a)|§m.

0<a<10<t<T 1<i<K

In the following, we show that for time r > N3, maxj<j<k |042i(t, @)| is

negligible. Let u; (f, o) := 0,2; (¢, @). We see that u(t, @) = (u1(t, «), uz (¢, @), ...,
up (t, a)) satisfies the equation,

oyu(t,a) = Lu(t,a) + &,

where the operator £ and the force term £ are given as follows. The operator L is

L=B+V,
where
Bui=~ Y uj—ui
u) = — S — 5
N i pea Gl D = 2j(@ 1)

V is a diagonal operator, (Vu) = V;u;, such that for 1 <i < N4,

o:(E + E
Viz—/ pi(E + t(o)’o)dE, £=0,

w0 Gilat) = E)?

and, for N¥4 < i,

o.(E + E ,
Vl'z—/ wdﬂ I€] < N€.
()

GZi(a, 1) — E)?
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In the definition of V, we use the measure p, instead of one explicitly defined by
the free convolution with the semicircle as in [41, Section 3.1.1].However, we can still
derive similar energy estimates as well as finite speed estimates. This is due to the
fact that the estimates in [41] involving the analog of the operator V, such as Lemma
3.11, only really require the square root behavior of the comparison measure. Since
we know our p;, has square root behavior and we have the estimates in Proposition 6.4,
we can derive the same estimates on the kernel L.

As in [41, Section 4], the propagator of the operator L satisfies a finite speed esti-
mate. We can replace it with a short-range operator. Afterward, an energy estimate as
in [41, Section 3.5] implies that |u; (£, &)| = |9a2i (t, )| < N¢/(N'/3¢t) for arbitrarily
small c. As a consequence, we get

N2B|(zi(t, 1) — Er(1)) — (z: (£, 0) — E((0))]
= N?3|Git, 1) = 2,0 +O(N™F)

1
/ 8u2i(t, @)
0

-0 (N‘/(N1/3t) n N—C) =o(1),

= N?/3 +O0(N79)

provided t > N ~1/3 and Theorem 6.1 follows.

Acknowledgements We want to thank the anonymous reviewers for their comments and suggestions, which
significantly improved the readability of this manuscript.

A Proof of Proposition 3.4

The proof of Proposition 3.4 is based on performing a power series expansion of the
analytic functions A and By in a neighborhood around E( and solving the McKean—
Vlasov equation (2.2) term by term. Ag(z) and By (z) have power series representations

Ao(z) = ap + a1 (z — Eo) + ax(z — Eo)> +az(z — Eo)* +---,
Bo(z) = bo + b1(z — Eo) + ba(z — Eo)> + b3(z — Eo)* + - -,

such that

CoM?

|7|bi|5m, i=0,1,2,....

|a;

The following proposition states that the Stieltjes transform of [, has the form
A; + /By, and A;, B, have power series representations in a neighborhood of Ej.
Proposition 3.4 is a natural consequence of the proceeding proposition.

@ Springer



938 A. Adhikari, J. Huang

Proposition A.1 We assume (3.3) holds. We fix a sufficiently small T > 0 and let
L =1/T. Then fort € [0, T, the solution of (2.2) is given by

mi(z) = Ai(2) + v/ Bi(2), (A.D)

with A;(z) and B;(z) analytic functions in a small neighborhood of Ey. In this neigh-
borhood, A;(z) and B;(z) have power series representations,

A(2) = ap(t) + a1(t)(z — Eo) + ax(t)(z — Eo)* + a3(t)(z — Eo)* + - -,
B,(z) = bo(t) + b1 (t)(z — Eo) + by (1) (z — E0)> + b3(1)(z — Eo)> +---, (A2)

where the coefficients satisfy

keLtk

ar®), |br(t)| < ———-. A3
|k()||k()|_(k+1)2 (A3)
Moreover, in a small neighborhood of Eo, B:(z) has a unique simple root at z = E,
which satisfies the differential equation

V(E
O E; = —iny (E;) — (2 ) (A4)

Proof We suppose that the solution of (2.2) is given by (A.1), and A,(z), B;(z) have
power series representations given by (A.2). We plug (A.1) into (2.2) to get

oA+ 2B o+ B Ry (BaD +lDaB) (A5)
ttzm—tzt > tlmtztztzts :
where
V'(2) . V(2)V"(2)
Di(z) = Ar + , Ri(2) =Ag(z,x)duz(x)——4 , (A.6)

are analytic in a neighborhood of E(. One should note here that our goal in this section
is not to show the existence of solutions to the original McKean—Vlasov equation, but
only that said solution is analytic in a small neighborhood of Ey. Thus, the fact that
we use [i; in our expression of R;(z) is not an issue.

For (A.5) to hold, it is sufficient that

9 B
9Dy = Dy9; Dy + + R (2),
0; By 1
2 - B[3ZD, + ED[E)ZB,. (A7)
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We solve (A.7) using the power series representations. Let

B (2) = bo(t) + b1 (t)(z — Eo) + ba(t)(z — Eo)?> + b3(1)(z — E¢)* + - - -
Dy(z) = do(t) + dy(t)(z — Eo) + da(t)(z — Eo)* + d3(t)(z — Eg)® + - - -
Ri(2) = ro(t) + r1(t)(z — Eo) + ra(t)(z — Eo)* + r3(t)(z — Eg)* +--- .

Then, (A.7) is equivalent to the following infinite system of ordinary differential equa-
tions. Fori =0,1,2,...,

d 1
0,d; (1) = Z(J' + Ddi—j(®)dj1(t) + E(i + Dbip1(t) +ri(2)
=0

abi(t) =2 (j+ Dbi—j(djp1()+ Y _(j+ Ddimj(Obj1(). (A8
j=0 j=0

Although (A.8) is not Lipschitz, we can still solve this system by the Picard iteration.
Let

4" () = di(0), b0 @) = b (0),

and define recursively
(+1) "5 ") (g ! @)
d (o:¢wy+ﬁ }:u+n4ﬁonﬁgn+§a+nqﬂuﬂqm)dn
j=0

i i
%”Wozmm+ﬁ(ng+n$ym%MQ+XM+nﬁgmﬁ%m)m
j=0 Jj=0

(A9)

As we have noted before, the existence of the measure (i, is not in question and,
thus, we do not need to perform an iteration of the r; (¢) terms in n.
We take large constants C > 0, L > 0 and a small constant 7 = 1/L. We first
prove by induction that uniformly for ¢ € [0, T,
MieLti

C
d"n, ") < ————. A.10
|d; ()||’()|_(i+1)2 (A.10)
Since R;(z) is analytic in a neighborhood of E(, we can take Cy, M > 0 large enough
such that
CoM!
i+ D%

lri (D] <
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We assume that (A.10) holds for n. Using (A.9), we have

|d(n+1)(t)| - C()Ml /t ! CZMi+leLt(i+1) 4 CMi+leLt(i+l) N COMl
T G+D? — (= + D2 +2) 2 +2) (i +1)?

<(1+;)c0Mi ’Z C2 M+l Lt(i+1) +CMi+1eLt(i+l)
T+ D? LG DG +)E -+ D 2L+ DG+

cmieltt (1 +1nc N 6CMeLT N MeTL - CMielt
TG+ 1)? Cc L 2L )~ i+ D2’

provided C > 4Cy and L > 24eC M. Similarly, for b (¢),

CoMi i C2Mi+1oL1+1)
o< 2+ [ DN
+D l—J+1)(J+2)
_ CMieL [y lSCMeLT - CMielt ALD
= (+1)2 L ~ (4127 '

provided C > 2Cq and L > 36eC M. This finishes the proof of claim (A.10).

In the following, we prove that dl.(") (1), bf")(t) converge uniformly as n goes to
infinity. This follows from

_ 1 CMl Lti
1 (1) — " )1, 16" (1) = b V(1)) < TRCESEE (A.12)

We prove (A.12) by induction. We assume that (A.12) holds for n. By using (A.9), the
difference |d" " (1) — d™ (1)| is bounded by

/ Z<1+1>

(|0 —a;Pw| a0 +d" o

(n) (n—1)
i (0 —dj (’)D

(l+l)

b(n) o _b(n 1)(1)‘(” _1 t 2': 202 ppitH LiGi+1) . CMi+ LG+
+l i —j+ 12 2(i +2
o=+ D +2) i+2

_ CcMieLt 12CMeLT+MeTL ] CMielti
—2n (4 1)2 L 2L )~ ontl 4127
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provided that L > 24eC M. Similarly, the difference [b" " (1) — b™ (1)| is bounded
by

1 -1 1
R O ORI OY AT OR ROl

r .
/02;(1“)(

LY (Ja @0 = a6 0 +d" V@ [ 0 VD ) ar
]_

1 t i 6C2 Mit1 LG+ 1 CMielti 360 MeLT | CMielti
2" iU D2(j 42) 20 (i 4 1)2 L 2t (4 1)2
(A.13)

provided L > 72¢eCM.
We denote fori =0,1,2, ...,

di(t) = lim d"™ (1), bi(t) = lim b (1).
n—oo n—oo

They satisfy the system of differential equations (A.9), and (A.3) holds.
Using the same argument we used for (A.11) gives us

302 pit] (eLt(i+1) -1

|bi () — b (0)] < (i + D2L

And, thus, for 7 > 0 small enough, times 0 < ¢t < T, and z on a small circle centered
at Ey,

3C2(MZ)i+1 (eLt(i-H) _ 1)
(i + DL

|Bi(2) — Bo(x)| < )

i>0

< [Bo(2)]-

Thus, by Rouché’s theorem, B, (z) has a unique simple root at z = E; inside a small
neighborhood of Ey. Moreover, from our construction, B;(z) = B;(z). Thus, E; is
real. By taking the derivative of B;(E;) = 0 with respect to ¢ and using (A.7), we get

0:B:(E V/(E
08 = 25D b (Ey = iy (B — LD
9B (E;) 2
This finishes the proof of Proposition A.1. O

Proof of Proposition 3.4 Tt follows from Proposition A.1 that [i; has square root behav-
ior. In addition, 7,(E;) = A;(E;) + +/B;(E;) is uniformly bounded for 0 <t < T.
The claim that E; is Lipschitz in time simply follows from integrating (A.4).

Next, we prove that &, is Lipschitz in time. We notice that Q,z = 0;B;(E;). To prove
|€; — & = O(r — s), it suffices to prove this for s = 0. Using the series expansion,
as in the notation of (A.2), we see that

@ Springer



942 A. Adhikari, J. Huang

€7 — €5 = 3:B,(E)) — 0. Bo(Eo) = b1 (1) —b1(0)+(E, — Eo) »_ ib; (t)(E; — Eo)' .
i=2

Using the differential equation (A.8), we see that by (t) — b1(0) = O(¢). Earlier,
we showed that (E; — Ep) is of O(¢). The infinite sum converges provided we take
T sufficiently small. Therefore, it follows that € — €3 = O(¢). Since ¢ is bounded
away from 0, this would imply that €, — €y = O(¢) as desired. O

B Rigidity bounds in the Proof of the Mesoscopic Central Limit
Theorem

We start this section by collecting some lemmas that analyze the movement of char-
acteristic flows that terminate in a radius n (N 23 « n < 1) neighborhood of the
edge E;. Knowing the precise values of kg and 1, along a characteristic of the form
zs = E5 4 k5 + ins will allow us to apply many of the improved rigidity bounds from
Theorem 4.8 and the following remarks.

Lemma B.1 Suppose V satisfies Assumption 2.1 and let ® be a small parameter. Con-
sider a characteristic 7, = E; + k; + in; as in (2.4) with terminal time t = o(1). If z;
satisfies

—N%n <k Sy, NTHATRR < < NT20O (B.1)
then for any 0 < s < t, we have:

N7 —Ct—5)) <y < NP +C(t— ),
—CN%ny < kg < C( 4+ (t —5)/0)0;.

Proof From the equation determining the motion of the characteristics (2.4), we know
that each characteristic moves at a rate O(1) in time. Thus, if n; < N —202 ' we have
ns < N729% 4+ C(¢t — s5). Thanks to the estimates (2.7), if n, > N~2/3t20% e have
Ny = N723H200 — C(r — ).

In the following, we estimate the ratio «s/ns. Let z; — E; =k +1in; = (R + ia,)z,
andzy— Es = k5+ins = (R —Has)z, where R;, a;, Ry, and ag > 0. By our assumption
on z;, we have

_N0<ﬂ—l<&_ﬂ><c
T 2 \a R:) — '

and it follows that N’D/C < %’ < C. Thanks to (2.7) and the assumption of square
root behavior, we have a; < Im[m,(z;)] =< Im[m;(z5)] < as. Moreover, using (2.7)
again, we have 2a;R; = ns; < (n; + (t — s)as) < (asR; + (t — s)as). We conclude
that Ry < R; + (t — s), and
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N—°<&x&+t;s<<1+t_s>,

~ ~

dg ay az

It follows, by rearranging, that

1 /R t—
_NasKJ:_(_S_a_S)<1+ s'
Ns 2\ a, Ry

This finishes the proof of Lemma B.1. O

Lemma B.2 Suppose V satisfies Assumption 2.1. Consider a characteristic z; = E; +
Kt +1ny as in (2.4) with terminal time t = o(1). If its terminal point 7; = E; + k¢ +1n;
satisfies —n; < «; < Cmny, then we have, for t —q > /n;, that \/|k4l +1n4 =<
(t —q), and, fort — q < ./ny, it holds that \/|k4| +ng < /Nr. We always have
ng =0+ —q)y/m

If we consider a characteristic whose terminal point instead satisfies —N°n, <

ky < —ny, we instead find that \Jkg +ng < (t — q) for t —q > J/|k:| + ;. For
t —q < kil + n:, we have \/|/<q| + 1y < VKl + 05 We always have ng <
N+ @ — @)kl + e

Proof Consider a characteristic whose terminal point z; satisfies —n; < «; < Cn;. By
square root behavior, this will imply Im[#,(z;)] =< ,/7;. Finally, by the final line of
(2.7), we have that n, < n; + (t — q) /n;. We see that, fort —q < ,/5;, we have that
ng =< ny, while, for (t — q) > /n;, we have that n, < (t — q)./7.

We additionally have the relation Irn[r?zq (zg)] =< Im[m;,(z,)] by the second line
of (2.7). This will certainly imply that z, cannot move far inside the spectrum, and,
instead, we must have

Ngq - Nt
Vikgl+ng ki +

This will imply

n.
Vgl +ng < J—f?_ = i+ —q).
t

Thus, when ¢ — g > /7;, we have that \/[kz| < (t — q).

Now let us consider, instead, the case that —N?® nr < kr < —n;. We will have the
relation 7, =< 1y + (t — q)«/Ix¢|. For t — g > n;/./k:, this will be comparable to
(t — @)/Ix¢]. To maintain Im[m,(z4)] < Im[m;(z,;)], when t — g < /k;, would
necessitate |k;| + 1y < |k;| + n;. When (¢t — q) > ,/k;, we would instead have the

relation n
—— =Vl + .
kg + g

This would then imply that \/ik; + 14 < (t — q). O

The improved rigidity bounds in Theorem 4.8 allow us to get sharp estimates on
the derivatives of the Stieltjes transform as in the following lemma.

Lemma B.3 Recall the times s and t from Eq. (5.1) as well as the event S from Sect. 5.
Under the assumptions of Theorem 5.1, consider a characteristic z; such that n; < n
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and —N°n < k; < 1. On S, we have the following estimate uniformly for times q
satisfying s < q <t.

0

|07 mg (zq) — 31y (zq)| < (B.2)

(|Kq| + 7]11)’75 ’

where D is any parameter strictly greater than 9.

Proof Since both m, and 171, are analytic on the upper half-plane, by Cauchy’s integral
formula,

. p! mg(w) — gy (w)
' mg(zq) — 801ig(2g) = 271 Je de’
q

where C is a small contour in the upper half-plane centered at z, with radius n, /2. We
take the absolute value of both sides to get

dw.  (B.3)

p_‘% mg(w) —mg(w) | _ pt [ |mgw) — ritg (w)]
271 Jo o (w —zg)PT! T2r Jo w—zg|Pt!

If we have that k;, > n, > N ~2/3, we will be in a region in which we can apply
M(log N)?
N(kg+ng)
Otherwise, we have, instead, that n; > k; > —N 0 14 by applying Lemma B.1. At this
point, we can apply the error estimate from (4.13) to conclude that [m, (w) —ritg ()| <
N°(log N)M

N (|Kq|+77q) :

We can regard the M and log N factors as unimportant relative to the N° factor
in the numerator for sufficiently large N. We can additionally bound |w — z,| in the
denominator from below by n,. Applying these considerations to the contour integral
(B.3), we derive the bound

the improved error estimates (4.18) to argue that |m,(w) — 7 (w)| <

0
107 mg (2q) = 1 (2q)] < ————.
T T kgl g g

where 0 is any parameter greater than 9. O

We will often have to perform the time integral of the error term coming from our
rigidity estimates. This lemma explicitly performs the time integrals that frequently
appear in our analysis.

Lemma B.4 Recall the times s and t from Eq. (5.1). Under the assumptions of The-
orem 5.1, consider a characteristic z; = E; + k¢ + in; that, at time t, satisfies the
conditions n; < 1 and —N°n <k, < n. We have

ki ( : )
2 _ofl —
P —i2 )
s Tg ! /
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where the implicit constant is universal.

Proof We can perform explicit calculations thanks to (2.7)

t t
Lag=of | L d)(_)
s Mg s (e + (0 — @)Im[m; (z,)])? Im[rt, (z,)1n?

The claim follows from our assumption of square root behavior. We chose the time
difference ¢ — s large enough so that the quantity n; + (z —s)Im[m; (z;)] is much larger
than 7,. Finally, we used the fact that, at z,, we have Im[1,(z,)] < C /N for some
large constant C. O

The following lemma computes the main contribution of the quadratic variance
terms from Proposition 5.3.

LemmaB.5 We recall €, from (3.5) and the times s and t from Eq. (5.1). Under the
assumptions of Theorem 5.1 and for any time q satisfying s < q < t, we have the
following integral evaluation,

(14+0(N"*)e,

Vg +ing Jic, +in (g +ing + [} +in})3

(B.4)
where the characteristics z; = E; + k¢ + iy, 2, = Er + & + in) satisfy s, n, < n,
—N°n < ki k] <.

/Eq dig ()

oo (0 = 2g)2(x —2()?

[SRS]

Proof We recall from Proposition 3.4 that the measure /i, is supported on (—oo, E],
and has a density in a small neighborhood of E,; of the form

ditg(x) = (1 + O(|Eq — x1)€yy/[E, — x]4dx.

Now, we try to explicitly identify the main term found in (B.4). We have

/E" diig(x) _ /Eq Pg (x)dx
o (X —2g)?(x — Zﬁ;)2 E,—(log Ny~ (x — 2g)*(x — ZQI)2
qu(logN)’1 di (x
+/ qu( ) -
—co (x —z¢)*(x — z¢)

(B.5)

The second term of the above equation can clearly be bounded by O((log N)*) if one
takes into account the fact that z, and z; are far away from E, — (log N )~ 1. This can

easily be seen to be an O(N _02) factor of the main term in (B.4).

To estimate the other quantity, we do a Taylor expansion of p,(x) around the
point 0 as |, (x) — Qqﬁ | = O(x3/2). Without loss of generality, we will assume
that |k, > |K;|. To illustrate the computation, we will only consider the case that
—kg > 14, and —k, > n,. Similar techniques can be used in all other cases and
are generally simpler. The above computation can be divided into two cases; the first

@ Springer



946 A. Adhikari, J. Huang

case is when |k, — /c;| > |kq|/2. We will perform a decomposition of the integral as
follows:

/Eq |Eq _ x|3/2 /Eq+2l(q |Eq _x|3/2
—oo X — zg1?|x — 24 |? —o e —zgPlx — 2412

Eq-‘r(l(q-‘rKé)/Z |Eq _ )C|3/2
+ 5 7 2dx
E 42k, Ix —zq|Ix — 24l
£y (B, — 2P
+ S TIVR N R
Eq+(kgtx))/2 1X = 2q17|x = z4]
E,+2 5/2 / 5/2
D e e g I/ g + k4
S |Eq — x| dx + 3 ) 5 )
—o0 nqlkq - qu Mg |Kq - qu

—-3/2 1/2 -2
< lieg 1732 + Jieg 1202,

We need to show that the above quantity will be less than N —o? kg |_2|K(; I_l/ 2 This
is implied by the two inequalities n, < N =2 and |k,| < N°n, from Lemma B.1.

Next, we consider the case in which |k, — K‘/] | < |«gl/2. We can divide the integral
as

/Eq ‘Eq _ X|3/2 /Eq+2xq ‘Eq _ X|3/2 /Eq |Eq _ x|3/2

—oo X = zgPx = 22 N . L A Egt26g X = 2q121x — 252

—=3/2 5/2. -2 1-2
S lieg |7+ 1ieg PP 22

To show that the above error is smaller than N 2" l1cq |2 |K{; |~1/2, we would only need
to show that |x,|° < N‘Dzné n;f. Applying 1, =< 1, and the fact that |i;| < N°ng,

we see that we would only need to prove that n, < N —2°=50 This is due to the fact
that n, < N~20°,
We now only need to compute the following integral

Eq CgVEq —x
/l;q(logN)—' (x —z9)?(x —2))?

0 V%
f_oo (x — kg — ing)?(x — &) —in})?

¢

T q
2 Vg +ing [l +in} (Vg +ing + sqric +in})?

dx 4+ O((log N)>/?)

+0((log N)*?),
(B.6)

where the square roots come from the branch with positive real part, and the error term

(log N )3/2 can be absorbed into the N —o? factor of the main term. This finishes the

proof of Lemma B.5. O
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We now compute the time integrals of the main terms in Proposition 5.3 weighted
by the factors Z; (Z;)~!. By using the equation of the characteristics, we can integrate
this by a simple change of variables formula.

LemmaB.6 We recall €, from (3.5) and times s and t from Eq. (5.1). Under the
assumptions of Theorem 5.1, take two characteristics z; = E; + «; + iny and 7, =
E; + «] + in] such that n;, n, < n, —=N°n < k¢, k] < 0. We have that

g T g Jig iy e ga
s N /il + i) /—oo (x —zg)?(x — 2))?
B (1+O0WN~))
Ak i/ iy (e g+ i+ )2
(1+O(N"))
 aik T+ i (SR F s + e F )

Proof Using the results of Lemma B.5, we have

1 \/Kq +ing /Ky +ing /Eq dfiy (x)
s Ak /e +in, Joco (X — 29)%(x — Zfl)z
t
¢
— (1+O0(N")) / /2
N

q
dqg.
(\/ Kq + inq + v/ K(; + iﬁ(’,)3

Let A = ks +1n, , A’ =/, +in} and B, = /2 fqt ¢.dr. By using our char-
acteristic estimates from (5.27), we would like to replace ,/«; + in, with the sum
VK 1+ /2 fqt ¢, dt up to some small error. For times (t — q) < (|k;| + n)\/4,

this replacement is valid up to a multiplicative factor of (1 + O(N ’Dz)).

(B.7)

t t
/n/Z % dq:(1+0(N—°2))/ a4,

: : 2B
(Vg +ing + \Jxg + iny)3 (A+ A" —=2Bg)

We will change the integration variable from g — By ; the Jacobian of this transform
will be 7/2¢&,. Upon this transformation, we see that we would have to integrate

BBX "o mdx. This can be evaluated explicitly and will give us the last line of

(B.7) up to a multiplicative factor of the form 1 4+ O(N _92), due to the fact that we
have to invert the substitution /«; + in; + /2 fqt ¢dr — /K4 +1ing. We remark
here that if we have that t — s > /7, the last line of (B.7) can be subsumed as an

O(N _Dz) error of the second term. O

The following lemma collects the last computation appearing in Sect. 5. It follows
from the arguments of Lemma B.5 and Lemma B.6. We will only mention the result
here for reference.
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948 A. Adhikari, J. Huang

LemmaB.7 We recall €, from (3.5) and times s and t from Eq. (5.1). Under the
assumptions of Theorem 5.1, consider a characteristic z; = E; + k; + in; such that
n: =< nand —N°n <k, < n. We have

7€, (14+O0(N)

0ig (2g) = = Nk (B.8)
and ' 1(14+O0(N"))
_ N + N
/SL(Iq) lazzmq(zq)dCI=§Tim- (B.9)
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