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Abstract

We study Dyson Brownian motion with general potential V and for general § > 1.
For short times = o(1) and under suitable conditions on V we obtain a local law and
corresponding rigidity estimates on the particle locations; that is, with overwhelming
probability, the particles are close to their classical locations with an almost-optimal
error estimate. Under the condition that the density of states of the initial data is
bounded below and above down to the scale n, < t < 1, we prove a mesoscopic
central limit theorem for linear statistics at all scales n with N™! « n < .

Mathematics Subject Classification 82B44 - 15B52 - 60F05

1 Introduction

In 1962, Dyson interpreted the N x N Gaussian ensemble (real, complex or quaternion)
as the dynamical limit of matrix-valued Brownian motion H (¢), and observed that the
eigenvalues of H (¢) form an interacting N -particle system with a logarithmic Coulomb
interaction and quadratic potential. That is, the eigenvalue process {A; (f)}1<;<n satis-
fies the following system of stochastic differential equations with quadratic V =x2/2
and classical 8 =1, 2 or 4 (depending on the symmetry class of the Gaussian ensemble)

| 2 1 dr Lo, -
dri(t) = ﬁ—NdB,-(t)—I—Njéim—EV(A,(t))dt, i=1,2,...,N, (L1
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where (Bj,..., By) is an N-dimensional Brownian motion defined on a prob-
ability space with a filtration ¥ = {.%;,t > 0}. The initial data A(0) =
(A (0), A2(0) ..., An(0) € Ay is given by the eigenvalues of H(0). Here, Ay
denotes the Weyl chamber

Ay = {{xih<isn €RY 1 x) <xp < --- < xy). (1.2)

The process A(t) = (A1(2), X2(2), ..., An(2)) defined by the stochastic differential
equation system (1.1) is called the S-Dyson Brownian motion (8-DBM) with potential
V, which is an interacting particle system with Hamiltonian of the form

N
1 1
E(x1, oo Xn) = = oo Z loglxi—le—i—EZV(x,-). (1.3)
1<i#j<N i=1

For the special case = 2 and V = x?/2, at each fixed time ¢, the particles A(r) have
the same distribution as the eigenvalues of

H® L e PHO) +v/1 -G, (1.4)

where G is a matrix drawn from the Gaussian Unitary Ensemble (GUE). The global
eigenvalue density of the GUE follows Wigner’s semi-circle distribution [54], and the
local eigenvalue statistics are given by the Sine kernel [18-20]. Clearly, H(t) — G
as t — oo for any choice of the initial data H(0), and so the system reaches a
global equilibrium for 7 >> 1. One can also investigate the time to local equilibrium
- that is, how long it takes for the local statistics to coincide with the GUE. Dyson
conjectured [17] that the time to local equilibrium should be much faster than the order
1 global scale. It is expected that in the bulk, an eigenvalue statistic on the scale n
should coincide with the GUE as long as ¢ >> 1. To be more precise, one expects the
convergence of the following three types of statistics on three types of scales.

1. On the macroscopic scale, the global eigenvalue density should converge to
Wigner’s semi-circle distribution provided r > 1.

2. The linear eigenvalue statistics of test functions on the mesoscopic scale N~ «
n < 1 should coincide with the GUE as long as t > n.

3. On the microscopic scale O(N 1), the local eigenvalue statistics should be given
by the sine kernel as long as # >> N1

For the macroscopic scale, with quadratic potential V, it was proven by Rogers and
Shi [48], that the global density converges to the semicircle distribution. For general
potential V, it was proven by Li, Li and Xie [43,44], the global eigenvalue density
converges to a V-dependent equilibrium measure (which may not be the semicir-
cle distribution for non-quadratic V). We refer to [4] for a nice presentation on the
dynamical approach to Wigner’s semi-circle law.

The time to equilibrium at the microscopic scale was studied in a series of works
[21-27,29,31,32], by ErdSs, Yau and their collaborators. For classical g = 1,2, 4,
quadratic V and initial data a Wigner matrix, it was proven that after a short time ¢ >
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N1 the local statistics coincide with the GpE. Later, the works [28,39] established
single gap universality for classical DBM for a broad class of initial data, relying on the
discrete di-Giorgi—Nash—Moser theorem developed in [29]. Fixed energy universality
was established in [12,38] by developing a sophisticated homogenization theory for
discrete parabolic systems. These results are a crucial component in proving bulk
universality for various classes of random matrix ensembles. Another approach to
universality, applicable in special cases was developed independently and in parallel
by Tao and Vu [50].

A central and basic tool in the study of the local statistics of random matrices is the
local law and the associated rigidity estimates. The local law is usually formulated in
terms of concentration of the Stieltjes transform of the empirical eigenvalue density at
shortscales 7 > N~!. Rigidity estimates give high probability concentration estimates
for the eigenvalue locations. These results were first established for Wigner matrices
in a series of papers [25,26,31,32,51], then extended to other matrix models, i.e.
general Wigner-type matrices [1,35], sparse random matrices [21], deformed Wigner
ensembles [39,42], correlated random matrices [2,3]. Beyond matrix models, rigidity
estimates have been established for one-cut and multi-cut 8-ensembles [9—11,45], and
two-dimensional Couloub gas [5,40].

For the special case of classical 8 = 1, 2, 4 and quadratic potential V, the solution
of (1.1) is given by a matrix model and so the methods developed for deformed Wigner
matrices [39,41,42] yield a local law for the Stieltjes transform of empirical eigenvalue
density,

1Y djis (x) 1 &
~ t ~
no=y nm =) See AR Do 09

x —
i=1 <

However for nonclassical 8 or non-quadratic V, the process (1.1) is not given by a
matrix model and so a corresponding local law is not known.

Our first main result is to establish a local law for the Stieltjes transform 1, (z) for
short scales and all short times # < 1. This result is stated as Theorem 3.1 below.
This implies a rigidity estimate for the particle locations A; (¢), i.e., that they are close
to deterministic classical locations with high probability. Our methods are purely
dynamical and do not rely on any matrix representation. Instead, our method is based
on analyzing the stochastic differential equation of the Stieltjes transform 71, along
the characteristics of the limiting continuum equation. We remark that since the -
ensemble is the equilibrium measure of 8-DBM, our results may be used to provide
another proof for the rigidity of S-ensemble in the case 8 > 1, provided that one takes
some large deviation estimates (such as [47]) as input. The method of characteristics
was used in [36] to prove that on the global scale the empirical measure process of
B-DBM with quadratic potential V converges to a Gaussian process. The explicit
formulas of the means and the covariances of the limit Gaussian process was derived
in [7]. Very recently, Unterberger proved that the Global fluctuations of B-DBM with
general potential V are asymptotically Gaussian [52,53]. We also comment that the
method of characteristics has recently been used, independently and in parallel, for
the analysis of a different equation in [8].
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Relying on our local law we then prove a mesoscopic central limit theorem for linear
statistics of the particle process on scales 17 < t. This is stated as Theorem 4.2 below.
In particular we see that equilibrium holds for the process (1.1) on mesoscopic scales
n < t. Central limit theorems for mesoscopic linear statistics of Wigner matrices
at all scales were established in a series of papers [13,14,34,46]. Analogous results
for invariant ensembles were proved in [6,33,37]. Mesoscopic statistics for DBM with
B = 2 and quadratic potential was established in [16]. It was proven that at mesoscopic
scale 7, the mesoscopic central limit theorem holds if and only if + > 7. Recently,
related results were proven for classical 8 and the quadratic potential in [38]. The
analysis in [16] relied on the Brézin—Hikami formula special to the 8 = 2 case, and
the analysis in [38] relied on the matrix model which exists only for classical 8, i.e.
B = 1,2, 4, neither of which are applicable here. Our approach is based on a direct
analysis of the stochastic differential equation of m,, where the leading fluctuation
term is an integral with respect to Brownian motions. The central limit theorem follows
naturally for all 8 > 1 and general potential V.

We now outline the organization of the rest of the paper. In Sect. 2, we collect some
properties of B-DBM (1.1), i.e., the existence and uniqueness of strong solutions and
the existence and uniqueness of the hydrodynamic limit of the empirical density fi;,
which is a measure valued process u;. For quadratic V, these statements were proved
by Chan [15] and Rogers and Shi [48]. For general potentials (under Assumption 2.1
below), the 8-DBM was studied by Li, Li and Xie [43,44]. In the second part of Sect. 2,
we study the Stieltjes transform of the limit measure valued process x; by the method
of characteristics, which are used throughout the rest of the paper.

Section 3 contains the main novelty of this paper, in which we prove the local law
and rigidity estimate of the particles Theorem 3.1. We directly analyze the stochastic
differential equation satisfied by 71, using the method of characteristics. In Sect. 4, we
prove that the linear statistics satisfy a central limit theorem at mesoscopic scales.

Finally we remark that by combining the rigidity results proven here and the method-
ology of [38] one can prove gap universality for the process (1.1), thus yielding
equilibrium on the local scale n = 1/N. We state the gap universality theorem in
Appendix A, and sketch the proof.

In the rest of this paper, we use C to represent large universal constant, and ¢ a
small universal constant, which may depend on other universal constants, i.e., the
constants a, b, 8 in Assumptions 2.1 and 4.1, and may be different from line by line.
We write that X = O (Y) if there exists some universal constant such that | X| < CY.
We write X = o(Y), or X < Y if theratio | X|/Y — 0as N goes to infinity. We write
X =< Y if there exist universal constants such that cY < |X| < CY. We denote the set
{1,2,..., N} by [1, N]. We say an event €2 holds with overwhelming probability, if
forany D > 0, and N > No(D) large enough, P(Q2) > 1 — NP,

2 Background on 3-Dyson Brownian motion
In this section we collect several properties of S-DBM, required in the remainder of

the paper. More precisely, we state the existence and uniqueness of the strong solution
to (1.1) and a weak convergence result for the empirical particle density.

@ Springer



Rigidity and a mesoscopic central limit theorem for Dyson... 213

In the rest of the paper, we make the following assumption on the potential V.

Assumption 2.1 We assume that the potential V is a C* function, and that there exists
a constant £ > 0 such that inf,cg V" (x) > —24.

We denote M7 (R) the set of probability measures on R and equip this set with
the weak topology. For ' > 0 we denote by C ([0, T'], M1(R)) the set of continuous
processes on [0, T'] taking values in M (R). We have the following existence result
from [43].

Theorem_2.2 Suppose that V satisfies Assumption 2.1. For all B > 1 and initial data
A0) € Ay, there exists a strong solution (A(1));=0 € C(R4, Ay) to the stochastic
differential equation (1.1). Foranyt > 0, A(t) € Ay and A(t) is a continuous function

of 1.(0).

Proof The existence of strong solution with initial data A(0) € Ay follows from [43,
Theorem 1.2]. Following the same argument in [4, Proposition 4.3.5], we can extend
the statement to A(0) € Ay by the following comparison lemma (the special case
with potential V = 0 is proved in [4, Lemma 4.3.6] and the proof below is based on
the proof given there) between strong solutions of (1.1) with initial datain Ay. O

Lemma 2.3 Supposethat V satisfies the Assumption2.1. Let (A(t));>0 and (1(t));>0 be

two strong solutions of (1.1) with initial data ».(0) € Ay and n(0) € Ay. Assume that
Ai(0) > 1;(0) foralli € [1, NJ. Then, almost surely, forallt > 0 and i € [[1, N1,

0 < Ai(t) —mi (1) Seﬁ’j;ﬁlﬁ%{h(o)—m(o)}- 2.1

Proof By taking difference of the stochastic differential equations satisfied by
(A®))r=0 and (1(1))=0, we have

oy L (Aj (1) = nj(0)) — (A (1) — n;i (1))

(1) = mi (1) = & j%i (i (1) = 2 (@) (i () — (1))
1

) (Vi @) = V' (i (1)) - 22

Let i = argmax;pyy{4i(r) — n:(1)}. For i = i, the first term of (2.2) is non-
positive, and

1
0 (hig (1) = mig (1)) = =5 (V' Ghig (1)) = V' (0ig (1)) - 2.3)

Either A;,(t) — 1;,(t) < O, or using Assumption 2.1 the above equation implies
9 (Rig (1) — iy (1)) = R(%ig (1) — njy (1)). Hence,

9 (Rig (1) — mig (1)) 4 = R(Kig (1) — iy (1)) +- 2.4
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Therefore, it follows from Gronwall’s inequality,

(f) — p: R (0) — n;
i‘;ﬁ%&‘ﬂ“"(” ni()} <e tilen[[azl\)/(]]{)”(o) 1i (0)}. 2.5)

Similarly, let ip = argminie[[N]]{Ai(t) — n;()}. Either A;,(t) — n;,(z) > O, or
9 (Xiy (1) — miy (1)) = R(Ai(t) — niy(t)). Again by Gronwall’s inequality we obtain
that minieuN]]{ki () —ni()} = 0. O

The following theorem is a consequence of [43, Theorem 1.1 and 1.3]. It establishes
the existence of a solution to the limiting hydrodynamic equation of the empirical
particle process. In its statement we distinguish the parameter L from N. This is
due to the fact that we will compare the empirical measure ji; to a solution of the
equation (2.8) with initial data coming from the initial value of A(0) which is a finite
N object. The existence of this solution is easily established using the theorem below
by introducing an auxilliary process A") which converges to jio (a fixed finite N
object) as L — oo.

Theorem 2.4 Suppose V satisfies the Assumption 2.1. Let B > 1. Let AP (0) =
(A(L) (0), )\(L)(O) cees A;‘L) (0)) € Ay be a sequence of initial data satisfying

sup — Zlog(A(L)(O) +1) < o0. (2.6)
L>0

Assume that the empirical measure [L(()L) = % Z,L: 1 SA(L)(O) converges weakly as L
goes to infinity to o € M1 (R). l

Let \D (1) = (AEL)(I), R A(LL)(t)),zo be the solution of (1.1) with initial data
A(L)(O), and set

= Z 8,0, 2.7)

Then for any fixed time T, (ﬂﬁ”),e[o,r] converges almost surely in C ([0, T], M1(R)).
Its limit is the unique measure-valued process (li;)ic[0, 7] characterized by the
McKean—Vliasov equation, i.e., for all f € C,%(R), tel0,T],

1 Oy — 0y
J, / ) = 5 / / B ) = KTy ()
R R2 X =Yy
1
-3 f V() £ ()dpar (). 2.8)
R

Taking f(x) = (x —z)~! for z € C\ R in (2.8), we see that the Stieltjes transform
of the limiting measure-valued process, which is defined by

m(z) = /R (x —2) 7N (v), 2.9)
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satisfies the equation

V'(x)

1
0rmy(2) = my(2)0,ms(z) + 5/ — dus(x). (2.10)
R (X —2)

In a moment we will introduce a spatial cut-off of V. In order to do this we require
the following exponential bound for ||A; (f)]|co-

Proposition 2.5 Suppose V satisfies Assumption 2.1. Let B > 1, and 1(0) € Ay. Let
a be a constant such that the initial data |»(0)|lcoc < a. Then for any fixed time T,
there exists a finite constant b = b(a, T), such that for any 0 < t < T, the unique
strong solution of (1.1) satisfies:

P(max{|A1 ()], Ay @]} = b) < e V. (2.11)
Proof Let (1(1)):>0 be the strong solution of 8-DBM with potential V = 0,
2 1 dr
dn;i(t) = | =—=dB;(t) + — _ i=12,...,N. (212
CUNBN TN j% ni(6) = ;1)

We take the initial data as (0) = A(0) € Ay. Thanks to [4, Lemma 4.3.17], there
exists a finite constant by = by (a, 7'), such that

Q:={max{im®|, v} < b}, P@)=1—e". (2.13)

By taking difference of the stochastic differential equations satisfied by (A(#));>0
and (n(t));=0, we get

Z (Aj(t) —n;@) — R (@) — i (@)

1
dr — S V(i (1))de.
i () = 2; @) (1) — ;@) t 5 (A (2))dt

1
(A (1) —mi(1) = v
Jij#i

(2.14)

Letip = argmax; it (1) —n;(1)}. Fori = i, the first term of (2.14) is non-positive,
and thus on the event 2,

1
3 (hio (1) = i (1)) < — 5 (V' (ig (1)) = V' (i (1)) — EV/(mo ()

(2.15)

IA

(V' (rig (1)) = V' (i (1)) + C,

N =N =

where C = maxye[—p,.p,1 |V’ (x)|/2. Then thanks to Assumption (2.1), either A;, () —
Nip () < 0, 0r 0; (Ajy (1) — nip (1)) < R(Aiy(t) —niy (1)) + C. Therefore, it follows from
Gronwall’s inequality,

Ce —1)

= (2.16)

l_rer}[a}g;]]{/\i(t) —ni(0} =
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And thus

Ce —1)
(D) < - 2.17
igﬁa}gﬂ{ ®}<br + A (2.17)

Similarly, let ig = argmin; cyy{Ai (z) — 1i ()}, then either A, (£) — nj, () > 0, or
0t (Xjy (1) — miy (1)) = KXy (1) — niy (1)) — C. It follows from Gronwall’s inequality
that min;egyy{Ar; ()} > —b; — C (e — 1)/R. Proposition 2.5 follows by taking
b=b;+CE¥ -1)/8 o

Note that the constant b in the previous proposition depends only on V through its
C! norm on the interval [—by, b1] and £. Hence, if we replace V'(x) by V/(x)x (x)
where y is a smooth cut-off function on [-2b, 2b] (we assume b > 1), then by Proposi-
tion 2.5 the solutions of (1.1) with the original potential V’(x) and the cut-off potential
V’(x) x (x) agree with exponentially high probability. Hence for the remainder of the
paper it will suffice for our purposes to work with the cut-off potential V'(x) x (x).

We introduce the following quasi-analytic extension of V' of order three,

2
Vix +iy):= (V’(x)x(x) +iyd (V/(x) x (x) — %Bf(V’(X)x(x))> x ().
(2.18)

We denote,
1 . 1 .
9, = 5(8x —idy), 0z = E(ax +i0y). (2.19)

We rewrite (2.10) in the following

dymy () = By (2) (mt(z) 4 Y (Z)> 4 M@0V ()

+/ 8(z, x)dps (x),
R

2 2
(2.20)
where
L Vi) — V() — (x — Z)SZV/(Z) _ V" (x)
gz, x):= 222 , g&lx,x):= 1 (2.21)

By our definition (2.18), V' is quasi-analytic along the real axis. One can directly
check the following properties of g(z, x) and V.

Proposition 2.6 Suppose V satisfies Assumption 2.1. Let V'(z) and g(z, x) be as
defined in (2.18) and (2.21). There exists a universal constant C depending on V,
such that

L V'@ler = C, [ Im[V (]| < C|Iml[z]| and [Im[3,V'(2)]] < C|Im][z]].
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2. The following bounds hold uniformly over z € C and x € R. We have |g(z, x)| +
18xg(z, x)| < C. Furthermore, |32g(z, x)| < Clz — x|~! and |Im[g(z, x)]| <
ClIm[z]].

3. Ifwe further assume V is C>, then || V'(D)llc2 < C, and uniformly over z € C and
x €R, [0,8(z,x)| +10zg(z, x)| < C.

We define the following quasi-analytic extension of g(z, -) of order two,

gz, x +1iy):i=(g(z, x) +1iydrg(z, X)) x (), (2.22)

By the Helffer-Sjostrand formula, see [30, Chapter 11.2],

f g(z, x)dp(x) = ! / 3 (z, wym, (w)d*w, (2.23)
R T Jc

and so we can rewrite (2.20) as an autonomous differential equation of m;(z):

ey (2) = d,my (2) <mt(z) v 2(1)) . mt(z)azzv )

+l f 358 (z, wym; (w)d>w. (2.24)
7 Jc

2.1 Stieltjes transform of the limit measure-valued process

In this subsection we analyze the differential equation of the Stieltjes transform of the

limiting measure-valued process (2.24) with initial data ;9 which we assume to have

supp 1o € [—a, a]. We fix aconstant time 7. By Theorem 2.4 and Proposition 2.5, there

exists a finite constant b = b(a, T) such that supp u; € [-b,b] forany 0 <¢ < T.
We analyze (2.24) by the method of characteristics. Let

V' (z: ()

0rz: () = —my (2, (u)) — > , z0=u € Cy. (2.25)

If the context is clear, we omit the parameter u, i.e., we simply write z; instead of
t (M) .

For any ¢ > 0, let Cj_ = {z : Im[z] > ¢}. Since m; is analytic, bounded and
Lipschitz on the closed domain (C_8, we have that for any u with u € C%_, the solution
z:(u) exists, is unique, and is well defined before exiting the domain. Thanks to the
local uniqueness of the solution curve, it follows, by taking ¢ — 0, that for any u with
Im[u] > 0, the solution curve z; (1) is well defined before it exits the upper half plane.
For any u € C4, either the flow z;(u) stays in the upper half plane forever, or there
exists some finite time ¢ such that limg_,; Im[z;(u)] = 0.

Plugging (2.25) into (2.24), and applying the chain rule we obtain

dm;(z;) = w + % /(C 058 (21, w)m,(w)dzw. (2.26)
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The behaviors of zg and my(zs) are governed by the system of equations (2.25)
and (2.26). The following properties of the flows Im[zs] and Im[m(zs)] will be used
throughout the paper.

Proposition 2.7 Suppose V satisfies the Assumption 2.1. Fix a time T > 0. There
exists a constant C = C(V, b) such that the following holds. For any 0 <s <t <T
with Im[z;] > O, the following estimates hold uniformly for initial u = zo in compact
subsets of C.

Imm, ()] Imlz] < 1, [8m,(2)] < @1 (227)
Imlz]
e ) Im[z,] < Imlz,], (2.28)
¢~ Imlmo(z0)] < Imlm; (z0)] < €€ Imlmo(zo)]. (2.29)
Ct_l
e ¢! (Im[zo] - Im[mo(zo)l)
1—e ¢t
< Im(z] < € (Im[zo] Tlm[mo@o)]), (2.30)
and
* Imlme (z0))de Imlz,]
—_— log
fg Imiz,] S @O tlee T
"Tm[me(z¢)]dT C
/g mz? = dmzp1 P7h (&30

Proof The estimates (2.27) are general and hold for any Stieltjes transform. First, we
have

2
Im([m; (z)] Im[z] :/ Imle]"dp: () < f dus(x) =1,
R R

Ix —z|?

and secondly we have,

10.m, (2)] = ‘/ Qe (1)

2)2

1 / Im[z]dp,(x)  Im[m,(2)]
Im(z] Jg |x—z2 —  Im[z] °

Since Im[my(z5)] > 0, it follows from (2.25) and the estimate |Im[V’(z5)]| =
O(Im[z,]) of Proposition 2.6 that there exists a constant C s.t.

ds Im[z,] < CIm[zs]. (2.32)
The estimate (2.28) follows.
By Proposition 2.6, Im[V'(z)] = O(Im[z]). It follows from taking imaginary part

of (2.25) that there exists some constant C depending on V, such that

|05 Im [z, ] + Im[my(zy)]| <= C Im(zg]. (2.33)
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By rearranging, (2.33) leads to the inequalities

— e“ mimg (2] < 3 (¢ Imlz]), 5 (7 Imlz,1) < —e™ Imlm, (2))].

(2.34)
Similarly, by taking the imaginary part of (2.26), i.e.
ms(z5)d: V' (z5)
doms(z5) = ——————+ fR gz, x)dps (x), (2.35)

and using the estimates | Im[3, V' (z)]|+|Im[g(z, x)]| = O(m][z]) and |3, V'(z)| < C
in Proposition 2.6 we obtain,

|05 Im[m (z)]] <

|: 0, 14 (zs)ms(zs)
Im| ——— ——

) ” +C'mlzs] < CImm, (z9)]. (2.36)

In the last inequality we used supp us € [—b, b], and so

[Im[a, V/(Zs)] Re[my(zg)]l = 1{| Re[z:]|<2b} O(Im[z;]| Re[ms(z5)]1])
Im[z;]Re[x — zg]d s (x)
= L{|Re[z,]1=26) O (/R E )

[x — 2

-0 (/ :ﬂJIIn[Z;—]d,lr;(x)) = O(Im[m;(z4)]).
R

lx — z¢

We also used supp us € [—b, b], thus for x € supp s and |Re[zs]| < 2b, it holds
| Re[x — z5]| < 3b.

The estimate (2.29) then follows from (2.36) and Gronwall’s inequality, and the
estimate (2.30) follows from combining (2.34) and (2.29). For (2.31) we have by
(2.34),

f’ Im[me (z)ldz _ /’ —0; (7" Im[z,]) de 237)

Im[z,]? (e_CT Im[zr])p

The case p = 1 follows. For p > 1, we have

/t Im[m,(z,)]dt< 1 1 _ 1
s Imleclr T p =1\ (e Cmiz )" (=€ Im[z,)"

C/
<—
= Im[z,]P~!

(2.38)

O

We have the following result for the flow map u — z;(u).
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Proposition 2.8 Suppose that V satisfies Assumption 2.1. Fix a time T. For any 0 <
t < T, there exists an open domain Q; C Cy., such that the vector flow map u +— z;(u)
is a C' homeomorphism from Q; to C..

Proof We define
Q=ueCi:z;(u)eCy,0<s <t} (2.39)

By Assumption 2.1, V is a C* function. From our construction of V'(z) as in (2.18),
V’(z) is a C! function. Thus the vector flow map u > z;(u) is a c! map from €, to
C_. We need to show that it is invertible. Define the following flow map by

V' (ys(v)

> yo=ve€C,. (2.40)

05 ys (V) = m;_s(ys(v)) +

for 0 < s < t. Since Im[m;_;(ys(v))] > 0, there exists some constant C depending
onV,

3 (eCS Im[yx]) > 0. (2.41)

Therefore y,(v) is well defined for 0 < s < ¢, and it will stay in C.. Furthermore,
v — y,(v) is a C! map, and is the inverse of u — z; (). O

3 Rigidity of 5-DBM

In this section we prove the local law and optimal rigidity for -DBM with general
initial data. Let u, be the unique solution of (2.8) with initial data

1 N
Ho(x) 1= ;sxi«»(x). 3.1)

Denote by m; its Stieltjes transform. We introduce some notation used in the statement
and proof of the local law. We fix a small parameter &, a large constant ¢ > 1, a large
constant K, and control parameter M = (log N)>*2%. For any time s < 1, we define
the spectral domain,

Kle N Ks
DS={ ¢ M oE ¢ Im[w]<3b—s.

weC+Im[w]szF

| Re[w]| < 3b —s}. (3.2)

We take the spectral domain Dy depending on time s, such that for any characteristic
flow z;(u) with initial value u € Dy, then it will remain in the spectral domain,
zs(u) € Dy.

The following is the local law for -DBM.
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Theorem 3.1 Suppose V satisfies the Assumption 2.1. Fix T = (log N)™2. Let > 1
and assume that the initial data satisfies —a < A1(0) < 12(0)--- < An(0) < afora
fixed a > 0. Uniformly for any 0 <t < T, and w € D; the following estimate holds
with overwhelming probability,

(3.3)

The following rigidity estimates are a consequence of the local law.

Corollary 3.2 Under the assumptions of Theorem 3.1. Fix time T = (log N)~2. With
overwhelming probability, uniformly for any 0 <t < T andi € [1, N]|, we have

ViccmiogN() — N~ < 3:(0) < vivemiogn () + N~ (3.4)

where ¢ is any large constant, y; (t) is the classical particle location at time t,
* i
Vi(f)=inf{/ sz(X)Z—}, i €L, N]. (3.5)
X oo N
We make the convention that y;(t) = —o0 ifi < 0, and y;(t) = +oo ifi > N.

We will prove Theorem 3.1 at the end of Sect. 3.2. The proof of Corollary 3.2 is
standard and is given in Sect. 3.3.

Remark 3.3 Notice that

2
, n-dp (x)
n +— nlm[m,;(E +in)] = [R m

is amonotonically increasing function. Similarly, n — n Im[m, (E +in)]is monotonic.
We now prove the following deterministic fact. Suppose that the estimate (3.3) holds
on D;. We claim that under this assumption the estimate

3eX"Mlog N

[ Tm(t, (w)] = Im{m, )] < =< s

) (3.6)

holds on the larger domain w = E +in with |E| < 3b—tand eX'N=¢ < 5 < 3b—1.
Let

n(E) = inf {5 Im[m; (E +in)] > eX'Mlog N/N}. (3.7)
n=

By the assumption (3.3) and the definition of D; we only need to check the case that
n(E) > eX'N~¢and n < n(E). In this case we have n(E) Im[m,(E + in(E))] =
eX'Mlog N/N, and Im[m,(w)] < X’ M log N/Nn, and so
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| Im[rn; (w)] — Im[m; (w)]|

. K Mlog N
< Im[m;(w)] + ————
Nn
E - ) eXtMlog N
< 1Byt (B + in(Ey) + A 10g N
n Nn
n(E) 2¢K" M log N

< — [Im[m;(E +in(E))] — Im[m,(E +in(E)]| +
n Nn

3eX M log N
< —
< N

In the second inequality we used monotonicity of n Im[m,(E + in)].

3.1 Properties of the spectral domain

In this section, we prove some properties of the spectral domain Dy as defined in (3.2),
which will be used throughout the proof of Theorem 3.1.

Lemma 3.4 Suppose V satisfies Assumption 2.1. Fix a time T. Forany 0 <t < T
such that z; € D;, we have

Im[u] < CN Im|z;(u)]. 3.8)

Proof Notice that from (2.27), Im[«] < Im[mo(u)]!, and by our assumption z; € D;
and (2.29),

Im([z, ()] > (N Im[m,(z)]) "' > (CN Im[mo(z0)]) "' = (CN) "' Im[u], (3.9)

which yields (3.8). O

Proposition 3.5 Suppose V satisfies the Assumption 2.1. Fix time T. If for some t €
[0, T, z; € Dy, then for any s € [0, t], zs € D;.

Proof By (2.28), we have Im[z;] > e~ C€=9) Im[z,]. Therefore if we have Im[z;] >
eX' N=¢ then Im[z,] > eX*N~° as long as we take K > C.

Combining d; Im[z5] < C Im[zs] from (2.32), with (2.36), yields that there is a
constant C’ so that

35 (Im[z5] Im[m;(z5)]) < C"Im[zs] Im[m;(z5)]. (3.10)

Therefore, Im[z,]Im[ms(zs)] > e € Im[z,]Im[m,(z;)] and so if Im[z]
Im[m,(z;)] > eX'Mlog N/N, then Im[z,] Im[m(zs)] = eX*Mlog N/N, provided
K >C.

Finally, we must prove that if Im[z;] < 3b — ¢ and | Re[z/]| < 3b — ¢, then for
any s € [0, t], we have Im[z;] < 3b — s and | Re[z;]| < 3b — s. First, suppose for a
contradiction that there exists s such that, say, | Re[zs]| > 3b — 5. By symmetry, say
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Re[zs] > 3b — 5. Let v = infs>5{Re[zs] <3b —o};thent <t Foranyo € [s, 7],
Re[zy] > 3b — T > 2b, we have V/(z,) = 0, and therefore |0,24| < |mqy (25)| <
dist(z4, supp ,u,c,)_l. Recall that we have chosen b large so that, supp u; € [—b, b].
Therefore |05, | < b~! and Re[z;] > Re[zs] — (t — s)/b > 3b — 7, as long as we
take b > 1. Therefore we derive a contradiction. A similar argument applies to the
case that Im[z,] > 3b — s. This finishes the proof of Proposition 3.5. O

We have the following weak control on the C ! norm of the flow map u > z;(u).
A much stronger version will be proved in Proposition 4.9.

Proposition 3.6 Suppose V satisfies the Assumption 2.1. Fix time T. Forany 0 <t <
T with z; € Dy, we have with u = x + 1y,

|0x 2 ()] + [9yz; (u)| = O(N), (3.11)

where the implicit constant depends on T and V.

Proof From Proposition 2.8, we know that u > z,(u) is a C! map. By differentiating
both sides of (2.25), we get

35 0y25 (1) = — B, (25 (1)) Dy 25 (1) — 0, V' (zs(u))0xzs(u) + 0z V' (25 (1)) 0x 25 (1) '

2
(3.12)
It follows that
8s|axzs(u)|2 = 2Re[asaxzs(u)axzs(u)]
= —2Re[d.m (2, (u))]|dx 2y ()]
— Re[d, V' (zs (u))|x 25 (@) * + 3: V' (25 () (3 Z5 () *]. (3.13)

By Proposition 2.7 we have |9,m (zs(u))| < Im[mg(zs(u))]/ Im[zs(x)], and by
Proposition 2.6 we have |9, V' (zs (1))l |0; V' (zs(u))| = O(1). Therefore,

Im[m; (z5 ()]

2
8s|ast(u)| §2< Im[Zs(u)]

+ C) 19,25 ()] (3.14)

Since zo(u#) = u, by Gronwall’s inequality and (2.31) of Proposition 2.7, we have

*Imlmy (2, (1)) €' Im[u]\’
2 SUPs\es A d e 2
192 @)l" = exp (2/0 ( Imlz ()] +C>ds>5(lm[zl(u)]> = ON%
(3.15)

where we used (3.8). It follows that |3,z,(#)] = O(N). The estimate for |9z, (u)]
follows from the same argument. O
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We define the following lattice on the upper half plane C,,
L= [E tineDy: EeZ/NOD ye Z/N(3‘+1)} . (3.16)

Thanks to Propositions 2.8 and 3.6, we have the following.

Proposition 3.7 Suppose V satisfies Assumption 2.1. Fixatime T. Forany0) <t <T
and w € Dy, there exists some lattice pointu € LN z; ! (Dy), such that

|2 () — w| = O(N ), (3.17)
where the implicit constant depends on T and V.

3.2 Proof of Theorem 3.1
In this section we prove (3.3). By Proposition 2.8, the flow map u +— z;(u) is a

surjection from €2, (as defined in Proposition 2.8) to the upper half plane C. We want
to prove the estimate

- M
lm(z¢) — my(z0)] < m, (3.18)

for z; € D;.
By Ito’s formula, m(z) satisfies the stochastic differential equation

N

i 2 dB; (s) i _
ity () = = | 2353 Zl ) o s @075 (2)ds
. (3.19)
g Vi) 2 Z
L G -2 N LG (s) — %
We can rewrite (3.19) as
ity (2) = — XN: 45 (s) i@ (s + L2 ) g
N - ﬂN3 ()\' ( ) Z N N 2
n wds (3.20)

N

1 P } 5 2-8 ds
_{_;/éawg(z, w)m (w)d“wds + BN? Z () — 23

i=1

@ Springer



Rigidity and a mesoscopic central limit theorem for Dyson... 225

where V' (z) and g(z, w) are defined in (2.18) and (2.22) respectively. Plugging (2.25)
into (3.20), and by the chain rule, we have

2 & B o
() = = [ 233 ; Gty — o T O @) (s 2)

s (25)9:V'(2s) | 3.21)

—my(zg)) ds + >

ds
) — Zs)3 ’

1 28 3
—_ - g n 2 —
e fc ol s )duds + G 3G

It follows by taking the difference of (2.26) and (3.21) that,

N

d(”hv (Zs) — My (Zs)) I ’B]Q\’]3 ; dBl (S)

ri(s) — Zs)z

+ (mg(zg) — my(zs)) 0, (f;lv (z5) + Vv ;Z;)) ds

ds
) — Zs)3 '
(3.22)

1 2-p 5
+ E/Caa)é(zs, w) (it (w) — g (w))d*wds + BN? ; (i (s

Using the fact that mo(z) = mp(z), we can integrate both sides of (3.22) from O to ¢
and obtain

t
m(z) —m(z;) = /o (E1(s)ds + déa(s)) (3.23)

where the error terms are

V(2
E1(5) = (s (z5) — my(24)) 0 (ms(zs) n L))

2
+ l/ 308 (25, w) (s (w) — my(w))d*w, (3.24)
T JC
2-8 ds 2 XL dBis)
- — : 2
0= T e o P G- P

We remark that £ and & implicitly depend on u, the initial value of the flow z;(u).
The local law will eventually follow from an application of Gronwall’s inequality to
(3.23).

We define the stopping time

. - M
o= ;rzn(; {Elw € Dy : |ms(w) — mg(w)| > m} At. (3.26)
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In the rest of this section we prove that with overwhelming probability we have o = ¢.
Theorem 3.1 follows.
For any lattice point u € £ as in (3.16), we denote

t(u) = supf{zs(u) € Dg} At (3.27)

s>0

By Proposition 3.5 we have that z; (1) € D; forany 0 < s < t(u). We decompose the
time interval [0, #(«)] in the following way. First set #p = 0, and define

Im(z; ()]

fiy1(u) == sup {Im[zs(u)] > >

} Atw), i=0,1,2,.... (3.28)
s>1i (u)

By (3.8), there exists some constant C depending on V, such that Im[zg(u)] <
CN Im|[z;(,) ()], and thus the above sequence will terminate at some # (1) = (u)
for k = O(log N) depending on u, the initial value of z;. Moreover, by (2.28), for any
ti(u) <51 <53 < tip1(u),

—CT L ,~Cls2=s1) < Im[zg, (u)] C(Sl_ti)lm[ztl ()] < 2T,
- T Imfzg,(u)] T €270 Imfzy,,, (u)] T

e (3.29)

We first derive an estimate of [ d&>(s) in terms of {m(zs(u)),0 < s < t(u)}.
Proposition 3.8 Under the assumptions of Theorem 3.1. There exists an event 2 that

holds with overwhelming probability on which we have for every 0 < t < t(u) and

uecrb,

Clog )+
‘/ 166 )‘ NIm[zne ()] 330

Proof For simplicity of notation, we write #; = t;(u) and z; = z5(u). For any s < ¢;,

by our choice of the stopping time o (as in (3.26)), and the definition of domain D
(asin (3.2)), we have

Im (150 (2sao)] < 2Im[mgae (Zsao)]- (3.31)

For the first term in (3.25) we have

2B [T & ds
osey | BNT Sy = Ga() — 207
2B [T ds
= BN “rls) -5l
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C /"i/\f’ N ds . /-t,-/\a Im[m(zs)]ds
=N — Imlz]li(s) =27 S NImlz)?
_ C/IMU 2 Im[mg(z5)]ds - c’ ’

- 0 NIm[Zs]z - NIm[ZZiAO']

(3.32)

where we used (3.31) and (2.31).
For the second term in (3.25) we have

/ dB; (s) 2 /W’i ds
BN3 (M@ =z TBNTP Sy S ks ol

/WTZ ds /“" Im[m(z)1ds  (3.33)
ﬁN3/2 [z, i (s) — %> B N?Im[z]?

/’l/\" 2Im[my(z5)]ds - C
ﬁ N2 Im[z]? N2Im[z;r01?

again we used (3.31) and (2.31). Therefore, by Burkholder—Davis—Gundy inequality,
for any u € L and ¢, the following holds with overwhelming probability, i.e., 1 —
C exp{—c(log N)'*?},

2 o X dBis)
\/W/o E(mm—zsﬂ

We define 2 to be the set of Brownian paths {B;(s), ..., BN (s)}o<s<: on which the
following two estimates hold.

_ Cdlog N)IHo
= NIm[z;no]

sup (3.34)

0<t<t;

1. First we have, —b < A(s) < Az(s) < .-+ < An(s) < b uniformly for all
s e[0,T].

2. Second for any u € L andi = 0,1,2,...,k, (3.34) holds. We recall that
to, 1, . .., ty are recursively defined in (3.28), and k = O(log N).

It follows from Proposition 2.5 and the discussion above, 2 holds with overwhelm-
ing probability, i.e., P(2) > 1 — C|L|(log N) exp{—c(log N)!*+?}.
Therefore, for any t € [t;_1, ;], the bounds (3.32) and (3.34) yield

c'a N 1+6 C 1 N 148
V dE()‘ (log N) - (log N) ’ (3.35)
N Im([ Zt Aol NIm[Z‘[/\U]
where we used our choice of #;’s, i.e. (3.29). O

We now bound the second term of (3.24).

Proposition 3.9 Under the assumptions of Theorem 3.1, forany u € L and s €
[0, t(u)] (as in (3.27)), with probability 1 — , we have
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2
‘1 / 00 (2o (), W) Gits oy () — My g (w2 = CLUOEN)T 5 56
T Jc N

where the constant C depends on V.

Proof First, we note that by Proposition 2.5, we can restrict to the case such that
[, g are supported on [—Db, b], and replace g by g1(z, x) := g(z, x) x (x) and the
quasi-analytic extension by g1(z, x +iy) := (g1(z, x) +1ydxg1(z, X)) x ().

The proof follows the same argument as [24, Lemma B.1]. Let S(x + iy) =
Myno (X +1y) — mgpo (x +1y). we have

1
‘— / 3081 (Zspo (1), W) (FFigpe (W) —mm(w»dzw‘
T Jc

= ‘/ 81(Zsno W), X)(dfisns () — ditsao (x))‘
R (3.37)
< C[c (181 (zsno» X)| + ¥19xg1(Zsno @), )N x" (MIIS(x +iy)|dxdy

+C[c YXWN0781(zspo (), )| TM[S(x +iy)]ldxdy.
N

We start by handling the first term on the RHS of (3.37). The integrand is supported
in{x4+1iy: |x] <2b,b < |y| < 2b} C D; for every ¢. In this region we have from
Proposition 2.6 that g1 and 9, g1 are bounded, and by the definition of o we have that
|S(x +1iy)| < M/N in this region and so

CM
[c (181(zsn0s )|+ ¥18x81(zs a0 (), )N IX" (MIS(x +iy)ldxdy < N (3.38)

We now handle the second term on the RHS of (3.37). By the definition of #(u),
Zsao () € Do, and so Im[zzae ()] > N~C. From Proposition 2.6 we have
1038(z, x)| < Clz — x|, and [87¢1(z, ¥)| < Cx(x)]z — x|7".

We split the second integral on the righthand side of (3.37) into the two regions
A={E+in:0=<n< eK(M")N_c} and C4 \ A. On A, we use the trivial bound
Im[S(x +iy)] < [Mspe (x +1Y)| + [mspo (x +1iy)| < 2/y, and obtain

fA YXWN781(zsr0 (), )| TM[S(x +iy)]ldxdy

Clog N
< C/ dedy < o8 .
0

<y<eK(no)Ny—c |Zsno () — x| A

(3.39)

On C4 \ A, by Remark 3.3, and the definition of o that (3.6) holds for time 0 < ¢ <
s Ao, we have | Im[S(x +iy)]| < 3¢X629) M log N/(Ny), and therefore,
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/ yX(y)|3§gl(Zs/\a(u)s )| Im[S(x +iy)]ldxdy
Ci\A

5 (3.40)
CMlog N x () x () CM(log N)
< dxdy < ————.
N Cy |Zsno (1) — x| N
This completes the proof of (3.36). O

Proof of Theorem 3.1 We can now start analyzing (3.23). For any lattice point u € £
and t € [0, #(u)] (as in (3.27)), by Proposition 3.8 and 3.9, we have

[ no (Zeno (W) — Mepo (Zeno ()] < /(;

[ (25 (u)) — my(zs ()| )

0; <n25 (zs(m)) +

N C(t Ao)M(ogN)>  C(log N)!*?

V/(zs(u))>'ds

N NIm[z;ae (1)]
Notice that fors < 7 A o,
0 <r7zs(zs(u)) + 7 (Z;(”))N < Iml[r;"[sz(?g:;‘]))] +C, (3.41)

where we used (2.27), for the Stieltjes transform iy, and 9, V'(zs(1)) = O(1) from
Proposition 2.6. Since z; (1) € Dy, by the definition of D;, we have Im[m(z5(u))] >
M log N /(N Im[zs(u)]). Moreover, since s < o, we have |, (zs (1)) — my(zs(u))] <
M /(N Im[zs(u)]) < Im[ms(zs(u))]/log N. Therefore,

o, <ﬁzs(zs(u)) Y (Z;(”)))‘ < el ¢
1 Im[m(zs(u))]
_<l+logN> Imlz. ()] +C. (3.42)
We denote
1 Im[m(z5(u))] Im[m(z5(u))]
()= =0 ——=), 4
P (1+logN> izl O O( iz, ()] ) (3:43)

We have derived the inequality,

M ne (Zeno (U) — Mppg (Zoae (W))] < /0 Bs (u) [ (zs () — my(zg(u))| ds

N C(t Ao)M(ogN)>  C(log N)'*3
N NIm[z;po (1)]
(3.44)
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By Gronwall’s inequality, this implies the estimate

C(t Ao)M(logN)>  C(log N)!+?
N NIm[z/po ()]

i sM(ogN)?>  Clog N)'™PN  jina g g,
+/0 ;%(u)( N NIm[zs(u)])e @

[ no (Zine (U)) — Mino (Zine (W) <

(3.45)

By (2.31) of Proposition 2.7, and (3.43), we have

1 Im(zs (u)]
ol Brde . Cli—s) e(l+rgN) log(lmmig(un)

1

— Cl—s) ( Im[zs(”)]]>l+logN < C Im[z; (u)]

Im[z;nq (1) = Im[zsne (14)]

In the last equality, we used the estimate (3.8) which shows that Im[z, (1)]/ Im[z/ro ()]
< CN. Combining the above inequality with (3.43) we can bound the last term in
(3.45) by

c /M“ Im[mg(z5(u))] <sM(1ogN)2 C(logN)1+5>
0

Im[z; o ()] N N Im[zs(u)] (3.46)
CM(log N)? mslm[ (2 )1ds + C(log N)?*3 '
vt . 4 mY A u ~r o>

= NImlzine )] Jo o N IM[Zs o (o)]

where we used (2.34) and that log(Im[zo(#)/z:ro ()]) = O(log N) from (3.8). Since
[V/(z)| < C, it follows from (2.25) that Im[m,(zs(u))] = —d; Im[zs(u)] + O(1).
Therefore we can bound the integral term in (3.46) by,

tNO tNO
/ s Im[mg(zs(u))]ds =/ (—0s Im[zs(u)])sds + O((t A 0)2) =0( No).
0 0
(3.47)

It follows by combining (3.45), (3.46) and (3.47) that

(t Ao)M(log N)? + (log N)**? )

[Mino (Zino () — Miag (Zine (W) < C ( NIm[z/ o (1)]

(3.48)

Therefore on the event €2 as defined in Proposition 3.8,

—> , (3.49)
N Im[z;ro ()]

[t n0 (Zineg (1)) — Mino (Zino (W) =0 (
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provided r « T = (log N)~2, and M = (log N)*>*2%. By Proposition 3.7, for any
w € Dy o, there exists some u € L such that z; 4, (1) € Dyry, and

|Zeno () — w| = O(N ). (3.50)

Moreover, on the domain D; 5, both 171, ., and m; 5, are Lipschitz with constant N 2c
Therefore

[Mine (W) — Mipg (W] < [Wiao (Zine () — Mino (Zine (1))]

+ [ po (W) — Ming (Zino W) + [Miag (W) — Mipno (Zeno (1))

:0< M >+O<I1m(u)—w|>:0( M )
N Im([z;po ()] N2 N Im([z;po ()]

If 0 < t somewhere on the event €2 then by continuity there must be a point z € D,
S.t.

(3.51)

s (z2) —mo(2)] = (3.52)

N Im[z]’

This contradicts (3.51), and so we see that on 2, 0 = . This completes the proof of
(3.3). O

3.3 Proof of Corollary 3.2
Proof of Corollary 3.2 The proof follows a similar argument to [24, Lemma B.1]. Recall

the function n(x) from Remark 3.3. Let S(x +iy) = m;(x +iy) — m,(x +iy). Fix
some Ey € [—b, b]. Define

ne= nze}g}fvlfc {77 : EoSI)IclSEl§0+7I ) = 77} . (359

For later use we define

E = argmax g <, < g4 n(x), (3.54)
so that
n(E) = 1. (3.55)
We define a test function f : R — R, such that f(x) = 1 on x € [—-2b, Ep], and so
that f(x) vanishes outside [—2b — 1, Eg + 7]. We take f so that f'(x) = O(1) and
f”(x) = O(1) on [-2b — 1, —2b] and f'(x) = O(1/#) and f”(x) = O(1/7%) on
[Eo, Eg + 1]. By the Helffer-Sjostrand formula, see [30, Chapter 11.2], we have,
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U S (da (x) — dpe (x)) SC/@ (fI+ I ODIX WIS +iy)ldxdy

e ‘ /C V)£ () Im{S(x + iy)Idxdy]|
i (3.56)

On the event such that (3.3) holds, the first term is easily bounded by
, , ) cM
; (ST + YD DIIS(x +iy)|dxdy < v (3.57)
n

For the second term, recall that f”(x) = Ounless x € [Ey, Eg+7]U[—2b—1, —2b].
By Remark 3.3 we have the estimate

CMlog(N) ekt
—_— ¥y =

[ Im[S(x +iy)]| < Ny T

=!17e. (3.58)
Hence,

‘/ yx () f"(x) Im[S(x + iy)]dxdy‘
—2b—1<x<-2b

<

/ yx () f"(x) Im[S(x + iy)]dxdy‘
—2b—1=<x<-2b,[y[=nc

n ‘/ |f”(x)|dxdy‘
—2b—1<x=<-2b,|y|<nc

CMlog N C CMlog N
<R - TR (3.59)
N N¢ N
In the first integral we used the estimate (3.58) and in the second we used |y Im[S(x +
iy)]| < 2. For the region x € [Eq, E¢ + 77] we do a similar decomposition. First we
bound the region |y| < 7. We have,

f / yx(y)f”(x)lm[S(x+iy)]dxdy'
Eo<x<Eo+7 Jy<p

<

/ / yx(y)f”(x)lm[S(x+iy)]dxdy'
Eo<x<Eo+7 Jy=nc

+

/ / yx ) f" () Im[S(x + iy)]dxdy‘
Eo<x<Eo+7 Jn.<y<q

- % n Clog(N)M - Clog(N)M.

== Y < N (3.60)
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For the first integral we used y| Im[S(x +iy)]| < 2 and in the second region we used
(3.58). For the other region we integrate by parts,

f / yx O f” () Im[S(x + iy)]dxdy
Eo<x<Eo+7n Jy=n

= —/ F () Re[S(x + in)]dx (3.61)
Eg<x<Eo+7

—/ | f0ay(yx (v) Re[S(x +iy)ldxdy.
Eo<x<Eo+n Jy=n

By the definition of 7, the estimate (3.3) holds in the region x +iy forx € [Eg, Eo+i7]
and y > 7). Hence, both terms are easily estimated by C log(N)M /N.
The above estimates imply

o° - CMlog N
‘ f FOO@a () = dpry ()| < =5 (3.62)
- N
We can now prove the lower bound of (3.4). We have,
00 Eo+1
i 2 (0) < Eo)l < N/ F i () < Nf dj1,(x) + CMlog N.
—0o0 —0o0
(3.63)

Ifn = eKt/Nc then the lower bound of (3.4) follows by taking Eg = ¥i—camiogn (1) —
N~ If 5 = n(E) > ¢ /N°¢, then by the defining relation of the function n(E) as
in (3.7), we have 7 Im[m, (E +i7})] = eX'M log N/N. We calculate

E+ii E+if 252
/ du(x) < / = A (x)
E E

(x—E2+7
~ 2¢K' M1loe N
< 2fiIm[m, (E + )] = % (3.64)
Hence,
Eo
i 2 2() < Eo)| < N / 412 (x) + CM log(N). (3.65)
—00

The lower bound then follows by taking Eg = y;—cm1og N (t). The upper bound of
(3.4) is proven similarly. O

4 Mesoscopic central limit theorem

In this section we prove a mesoscopic central limit theorem for S-DBM (1.1). We
recall the parameters § and M defined at the beginning of Sect. 3. In this section, we
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fix scale parameters, 1, and r such that N -1 < Ny < r < 1.If we assume that the
initial data A(0) is regular down to the scale 7., on the interval [Eq — r, Eg + ], we
can prove that after time ¢ >> 1, the linear statistics satisfy a central limit theorem on
the scale n < t. The precise definition of regularity is the following assumption.

Assumption 4.1 We assume that the initial data satisfies the following two conditions.

1. There exists some finite constant a, such that —a < A;1(0) < A2 (0)--- < An(0) <
a;
2. There exists some finite constant 9, such that

27! <Im[mo(2)] <0, 4.1)

uniformly forany z e {E +in: E€[Eo—r,Eo+r],n« <n <1}.

Under the above assumption we can prove the following mesoscopic central limit
theorem for the Stieltjes transform.

Theorem 4.2 Suppose V satisfies Assumption 2.1, and moreover that V is C>.
Fix small constant § > 0, M = (log N)2+2‘S, and N7} < e LK r <1,
and assume that the initial data A(0) satisfies Assumption 4.1. For any time t
with n, < t < (log N v A (log N)~2, the normalized Stieltjes transform
I';(z) := N Im[z] (m,(z) — m,(2)) is asymptotically a Gaussian field on {E + in :
E € [Eg —r/2,Ey + r/2], M*/N <« n < t/(MlogN)}. We have for any
21,22, ...,z €{E+in: E € [Eg—r/2, Eg+r/2], M?>/N < n < t/(Mlog N)},
the joint characteristic function of T'y(z1), T'1(22), ..., I't(zx) is given by

k
E | exp iZajRe[F;(zj)]+bj1m[Ft(Zj)]
j=1

(aj —ibj)(ae +iby) Im[zj]lm[a]} (4.2)
= exp Re |: 7
15]Z,l;sk 2B(zj — 70)?
< M2 M]ogNman{Im[Zj]})
+ N min;{Im[z;]} ! .

Remark 4.3 The above covariance structure is universal, independent of the potential
V. By a slightly more elaborate analysis, we can compute the joint characteristic
function of T (z1), ', (22), ..., 'y (zk), where the times 1, K t,0,.... 1% <
(logN)~'r A(logN)~2and z; € {E +in: E € [Eg —r/2, Eg +r/2], M*/N <
n<Kti/(MlogN)}for j =1,2,...,k,
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k
E|exp{iY ajRell';(z/)]+ b;Im[I};(z))]
j=1

(aj —ibj)(ag + ib¢) Im[z;]Im[z¢] 4.3)

= exp Z Re . —
1<j,t<k Zﬂ(ztjAtg o Z;j (Zj) — Ztjntg O %y, (Zl))z

+O<L+Mlo N ma {M}>
N min, {Im[z, ]} ENIE T )

By the Littlewood—Paley type decomposition argument developed in [49], the above
theorem implies the following central limit theorem for mesoscopic linear statistics.

Corollary 4.4 Under the assumptions of Theorem 4.2, the following holds for any
compactly supported test function s in the Sobolev space H® withs > 1. Let M* /N <
n<Kt Ee€l[Ey—r, Ey+rl, and define

x—F
Yo E(x) =¥ (T) . 4.4

The normalized linear statistics converges to a Gaussian

N
LWnp) =Y Ynp0i() = N fR Vo) = N©,03), (4.5

i=1
in distribution as N — 00, where

21 () — ()’
oy = 2pn? /]RZ ( —y ) dxdy. 4.6)

4.1 Regularity of the Stieltjes transform of the limit measure-valued process

In this subsection we analyze the differential equation of the Stieltjes transform of the
limit measure-valued process (2.26) under the assumptions of Theorem 4.2. We will
need some regularity results for ;. First we prove some preliminary estimates. The
following two estimates are standard.

Lemma 4.5 Under the assumptions of Theorem 4.2, we have, for any interval I =
[E—n,E+nlwithE € [Eg—r,Eg+r]landn € [40271*, 1], the estimate

i:20) el o|I|N. 4.7
1603 '
Proof For the upper bound, by taking z = E + in, we have

, 1 n I{i:x €1}
0>1 E > — > . 4.8
> Im[mo(E + in)] > NMXE:I GBI RS 2Ny (4.8)
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For the lower bound, let n; = 1/(40%) > 1y, we have

- . 1 n 1 n
ol <Imlmo(E +inD] = — Y e = Y
N e i — EY +ny N imngr Wi~ E)? +nj
. N
Micrienh mls~ 20
- Nm n N = (i — E)2+n?

inel| 2
Miirie D }|+%Im[mo(E+in)]

- Nm
40%{i s ri el 1
AW AeD L “9)
Nn 20
and the lower bound follows by rearranging. O

Corollary 4.6 Assume the conditions of Theorem 4.2. Let u = E + in with E €
[Eo—r, Eo+r]landn € [ny, 1]. There exists a constant C > 0 so that ifIm[z;(u)] > 0,
then

|m;(z;(u))] < ClogN, (4.10)
and
|0;m(z;(u))] < ClogN. 4.11)

Proof For ¢t = 0, let ; = 40%5. By a dyadic decomposition we have

1 1 L= log (n1)] 1 1
<— — -
o)l = | D0 —+ > TTET X 5 E

moElsm T k=l kgl B2ty i —E|=1/2

<20m1/n —40logyn +2 < ClogN.

(4.12)
By Proposition 2.6 we have that |3,V’'(z)| < C and |g(z, x)| < C and so
|05my (zs W) < C(Ims(z5)| + 1), (4.13)
and therefore,
Imi(z: )| < e (Imo(zo(u))| + 1) = O(log N). (4.14)
The claim follows. O

We now derive estimates on quantities appearing in our analysis of m;.
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Lemma 4.7 Assume that Assumption 4.1 holds. Let t < (log N A (log N)72,
andu € {E+in: E € [Eg—r,Eo+rl,n € Ny, 11}. If z;(u) € {E +in : E €
[Eo —r/2, Eg 4+ 1/2], M2/N KL n K t}, then for 0 < s < t, we have that z; € D;
as defined in (3.2), and moreover,

rog ' ClogN. p=1.
/ < 20/ Imim, @)1 0 { ogf. P (4.15)
0 0

Im[zs]” Im[zs]7 W, p> 1

Proof Let u be as in the statement of the lemma and denote z; = z;(u). By (4.10), we
have |Re[zs]| <r + Ctlog N <3b — s and Im[z5] <14 Ctlog N < 3b — s, since
t < (log N)~2. By the assumption 9~ < Im[mq(u)] < 0 and the estimate (2.29), we
have uniformly forany 0 < s <1,

(20)7" < Im[my(z5(u))] < 20, (4.16)
since t < 1. Moreover, by (2.28), we have Im[z;] > cIm[z;] > M 2 /N. Therefore,

eKleogN y eks « M? < Im[z,]
_— —_— m .
NIm[m,(z)] = N¢ © N o

It follows that z, (1) € Dy. Since Im[m,(z5)] > (20)~!, we have

o d | 4
f S 20/ Imlms @)l ;o 4.17)

o Im[zs]? o Imfz]?
The case p = 1 estimate of (4.15) follows from (2.31) by using the estimate
Im[u]/Im[z; (u)] < CN of (3.8). The case p > 1 follows from (2.31). O

Lemma 4.8 The following holds under the assumptions of Theorem4.2. Letu = E+in
with E € [Ey —r, Eg +r] and n € [ns, 1]. There exists a uniform constant ¢ > 0 so
that If Im[z; (u)] > O, then

1 — ¢ Re[d,mo(u)] > c. (4.18)

Proof By the upper bound in (2.30), since Im[z;(#)] > 0, we have

Ct 2

Im[mo(u)] > (r _ %) Immo)].  (4.19)

Imfu] > ~—
= Im[u _
7 =7 C
We write the LHS of (4.18) as

N 2

1 — t Re[d,mo(u)] = 1 —%Im[MO(u)H%Z 2

-~ m (420)

We consider the following two cases:
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1. If n > 20t, then by (4.20) and assumption (4.1), 1 — ¢ Re[d,mo(u)] > 1/2.
2. If n < 201, let n; = n Vv 40%n, < 40%n. By combining (4.19), (4.20) and (4.7),

we have
Ccr? t 2772
1= 1Re[dmo(w)] = — —— Immo()] + > s
7 i O E|<m D)
Cor? t t 010
z - 2n + 21099, = 21099, (1 —2°C t) z 212510°
.21
where we used t < 1.
O

In the following we derive the regularity of the Stieltjes transform of the limiting
measure-valued process (2.26). As a preliminary we study the flow map u — z,(u),
and prove that it is Lipschitz.

Proposition 4.9 Under the assumptions of Theorem 4.2 we have the following. Let
u=E+in, suchthat E € [Ey —r, Eo +r] and n € [ny, 1]. If Im[z;(u)] > O, then
for0 <s <t,

¢ < |0xzs )], [9yzs(u)| < C, (4.22)

[0cm (2o @) =0 (7). 4.23)

where the constants depend on V' and 0.

Proof For s = 0, by (4.19) we have

1 _ ImlmoG)] _ 0 (t_1> _

1 N
[9:mo)] < + ; N —%F = Tmle] (4.24)

By taking derivative with respect to x on both sides of (2.25), we get

V' (z;(w))

050z () = —0zms (25 (u))0xzs () + > o Oxzo(w) =1, (425)

where 9, V' (zs (1)) = 9, V' (z5(1)) 025 (1) + 9z V' (z5 (1)) 3, Zs (u). By taking derivative
with respect to x on both sides of (2.26), we have

0y (0;my(z5(u))) 0xzs (1) + 0m (25 (u)) 050z (1)

0:mg (25 (1)), V' (25 (1)) 0y 2 (u) + mis(z5(1)) 050, V' (25 (1))
= 5 (4.26)

+[l‘¥3xg(zs(u),w)dl/«s(w)a
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where 0xg(zs (), w) = 0,8(zs(u), w)dxzs(u) + 0z8(zs(u), w)dxzs(u). Note that
0xz0(u) = 0x(x +1iy) = 1. We define

o =1 A inf(dyz,) = 0). 4.27)

Then0 < o <t < (log N)~2, and for any 0 < s < o we have |0,z ()| = |0yzs(u)].
By combining (4.25) and (4.26), and rearranging we have

s [azms (zs (u))] = (9zm; (25 ('4)))2 + 20,m(z5(u))bs + cs, (4.28)
where
_ 0 V' (z5(u)) 8ZV/(ZS(M)) _ m (25 (1))0x 0, V' (zs (1))
40y 25 (u) 4 20y 25 (1) (4.29)
Jg 9x8(zs (), w)dps (w)
Ox 25 (1)

Under the assumptions of Theorem 4.2 we have [|V'(z)|c2 < C and |3,8(z, w)| +
|0zg(z, w)] < C by Proposition 2.6. Combining this with Corollary 4.6 we have
|bs| +lcs] < CforO0 <s <o.

First we derive an upper bound for the real part of d,m(zs(u)). It follows from
taking real part on both sides of (4.28) that

as Re[azmx(zs(u))]
= (Re[8,m (25 (u)])? — (Im[,my (25 ())])? 4 2 Re[d,m; (z5 (u))] Re[by]
- ZIm[azms (zs(u))] Im[by] + Re[cs]

< (Re[d,my(zs (u))])2 + 2Re[0,mg(z5(u))] Re[bg] + Im[bs]2 + Refc;]
= (Re[d.m;(z5(u)) + bs])* + Re[ey — b 1.

Therefore, we derive
35 (Re[d;my (zs )+ < ((Re[d;my(zs(u)])+ + C* + Clog N, (4.30)

with initial data (Re[d,mo(z0(u))])+ < (1 — ¢)/t from (4.18). The above ODE is
separable and by solving it explicitly and using the fact that /log Nt < 1, we get

Re[d;m;(z5s(u))] <1/Clog N tan (arctan (w) +/Clog Ns)

J/Clog N
— Ct)/Clog Nt 1 -
=<4/Clog N tan z—(c ) o8 = C,
2 1—c+Ct ct

4.31)

uniformly for 0 < s < o. Therefore, there exists some constant C, so that
Re[d,m(zs(u))] < C/t, uniformly forany 0 < s < o.
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Using this we derive from (4.28) that,

3518.m (z5(u))|* = 2 Re[dyd,m (25 () D111 (25 (10))]
= 2Re[8,m, (25 )19y (25 (u))]|* + 4 Re[by1|.m (2 ()|
+ 2Re[cs0;m5(z5(u))]
< £|Bzms(zs(u))|2 + C(tlog N)>.
t (4.32)

It follows by Gronwall’s inequality that |0,m(zs(#))] = O(1/t) uniformly for 0 <
s < o. Notice that d,zo(u) = 1, and that (4.25) implies

Bst(u)Zexp{ [0 —3zms(Zs(u))+82V(2ZS(u)) 8ZV2;ZSZ(”():fxzfd }xl.

(4.33)

uniformly for 0 < s < o. Therefore, o = ¢ and the estimates (4.23) and |0y z;(1)| < 1
are immediate consequences. The estimate |dyz,(u)| =< 1 follows from the same
argument. O

Finally, we have the following results for the regularity of m;(w).

Corollary 4.10 Suppose that the assumptions of Theorem 4.2 hold, and let n, < t K
(log N)~r A (log N)~2. We have,

i) Foranyw € {E+1in: E € [Ey —3r/4, Eo +3r/4],0 < n < 3/4}, we have that
&' (w) CLE+in: E € [Eg—r, Eo+rl,n« <0 < 1), and d.m; (w) = O(1/1).

ii) Fixue{E+in: E€l[Ey—r,Eo+rl,nen, 11} Ifzz(u) e {E+in: E €
[Eo —r/2,Eg+1r/2],0 < n KL t}, then for 0 < s < t, and any w € C4 such
that |lw — zs(u)| < Im[zs(u)]/2, we have [0:ms(w)| = O(1/1).

In both statements, the implicit constants depend on 'V and 0.
Proof We first consider the first statement in i). Uniformly forany u € {E +in : E €

[Eo—r, Eo+r], ne < n < 1}NQ, (with ; as in Proposition 2.8), we have by (2.30),
(4.10) and (2.25), that there exists a constant C depending on V and 9, such that

—Ct

% Im[mo(u)]> ,

Re[u] — Ctlog N < Re[z;(1)] < Re[u] + Ctlog N.

max {0, Im[u] — 2¢C Im[mo(u)]} < Im[z; ()] < et (Im[u] —

(4.34)

By Proposition 2.8, z; is surjective from €2; onto C_.. The first statement in i) follows
from the assumptions ¢ > 1, and r > tlog N. The second statement in i), is then a
consequence of (4.23) and the equality d,m;(w) = Bzm,(z,(zt_l(u}))).

Forii), since Im[mg(u)] = O(1), it follows from (2.30) that Im[u] = ¢ Im[mo(u)]+
o(t).If s < t/2,then we see thatby (2.30) thatt/C < Im[z;(u)] < Ct forsome C > O.
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Furthermore, by (4.10) and (2.25) we see that Re[u] — Ctlog(N) < Re[zs(u)] <
Re[u] + Ctlog(N). We also observe that Im[w] > 7/2C. It follows from the same
argument as in i) that {w € Cy : |w — z;(w)| < Im[z3(u)]/2} € z,({E + in :
E e [Ey—r, Eg+r],n € [n4, 1]} N Q). Therefore, by (2.29), uniformly for {w €
Cy : lw — z5()| < Im[zs(u)]/2}, Im[m(w)] = OUm[mo(z; ' (w))]) = O(1), and
therefore

[0,mg(w)| < w =0 <l> . (4.35)
Im[w] t

If s > t/2, from 1), uniformly for any w € {E +in : E € [Eo — 3r/4, Ey +

3r/41,0 < n < 3/4}, 9,mz(w) = O(1/s) = O(1/t). Moreover, we have {w € Cy :

lw—2zs(m)| <Iml[zs(m)]/2} C{E+in: E € [Eg—3r/4, Eg+3r/4],0 < n <3/4}.

The statement follows. O

4.2 Proof of Theorem 4.2

Using regularity of m, and the local law we infer the following regularity for the
empirical Stieltjes transform ;.

Lemma 4.11 Suppose that the assumptions of Theorem 4.2 hold. Let n, < t <
(log N)~'r A (logN)™2. Fixu € (E +in : E € [Eg —r, Eg +rl,n € [ns, 11}. If
zt(u) e{E+in: E € [Eg —r/2, Eg +1/2],0 < n K t}, then on the event Q (as
defined in the proof of Proposition 3.8), we have the following estimate uniformly for
0<s<t

P i (zs(w)) = o( M + ! ) (4.36)
S N Im[z,()]P+! ¢ Im[z,w)]P~1 )" '

Proof The estimate (4.36) is a consequence of the following two statements.

P (i _ _of M
07 (ms(zs(w)) — mg(zs(u))) = 0o (NIm[zx(u)]p“) ’ 4.37)

9 mg(z(u)) = O < (4.38)

tIm[zs(u)]f’_]> '

For (4.37), since both m; and m are analytic on the upper half plane, by Cauchy’s
integral formula

oF (g (z5(u)) — my(zs(u))) = 1’_' mg(w) — mg(w)

27 Jo (w— 25 Pt (439

where C is a small contour in the upper half plane centering at z;(u) with radius
Im[zs(x)]/2. On the event 2, we use (3.3) in Theorem 3.1 to bound the integral by
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p_‘% mg(w) — mg(w) ’< p! |ms(w) — mg(w)]

271 Je (w — z;(u))P*! 2w Je lw—zg(w)|Pt!

Y (N — 4.40
B (Nlm[z.v(u)]”“)' 40

For (4.38), Cauchy’s integral formula leads to

(p—D! |0;ms(w)| 1
a7 ds| < 75 dw=0(————). 441
[0 ms (2o w))ds| < 2 Jelw—z@r t Im[z, (u)]P~! (4.41)
where we used ii) in Corollary 4.10 which states that |d,m (w)| = O(1/1). O

By i) in Corollary 4.10, {E +in : E € [Eg—r/2, Eo+7r/2], M*/N < n <t} C
zZ{E+1in: E € [Eo — 1, Eo +r], n € [0, 11} N ;). In the following, we fix some
uel{E+in: Ee€[Ey—r,Ey+r],n € [ns 1]}, such that z;(u) € {E +in : E €
[Eo —r/2, Eo +1/2], M*/N < n < t}. By Lemma 4.7, z; € D;, and the local law
of Theorem 3.1 holds.

We integrate both sides of (3.22), and get the following integral expression for
m (z¢),

t Ve,
rht(zt) —m(2) = \/O (mS(ZS) — mg(zys)) 8z (ﬁ’ls(Zs) + ;Z )) ds

t N

/ / 0032, w) iy (w) — my ())d

prll O (S) (i) —2,)?

2 ' dBis)
Vi h X @42)

For the proof of the mesoscopic central limit theorem, we will show that the first three
terms on the righthand side of (4.42) are negligible, and the Gaussian fluctuation is
from the last term, i.e. the integral with respect to Brownian motion. In the following
Proposition, we calculate the quadratic variance of the Brownian integrals.

Proposition 4.12 Suppose that the assumptions of Theorem 4.1 hold. Fix u, u’ € {E +
in:Eo—r <E<Eo+r,n.<n=<1} Letz; :=z,(u) and z; := z;(u"). If

2.2, €{E+in: E € [Eg—r/2, Eg+r/2], M*/N < n <1},  (443)

and Im(z;] > Im[z}], then

1 o ds M 1
m'/(; ; (hi(s) — z9)* =0 <N3 Im[z]3 * N2t Im[Zt]> , .49

N3 Jo = Gui(s) = 29 (hi(s) =22~ \N3Imlz 2 Im[z]] ~ N?tImlz,])
(4.45)
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N ds

1 1
F/o S (i) = 202 (ils) — 20)?

1 M 1
= - +0 + . 4.46
N2(z, — z;)? <N3 Im[z,]?Im[z}] N2t Im[z;]) (.40

Proof Since Im[m(z9)] = Im[mo(u)] < 1, by (2.30) and (2.29), we have Im[zs] =<
Im[z;]+ (¢ —s) and Im[z}] =< Im[z;] + (+ — s). Since Im[z;] > Im[z}], there exists a
constant ¢ depending on V and d, such thatuniformly for0 < s < ¢,Im[z,] > ¢ Im[z}].

For (4.44), the lefthand side can be written as the derivative of the Stieltjes transform
mg at zg, and so

I/ta3~()d<cft N d
I ez
on2 J, =Y =on o \ Nz i)
(4.47)
_o M n 1
T\ N3Im[z]?  N%tIm[z])’
where we used Lemma 4.11 and (4.15).
We write the LHS of (4.45), as a contour integral of mj:
N -
1 1 1 mg(w
_32 2 N = -2% Xz() ~rdw,
N2 = ils) = z5)7(hi(s) — 29)= 2miN= Je (w — z9)*(w — z{)
(4.48)

where if Im[z,]/3 > |zs — z;|, then C is a contour centered at z; with radius Im[z,]/2.
In this case we have dist(C, {zy, z;}) > Im[z,]/6. In the case that |z, —z,| > Im[z,]/3,
we let C = C; U Cy consist of two contours, where C; is centered at zg with radius
min{Im[z,], Im[z]}/6, and C; is centered at z, with radius min{Im[z}], Im[z,]}/6.
Then in this case we have dist(Cy, z,) > Im[z,]/6 and dist(Cz, zs) > Im[z,]/6. In the
first case, thanks to Lemma 4.11 and ii) in Corollary 4.10, for w € C we have

o B i o M 1
mg(w) = my(zs) + (W = z5) 8 (z5) + (w — 2)7 O (Nlm[zs]3 + tIm[zs]> '

(4.49)

Plugging (4.49) into (4.48), we see that t he first two terms vanish and

|(4.48>|s%/( )
N? Je \NIm[z]®  tIm[z,]?

—0< M1 ) (4.50)
T U\ N3Im[z,]* | N2rIm[z)2 ) '
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where we used that |C| < Im[z;]. In the second case, (4.49) holds on C;. Similarly,
for w € C, we have

~ o~ /7 _ / ~ / _ N2 M 1
s () = s (zg) (W = 2)0cms (2,) + (0 = 2,) O(Nlm[zé]3 + tIm[zé])I

4.51)

It follows by plugging (4.49) and (4.51) into (4.48), that we can bound (4.48) by

c M 1
N2 (/01 (NIm[zS]S + tIm[zs]3) dw
M 1
+ /Cz (N Im[z,]? Im[z,]3 + t Im[zs]? Im[zg]) dw) (4.52)

M 1
= O )
<N3 Im([z,]% Im[z}]? + N2t Im[zs]2>

where we used Im[zs] > ¢Im[z}] and |Cy], |C2| = O(Im[z;]). The estimate of the
LHS of (4.45) follows by combining (4.50) and (4.52),

4.45) << / t M P S
. —_— )
SN Jy MImo Pz T N2 Imz P

M ' ds 1
:O (N3 Im[Zt]z/é Im[Z,Y]z + Nzt Im[zt]> (453)

M 1
_O )
<N3 Imle PImiz] N2r1m[zt]>

where we used that Im[z;] > ¢ Im([z,;] in the second line, and (4.15) for the last line.
Finally, for (4.46),

i > ! _ 2 )+ ()
N & (i(s) = 2002 (hi(s) — 2))? e
817t (25) +0. 114 (2))
TG (4.54)

Note that |z, — z;| > Im[zs] + Im[z}] =< Im[z,]. For the second term in (4.54), we

have by (4.36),
_ C /’ 1 M +1 d
— - )ds
N2 Jo Im[z)? \NIm[z,]> ¢

=0 <N3 Im[z,]? Im|[z;] TN Im[Zz]) '

o /’ 0,11 (z5) + 9,5 (2))
N2 Jy (zs — Z;)z

(4.55)
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For the first term in (4.54), we recall the definition of the vector flow z; (1) as in (2.25).
Since ||V'(z)|lc1 = O(1), we have

—1t5(25) + 1 (25) = 85(Zs — z5) + O(IZs — zg]). (4.56)

Therefore,

ds

2 /’ (=g (z5) + 15(25))
N2

(Zs —2)3
2 ! 05(Zs — 2 ) ( 1 /t ds >
= | == _45+0 ——
N? /o (Zs — 293 N2 Jy Im[z,]2

(4.57)
S R — o( : )
ON2(Z —z)?  N2(a—u')? N2Im(z,]

1 1 1
=—— 140 ,
N2(z; — z})? + (N2t2 + N2 Im[zt])

where we used | — u’| > Im[u] + Im[u’] > ct. This finishes the proof of Proposition
4.12. O

Proof of Theorem 4.2 Let the event Q be as above. Thanks to the estimates Theorem
3.1 and Lemma 4.11 which hold on €2, we can bound the first term on the RHS of

(4.42) by
! /
‘/ Gty (25) = my (25)) (nﬁs(zs) 4 ;Zs)> ds‘
0

<c/l M ( M +1>d (4.58)
~ " Jo NIm[zs] \ N Im[z]? '
B M? MlogN

B <(N1m[zt]>2 )

where we used (4.15).
For the second term on the righthand side of (4.42), by Proposition 3.9 we have on
the event 2

1 (! 5 N CtM(log N)?
L / f 0.8 (2. w) ity (w) — my (w))Pwde| < SHUENT 0y 5,
T Jo Jc
We can rewrite the third term on the righthand side of (4.42) as
2—-B8 (" 5.
= 0 ds. 4.60
ﬂN2 Z (0 (5) —zs>3 2BN Jy BT EIE (460
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Thanks to Lemma 4.11, and (4.15) we have

’/t32~()d <c/t( L, )ds—o< : +1°gN>
o IS = AN I P T mizd ) T D \Namiz 2 T )
4.61)
It follows that
1 log N
. 4.62
,3N2 Z (A (S) —z5)3 =0 ((N Im(z,])? * Nt > (4.62)

By combining the above estimates we see that on the event €2, we have

) B 5 M2 +M10gN>+ i/ N dB;(s)
e (2e) = me(ae) = ((Nlm[zt])2 Nt BN Jo &= (i (hils) —z0)%

(4.63)

In the following we show that the Brownian integrals are asymptotically jointly
Gaussian. We fix some u; € {E+in: Eg—r < E < Eg+r,ne < 1n < 1},
j=1,2,..., k such that

2(uj) €{E+in: E € [Eo—r/2 Eo+r/2l, M* /N < n <1}, j=1,2,.. .k
(4.64)

For1 < j <k.Let

N dB;i(s)
X (6) =Tz (u))] ‘/ﬂN/ g GG ey IRk @69

We compute their joint characteristic function,
k
E|exp{iY a;Re[X;(t)]+b;Im[X;(1)] ¢ |- (4.66)
j=1
Since Z];:I ajRe[X ()] + b; Im[X ()] is a martingale, the following is also a

martingale

k
exp Za/ Re[X; ()] + b; Im[X; ()]} + = <Za,Re[X O]+ b; Im[X; (t)]>}

j=1 j=1
4.67)
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In particular, its expectation is one. By Proposition 4.12, on the event €2 (as defined in
the proof of Proposition 3.8), the quadratic variation is given by

k
1
3 <Zaj Re[X ()] + b; Im[Xj(t)]>

j=1

Z Re (aj —ibj)(ag +1ibg) Im([z; (1 ;)] Im[z; (eg)] (4.68)
2Bz (uj) — 2 (ug))?

1<j,l<k
max {Im[Zz(Mj)]})
+O<Nminj{zz(uj)} t ’
Therefore,
oo —exp| 3 Re [(aj —ibj)(ac + iboIm[zf<u,->]21m[zt<w>]}
1<j.<k ZIB(ZI(MJ) - Zt(ulf)) (469)
40 < . M maxj{Im[z,(uj)]}) '
N min; {Im[z, (u;)]} t
Since by (4.63),
I M? M log N Im[z,(u;)]
[i(zi(uj)) = Xj(@)+ O (N Tmiz] ; ) ; (4.70)
and so (4.2) follows. This finishes the proof of Theorem 4.2. |

Proof of Corollary 4.4 The corollary follows from Theorem 4.2 and the rigidity estimate
in Theorem 3.1 by the same argument as in [49].

We can approximate the test function v, g(x) by its convolution with a Cauchy
distribution on the scale 7, as € goes to 0,

) 1 (en)

wn,E =Yn.E * - T(Sn)z — YyE, in H'. 4.71)
We let
N
L@ =Y W 0u0) — N /R Ye p(de (x). @)
i=1

Then thanks to Theorem 4.2, L(w%) is asymptotically Gaussian,

&Ly vx) -y (K
] cen| e () ]

(4.73)
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We can approximate the characteristic function of £(v,;, £) by that of E(w(”

) . 1/2
‘E[eiwvfm]_E[e‘f“%%)] < j¢IE [(cwn,w—ﬁ(wé’f};))z] @

By the Littlewood—Paley type decomposition argument developed in [49, Section 3],
the righthand side of (4.74) can be bounded by the variance of the Stieljtes transform.
It follows from the rigidity estimate in Theorem 3.1 by the same argument as in [49,
Proposition 4.1], we have the following bound on the variance of the Stieltjes transform

E [Iﬁzt(z) m;(2)] ] (4.75)

N2 2467

uniformly forany z e {E +in: E € [Eo —r/2, Eo+r/2],0 <n <1, where§ > 0
can be arbitrarily small. Therefore, [49, Theorem 5] implies that

E|(cwne - L) P e ~ Vbl @
2= LWD) | = Clvne —wiElm, (476

provided that 2 + § < 2s.
It follows from combining (4.73), (4.74) and (4.76) that

B[e lswm]_exp{ 4ﬁn2// (‘“2_;“”) dx dy}—ko(]), 4.77)

and the claim (4.5) follows. O

Acknowledgements We thank Paul Bourgade, Philippe Sosoe and Horng-Tzer Yau for helpful discussions
and useful comments on our preliminary draft.

A Universality

In this appendix we roughly sketch the following universality theorem.

Theorem A.1 Suppose V satisfies Assumption 2.1. Fix N~' < n, < r < 1, and
assume that the initial data )(0) satisfies Assumption 4.1. For any time t with n, <
t < (log N)~'r A (log N)72, and index k such that E —r/2 < (0) < E +r/2,
there is a constant ¢ > 0 so that the following estimate holds for any smooth test
function O : R — R and N large enough,

[E[O(oN (i41(t) — A())] = Eg [O(N (hg1 — 2e))]| = N7, (A1)
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where the second expectation is with respect to the Gaussian B-ensemble, the index £
satisfies eN < £ < (1 — ¢)N for any ¢ > 0 and the scaling factor p is defined by

— e (Vi (1))

; A2
,Osc(VZC) (A2)

where ; is the limiting measure-valued process appearing earlier, y;(t) are its clas-
sical eigenvalue locations, psc is the semicircle density and y° are its classical
eigenvalue locations.

The proof of this theorem is a modification of the proof of universality in [38]. In this
work, the above theorem was proven in the case that 8 = 1,2 or 4 and V is quadratic.
These assumptions ensured that the process A;(¢) was equal in distribution to the
eigenvalues of a random matrix ensemble evolving according to a matrix Brownian
motion. The matrix structure was used to prove the rigidity estimates (3.4) in this
special case. Therefore the proof given there carries over without change to the case
that B > 1 is general and V is quadratic. In order to prove the above theorem we need
only show how to deal with general V. The case of general V was carried out also in
the work [38], but in the case of equilibrium initial data. This is the case when the DBM
with general potential has initial data the equilibrium measure of the f-ensemble with
the potential V. Short-time universality was proved, which then implied universality
for the initial data as it is stationary. The approach to S-ensembles of [38] is somewhat
different than the approach to matrix Brownian motion given in the same work. This
is due to the fact that the matrix Brownian motion is handled using a certain family of
interpolating ensembles for which the rigidity was not known in the case of general
B (the matrix case being handled via matrix estimates). Therefore, the proof of the
above theorem comes down to a modification of the methods in [38]. In the interest
of brevity, we mention the important changes.

k be as above, and fix a time 1, K s K (log N~ A (log N)_z. Thanks to
Theorem 3.1, the eigenvalue rigidity holds at time s. After appropriate re-scalings and
translations of the initial data and the potential, let us assume that

() = vS (i (9)) = poc (). (A.3)

Note that due to gap universality of the Gaussian B-ensemble [29], it suffices to assume
k = £. We use a coupling idea from [12] which was used again in [38]. For ¢t > 0,
denote now

dx; (1) = idB~(t)+iZ;dt— Ly e (0) = 4;(s)
M= N P Ny -—xn" 2 i o M) =AM
(A4)
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and

2 1 1 Yi
dy;(t) = |——dB; — ————dt — —d AS
R R D P e A

where the initial data y; (0) is an independent Gaussian S-ensemble. Above, the Brow-
nian motion terms are identical. We define the following interpolating processes for
O0<a<l.

2 1 dt
dailt o) = 2B+ Z gt @) — zj(t, @)

Jij#i
—%Vé(zi(t,a))dt, i=12,...,N, (A.6)
with the potential
Vo =aV+A-a)W, (A7)
and the initial data
zi(0, @) == ax; (0) + (I — )i (0), (A.8)
fori =1,2,..., N. We can write the difference of the x; (#) and y; (¢) as an integral

in terms of the interpolating process z; (¢, o),

1
xi (1) — yi (1) =/ (002i (7, @))da. (A.9)
0

Thanks to the rigidity and the smoothness of the potential V, the contribution of the
potential is to leading order deterministic in the vicinity of x (¢) and contributes only a
drift which is summarized by the movement of the classical eigenvalue location yx (¢).
The following “homogenization result” follows from a careful analysis of the differ-
ential equation of d,z; (¢, o) essentially the same as in [38]. And the Gap universality
Theorem A.1 is a direct consequence.

LemmaA.2 Lettime s, index k, x; (t) and y; (t) be as above. There are small constants
¢, e > 0, Foranytime 1/N < t, such thatt = (sN)¢/N the following estimate holds
with overwhelming probability: for any indices |i — k| < (sN)*

1
(i (1) = ye() = Gi () = ) = ¢(Dx — £G)y + O (W) . (A.10)

The functions ¢ (i), and ¢ (i), are mesoscopic linear statistics of the initial data and

satisfy the estimate ¢ (i) — £(i + 1);| + 1£()y — £ + Dyl < C/(N1) < 1/N,
which proves gap universality.
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The above lemma is the analogue of Theorem 3.1 of [38] in our setting which is
proven using the modifications described above. The function ¢ (i), is the same as
the one appearing in that theorem, and the required estimate follows from Proposition
3.2 of [38]. We remark that in the setting of the current work, we are unable to prove
universality of the correlation functions at fixed energy and so the above theorem is
stated in terms of the eigenvalue gaps. This is precisely due to the fact that the quantities
¢ appearing in the above lemma are mesoscopic linear statistics that are not compactly
supported. The result proved in the present work does not apply to these statistics and
so we cannot conclude fixed energy universality from the above homogenization result
as in [38].
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