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Abstract

We consider the superposition of a symmetric simple exclusion dynamics, speeded-up
in time, with a spin-flip dynamics in a one-dimensional interval with periodic boundary
conditions. We prove the large deviations principle for the empirical measure under
the stationary state. We deduce from this result that the stationary state is concentrated
on the stationary solutions of the hydrodynamic equation which are stable.
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1 Introduction

Nonequilibrium thermodynamics has aroused a lot of interest in the last decades. Since
the beginning of the 2000’s, much attention has been devoted to the investigation of
nonequilibrium stationary states which describe a steady flow through a system, [6,18]
and references therein.

Over the last years, a general approach to examine nonequilibrium stationary states,
called the Macroscopic Fluctuation Theory, has been developed based on a dynamical
large deviations principle for the empirical current [2,4,8]. Among the major achieve-
ments of the MFT was the deduction of a time-independent variational formula for the
quasi-potential, the functional obtained by minimizing the dynamical large deviations
rate functional over all trajectories which start from the stationary density profile and
produces a fixed fluctuation [3,20], and the proof that the quasi-potential is Gateaux
differentiable at some density profile if and only if the time-dependent variational
formula which defines the quasi-potential has a unique minimizer [5].

At the same time, adapting to the infinite-dimensional setting the strategy pro-
posed by Freidlin and Wentzell [24] for stochastic perturbations of finite-dimensional
dynamical systems, Bodineau and Giacomin [10] and Farfan [21] proved a large devi-
ations principle for the empirical measure under the nonequilibrium stationary state
for conservative dynamics in contact with reservoirs in which the large deviations rate
functional is given by the quasi-potential.

We consider in this article the stochastic evolution obtained by superposing a
speeded-up symmetric simple exclusion process with a spin-flip dynamics on a one-
dimensional interval with periodic boundary conditions. The hydrodynamic equation
induced by the microscopic dynamics, the partial differential equation which describes
the macroscopic evolution of the density, is given by a reaction—diffusion equation of
type

dp = (1/2) Ap+ B(p) — D(p), (1.1)

where A represents the Laplacian and where B and D are non-negative polynomials.

We investigate the static large deviations of the empirical measure under the station-
ary state. In contrast with the previous dynamics [10,21], in which the hydrodynamic
equation has a unique stationary solution which is a global attractor of the dynamical
system generated by the PDE, in reaction—diffusion models, for appropriate choices
of the functions B, D, the hydrodynamic equation possesses more than one stationary
solution.

The existence of multiple stationary solutions to the PDE (1.1) raises new problems
and new questions. For instance, the conjecture that the stationary state does not put
mass on the unstable solutions of the hydrodynamic equation (1.1). For reaction—
diffusion models it has only been proved in [31] that the stationary state is concentrated
on the set of classical solutions to the semilinear elliptic equation

(1/2) Ap + B(p) — D(p) = 0. (1.2)

The main result of this article, Theorem 4, establishes a large deviations principle
for the empirical measure under the stationary state. The quasi-potential, the rate
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Static large deviations for a reaction-diffusion model 51

functional of this large deviations principle, is represented through a time-dependent
variational problem involving the dynamical large deviations rate functional. The
value of the quasi-potential at a measure o is given in terms of the infimum of the
dynamical large deviations rate functional over all trajectories which start from a
stationary solution of the hydrodynamic equation and end at o.

A consequence of this result is that the stationary measure is concentrated at the sta-
ble, stationary solutions of the hydrodynamic equation. This is the content of Theorem
5, the second main result of the article.

The proof of Theorem 5 is based on two properties of the reaction—diffusion equa-
tion (1.1). First, it is known from [14] that all solutions of (1.1) converge to solutions
of the semilinear elliptic equation (1.2). In particular, there are no time-periodic solu-
tions. Second, we assume that Eq. (1.2) has only a finite number of solutions, modulo
translations. This property holds when the polynomial F(p) = B(p) — D(p) satis-
fies the hypotheses of Lemma 2. Theorem 5 further requires a characterization of the
unstable stationary solutions of (1.1). Under the conditions of Lemma 3 on F, this
set consists of all non-constant solutions and all constant solutions associated to local
maxima of the potential V, where V'(p) = —F(p).

We conclude this introduction with some comments. This stochastic dynamics
has been introduced by De Masi, Ferrari and Lebowitz in [16]. The authors proved
the hydrodynamic limit of the system by duality arguments and the fluctuations of
the density field. The dynamical large deviations principle for the empirical density
starting from a product measure appeared in [27], following the ideas presented in [29].
Bodineau and Lagouge in [11,12] proved the dynamical large deviations principle for
the empirical current, while two of the authors of this article extended in [31] the
dynamical large deviations principle to the case in which the process starts from a
deterministic configuration.

The stationary states of the symmetric simple exclusion process are the Bernoulli
product measures. The introduction of the spin-flip dynamics creates long range cor-
relations. Although the local distribution of particles remains very close to a Bernoulli
product measure due to the speeding-up of the exclusion dynamics, the long range
correlations affect substantially the macroscopic behavior of the system. The purpose
of this article is to study this effect at the level of the large deviations.

There is a huge literature on large deviations for reaction—diffusion equations per-
turbed by Gaussian or Lévy noise in finite and infinite dimensions after the seminal
paper by Faris and Jona-Lasinio [22]. We refer to the recent books [15,19] for ref-
erences on the subject. The noise created by the microscopic spin-flip dynamics
considered in this article is of a different nature. This is reflected in the dynamical
large deviations rate functions in which singular exponential terms appear. This is one
of the sources of technical problems faced in order to prove the regularity conditions
of the dynamical rate functional needed to derive the static large deviations principle.

We leave to the end of the next section technical comments and remarks on the proofs
and on the assumptions, and we mention here some open problems for future research.
It would be interesting to extend to this model the results described at the beginning of
this introduction which were obtained from the MFT for one-dimensional conservative
interacting particle systems in contact with reservoirs: an alternative time-independent
variational formula for the quasi-potential, and a description of the optimal trajectory

@ Springer



52 J. Farfan et al.

which solves the time-dependent variational formula defining the quasi-potential. This
has been done in [26] in the case where the reaction—diffusion model is reversible, but
it remains an open problem in the non-reversible setting. In this general situation the
only available information is an expansion of the quasi-potential around a constant
stable stationary point obtained by Basile and Jona-Lasinio [1]. A description of the
metastable behavior of the reaction—diffusion model when the difference B(p) — D(p)
forms a double-well potential is also a challenging open problem.

2 Notation and results

Throughout this article, we use the following notation. Ny stands for the set {0, 1, .. .}.
For a function f : X — R, defined on some set X, let || floc = sup,cx | f(x)]. We
sometimes denote the interval [0, co) by R..

2.1 Reaction-diffusion model

Let Ty = Z/NZ, N > 1, be the one-dimensional discrete torus with N points.
Denote by Xy the set {0, 1}T% and by 7 the elements of Xy, called configurations.
For each x € Ty, n(x) represents the occupation variable at site x so that n(x) = 1
if the site x is occupied for the configuration 1, and 5 (x) = 0 if the site is vacant. For
each x # y € Ty, denote by n*Y, resp. by n*, the configuration obtained from 7 by
exchanging the occupation variables n(x) and n(y), resp. by flipping the occupation
variable n(x):

n(y) ifz=x,
@) = {nx) ifz=y, n'@) =
n(z) otherwise,

n(z) if z # x,
1—n(z) ifz=ux.

Consider the superposition of the speeded-up symmetric simple exclusion process
with a spin-flip dynamics. The generator of this X y-valued, continuous-time Markov
chain acts on functions f : Xy — R as

Lnf = N* Lk f+Lof,

where L is the generator of a symmetric simple exclusion process (Kawasaki dynam-
ics),

(Lx H) = (1/2) Y LFG ) = fl,

xe’ll‘N

and L is the generator of a spin-flip dynamics (Glauber dynamics),

LeH) = Y cwmlf () = fF)l.

XETN
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Static large deviations for a reaction-diffusion model 53

In the last formula, c(n) represents a strictly positive, cylinder function, that is, a
function ¢ : {0, 1} — R which depends only on a finite number of coordinates
n(y). For a sufficiently large N, ¢ can be regarded as a function on Xy. {t, : x € Z}
represents the group of translations defined by (7, n)(y) = n(x + y), y € Ty, where
the sum is carried modulo N.

Note that the Kawasaki dynamics has been speeded-up by a factor N2, which
corresponds to the diffusive scaling. Setting the jump rates of the Glauber part to be O,
we retrieve the symmetric simple exclusion dynamics speeded up by N2, whose static
large deviation principle has been derived with several different boundary conditions
in [3,10-12,21].

Fix a topological space X. Let D(/, X), I = [0,T], T > 0,or I = R, be the
space of right-continuous trajectories from / to X with left-limits, endowed with the
Skorohod topology. Let {ntN : N > 1} be the continuous-time Markov process on X
whose generator is given by L. For a probability measure v on Xy, denote by P,
the probability measure on D(R,, X ) induced by the process ntN starting from v.
The expectation with respect to IP,, is represented by E,,. Denote by P, the measure P,
when the probability measure v is the Dirac measure concentrated on the configuration
1. Analogously, £, stands for the expectation with respect to ;.

2.2 Hydrodynamics

Let T be the one-dimensional continuous torus T = R/Z = [0, 1). Denote by L?(T),
p > 1, the space of all real p-th integrable functions G : T — R with respect to the
Lebesgue measure d0: fT |G(0)|PdO < oo. The corresponding norm is denoted by
-l p:
IGIlp = /1r IG©®)|7db.

In particular, L2(T) is a Hilbert space equipped with the inner product
(G,H) = / G(O)H 6)do.
T

For a function G in L?(T), we also denote by (G) the integral of G with respect to
the Lebesgue measure: (G) := fT G(0)do.

Let My = M (T) be the space of all nonnegative measures on T with total
mass bounded by 1, endowed with the weak topology. For a measure ¢ in M and a
continuous function G : T — R, denote by (o, G) the integral of G with respect to
o:
0.6) = [ G@rewon.

The space M is metrizable. Indeed, if eg(6) = 1, ex(0) = V2 cos(2k0) and
e_r(0) = v/2sin(2mkb), k € N, one can define a distance d on M by

1
d(er,02) = ) s ller. e) = (02, )], @.1)
keZ
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and one can check that the topology induced by this distance corresponds to the weak
topology.

Note that M is compact under the weak topology, and that, by Schwarz inequality,
for all density profiles y, y' : T — [0, 1],

dy,v) = 3ly =¥l 2.2

In the previous formula we abuse of notation by writing d(y, y’) for d(y(9)d®,
y'(0)d0).

Denote by C™(T), m in Ny U {oo}, the set of all real functions on T which are
m times differentiable and whose m-th derivative is continuous. Given a function G
in C%(T), we shall denote by VG and AG the first and second derivatives of G,
respectively.

Letv, = vf,v ,0 < p < 1, be the Bernoulli product measure on X y with the density
p. Define the continuous functions B, D : [0, 1] — R by

B(p) = /[1—n<0)]c<n>dvp, D(p) = fn(O)c(mdvp.

Let 7V : Xy — M, be the function which associates to a configuration 7 the
positive measure obtained by assigning mass N ~! to each particle of 7,

1
AOEEIDDE (LS

XGTN

where 8y stands for the Dirac measure which has a point mass at @ € T. Let 7V =
7N (nN), t > 0. The next result was proved by De Masi, Ferrari and Lebowitz in [16]
for the first time. We refer to [16,27,28] for its proof.

Theorem 1 Fix a measurable function y : T — [0, 1]. Let vy be a sequence of
probability measures on X y associated to y, in the sense that

lim vy (|(71N,G)—/G(9)y(9)d9| > 5) = 0, 2.3)
T

N—o00

for every § > 0 and every continuous function G : T — R. Then, for everyt > 0,
every 8 > 0 and every continuous function G : T — R,

lim P,, (|<ntN, G) —/ GO)p(t,0)do| > 3) =0,
N—oo T
where p : [0, 00) x T — [0, 1] is the unique weak solution of the Cauchy problem

2.4)

dp = (1/2)Ap+ F(p) on T,
p0.) = y(),

where F(p) = B(p) — D(p).
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Static large deviations for a reaction-diffusion model 55

The definition, the existence and the uniqueness of weak solutions of the Cauchy
problem (2.4) are discussed in Sect. 3.

2.3 The reaction-diffusion equation

We present in this subsection the results on the reaction—diffusion equation (2.4)
needed in this section. Let S be the set of all classical solutions of the semilinear
elliptic equation:

(1/2)Ap+ F(p) = 0 on T. (2.5)

Classical solution means a [0, 1]-valued function p in CZ(T) which satisfies the
Eq. (2.5) for any & € T. We also denote by M, the set of all absolutely contin-
uous measures whose density is a classical solution of (2.5):

Mol = {0 € My 1 0(df) = p(6)do, p € S}.

Next lemma is Theorem D of [14].

Lemma1 Let p : [0,00) x T — [0, 1] be the unique weak solution of the Cauchy
problem (2.4). Then, there exists a density profile ps in S such that p; converges to
Poo ast — 0o in C2(T).

This result excludes the existence of time-periodic solutions of Eq. (2.4), a phe-
nomenon which occurs if the function F is allowed to depend on V p as well (cf. [23]
and references therein).

We turn to the description of the set S. Denote by R the set of roots of F in [0, 1].
It is clear that for all » € ‘R, the constant function p : T — R given by p(6) = r,
6 € T, is an element of S. There might be also non-constant periodic solutions.

Let V : [0, 1] — R be a potential such that F(p) = —V'(p). If the polynomial F
has degree 1, as V/(0) < 0 < V/(1), Eq. (2.5) has a unique solution, which is a global
attractor for the dynamical system induced by the reaction—diffusion equation (2.4),
and given by p(0) = r, where r is the unique root of F.

Assume that the degree of F is larger than or equal to 2. Denote by my, ..., my
the local minima of V in [0, 1] and by M1, ..., M, the local maxima in this interval.
Since V'(0) <0< V'(),n=m+1>1landm; < M; < -+ < My_1 < my.

Denote by ~ the equivalence relation in C*(T) defined by p ~ p’ if there exists
0’ € T such that p’'(0) = p(0 +0") forall @ € T. Of course, if p is a periodic solution
and o’ ~ p, then p’ is also a solution.

Lemma 2 Suppose that all zeros of F are real and that all critical points of V are
local minima or local maxima. Then, the elliptic equation (2.5) with periodic boundary
conditions has at most a finite number of solutions, modulo the equivalence relation
introduced above.

Since we could not find the previous result explicitly stated in the literature, we
sketch the proof of this result. The terminology employed can be found in [32].
By Proposition 1.5.2 in [32], F is an A — B function on all intervals (m, M),
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«.oy (My—1, my). The diagram of the Hamiltonian system p = g, ¢ = V'(p) shows
that the periodic solutions of (2.5) are bounded below and above by two consecutive
minima of the potential V.

Solutions of (2.5) with periodic boundary conditions can be mapped to solutions
of (2.5) with Dirichlet boundary conditions. Indeed, fix two consecutive minima m ;,
mjy1 of V, and a solution p of (2.5) taking values in [m;, m;y1]. Let F;(r) =
F(M+r),sothat F;(0) = 0 because M is alocal maximum of V. Note that F; is an
A— B functionon (m; —M;,0)U(0,m ;1 —M;).Letfp = min{f > 0: p(0) = M;}.
Define ¢ : [0,1] — [m; — Mj,mj 1 — M;]by ¢(0) = p(0 + 6p) — M;. Itis clear
that ¢ is a solution of (1/2) Av + F;(v) = 0 with Dirichlet boundary conditions.

Since Fj isan A — B function on the intervals (m ; — M, 0) and (0, m j;1 — M), by
Propositions 3.1.3, 3.1.4 and Theorem 3.1.9 in [32], the time-map of the Eq. (2.5) with
Dirichlet boundary conditions is strictly convex and converges to 400 at the boundary.
In particular, for each branch there exist at most two distinct solutions if V" (M i)=0
and at most one solution if V" (M ) < 0. Since there is a finite number of branches
whose time-map takes value less than or equal to 1, there is a finite number of distinct
solutions of (2.5) with Dirichlet boundary conditions. As all solutions with periodic
boundary conditions can be mapped to solutions with Dirichlet boundary conditions,
the lemma is proved.

We turn to the heteroclinic orbits of (2.4). A complete description has been obtained
in [23]. We state here a partial result which fulfills our needs. It asserts that all non-
constant stationary solutions are unstable, as well as all constant solutions associated
to local maxima of V.

Fix two stationary solutions ¢ # v of (2.4). A trajectory p(z, -), t € R, is called a
heteroclinic orbit from ¢ to ¥ if lim;— _oo = ¢, lim;—, ;oo = ¥ and if p solves (2.4)
for every t € R. Convergences are meant in C!(T). A solution ¢ of (2.5) is said to be
unstable if there exist ¥ ~ ¢ and a heteroclinic orbit from ¢ to ¥.

For a solution ¢ of (2.5), denote by L the linear operator on CX(T) given by

Loh = (1/2)Ah — V" (¢)h. (2.6)

If ¢ is not constant, V¢ is an eigenfunction associated to the eigenvalue 0. A non-
constant solution ¢ of (2.5) is said to be hyperbolic if all eigenvalues of £, have
non-zero real parts, except the eigenvalue A = 0, whose associated eigenspace has
dimension 1.

The eigenvalue O of the operator Ly is associated to the orbit p(t,6) = ¢ (6 + 1).
Actually, we prove in Lemma 16 that the cost of this orbit along a stationary set
vanishes. Moreover, the existence of a positive eigenvalue of Ly is related to the
existence of a heteroclinic orbit starting from ¢ and, therefore, to the instability of ¢.

Lemma 3 Assume the conditions of Lemma 2 and that all local maxima of V are non-
degenerate: V" (M) # 0,1 < j < n. Then, for each non-constant solution ¢ of (2.5),
there exist heteroclinic orbits from ¢ to ¢; and from ¢ to ¢ 11, where ¢p(0) = my,
0 €T, and j = max{k < n:my < ¢(0) YO € T}. There exist also heteroclinic
orbits from r; to ¢; and from j to ¢j1, 1 < j <n, where y;j(0) = M;, 0 € T.
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Static large deviations for a reaction-diffusion model 57

This result follows from Theorems 1.3 and 1.4 in [23]. We just have to show that
the hypotheses of these theorems are in force. As V’(0) < 0 < V’(1), the solutions
are bounded below by 0 and above by 1, so that F is dissipative.

We claim that all non-constant solution ¢ of (2.5) are hyperbolic. Indeed, fix such a
function. As we have seen in the sketch of the proof of Lemma 2, thereexists 1 < j < n
such thatm; < ¢(0) <mjy forall & € T. Denote by IT the orbit map associated to
the polynomial F' (cf. [32, page 51]). Since V" (M;) < 0, by [32, Proposition 1.5.2],
Fis an A — B function in (m j, m j41). Therefore, by [32, Theorem 2.1.3], IT'(r) # 0
for r # M ;. Hence, by the proof of [23, Lemma 4.4], ¢ is hyperbolic.

We turn to the proof of the lemma. Fix 1 < j < n and a non-constant solution ¢ of
(2.5) taking values in the interval [m ;, mj11]. We show that there exist heteroclinic
orbits from ¢ to ¢p;41 and from v; to ¢ ;4. Similar arguments permit to replace ¢; 1
by ¢j-

The diagram of the Hamiltonian system p = ¢, ¢ = V'(p) shows that the peri-
odic solutions of (2.5) which takes value in the interval [m;, m ;1] are either (i)
®j, ¢j+1, ¥; or (i) a non-constant periodic solution whose maximal value belongs
to (M, mj41) and minimal value to (m;, M;). Moreover, if ¢, ¥ are such non-
constant periodic solutions, either min, ¥ (x) < miny ¢(x) < M; < maxy ¢(x) <
max, ¥ (x) or the opposite.

We start with a heteroclinic orbit from ¥; to ¢;11. We may use the heteroclinic
orbit from M to m 4 for the ODE x(r) = V’(x(t)) to obtain a heteroclinic orbit
from v; to ¢ ;41 which remains constant in space.

Consider now a non-constant solution ¢ of (2.5) such that m; < ¢(0) < mj;.
We repeat here the arguments of the proof of Theorem 1.3 in [23] presented at the end
of page 111. Let z(h) be the number of strict sign changes of a function 2 : T — R.
Since z(V¢) > 2, by [23, Proposition 3.1(b)], the unstable dimension of ¢, denoted
by i(¢) in [23], is larger than or equal to 1. By the positivity of the first eigenfunction
of the operator L4, one obtains a trajectory p(¢, 6), t € R, which solves (2.4) and
such that p(z,0) > ¢(0), lim;— _o p(t) = ¢. Let ¥ = lim;— 400 (), Which exists
in view of Lemma 1. Asm; < ¢(0) < m 41, we have that m; < ¥ (0) < m ;1. By
the Sturm property, z(p(t) — ¢) decreases in time. Since it is equal to O for ¢ close
to —00, z(¥ — ¢) = 0. Hence, ¥ can not be ¥; or one of the non-constant solutions
taking values in the interval [m j, m j11]. Thus, ¥ must be ¢; or ¢; ;1. Since ¥ > ¢,
Y = ¢j41, which proves the lemma.

We conclude this subsection with an example which fulfills the assumptions of
Lemma 3. Fix 0 < a < b and consider the reaction—diffusion equation

b
dp = (1/24p = V'(p), where V(p) = 7(2p - N — §<2p—1>2.
2.7

This is the so-called Chafee—Infante equation [13]. It is clear that the potential V
satisfies the assumptions of Lemma 3. Actually, in this case all stationary solutions
and all heteroclinic orbits are known. We examine this example in Sect. 8, where we
present microscopic jump rates which fulfill the hypotheses of Theorem 4 below and
whose hydrodynamic equation is given by (2.7) with 0 < a < b.
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2.4 Hydrostatics

Since the jump rate c(1) is strictly positive, the Markov process n/ is irreducible in
X n. We denote by iV the unique stationary probability measure under the dynamics.
We review in this subsection the asymptotic behavior of the empirical measure under
the stationary state ;.

Denote by PV the probability measure on M, defined by PV := uV o (x™V)~L.
The following theorem has been established in [31]. It is a consequence of the law of
large numbers for the empirical measure, stated in Theorem 1, and of the asymptotic
behavior of the solutions of the reaction—diffusion equation, stated in Lemma 1.

Theorem 2 The sequence of measures {PY : N > 1} is asymptotically concentrated
on the set Mo. Namely, for any § > 0, we have

N—o0 Q€ sol

lim PV <Q€M+:_inf d(Q,@)zz?) = 0.

Note that this result does not exclude the possibility that the stationary measure gives
a positive weight to a neighborhood of an unstable stationary solution of Eq. (2.4).

2.5 Dynamical large deviations

Let M 1 be the closed subset of M consisting of all absolutely continuous measures
with density bounded by 1:

My = {oe My :o(dd) =p®)do, 0<p®) <lae. 6T}

Fix T > 0, and denote by C"™"([0, T] x T), m,n in Ny U {oc}, the set of all
real functions defined on [0, 7] x T which are m times differentiable in the first
variable and » times in the second one, and whose derivatives are continuous. Let
Oty = Q%n, n € X, be the probability measure on D([0, T], M) induced by

the measure-valued process ;" starting from 7V ().
For each path (¢, d0) = p(t,0)d0 in D([0, T'], M 1), define the energy Qr as

T T
Or(w) = sup {2/ dt <p,,vc,>—f dzfde G(t,@)z}. 2.8)
0 0 T

GeCY1([0,T1xT)
It is known (cf. [7, Subsection 4.1]) that the energy Q7 (;r) is finite if and only if p

has a generalized derivative, denoted by V p, and this generalized derivative is square
integrable on [0, T'] x T:

T
/ dt /de |Vo(t,0)])? < co.
0 T

Moreover, it is easy to see that the energy Q7 is convex and lower semicontinuous.
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Static large deviations for a reaction-diffusion model 59

For each function G in C1’2([0, T] x T), define the functional J_T,G : D([0, T],
M4 1) = Rby

T

- 1

Jrg(m) = (nr,Gr) — (1m0, Go) —/ dt (m, 8, G, + EAGt)
0

1 T
-5 / dt (x(pr), (VG1)?)
0

T
—/0 di {(B(po), e% — 1) + (D(py), e~ = 1)},

where x (r) = r(1 — r) is the mobility. Let J7 ¢ : D([0, T], M) — [0, oo] be the
functional defined by

J if 7 € D([0, T], ,
Jr o) = { r.c(m) ifm G. ([0, T], M4 1) 2.9)
00 otherwise,
and let I7 : D([0, T], M4) — [0, oo] be the functional given by
if
) = {supJT,G(m if Qr (1) < oo, .10
00 otherwise,

where the supremum is carried over all functions G in C12([0, T'] x T). We sometimes
abuse of notation by writing I7 (p) for I7 (7r) and we write Jg for Jr g to keep notation
simple.

An explicit formula for the functional /7 at smooth trajectories was obtained in
Lemma 2.1 of [27]. Let p be a function in C2*3([O, T]x T)withc <p <1—c,for
some 0 < ¢ < 1/2. Then, there exists a unique solution H € C12([0, T] x T) of the
partial differential equation

ap = (1/2)Ap = V(x(p)VH) + B(p)e — D(p)e™",

and the rate functional /7 (p) can be expressed as

1 T
) = 5 /0 dt (x (o), (VH)?)

T T
+/ dt <B(p,),1—eH'+HzeH'>+/ dt (D(p), 1 —e M1 — Hye=Hry,
0 0

For a measurable function y : T — [0, 1], define the dynamical large deviations
rate function I7(-|y) : D([0, T'], M4) — [0, co] as

Iy () if7(0,d0) = y(0)do,
00 otherwise.

It(mly) = {
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The next result, which establishes a dynamical large deviations principle for the
measure-valued process ¥ with rate functional I7(-|y) has been presented in [31]
under the assumption that the functions B and D are concave on [0, 1]. We refer to
[11,12,27] for different versions.

Theorem 3 Assume that the functions B and D are concave in [0, 1]. Fix T > Oand a
measurable functiony : T — [0, 1]. Consider a sequence n™ of initial configurations
in Xn associated to y in the sense that (nN(nN), G) converges to /11‘ G(0)y(6)do,
as N 1 oo, for all continuous function G : T — R. Then, the measure Q¢ ,n on
D([0, T1, My.) satisfies a large deviation principle with the rate function It (-|y).
That is, for each closed subset C C D([0, T], M),

. 1 .
limsup - log Q7. (C) < — inf Ir(rly).

N—o0

and for each open subset O C D([0, T], M),
lim inf — log 07 v (0) > — inf Ir(xly)
ipinf 37 10¢ 07, (©) = = o, Gy

Moreover, the rate function It (-|y) is lower semicontinuous and it has compact level
sets.

2.6 Static large deviations

We state in Theorem 4 below the main result of this paper, a large deviations principle
for the empirical measure under the stationary measure.

Assume that the semilinear elliptic equation (2.5) admits at most a finite number
of solutions, modulo translations. More precisely, assume that there exists / > 1 and
density profiles py, ..., o in C%(T), such that

Mot = {0i(d0 —w) = pi(0 —w)db : 1 <i <l,weT}

Lemma 2 provides conditions on the potential V which guarantee that this condition
is in force. Let M;, 1 < i <, be the subset of M, given by M; = {g; (d0 — w) :
w € T}.

Define the functionals V; : M4 — [0, 00],1 <i <1, by

Vie)=inf {Ir(ely) : T>0, y(©)do € My, 7 € D(0, T1, M) and 77 =},
(2.11)

which is the minimal cost to create the measure ¢ from the set M;. We prove in

Lemma 16 that in the previous variational formula we may replace the condition

y(0)d6 € M; by the more restrictive condition y (8)d6 = p; for some fixed ¢; € M;:
for all o; € M;,
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Vi(0) =inf {IT(n|y) T >0, y©)do=0;, © € D(0, T], M) and 7 = Q}.
2.12)

By an abuse of notation, we sometimes write V;(y) instead of V;(y(0)df), where
y : T — [0, 1] is a density profile.

By translation invariance, V;(y) = Vi(y') if ¥'(:) = y (- — w) for some w € T. In
particular, V; is constant on the set M ;, j # i, and v;; = V;(0;) is well defined, where
0; is any element of M ;. Moreover, by choosing T = 1 and 7r; = (1 — t)g; + 10/,
t € [0, 1], in the infimum of (2.12) yields that v;; is finite for any i # j. Finally, by
Lemmata 12 and 16, V;(0) = 0 for any ¢ € M;.

Following [24, Chapter 6], denote by 7 (i), i € V := {1,...,1}, the set of all
oriented, weighted, rooted trees whose vertices are all the elements of } and whose
root is i. The edges are oriented from the child to the parent, and the weight v,,, is
assigned to the oriented edge (m, n). Denote by x(g) the sum of the weights of the
tree g € 7 (i) and by w; the minimal weight of all trees in 7 (i):

w; = min «(g), k(g) = E Vmn -
g€T (i)
(m,n)eg

Since v;; is finite for i # j, so are w; and w = minj<;<; w;. We will see below in
(2.15) that the non-negative parameter w; corresponds to the exponential weight of a
neighborhood of the set M; under the stationary state.
Note that for all i # j,
wi < w;j + vj. (2.13)

Indeed, let g be a graph in 7°(j) such that w; = «(g). Denote by (a,b), a # b €
YV, the oriented edge where a is the child and b the parent. Let i’ be the parent of
i in g. Of course, i’ might be j. Denote by g’ the tree in 7 (i) obtained from g
by adding the oriented edge (j, i) and removing the the edge (i, "), and note that
k(g) +vji = «(g') + vjir. Since w; is the minimal value of x(g), § € T (i), w; <
k(g) <Kk(g)+ vy =k(@ +vji =w;+vj.

For each 1 < i <[, define the functions W;, W : M, — [0, co] by

Wile) = wi —w+Vi(e), W) = IIEiiLll Wi(o). (2.14)

Note that for all o € M;,
W) = w; = w; — w. (2.15)

Indeed, fix ¢ € M,;. In view of the definition of W, we have to show that
mini<;</{w; + V;(0)} = w;. The minimum is less than or equal to w; because
Vi(0) = 0. On the other hand, since V;(¢) = v;; and since, by (2.13), w; < w; +vj;,
w; <w;+ V(o) for j #1.

The following theorem is the main result of this paper.
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Theorem 4 Assume that the jump rates are strictly positive and that the functions
B and D are concave on [0, 1]. Assume, furthermore, that the semilinear elliptic
equation (2.5) admits at most a finite number of solutions, modulo translations. Then,
the sequence of probability measures {PY ; N > 1} satisfies a large deviation principle
on M with speed N and rate function W. Namely, for each closed set C C M4 and
each open set O C My,

1
lim sup N log PN < — Al)Ielg W (o),

N—o0

1
liminf — log PV (©) > — inf W (o).
WLy e POy = g e

Moreover, the rate functional W is bounded on M 1, it is lower semicontinuous, and
it has compact level sets.

2.7 The support of the stationary measure "

The next result improves on Theorem 2 and asserts that the stationary measure u” is
concentrated on neighborhoods of stable equilibria of the reaction—diffusion equation
(2.4). This result has been conjectured in [11,12].

As in the previous subsection, assume that the semilinear elliptic equation (2.5)
admits at most a finite number of solutions, modulo translations. Denote by 9T the set
of local minima of V, and by S C M the set of associated density profiles:

S = {0(d0) =mdb : m € M}.

The elements of S are called stable solutions. Lemma 30 justifies this terminology. It
states that the quasi-potential associated to each o € S is strictly positive outside any
neighborhood of o. More precisely, for every 0; (d6) = p; (6)d0 € S and ¢ > 0, there
exists ¢ > 0 such that inf,, ¢p, 5, Vi(y) > c, where B;(0;) represents a ball in M.
of radius ¢ centered at ;.

Denoteby I, I, C {1, ...,1}thesetof indices associated to stable, unstable density
profiles, respectively:

Iy = {j:pj(0)d6 €S}, 1, = {l,....}\ L.

Theorem 5 Assume that the hypotheses of Theorem 4 are in force, and that for all
i € I, there exists j € Iy such that

vij = 0. (2.16)
Then, for all ¢ > O there exist c > 0 and No > 1 such that for all N > Ny,
M\ UB@o || = e
J€Els
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Of course, one expects the stationary measure 1 to be concentrated on neigh-
borhoods of the density profiles associated to the global minima of the potential V.
This problem remains an open question. A finer estimate than the one provided by the
large deviations might be needed to answer this open question. We refer to [25] for a
similar problem in the context of the pinned Wiener measure, and to [9] and references
therein for the study of the concentration of measures in the situation where the rate
functional has more than one minimizer.

Lemma 3 provides a set of sufficient conditions, expressed in terms of the potential
V, for assumption (2.16) to hold. Indeed, by Lemma 29, if there exists a heteroclinic
orbit from M; to M, then v;; = 0. Hence, by Lemma 3, if all zeros of F' are real,
all critical points of V are local minima or local maxima and all local maxima of V
are non-degenerate, hypothesis (2.16) is in force.

Fix a stationary solution ¢ = p; of (2.5). There are at least three different possible
definitions of instability: (i) the operator Ly, defined in (2.6), has an eigenvalue with
positive real part. (ii) there exists ¥ ~ ¢ and a heteroclinic orbit from ¢ to ¥ . (iii)
v;j = 0 for some j # i. We presented in the proof of Lemma 3 a sketch of the proof
that (i) = (ii) under some additional hypotheses. Lemma 29 asserts that (ii) = (iii).
We believe that the other implications hold, at least with some extra assumptions, but
we were not able to prove them.

2.8 Comments and remarks

The characterization of the global attractor of the solutions of reaction—diffusion equa-
tions [14,23] has only been achieved in dimension 1, not to mention the description
of the heteroclinic orbits. This is the main obstacle to extend the previous result to
higher dimensions. Although it is true that the dynamical large deviations principle
has been derived only in one dimension [31], it should not be very difficult to extend
it to higher dimensions.

The results presented in this article can be proved for one-dimensional reaction—
diffusion models with Dirichlet or Neumann boundary conditions. The description of
the heteroclinic orbits in these contexts is simpler than the one with periodic boundary
conditions (cf. [13] for the case of Dirichlet boundary conditions).

As mentioned above, it is an open, and very appealing, problem to show that the
stationary measure u” is concentrated on neighborhoods of the density profiles asso-
ciated to global minima of the potential V. To apply the method presented in the article
to solve this question would require a sharp estimate of the cost of the instanton, the
trajectory which drives the system from a stable equilibrium to another. In view of
Theorem 9 below, it is clear that the instanton in the case of a double well potential
with non-constant stationary profiles is the trajectory which crosses the non-constant
stationary solution with one period. To estimate the cost of this trajectory seems to be
out of reach.

The previous questions lead us to the problem of the metastability of the dynamics. It
is challenging to describe the metastable behavior of these reaction—diffusion models.

The hypothesis that the functions B and D are concave is only needed in the proof of
the dynamical large deviations principle [31], and we never use it in this paper. If one
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is able to prove this dynamical result without the concavity assumption, the arguments
presented in this article provide a proof of the static large deviations principle without
the concavity assumption.

As mentioned in the introduction, the strategy of the proof consists in adapting to
our infinite-dimensional setting the Freidlin and Wentzell approach [24] to prove a
large deviation principle for the stationary state of a small perturbation of a dynamical
system. This has been done before in [10,21] for conservative evolutions in contact
with reservoirs. However, in the context of reaction—diffusion models the existence
of several stationary solutions to the hydrodynamic equation introduces additional
difficulties.

The proof relies on a representation of the stationary state of the reaction—diffusion
model in terms of the invariant measure of a discrete-time Markov chain induced by the
successive visits to the neighborhoods of the stationary solutions of the hydrodynamic
equation.

The proof of the static large deviations principle can be decomposed in essentially
three steps. We first need to derive some regularity properties of the dynamical large
deviations rate functional. For instance, that any trajectory which remains in a long
time interval far apart (in the L2-topology) from the stationary solutions of the hydro-
dynamic equation pays a strictly positive cost. Or that the quasi-potential is lower
semicontinuous in the weak topology.

The second step consists in obtaining sharp large deviations bounds for the invariant
measure of the discrete-time Markov chain. The final step, whose proofs are similar
to the ones presented in [10,21], consists in estimating the minimal cost to create a
measure starting from a stationary solution of the hydrodynamic equation.

The topology is one of the main technical difficulties in the argument. The weak
topology is imposed by the dynamical large deviations principle which has been
derived in this set-up, and one is forced to prove all regularity properties of the rate
functionals in this topology. To overcome this obstacle, we systematically use the
smoothening properties of the hydrodynamic equation. Lemma 19 is a good illustra-
tion of this strategy.

The article is organized as follows. In Sect. 3, we present the main properties of the
weak solutions of the Cauchy problem (2.4), and in Sects. 4 and 5, we examine the
dynamical and the static large deviations rate functionals. These sections are purely
analytical, and no probabilistic argument is used. In Sect. 6, we prove the static large
deviations principle, and, in Sect. 7, the concentration of the stationary measure u” .
In Sect. 8 we present a reaction—diffusion model which fulfills the hypotheses of
Theorem 5.

3 The reaction-diffusion equation

We present in this section several properties of the weak solutions of the Cauchy
problem (2.4). When we did not find a reference, we present a proof of the result.
Throughout this section and in the next ones, Cy represents a finite, positive constant
which depends only on F and which may change from line to line. As mentioned above,
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this section and the following two ones are purely analytical, and no probabilistic
arguments appear.
We first define two concepts of solutions.

Definition 1 A measurable function p : [0, T] x T — [0, 1] is said to be a weak
solution of the Cauchy problem (2.4) in the layer [0, T'] x T if for every function G
in C12([0, T] x T),

T
{(pr.G1) = (v, Go) —/0 dt {ps, 8;Gy)

1 T T
= 5/ dt (pr, AG;) +/ dt (F(p:), Gy). (3.1
0 0

Definition 2 A measurable function p : [0, 7] x T — [0, 1] is said to be a mild
solution of the Cauchy problem (2.4) in the layer [0, T'] x T if for any t in [0, T']

t
o = Py + / Pi_sF(ps)ds, (3.2
0

where {P; : t > 0} stands for the semigroup on L3(T) generated by (1/2)A.

Next proposition asserts that the two notions of solutions are equivalent. We refer
to Proposition 6.3 of [31] for the proof.

Proposition 1 Definitions 1 and 2 are equivalent. Moreover, there exists a unique weak
solution of the Cauchy problem (2.4).

The next result is contained in Proposition 2.1 of [17].

Proposition 2 Let p be the unique weak solution of the Cauchy problem (2.4). Then
p is infinitely differentiable over (0, 00) x T.

Let Z, = Z \ {0}, and let co : {0, 1}%* — R be the cylinder function defined by
co(&) = c(€©@), where £© is the configuration of {0, 1}Z defined by £ © (x) = &(x),
x # 0, £©(0) = 0. The cylinder function c; : {0, 1}%* — R, is defined analogously
with £© replaced by €V, where £V (0) = 1.

Note that ¢y and ¢y are strictly positive cylinder functions because so is c(n).
Hence, if v;’; represents the Bernoulli product measure on {0, 1}%+ with density p, the

polynomial B (p) defined by §(p) = EV; [co(n)] is strictly positive. Similarly, the
polynomial 5(,0) defined by 5(,0) = Eu; [c1(n)] is strictly positive.

By definition, B(p) = E,,[{1-n(0)}c(m)] = (1—p) Evslcotn] = (1—p)B(p),
and D(p) = pD(p). Hence,

B(p) = (1—p)B(p), D(p) = pD(p), (3.3)

where B (,,\o) and D (p) are strictly positive polynomials. In particular, F(0) = B(0) —
D(0)=B(0) >0and F(1) = B(1) — D(1) = —-D(1) < 0.
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Denote by x,(t), 0 < a < 1, the solution of the ODE
x(t) = F(x(@)) 3.4

with initial condition x(0) = a. Since F (1) < 0 < F(0), xo(¢) (resp. x1(t)) is strictly
increasing (resp. decreasing) and xo(f) — xo (resp. x1(t) — x1), where xg (resp.
x1) is the smallest (resp. largest) solution of F(x) = 0. The next result is a simple
application of the maximum principle.

Lemma4 Let y : T — [0, 1] be a density profile such that a < y (@) < b for a.e.
6 € T. Denote by pY (t, 0) the unique weak solution of (2.4) with initial condition y.
Then, x,(t) < p(t,0) < xp(t) for all t > 0. In particular, for any t > 0, there exists
e =¢&(t) > 0suchthate < p¥(t,0) < 1 —¢ forall 0 € T and all initial density
profiles y : T — [0, 1]. Moreover, there exists § > 0, depending only on F, such that

§ < p <1-56 (3.5)
foralll <i <l pi(0)do € M,.
Lemma5 There exists a finite constant Cy, depending only on F, such that for any

density profile y : T — [0, 1] and any t > 0,

t
lorl3 + / IVosl2ds < Col+1),
0

where p(t, 0) stands for the unique weak solution of (2.4) with initial condition y .

Proof Fix a density profile y : T — [0, 1]. By Proposition 2, and since p is the weak
solution of (2.4), for any 0 < s < ¢, by an integration by parts,

t t
locl3 = llosli3 — / IVprl3dr + 2/ dr/Tpr(mF(pr(e))de.
S S

Since p;, is absolutely bounded by 1, we complete the proof of the lemma by letting
s | 0. O

A similar argument provides a bound on the distance between a solution of the
hydrodynamic equation and a constant stationary solution. Recall that @ € (0, 1) is an
attractor of the ODE (3.4) if there exists & > 0 such that the solution x (z) of the ODE
with initial condition xg converges to o as t 1 oo if |xg — | < €. Note in particular
that F(a) = 0 if « is an attractor.

Lemma 6 Let ¢ > 0, let o be an attractor of the ODE (3.4), and let p,, be the density
profile given by py(0) = o, 6 € T. There exists 510 = 810(¢, &) > 0 such that for any
density profile y : T — [0, 1] such that ||y — pyll2 < 810, p; converges in the sup
normto py ast 1 0o, where p;(0) = p(t, 0) is the unique weak solution of (2.4) with
initial condition y. Moreover, for allt > 1, ||p; — palloo < €.
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Proof Fix ¢ > 0, @ € (0, 1) such that F(«¢) = 0, a density profile y : T — [0, 1]
and recall the notation introduced in the statement of the lemma. Let p be the weak
solution of (2.4) with initial condition y. Repeating the computation presented in the
proof of Lemma 5, we obtain that for every 0 < s < ¢,

t t
Il ot = Ball3 = 1l ps — Pec I3 —/ ||Vpr||%dr+2/ dr/T[pr(e)—ﬁa(e)]F(prw))de.
S S

Since F (o) = 0, we may subtract F(p,(6)) from F(p,(6)) in the last integral and
bound the product by Co[p;(0) — pu (0)]2, where Cy is the Lipschitz constant of F.
By letting s | 0 and then applying Gronwall inequality, we obtain that

t
lor — Pall + fo IVorN3dr < llpo — pll} ¥ (3.6)

forall ¢+ > 0.

Choose g9 > 0 so that (¢ — 39, @ + 3¢0) is contained in the basin of attraction of
o for the ODE (3.4) and set &; = min{e/2, &g}. Choose 819 = g1e~0 and let y be an
initial profile such that ||y — py|l2 < 819. By (3.6), forall 0 <t < 1,

1
lor — pall2 < €1 and / IVp l3dr < ef. 3.7
0
In particular, there exists 0 < s < 1 such that ||V ps|l2 < €1, so that

sup |p(s,0) — p(s, )| < IVpsli < IVoslla < er.
0F#weT

Therefore, by (3.7), forall 6 € T,

lpGs.0)—a| < sup [p(s,0)—p(s,0)| + llos—pulli < &1 + los—pall2 < &
0#weT

because 2¢; < e.

Let x. (), t > 0, be the solution of the ODE (3.4) with initial condition x4 (0) =
a £ 2g1. By the previous estimate, x_(0) < p(s,0) < x;(0) for all & € T. Hence,
by Lemma 4, x_(¢) < p(s +1,0) < x4(¢) forall & € T, t+ > 0. Since the basin of
attraction of the ODE is contained in (o — 3¢y, o + 3¢1), x+(f) — @, ast — 00, and
x-(0) <x_(t) < x4(t) < x4+(0) forall > 0. In particular, p; converges in the sup
norm to Py, as t — 00, and || ps+r — Pulloo < lps — Pallec < € for all + > 0. This
completes the proof of the lemma because s < 1. O

Similar arguments permit to estimate the distance between two solutions of the
reaction—diffusion equation (2.4).
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Lemma 7 There exists a constant Co > 0 such that forany weak solutions pj ,j=1,2,
of the Cauchy problem (2.4) with initial profile ,0(]) and for any t > 0,

1 2 C 1 2
lo, —pill2 < €“llpy — pglla-

Proof From (3.2), forany t > O and j =1, 2,

. . t .
ol = Pl + / Pr F(pl)ds.
0

Therefore

A

t
o) — Pl < ||Pt<pé—p§>||z+/o I P—s(F(p}) — F(o2)l2ds

IA

t
ok — pRlla + ||F’||oo/0 1o} — o2l ds.

In the last inequality, we used the fact that the operator norm of P; is equal to 1. To
conclude the proof of the lemma, it remains to apply Gronwall inequality. O

For each function p in L%(T), let Bs(p), § > 0, be the §-open neighborhood of p in
L*(T). Recall also that we denote by Bs (o) be the 8-open neighborhood of ¢ in M.
We sometimes represent the neighborhood Bs(o) by Bs(y) when o(d6) = y (0)d6.

Lemma8 Letp : T — [0, 1] be a classical solution to the Eq. (2.5), and set 0(d0) =
0(0)dO. Forany e > 0and 0 < T < T', there exists 11 = 811(¢, T, T") € (0, ¢)
such that for any density profile po : T — [0, 1], po(0)d6 in Bs,,(0), it holds that
p(t,0)d0 € B:(0) forall0 <t < T' and that p, € B (p) forall T <t < T', where
0:(0) = p(t, 0) is the unique weak solution of the Cauchy problem (2.4) with initial
condition pg.

Proof Fixe >0and0 < T < T'.Let¢; = (1/3)se_C0T/, where Cy is the constant
appearing in Lemma 7. Fix a density profile pp : T — [0, 1], and let 7;(d6) =
p(t,0)do, where p; is the unique weak solution of the Cauchy problem (2.4) with
initial condition pg. Recall the definition of the complete orthogonal normal basis
{ex; k € Z} introduced just before (2.1). By (2.1) and (3.1), for any ¢ > 0,

_ _ 1 1 t t
A @) = der0.0) + 35| [ ds o se) + [ ds (P e
keZ 2l 12 0 0

The first term on the right hand side is bounded by £ /2 if py € B, (0), where {, = ¢/2,
while the second one is less than or equal to

1
£y T {Co+ @2rk)?} = Cot,
keZ
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because p; is bounded by 1, F by a constant Cp and ||ex||2 = 1. Hence, if T1 = ¢/2Cy
and mo € By, (0),
m; € Be(o) forall0 <t <Tj. 3.8)

We turn to the L2-estimate. From the Eq. (3.2), we have

A

t
lor = plla < I1Pi(po —/3)|I2+/0 | Pr—s[Fps) = F(D)] |, ds

< I1Pi(po = D2 + I F'lloo, (3.9

A

since the operator norm of P; is equal to 1. Let p = pyo — p and, for each r > 0,
pr = Pip. Itis easy to see that, for any k € Z,

~ - 9252, L
(Prrex) = (B, Prex) = e 7 K15, ex).
Therefore, from Parseval’s relation,
- A7 212, ~
15 = Y e R NG, ex). (3.10)

keZ

Set T := min{(¢1 /2| F’'|lco), T1, T'} and choose a large enough positive integer k|

so that .,
Z 6747'[ k=T < {12/8
|k|>k1

To estimate the first terms of the series, observe that

Z 6—47'[2/(2[(,5’61()2 < 4k1< Z 2_|k| |<,5, €k>|>2 < 4k1d(,00’ 15)2

k| <k k| <ki

Hence, if we set £3 = ¢1/2X1%2, this last expression is bounded by {12/16 < ;12/8
provided po(6)d6 belongs to B, (0). Therefore, by (3.9), (3.10) and the choice of ¢3,

lor, —pll2 = & (3.11)
if mp € B (0).
Let 811 = min{¢2, ¢3}, and note that §;; depends only on ¢, T, T'. By (3.8) and
(3.11), and since T» < Ty, for all wy € Bs,, (0),
7w € Be(o)forall0 <t <T, and |pp —pll2 < &1

By Lemma 7, by the previous estimate and by definition of ¢1, forall T, <t < T’,
o € Bsy, (0),

lor —plla < e pp — 5l < Tz < g/3.
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Moreover, by this bound and by (2.2), forall 7> <t < T’, g € Bs,, (0),
d(m,0) < 3lpr—pl2 = e
This completes the proof of the lemma since 7> < T. O

The previous results permit to strengthen Lemma 6.

Lemma9 Lete > 0, let o be an attractor of the ODE (3.4), and let 0, (d0) = py(6)d0,
Pa(0) =, 0 € T. There exists 512 = 812(¢, ) > 0 such that for any density profile
y : T — [0, 1] such that y(0)d0 € Bs,,(04), p: converges in the sup norm to pqy,
ast 1 oo, where p;(0) = p(t,0) is the unique weak solution of (2.4) with initial
condition y. Moreover, 7;(d6) = p(t, 0)d0 belongs to B:(0g) for all t > 0.

Proof Fix ¢ > 0. Denote by ¢; the constant 819 = 819(¢, &) provided by Lemma 6.
Let & = min{¢y, €}, and let §12 be the constant §1; = §11(¢2, 1/2, 2) provided by
Lemma 8 with p = pg.

Fix y : T — [0, 1] such that y (6)d0 € B;s,,(0«). Denote by p;(0) = p(t, ) the
weak solution of the hydrodynamic equation with initial condition y. By Lemma 8,
lp1 — P ll2 < &1 and 7, (dO) = p(t, 0)d6 belongs to B, (o) for all + < 2.

Since ||p1 — poll2 < &1, by Lemma 6, p; converges in the sup norm to p, as ¢ 1 0o,
and || p; —a||eo < € forall ¢ > 2. In particular, 7r; (d6) = p(z, 8)d0O belongs to B, (04)
forall t > 2. |

4 The dynamical rate function

We present in this section some features of the dynamical rate function needed to prove
the properties of the static rate function stated in the next section. The main result of
the section asserts that a trajectory can not remain too long far in the L?-topology from
all stationary solutions of the hydrodynamic equation without paying a fixed positive
cost.

The first four lemmata have been proved in [31, Section 4] for the rate functional
I7(-|y). The same arguments apply the functional /7. The first three extract informa-
tion on the trajectory 7 (¢, d0) from the finiteness of the large deviations rate functional.
Lemma 10 states that a trajectory with finite rate function is a continuous path in
D([0, T], M4). This lemma is repeatedly used in the rest of this paper, and therefore,
is used without any further mention.

Lemma10 Fix T > 0. Let w be a path in D([0, T], M) such that It () is finite.
Then w belongs to C([0, T1, M 1).

Lemma 11 states that the density p(z, ) of a trajectory m (¢, df) with finite rate

function belongs to H; for almost all 7, where H represents the space of functions
f : T — R which have a general derivative in L*(T).
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Lemma 11 There exists a finite constant Coy > 0 such that for any T > 0 and for any
path w(t, d0) = p(t,0)d0 in D([0, T1, M 1) with finite energy,

p V@, 01 0)|?
Er(p) —f dr/ G0 8y = Collr(m)+ T + 1}.

The next result characterizes the weak solutions of the hydrodynamic equation as
the trajectories at which the dynamical large deviations rate functional vanishes.

Lemmal12 Fix T > 0. The density p of a path n(t,d0) = p(t,0)do in
D([0, T, M 1) is the weak solution of the Cauchy problem (2.4) with initial profile
y if and only if It (r|y) = 0. Moreover, in that case

Er(p) < oo.

The next result is extremely useful. In the expression of the functionals Jr g and
I, terms appearing such as fOT(B(,o,), G,)dt, where G is a smooth function, are
not continuous for the weak topology, but only for the L!-topology. The next lemma
establishes that if the cost of a sequence 7" of trajectories is uniformly bounded
and if this sequence converges weakly to some trajectory m, then the sequence of
density profiles converges in L>-topology. The proof of this result follows from the
computations presented in the proof of Theorem 4.7 in [31].

Lemma13 Fix T > 0. Let {7"(t,d0) = p"(t,0)d6 : n > 1} be a sequence of
trajectories in D([0, T], M 1). Assume that there exists a finite constant C such that

sup It(z") < C.

n>1

If p"* converges to p weakly in L*(T x [0, T1), then p"* converges to p strongly in
L3(T x [0, T]).

Recall the definition of the neighborhoods B;(p) and B;(¢) introduced just before
the statement of Lemma 8. For each § > 0 and T > 0, denote by Dr s the set of
trajectories w (t, d0) = p(t,0)d0 in D([0, T], M 1) such that p, ¢ Bs(p) for all
O0<t<Tandp € S.

Next lemma states that a trajectory can not stay a long time interval far, in the L>-
topology, from all stationary solutions of the hydrodynamic equation without paying
an appreciable cost. This result plays a fundamental role in the proof of the lower semi-
continuity of the functional W. To enhance its interest, note that L?-neighborhoods
are much thinner than the neighborhoods of the weak topology.

Lemma 14 For every § > O there exists T = T (8) > 0 such that

inf Ip(w) > O.

HEDTV(S
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Proof Assume that the assertion of the lemma is false. Then, there exists some § > 0
such that, for any n € N,
inf I,(x) = 0.
weD, s

In this case there exists a sequence of trajectories {7" (¢, d0) = p"(t,0)d0 : n > 1},
n" € Dy, such that I, (") < 1/n. Since Ir has compact level sets, by using a
Cantor’s diagonal argument and passing to a subsequence if necessary, we obtain a path
w(t,dd) = p(t,0)d0in D(R4, My 1) suchthat” convergestomr in D([0, T'], M)
forany T > 0. Moreover, by Lemma 13, p” converges to p strongly in L>([0, T] x T)
forall T > 0.

Since I7 is lower semicontinuous, I7 () = 0 for all T > 0. By Lemma 12, the
density of i, denoted by p so that 7w (¢, d6) = p(t, 9)d0, is the unique weak solution
of the Eq. (2.4) with initial condition p(0, -). Hence, by Lemma 1, p; converges in
C%(T) to some density profile po € S. Therefore, there exists some 7y > 0 such that

lor — pollz = 8/2,

for any ¢ > Ty. Hence, since 7" belongs to D, s, forn > Ty + 1

To+1 To+1
/0 1o = prlladt = / Lol — polla dt
T

0

\

v

To+1
/ (Ilof = poollz = llpr — pooll2) di
To

§—8/2=35/2,

v

which contradicts the strong convergence of p" to p in L2([0, Ty + 1] x T) and we
are done. O

Analogously, for each § > 0 and 7 > 0, denote by Dr s the set of trajectories
nw(t,dd) = p(t,0)d0 in D([0, T], M4 1) such that 7, ¢ Bs(o) forall0 <r < T
and 0 € M. A similar result also holds for the set Dr 5.

Corollary 1 For every § > O, there exists T > 0 such that

inf Ir(w) > 0.

7€Dr s
Proof The assertion follows from Lemma 14 and the fact that
{o(d0) = p(0)dO : p € Bs(p)} C B3s(p),

for every p € S and every § > 0 in view of (2.2). O

In the proof of the static large deviations principle, it will be useful to estimate
Vi (o) for some measure o(d6) = y(0)d6.If y is a smooth density profile, this can be
achieved by joining g; to o through a linear interpolation =; = (1 —¢/T)o; + (t/T)o,

@ Springer



Static large deviations for a reaction-diffusion model 73

T > 0, and by estimating the cost of the path . This is the content of Lemma 17. For
a general measure o(d6) = y (0)d6, we need first to smooth the density profile y. We
use the hydrodynamic equation to do that. Fix ¢ > 0 small, and denote by p(z, 0) the
solution of the hydrodynamic equation starting from y, 0 < ¢ < ¢. By Proposition 2,
p(g, -) is smooth. We may use the first part of this argument to joint g; to p(g, 8)d6.
To connect p(g, 6)dO to y (0)d6 we use the backward path 7, (d0) = p(e — ¢, 0)d#,
0 <t < &. The cost of this path is estimated in the next lemma.

Lemma 15 There exists a constant Cy > 0 such that for any T > 0, any weak solution
p of (2.4), and any classical solution p to the Eq. (2.5),

It(m) < Co{T + llpr — plli +llpo — pli1}

where 7 is the trajectory defined by w(t,d6) = p(T —t, 6)d6.
Proof For any test function G € C12([0, T] x T), Jr (1) can be rewritten as

r ~ 1 (T -
Jr.6(r) = /0 dt (V0 VG)) =~ 5 /0 dt (x (o). (VG)?)

T ~ T ~
—/0 dt (B(p,), e +Gz—1>—/0 dt (D(p), e % — G, — 1),

where G (t,0) = G(T —t,0). The first line on the right hand side is bounded above

by
g V@O O 1
= —&r(p). 4.1
/ / @y — 27"
Since forany 0 < p < 1 andany a € R

—B(p)e’ + D(p)a+ D(p) < D(p)log(D(p)/B(p)),
—D(p)e ™ — B(p)a+ B(p) < B(p)log(B(p)/D(p)),

and since B(p) = (1 — p)B(p), D(p) = pD(p), where B(p), D(p) are the strictly
positive functions introduced in (3.3), the second line on the right hand side is bounded
above by

T
/o dt (D (p;) log(D(p:)/B(ps)) + B(ps) log(B(ps)/D(p1)))
4.2)

T
< CoT - / dt (D(p)log(1 — po) + B(po) log(py))
0
To estimate this last term, let 2(x) = x logx 4+ (1 — x) log(1 — x) and note that

0h(pr) = [log(o;) — log(l — pr)] 8tpt

[log(por) —log(1 — p;)] [ Apr + F(pp)].
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This equation is justified since, by Proposition 2, any weak solution of the Eq. (2.4)
is smooth for # > 0. Therefore,

T
—fo dt (D(py) log(1 — pr) + B(pr)log(pr)) = — (h(pr)) + (h(po))

1 T
- EET(,O) - /(; dr (D(pr) log(ps) + B(pr) log(l — py)).

Adding and subtracting (h(p)), since p takes value in a compact interval of (0, 1), the
first two terms on the right hand side can be bounded above by

Colllor — ol + lleo — pll1},

for some Cp > 0. Since the last term in the penultimate displayed formula is bounded
by CoT, we have shown that (4.2) is less than or equal to

1 _ _
—3 Er(p) + Co{T +llor — Al + llpo — £l }-

This estimate together with (4.1) completes the proof of the lemma. O

The last result of this section states that the cost to move inside a set of static
solutions is zero.

Lemma16 Fix1 <i <. Forall 91, 02 € M;,
inf {Ir(xlg) : T > 0, w € D(0, T], M), &1 = 32} = O.
Proof If M; is a singleton, then the conclusion is clear. Assume that M; is not a
singleton and fix g1, 02 € M; so that g (df) = px(0)dO, k = 1, 2, and p2(0) =
p1(6 + 6p) for some 0 < Gy < 1.
Fix a > O small, and let p(¢, 8) = p1(0 + at) so that p(0, -) = p1(-), p(6o/a, -) =

p2(). LetT =6y/a, m;(dO) = p(t,0)d6. Since 0;p = aVpand (1/2)Ap + F(p) =
0, an integration by parts gives that for any smooth function G : [0, T] x T — R,

T 1 T
() = — fo dt api, VG~ 5 /0 dt (x (o), (VG)?)
T T
—/ dr<B(p,>,er—1—Gf>—/ dt (D(oy), e O — 14 Gy).
0 0

The second line is negative, while the first one, by Young’s inequality and by Lemma
4, is less than or equal to

A 1 C)

————df < Coaby.
2 Jrl—=p109)

To complete the proof it remains to let a — 0. O
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5 The static rate functional W

In this section, we present some properties of the quasi-potential W. The main result
asserts that the functional W, introduced in (2.14), is lower semicontinuous for the
weak topology.

The first main result states that W is continuous at each measure go; € M; in
the L>-topology. The second one states that W is lower semicontinuous in the weak
topology.

We start with an estimate of V; (o) for measures o(d6) = y(0)d6 whose density is
close to M; in the L2-topology. This estimate together with Lemma 15 will allow us
to prove that V; is continuous for the L>-topology.

Let D be the space of measurable functions on T bounded below by 0 and bounded
above by 1, endowed with the L>-topology:

D={p:T—[0,1] : 0<p@®)<1la.e.6ecT}

Foreach 1 <i <[, letV; : D — [0, +0o0] be the functional given by V;(p) =
Vi(p(0)d6). Note that the topology of M 1 is the weak toplogy, while the one of D
is the L?-toplogy. Recall that we denote by #; the Sobolev space of functions G with
generalized derivatives VG in L2(T). For each & > 0 and each § > 0, let ]D)g’ be the
subset of D consisting of those profiles p satisfying the following conditions:

(A) p € H and/(vp(e))2d9 <h.
T
B)d<p®) <1-—F§ae. inT.
Lemma 17 Foreach 1 <i <I, h > 0, § > 0 and an increasing Cl-diﬁ‘eomorphism

o [0, 1] — [0, 1], there exist constants C; = C1(8,h) > 0and C, = C2(5, @) > 0
such that for any p in Dé’ and p; (0)d6 in M;

1
Vi(p) < clfo a2 di + Callp - pillr.

Proof Fix 1 <i <I,h > 0,8 > 0and let« : [0,1] — [0, 1] be an increasing
C 1-diffeomorphism. Let p € ]D)f;’ and p; (0)d6 € M,. Consider the path 7 (d6) =
p%(t,0)do in C([0, 1], M) with density given by pf = (1 — a(t))p; + a(t)p. It
is clear that w* belongs to D([0, 1], M4 1), and it follows from condition (A) that
Q1 (r*) isfinite. From the definition of p* itfollows that Vo = a()(Vo—V p;)+V p;
and that 3; o = o’ (¢)(p — pi). Since (1/2)Ap; = —F (pi), J1,6 (%) can be rewritten
as

1 1
Nty = 5 [ dt {awip = Vi) V61 = (xiof). (96}

1
+ /O dr ({o/ 0 = )+ F(@)}Gr = B e = 1) = D(p)(e™% = 1)),
5.1
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By Young’s inequality, the first term on the right hand side of (5.1) is bounded by

Lt 51 (Vo= Vi) b
§/o a(t) <W>dt < Cl/o a(t)? dt

for some finite constant C; = C1(8, h). To derive the last inequality we used the fact
that p; is bounded away from 0 and 1 and conditions (A) and (B) on p.

To conclude the proof it is enough to show that the second term on the right hand
side of (5.1) is bounded by

Callp — il

for some constant Cp = C» (6, o).
Consider the function @ : R x (0, 1) x R — R defined by

®(H.p.G) = HG —B(p)(e® = 1) = D(p)(e™® — 1.

If we set H; = o' (t)(p — p;) + F(p;), it is clear that the second term on the right hand
side of (5.1) can be expressed as

1
fo (®(Hy, pf, Gy)) dt.

It follows from a straightforward computation that for any fixed H € Rand p € (0, 1),
the function @ (H, p, -) reaches a maximum at

H H? +4B(p)D
G ) :10g< + 2;@) (0) (p))_

From condition (B) and Lemma 4, there exists a constant ¢s > 0 such that
cs < p*¥ < 1 — ¢5. On the other hand, since ®(H,p,0) = 0 and since
G(F(p),p) = 0, @(F(p),p,G(F(p),p)) = 0 for any p € R. Therefore, as
(H,p) — @(H,p,G(H, p)) is a Lipschitz-continuous function on the interval
[l loo = 1 Flloos I lloo + [ Fllec] X [es, 1 — cs5],

¢(Hls p;x,Gt) (p(Hls p;st(Hlv 10;1))
D (H,, pi', G(Hy, pi")) — @(F (o), pi's G(F(p["), p)
< G2|H; — F(p{")

Cofe' (1) + I F s (D } 10 — i

IA

for some finite constant C» = C»(§, ). These bounds give the desired conclusion. O

We are now in a position to prove that the functional V; is continuous in the L2-
topology.

Theorem 6 Foreach 1 < i <1, the function V; is continuous at p; in .
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Proof Fix 1 <i <[,andlet {p" : n > 1} be a sequence in D converging to p;. Denote
by A", n > 1, the weak solution to the Eq. (2.4) with initial condition p".
By Lemma 5, there exists a constant Cp > 0, independent of n, such that

1
/ dt / (VAN (@)Pdo < Co
0 T

forallm > 1. Fix 0 < ¢ < 1. Foreach n > 1, there exists { < T,, < 2¢ such that

/T (VA7) (O0)2d0 < Co/e.

Moreover, by Lemma 4, there exists a constant 0 < ¢; < 1/2, independent of n, such
that ¢; < A" (@) <1 —c; foralln > 1 and 6 in T. Therefore, the density profiles

X" ,n>1 belong to the set D¢ 0/ ¢ introduced just above Lemma 17.
By definition (2.11) of the funct10na1 Vi,

Vi(p") < ViOg) + Ir,(x"),
where 7" (¢, d0) = X' (T,, — t, 6)d6,0 < t < T,. Therefore, it is enough to prove that

limsup V; (A7) = limsuplimsup I7,(7") =

n—o00 gi() n—o0o

Since X” belongs to the set D, "/ ¢ , by Lemma 17, there exist constants C; =
Ci(¢)>0 and Cr=0C(¢,a) >0 such that

1
Vi) < c1/ aPdi + Gl — il
0

for any increasing C!-diffeomorphism « : [0, 1] — [0, 1]. By Lemma 7 and since
T, <2¢ <2,
127, — pilla < Collp" — pill2 (5.2)

for some finite constant Cy > 0, independent of 7, and whose value may change from
line to line. Since p” converges to p; in L>-topology,

1
lim sup V; (A%, ) = C 1nf{/ oz(t)zdt} = 0.
n— 00 0

It remains to prove that

lim sup lim sup Iz, (") = 0. (5.3)

;i() n—o00

@ Springer



78 J. Farfan et al.

By Lemma 15, by (5.2), and since 7,, < 2¢,
I,(") < Co{Tw + 185, = Ailla + 10" = Aill2} = Co{c+10" = ill2}.

To complete the proof of (5.3) and the one of the lemma, it remains to recall that
p" — pi in L*(T). |

The proof of the next result is similar to the one of Proposition 4.9 in [21]. The
lemma asserts that the functional V; is uniformly bounded in M ;.

Lemma 18 The function W is finite if and only if o belongs to M 1. Moreover, for
alll <i <1,
sup  Vi(o) < oo,
0eM

so that sup,e pq, | W(0) < 00.

Proof Fix o € M, and suppose that W (o) < oo. By the definition (2.14) of the
functional W, there exists 1 < i < [ such that V;(0) < oo. Hence, by (2.11), there
exist p € M;, T < oo and a trajectory 7,(d6), 0 < t < T, such that 7y = p,
IT(7|p) < oo. By (2.10) and (2.9), 7 € D([0, T], M4 1), proving that o = &7
belongs to M 1, as claimed.

To prove the reciprocal assertion and the uniform bound, fix 1 <i </,p0 € M4 1,
o(df) = p(8)dh, and denote by A the weak solution of the Eq. (2.4) with initial
condition p. By Lemmata 4 and 5, there exist constants 0 < a < 1/2 and Cy > 0
suchthata < A\, (#) <1 —aforallt > 1,0 € T, and

2
/ dt / (VA (@)?d8 < Co.
0 T

In particular, there exists 1 < T < 2 such that A7 belongs to the set IDDS 0,
By the definition (2.11) of the functional V;,

Vilp) = Vilar) + Ir(m),

where (¢, d0) = M(T —t,0)d0,0 <t <T.

As L7 belongs to the set ]Dg % by Lemma 17, V; (A7) < C for some finite constant
C1 which depends only on F. On the other hand, by Lemma 15 and since ||y ||; < 1
for all density profile y, I () < C,, which completes the proof of the lemma in view
of the definition of the functional W. O

We now turn to the proof that the functionals V; are lower semicontinuous for the
weak topology. The idea of the proof is very simple. Let ¢” be a sequence converging
to 0. Since, by Lemma 18, V; is finite, there exists a trajectory 7', 0 < t < T}, such
that 7y € M;, ngin = 0", Vi(o") < I, (") + 1/n < C. We will now use the lower
semicontinuity of /7 and the fact that the level sets are compact to conclude. If the
sequence Ty, is uniformly bounded, say by 7', we may add a piece of length T — T, to
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the trajectory 7" letting it to stay at 7; € M; in the time interval [0, T — T},]. In this
way, we obtain a new sequence, denoted by 7}, of trajectories such that 7, € M;,
7 = 0", Vi(@") < It, (") + 1/n = Ir(@") + 1/n < C. Since the level sets
are compact, we may extract a converging subsequence. Denote by 7 the limit and
observe that 7p € M;, m7 = o. By the lower semicontinuity and by definition of V;,
Vi(o) < Iy () < liminf, V;(0"), and we are done.

Of course, it might happen that the sequence 7, is not bounded, and this is the
main difficulty. In this case, we will use Lemma 14 to claim that the trajectory 7" may
not spend too much time outside an L>-neighborhood of a stationary solution. Hence,
all the proof consists in replacing the long intervals of time at which the trajectory
stays close to a stationary profile p; by one which remains only a time interval of
length 2. This is done by showing in Lemma 19 below that it is possible to go from a
neighborhood of p; to p; in time 1 by paying a small cost and by using Theorem 6 to
obtain a trajectory which goes from p; to a neighborhood of p; in time 1 by paying a
small cost.

Lemma19 Fix 1 <i <!l and 0;(d0) = p;(0)d0 € M;. For any ¢ > 0 there exists
813 = 813(¢) > 0 such that for any o(d6) = y(0)d6 in Bs,;(0;) there exists a path
w(t,dO) = p(t,0)do in D([0, 1], M) such that mg = o, w1 = 0i, 11(w) < &, and
7, € Be(0;) forall0 <t < 1.

Proof Fix 1 < i <[, & > 0, and a density profile y : T — R. Let p(t, 6) be the
unique weak solution of (2.4) with initial condition y, and let 77, (d6) = p(z, 0)d6.

Fix 0 < ¢ < &, to be chosen later, and set T = 1/4, T' = 1/2. Let & > 0
be the constant &11(¢1, 1/4, 1/2) given by Lemma 8 for p = p;. Assume that y €
B, (0i). According to Lemma 8, p,(6) df belongs to B;, (¢;) forall 0 < s < 1/2 and
los — pilla < & forall 1/4 <5 < 1/2.

By Proposition 2, p; belongs to C°°(T) for all + > 0. By Lemma 4, there exists
a > 0, depending only on F, such that a < p(s,0) < 1 —a forall & € T and
1/4 < s < 1/2. On the other hand, by Lemma 5, there exists a finite constant Co,
depending only on F, such that

1/2
/ dr/ I(Vp)(t,0)*do < Co.
0 T

In particular, there exists 77 € [1/4, 1/2] such that
/ I(Vp)(T1,0)1*do < 4Cy, (5.4)
T

so that pr, belongs to D

Recall that 77 < 1/2. Let « : [0,1/2] — [0, 1] be an increasing cl-
diffeomorphism, and define the trajectory pf, 71 <t < T1 +1/2,by p*(T1 +5,0) =
a(s)p; +[1 —a(s)ler, 0 < s < 1/2. By a similar computation to the one presented
in the proof of Lemma 17, and since || o7, — pill1 < o1, — pill2 < &1
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1/2
Iirya 2 (0%) < c1/0 [ — a@®Pd [Vor, — VAR + Ca@) g,

where C is a finite constant depending only on F, and C,(«) one which also depends
on «. In view of (5.4),

12
Iiry 1i+1/21(p%) < C3/0 [1—a@®)dt + Ca() i,

for some finite constant C3 independent of y .

Choose an increasing C 1-diffeomorphism o : [0,1/2] — [0, 1] which turns the
first term on the right hand side bounded by ¢/2. Note that this diffeomorphism does
not depend on y. For this fixed «, choose ¢; small enough for the second term to be
less than or equal to /2. To complete the proof of the first assertion of the lemma,
juxtapose the trajectories p;, 0 < t < T, p, T1 <t < T1 + 1/2, and the constant
one p;, T1 +1/2 <t <1.

We turn to the assertion that 7; € B (0;) forall 0 < ¢ < 1. By the second paragraph
of the proof, and by definition of Ty, m; € By, (0;) C Be(0;) forall 0 <t < Tj. By
definition of the trajectory p%, d(m;, 0;) < d(nr;,0i) < eforT) <t <T1 +1/2.
This completes the proof of the lemma since n; = g; for 71 +1/2 <t < 1. O

We have now all the elements to prove the main result of the section.

Theorem7 For each 1 < i <1, V; is lower semicontinuous. In particular, the rate
function W is also lower semicontinuous.

Proof To keep notation simple, we prove the theorem in the case where all solutions
of (2.5) are constant in space, or equivalently, assume that

Mo = {0:(d0) = p;id0 i =1,...,1}.

It is not difficult to extend the argument to the general case by invoking Lemma 16.
Fix1<i<l,q €R4,andlet

VP = {0e My :Vi(0) < q).

By the proof of Lemma 18, Vi(q) C M 1. We claim that Vi(q) is a closed subset of

M. To see this, let {"(d6) = p"(0)dO : n > 1} be a sequence in Vl.(q) converging
to some o(d6) = p(6)dO in M.

From (2.11), for each n > 1, there exist 7, > 0 and a path 7" in C([0, T,,], M4 1)
such that 7y = 0;, rr;?n = " and

It,(x"lo) < Vi@ +1/n < qg+1. (5.5
Assume first that the sequence {7}, : n > 1} is bounded above by some 7" < co. In

this case, let 7" be the trajectory which remains at g; in the time interval [0, T — T;,]
and then follows the trajectory m,,:
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o 0<t<T—T,
CN\me¢-T+T,) T-T,<t<T.

Note that 7} = ¢" for all n > 1, and that I7 (7" |g;) = Ir,(7"[0;) < q + 1/n for all
n>1.

By Theorem 3, the functional I7(-|g;) has compact level sets and is lower semi-
continuous. There exists, in particular, a subsequence n; and a trajectory w €
D([0, T], M) such that 7" — m, Ir(7|o;)) < gq. Since nr = lim; ﬁ;j =
lim; yr;rf - = lim; 0" = g, by definition of V;, V;(0) < g, which completes the
proof ofjthe theorem in the case where the sequence T}, is bounded.

Suppose now that the sequence {7,, : n > 1} is unbounded. In view of (5.5), by
Lemma 14, the path 7" may not remain too long outside an L2-neighborhood of one of
the stationary profiles. We use this observation, Lemma 19 and Theorem 6, to construct
from 7" a new path on a bounded time interval by replacing the long intervals of time
in which 7" remained close to a stationary profile by a path defined in a time interval
of length 2 which connects the entrance time in a neighborhood of a stationary profile
pi to p; and from this profile to the exit time of the neighborhood. The details are
given below.

Fix ¢ > 0. By Theorem 6, there exists ¢1, such that V; () < ¢ if w(d0) = p(0)d0
and [|p — pjll2 < ¢ forany 1 < j < /. Let ¢, be the constant §13(¢) given by Lemma
19 and set ¢ = min{¢y, {2}

LetL;,1 < j <1,betheclosed L?-neighborhood of pj: L ={o(df) = p(6)do :
p € B¢ [p;1}, where B¢ [0;] represents the closure of B (0;), and let £ = U< </ L;.
Assume that ¢ is sufficiently small so that {£ j}ljzl are mutually disjoint. Note that
L is a closed subset of M . We define a sequence of entrances and exit times
associated to the sets £ ;. Recall that 7§ = 0;, and set 7{' = 0. Let o' be the last exit
time from £;:

of = suplt <T,:7] € L}

Note that the path 77/ may visit several neighborhoods £, j # i, in the time interval
[0, 01'], and that it does not return to £; after of'. Suppose that 7, o', 1 < k < p,
have already been introduced. Define

) = inf {o

n . n n
» s <t<T:mn'eLl}, o

b= sup{r < T, : ) € Ly},
where j(p) is the index of the neighborhood visited at time 7:;: i(p) =aifnl, € L,.
P

By convention, if ;" ¢ L for all 0;‘_1 <t <T,, weset ‘EZ, and a;’, to be oo for all

p’ > p and we do not define j(p). Note that j(1) = i and that j(p) # j(q) if ¢ # p.
Denote by S, the set of neighborhoods visited by 7", S, = {j(p) : 7,(x") <

oo} =: {i(1), ..., j(b)}. By the choice of ¢ and by Lemma 19, there exist paths 7+,

7"~ g™t 2 <m < b, 7%~ such that

k,— k,— - k, - k,
7T =" Gw), T = Qime T = Ok, T =7"(05m),
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and such that I; (7" ") < 26, L (x" )+ L(x" V) <36,2<m < b, [(x"7) <.
Here and below, to keep notation simple, we denote sometimes 7/ by 7" (¢). If o} < T,
there exists also a path 7% such that

bt _ - b+
Ty = 0wy, T =" (05k)s

and such that I; (nf”+) < 2e.

We construct below a path 7" from the previous paths and from 7" under the
assumption that o;' < T),. The construction can be easily adapted to the cases o} =
+oo.For1l <c¢ < b, let

c
Re = 2¢ + Y (Tit1) — Oj))-

a=1

This sequence represents the times at which the path 7" visits the measures gj(c41)-
Set

T, = Rp1 + 1+ T, — ojp),
and define the path 7" in C ([0, 7,1, M 1) as follows:

7t (@) 0<t<l,
7" (oj1y +1 — 1) I=1=1+750 -9,
737 =1 =70 +51) 1+ 70 —o0) <1 <R,
a'(t) = {a>T(t —Ry) Ri<t=Ri+1
7Pt = Rp_1) Rooi <t <Rp1+1,
" (ojp) +t—Rp-1— 1D Rp1+1=1=<Rp1+1+T,— 0.

From the definition of 7" it is clear that 7§ = 0, FUT,) = 7™(T,) = o and that

Iz (") < Ir,(7") + 3be < Iz, (7") + 3le. (5.6)
In particular, by (5.5) and (5.6), I3 (7") is uniformly bounded. The time spent by 77"
in £ is at least T, — 2/. Therefore, by Lemma 14 and by the previous uniform bound
on Iz ("), the sequence T, is uniformly bounded. At this point, we may repeat the
arguments presented in the first part of the proof, which are solely based on a uniform
bound for the sequence [fn (™), provided by (5.5) and (5.6), and on a uniform bound

of the sequence Tn, to conclude. O

We conclude this section with a result needed in the next one. In Lemma 19 we
constructed paths from Bs(M;) to M; whose costs are small. In the next result, we
prove a partial converse statement by showing that there are measures o at distance §
from M; for which there exist paths from M; to o whose cost is small.
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Lemma20 Forevery 1 <i <l and e > 0, there exists 514 = 514(¢) > 0 such that
forall 0 < § < 814, there exists a measure ¢ € M 1 such that d(o, M;) = § and
Vi(o) < e.

Proof Fix 1 <i <1, 0; € M;, and ¢ > 0. Recall the definition of the constant c|
introduced in (3.5), and let 0 < a < ¢1/2. Let w(¢,d6), 0 <t < 1, be the trajectory
w(t,dO) = p(t,0)do, p(t,0) = p;(0) + at. On the one hand, by definition (2.1)
of the distance, d(M;, w1) = d(0;, 1) = a. On the other hand, for every smooth
function G : [0, 1] x T — R, since (1/2)Ap; = (1/2)Ap; = —F (p;),
1
ho(m) = /0 dr{(fa+1F3) = Feol} Gi) = (B(p. e —1-G).

Note that we omitted in the previous expression the terms x(p;)[VG ,]2 and
D(p;)[e~ %" — 1 + G,] which are positive. By definition of p,, F(p;) — F (p;) is abso-
lutely bounded by Cra, where Cr stands for the Lipschitz constant of the function F'.
By definition, a < ¢1/2 and by (3.5),c; < p;i <1—c1.Thus,c1/2 < p; <1—c1/2.
Letb =inf{B(x) :c1/2 <x <1 —1¢1/2} > 0, so that

1
Do = [ drfa+h)aG, b1 -1-G)
0

where h; is absolutely bounded by Cr. Assume that 0 < a < aj where a; is chosen
so that (Cr — 1)a; < b. The right hand side of the previous expression is bounded
by ¥ ((1 &£ CFr)a), uniformly in G, where ¥ (x) := (x + b)log[l + (x/b)] — x.
Therefore, V;(0) < I1(w) < ¥ ((1 £ Cfr)a). Since ¥, (0) = 0, there exists ag such
that ¥, ((1 £ Crp)a) < g, for any 0 < a < ap. The assertion of the lemma holds
provided we choose §14 = ap A a1 and o = 0; + ad6 for 0 < a < §14. O

Remark 1 Actually, we proved the existence of trajectory m;, 0 < ¢ < 1, such that
() <&, my =0 € M;,d(m, M;) =36.

6 The static large deviations principle

We prove in this section Theorem 4. As we said before, the proof is based on a
representation of the stationary state of the reaction—diffusion model in terms of the
invariant probability measure of a discrete-time Markov chain. In the first part of this
section, we introduce the discrete-time Markov chain and we prove in Proposition 3
sharp upper and lower bounds for its invariant probability measure.

For any 0 < By < Pi, let B; be the open neighborhoods, and I; be the closed
neighborhoods given by

o]
Il
-

B;, where B; := Bgy(M;) = {0 e M4 : inf d(o,0) < Bo}.
oeM;

i=1

~
|
C -~

I;, where I} = {oe My: fi < inf d(o,0) =2B1}.
f oeM;
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To stress the dependence of B and I" on Sy, 1 we sometimes denote B, I" by B(fy),
I’ (B1), respectively.

For N > 1 and a subset A of M, let AV = (z¥)7!(A) and let HY :
D[R4, Xn) — [0, +00] be the hitting time of AN

HY = inf{r>0:n €AV}

The first result of the section states that the reaction—diffusion model reaches the
set B in finite time with high probability.

Lemma 21 For every § > 0, there exist Ty, Co, No > 0, depending on §, such that

sup P, [Hév(é) > kTo] < exp{—kCoN}
neXn

forall N > Ny and all k > 1.

Proof Fix § > 0. By Corollary 1, there exist 7p > 0 and Cy > 0, which depend on §,
such that

inf I, (w) > Co,
NEDTO,B

where Dz, s = D([0, Tp], M \B(8)). For each integer N > 1, denote by nV a
configuration in X y such that

P [HY = T0) = sup Py [H} = o).
neXn

By the compactness of M, every subsequence of 7" (n") contains a sub-
subsequence converging to some o in M. Moreover, since each configuration in
X has at most one particle per site, any limit point ¢ belongs to M 1. From this
observation and since Dy s is a closed subset of D([0, Tp], M), by the dynamical
large deviations upper bound, there exists a measure o(d60) = y(0)d6 in M | such
that

IA

. 1
lim sup ~ log Q7 v (Dry.s)

N—o0

1
lim sup I log P, v [Hév > To]

N—00

IA

— inf I (mly) < —Co.

Te Ty.8

In particular, there exists No > 1 such that for every integer N > Ny,

sup P, [Hg > To] < exp{—CoN).
nexy

To complete the proof, we proceed by induction, applying the strong Markov prop-
erty. Suppose that the statement of the lemma is true for all integers j < k.Let N > Ny
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and let 77 be a configuration in X y. By the strong Markov property,
Py | Hy = k1] =, [1{Hf = 1) P, [HY = k- DT]]
<P, [H,QV > TO] sup P, [H}gv > (k — l)To]
nexXy

< exp{—kCoN},

which completes the proof. O

Corollary 2 For every § > 0,

1
lim sup — log sup E, (Hév(a)> < 0.

N—o00 neXn

Proof Fix § > 0 and denote by Ty, Co, No > 1 the constants provided by Lemma 21.
For every integer N > Ny and for every configuration 7 in Xy,

(0.¢] o
T;
N Z N Z 0
Eﬂ (HB ) < T() ]P)n <HB > kTQ) < T() exp{—kCoN} < m,
k=0 k=0
which proves the corollary. O

We have now all elements to introduce the discrete-time Markov chain. Let d BY
(which depends on ﬂo)l be the set of configurations 7 in X for which there exists a
finite sequence of configurations {ni :0 <i <k}in Xy with 170 inI™V, nk =1, and
such that

(a) Forevery 1 <i < k, the configuration 5’ can be obtained from 5’ ~! by a jump of
the dynamics (either from the stirring mechanism or from the non-conservative
spin flip dynamics).

(b) The unique configuration of the sequence which can enter into B" after a jump
is nk.

We similarly define the set 8BiN, 1 <i <. 1Itis clear that for N large enough and S
small enough,

!
aB" = | JoB).
i=1
Lett =1tV : DRy, Xy) — [0, oo] be the stopping time given by
T = inf {t > 0 : there exist s < ¢ such thatn, € I'N and 1, € 8BN] . (6.1
Set 71 := 7. We recursively define the sequence of stopping times {73 : k > 1} by

7 = inf {rk > (0 : thereexists < ¢ suchthattz_; < s, 15 € 'V and n: € BBN}.

! Note that for N large the set dB" does not depend on S;.
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This sequence generates a discrete-time Markov chain & on d BY by setting & = 1, .
The arguments presented before Lemma 5.1 in [21] show that this chain is irreducible.
Denote by v¥ its unique invariant probability measure.

Define v;; by

vij =inf{Ir(|p) : T >0, p(0)dd e M;, m € Ay, nr € M;},
where Ay = {71 e C([0,T], My) : 1y ¢ Mgop forall0 <t < T}.

The jumps of the Markov chain {& : k > 1} correspond to paths from aB,N to
0B ;V which do not visit other boundaries. They are thus related to the dynamical large
deviations principle. In Lemmata 22 and 24 we estimate the probability of a jump
from SBZ.N to 38;V for j # i. These estimates provide sharp bounds for the invariant
probability measure of the chain &, alluded to at the beginning of this section.

Lemma 22 Foreveryl <i # j <l,e > 0and0 < B < (1/4) ming, d(Mg, Mp),
there exists 0 < 815 < B1 such that for all By < 515

L 1 . N ~
lininf 7 log inf By € OB)) 2~y — e

Proof Fix e > 0,1 <i % j <l,and 0 < B1 < (1/4) mingxp d(M,, Mp). By
definition of v;;, there exist T > 0, 9; (d0) = p;(0)d6 € M;,0; € Mj,andmw € Ar
suchthat mo = 0;, 7 = 0, I7(7w|p;) < v;j +¢&.Note that 7, ¢ M, forall0 <t < T
because 7 € Ar.

Let 1y be the first time the path 7, is at distance B; from M;: tp = min{r >
0 : d(m, M;) = pi}. Since w belongs to Ar and nr € M;, H =
infr<;<7 d (s, UgzjMi) > 0. Let {3 be the constant §;3(min{f, ¢}) given by
Lemma 19. Set §15 = (1/2) min{B1, &2, {3} and fix By < d15s.

For each integer N > 0, let n be a configuration in 8BiN such that

P,y (e € 9BY) = endllng P, (n: € 0B)). (6.2)
n i

Recall that every subsequence of 7V(n") contains a sub-subsequence converging
in M to some measure ¢ which belongs to M . We may therefore assume that
7N n"N) converges to o(df) = y(8)d6 which belongs to the closure of B;: o €
Bg, (0}), for some o, € M;.

Since By < ¢3, we may apply Lemma 19 to connect ¢ to g; € M;. Denote by
7/,0 <t < 1, the path given by Lemma 19 and such that 7y = o, 7| = 0} € M;,
Ii(7'ly) < eand ] € Bg (0;),0 <t < 1. We may apply Lemma 16 to connect
0} to 0;, the initial point of the path introduced in the first paragraph of the proof.
By Lemma 16, there exists 7' and a path 7" € C([0, T'], M) such that 7] = 07,
ny, = 0; and I/(7"|g}) < e.

Concatenate the paths 7', 7" and 7 to obtain a path 7 in C([0, T + T’ + 1], M)
such that 7o = o, Tr4r41 € Mj, Itpr41(@”le) < v;j + 3e. Moreover,
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d(m, M;) < By for0 < <1+ T'. In particular, 77, reaches a distance 81 from M;
for the first time at 7 = 1 + T” + 19, and inf;y<; <7 d (T 14774+, Uk j Mi) = &2 > Po.

Denote by N a By/2-neighborhood in D([0, T + T’ + 1], M) of the path 7.
It follows from the last observation of the previous paragraph and from the fact that
Tr4r41 € Mjthat N C {n; € aBj.V}. Since A is an open set, by the lower bound
of the dynamical large deviations principle, and by (6.2)

o1
lmlgofﬁ nelgllg loglP,(n: € 8B ) = l}vrglgofﬁloanN(nr € 83;\7)

| . _ ~
> l}glcr’lofﬁlogﬂ”,,zv(/\/) > —;gjf\/lﬁrrﬂ(ﬂly) > — Ity (Tly).

This completes the proof of the lemma because I7,7/11(7|0) < v;; + 3e. O

The proof of the upper bound for P, (n, € aBJN ), n € BBZ.N , requires a lower
bound for the dynamical large deviations rate functional. For 7 > 0 and ¢ > 0, let
Cj = C;(T, ¢) be the closed subset of D([0, T'], M) consisting of all paths & for
which there exists some time ¢ € [0, T'] such that 7 () belongs to I";(¢) or w(t—)
belongs to I';(¢).

Lemma23 Foreveryl < i # j <1, ¢ > 0, there exist 516 = 816(¢) > 0 and
T = T(g) > 0 such that for all 8’ < 816, T' > T, y(0)dO € T;(8"),

inf Ip(wly) = vij — e
neC;(T',8")

Proof Fix 1 <i # j <[ and assume that the assertion of the lemma is false. In that
case, there exists ¢ > 0 such that for for every ¢ > 0 and T > 0, there exist ¢’ < ¢,
T'">T,y©)do € Ii(¢")and w € C;(T’, {') with

I(mly) < vij — €/2.

In particular, taking the sequences ¢n=1/n,T, = 1,n > 1, there exist ¢, < 1/n,
T, >1,y, € Ii(¢) and 7, € C;(T,,, ¢,) N C([0, T, 1, M4 1) with

It (7" yn) < vij — &/2. (6.3)

Since 7" belongs to C; (T’, £ NC(0, T1, M 1), there exists 0 < T, < T, such
that 7" (T},) € {o € ./\/t+ 11 ¢y <infaen; d(o, 0) < 2¢,}.

Assume first that the sequence of times { T, : n > 1} is bounded above by
some T > 0. For each integer n > 0, let 7" be the path in C([0, T — T.l. M)
given by 7]'(d0) = p" (¢, 0)d6, where p" is the solution of the hydrodynamic equa-
tion (2.4) w1th initial condition p (T) where n”(Tn, do) = p (Tn, 0)d6. Since
d (n"(T ), M) <2¢,, by Lemma 8, 7" (T — T, ») converges to some element of M ;.

n’

@ Springer



88 J. Farfan et al.

Let 7" be the path in C([0, T'], M 1) given by

al if0<t<T,,
N T,) if T,<t<T.
By definition of 7", IT(Z") = I (%" |yn) = I (" |ya) < vij — &/2. Since I7 has
compact level sets and since 7y (df) = y;,(9)d6 belongsto I'; (¢))NMy 1, there exists
a subsequence of 7" converging to some 7 in C([0, T], M 1) such that 7y € M;,
nr € M, and It (JZ) < v;j — ¢/2, which contradicts the definition of v;;.

If the sequence {7}, : n > 1}is not bounded, we may repeat the reasoning presented
in the proof of Theorem 7 to replace the path 7" by a path 7" which satisfies an
inequality analogous to (6.3) (with extra factors of ¢) and whose entry time to the set
foe My < infgenm; d(0,0) < 2¢} is uniformly bounded in . This completes
the proof of the lemma, since the bounded case has been treated above. O

We now prove the upper bound.
Lemma 24 Foreveryl <i # j <1, ¢ > 0, there exists §17 = §17(¢) such that for all

0 < pBo<pr1<d17,

1
limsup —log sup P,(n; € 83;\,) = —vjte
N—o0 neaBiN

Proof Fix 1 <i # j <l,e >0.Let¢; > 0, T > 0 be chosen according to Lemma
23,and fix 0 < Bo < By < ¢1. By the strong Markov property,

sup P,(n. € 0BY) < sup P,(n(Hypv) € 0B}),
nedBN nerN

i

where Hp, D C Xy, represents the hitting time of the set D and n(¢) = n,. For each
integer N > 0, fix a configuration "V in Fl.N such that

P,v(n(Hypy) € 0BY) = sup Py (n(Hypx) € aB).
nel’

i

By Lemma 18, v;; < 0o. Thus, by Lemma 21, there exists Tg, > 0 such that

1
lim sup — log sup P, [Hév > T,go] < —vjj.
N—o00 neXy

We may assume that T, > T, where T is the time introduced at the beginning of the
proof. On the other hand, since nN S I’iN s

1 1
lim sup — log P, (n(Hap) €0BY, HY <Tp,) < lim sup 7 log By (HfY < Tg,).

N—oo N—oo
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By intersecting the set {n(Hgn) € BB;V } with the set {H év < Tg,} and its comple-
ment, since

1 1 1
lim sup N log{lay + by} < max {lim sup v logay, lim sup N log bN} , (6.4)

N—o0 N—>o0 N—o0

it follows from the two previous estimates that

1
lim sup — log sup Py (n(Hypv) € IBY)
N—o0 neF.N

! . (6.5)
< max { lim sup I log IP’nN (HII% <Tgy), —vjj }

N—o0

Let C; be the set introduced in Lemma 23 associated to the pair (81, Tg,). Since C;
is a closed set, and since {H 1’% < Tg,} C C;, by the dynamical large deviations upper
bound and by the compactness of M, there exists y (0)df € I such that

1 1
limsup — log P v (HY <Ts,) < lim sup — lo C)H<—inf Iy, (r|y).
m sup 7 log N (Hp, <Tpy) < m sup g0, o (C)) = nf 75, (T 1Y)

By Lemma 23, the last term is bounded above by —v;; + €. This completes the proof
of the lemma in view of (6.5). O

The proof of the next result is similar to the ones of Lemmata 3.1 and 3.2 of chapter 6
in [24]. Recall the notation introduced above Eq. (2.13). Consider a set £2, which is not
assumed to be countable. Denote by £2;, 1 <i <, a partition of £2: £2 = U;j<;<§2;,
2;N82; =afori # j.Let (Z, : n > 0) be a discrete-time Markov chain on §2 and
denote by p(x, dy), x € £2, the transition probability of the chain Z,,. Assume that
any set §2; can be reached from any pointx € 2: )" . P,[Z, € £2;]1 > 0.

Lemma 25 Suppose that there exist nonnegative numbers p;;, pij, 1 <i # j <1,
and a number a > 1 such that

1
—pij < P(x,2j) < apij forall x € 2;,i # j.
PR :

Then,

1 . .
20-1) 2 v(@) = @ h 2
a Yizj<t Qi Yizj=t Qi

for any invariant probability measure v, where Q;, Q; are given by

Qi = Z 1_[ Pmn  and Qi = Z l_[ Pmn-

g€T (i) (m,n)eg g€7 (i) (m,n)eg
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Let

W; = min U
i eeT (i) Z mn
(m,n)eg
By the argument presented in the proof of [24, Lemma 4.1], we have w; = w; for all

1 <i < 1. We are now in a position to state the main result of this subsection.

Proposition 3 For every ¢ > 0, there exists 813 = 813(¢e) such that forall 1 <i <,
0<Bo<pr<idis

1
limsup — logv¥ (3B) < —w; + e,
N—o0

o1 N N _
l}vnl)lgofﬁlogv (0B;") > —w; — e.

Proof Since w; = w;, the assertion of this proposition is a straightforward conse-
quence of Lemmata 22, 24 and 25. O

6.1 Lower bound

We prove in this subsection the large deviations lower bound, that is, for any open
subset O of M,

1
lim inf — log PV > — inf W(o).
imiinf - ogPM(0) = ngo (0)

Recall the definition of the stopping time t introduced in (6.1). Following [10,21,
24], we represent the stationary measure 1"V of a subset A of Xy as

Wy = — [ B ( / "1 € A}ds) dv (), (6.6)
0

Cn Joynn

where
Cn =/ E,(t) dv" ().
dBN

The first lemma provides an estimate on the normalizing constant Cy .

Lemma 26 For any ¢ > 0, there exists §19 = §19(¢€) such that for all 0 < By < B <
319, |
limsup —logCy < e.
p N gln =

N—o0

Proof Fix ¢ > 0 and let ¢; be a positive number such that 2¢; is smaller than the con-
stants §13(¢) introduced in Lemma 19 and smaller than the constant §14(¢e) introduced
in Lemma 20. Fix 0 < By < B1 < . Since Hﬁi’ < 1 when the process starts from

N
0B;", by the Strong Markov property,
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1 1
Cy = ;/;B.N E,(t)dv () = ;/BBN E,(t HHY < t})dv¥ ()

1
N N N
< Z}fw E,(Hr)dv™ (n) + sup E,(Hp).
1= i

neXn

By Corollary 2 and by (6.4), it remains to show that for every 1 <i </,

1
limsup — log sup E,(HJ) < 3e. (6.7)

N—o0 ned BiN
Fix 1 <i < [. We claim that there exists Ny such that for all N > N,

sup Py(HfY =3) < 1—exp{—3Ne}. (6.8)
nerNuaBYN

To prove this assertion, for each integer N > 0, consider a configuration " such that
7V (") belongs to Bag, [M;] := Bag, (M;) (which contains the set I'¥ U3 B}") and
such that
Py (HY <3) = inf  Py(Hpy <3).
nEBZﬂl M;] !

Recall that each subsequence of 7™ (n™) contains a sub-subsequence converging in
M to some o which belongs to M . Therefore, we may assume that 7V (™)
converges to o(df) = y(6)d6 and that ¢ belongs to the closure of Bag, (0i): 0 €
Bag,[0i] := Bag, (0;) for some g; € M,;.

Let mo = @ € Bag[oi]l C Ba(0i), and let ™ be a path in D([0, 1], My 1)
provided by Lemma 19. Let 7 be a path in D([0, 1], M4 ) provided by Remark 1:
o = 0i, T1 € M4\ Bog,[M;]land I (7) < e. Define the path 7 in D([0, 2], M4 1)
by concatenating the paths 77 and 7 :

m =1 for 0<t<1, m = m_; for 1 <t<2.

The path ;, 0 < t < 2, starts from g, hits M; and then Byg, [M;]. Its cost I (i) is
bounded by 2e.

Denote by Ag, /2(r) the B1/2-open neighborhood of the trajectory 7 in D([0, 2],
M 1). Since Ag, p(m) C {H 1’517 < 3}, by the dynamical large deviations lower bound,

by definition of the sequence n™ and since I, () < 2¢, for N large enough,

P,(HY <3) > exp—N{ inf  L(r'ly) + s} > exp{—3Ne)
! JT’GAlgl/Q(n)

forall n € B%l [M;], which proves (6.8).
The estimate (6.8) together with the arguments presented in Lemma 21 and Corol-

lary 2 gives the bound (6.7), which completes the proof. O
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Proof of the lower bound of Theorem 4. We first claim that for any open set O of
M containing some g; € M;, 1 <i <1,

o1 _
l}vnilélofﬁlogPN(O) > —w;. (6.9)

Indeed, fix 1 <i <[, ¢ > 0 and choose first 81 > 0 and then 0 < By < f; satis-
fying two conditions: (a) Bo < {1, where ¢ is the positive constant §11(81/2, 1/2, 1)
provided by Lemma 8 for p = p;, and (b) the pair (By, B1) fulfills the lower bound
of Proposition 3 and Lemma 26. Assume, moreover, that Bag, (0;,) C O. Note that
condition (a) entails that By < B1/2.

By (6.6), and since T > H }3{’ if the initial configuration belongs to BBI.N s

PN O) = E, </ 1{n; € ON}ds) dv™ ()
0

Cn Japv

IV

1
E,(HN)dvN () > — vN(@BY)
N ! CN

i

— inf P,(HN > 1).
Cn Jos neoBN i
By Lemma 26 and Proposition 3, to conclude the proof of claim (6.9), it remains to
show that !
liminf — log inf P,(HN >1) > 0.
N—00 nedBN !
For each integer N > 0, let 7" be a configuration in BBI.N such that

Py (HY = 1) = ianIP’n(H}\[' > 1).

nedB;

Denote by n™Vk a subsequence of 7" which transforms the lim inf in a limit and let
70(d0) = y(9)de be a limit point of 7 Vk (n™k). Observe that 7y € Bg,(M;) and
denote by p : [0, 1] x T — [0, 1] the unique weak solution of the Cauchy problem
(2.4) starting from y . By Lemma 8 and by the definition of By, 81, 7;(d0) := p(¢t, 6)dO
belongs to Bg, j2(M;) forall 0 <t < 1.

Let AV be the subset of D([0, 1], M) given by all trajectories rrt/, 0 <t <1,such
that supy, <1 d(7r;, ;) < B1/2. Note that the set N is open because 7, is continuous.
In particular, since m; belongs to Bg,2(M;) for any 0 < ¢ < 1, {H}i},’ > 1} D
(TMYTIW) == {n. € D([0, 11, Xn) : 7V (1.) € N}. Therefore,

| N a1 %
l}vrglgofﬁloanN(Hn > > l}vnl,lgofﬁl()g Q1 nN)
> — inf Ii(z'ly) = —Li(zly) = 0,
7'eN

which completes the proof of the claim.
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It follows from (6.9) that there exists a sequence ¢y — 0 such that
o1 N _
liminf — log P"™ (Bg, (M;)) > —w;. (6.10)
N—oo N

Fix an open subset O of M. In order to prove the lower bound, it is enough

to show that for any measure o in O, 1 < i <[, T > 0, and any trajectory 7 in
D([0, T], My) with mg € M;, nr = o,

1
liminf — log PY(©) > —w; — Ir(7). 6.11)
N—oo N

To prove this claim, fix an open subset O of M, a measure o in O, 1 <i <1,
T > 0, and a trajectory 7 in D([0, T'], M) with 79 € M;, =7 = . Since ,uN is the
stationary measure,

o1 N o1 N
1}\1}1;1;15 N log P™(0) = l}vrilgof N log IEMN[]P’,] <JTT € C’))]
L1 N . N
> lim inf — log (PN Bey (M) int Byl < o1),
where By = {n : 7V (n) € Bey (M;)}. Let nV be a configuration in By such that

Py [ e0] = inf B[} 0]
neBy

Since 7"V belongs to By and ey — 0, we may assume, taking a subsequence if

necessary, that 7V (n") converges to some p;(df) = p;(0)d0 € M,;. By (6.10), the
expression appearing in the penultimate displayed formula is bounded below by

— o] N _ o1
—w; + lgll)lélof N log P~ [nT € (’)] = —w; + lglllélof m log Q7 v (O7),
where Oy = {x’ € D([0,T], My) : 7r € O}. Since the set Or is open, by the
lower bound of the dynamical large deviations principle, the previous expression is

bounded below by

—w; — inf Iz(@) > —w; — Ir(m).
H’EOT

In view of (2.12), this completes the proof of (6.11) and the one of the lower bound.
6.2 Upper bound
We prove in this subsection the large deviations upper bound. The proof relies on the

next two lemmata. The proof of the first one is similar to the proof of Lemma 23 and
is left to the reader.
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For a closed subset C of My and T > 0, let Cr be the subset of D([0, T'], M)
consisting of all paths 7 for which there exists ¢ in [0, T'] such that 7 (¢) or 7 (t—)
belongs to C. Note that Cr is a closed subset of D([0, T'], M.).

Lemma 27 Fixaclosed subset C of My such thatinf e Vi(@) < 0o. Foreverye > 0,
there exist 80 = 820(C, €) > 0 and Tyg > O suchthatforalll <i <1,0 < B| < &2,
T' > Ty, y(0)do € I},

inf I7/(mly) = inf Vi(o) —e.
7eCqr oeC

Recall the definition of the set B introduced just before Lemma 21 and recall from
Corollary 2 that the set B is attained immediately. In particular, if the reaction—diffusion
model has to reach a set C before it hits B, it has to follow straightforwardly the optimal
trajectory to C. The cost of such trajectory has been estimated in the previous lemma,
providing the next result.

Lemma28 Fix 1 <i <1 and a closed subset C of M. For every ¢ > 0, there exist
821 = 821(C, &) > 0 such that for all 0 < By < B1 < 821,

1
lim sup — log sup P, [Hév < Hév] < —iHEVi(Q) + e
o€

N—o00 17el"iN

Proof Fix ¢ > 0,1 < i < [, and a closed subset C of M . We may assume that
the left hand side of the inequality appearing in the statement of the lemma is finite.
This implies that JT];I(C) N Xy # o for infinitely many N’s. Let {n™k : k > 1} be
a sequence of configurations such that 7 V¢ (n™*) e C. Since M is compact, taking
a subsequence, if necessary, we may assume that 7V (k) converges to a measure,
denoted by o, which belongs to M . Since C is closed, o € Csothat CN M | # @.
In particular, By Lemma 18, inf,¢¢ Vi(0) < oo.

Let ¢1, Ry be the constants 8>, Too given by Lemma 27. Fix 0 < By < 81 < ¢1.
Since infyec Vi(0) < 00, by Lemma 21, there exists Ry > 0 such that

1
lim sup — log sup P, [H,_{,V > Rz] < — inf Vi(o). (6.12)
o€

N—o00 neXn
Let T = max{R|, R»}.
Recall the definition of the set Cr introduced just above the statement of Lemma
27 and the fact that Cr is a closed subset of D([0, T'], M4.). Note also that {Hév <

T}y cCCr.
Let n" be a configuration in FiN such that

P [HY =T] = sup B, (1Y =T].
ner¥

Taking a subsequence if necessary, we may assume that 7V (n") converges to some
measure o(d0) = y(0)d0 in I; N M ;. Since {Hé\’ < T} C Cr and since C7 is a

closed set, by the dynamical large deviations upper bound and by Lemma 27,
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1
hmsup—log sup P (HY <HY <T) < hmsupﬁlogIP’ v(HY <T)

N—oo neF, N—o0

. 1 . .
< hmsupﬁlog Q7 ~(Cr) < —nlélcf:T It (wly) < _gl)relgvi(g) + .

N—o0
By (6.12), by this estimate and by (6.4),

1
lim sup — log sup P, [Hév < HII;V] < —iHEVi(Q) + e,
o€

N—o0 ne]"iN

which completes the proof of the lemma. O

Proof of the upper bound of Theorem 4. Let C be a closed subset of M. Assume
first that M; NC = @ for any 1 < i < [. In this case, let 8; > 0 be such that
Ul<i<iBag (M) NC = @.

By the representation (6.6) of the stationary measure p”,

PYO=ue) = o [ B, (/ l{nSGCN}dS)dVN(n)
N 0
!
] T
_ oBN ]E(/ISCNd)
Cg(,)nzggNno{ne bds

A configuration in X can jump to at most 2N different configurations and the
jump rates are bounded by N2. Since any trajectory in D(R., X ) has to jump at
least once before the stopping time 7, the constant Cy appearing in the denominator
is bounded below by co/N? for some positive constant c. Hence, by (6.4) and by

Proposition 3, in order to prove the upper bound it is enough to show that for each
1<i<l|,

1 T
limsup —log sup E, (/0 1{n, € CN}ds> < - ;I;EV,-(Q) + e. (6.13)

N—o00 nei’B,«N

The time integral appearing in the previous formula vanishes if T < Hév . We may
therefore introduce the indicator of the set Hév < t. After doing this and applying the
strong Markov property, we obtain that the left hand side of the previous inequality is
less than or equal to

1
lim sup — log sup P, [Hév < r] sup E, (7).
N—o00 nedBN neCN

Since the distance between the empirical measure before and after a jump is
bounded by C/N, and since Byg, (M;) NC = &, for N large enough, any trajec-

tory in D(R4, X ) starting at some configuration in BBN CN, satisfies Hp, N < Hp N,
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T<H l";’ , respectively. Hence, by the strong Markov property, the previous expression
is bounded above by

1
lim sup — log sup P, [Hév < Hév] sup E, (Hév).

N—oo nerN neCN

By Corollary 2 and Lemma 28, the previous expression is bounded by — inf,¢c Vi(0)
+ &, which completes the proof of (6.13) and the one of the upper bound in the case
MiNnC=wforl <i<I.

We turn to the general case. We first claim that for each 1 <i <[, ¢ > 0, there
exists ¢1 > 0 such that for all 0 < 8y < ¢,

1
limsupﬁlogpN (Bgy (M) < —w; + 2. (6.14)

N—o0

Indeed, fixe > Oandset{; = min{ds, 819}, where 613 > 0 is the constant provided
by Proposition 3 and 819 > 0 is the one given by Lemma 26. Fix By < ¢;. By the
representation (6.6) of the stationary measure pLN s

l T
PN By (M) = "V (Bl (M) = — f E, ( / 1{n; € B,%(M»}ds) dv™ ()
Cn Japv 0

l
1 T
C—Z N@BY) sup E, </0 1{nSeB,gYO(M,»)}ds).

nEBBN

We have seen in the first part of the proof that lim supy N ! log C;]I < 0. On the
other hand, for n € 9BY, j # i, v < Hy, so that [ 1{n; € By (M)}ds = 0.
Finally, denote by ¥ (¢), t > 0, the time translation of a trajectory by . For n € BB,.N ,
writing 7 as HfY + H} o 9 (H}\), by the strong Markov property, since fy < ¢1, and
by Proposition 3, the left hand side of (6.14) is bounded by

—w; + & + llmsup—log{ sup En(Hg) + sup EW(HI];V)}.
N—o0 neE)B[N r;eBFl.N

By (6.4), (6.7) and Corollary 2, the limit superior of the previous equation is bounded
by &, which completes the proof of (6.14).

Let C be a closed subset of M and fix ¢ > 0. Let A be the set of indices i such
that C N M; # @. Let ¢; be the positive constant introduced in (6.14), and choose
Bo < ¢1 such that d(C, M) > Bo forall j € A°. Since C C U;eaBg,(M;) U[C\
{UicaBg, (M;)}], and since C\ {U;e o Bg, (M)} is a closed set which does not intersect
the set M1, by (6.4), by (6.14) and by the first part of the proof,

1
lim sup — log PV (C) < —mln{mlnw , inf W(JT)} + 2e.
nSpy To8 €A weC\UieaByy (M)
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By (2.15), w; = W(g;) for g; € M;. On the other hand, since M; NC # @,

inf W(r) < min W(p;), inf W(m) < inf W(m),
7eC (™) = icA @) 7eC (™) _JTEC\{UiEABf}O(Mi)} (r)

which completes the proof of the upper bound.

7 Proof of Theorem 5

We first show that if there exists a heteroclinic orbit from ¢ € M; to ¢ € M, then
the cost of going from M; to M ; vanishes.

Lemma 29 Suppose that there exists a heteroclinic orbit from ¢ € M; to fy € M;.
Then, Vij = 0.

Proof Fix i # j in {1, ..., 1} and assume that there exists a heteroclinic orbit from
¢ € M; toy € M;, denoted by p(t,0),t € R. By Proposition 2, ¢ is smooth, and,
by Lemma 4, there exists 0 < ¢ < 1/2 such that ¢ < ¢(0) < 1 — c. Since p(1),
converges in C!1(T) to ¢, ¥ as t — —o0, t — 400 respectively, by Lemmata 17, 19
and since the dynamical large deviations rate functional vanishes along the solution
of the hydrodynamic equation, v;; = 0. O

We now prove that p(6) = r is a stable solution of the reaction—diffusion equation
(2.5) if r is a local minimum of V.

Lemma30 Fix 1 < i < [. Let 0;(d9) = p;i(0)d6, p;(0) = r, where r is a local
minimum of V. Then, for all ¢ > 0 there exist ¢ > 0 such that

inf {Vi(0) : 0 ¢ B:(@)} = c.

Proof Suppose that inf{V;(0) : 0 € Bs(0;)} = 0 for some § > 0. In this case there
exists a sequence of density profiles y,, and of trajectories 7" (¢, d0) = p" (¢, 0)d0,
0 <t < Ty, such that p"(0,0) = pi, p"(Ty, 0) = yu(0), yn(0)d0 € Bs(0:)* and
ITn(TL'n) < 1/n.

By Lemma 9, there exists 0 < & < § such that 7; € Bs(g;) for all t+ > 0 if
1o € B (0;). Let 7, be the time the trajectory " leaves the set 5, (g;) for ever, and
let o, be the hitting time of the set Bs(p;)¢ after 7,,:

T, = sup{t < T, :T[tn € B:(0i)}, o = inf{t >71, :ntn € B5(ét)c}

Since in the interval [t,, 0,,] the trajectory " remains in the set Bs(0;) \ B¢ (0;), if §
is small enough for Bs(g;) N Bs(M ;) = @ for all sets M, j # i, by Corollary 1,
0, — Ty 1s uniformly bounded by a finite constant, denoted by 7'.

Extend the definition of 7" from the interval [0, 7,,] to R by following the hydro-
dynamic trajectory after T,,: " (T, + t,d6) = p" (¢, 0)d6, where p, is the solution
of the hydrodynamic equation with initial condition p7. . Let 7', 0 <7 < T, be the
trajectory defined by /' = 7" (7, + ). Since 7" belongs to C([0, T,,], M 1), note
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that 7} € 0B¢(0;), that 7" hits the set Bs(g;) in the time interval [0, T] and that
Ir(@") < 1/n.

By the compactness of the level sets of I, the lower semi-continuity of this func-
tional and the compactness of the space M, there exists a subsequence 7" which
converges to some trajectory 7 such that g € 95.(0;), 7 hits the set B5(0;)¢ in the
time interval [0, 7] and I7(r) = 0. By Lemma 12, the density of r;, denoted by p;,
is a solution of the hydrodynamic equation. This contradicts the property of ¢ and
concludes the proof of the lemma. O

Proof of Theorem 5 Recall the definition of the set of indices I, I,,. We claim that
w, > 0 for all a € I,. To prove this statement, it is enough to show that for each
a € I, there exists b € I such that w, > wp.

Fix a € I,. By assumption, there exists b € I such that v,, = 0. We claim that
w,; > wp. Indeed, on the one hand, by Lemma 30, vy, > O for all ¢ # b. On the
other hand, let g be a graph in 7 (a) such that w, = k(g). Recall that we denote by
(d,e), e #d €V, the oriented edge where d is the child and e the parent. Let ¢ be
the parent of b in g. Of course, ¢ might be a. Denote by g’ the tree in 7 (b) obtained
from g by adding the oriented edge (a, ) and removing the the edge (b, c¢), and note
that k(g) + vap = x(g') + vpe. Since wy, is the minimal value of «(g), g € 7T (b),
wp < k(g") so that wp + vpe < k(g) + Vap = Wg + vap = wy. The last identity
follows from the fact that v,;, = 0 and the next to last from the fact that x(g) = w,.
Since vp, > 0, we conclude that wp < w,, as claimed.

We claim that for every § > 0,

inf s W) :m ¢ | JBs@i)§ > 0. (7.1)

ielg

Fix § > 0. Since w, > O for all a € I, in view of the definition of W, we only need
to check that

inf { V() ¢ | Bs@) g > 0
i€l
for each j € I. This is the content of Lemma 30, proving (7.1)
To complete the proof of the theorem, it remains to observe that the complement of
Uier, Bs(0;) is a closed set and to apply the upper bound of the static large deviations
principle stated in Theorem 4. The theorem is proved. O

8 The Chafee-Infante equation
We present in this section an example of a reaction—diffusion model which fulfills the

hypotheses of Theorems 4 and 5. Actually, in this model a complete description of the
stationary solutions and of the heteroclinic orbits is available.
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Fix0 < a < bandrecall the definition of the potential V = V,, 5 introduced in (2.7).
Denote by T /2, the one-dimensional torus with length (271)’1 .Let p = (1/2)/a/b,
¢ = 2(27)? and define ¢ Ry xTipr — Ras

b(1,0) = {p(ct, 270) — %}

S| =

A simple computation shows that p solves the Eq. (2.7) if and only if ¢ solves

W = Ap + 11— 9o, (8.1)

where A = 4ca = 8(27)%a. Note that ¢ takes values in the interval [—/b/a, /b/a].
This is the so-called Chafee—Infante equation [13] with periodic boundary condition.

A complete characterization of the stationary solutions of the Chafee—Infante equa-
tion with periodic boundary conditions is presented in [30, Proposition 1.1]. In our
context it can be stated as follows. Let p4 be the minima of V: p1 = (1/2) £ p =

(1/2)[1 £ Ja/b).

Theorem 8 Forall0 < a < b, the Eq. (8.1) admits three constant stationary solutions:
Y+ = p+, Y12 = 1/2. For all nonnegative integers m such that 1 < m? < A=
327%a, up to translations, there exists a non-constant periodic stationary solution
Om = Qm ). withm periods inT1 2. Moreover, limumz Gm. = 1/2in C2(T1/2n). The
reaction—diffusion equation (2.4) with potential V, ;, has no other stationary solutions.

The heteroclinic orbits of the Chafee—Infante equation with periodic boundary
conditions have been characterized in [23]. Next result follows from Theorems 1.3
and 1.4 of [23],

Theorem 9 There are heteroclinic orbits from Vr1 2 to Y+, and from V12 to ¢y, for
all integers 1 < m?> < A. Fix 1 < n? < A. There are heteroclinic orbits from ¢, to
Y+, and from ¢, to ¢y, for all integers 1 < m? < n?. There are no other heteroclinic
orbits.

Next proposition follows from the previous results and from Theorem 5.

Proposition 4 Consider a reaction—diffusion model which satisfies the assumptions of
Theorem 4 and which gives rise to the hydrodynamic equation (2.7) with 0 < a < b.
Let 04.(d0) = p+d6. Then, for every § > 0, there exist c > 0 and Ny > 1 such that
forall N > N,

PN (Bs(a-) UBs(@4)) = 1 — V.

If the jump rates are invariant under a global flipping of the configuration: c¢(n) =
c(1 — n), where 1 is the configuration with all sites occupied, there is a symmetry
between occupied and vacant sites so that PV (Bs(0.4)) = PN (Bs(p_)) forall § > 0.
Hence, with this additional assumption, we may refine the previous proposition:
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Corollary 3 Under the assumptions of Proposition 4, if c(n) = c¢(1 — n), for every
0 <68 < (1/2)d(o—, 0+), there exist c > 0 and Ny > 1 such that for all N > Ny,

_ 1 . _ 1 _
PN(Ba(Q—))—E < eV, PN(B(S(Q+))—§ < eV,

An example. We conclude this section with an example of a reaction—diffusion
model satisfying the assumptions of Theorem 4 and whose hydrodynamic equation is
given by (2.7).

Consider the reaction—diffusion model whose jump rate c(n) is given by

cm) = aalin_1 #m} + ailin_1 =n1 =no} + aol{n_1 = n1 # no}.

Let & be the configuration obtained from 7 by flipping all occupation variables: £(x) =
1 —n),x € Ty. Since [1 — n(0)]c(n) = £0)c(&), B(p) = D(1 — p). Moreover,

1
F(p) = Z{(ao —3ar —2m) 20 = 1) = (a0 + a1 — 2a2)2p — D?}.

Fix0 < a < b,and set a;p = a > 0. Choose a» > a + 2b > 0 and set ap =
2ay +4b — a > a+ 8b > 0. Since the three parameters are positive, the jump rate is
strictly positive as required.

As ag — 3ay — 2ar = 4(b — a) and ag + a; — 2ar = 4b, in the variables a, b the
function F becomes

F(p) = (b—a)2p—1) — b2p— 1),

in conformity with (2.7) fora = (b — a)/2, b = b/2.

Since B(p) = D(1 — p), D is concave if and only if B is concave. The functions
B is concave if 3a; + ap < 4ar < 4ap. We claim that these inequalities are in force.
On the one hand, as b > a > 0 and ap > 0, we have that ap < 2ay +4b — a = ag.
On the other hand, 3a; + ay — 4ay = 2a; +4b — 2ar = 2a + 4b — 2a; < 0 from the
definition of a;.

This shows that all the assumptions of Theorem 4 are fulfilled.

Acknowledgements The authors wish to express their gratitude to the referee for a very careful reading
which helped to improve the presentation.
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