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Abstract

We study a class of Markov chains that model the evolution of a quantum system
subject to repeated measurements. Each Markov chain in this class is defined by a
measure on the space of matrices, and is then given by a random product of correlated
matrices taken from the support of the defining measure. We give natural conditions
on this support that imply that the Markov chain admits a unique invariant probability
measure. We moreover prove the geometric convergence towards this invariant mea-
sure in the Wasserstein metric. Standard techniques from the theory of products of
random matrices cannot be applied under our assumptions, and new techniques are
developed, such as maximum likelihood-type estimations.
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1 Introduction

We consider a complex vector space C¥ and its projective space P(C) equipped with
its Borel o-algebra B. For a nonzero vector x € C, we denote % the corresponding
equivalence class of x in P(C¥). Foralinear map v € My (C) we denote v-x the element
of the projective space represented by vx whenever vx # 0. We equip M (C) with
its Borel o -algebra and let i be a measure on My (C) with a finite second moment,
ka © [lv]|? dpe(v) < oo, that satisfies the stochasticity condition

/ viudu(v) = Idex (1)
My (C)

(we discuss this condition below).
In this article we are interested in particular Markov chains (X,) on P(Ck), defined
by
£n+l =V 'xAn,
where V), is an M (C)-valued random variable with a probability density || vx,, || 2 /1l 1%
du(v). Condition (1) ensures this is a probability density for any x, 7# 0. More pre-

cisely, such a Markov chain is associated with the transition kernel given for a set
S € Band % € P(CK) by

M, ) = / Ls (v- %) oxlPdp (), )
M (©)

where x is an arbitrary normalized vector representative of x. Moreover, the event
{vx = 0} always has probability 0, hence the Markov chain is well-defined on P(C*).
We recall that for any probability measure v, vI1 is the probability measure defined
by

vII(S) = /P(U) I (%, S)dv(%)

for any S € 5. A measure v is called invariant if vIT = v.
We are interested in the large-time distribution of (x,). Note that x,, can be written
as
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xAn:Vn---Vl'),EOs

so that the study of %, can be formulated in terms of random products of matrices.
Markov chains associated to random products of matrices have been studied in a more
general setting where the weight appearing in the transition kernel (2) is proportional
to ||vx||* for some s > 0, instead of |jux||%. The classical case of products of inde-
pendent, identically distributed random matrices pioneered by Kesten, Furstenberg
and Guivarc’h corresponds to s = 0. In that case, for i.i.d. invertible random matri-
ces Y1, Y2, ..., denoting S,, = Y, ...Y1, one is usually interested in the asymptotic
properties of

log [|Spx],

for any x # 0. In particular, a law of large numbers, a central limit theorem and a large
deviation principle have been obtained for this quantity, under contractivity and strong
irreducibility assumptions [8,11,16]. Such results are closely linked to the uniqueness
of the invariant measure of the Markov chain

Xp =S8, - X.

These results were generalized to the case s > 0 in [10]. Our framework corresponds
to the case s = 2; in this case, and with the additional assumption (1), we provide a
new method to study this Markov chain, and use it to derive the above results without
assuming invertibility of the matrices, and with an optimal irreducibility assumption.
We compare our approach with respect to that of [10] at the end of this section.

The method that we employ is motivated by an interpretation of this process as
statistics of a quantum system being repeatedly indirectly measured. Let us expand
on this as we introduce more notation and terminology. The set of states of a quantum
system described by a finite dimensional Hilbert space C¥ is the set of density matrices
Dy :={p € Mg(C) | p = 0, tr p = 1}. This set is convex and the set of its extreme
points is called the set of pure states. This latter set is in one to one correspondence
with the projective space P(C¥) by the bijection P(CX) 5 % — m; € Dy with ; the
orthogonal projector on the corresponding ray in CX. The time evolution of the system
conditioned on a measurement outcome is encoded in a matrix v that updates the state
of the system. The support of i is endowed with the meaning of the possible updates,
and the system is updated according to v with a probability density tr(vpv*) du(v).
Given v, a state p is mapped to a state vpv™ /tr(vpv™). Iterating this procedure defines
arandom sequence (p,) in Dy called a quantum trajectory: after n measurements with

resulting matrices vy, . .., v, the state of the system becomes
Vy ... V1 POV] ... U
pn = i 3)
tr (vn ... V1PV - .. vn)
where (vy, ..., v,) has probability density tr(vy ... vipov] ... v)) du®t(vy, ..., vy).

In other words, the process Eq. (3) describes an evolution of a repeatedly measured
quantum system.

@ Springer



310 T.Benoist et al.

A key result in the theory of quantum trajectories is the purification theorem
obtained by Kiimmerer and Maassen [17] showing that quantum trajectories (o)
defined on D; almost surely approach the set of pure states (which are the extreme
points of Dy) if and only if the following purification condition is satisfied:

(Pur): Any orthogonal projector 7 such that forany n € N, wvf ... vjv, ... vym o
for £®"-almost all (v1, ..., v,), is of rank one

(we write X o Y for X, Y two operators if there exists A € C such that X = AY).

Under this assumption, the long-time behavior of the Markov chain is essentially
dictated by its form on the set of pure states, i.e. for pg = 7g,. It is an immediate
observation that

Vg v*

2
tr (vrrg,v*) = [luxoll”, = T30 )

tr (v, v*)

for all v € M (C). This way our Markov chain (X,) corresponds to the quantum
trajectory (p,) described above when py is a pure state 7z, .

Although ideas underlying our method are based on the connection of (x,) with
this physical problem, we will not explicitly use it in the paper. The notion of quan-
tum trajectory originates in quantum optics [6], and Haroche’s Nobel prize winning
experiment [9] is arguably the most prominent example of a system described by the
above formalism. The reader interested in the involved mathematical structures might
consult for example the review book [13] or the pioneering articles [14,15,17].

We will show that under the condition (Pur), the set of all invariant measures of
the Markov chain (3) can be completely classified, depending on the operator ¢ on
Dy, describing the average evolution:

¢(p) = / vov* du(v). (&)
M(©)

The map ¢ on Dy, is completely positive and trace-preserving.! Such a map is often
called a quantum channel (see e.g. [22]). It has in particular the property of mapping
states to states. Brouwer’s fixed point theorem shows that there exists an invariant
state, i.e. p € Dy such that ¢ (p) = p. A necessary and sufficient algebraic condition
for uniqueness of this invariant state is (see e.g. [5,7,22])

(¢-Erg): There exists a unique minimal non trivial subspace E of C* such that Vv €
supp u, vE C E.

If (¢-Erg) holds with E = C, then ¢ is said to be irreducible. We chose the name
(¢-Erg) to avoid confusion with the notion of irreducibility for Markov chains. We
moreover emphasize that we call this assumption (¢-Erg) because it relies only on
¢ and not on the different operators v in the support of w: an equivalent statement
of (¢-Erg) is that there exists a unique minimal nonzero orthogonal projector 7 such
that ¢ (;w) < Am for some A > 0O (see e.g. [20]).

We now state the main result of the paper:

1 Complete positivity is stronger than positivity; namely by definition ¢ is completely positive iff ¢ ®
Idy,, (c) is positive for all n € N.
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Invariant measure for quantum trajectories 3N

Theorem 1.1 Assume that u satisfies assumptions (Pur) and (¢-Erg). Then, the tran-
sition kernel Tl has a unique invariant probability measure Vviny and there exist
me{l,....,k}, C > 0and 0 < A < 1 such that for any probability measure v
over (P(Ck), B),

1 m—1
Wi <E > v, Vinv) <, (6)

r=0

where W is the Wasserstein metric of order 1.

The Wasserstein metric is constructed with respect to a natural metric on the com-
plex projective space. This metric is defined, for £, 3 in P(CF), by

a(t5) = (1= 1w nP)*, %

where x, y are unit length representative vectors of X, 9, and (-, -) is the canonical
hermitian inner product on C¥.

Let us now compare our results to those of the article [10] of Guivarc’h and Le Page.
They consider a probability distribution x with support in GLx (C), without requiring
the normalization condition (1), and study the transition kernel on P(Ck) given, for
S € B, by

I ()? S) x / 1g (v )2) lvx||*du(v).
Mg (C)

In the case s = 2, Theorem A of [10] implies the conclusions of Theorem 1.1 under
two assumptions:

e strong irreducibility, in the sense that there is no non-trivial finite union of proper
subspaces of C¥ left invariant by all v € supp u,

e contractivity, in the sense that there exists a sequence (a,) in T,, the smallest
closed sub-semigroup of GL;(C) containing supp w, such that lim,_, » a, /||a, |l
exists and is of rank one.

It is, however, immediate that strong irreducibility of u implies (¢-Erg) with E = C.
In addition, if we assume supp u C GLx(C) and supp u is strongly irreducible, the
equivalence

(Pur) <= T, is contracting

holds (see “Appendix A”). Our results therefore offer a strong refinement of [10]
in the restricted framework of s = 2 with f v*vdu(v) = Idce. This assumption,
although mathematically restrictive, is automatically verified in the framework of
repeated (indirect) quantum measurements as described earlier in this section.

The article is structured as follows. Section 2 is devoted to the first part of The-
orem 1.1, that is the uniqueness of the invariant measure. In Sect. 3 we show the
geometric convergence towards the invariant measure with respect to the 1-Wasserstein
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metric. In Sect. 4 we discuss the Lyapunov exponents of the process and relate them
to the convergence between the Markov chain and an estimate of the chain used in our
proofs.

Notation Forx € CK\ {0}, % is its equivalence class in P(C¥) and, for % in P(C¥), x
is an arbitrary norm one vector representative of x. If e.g. IP,, (resp. IP?) is a probability
measure (depending on some a priori object v (resp. p)) then E, (resp. E”) is the
expectation with respect to P, (resp. P?). N represents the set of positive integers
{1,2,...}.

2 Uniqueness of the invariant measure

This section concerns essentially the first part of Theorem 1.1. More precisely, under
(¢-Erg) and (Pur) we show that the Markov chain has a unique invariant measure. Note
that an invariant measure always exists since P(C¥) is compact. We start by introducing
a probability space describing both the state £ € P(C*) and the sequence of matrices
(v1, v2, ...) suchthat (v, ... v; -X) has the same distribution as the Markov chain (x,,).
Then, in Proposition 2.1, we show that the marginal on the matrix sequence is the same
for any Il-invariant probability measure as long as (¢-Erg) holds. In Proposition 2.2
and Lemma 2.3 we show that (x,) is asymptotically a function of (v, vp,...). We
conclude on the uniqueness of the invariant measure in Corollary 2.4.

We now proceed to introduce some additional notation. We consider the space
of infinite sequences Q2 := My (C)N, write @ = (v1, va,...) for any such infi-
nite sequence, and denote by 7, the canonical projection on the first n components,
wp(w) = (v, ..., v,). Let M be the Borel o-algebra on My (C). For n € N, let O,
be the o-algebra on Q generated by the n-cylinder sets, i.e. O, = m, L(M®). We
equip the space 2 with the smallest o -algebra O containing O,, for all n € N. We let
B be the Borel o -algebra on P(C¥), and denote

jn=B®On» j=B®O
This makes (P(Ck) x Q,J ) a measurable space. With a small abuse of notation
we denote the sub-o-algebra {#J, P(CX)} x O by ©, and equivalently identify any O-
measurable function f with the 7-measurable function f satisfying f (X, w) = f ().
For i € N, we consider the random variables V; : @ — My (C),
Vilw) =v; for o= (vi,v2,...), (8)
and we introduce O, -mesurable random variables (W,,) defined for all n € N as
Wp,=V,... V.
With a small abuse of notation we identify cylinder sets and their bases, and extend

this identification to several associated objects. In particular we identify O, € M®"
with 7w~ L(0,), afunction f on M®" with f o, and a measure u®" with the measure
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u®" o 1, Since p is not necessarily finite, we can not extend (©®") into a measure

on €.

Let v be a probability measure over (P(CK), B). We extend it to a probability
measure P, over (P(CX) x Q,7) by letting, for any S € B and any cylinder set
0, € Oy,

Py (S x Oy) :=f Wy (@)x | *dv(3)du®" (w). ©

Sx 0,

From relation (1), it is easy to check that the expression (9) defines a consistent
family of probability measures and, by Kolmogorov’s theorem, this defines a unique
probability measure P, on P(CF) x €. In addition, the restriction of P, to B ® {#, Q}
is by construction v.

We now define the random process (X,). For (X, w) € P(C*) x Q we define
Xo(X, w) = x. Note that for any n, the definition (9) of IP,, imposes

P, (Wyxo = 0) = 0.

This allows us to define a sequence (x,) of (7,)-adapted random variables on the
probability space (P(CX) x ©, 7, P,) by letting

fpi= W, - % (10)

whenever the expression makes sense, i.e. for any @ such that W, (w)x # 0, and
extending it arbitrarily to the whole of 2. The process (x;,) on (2 x P(CY, J,P,)
has the same distribution as the Markov chain defined by IT and initial probability
measure V.

Let us highlight the relation between P, and density matrices. To that end, let

pv =K, (3) . (11)

By linearity and positivity of the expectation, p,, € Dj. Note that, conversely, for a

given p € Dy there exists v (in general non-unique) such that p,, = p. For example, if

a spectral decomposition of pis p = Y jPjTx; then necessarily Y jpji= 1, so that

v =Y. p;8; isaprobability measure on P(C), and it satisfies the desired relation
JETEXj

1.
This relation motivates the following definition of probability measures over
(2, O). For p € Dy and any cylinder set O,, € O,, let

PP(0,) := /o tr(W (@) p W, (@))dun®" (o). (12)
In particular, forany S € Band A € O,
P,(S x A) = /SIP’”'? (A) dv(x). (13)
The following proposition elucidates further the connection between P, and P*.
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Proposition 2.1 The marginal of P, on O is the probability measure PP>. Moreover, if
(¢p-Erg) holds, PPra = PP for any two Tl-invariant probability measures v, and vp.

Proof By construction it is sufficient to check the equality of the measures on cylinder
sets. Let O, € Oy; from the definition of IP,, and the linearity of the trace and the
integral, we have

P, (P((Ck) X On) = /P((Ck) o tr(W;(a))Wn(a))nﬁ) dv(xA)dM®ll(w)

= / tr <W;(w)w,,(w) f T dv(;?)) du®"(w)
O P(CH)

_ / (W (@) W (@) py) du® (o).

n

The equality between the marginal of PP, on O and P** follows.
If v is an invariant measure, on the one hand

E, (”21) =E, (n)?o) = Pv-

On the other hand,

v, v* 5 .
E, (3,) = 5 lvxoll“dv (%0) dpu(v)
PCHxM(©) llvxoll

:/ vE, (73,) v¥du(v)
My (C)
zd)(p\))v

so that p, is a fixed point of ¢. Hence if (¢-Erg) holds, p, is the unique fixed point of
¢ in Dy. Hence p,, = py, and PP« = PP holds. O

1
In the following we use the measure PP = Prldck associated to the operator
Idcr /k € Dy as a reference measure. Since for any p € Dy there exists a constant
Id ~« . . .
csuch that p < ¢ %, the measure P” is absolutely continuous w.r.t. Pt We will
denote absolute continuity between measures with the symbol <, so that we have
here

PP « P°h,

for all p € Dy. The Radon—Nykodim derivative will be made explicit in Proposi-
tion 2.2. To that end, we use a particular (O,)-adapted process. We define a sequence
of matrix-valued random variables:

WiEW,

Mn = W if tr (W:Wn) 7& 0
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and extend the definition arbitrarily whenever tr(WW,) = 0. The latter alternative
appears with probability 0: indeed, P! (tr(W,’lk Wy,) = O) = 0 and then by the absolute
continuity of P? with respect to P! we have P, (tl‘(W: W,) = O) =P (tr(W;< W,) =
0) = 0 for any measure v. The key property of M, that we establish in the proof of
Proposition 2.2, is that it is an (,,)-martingale with respect to P°".

From the existence of a polar decomposition for W, for each n, there exists a
unitary matrix-valued random variable U,, such that

1

W, = UpyJtr (WiW, ) M7 (14)

This process (U,) can be chosen to be (O,)-adapted.

The key technical results about M, needed for our proofs are summarized in the
following proposition. Recall that any O-measurable function f is extended to a -
measurable function by setting £ (%, w) = f(w) for any (%, w) € P(CF) x Q.

Proposition 2.2 For any probability measure v over (P(CK), B), (M,,) converges
P, -a.s. and in L'-norm to an O-measurable random variable M~,. The change of
measure formula

0

dP
P = ktr(pMoo) (15)

holds true for all p € Dy.
Moreover, the measure i verifies (Pur) if and only if M is P, -a.s. a rank one
projection for any probability measure v over (P(CK), B).

Proof We start the proof by showing that M,, is a P"-martingale. Recall that for all
neNandall 0, € O,,

Pho,) = %/ tr(W:(a))Wn(a))) dp® (w).

On

From the definition of W,, Eq. (8),

Mo = WiVE Var i W t(WiW,)
" o (Wpw,)  tw(Wr Wapr)

(16)
This implies that for an arbitrary O, -measurable random variable Y

1 WHV* Ve W,
Ech YMy4+1) = -+ [ Zn ot Pntl Pn Ytr(W:Wn) dﬂ®n+l
kDot tr (Wiw,)

1 W*W,
= -/ — Y (W W,) du®”
k Japcy tr(WEW,)

=EMNY M,),
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where the second equality follows from the stochasticity condition (1), f viudu(v) =
Idc, . This shows that (M,,) is an (O, )-martingale w.r.t. PP, Since the sequence (M),)
is composed of positive semidefinite matrices of trace one, its coordinates are a.s.
uniformly bounded by 1. Therefore, the martingale property implies the L! and a.s.
convergence of (M,) to an O-measurable random variable M,,. Now note that for
any p € Dy,

Id
tr (Wi Wyp) = tr(Myp) k tr <W;Wn ]f’f ) )

This way, the convergence of (M,,) implies the change of measure formula.
We now prove the last part of the proposition. Using the martingale property one
can see that for all n € N, and any fixed p € N,

p—1
V= B (MR - 02) = B (MR,,) - OE (i)
k=0

k=0 k=0

_ iECh ((Mkﬂ, - Mk)z)
— [Ech (Xn: Eh ((Mk+p — Mk)2 |Ok>> .

k=0
a7

Since (M,,) is bounded and almost surely convergent, applying Lebesgue’s dominated
convergence theorem to each IECh(M,3+n+1), k=0,...,p—1asn — oo implies

that the term V,/ is convergent when n goes to infinity. Then, using the monotone
convergence theorem in the last line of (17), we get that

S
nlggo VP = Ech (Z Eeh ((Mk+p — Mk)2 |Ok)) .

k=0

It implies that the series Y, ECh((Mk+ p— Mk)2|(9k) is almost surely finite. This
yields that

lim B (Mo = M)*10,) =0, P"-as.

n—o0

Since all the norms are equivalent in finite dimension, Jensen’s inequality implies

lim E (| Mugp — Mu| 10,) =0, PM-as. (18)

n—oo

At this stage we use the polar decomposition of (W,), Eq. (14), to write

1 1
2 2
MUV Vi Viip o Vot UnM;;

Myip = - ~-
tr (M,,2 UiV o Vit Vap - Vn+1UnM,$>
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Then we get an expression for the conditional expectation, see the first part of the
proof,

1 1
M; UMY . vivy . 0 UMy

B (|t = Ma[107) = [ |2 N M
tr(M,fU,";vT...v;vp...lenMn2>

r( ]"...v;‘)vp...lenMnU:) d,u®”(v1,...,vp)

1

tr(v
1 1
=[ MU, . 050y 01 UnM;

—M,tr (vf ... v;vp . le,anU:) ”

du®?P(vy, ..., vp).

We used non-negativity of tr(vy ...vyvp ... viUsM,Uy) to get the second equality.
The above equation holds for Peh_almost all realizations (Un (a))) of (U,). Since the
group of unitary matrices is compact, for any fixed w there exists a subsequence along
which (U,, (a))) converges to a unitary matrix Uso(w). Taking the limit along this
subsequence in the above expression yields (we drop w for notational simplicity):

\/1;[k (O

du®P(vi, ..., vp) =0.

1 1
MULvY ... v:‘,vp U M2 — Mootr (vi‘ ... vap ... leooMooU:o> H

This implies that

1 1
MUY ... v;’;vp o0 UseME =tr (v]" VU leooMooU:o) Mo,

P
for u®P-almost all (vy, ..., vp).

Denoting by ms the orthogonal projector onto the range of My, the above
condition is equivalent to an:OvT...v;vp...leoonoo = Al With A =

tr(vy ... v;vp ... V1Uso Moo UZ,). Finally, it follows that
UsoToo U VT . .. v;vp e 0 Usomtoo UL X Usotao U,

for w®P-almost all (vy, ..., vp). Since UsomooUZ, is an orthogonal projector,
the condition (Pur) implies (reintroducing ) that rank(Ms(w)) = rank(Ux
(@)oo (@)U (@) = 1. Since Mo (w) is a trace one, positive semidefinite matrix
this means that M (w) is a rank one projector. Since this conclusion holds true for
P*h_almost all w this establishes that the condition (Pur) implies that M is PP _almost
surely a rank 1 projection.

For the converse implication, assume that My, is P"-almost surely a rank one
projection but that (Pur) does not hold. Then there exists 7, a rank two orthogonal
projector, such that for alln € N,
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318 T.Benoist et al.

aWiW,nr «x «,
u®"-almost everywhere. Since 1®"-almost everywhere M,, o« W*W,,, we get that
aM,T xm,

w®-almost everywhere. Thus, mMym o 7 and, under our assumption that
rank Moo = 1 PN -a.s. and rank 7 = 2, this implies that 7 Mo = 0, Peh_almost
surely. On the other hand for all n € N we have Eh(M,) = Idck, and the L' con-
vergence implies that EM(My) = Idck. Then, EP(x Moor) = 7 which contradicts
TMoomr =0 PP _as. O

By the polar decomposition, the rank of W, is equal to the rank of M, and the
proposition thus implies that W, po W,: /tr(W,, po W,¥) approaches the set of pure states
for any pg € D if and only if (Pur) holds. This is the result of Maassen and Kiimmerer
[17] mentioned in the introduction. Though M, is not used in [17], the proof relies on
similar ideas.

We are now in the position to show that the Markov chain (%;) is asymptotically
an O-measurable process. This is expressed in the following lemma. Whenever (Pur)
holds, we denote by z € P(C*) the O-measurable random variable defined by

Moo = m3.

Recall that d(-, -), defined by Eq. (7), is our metric on P(C¥).
Lemma 2.3 Assume (Pur) holds. Then for any probability measure v on (P(CX), B),

lim d (%,,U,-2) =0 P,-as.

n—oo

Proof We start the proof by showing that for any v

1
lim M} -£=3% P,-as. (19)
n—o00
Let X be fixed and recall from Proposition 2.2 that (Pur) implies Ms, = 7;. Since
Mxx = (z,x)z, in order to show (19), it is enough to show that % is IP,-almost
surely not orthogonal to z. From Eq. (13) and the change of measure formula in
Proposition 2.2,

dP, (£, ) = ktr (m3702(0)) d(v(E) ® PN (w)).

Hence the event {tr (73 ;) = |(z, x) |> = 0} has P, -measure 0. This proves the required
claim, and (19) follows from the almost sure convergence of M, to ;.
Now using the polar decomposition, Eq. (14), and the fact that proportionality of

vectors amounts to equality of their equivalence classes in P(C¥), we have

1
Xn = U,M? - Xo.
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The first part of the proof then yields

lim d (£, U, -2) =0, P,-as.

n— o0

]

The uniqueness of the invariant measure which is the first part of Theorem 1.1
follows as a corollary.

Corollary 2.4 Assume (Pur) and (¢p-Erg). Then the Markov kernel I1 admits a unique
invariant probability measure.

Proof For an invariant measure v, the random variable x,, is v-distributed for all n € N.
In particular, E, ( f ()2”)) is constant for any continuous function f. On the other hand
Lemma 2.3 and Lebesgue’s dominated convergence theorem imply that

Lim Ey(f (&) = f (Un - 2)) = 0.

Hence
Tim E,(F (Us-2)) = B/ (i0)). 0)

Assume now that there exist two invariant measures v, and vp. Since U, - Z is
O-measurable, Proposition 2.1 implies

v, (f (Un-2)) = Ev,(f (Un - 2))-

Then Eq. (20) applied with v = v, resp. v = v}, gives

Ey, (f (%0) ) = Ey, (f (%0))

which means that v, = vp, and the uniqueness is proved. O

Assuming only (Pur) we can actually completely characterize the set of invariant
measures.

Proposition 2.5 Assuming (Pur) there exists a set {Fj};?:l of mutually orthogonal

subspaces of C* such that for each j € {1, ..., d} there exists a unique -invariant
probability measure v; supported on P(F}), and the set of Il-invariant probability
measures is the convex hull of {v; }?:].

The subspaces F; are the ranges of the extremal fixed points of ¢ in Dy. This is shown
in the proof of Proposition 2.5, which we give in “Appendix B”.

Remark 2.6 Assuming (¢-Erg) only, the chain might or might not have a unique invari-
ant probability measure. Indeed, if supp u C SU(k), Assumption (Pur) is trivially not
verified and, as proved in “Appendix C”, the uniqueness of the invariant measure
depends on the smallest closed subgroup of SU(k) containing supp . To illustrate
this point, in the same appendix, we study two examples with u supported on and
giving equiprobability to two elements of SU(2) such that (¢-Erg) holds. In the first
example IT has a unique invariant probability measure whereas in the second example
IT has uncountably many mutually singular invariant probability measures.
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3 Convergence

We now turn to the proof of the second part of Theorem 1.1, namely the geometric
convergence in Wasserstein distance of the process (X,,) towards the invariant measure.
We first recall a definition of this distance for compact metric spaces: for X a compact
metric space equipped with its Borel o -algebra, the Wasserstein distance of order 1
between two probability measures o and T on X can be defined using the Kantorovich—

Rubinstein duality theorem as
/ fdo — / fdr
X X

where Lip; (X) = {f : X — Rs.t. [f(x) — f(y)| < d(x, y)}is the set of Lipschitz
continuous functions with constant one, and d is the metric on X.

The proof of Eq. (6) consists of three parts. In the first part we show a geometric con-
vergence in total variation of P? to P°iv under the shift 0 (vy, vo, ...) = (v2, v3,...).
In the second one we show a geometric convergence of the chain (X,) towards an
O-measurable process (3,). Finally, we combine these results to prove Eq. (6).

Wi(o,t) = sup
feLipy (X)

)

3.1 Convergence for O-measurable random variables

Let us first discuss the origin of the integer m in Eq. (6). Let E be a subspace of C
s.t. vE C E for any v € supp u. Let (Eq, ..., E¢) be an orthogonal partition of E,
iie. E=E @---@®Ey. Wesaythat (Ey, ..., Eg)isal-cycleof pif vE; C Ejy for
u-a.e. v (with the convention Epy| = E 1).2 The set of £ € N for which there exists
an £-cycle is non-empty (as it contains 1) and bounded (as necessarily £ < k).

Definition 3.1 The largest £ € N such that there exists a £-cycle of ¢ is called the
period of ¢. We denote this period by m.

Remark 3.2 e The above definition for the period of ¢ is similar to that of the period
of a g-irreducible Markov chain. It is obvious thatif (Ey, ..., E¢) is an £-cycle of
¢ then it is also an £-cycle of I1. However, the Markov chain defined by IT is not
p-irreducible in general. Hence the results of [19] on the period of g-irreducible
Markov chains do not apply and the characterization of the period of IT remains
an open problem.

e The above definition shows that the union U;": 1 E;isinvariant by p-a.e. v. Hence,
the strong irreducibility assumption discussed at the end of the introduction implies
that m = 1.

The following result is a reformulation of the Perron—Frobenius theorem of Evans
and Hgegh-Krohn (see [7]). The original formulation in [7] makes the additional
assumption that E = CK in (¢-Erg). For the present extension see e.g. [22]. In the
following statement, and in the rest of the article, for X an operator on Ck we denote

2 As suggested by its name, the notion of cycle for ¢ depends only on ¢ and not on the specific measure
1 leading to ¢ [20,22].
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IX]|l1 = tr|X| (all statements are identical with a different norm, but this choice will
spare us a few irrelevant constants).

Theorem 3.3 Assume that (¢-Erg) holds. Then there exists a unique ¢-invariant ele-
ment piny of Dy with range equal to the minimal invariant subspace E. In addition,
there exist two positive constants ¢ and A < 1 such that, with m defined in Definition
3.1, for any p € Dy and for any n € N,

<A, @21)

1 m—1
— 34" (p) = piny
mn r=0

1

Proof Theorem 4.2 in [7] implies that pjyy is the unique ¢-invariant element of Dy,
that the eigenvalues of ¢ of modulus one are exactly the m-th roots of unity, and that
they are all simple. The statement follows, with A any quantity strictly larger than the
modulus of the largest non-peripheral eigenvalue. O

Recall that 6 is the left shift operator on €2, i.e.
0(vi, v2,...) = (v2, V3, ...).

The main result of this section is the following proposition. As announced it concerns
the speed of convergence in total variation (expressed in terms of expectation values).

Proposition 3.4 Assume (¢-Erg) holds. Then there exist two positive constants C and
A < 1 such that for any O-measurable function f with essential bound || f || o, any
p € Drandalln € N,

= Cllflloo?™ (22)

m—1
E? (% > fo 9’""“) — EP ()
r=0

Proof We claim that for any bounded O-measurable function f,
E(f 06) = E*(f). (23)

It suffices to prove this relation for all O;-measurable functions for any integer /. Thus,
let [ be an integer and f an (J;-measurable function. Then,

E°(f 06) :fM . fa, oD (v v 0] L) du®F D)
k

:/M o Fi. ot (v g (p)v] .. v)) du® . ..., ),
k

which is equal to E?®)( £), as claimed.
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Applying Eq. (23) multiple times and using the change of measure of Proposition 2.2
we obtain

EP lmi:l fo gmntr | — lmizl E¢nm+r(0)(‘f)
mn r=0 m r=0

1 mi] C nm-r
k- ;Eh(ftr(Mw ),

for any O-measurable function f. Using |tr(MsA)| < ||A|l; for A = A* (remark
that M, € Dy by construction) we then obtain

1 m—1 . 1 m—1
E? (— Y fo 9’"”*’) —E (O < I f ook = Y 6™ (0) = piny
m m
r=0 r=0 1
and Theorem 3.3 yields the proposition with C = ck. O

3.2 Convergence to an O-measurable process

Let us introduce two relevant processes: for all n € N, let

2y (w) = argmax || Wyx||? (24)
2eP(Ck)
and
)’}n = Wn '211- (25)

Both random variables y, and Z,, are O,,-measurable.

The random variable Z,, corresponds to the maximum likelihood estimator of X.
Note that the argmax may not be uniquely defined. We can, however, define it in an
O,,-measurable way. The following results will not be affected by such a consideration,
and we will not discuss such questions in the sequel. It follows from the definition of
Zp that

1
(WiWa)? 2o = [Wallzg, P -as. (26)

We recall that z,, is a vector representative of the class Z,,.

Concerning ¥y, it can be seen as an estimator of x,, given the maximum likelihood
estimation of . The following proposition establishes consistency of this estimator,
we show the geometric contraction in the mean of (X,) and (3,). In fact we prove a
slightly more general statement that the estimator based on the first n outcomes can
be replaced by an estimator based on outcomes between [ and [ 4+ n. We will prove
the almost-sure contraction in Proposition 4.4.
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Proposition 3.5 Assume (Pur) holds. Then there exist two positive constants C and
A < 1 such that for any probability measure v over (P(CK), B),

By (d (2041, 94 00')) = €A, 27

holds for all non-negative integers | and n.

In order to prove Proposition 3.5 we study the largest two singular values of W,,.
As is customary in the study of products of random matrices, we make use of exterior
products. We recall briefly the relevant definitions: for p € Nand p vectors x1, ..., xp
in CK we denote by x1 A --- A x, the alternating bilinear form (y1,...,yp) =
det ((x;, yj))l{szl. Then, the set of all x; A - -+ A x), is a generating family for the set
APCF of alternating bilinear forms on C¥, and we can define a hermitian inner product
by

p

(x] AN AXp, YT A /\yp) = det ((xi, yf))i,j:l ,

and denote by ||x1 A --- A x,|| the associated norm. It is immediate to verify that our
metric d, defined by (7), satisfies

Ayl

d(x,y) = . (28)
Iyl
For an operator A on C¥, we write AP A for the operator on A”CK defined by
APA@I A Axp) = Axp Ao A Axp. 29)

Obviously AP(AB) = APA AP B, sothat || AP (AB)|| < || AP A|||| AP B||. From e.g.
Chapter X VI of [18] or Lemma II1.5.3 of [4], we have in addition for 1 < p <k

IAPA| = ai(A)...ap(A), (30)

where aj(A) > --- > ar(A) are the singular values of A, i.e. the square roots of
eigenvalues of A*A, labelled in decreasing order.

Our strategy to prove Proposition 3.5 is to bound the left hand side of Eq. (27) by a
submultiplicative function f : N — Ry and then use Fekete’s lemma. We will show
that the function

) :/ Avy .. vy H du®"(vi, ..., vn) GD
M (C)"

has the desired properties. The following lemma establishes an exponential decay of
this function.
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Lemma 3.6 Assume (Pur). Then there exist two positive constants C and ). < 1 such
that

fn) < CA".

Proof First, we prove lim,_, o, f(n) = 0. To prove it, we express the function f(n)
using the process W,, as

o, I AR WL
fn) =E (k—tr(w;wn))' (32)

1
By definition the eigenvalues of M,; are the singular values of W, /,/tr(W,*W,,). Since
by Proposition 2.2, M,, converges P°" - a_s. to a rank one projection,

W, W,
lim a) | ———— |y | ——— | =0 P"-as.

e tr (W;iW,) tr (W W,)
Using Eq. (30) we then conclude that

[~?Wal _

lim =0 Ph_as. (33)

n—oo tr (W’T Wn)

Since | AZW, || < |W,]? < tr(W¥W,,), the expression (32) and Lebesgue’s dominated
convergence theorem imply lim,—, o f(n) = 0.

Second, remark that the function f is submultiplicative. Indeed, for p, g € N we
have

|72 @prq o) = [ A2 prg - vp) | |42 0 0)|

and the submultiplicativity follows.

By Fekete’s subadditive Lemma, log f(m) converges to inf,en , which is
(strictly) negative (and possibly equal to —oo) since f(n) — 0. Then there exists
0 < A < 1 such that f(n) < A" for large enough n, and the conclusion follows. O

log f(n)
n

We are now in a position to prove Proposition 3.5.

Proof of Proposition 3.5 The Markov property of (%) implies that

E, (d (£n+l, Yn o 91)) =E,m (d ()en’ )A)n)) .

Provided inequality (27) is established for [ = 0, the right hand side of the previous
equality can be bounded by C . It is hence sufficient to prove the inequality for/ = 0.
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The case [ = 0 follows from Lemma 3.6 if for any n € N and any probability
measure v,

Ey (d (%n, 3n)) < f(0). (34)

To obtain this inequality, note that from the definitions of X,, y, and Z,,, we have that

AW (o A za)|

d (Xn, yn) =
(. 5n) IWxoll | Waza
_ AW 1Waol
T I Waxol® [IWall
A
S —27
| Waxoll
holds P,-almost surely. To get the first inequality we used ||W,z,|| = ||W,|, and

lxo Az |l = d(Xo, Z,) < 1. In addition, by definition of P,,,

2 2
AW, AW, .
Evl—i@=f ] e
I Waxoll P xM @) | Waxoll
= f /\ZWnH du®(v1, ..., ),
M (C)"
which is f(n). Therefore (34) holds and Lemma 3.6 yields the proof. O

3.3 Convergence in Wasserstein metric

The remainder of Sect. 3 is devoted to the proof of the second part of Theorem 1.1.

Proof of Eq. (6) We are supposed to prove that

—1
] m
Wi (m Z pImntr vim,) = sup
r=0

f€Lip; (P(CK))

E, <]Wi f (ﬁmn+r)> - Evim, (f ()20))‘

m
r=0

is exponentially decaying in n. The expression in the supremum on the right hand side
is unchanged by adding an arbitrary constant to f. This freedom allows us to restrict
the supremum to functions bounded by 1, i.e. || f[loo < 1.

Let f € Lip;(P(C¥)) be such a function. Our strategy is to approximate X+,
by Jmp 0 0"9*" with p = |5] and ¢ = [5] so that in particular p + g = n. Using
telescopic estimates and the invariance of vj,, we then have
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E, (nlq 3 f (xAmn-i-r)) — Eup (f ()20))’

r=0
m—1
1 . N
= — ) B (f Gniprgror) = v (f (mp 0 6"777))|
r=0
m—1
+ = Z ‘Evmv mp © qu+r)) — By (f (fm(P+Q)+r))’

m—1

Z Ey (f (Jmp 06™77")) = Euy, (f (ﬁmp))‘ .

We bound the terms on the right hand side using Proposition 3.5 for the first two terms
and Proposition 3.4 for the last term. To this end let C and A < 1 be such that the
bounds in both these propositions hold true. Since f is 1-Lipschitz continuous we
have

|f Gnprarir) = Gmp 0 0™ )| < d (Rn(ptg)+rs Imp 0 0™
Proposition 3.5 then implies that
By (f Bmprqr+r)) — Ev (f Pmp 00™177))| < CA™P,
and similarly with v replaced by vin,. Regarding the last term in the above telescopic

estimate we have by Proposition 3.4,

< CaM,

Z Ev (f (9mp o 9n1q+r)) - IEvinv (f ()A)mp))

where we used the constraint || f|loo < I discussed at the beginning of the proof.

Putting these estimates together we get

1 m—1 R ) ,
Ey <_ Z f (xmrH—r)) —Ey,, (f (%0))| = 3calsl
mn r=0
and this concludes the proof of Eq. (6) and therefore of Theorem 1.1. O

4 Lyapunov exponents

In this section, we study the almost sure stability exponents. The main results of this
section will assume (¢-Erg) with the additional assumption that £ = Ck.

Remark 4.1 Assuming E = CF amounts to saying that ¢ has no transient part. With-
out this assumption, we would have to take into account the almost sure Lyapunov
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exponent corresponding to the escape from the transient part. See [3] for a precise
account of these ideas.

The relevance of this assumption will stem from the following straightforward
inequalities: if p is any element of Dy then one has

dp”
On
d,ﬁ < IWal?,

and if p is faithful (i.e. definite positive), then
dP?
O, 1=
e Pl VAR

du®n —

In particular, under the assumption that (¢-Erg) holds with £ = C*k, thus Pinv > 0
and for any p € Dy, we have
PP & PPinv, (35)

Let us start by proving the following lemma, which concerns the ergodicity of 0
with respect to the measure PPinv,

Lemma 4.2 Assume that (¢p-Erg) holds. Then the shift 0 on (2, O) is ergodic with
respect to the probability measure PP,

Proof Let A, A’ in O;. From the definition of P#inv, for j large enough, Pfinv (A N
67/ (A")) equals

’ r gl /% % ®l L (. /
/A A/tr(v[...vltf)/ (v[...vlpinvvi‘...v;‘)vl ...v1>d,u i, ..., v)dup (vl,...,v[),
X

and the Perron-Frobenius Theorem 3.3 implies

n—1

1 ,
lim — T o1 iy vy .. 0F) = (v ... 01 iy VT - .. V) o
o 71 Z()¢ ( ) 1PinvV l) ( l 1PinvV l)pmv

for u® -almost all (vy, ..., v;) so that

n—1

1 ! inv —J ! — [PPinv Pinv !
nli)n;OZXE)IP’p (AN6=7 (A')) = PP (A) PP (A'),
j=

which proves the ergodicity. O

Now we can state our result concerning Lyapunov exponents.
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Proposition 4.3 Assume that (¢-Erg) holds with E = C*, and that (Pur) holds.
Assume f lvlI?log [[v||du(v) < oo. Then there exists numbers

O>Y| =Y ==Yk = —X

such that for any probability measure v over (P(C*), B):

(1) forany p e {1,...,k},

1 -
Jim_ —log [ APW, | = > v Py-as., (36)
j=1
2) v2 — yv1 < 0 with y» — yy understood as the limit of % log % whenever

Y= —00,
(3) one has the convergence

1
lim —(og||W,xol —log||W,]) =0 P,-as. 37
n—oon

Proof Let us start by proving (1). Note that n +> log || A? W,| is subadditive by
definition. The existence of the PP - a_s. limits lim,,_, oo % log || A? W, || then follows
from EP (log | V|12) < [ [[v]|? log [v]?du(v) < oo, PP 0§~! = PPinv and a direct
application of Kingman’s subadditive ergodic theorem (see e.g. [21]). The fact that
these limits are P? - a.s. constant comes from the 6-ergodicity of P proved in
Lemma 4.2. Since by Eq. (35) any P” is absolutely continuous with respect to PPinv,
Proposition 2.1 and the O-measurability of | AP W, || imply the convergence holds
P, -a.s. The numbers y; are uniquely defined, by defining Zle yj as the PP -a.s,
limit lim,,_, % log || AP W, || and imposing the rule that ;| = —o0 if y; = —00.
This convention and (30) impose that y; | < y;forj =1,...,k— 1.

Concerning (2), recall the quantity f(n) defined in Eq. (31). Then Eq. (32) and the
inequality tr W)W, < k||W, I give

fny = g (120
B AR

Jensen’s inequality implies

1 an (1, AW

so that by Lemma 3.6 and Fatou’s lemma, log A > y» — y1 with A € (0, 1).
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Finally for (3), from Proposition 2.2, we have

1
M xo
. [ Waxoll . H '
lim W = lim ] = |<x0,Z)| ]Pu-a.s.
n—oQ n— oo =
o
Since P, - a.s. |(xg, z)| > 0, the proposition holds. m]

From this proposition we deduce the following almost sure convergence rate for
the distance between the Markov chain () and the (O, )-adapted process (J;).

Proposition 4.4 Assume (Pur) holds and (¢p-Erg) holds with E = Ck. Then, for any
probability measure v on (P(CK), B),

1 A A
lim sup — log (d (x,,, yn)) <—(1—y) <0, P,-as.

t—oo N

Proof Identity (28) and the definition of z,, imply

[A2Waxonzal _ [A2Wal

d(Xn, yn) = < .
BT N Waxol Wazall = I Waxoll | Wil

Proposition 4.3 then yields the result. O
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Appendix A: Equivalence of (Pur) and contractivity

We assume supp u C GLi(C). Recall that 7}, is the smallest closed sub-semigroup
of GL (C) that contains supp w. It is said to be contracting if there exists a sequence
(an)nen C T}, such that lim,_, o a, /||ay | exists and is a rank one matrix.

Proposition A.1 Assume supp u C GLi(C) and T,, is strongly irreducible. Then p
verifies (Pur) if and only if T, is contracting.

Proof By Proposition 2.2 the implication (Pur) = contractivity follows by taking for
(a,) a convergent subsequence of (W, (w)) for w € supp Peh,

We prove the opposite implication by contradiction. Following [12, Lemma 3],
under the assumptions of the proposition, 7}, is contracting if and only if, for any two
%, 9 € P(CK) there exists a sequence of matrices (a,) C T,, such that

lim d(an-)?,an-jz)zo.

n—o0
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Now, assume that contractivity holds but (Pur) does not. Namely, that 7}, is contracting
but there exists an orthogonal projector & of rank > 2, such that for any a € T,

watam o« .
Let x, y in the range of 7 be orthonormal vectors. Then (ax, ay) = (x,y) = 0, and
llax|l, lay| are nonzero, so that d(a - x,a - y) = 1. As this is true for any a in T},
contractivity cannot hold. This contradiction yields the proposition. O

Appendix B: Set of invariant measures under assumption (Pur)

A quantum channel is a map ¢ on My (C) of a form
o= pvdnc)
M (C)

where 1 is a measure satisfying the normalization condition (1). The decomposition

of quantum channels to irreducible components was derived in [2,5,22]. The space C*

is decomposed into orthogonal subspaces, one subspace is transient and in all other

subspaces the map has a canonical tensor product structure. We recall these results.
There exists a decomposition

Ck~C"@...@C"“@®CP, k=ni+---+nq+D

with the following properties. We denote by v/) the restriction of v to C"/.

(el) All invariant states are supported in the subspace L =C"' @ --- & C" @ 0,
(e2) The restriction of v to this subspace is block diagonal,

v|L=U(1)EB"'EBv(d)®O M-a.e. (38)

(e3) Foreach j =1, ..., d there is a decomposition C"/ = cki @ Ccmi, nj =kjmj,
a unitary matrix U; on C"/ and a matrix ) on C*/ such that

W) = U, (,;m ® Idcmj) U pu—as. (39)
(e4) There exists a full rank positive matrix p; on Cki such that
0@ @U;(pj ®ldem; ) Ui ®---®0 (40

is a fixed point of ¢.
It follows from (e3) and (e4) that the set of fixed points for ¢ is

Ui(p1 @ My, (O)Uf & -+ & Ug(pa ® My (C))Uj ® Oty (c).-

The decomposition simplifies under the purification assumption.
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Proposition B.1 Assume (Pur) holds. Then there exists aset {p; }‘j]l.:1 of positive definite
matrices and an integer D such that the set of ¢ fixed points is

Co1® - ®Cpa @ Omp(cy-

Proof The statement follows from the discussion preceding the proposition if we show
that (Pur) implies m| = --- = my = 1. Assume that one of the m ;, e.g. m1, is greater
than 1. Let x be a norm one vector in CK1. Then 7 = Uy @ Idem Uy®0®---@0
is a projection with rank bigger than 1, and by Eq. (39) we have, in the notation of
(38) and (39),

2
- ~(1
AV VIR TTE ”v,(ll)...vi )xH 7

for u®"-almost all vy, .. ., v,. This contradicts (Pur). O
It is clear from Eq. (38) that to each extremal fixed point 0 @ ---® p; & --- D0

corresponds a unique invariant measure v; supported on its range F;. The converse is
the subject of the next proposition.

Proposition B.2 Assume (Pur) holds. Then any T1-invariant probability measure is a
convex combination of the measures vj, j =1,...,d.

Proof Let v be a [1-invariant probability measure. Let f be a continuous function.
From Lemma 2.3,

Ey(f) = lim Ey(f (Un-2)).
Proposition 2.1 implies
Eu(f) = lim E™(f (Uy-£))

with p,, € Dy a fixed point of ¢. By Proposition B.1, (Pur) implies that there exist non
negative numbers 1, . .., f; summing up to one such that p, = t1p1 @ --- D typq ®
01, (cy- From the definition of P,

PPy — tl]P)PI + ... +td]P>/7d

where we used the abuse of notation p; = 0®---®p; @ - -@0. Using Proposition 2.1,
it follows that

Ey(f) = lim 0By, (f (Un-2)) + -+ 1By, (f (Un - 2)).
Then Lemma 2.3 and the IT-invariance of each measure v; yield the proposition. O
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Appendix C: Products of special unitary matrices

Proposition C.1 Assume supp u C SU(k). Let G be the smallest closed subgroup of
SU(k) such that suppu C G. For any & € P(CK), let [X]g be the orbit of % with
respect to G and the action G x P(CK) 5 (v,%) — v - X. Namely, []g := {J €
P(CK) | v € G s.t. § = v - &). Then, for any %, there exists a unique Tl-invariant
probability measure supported on [X]g, and this unique invariant measure is uniform
in the sense that for any v € G it is invariant by the map X + v - X.

Corollary C.2 With the assumption and definitions of the last proposition, if G =
SU (k), IT has a unique invariant probability measure and this probability is the uniform
one on P(CK).

Proof The corollary being a trivial consequence of G = SU(k) = [X]lg =
P(C¥) Vx € P(C¥), we are left with proving the proposition.

Let P, be the Markov kernel on G defined by the left multiplication: P, f(v) =
fG f(uv)dp(u). Since G is compact as a closed subset of SU(k), following [1, Propo-
sition 4.8.1, Theorem 4.8.2], the unique P, -invariant probability measure G on G is
the normalized Haar measure on G. Since G is compact, Prokhorov’s theorem implies
that for any u € G,

R R
lim ;;(SMPM =G weakly. 41)

Let £ € P(CK). Since supp e C G, for any y € [%]g, I1($, [X]g) = 1. Then, [£]g
being compact, there exists a IT-invariant measure v supported on [x]¢.
Let f be a continuous function on [x]¢. Then,

1 < 1 ¢
()= vt =% /Gk f (e o 9) du® s vodu ().
k=1 k=1

x[%le
For each y € [%]g let u, € G be such that § = u, - *. The map v — vu, - % being

continuous, setting u = u,, the weak convergence (41) and Lebesgue’s dominated
convergence theorem imply,

o = [ £ Do)

It follows that v is the image measure of g by the application v > v - X. The left
multiplication invariance of the Haar measure p¢ yields the invariance of v by the
map X — v - x forany v € G. O

Example C.3 Let ;1 = (8, + 8,,) with,

_ et 0 nd _(cosl isinl
L=1o i) ™ 2= isinl cosl )

@ Springer



Invariant measure for quantum trajectories 333

Then G = SU(2) and the uniform measure on P(C?) is the unique [T-invariant prob-
ability measure.

Proof Following Proposition C.1, it is sufficient to prove that any element of SU(2)
is the limit of a sequence of products of vy and v;.
Let 01, 03, 03 be the usual Pauli matrices:

{0 1 {0 —i d ol 0
0’1.—10,02.—l. 0 an 03—0 _1/)-

The Pauli matrices being generators of SU(2) in its fundamental representation, for
any u € SU(2), there exist three reals 1, 6, 63 € R s.t.,

u = exp(i(f101 + 6202 + 6303)).

Especially, v = exp(io3) and v; = exp(io1). Sinceforany j =1, 2, 3,exp(if;0;) =
exp(i(0; + 2m)o;), taking limits of sequences of powers of vy or vz, for any 6 € R,
both

ezﬂal and 61903

are elements of G. It remains to show that any u € SU(2) is a product of elements
equal to exp(ifoy) or exp(ifo3) with 6 real.

Fix (61, 6,,03) € R3. Then using spherical coordinates in R3, there exist r € R,
0 € [0,7] and ¢ € [0, 2x[ such that 8 = rcosé, 6 = rsinfcosg and 63 =
r sin 0 sin ¢. Then by direct computation,

61(910|+9202+93U3) — ¢ 17301,0303,ir01,~1303 0501

It follows that as a product of elements of G, ¢! ?191+6020246393) ¢ G hence G = SU(2)
and the example holds. O

Example C.4 Let u = %(5,,1 + 8y,) with,

I A N (O
=0 i) M= o)

Then G = {#+Idc2, +v1, +vp, Fvjvp}. Forz € C, lete, = (1,2)" and e, = (0, 1)T.
With the conventions co™! = 0, 07! = co and —oo = oo, for any z € C U {00},
le;lc = {é;,é,-1,é_;,é_,1} and the measure ?11(8& +8e_, +8:_, +38 _)isa
[T-invariant probability measure. ) ”

The proof of this example is obtained by an explicit computation.
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