Probability Theory and Related Fields (2019) 175:309-340
https://doi.org/10.1007/s00440-018-0890-5

@ CrossMark

Asymptotics of even-even correlations in the Ising model

Sébastien Ott! . Yvan Velenik’

Received: 27 April 2018 / Revised: 13 November 2018 / Published online: 3 December 2018
© Springer-Verlag GmbH Germany, part of Springer Nature 2018

Abstract
We consider finite-range ferromagnetic Ising models on 7% in the regime B < B..
We analyze the behavior of the prefactor to the exponential decay of Cov(o4, o),
for arbitrary finite sets A and B of even cardinality, as the distance between A and B
diverges.
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1 Introduction and results

We consider the Ising model on Z¢ with formal Hamiltonian

H=-— Z Jj_,'O’,'O'j,
i.j)cZ’

where, as usual, o; denotes the random variable corresponding to the spin at i €
Z¢. The coupling constants J = (J (x))erd are assumed to satisfy the following

conditions!:

e ferromagnetism: J, > O forall x € Zd;

e reflection symmetry: Jy = Jz if x = (x1,...,xg), X = (X1, ..., Xg) with |x;| =
|X;| forall 1 <i <d,;

e finite-range: 3R < oo such that J, = 0 whenever || x|, > R;

e irreducibility: J, > O forall x € 7% with Ix]| = L.

I Letus emphasize that these conditions are actually stronger than needed. In particular, the irreducibil-
ity condition could be substantially weakened at the cost of (minor) additional technicalities. However,
ferromagnetism and short-range interactions (that is, Jy < e~¢I*ll for some ¢ > 0) are real restrictions.
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310 S. Ott, Y. Velenik

Let Gg be the set of all infinite-volume Gibbs measures at inverse temperature
and 8. = sup{p : |Gg| = 1}. Asis well known, B, € (0, oo) for all d > 2. (We refer
to [14] for an introduction to these topics.)

From now on, we suppose that d > 2 and 8 < . and we denote by 14 the unique
infinite-volume Gibbs measure. It was proved in [2] that, in this regime, spin-spin
correlations decay exponentially fast: the inverse correlation length

. 1
p(w) = — lim - log Covg (00, 0fnu))

exists and is positive, uniformly in the unit vector u in R, Here, the covariance is
computed with respect to ug, and [y] € 74 denotes the component-wise integer part
of y e RY.

Given a function f : {—1, 1}Zd — R, we denote by supp( f) the support of f, that
is, the smallest set A such that f(w) = f (') whenever w and ' coincide on A. f is
said to be local if [supp(f)| < oo.

Let 6, denote the translation by x € Vi 6, acts on a spin configuration w via
(0xw)y = wy_y and on a function f via 0, f = f o 6_,.

We are interested in the asymptotic behavior of the covariances

Covg(f, Onu18) (D

as n — oo, for pairs of local functions f and g and any unit vector u in R?. For any
local function f, there exist (explicit) coefficients (f4) Acsupp(r) such that

f= ) faoa

ACsupp(f)

where o4 = ]_[ieA o; (see, for example, [14, Lemma 3.19]). Using this, (1) becomes

Covg(f. Oug) = > fa&sCovg(oa. 051 nu)- )

ACsupp(f)
BCsupp(g)

This motivates the asymptotic analysis of the covariances Covg (o, 0B4[nu]) for
A, B e 74 (that is, A and B are finite subsets of Zd). Observe that, by symmetry,
Covg(oa, 0B+[nu)) = 0 whenever |A| and | B| have different parities. We can therefore

assume, without loss of generality, that |A| and | B| are either both odd, or both even:
one then says that one considers odd—odd, resp. even—even, correlations.

0dd-odd correlations

In this case, the best nonperturbative result to date is the following:
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Asymptotics of even—even correlations in the Ising model 311

Theorem 1.1 [10] Let A, B € Z be two sets of odd cardinality. Then, for any d > 2,
any B < B. and any unit vectoru in R4, there exists a constant0 < C < 00 (. depending
on A, B,u, B,J) such that

c
Covp(oa. o)) = ~=pzze " (L +o(D),

asn — OoQ.

This result has a long history, starting with the celebrated work by Ornstein and
Zernike in 1914 [20,28], in which the corresponding claim (for fluids) is established
(non-rigorously) in the case of the 2-point function (that is, when A and B are single-
tons). That such a behavior indeed occurs was first shown when d = 2 using exact
computations [27]. In general dimensions, the earliest rigorous derivations, valid for
sufficiently small g, are due to Abraham and Kunz [1] and Paes-Leme [23], using very
different approaches. A non-perturbative derivation, valid for arbitrary 8 < f. was
given by Campanino, loffe and Velenik [9] (see also [11]).

Derivations for general odd—odd correlations were first obtained by Bricmont and
Frohlich [6,7] and Minlos and Zhizhina [19,29], for sufficiently small values of 8, and
then by Campanino, loffe and Velenik [10] for all 8 < B..

Even-even correlations

The asymptotic behavior of even—even correlations is more subtle and initially led to
some controversy: in the case of energy-energy correlations (that is, when A and B
are each reduced to two nearest-neighbor vertices), heuristic derivations by Polyakov
[24] and Camp and Fisher [8] led to distinct predictions. While both works agreed
that the rate of exponential decay is now given by 2£4(u), the predicted behavior for
the prefactor were different: Camp and Fisher predicted a prefactor of order n~¢ for
all d > 2, while Polyakov predicted a prefactor of order n=2 when d = 2, (nlogn) 2
when d = 3 and n= @D when d > 4. When d = 2, these predictions coincided
and matched the result known from exact computations [15,25]. It turned out that
Polyakov’s predictions were correct. For sufficiently small values of 8, this was first
proved by Bricmont and Frohlich [6,7] for dimensions d > 4, and then by Minlos
and Zhizhina [19,29] for dimensions 2 and 3; see also [3,4]. Extensions to general
even—even correlations, at small values of 8, were proved in [5,19,29].
Our main result is the following non-perturbative derivation.

Theorem 1.2 Let A, B € 7% be two nonempty sets of even cardinality. Then, for any
d > 2, any B < B. and any unit vectoru in RY, there exist constants 0 < C_ < C4 <
oo (depending on A, B,u, B, J) such that, for all n large enough,

C- ~25m

Ctr  2gpm
E(n)

< Covg(oa, 0B4[nu]) < e

= Em)
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312 S. Ott, Y. Velenik

with
n? when d = 2,
E(n) =4 (nlog n)2 when d = 3,
nd-1 when d > 4.

Remark 1.1 In addition to its being non-perturbative, an advantage of our approach
is that it applies to arbitrary directions u and a very general class of finite-range
interactions, while the earlier approaches imposed severe limitations.

Heuristics and scheme of the proof

Let us try to provide some intuition for the behavior stated in Theorem 1.2, considering
the simplest non-trivial case: A = {x, y}, B+nu = {u, v}. The high-temperature rep-
resentation of correlation functions (see Sect. 2.1.2) expresses the correlation function
(0A0B1nu) g as asum over pairs of disjoint paths y1, y» with endpoints in {x, y, u, v},
with a suitable weight associated to each realization of the two paths. The three possible
pairing are thus:

s NSty
y e 2%, yf\/\/—\l-@ T v

For the product (o4)g(0B+nu) g, ONe obtains a representation similar to the left-
most one above, but with the two paths y, y» now living in independent copies of the
system (and not necessarily disjoint). Since 8 < B, typical paths between x and y and
between u and v do not wander far from their endpoints. Therefore, when n > 1, one
might expect that the contribution from the left-most of the above pictures essentially
factorizes, thus canceling the contribution of (04)g(0B+nu)g and leaving only the
contributions of the two right-most pictures. If the two paths could be considered
independent, one would then recover the square of the usual Ornstein—Zernike decay.
There are however, several problems with this argument (which, in particular, are
responsible for the deviations from this behavior in dimensions 2 and 3). First, it turns
out that the interaction between the two paths in the left-most picture, although small,
decays exponentially in n with a rate 2g(u), that is, the correction is of the same
(exponential) order as the target estimates in Theorem 1.2. Therefore, the behavior of
the truncated 4-point function cannot be read solely from the last two pictures. Second,
there is a non-trivial infinite-range interaction between the two paths (as well as self-
interactions) that make approximating them by independent random walks delicate.
Third, the constraint that the two paths do not intersect, although mostly irrelevant in
dimensions d > 4, is crucial when d = 2 or 3 and is ultimately responsible for the
anomalous behavior observed in these dimensions.

In order to solve these problems, we rely on a combination of several graphical
representations of the Ising model. Namely, it is well known that the random-current
representation offers an extremely efficient way of dealing with truncated correlations,
expressing the difference as the probability of a suitable event in a duplicated sys-
tem. In particular, it suppresses the need of separately estimating the 4-point function
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Asymptotics of even—even correlations in the Ising model 313

e

Fig. 1 Top: A sketch of the graphical representation corresponding to the upper bound on the truncated
correlation function Covg(os, op) (here with |A] = 4 and |B| = 2). There are two paths, living in
independent copies of the system, each connecting one vertex of A to one vertex of B and non-intersecting.
The remaining two vertices of A are connected to each other. Bottom: the corresponding non-intersecting
directed random walks

and the product of the 2-point functions. Using this and a coupling of the resulting
double random-current configurations with the paths from the corresponding high-
temperature representation, we obtain an upper bound on the truncated correlation
function in terms two high-temperature paths connecting vertices in A to vertices in
B (that is, roughly speaking, to the two right-most pictures above). The remarkable
feature is that these paths live in two independent copies of the system and are only
coupled through the constraint that they do not intersect (see Fig. 1).

This approach does not apply for the lower bound. In this case, we work directly
in the random-cluster representation, observing that the FKG inequality allows one
to cancel (as a lower bound) the product of the 2-point functions with a suitable part
of the 4-point function. Again the resulting picture is that of two clusters connecting
vertices in A to vertices in B, living in independent copies of the system and coupled
through a non-intersection constraint.

Using the Ornstein—Zernike (OZ) theory developed in [9,11,22], we then approxi-
mate the high-temperature paths, resp. the clusters in the random-cluster representa-
tion, by effective directed random walks on 7. This allows one to obtain upper and
lower bounds given by the square of the usual OZ asymptotics multiplied by the prob-
ability that the two effective random walk bridges do not intersect. The latter being
©(n~") whend = 2, ©((logn)~?) when d = 3 and ©(1) when d > 4, this leads to
the claim of Theorem 1.2.
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314 S. Ott, Y. Velenik

Open problems
Sharp asymptotics

In contrast to Theorem 1.1, Theorem 1.2 only provides bounds, not sharp asymptotics.
It would be desirable to remove this limitation (note that such sharp asymptotics were
obtained in the earlier approaches, albeit only for 8 small enough). There are several
places in which we lose track of the sharp prefactor, but only two steps where this is
essential (the inequalities in (8) and (13)), all others could be dealt with at the cost of
(non-negligible) additional technicalities. One way to obtain sharp asymptotics may be
to build a version of the OZ theory applicable directly in the (double) random-current
setting, maybe by building on the construction in [21].

Short-range interactions

We only consider finite-range interactions. However, the same results should hold for
infinite-range interactions, as long as those decay at least exponentially fast with the
distance. Again, this would require a suitable extension of the OZ theory. We plan to
come back to this issue in a future work.

Rate of exponential decay

The random-current representation plays an essential role in our proof. Even proving
that the rate of exponential decay is 2£(u) does not seem to be immediate using
only the random-cluster representation. This would be necessary to investigate similar
questions in the Potts model.

Other models

The first thing to understand in the context of more general models (in particular, with
a richer symmetry group) is to determine what are the relevant classes of functions
(playing the role of the o4, with |A| even or odd, in the Ising model). Of course,
characters of the symmetry group seem the natural generalization, but in which classes
should they be split?

2 Proof of Theorem 1.2

2.1 The graphical representations

We consider the ferromagnetic Ising model on a finite graph G = (Vg, Eg) with
free boundary conditions (since B < B, in our application, which boundary condition

is used does not matter). The set of configurations is Qg = {—1,4+1}"¢, and the
expectation of a function f is given by
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Asymptotics of even—even correlations in the Ising model 315

Ppo=5— X f@ew(p 3 do). G)

Y 0eQqg e={i,j}€Eg

where the coupling constants (J,).ck; are nonnegative.

We now describe three graphical representations of the Ising model: the random-
current (RC) representation with its switching property, the random-cluster (FK)
representation and the high-temperature (HT) representation. We will make the con-
vention of systematically identifying a sub-graph F C G with the induced function on
edges equal to 1 when the edge is present in F and to 0 otherwise. General references
for this section are [12,14].

2.1.1 Random-current representation

The random-current measure on G is the non-negative measure on (Z>0) 6 associating
ton = (n,).ck, the weight

n

Je
wpm = [ &2

n,!

Given a random-current configuration n, the incidence of a vertex v € Vy is defined
as

I,(n) = Z n,.

ecEg,esv

The sources dn of a configuration n are the vertices with odd incidence. Let us now
express the unnormalized correlation functions of the Ising model with free boundary
condition in terms of random currents. Let A C Vi with |A| even. A Taylor expansion
of the Boltzmann weight yields

Yooa [T =11 > Joa 3 wem [[@)"™

0eQc  e=l{i,jleEg ieVg oie{—1,1} n:Eg— Lo ieVg
= 2lVal Z wp(n).
on=A

We will write

ZE(A) = > wpm),
In=A
ZE(ALE (B){F(n) +m)} = Z wg(mp)wg(m) F(n +ny),

6n|=A
in,=B
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316 S. Ott, Y. Velenik

and abuse notation by replacing the indicator function of an event by the event inside
the braces. The set of currents on G with sources A will be denoted Ng(A) (with
NG = N (2)). Correlation functions of the Ising model then become

_ZEW
Z¥ @)

(oa)p.G

For a current configuration n, denote by T the graph obtained by keeping the edges
from G with n, > 0 and removing those with n, = 0. The feature that makes this
representation extremely useful is the following Switching Lemma (see [12] for a proof
and applications).

Lemma 2.1 (Switching Lemma) For any A, B C Vg and any function F on currents,
ZE(AZE B Fm +m)} = ZE (AL BZE @) {lg, 1 +m)F(ny +m)},

where € 4 is the event that A is evenly partitioned by nﬁ—\nz (that is, each connected
component of n| + Ny contains an even number of vertices of A)and AAB = (AU
B)\(AN B).

This remarkable property makes the random-current representation particularly well
suited to analyze truncated correlation functions. In particular, an application of
Lemma 2.1 yields, for any A, B C G,

ZRC(A A B)ZRC(Q) - ZRC(A)ZRC(B) _ ZRC(A A B)ZRC(Q){QEX}
7ZRC (@)2 - ZRC(@)Z

“

(oA 0B)p =

Finally, we introduce a probability measure on NV (A) via

wg(n)
PGM) = —pe
G ZléC(A)
and write, for A, B C Vg,
PiE% (g, mp) = PE(n)PE(ny).

2.1.2 High-temperature representation

For any A C Vg with |A| even, using the identity ef”/<%i% = cosh(,BJe)(l +
o;oj tanh(B Je)), we can write

0eQg e=li,j}€eEg

— 1_[ cosh(BJ,) Z Z 1_[ (O-l.)]lA(i)Jrl{ji{iJ}eg}l Htaﬂh(ﬂje)

e={i,j}€Eg gCEg 0eQqieVg ecg
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Asymptotics of even—even correlations in the Ising model 317

=2'el} T] coshrp Y []tanh(gre).

e={i,j}€Eg ge&s(A)ecd

where £ (A) is the set of subgraphs (Vg, E) of G having the property that every
vertex not in A has even degree while every vertex in A has odd degree. Correlation
functions can then be expressed as

Z(A)
7Y (@)

(oa)p,c =

where we introduced

Zi (A= Y []ranh(gr).
ge&s(A) €Y

We define an associated probability measure ‘Bé on £G(A) by

Heeg tanh(BJ,)

A _
‘43(;(9) = ZI&T(A)

Remark 2.1 Note that it immediately follows from the definitions that
P{ (n, is odd if and only if e € g) = P (g)

for all subgraphs g C G.

Given u € Vg, we denote by E(; the set of all edges of E¢ incident at u. At each
vertex u, we fix an arbitrary total ordering on the edges of E;.

Given a vertex x € V and a configuration g € £g(A), we extract a path y starting
from x and ending at another vertex of A using the following algorithm (writing
|A| = m):

Algorithm 1: Extracting a path y starting at x € A from g

lety =@andv =x

repeat
let e = {v, u} be the smallest edge in g N E; that does not belong to y
update y =y Ue // U denotes concatenation

update v = u
until v € A\{x}

If y = (x0, x1, ..., xm), we define its edge-boundary by
m—1
V1= Jle e EF : e < e,
k=0
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318 S. Ott, Y. Velenik

where we have written e = {xi, xx11} for the edges of the path (Fig. 2).

Given x, y € A, let us denote by PATHé (x, y) the set of all paths in G starting at x,
ending at y that can be obtained using Algorithm 1 above. Given y € PATHé (x,y),
we denote by {y : x — y} the event that Algorithm 1 (started at x) yields the path
y and by G[y] the graph with edges Eg\[y] (and vertices given by the endpoints of
these edges). Then, one can easily check that

Z(A\(x. y)

70 [ ] tanh(B2).

ecy

Paly ix = y) =

The following upper bound will be useful in our analysis.
Lemma 2.2 Let A C Vg be even. Let x, y be two distinct vertices of A and let y €

PATHé (x, y). Then,

Pa x =y <Py ix - ).
Proof Let us write

ZE(A\x,yD)  ZE (A\(x, ¥) ZE1(2) 287 (2)

7T (A) - ) 7 (@) ZTA)

Now, observe first that, by GKS inequalities,

Z (A\(x. y})
— o = (0A\(x)))8.Gly] = (0A\(x,y})8,G-

e
/y
/
/
14
2
3 + 1
iy 4
[~

Fig.2 A high-temperature configuration, with 4 vertices of odd degree. The path from x to y obtained by
applying Algorithm 1 is indicated by bold edges; the edges that need to be added to obtain the corresponding
edge-boundary are shaded. The order used on the edges incident at each vertex is indicated on the right
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Then, again by GKS,

75 (A)

% = (04)8,6 = (TA\[x,y))B,G (OxOy)8,G-

Putting this together, we obtain

ZgaA\esh 1 2@ 25,@)
ZTA) T lowoype ZE@)  Zgdxy)

The claim follows, since PATHé (x,y) C PATH{Gx’y}(x, y). m]

We will denote by ﬁg ¥ the distribution of the path extracted from HT configurations

with sources {x, y} (that is, the pushforward measure of ‘Bg’y J by the mapping induced

by Algorithm 1) and by %g YIS} the distribution of two independent such paths

extracted from independent configurations with sources {x, y} and {u, v}.

2.1.3 Random-cluster representation
The random-cluster (or FK) measure associated to the Ising model is obtained by the

following expansion (remember that 4 is the event that each connected component
of w contains an even number of vertices of A (possibly 0)):

> oael Temtij) 101 — g=B L. e > oa [ (@ —1)do,0; + 1)

oe{£1}6 oe{£1}6 e={i,j}
=Cps Y 2@1g (o) ][ -,
wCEg ecw

where k¢ (w) is the number of connected components of (V, w) (each isolated vertex
thus counting as a connected component).
Defining a probability measure Pg ¢ on subsets w C E¢ by

2/((;(0)) neea)(eZﬁJe -
7 ’

Pg g (w) =

one obtains

(oa)p.c =Ppc (€a). (5)

An event A is said to be increasing if w € A implies that o’ € A for any o’ D .

An important feature of this representation is that the FKG inequality holds [12,14]:
if A, BB are two increasing events, then Pg 6 (A N B) = Pg ¢ (A) Pg.c (B).
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320 S. Ott, Y. Velenik

2.2 Notations, conventions

In the sequel, we make the following conventions:

e 1, c2, ... will denote generic (positive, finite) constants, whose value can change
from place to place (even in consecutive lines);

e || - || will denote the Euclidean norm;

e to lighten notations, when a quantity should be an integer but the corresponding
expression yields a non-integer, we will implicitly assume that the integer part has
been taken;

e we write occasionally P(A, B) instead of P(A N B);

e if E is a set of edges and i a vertex, the notation i € E will mean that at least one
edge in E has i as an endpoint.

Moreover, we will always work in finite volume. More precisely, the expectations in
Theorem 1.2 will be computed under the finite-volume Gibbs measure with free bound-
ary condition on the graph G = (V, Eg) with Vg = Vg(N) = {x = (x1,...,xq) €
V/ max; |x;| < N}and E¢ = Eg(N) = {{i,j} C Vv : Jj—; # 0}). We will
assume that N > n (say, N = n?); exponential decay of correlations then implies
that all our estimates below are uniform in N and the thermodynamic limit N 1 oo
can be taken in the end.

Also, by symmetry, we can (and will) suppose, without loss of generality, that the
unit vectoru = (u1, ..., ug) € R? appearing in the statement of Theorem 1.2 satisfies
uyp > |ug| forallk =2,...,d.

Finally, to lighten notation, we will write B = B + nu. The unit vector u and the
value of n will be kept fixed and are thus not indicated explicitly. n will be assumed
to be large.

2.3 Coupling with directed random walks

In this section, we briefly summarize results from [9,11,22] that provide random-walk
representations for both paths extracted from the HT expansion and for long subcritical
clusters in the FK representation.

2.3.1 The basic Ornstein-Zernike coupling

Fix x,x" € 74 and a unit-vector u € Rd, and set y = x’ + [nu].

Fix some 8 € (0, 1/+/2) andlet Y4 = {r e R? : (r,e;) > §||7]|} and > = =) 4
be “forward” and “backward” cones with apex at 0, an aperture strictly larger than
7 /2 (specified by 6) and axis given by the first coordinate axis. Given v € RY, denote
by 3/; =v+ Y y; = v+ Y™ and set D(v, w) = y; N y; for any w € y;.

Denote

A= U {(C,v): C>30,v, C connected, C C D(0, v)}
vey<ﬁZd
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Asymptotics of even—even correlations in the Ising model 321

B> — U {(C,v): C>30,v, C connected, C C J)v’}
ve) 407!

BY — U {(C,v): C30,v, Cconnected, C C Y9,
veY*nZ?

the C component is the “cluster” part while v is the displacement of C. Denote X =

((Br.v1). (Br, vr), (C1.v1), (Ca. 12), . ..) anelement of B x B4 x AZ=1 Forsuch
an X,m > 0Oandx € Zd,one can create a cluster connecting x tox+uvy, +vR+ZZ’:1 v;
by looking at:

Cim,X) =(x+Bp)Ux+vp+CpHUKx+vp4+v1+Cr)U...

m
Ux +vr + Zvi + Bg).
k=1

Then define the following event and function on B> x B x AZ=1:

m
Re()=1{X:3Im>1:x+v,+vg+ Y v =y}
k=1

My(X) = max{m > 0: Y ()1 < yi — ()1 — (Wr)1}.
k=1

Notice that M,_(X) > 1 when X € R,(y). Following [9,11] and [22, Sect. 4 and
Appendix C], one can construct a probability measure p on A depending on u and two
finite measures p; on B> and pron B (depending on x, x" and u, recall y = un-+x’ 2),
for which the following holds:

P1 there exists ¢; > 0 such that:
pu(lvll = k) v pr(llvll = k) v pdllvll = k) < ek,

for k large enough; ¢ can be chosen to be uniform over x, y.

P2 Denoting E} the product measure p. X pg X pZ

exists ¢ > 0 such that:

=l conditioned on Ry (y), there

dry(Ex(-),Pg (- |x < y)) < e ",

provided that n be large enough, where E}( - ) is understood as a measure on the
cluster Cy (My_,(X), X).
P3 p(v=-e) > 0and p(v = (2,2)) > Oforall z € Z¢~! with ||z||, = 1.

2 We emphasize that the constructions in [9,11,22] are actually explicit (in particular the measures and the
coupling discussed here), but we only formulate the results in the form we need for the present work.
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322 S. Ott, Y. Velenik

Fig. 3 Typical realizations of the cluster Cxy of x and y under Pﬁ (-|x <> y) (or of the HT random path

connecting x and y) can be decomposed into a concatenation of smaller pieces contained in “diamonds”
P
)

(plus two boundary pieces contained, respectively, in y;o andin M

P4 Let (Cr, vr) € B”.If there exists ¢ = c¢(8, d) > 0 such that
Pg(Coy N2, =x+CLlx & y) =c,
then there exists ¢’ = ¢/(8, d) > 0 such that
pL((C.v) = (Cr,vp)) = .

The same holds for (Cg, vg) € B under px.

Relevant statements in [22] for those properties are: Theorem C.4 for Item P1,
Lemma C.1 and Theorem C.4 for Item P2, Lemma C.3 and Theorem C.4 for Item P3
and Remark C.1 for Item P4.

We will denote Cy y = Cx(My—,(X), X).

Remark 2.2 1t follows from the above properties that:

e Given vz, vg, EJ( - |vr, vg) is the law of a directed random walk with steps
sampled according to p, conditioned to go from x + vy to y — vg.

e Given the displacements (v, vy, ..., UM, vR), the cluster Cy (M, (X), X)
obtained from E7 is contained in the diamond cover y:v LY Dx+vp,x+v+

X
v)U--- UYL, (see Fig. 3).

The same holds replacing the clusters by diamond-contained paths extracted from
the HT representation, albeit with different measures p; , pr and p. For simplicity, we
will use the same notation in both cases, as the actual form of these measures plays
no role in our analysis.

We will denote by [P, the distribution of the (directed) random walk (Sk)x>0 on 74
with So = u and transition probabilities given by p(-) (understood as a measure on
the displacement). We will also write ;) the law of this walk conditioned on hitting v.

As the walk (Sg)r>0 is directed, we will interpret the first coordinate axis as the
“time coordinate”. In this way, the walk becomes a space-time walk, and we will write
Sk = (S),SH) e Z x 747"

The properties of the measure p guarantee that the increments of the random walk
have exponential tails and that both the random walk (S,f) k>0 and the renewal process
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(S,ll)kzo are aperiodic. Moreover, Property P3 implies the irreducibility of (SkL)kZo

and the fact that (S ,!) k>0 can reach any time value with positive probability.

2.3.2 Synchronized random walks

For our purposes in this paper, we will need to consider two independent walks. Let
x,z € Z¢, with x # z and denote by P, g, the joint distribution of two independent
random walks S and S’ as above, starting respectively at x and z. Denote also P} g? the
law of S, S’ started at x, resp. z, and conditioned to hit y, resp. w. It will be convenient to
“synchronize” the two walks. Namely, let I = {i € Z>o : 3j € Z>0 s.t. Sl‘.| = (S’/.)”}
and I’ = {j € Zso : i € Zxps.t. Sl‘.| = (S’j)”}. We order the elements of / and

I’ into two increasing sequences (ix)x>0 and (jx)x>0. We can then define two new
random walks by (see Fig. 4)

Sk=S8;. and S, =§.

Under P)ycglz”, we will use the notation # to denote the (random) number of steps of
the finite trajectories of the synchronized walks. Notice that, by exponential decay of
steps, there exists § > 0 such that this number is at least § min(|z; — x|, |[y1 — wi])
with probability at least 1 — e~¢™min(zi=x1LIy1=wi for some ¢ > 0.

Moreover, we will write

# #
DS®) = JDS-1.8) and  DE) =[] DS, . Sp.
k=1 k=1

Note that, by construction, the confinement property (Remark 2.2) still holds for

the synchronized random walks, that is, if C, C’ denote the clusters marginal under

By x BY,

ccYrup®Suyt and C cY>uUDS)HUYD, (6)
So Sy So #
where S, §' are the synchronization of the trajectories marginal of ) x gy.

2.3.3 Difference random walk

Let us denote by IFD,, the distribution of the random walk (Sk)kzo defined by gkL =
Skl — (S;()J‘ and S}(l = S,l(l = (S}()”, starting at So — S6 = u € 74, and by X; its
increments (see Fig. 4). It then follows from the above properties that (see [17] for a
similar construction)

(1) 3¢ > O such that, ¥x, z € 74, Pro- (IS0 — (xl vzl x+ — 2y = 1) < e ;
(2) (Xk)k>1 are i.i.d. random variables with exponential tail;

law

G) (X}, XHE &), -Xb;
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> <

Fig. 4 Left: The synchronized random walks S and §', drawn with the associated diamonds containing
the relevant microscopic object. Right: the corresponding difference walk S. Observe that a necessary, but
not sufficient, condition for two of the original diamonds to intersect is that the corresponding enlarged
diamond associated to $ (corresponding to the value 28) intersects the first coordinate axis (represented by
the dashed line). (The picture is two-dimensional, but this observation is true in general)

@ X) = 21X | almost surely;
(®)] (glf)kzo is irreducible and aperiodic and (S;L‘)kzo is aperiodic and can reach any
times larger that its starting time with positive probability.

To shorten notation, we will write If”x = ]13(0,,() with x € 7471,

2.3.4 Some notations

Let

=inffk>1:8 =0y and </ =inflk>1:8} >n}.

n

We first introduce a few events that will be important in our analysis. Given n € Zx(
and y € Zd_l, we set

Pa(y) ={3k>0: S = (n, )},
0,(y) = {3k >0: S = (n,y) and 7y > k},
R =1{8! >n).

70

The corresponding probabilities will be denoted

P, ) =P (Pa(3),  gu(x,y) =Pe(Q0(3),  m(x) = By (Ry).

The asymptotic behavior of these quantities (as n — oo, withx = y = 0) is discussed
in “Appendix A”.

@ Springer



Asymptotics of even—even correlations in the Ising model 325

Let us stress that, in the above definitions, the index n denotes a distance along the
first coordinate axis and not a number of steps. This creates some (minor) complica-
tions, and we will need to pass from one description to the other. For this reason, given
le [S]" = {é,‘l : k > 0}, define #; to be such that Sllz = /.

Finally, let

n~! when d = 2,
Va(n) = {log(n +1)"% whend =3,
1 when d > 4,

and set ¢g(n) = n= @D/ 2y, (n).

2.4 Proof of the upper bound

In this section, we prove the upper bound in Theorem 1.2. To this end, we will use
the RC and the HT representations together with the associated coupling to a directed
random walk.

We start by deriving an upper bound in terms of an event involving two independent
realizations of the model.

Lemma 2.3
(0A; 0B)B
AlUB1®ASUBS
< Y (owom)ploasom)pPg (AL e AS, Br s BY), (7)
A1CA,BiCB
[A1l,|B1| odd

where A] = A\A,, Bf = B\By and the notation C < D means that the two sets
C, D C Vg are not connected in nﬁ\nz.

Proof Let us write ® = {A| «» A, By « By}. First recall that, since ANB = &
once 7 is large enough, it follows from (4) that

ZFC (A UB)ZRC(2){€$)
ZRC(@)Z

(0a;0B)8 =

To get an upper bound, simply notice that the event € § and the constraint on; = AUB
imply that one can find two sets A; C A, By C B of odd cardinality such that €4,y ,
Q‘SA?UBf, Ay +» A§ and By +» By are all realized in nﬂ\nz. Thus,

WZRC(A UB)Z*(2){€¢}

1
= @) Yo D ZF(AUBZ(@){€a,up N Eacupe N D)
A|CA B|CB
|A1] odd |B1| odd
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! > Y ZF(A UB)ZF(AS U B (D}

- ZRC(@)Z
AICA  BiCB
|A1] odd |B;| odd
AJUBI®ASUBS
Y ) (oaos)sc (oasose)pc Py ),
AiCA B|CB
|A1] odd |B;| odd
where the first equality is again obtained via the Switching Lemma. O

In view of Remark 2.1, we can couple the double random-current measure with a
double HT measure to obtain

AUBI®ASUBS AIUB|®ASUBS
PG (A o AT, B BY) <P (A« Af, Bl BY), (8)
where the absence of connexions in the last expression is with respect to the union of

the two HT configurations.

A1UBI®A{UBY
Now, observe that the realization of {A < A{, By < Bf} under ‘Bcl ! !

entails the existence of at least one path from A to Bj in the first copy of the process and
at least one path from A{ to BY in the second copy. We thus obtain, using Lemma 2.2,

m21U81®A SUBY (A, o A17 By Bl) < Z Z q3{)«1 ui@fy, v} (yn J// — ),

xX€A| ueB
yeA§ veBf

where y denotes the path connecting x to u in the first copy, ¥’ the path connecting y
to v in the second copy, and the event {y Ny’ = &} means that these two paths have
no vertex in common.

The expectations (04,0p,)s,6 and (UATO'Bf) g,G can be estimated using Theo-
rem 1.1. The proof will therefore be complete once we show that there exists c3,
depending on A, B, B, d but not on n, such that

o'y ny = 2) < csva), ©
for all n large enough, uniformly inx € Ay, y € A{, u € By, v € B{. Note that ¥4 (n)
corresponds to the behavior of the non-intersection probability for two independent
directed random walks on Z¢ conditioned to start at (0,0) and end at (1, 0) (see
“Appendix A”).

The bound (9) is clearly trivial when d > 4. For d = 2, 3, consider the directed
d-dimensional walk S introduced in Sect. 2.3. We start with a lemma which is a
straightforward consequence of the discussion in “Appendix A”.

Lemma 2.4 There exists c4 such that, for any z, w € 747 and anym > 1,

gm(z, w) < ca(1+ Izl + wll) T a(m). (10)
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In particular, there exists cs such that, whenever |||, |lw], < /m,
By (R | Pun(w) < es(1+ [z (4 + 1wl gra (m). (1D
Proof First, notice that (19) entails the existence of ¢ > 0 such that, for any r € Zd_l,
P30, = (L + [Irl) =0
Therefore, uniformly in w, z € Zd_l,
G (2, w) < ¢ (L4 (217 A+ 1wl Py (0, 2) Py 0. w) g (2, w).

Now, using the decomposition

Pn(0.2) =Y pm—(0.0)g:(0. 2),
=0

one obtains from Proposition A.1 and (18) that

P”ZH%(Q ) P||w‘|%(0a w) g (z, w)

13 Iwi3
0 1
= Z Z p\lz\l%—l(o’ 0) P”w”%_r(O, 0) IP)O('L'o =m+r—+I1)
=0 r=0
lz13 w3 (D)3 whend — 2
<c
oD m D~'log(m +r+1)"> whend =3

3/2 hend =2
m when
<c(+ 2 14+ ||w 2

= ( ”ZHZ)( ” ”2) { 11 ( ) 2 he / 3.

This gives equation (10). Since, by (19), p,,, (z, w) > cem™@=D/2 when |1z||,, |lw]l, <
»/m, the second claim also immediately follows:

~ m\Z, W
B, (R | Por(w)) = L&)
pm(Za w)
when d = 2,

< 14+ d+1 14+ d+1
es(L+ 11zl (1 + llwll2) ( )2 whend = 3.

O

We will now use the coupling of HT-paths with directed random walks. Let us write
(W, L,z,7,w,w) = EY "‘”(So =Uz+7),S,=27)S=C+L,w+
w), S, =+ L, w’)). Then,
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‘B{x HISL.v} yny =2) < Z ¢, Lz, 7, w,w) PZ(RL | Pr(w)) +e™ ",

0,Lel=
d—1
2.7 ww' el

since y Ny’ = @ implies that Sk # S}( for all 0 < k < #, whenever (the HT path

version of) (6) applies. The properties of the measure E guarantee that & (S#IL — Sg <
n/2) < e~ " for some ¢ > 0, once n is large enough. We can therefore assume that
L > n/2. In that case, Lemma 2.4 implies that

B, (R | Pr(w)) < e (1 + Iz A+ wl) v ).

The conclusion now follows from Property 1 in Sect. 2.3.3 and the exponential tails
of p. and pg.

2.5 Proof of the lower bound

In this section, we prove the lower bound of Theorem 1.2. As for the upper bound, the
first step will be to reduce the analysis to two independent walk-like objects conditioned
on not intersecting. This time, the random-cluster representation provides the adequate
setting.

Lemma 2.5 Assume that n is sufficiently large to ensure that A N B = &. For any
x,y € Aand u,v € B withx # y and u # v, the following bound holds:

(0a; OB)B,G
(0x0u)g,G{Oy0ou)B.G —

Y Po(CausNES|Cry=C1.Cyy =Ca)
Ciox,u
Cy3y,v
CiNCr=9
xPg (CX,M=C1 | x < u) Pg (Cy,v=C2|y <~ v) .

(12)
Proof Given a set E C E¢ of edges, we will consider below the two FK events
O(E) = {E open} = {w, = 1 Ve € E} and C(E) = {E closed} = {w, = 0 Ve € E}.

We start with the FK representation of (04; 0B)g,g. Let x,y € A, x # y, and
u,v € B, u # v. Using (5), we can write

(oa;08)p,6 = PG (€aus) — P (Ea) P (Ep)
=Pg (Eau N €5) + Pg (E4up N E4) — P (€4) P (Ep)
=Pg (EauB N €F) + P (€4 N E) — P (€4) P (Ep)
> Pg (€aus N €F)
>Pg (CaBNEG X < u,y < v,x ), (13)

where the first inequality follows from the FKG inequality, observing that €4 and €g
are increasing events.
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Next, we partition the event in the last expression according to the realizations of
the two induced clusters, that is, we sum over all pairs of clusters Cy, C» such that
x,u€Ci,y,veCrand C1NCr = Q.

PG(@AUBH@X,X(—)M,y(—)U,X%y)

= Z JP)G (QEAUB N efx |Cx,u = Cl, Cy,v = C2)

C1,C2
CiNCr=2

XPG (Cru = C1, Cyp = C2).

Writing, for £ C Eg, 0E ={e ={i,j} € Ec : i € E, j ¢ E}, we obtain, using
again the FKG inequality,

PG (Cxu = C1, Cyy = C2)
= Pg (O(C1), C(0CY), O(Cr), C(3C2))
=P (O(C1),C(AC1) | C(0C2)) Pg (Cy,p = C2)
=P (O(C1) | C(AC1)) PG (C(AC1) | C(3C2)) PG (Cy,o = C2)
> Pg (Cxu = C1) P (Cy,0 = C2)
=Ps (x < u)Pg (y < v)Pg (Cxu = Ci|x < u)
XIP’(;(C),,U=C2|y<—>v).

m}

Again, the expectations (oy0y)g.¢ and (0y,0y)g,G can be estimated by Theorem 1.1,
so that we only have to control the right-hand side of (12).

In what follows, we suppose n large enough for the definitions to make sense.
Define K = maxyecaug ||x||;- One has A C Z<g X 7" and B C Z> () —K X
721 Leta; = (10K,2K,0,...,0),as = (10K, —2K,0,...,0) and b, = nu —
(10K, —2K,0,...,0),b = nu— (10K, 2K, 0, ...,0).

We then use finite energy to prove the following:

Lemma 2.6 One can construct H C {C > x,u} x {C > y, v} satisfying:

e there exists ¢ > 0 not depending on n such that

min ]PG (@AUB N 62 | Cx,u = Cy, C}',U = Cz) = C.
(C1,Cr)eH

o There exist ¢, C > 0 not depending on n, such that

Y. P6(Cou=Cilx o u)Ps(Cyp=Caly <)
(C1,Cr)eH
CiNCr=»
> ="+ CPuy o, (IS 1] > 26X] . Yk < 1) | PL(b1 — b)),

where L = (nu); — 20K.
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bl'

X (1

. -

X (o

(]

Fig.5 An example of admissible boundary conditions

Proof We start by constructing H.
There exist x, y € A (see Fig. 5) such that one can find

e a self-avoiding path yy,, connecting x to a; included in y;l,
e a self-avoiding path yy4, connecting y to az included in yaj,

o acluster Cy\(x,y) connecting all sites of A\{x, y} together included in [-K, K 1,

with Vx4, Vyay» Cav(x,y} all disjoints, in particular, the edge boundary of any of
those three items does not intersect the other items. Fix a compatible 5-tuple
X, ¥, Yxar» Yyar» CA\jx,y)- In the same fashion, there exist #, v € B (see Fig. 5) such
that one can find

e a self-avoiding path y,;, connecting u to by included in y,;l,
e aself-avoiding path y,;, connecting v to b; included in yb;,
e a cluster Cg\(y,} connecting all sites of B\{u, v} together, included in nu +
[-K, K],
With Vup,, Yuby» CB\(u,v) all disjoints. Fix a compatible 5-tuple u, v, Yup,, Yvb,,
CB\{u,v}-
We then define H C {C > x,u} x {C > y, v} the set of pairs of cluster (C1, C3)
such that

e C1 N yﬂT = Vxay» cin y[: = Yuby» Cl\(yxal U Vubl) C D(ay, by),
e (o N yaz = Yyar, C2N 37;,: = Yoby» C2\(Vya, U Yup,) C D(az, b2).

Notice that, for any (C1, C2) € H, opening all edges of Cg\,,v} U Ca\(x,y} and
closing the edge-boundary of this set has probability bounded from below under
Pg ( [Cruw=C1,Cyp = Cz) uniformly in 7 as Cg\ y,v} U C A\ (x,y} dOes not intersect
C1U9dC| UCrUaC; and the size of the support of this event is bounded uniformly in
n. The first part of the lemma thus follows from the fact that this event is a sub-event
of €4up N €3 under Cy , = Cy, Cyy = Co.

The second part uses the replacement of Pg (- | x <> u) by EY explained in Sect. 2.3
(the same replacement is done for Pg (- | y <> v) by E;’,). By P4 and finite energy
(opening the edges of yy,, and closing the edges of dyy,, has a probability bounded
from below under Pg (- | x <> u)), one has: there exists ¢ > 0 such that

E)"E(BL = Vxay» Br = Vubl) = cC.
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So,

Z IEDG(Cx,u:Cl|)C<_>’/£)]P>G(Cy,v:C2|y<_>v)

(C1,C2)eH
CINCr=2

—cn

> —e + EZ(BL = Yxa,» BR = )/ub1) E;(BL = Yvyaz» Bgr = vaz)
x PER2 (D) N D) = 2)

a;®az

> " 4 CPBuy o, (ISTI > 28X}, Yk < 1) | PL(b1 — b)),

where L = (nu); —20K . The firstinequality is the total variation estimate P2, inclusion
of events and Remark 2.2, the second is inclusion of events (recall that I, | —ay 18 the
law of the difference walk induced by the two synchronized walks obtained from &%
and EY; by construction, the two walks have synchronized starting time). O

The lower bound in Theorem 1.2 will follow by plugging the results of Lemma 2.6
in (12) and direct use of the following lemma.

Lemma 2.7 For any C > 0, there exists ¢7 > 0 such that, for any z, w € Z¢~! with
Iz]l2, lwll, < C and all m large enough, one has

P (IS4 = 28X, , Vi < ) | Pu(w)) = e7vra(m). (14)

Proof The proof is done in two steps. In the first one, we prove that O

Claim1 Forany z, w € 747", there exists ¢ > 0 such that, for all m large enough,

P-(Qn (w) | Pr(w)) > ¢ Yra(m). 15)

This is slight extension of the estimates of Proposition A.1 to different starting and
ending points than 0.
The second step will consist in showing that the walk conditioned not to hit zero
will typically stay away from zero, so that Lemma 2.7 actually follows from Claim 1.
We first show Claim 1. Let us fix, £, £,, such that g, (z, 0) > O and g¢,, (0, w) > 0.
Now, observe that

qm(z, w) = qe. (2, OGgm—e.—2, (0, 0)gq,, (0, w).

Indeed, under ]13’1, any trajectory contributing to P, (w), visiting (£,, 0) and (m—~£,,, 0),
but otherwise avoiding 0, can be transformed into a trajectory contributing to Q,, (w)
by interchanging the two increments incident to (¢,, 0) and doing the same to those
incident to (m — £, 0), without changing the probability of the trajectory. It thus
follows from the lower bounds on f;, in “Appendix A” (see (24), (26) and (27)) that
there exists ¢(z, w) > 0 such that

gm(z, w) > c(z, w) p(m), for all m large enough. (16)
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(15) then follows from (18).
Let us now turn to the second step and show how Claim 1 implies Lemma 2.7. We
introduce

(ISHI < 28%] ) ifi e (S],

D; = .
otherwise.

Note that, for D(S,,, Stm) N D(S/_ ,S},,,) # @ tooccur, it is necessary that D; occurs.
To conclude, one thus has to show that there exists ¢ > 0, depending on z and w, such
that, for all m large enough,

B, (D5 Vi € [SI'N [0, m] | Qu(w)) = c. (17)

To this end, we separate the treatment of the trajectory close to the starting and ending
points from the treatment away from them. Let 7 > 0 be a large integer (which will
be chosen later as a function of z, w) and write I = [T, m — T]. Then,

B, (DS Vi €[S1' N[0, m] | QO (w))
=E( N )E( N ., () o)
ielS)inir ie[S1IN[0,m] ielS)inir

> TB( () D] Quw),

ie[S1InIy

where the inequality is obtained by fixing a trajectory on [0, m]\ I7 for every realization
of [ ci§]Inty D;. That cg > 0 can be chosen uniformly over those realizations follows
from the fact that the walk’s displacement is constrained by the cone property (see
Property 4 in Sect. 2.3.3). We control the remaining probability via a union bound:

(U o (w))S]Ez[mX:T 1p, | Quw)]
ielS]Iniy i=T+1

m—T m—i

— TP e SIISF I <280, X)), = 0] Qu(w))

i=T+1 (=1

S
~
I

I
TTM§

Z Y Qi) Xy = v —w) | Qu(w)).

i=T+ 260 |lv||<48L

We now will bound the sum over i < m /2, the other half is done in the same fashion.
Let us write

7172 ifd =2,
®y(T) = (og )" ifd =3,
T=@=32 ifd > 4.
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Using the fact that the increments X x have exponential tails, Lemma 2.4 and (16), we
obtain (with the convention that ¢4(0) = 1):

m/2 m—i

YooY D BAQiw, Xy = (6 v — 1) | Qu(w))

i=T+1{=1 |lul|<25¢ |[v]|<45¢

m/2 m—i

YYY Y gi(z, ) P(Xyy,, = (£, 0 — 1) g—i—e(v, w)

, W
i=T+1 0= ||u||<28¢ ||v|| <45t qm(z, w)

m/2 m—i

cl .
ey > 2 2 A fura+ | yd+1 $aDe " galm =i = )
i=T €=1 ||u]|<28¢ ||v]| <48¢ ba(m)
m/2

g4 et ¢’d( —i—90
<Cz¢d(l)z BTy

1
ch@(t) <c®y(T) < 7,

i=T

provided T be chosen large enough as a function of z, w (since ¢ = c(z, w)).
Repeating this argument for the other half of the sum yields the same bound; we
thus have (with the choice of T as mentioned before)

P, N D

ie[S11N[0,m]

On(w) | = e,

which concludes the proof. O
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Appendix A: Random walk estimates

In this section, we provide some random walk estimates that are needed in the paper.
Since we are already losing multiplicative constants when reducing the analysis to
non-intersecting random walks, we do not try to get sharp asymptotics, but prefer to
provide instead a short self-contained analysis. It should however be noted that the
approach in [18] and [26] can be adapted to our present setting and would yield sharp
asymptotics (and even information on higher-order corrections). Set

n~! whend = 2,

valn) = {log(l +n)2 whend =3.

We use the notations introduced in Sect. 2.3.4.
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Proposition A.1 Let (Sn)nz() denote the random walk introduced in Sect. 2.3. Then,
when d € {2, 3}, there exist 0 < c_ < c4 < 00 such that, foralln > 1,

c—Ya(n) < Bo(Qu(0) | Pa(0)) =< cxva(m).
Moreover, for any d > 4, there exists c_(d) > 0 such that, for alln > 1,
Po(Qn(0) | Pu(0)) = c—(d).
The remainder of this appendix is devoted to a proof of Proposition A.l1. The

arguments used below are heavily inspired by those in [13,18]. To shorten notations,
we set, for n € Zxy,

up = pn(0,0),  fu =qn(0,0).

Note that the quantity we want to control can then be expressed as f;,/u,,.

Upper bound on p, (x, y)

It follows from the local limit theorem (see [16]) that there exists C ;{ such that, for all
X,y € Zd_l,alln >landalld > 2,

Pa(x,y) < Cin=@=D/2, (18)

Lower bound on p, (x, y)

It follows from the local theorem (see [16]) that, for any ¢ > 0, there exist C; >0
such that, for all x, y € Z¢~! satisfying ||x — y|| < cy/n,alln > 1 and alld > 2,

Pa(x,y) = Cyn~ =D/, (19)
Upper bound onr,

Since ZZ:O Umrn—m = 1 and the sequence (r,,),,>1 is decreasing, we have

n
1>, § Up.
m=0

It then follows from (19) (and uy = 1) that there exists C;L such that, foralln > 1,

4 n~1/2 whend = 2,

20
"1 +1logn)~! whend = 3. (20)

m<C
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Lower bound onr,

We start with the case d = 3. Let C > 1 be a large constant (to be chosen later). Since
fo; o Umrcn—m = 1 and the sequence (7;,),>1 is decreasing (and bounded by 1), we
have, using (18),

Cn—n Cn Cn

r,,Zumzl— Z umzl—C;‘ Z m_lz

m=0 m=Cn—n+1 m=Cn—n+1

I

N =

once C is chosen large enough. Since, again by (18), 2216" Uy < C; log(Cn), we

conclude that there exists C,~ > 0 such that, foralln > 1,
ra > Co(1+1logn)~t. 1)

Let us now turn to the case d = 2. Proceeding similarly as above, we write

Cn—n Cn n—1
—1/2
T Y um = 1= Y uwream = 1= CL(C =D .
m=0 m=Cn—n+1 m=0

Using (20) (and ro = 1), we see that the last term can again be made smaller than 1/2
by choosing C large enough. Of course, 3" " u,, < Clj(Cn)l/2 by (18). It thus
follows that one can find C;~ > 0 such that, for all n > 1,

ra > Cin 12, (22)
Upper bound on f,

Setl={% ... 4. Let7 =inf{k >0 : 5 > n/4) and T = sup(k = 0 : sl <
3n/4} (Fig. 6). Now, observe that, since the increments of S have exponential tails,
there exists ¢ > 0 such that

fa<e "+ Z Z Po (5% =u, S =m st=u. S =n—m' sl =n).
T T T T TO
m,m’'el u,u’#0

Applying twice the strong Markov property (once for the walk itself, once for the
time-reversed walk), we can write

]P)()(Si =u S =m st =u. s =n—m', S“L :n)
T T T T )
:IP’O(Si‘ =u, sh :m,rd‘ > ?)]P’O(Si‘ =u', s = rol > ?)
T T T T

X Gn—m'—m (U, u').
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<

’\W/\/

(0,0) I r (n,0)

Fig. 6 The type of decomposition used in the derivations of the upper and lower bounds on f;;. Various
choices are made for the intervals / and I’

Now, on the one hand, (18) implies that
Qn—m’—m(ua u/) < Pn—m'—m(u, u/) =< C:(n/3)_(d_l)/2~

On the other hand, by (20),

ZZ[@Q(S% =u, Sl_‘r) =m, rol > ?) < /4
mel u#0

L yH=12 ifd =2,
=7 | (log(1 +n/4) 7" ifd =3.

Of course, the same applies to the sum over m’, u’. Overall, we conclude that there

exists C }' such that, foralln > 1,

—3/2 hend =2
= + {n when s 23)

C _
I |nY(log(1 + 1)) whend = 3.

Lower bound on f,

We start with the case d = 3. Our goal is to prove that there exists C ]7 > 0 such that,
foralln > 1,

o= Crn~! (log(1 +m) . (24)
First, let us set M = [n(log n)S3land I = {M, ..., 2M). Similarly as we did for the
upper bound, let us introduce 7 = inf{k > 0 : S,! > M}and T = sup{k >0 : S,! <

n — M}. We can then write
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fu > Z Z ]f”o(SJ?‘:u,Sg:m,Sé:u/,ngn—m’,Sﬂ&:n)

m,m’€l u,u’#0

Z Z 5,”(1/{) Gn—m'—m (U, I/t/) am/(u/)-

m,m’€l u,u’#0

where we have introduced 5m(u) = If”o(SJ?- =u, S% =m, 'L’d‘ > ?) and am'(”/) =

I?’o(Si; =u. s =, 75~ > 7). The next observation is that
T T

0 < pe(u,u') — qe(u, u') =P, (zg- < £, Pe(u'))

/2 -1
<Y 4@, 0)perO0.u)+ Y pr(u,0)ge—r (0, ).
r=1 r=£/2

Consequently, writing N = N(n,m,m’) =n —m — m/,

‘ DY Guw (g u') = py@.u)) g,
m,m’ €l u,u’#0

N/2

D DD G010, 0) py (0. 1)F (1, 0)

m,m' €l u,u’'#0 r=1

N—1
+ 3 3 Y G0, wp ., 0)gn—r (0, v)G (', 0).

m,m'el uu’#0r=N/2

By symmetry, it suffices to bound the first sum. First, by (18) and the fact that
r <N/2,

pn—r(0,v) <2CFN~' <2C (n—4M)~" < Cn™"
Second, by (23),

N/2 loglog
DD G 0.u)gr(u,0) < Zf””’ = o gM)2 Z(M+ N7 s (logn)z'

mel u#0 r=1

Finally, by (20)

Z Z aml(u/s 0) S rm S Cj(log M)il S C(logn)fl. (25)
m'el u'#0
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We conclude that

loglogn

[ Y G (v ) = ) 3,00 <

m,m’'e€l u,u’#0

n(logn)3’

which is negligible in view of our target estimate.
Now, by the local CLT [16], there exists ¢ such that

|pe(u, u') — —| <- + O™’ —ull?),

uniformly in u, u’ for all £ large enough. Using [lu’ — ul|> < 2|lu||*> + 2[lu’||%, (25)
and

YD G 0l < Eo(18h 1) < €M,
M

mel u#0

we deduce that

Y Y dm@ Wl —ul*g,, @', 0) < Cn~ (logn) 7,

m,m'€l u,u’#0

which is also negligible. (24) thus follows from

D GO NG, W 0) = a7 A = e M2 ) = $(C7)Pn T (logn) 2,

m,m’el u,v#0

where we used (21) and the exponential tails of the random walk increments.
The same argument applies when d > 4. Indeed, proceeding as before, but with M
being now a large constant independent of n, we get

> G (ant ) = pr ) G

m,m’'€l u,u’#0

o
<Cn@vr Y g

r=M+1

Fix € > 0. Since Zrzl fr < 1, the above abound is smaller than en—d-D/2, provided
M > My(e). Then, again by the local CLT,

|pe(u,u’y —ct™@7D2| < + OOy g2,

¢d— 1)/2

uniformly in «, u’ for all ¢ large enough. Proceeding as above, the contribution of the
second term is seen to be of order n~@*+1D/2 and thus negligible. Therefore, since
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> Y G0N IRG Wl 0) = Cnm @D

m,m’'e€l u,u’#0

for some constant C > 0, we conclude that there exists C ; > 0 such that

fu= Cyn= @02, (26)

Let us finally turn to the case d = 2, for which we need to proceed differently. Fix
x,y > 0 such that Po(S; = (x, y)) = ¢ > 0. Clearly,

In

v

n
D BoSe=(1.0).81 = (x. 3.8 1 =(n—x.y).8 = yV2 < j <k-2)
k=2
2> PoSk = (n—2x,0),8 =0Vl < j <k—1).
k>1

v

Consider a trajectory (é j (w))’}zo be such that so(w) = 0 and ék (w) = (n — 2x,0).
Denote by X jw) = S j+1(@) — S j(w) the corresponding increments. Let jo =
min{i > 0 : Sf‘(a)) = minp<;<k g,ﬂ-(a})}. Define a new trajectory by setting
So(w) =0and, for1 < j <k,
j—1
Sj (w) = Z)v((./0+i)modk(w)~

i=0

Observe that Sg = 0, S = (7,0) and S; > O forall 1 < i < k — 1, and that the
transformation is measure-preserving. Therefore,

Po(Sk = (1 —2x,0).87 20Vl < j <k —1) =k 'Po(St = (n — 2x,0))
and, therefore, using (19),
fozEn ity = Cin72, 27)

for some CJT > 0.
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