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Abstract We prove a sequence of limiting results about weakly dependent stationary
and regularly varying stochastic processes in discrete time. After deducing the lim-
iting distribution for individual clusters of extremes, we present a new type of point
process convergence theorem. It is designed to preserve the entire information about
the temporal ordering of observations which is typically lost in the limit after time
scaling. By going beyond the existing asymptotic theory, we are able to prove a new
functional limit theorem. Its assumptions are satisfied by a wide class of applied time
series models, for which standard limiting theory in the space D of cadlag functions
does not apply. To describe the limit of partial sums in this more general setting, we
use the space E of so-called decorated cadlag functions. We also study the running
maximum of partial sums for which a corresponding functional theorem can be still
expressed in the familiar setting of space D. We further apply our method to ana-
lyze record times in a sequence of dependent stationary observations, even when their
marginal distribution is not necessarily regularly varying. Under certain restrictions
on dependence among the observations, we show that the record times after scaling
converge to a relatively simple compound scale invariant Poisson process.
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1 Introduction

Donsker-type functional limit theorems represent one of the key developments in
probability theory. They express invariance principles for rescaled random walks of
the form

Sine) = X1+ -+ Xy, t€[0,1]. (1.1)

Many extension of the original invariance principle exist, most notably allowing depen-
dence between the steps X;, or showing, like Skorohod did, that non-Gaussian limits
are possible if the steps X; have infinite variance. For a survey of invariance principles
in the case of dependent variables in the domain of attraction of the Gaussian law, we
refer to [24], see also [10] for a thorough survey of mixing conditions. In the case of a
non-Gaussian limit, the limit of the processes (S|, )+¢[0,1] 1s not a continuous process
in general. Hence, the limiting theorems of this type are placed in the space of cadlag
functions denoted by D([0, 1]) under one of the Skorohod topologies. The topology
denoted by J; is the most widely used (often implicitely) and suitable for i.i.d. steps,
but over the years many theorems involving dependent steps have been shown using
other Skorohod topologies. Even in the case of a simple m-dependent linear process
from a regularly varying distribution, it is known that the limiting theorem cannot be
shown in the standard J; topology, see Avram and Taqqu [2]. Moreover, there are
examples of such processes for which none of the Skorohod topologies work, see
Sect. 4.

However, as we found out, for all those processes and many other stochastic models
relevant in applications, random walks do converge, but their limit exists in an entirely
different space. To describe the elements of such a space we use the concept of dec-
orated cadlag functions and denote the corresponding space by E ([0, 1]), following
Whitt [34]. See Sect. 4. Presentation of this new type of limit theorem is the main goal
of our article. For the statement of our main result see Theorem 4.5 in Sect. 4. As a
related goal we also study the running maximum of the random walk S|,;;| for which,
due to monotonicity, the limiting theorem can still be expressed in the familiar space
D([0, 1D).

Our main analytical tool is the limit theory for point processes in a certain nonlocally
compact space which is designed to preserve the order of the observations as we
rescale time to interval [0, 1] as in (1.1). Observe that due to this scaling, successive
observations collapse in the limit to the same time instance. As the first result in this
context, we prove in Sect. 2 a limit theorem related to large deviations results of
the type shown recently by [28] (cf. also [19]) and offer an alternative probabilistic
interpretation of these results. Using our setup, we can group successive observations
in the sequence {X;, i = 1,...,n}, in nonoverlapping clusters of increasing size
to define a point process which completely preserves the information about the order
among the observations. This allows us to show in a rather straightforward manner that
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so constructed empirical point processes converge in distribution towards a Poisson
point process on an appropriate state space. The corresponding theorem could be
arguably considered as the key result of the paper. It motivates all the theorems in the
later sections and extends point process limit theorems in [5,14], see Sect. 3.

Additionally, our method allows for the analysis of records and record times in
the sequence of dependent stationary observations X;. By a classical result of Rényi,
the number of records among first n iid observations from a continuous distribution
grows logarithmically with n. Moreover it is known (see e.g. [30]) that record times
rescaled by n tend to the so-called scale invariant Poisson process, which plays a
fundamental role in several areas of probability, see [1]. For a stationary sequence
with an arbitrary continuous marginal distribution, we show that the record times
converge to a relatively simple compound Poisson process under certain restrictions
on dependence. This form of the limit reflects the fact that for dependent sequences
records tend to come in clusters, as one typically observes in many natural situations.
This is the content of Sect. 5. Finally, proofs of certain technical auxiliary results are
postponed to Sect. 6. In the rest of the introduction, we formally present the main
ingredients of our model.

We now introduce our main assumptions and notation. Let || - || denote an arbitrary
norm on R? and let SY~! be the corresponding unit sphere. Recall that a d-dimensional
random vector X is regularly varying with index o > 0 if there exists a random vector
© e S such that

1 —o

P(X] = x)]P’(||X|| >ux, X/||X| €)= u PO € ), (1.2)
for every u > 0 as x — oo, where = denotes the weak convergence of measures,
here on S?~!'. An R?-valued time series {X;,t € Z)} is regularly varying if all the
finite-dimensional vectors (X, ..., X;), k < [ € Z are regularly varying, see [14]
for instance. We will consider a stationary regularly varying process {X;, ¢t € Z}. The
regular variation of the marginal distribution implies that there exists a sequence {a;, }
which for all x > 0 satisfies

nP(|[ Xoll > anx) — x~%. (1.3)

If d = 1, it is known that
nP(Xo/an € ) —> 1, (1.4)

where — denotes vague convergence on R\ {0} with the measure © on R\ {0} given
by
u(dy) = pay™ 1 1o.00Mdy + (1 = pa(=) "o dy (15

for some p € [0, 1].

According to [6], the regular variation of the stationary sequence {X;,t € Z} is
equivalent to the existence of an R¢-valued time series {Y;, ¢ € Z} called the tail
process which satisfies P(|| Yp|| > y) = y~* for y > 1 and, as x — oo,
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({x_lXt, t e Z} | 1Xol > x) 5 vy, ez, (1.6)

fi.di. . . . C . .
where — denotes convergence of finite-dimensional distributions. Moreover, the so-
called spectral tail process {®;, t € Z}, defined by ®, = Y, /|| Yol|, t € Z, turns out to
be independent of || Yy|| and satisfies

(11X X2 1 € Z} [ 1Xoll > x) =5 (€11 € 2, (1.7)

as x — oo. If d = 1, it follows that p from (1.5) satisfies p = P(®g = 1) =
1—-P(By=-1).

We will often assume in addition that the following condition, referred to as the
anticlustering or finite mean cluster length condition, holds.

Assumption 1.1 There exists a sequence of integers ()N such that lim,, o 7, =
lim,,_, oo n/r, = oo and for every u > 0,

lim limsupIP’( max || X;|| > ayu

m—00 p—oo m=|i|<rp

HXN>aw)=Q (18)

There are many time series satisfying the conditions above including several non-
linear models like stochastic volatility or GARCH (see [26, Section 4.4]).
In the sequel, an important role will be played by the quantity 6 defined by

0=P (sup 1Y) < 1) . (1.9)

r>1

It was shown in [6, Proposition 4.2] that Assumption 1.1 implies that 6 > 0.

2 Asymptotics of clusters

Let [y be the space of double-sided R?-valued sequences converging to zero at both
ends, i.e. lo = {x = {x;,7 € Z} : lim}j| oo [lx;]| = 0}. On [y consider the uniform
norm

X lloo = sup [lx; |,
i€eZ

which makes /j into a separable Banach space. Indeed, [ is the closure of all double-
sided rational sequences with finitely many non zero terms in the Banach space of all
bounded double-sided real sequences. Define the shift operator B on [y by (Bx); =
xi+1 and introduce an equivalence relation ~ on [y by letting x ~ y if y = Bx for
some k € Z. In the sequel, we consider the quotient space

lo=1o/ ~,
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and define a function d : fo X fo — [0, c0) by
d(%,5) =inf{|lx' = y'lloc : x' € %,y € 3} = inf{|| Bx — B'ylloo : k, 1 € Z}.
forall ¥,y € Iy, and all x € ¥, y € ¥. The proof of the following result can be found

in Sect. 6.

Lemma 2.1 The function d is a metric which makes Iy a separable and complete
metric space.

One can naturally embed the set Uy=1(RY)" U Iy into Ip by mapping x € [y to its
equivalence class and an arbitrary finite sequence x = (x1,...,x,) € (R4 to the
equivalence class of the sequence

(...,0,0,x,0,0,...),

which adds zeros in front and after it.

Let{Z;, t € Z}beasequence distributed as the tail process {Y;, t € Z} conditionally
on the event {sup;._; ||Y;]| < 1} which, under Assumption 1.1, has a strictly positive
probability (cf. [6, Proposition 4.2]). More precisely,

i<—1

LA{Z1elh) =L <{Yz,t € Z}‘ sup [[Yi]l < 1). 2.1

Since (1.8) implies that P(lim;|— 0 |Y;]| = 0) = 1, see [6, Proposition 4.2], the
sequence {Z;} in (2.1) can be viewed as a random element in /p and [y in a natural
way. In particular, the random variable

Lz =sup|Z;]],
JEZL

is a.s. finite and not smaller than 1 since P(]|Yp|| > 1) = 1. Due to regular variation
and (1.8) one can show (see [7]) that for v > 1

P(Lzy >v)=v %
One can also define a new sequence {Q;,t € Z} in Iy as the equivalence class of
Q[ = ZZ/L27 t e Z. (2.2)

Consider now a block of observations (X1, ..., X,,) and define M, = max<;<,
I X; ||. It turns out that conditionally on the event that M,, > a,u, the law of such a
block has a limiting distribution and that Lz and {Q;,} are independent.

Theorem 2.2 Under Assumption 1.1, for every u > 0,
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X1,...,X
E( 1 In
an

M, > anu> L Lzt e,
u
asn — oo in io. Moregver, {Q¢,t € Z} and Lz in (2.2) are independent random
elements with values in ly and [0, 00) respectively.

Proof Step 1. We write X,(i, j) = (X;,..., Xj)/ayu, Y(i, j) = (Y;,...,Y;) and
My = maxi<i< | Xl M,{l = max<;< ||Y;|. By the Portmanteau theorem [8,
Theorem 2.1], it suffices to prove that

<1], (23)

1im Elg(X, (1 ra)) | Muy, > aqul = Elg({Yi 1 € Z)) | ML, _,

for every nonnegative, bounded and uniformly continuous function g on (o, d).

Define the truncation X, at level { of ¥ € Ip by putting all the coordinates of
X which are no greater in norm than ¢ to zero, that is X is the equivalence class of
(xi Ljjx;1>¢ )iz, where x is arepresentative of X. Note that by definition, d(x, X;) <¢.

For a function g on o, define gc by g:(x) = g(x;). If g is uniformly continuous,
then for each n > 0, there exists ¢ such that |g(¥) — g(¥)| < nif d(¥, §) < ¢, that
is, lg — g¢lleo < 1. Thus it is sufficent to prove (2.3) for g; for ¢ € (0, 1).

One can now follow the steps of the proof of [6, Theorem 4.3]. Decompose the
event {My ;, > a,u} according to the smallest j € {1, ..., r,} suchthat || X ;| > a,u.
We have

E[gZ(Xn(la )); Ml,rn > auu]

=Y E[ge(Xa(l.ra)): My j1 < anu < | X;]]. 2.4)
j=1

Fix a positive integer m and let n be large enough so that r,, > 2m + 1. By the definition
of g¢, forall j € {m+1,...,r, —m} we have that

Ml,j—m—l v Mj+m+l,r,, =< anug = gC(Xn(la rn)) = gC(Xn(j —m, ] +m))
(2.5)

The proof is now exactly along the same lines as the proof of [6, Theorem 4.3] and
we omit some details. Using stationarity, the decomposition (2.4), the relation (2.5)
and the boundedness of g, we have,

|E [g¢ (Xn (L, ra)L{ M1, > anul}]
—rnE [8e (X (=m, m)1{M_, 1 < apu}1{||Xoll > anu}]|
< 2m||gllocP (I Xoll > anu) + rpllgllccP(M_y, —m—1
V My, > angu; | Xoll > anu). (2.6)
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Next define 6, = P(M,,, > ayu)/{r,P(|| Xoll > a,u)}. Under Assumption 1.1,

lim 6, = P(sup | Yi|| < 1) =, 2.7)

i>1

where 6 was defined in (1.9). See [6, Proposition 4.2]. Therefore, by Assumption 1.1,
(2.6) and (2.7) we conclude that

lim limsup |E[g; (X, (1,7,)) | My, > ayul

m—00 ;50

1
— g Elge (Xn(=m,m)): M -1 = anu | [ Xoll > ayu]| =0.  (2.8)
n

We now argue that, for every m > 1,

nli)ngoE[g§(Xn(_m’ m)); M_,; 1 < ayu | || Xoll > ayu]

= Elg; (Y (—=m,m)); M*,, | <11. 2.9)

First observe that g, as a function on (Rd)z"”‘l, is continuous except maybe on the set
D" = {(x1, . xamg1) € RO x| = ¢ forsomei € {1,...,2m + 1}}
and we have that P(Y (—m, m) € D?’”“) = 0 since Y = ||¥®, ||Yo|l and ©
are independent and the distribution of ||Yy|| is Pareto therefore atomless. Observe
similarly that the distribution of M,X ; = Yol maxg<;</ [|©;] does not have atoms
except maybe at zero. Therefore, since g; is bounded, (2.9) follows by the definition
of the tail process and the continuous mapping theorem.

Finally, since Y(—m,m) — Y as. in Ip and since Y has only finitely many
coordinates greater than ¢, g (Y (—m, m)) = g (Y) for large enough m, almost surely.

Thus, applying (2.8) and (2.9), we obtain by bounded convergence

hm E[g;‘(Xn(la rn)) | M],rn > anu]
n— 00

1
= lim lim —E[g;(Xn( m,m)); M_,, _1 < anu | || Xoll > ayul

m— o0 n—)oo

.
= 5 Jim Blge (¥ (=m,m); ML, _y < 1]

=—Elg.(V); MY _, <1].

Applying this to g = 1 we obtain 6 = ]P’(Mfoo,_1 < 1). Hence (2.3) holds for g; as
we wanted to show.

Step 2. Observing that the mapping X + (X, ||x] o) is continuous on Iy, we obtain
for every u > 0,

r X],...,X,n’ M,,
ayu ayu

n

) Lz, Ly, (2.10)
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876 B. Basrak et al.

Similarly, the mapping defined on Iy x (0, 00) by (x, b) — X/b is again continuous.
Hence, (2.10) implies

X1,...,X M
£< 1 r,,’ rn
M,, anu

M, > anu> 4 {0 Ly) @2.11)

by the continuous mapping theorem. To show the independence between Lz and {Q;},
it suffices to show

Elg (0D Liz,>v] =Elg QDI P(Lz > v), (2.12)

for an arbitrary uniformly continuous function g on lp and v > 1.
By (2.11), the left-hand side of (2.12) is the limit of

Xi,..., X,
Ele\ =) Y@ 'm,>u
;

n

M, > an:| >

which further equals

X1,..., X, P(M,, > a,v)
IE|:g <_ - r ) ’Mr,, >anv] —IP’(ZV; >:).
n n n

By (2.11), the first term in the product above tends to E[g ({Q;})] as n — 00. On
the other hand, by (2.7) and regular variation of || X¢l|, the second term tends to
v *=P(Lz > v). O

3 The point process of clusters

In this section we prove our main result on the point process asymptotics for the
sequence {X;, t € Z}. Prior to that, we discuss the topology of w*-convergence.

3.1 Preliminaries on w”-convergence

To study convergence in distribution of point processes on the non locally-compact
space l~0 we use w#-convergence and refer to [11, Section A2.6.] and [12, Section
11.1.] for details. Let X be a complete and separable metric space and let M (X)
denote the space of boundedly finite nonnegative Borel measures 1 on X, i.e. such
that u(B) < oo forall bounded Borel sets B. The subset of M (X) of all point measures
(that is measures u such that . (B) is a nonnegative integer for all bounded Borel sets
B) is denoted by M, (X). A sequence {u,} in M(X) is said to converge to u in the
w*-topology, noted by 1, — ¢ W, if

sn(f) =ffdun N /fdu=u(f),
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for every bounded and continuous function f : X — R with bounded support.
Equivalently ([11, Proposition A2.6.1L.]), w, — .+ w refers to

un(B) = n(B)

for every bounded Borel set B with u(dB) = 0. We note that when X is locally
compact, an equivalent metric can be chosen in which a set is relatively compact if
and only if it is bounded, and w*-convergence coincides with vague convergence. We
refer to [20] or [30] for details on vague convergence. The notion of w*-convergence
is metrizable in such a way that M (X)) is Polish ([11, Theorem A2.6.1II1.(i)]). Denote
by B(M (X)) the corresponding Borel sigma-field.

It is known, see [12, Theorem 11.1.VII], that a sequence {N, } of random elements

in (M(X), B(M(X))), converges in distribution to N, denoted by N, i> N, if and
only if

(Nu(AD, ... Na(AD) 5 (N(AD, ..., N(Ap) inRY,

for all £ € N and all bounded Borel sets Ay, ..., Ay in X such that N(0A;) = 0 a.s.
foralli=1,..., k.

Remark 3.1 Asshownin [12, Proposition 11.1.VIII], this is equivalent to the pointwise
convergence of the Laplace functionals, that is, lim,,_, oo E[e V()] = E[e~N ()] for
all bounded and continuous function f on X with bounded support. It turns out that it
is sufficient (and more convenient in our context) to verify the convergence of Laplace
functionals for a smaller convergence determining family.

See the comments before Assumption 3.5.

3.2 Point process convergence

Consider now the space [o\{ﬁ} with the subspace topology. Following [21], we metrize
the space [\ {0} with the complete metric

d'(®.5) = (AE.5) A1)V 1/1%]00 = 1/1 1]

which is topologically equivalent to d,ie.it generates the same (separable) topology
on l~o\{(~)}. However, a subset A of l~0\{(~)} is bounded for &’ if and only if there exists
an € > 0 such that x € A implies ||X|oc > €. Therefore, for measures u,, u €
M (l~0\{(~)}), n =t wif w, (f) — p(f) for every bounded and continuous function
f on fo\{ﬁ} such that for some € > 0, ||¥ || < € implies f(x) = 0.

Remark 3.2 We note that under the metric d’ s w#-convergence coincides with the
theory of My-convergence introduced in [18], further developed in [22] and with the
corresponding point process convergence recently studied by [35].

@ Springer



878 B. Basrak et al.

Take now a sequence {r,} as in Assumption 1.1, set k, = |n/r,] and define

Xui=Xi-1)r+1> - Xir,)/an

fori =1, ..., k,. As the main result of this section we show, under certain conditions,
the point process of clusters N,  defined by

kll
NY =" 86k X
i=l1

restricted to [0, 1] x io\{ﬁ} (i.e. we ignore indices i with X,,; = 0), converges in
distribution in M, ([0, 1] x Zo\{()}) to a suitable Poisson point process.

We first prove a technical lemma which is also of independent interest, see
Remark 3.4. Denote by S = {x € Io : |%]loc = 1} the unit sphere in Iy and define the
polar decomposition v : [p\{0} — (0, +00) x S with (%) = (|¥]lcc, X/ 1% [lsc)-

Lemma 3.3 Under Assumption 1.1, the sequence v, = k,P(X, 1 € -) in /\/l(lNO\{()})
converges to v = 6 (d(—y_“) X ]P’Q) o ¥ in w*-topology and P is the distribution
of {Q;} defined in (2.2).

Proof Let f be a bounded and continuous function on I \ {0} and € > 0 such that
f&x) = 0if IXllc = €. Then E[f(X,,1)] = E[f(Xn,1)1(m,,,>ean}], s0 by (1.3),
(2.7) and Theorem 2.2 we get

lim v, (f) = lim k,E[f(X;,1)]

n—oo n—0o0

P(M,,,, > €ay)
P Xoll > €ayn)

Tim nP(| Xoll > ea,) ELf (X,) | iy, > €ay]

= e “0E[f(eZ)].
Applying Theorem 2.2, the last expression is equal to
oo o0
e*‘*éf ELf(ey Q)lay™® 'dy = 9/ ELf (y @)lay ™ 'dy .
1 €

Finally, since || Qllcc = 1 a.s. and f(X¥) = 0 if ||X]lco < € we have that

Jim u(H =0 [ LG 0laydy = v(s),

by definition of v. O

Remark 3.4 The previous lemma is closely related to the large deviations result
obtained in Mikosch and Wintenberger [28, Theorem 3.1]. For a class of functions f
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called cluster functionals, which can be directly linked to the functions we used in the
proof of Lemma 3.3, they showed that

. E[f‘(an_lX],...,an_ern)]
lim
I T B(1Xol > an)
_ /0 Ef (Ot = 0D — FO{Ont = IDlay*'dy.  G.D)

However, for an arbitrary bounded measurable function f : Iy — R which is a.e.
continuous with respect to v and such that for some € > 0, |X]cc < € implies
f(¥) = 0, Lemma 3.3 together with a continuous mapping argument and the fact that
k7t~ rP(|| Xoll > ay) yields

. E[f(a; ' X1, ..., a7'X,,)]
n— 00 P Xoll > an)

= Jim u(H) =0 [ L6 0laydy.

which gives an alternative and arguably more interpretable expression for the limit in
3.1).

To show convergence of N, in M ,([0, 1] x l~o\{(~)}), we will need to assume that,
intuitively speaking, one can break the dependent series {X,,, n > 1} into asymptoti-
cally independent blocks.

Recall the notion of truncation of an element X € io at level € > 0 denoted by X,
see paragraph following (2.3). We denote by F the class of nonnegative functions
f on [0, 1] x Iy which satisfy f(z,0) = 0 and f(t,%) = f(t, %) for some € > 0,
and are continuous except maybe on the set {¥ € l~o\{(~)} : lxjll = € forsome j €
Z where (x;)icz € X}. Thus, f € F4 depend only on coordinates greater in norm
than €. Using similar arguments as in the proof of Theorem 2.2, one can show that F.
is convergence determining (in the sense of Remark 3.1).

Assumption 3.5 There exists a sequence of integers {r,,n € N} such that
limy,— o0 1y, = lim,— o n/r, = co and

kn .
lim (E[G_N’/’/(f)] - HE[exp{—f<kl—, Xn,i) ”) =0,
i=1 n

forall f e Fy.

This assumption is somewhat stronger than the related conditions in [14] or [5],
cf. Condition 2.2 in the latter paper, since we consider functions of the whole cluster.
Still, as we show in Lemma 6.2, B-mixing implies Assumption 3.5. Since sufficient
conditions for B-mixing are well studied and hold for many standard time series
models (linear processes are notable exception, note), one can avoid cumbersome task
of checking the assumption above directly. Linear processes are considered separately
in Sect. 3.3.
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880 B. Basrak et al.

It turns out that the choice of fo as the state space for clusters, together with the
results above, does not only preserve the order of the observations within the cluster,
but also makes the statement and the proof of the following theorem remarkably tidy
and short.

Theorem 3.6 Let {X;,t € 7} be a stationary R¢-valued regularly varying sequence
with tail index a > 0, satisfying Assumption 1.1 and 3.5 for the same sequence {ry}.

Assumption Then N,/ 4 Nin M, ([0, 1] x Io\{0}) where N" is a Poisson point
process with intensity measure Leb x v which can be expressed as

o0
N"= " 8t.r 0 (3:2)
i=1

where

@) Zfi 1 8¢1y, p,) i a Poisson point process on [0, 1] x (0, oo] with intensity measure
Leb x d(—0y™%);

(i) {Q;, i = 1} is a sequence of i.i.d. elements in S, independent of Z?il 813, P)
and with common distribution equal to the distribution of Q in (2.2).

Proof Let, foreveryn € N, {X:;,i’i =1,..., k,} be independent copies of X, 1 and
define

kn
N = 8a/kx5,)- 3.3)
i=1

Since by the previous lemma, k,P(X, 1 € -) =, vin M(fo\{()}), the convergence
of N to N” in M »([0, 1] x fo\{ﬁ}) follows by an straightforward adaptation of
[30, Proposition 3.21] (cf. [15, Lemma 2.2.(1)], see also [16, Theorem 2.4] or [33,
Proposition 2.13]). Assumption 3.5 now yields that N/ converge in distribution to the
same limit since the convergence determining family J_ consists of functions which
are a.e. continuous with respect to the measure Leb x v. Finally, the representation of
N" follows easily by standard Poisson point process transformation argument (see [30,
Section 3.3.2.]). O

Under the conditions of Theorem 3.6, as already noticed in [6, Remark 4.7],
6 = P(sup;>; [IYi]l < 1) is also the extremal index of the time series {[|X;]|}, i.e.

lim,,—, oo P(a; ! maxj<j<, | X;|| < x) =e % " forall x > 0.

Remark 3.7 Note that the restriction to the time interval [0, 1] is arbitrary and it could
be substituted by an arbitrary closed interval [0, T].

3.3 Linear processes

As we observed above, S-mixing offers a way of establishing Assumption 3.5 for a
wide class of time series models. However, for linear processes, the truncation method
offers an alternative and simpler way to obtain the point process convergence stated
in the previous theorem.
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Let {¢,t € Z} be a sequence of i.i.d. random variables with regularly varying
distribution with index o > 0. Consider the linear process {X;, t € Z} defined by

X = chét—j,

JjeZ
where {c;, j € Z} is a sequence of real numbers such that |co| > 0 and

§<a ifae(0,1],
Z|c-|‘s<oowith d <a ifa e (1,2]and E[§)] =0, (3.4)
= / §=2 ifa>2andE[&] =0, '

§=1 ifa > 1andE[§] #O0.

These conditions imply that ) jez |c;j|* < oo.Furthermore, it has been proved in [25,
Lemma A3] that the sequence {X;,t € Z} is well defined, stationary and regularly
varying with tail index o and

P(IXol > w) _
w0 B(lEo] > ) Z' el G

[25, Lemma A.4] proved that for o € (0, 2], it is possible to take § = « in (3.4) at the
cost of some restrictions on the distribution of & which are satisfied for Pareto and
stable distributions.

The spectral tail process {@,} of the linear process was computed in [23]. It can be
described as follows: let @¢ be an {—1, 1}-valued random variable with distribution
equal to the spectral measure of &y. Then

LAO,. 1 €T} =£<{C|‘C“T of, teZ}) (3.6)

where K is an integer valued random variable, independent of ©¢, such that

leal®

P(K = = =,
K=m=x L or

n e Z. 3.7

It is also proved in [23] that the coefficient 6 from (1.9) is given by

. max ez, |c;|*

ZjeZ lej1*

Since lim| ;| o ¢; = 0, random element Q = {Q, j € Z} in the space S introduced
in (2.2) is well defined and given by
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(e <)
Q=1—"—,j€Zy. (3.8)

max;eyz |c;|

The following proposition can be viewed as an extension of [13, Theorem 2.4] and
also as a version of Theorem 3.6 adapted to linear processes.

Proposition 3.8 Let {r,} be a nonnegative non decreasing integer valued sequence
such thatlim,,_, oo rp, = limy,_, oo n/r, = coand let{a,}be anondecreasing sequence
such that nP(|Xg| > a,) — 1. Then

kn oo

d
Ny =) 80 k. Kty Kirg ) an) = 9 8132, 0)) 3.9

i=1 i=1

inM,([0,1] xio\{ﬁ}) where Z?i] 8¢1;, p,) is a Poisson point process on [0, 1]x (0, oo]
with intensity measure Leb x d(—0y~%), independent of the i.i.d. sequence { Q;, i >
1} with values in S and common distribution equal to the distribution of Q in (3.8).

Proof The proof of (3.11) is based on a truncation argument which compares X; with

m

Xt(m) = Z Cj%'[_j, teZ.

j=—m

Let {b,} and {a;, »} be non decreasing sequences such that nP(|Zg| > b,) — 1 and

1/a
nP(IX{™| > @) — 1. The limit (3.5) implies that a,, , ~ (2’" |c,|“> by.

j=—m

Let N,’,/l’ ,, be the point process of exceedences of the truncated sequence defined by

ke

N/ —§ )

T e (QLNG AN X" bw)”
1=

—Drp+1 irp

The process {Xl(m)} is (2m)-dependent (hence B-mixing with 8; = 0 for j > 2m)
and therefore satisfies the conditions of Theorem 3.6. Thus N,; , 4N (/;n) with

o0

"o
Nmy = Z S(T,-,P,-(-)f (e

i=1

with Y2, 87, p,) a Poisson point process on [0, 1] x (0, co) with mean measure
Leb x d(—y™?), cﬁ.m) = ¢ if |j| <m and ¢; = 0 otherwise, and (H)f, i >1arei.id.

(m)

copies of ®%. Since {c i } converges to {c;} in Io, it follows that
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o0
7 "o
Ny = Nog = Z‘S(T,-,P,-@f{cj})’
i=1

almost surely in M, ([0, 1] x lo \ {0}).
Define now

kil
i=1

Then, for every bounded Lipschitz continuous function f defined on [0, 1] x l~0\{0}
with bounded support,

lim limsupP(|N,,, (f) — N, (f)] >n) =0.
m—=0 p—o0 ’ ’
As in the proof of [13, Theorem 2.4], this follows from

lim limsupP( max [X"™ — X;| > b,y) = 0. (3.10)
<n

i
m—=00 p— o0 =i

for all y > 0 which is implied by (3.5); see [13, Lemma 2.3].
This proves that

N, -5 NI (3.11)

oo,n
and since N,/ and N, , differ only by a deterministic scaling of the points, this proves

our result. O

4 Convergence of the partial sum process

In order to study the convergence of the partial sum process in cases where it fails to
hold in the usual space D, we first introduce an enlarged space E. In the rest of the
paper we restrict to the case of R-valued time series.

4.1 The space of decorated cadlag functions

To establish convergence of the partial sum process of a dependent sequence {X,,} we
will consider the function space E = E([0, 1], R) introduced in Whitt [34, Sections
15.4 and 15.5]. For the benefit of the reader, in what follows, we briefly introduce this
space closely following the exposition in the previously mentioned reference.

The elements of E have the form

x, J,{I@):teJ})

where
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- x € D([0, 1], R);
— J is a countable subset of [0, 1] with Disc(x) C J, where Disc(x) is the set of
discontinuities of the cadlag function x;
— foreachr € J, I(¢) is a closed bounded interval (called the decoration) in R such
that x(¢), x(t—) € I(t) forallt € J.
Moreover, we assume that for each € > 0, there are at most finitely many times ¢ for
which the length of the interval 7 (¢) is greater than €. This ensures that the graphs of
elements in E, defined below, are compact subsets of R> which allows one to impose
a metric on E by using the Hausdorff metric on the space of graphs of elements in E.
Note that every triple (x, J, {I(t) : t € J}) can be equivalently represented by a
set-valued function

1(1) ift e J,

YO=N 0wy it e,

or by the graph of x’ defined by
Iy :={(t,2) €[0,1] xR :zex'()}.

In the sequel, we will usually denote the elements of E by x’.
Letm denote the Hausdorff metric on the space of compact subsets of R? (regardless
of dimension) i.e. for compact subsets A, B,

m(A, B) = sup [[x — Blloo Vsup [y — Alloo,
xeA yeB

where ||x — Bl = infyep [|x — yllco. We then define a metric on E, denoted by m g,
by
me (', y") =m(Ly, Ty). 4.1

We call the topology induced by m g on E the M> topology. This topology is separable,
but the metric space (E, mg) is not complete. Also, we define the uniform metric on
E by

m*(x', y") = sup m(x'(1), y'(1)), (4.2)

0<r<l1
Obviously, m* is a stronger metric than mg, i.e. for any x’, y’ € E,
me(x',y) <m*(x', y). 4.3)
We will often use the following elementary fact: for a < b and ¢ < d it holds that

m([a, b], [c,d]) < |c—al|V|d—b|. 4.4)

By aslightabuse of notation, we identify every x € D withan elementin E represented
by

(x, Disc(x),{[x(t—), x(t)] : t € Disc(x)}),
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where for any two real numbers a,b by [a,b] we denote the closed interval
[min{a, b}, max{a, b}]. Consequently, we identify the space D with the subset D’
of E given by

D' ={x"e€e E:J = Disc(x)andforallt € J, I(t) = [x(t—), x(®)]}. 4.5)
For an element x’ € D’ we have
Iy =Tk,

where I, is the completed graph of x. Since the M; topology on D corresponds
to the Hausdorff metric on the space of the completed graphs Iy, the map x —
(x, Disc(x), {[x(t—),x(t)] : t € Disc(x)}) is a homeomorphism from D endowed
with the M) topology onto D’ endowed with the M) topology. This yields the following
lemma.

Lemma 4.1 The space D endowed with the My topology is homeomorphic to the
subset D' in E with the M5 topology.

Remark 4.2 Because two elements in E can have intervals at the same time point,
addition in E is in general not well behaved. However, problems disappear if one of
the summands is a continuous function. In such a case, the sum is naturally defined

as follows: consider an element x’ = (x, J,{I(t) : t € J}) in E and a continuous
function b on [0, 1], we define the element x” + b in E by

X +b=G+b, J,{I@)+b):tel])).

We now state a useful characterization of convergence in (E, mg) in terms of the
local-maximum function defined for any x” € E by

My, (x) :=suplz:z € x'(t), 11 <t <}, (4.6)

forO0<tf < <1.

Theorem 4.3 (Theorem 15.5.1 Whitt [34]) For elements x,,, x' € E the following are
equivalent:

(i) x, > x"in (E,mg), i.e. mg(x),, x") = 0.
(ii) Forallt; < tr in a countable dense subset of [0, 1], including 0 and 1,

Mt1,t2(x;/1) e Mtl,tz(x/) nR
and

Mfl»l2(_xr/z) g Ml],tz(_x/) inR.
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4.2 Invariance principle in the space E
Consider the partial sum process in D([0, 1]) defined by

nt]
Siy =) =, rel01],
i=1 "

and define also

Sn () if0<a <1,

Vo(t) =
n() {Sn(t)—LntJIE(Z(—;]l“X]/anfl}) ifl <o <?2.

As usual, when 1 < o < 2, an additional condition is needed to deal with the small

jumps.
Assumption 4.4 For all § > 0,

k
> Xilgxizae) — EXiLjx za,0])
i=1

lim lim sup P| max
e—>0 pn—soo 1<k<n

> a,,(s) =0. (4.7

It is known from [14] that the finite dimensional marginal distributions of V,, converge
to those of an « —stable Lévy process. This result is strengthened in [5] to convergence
in the M topology if Q;Q;» > Oforall j # j’ € Z, i.e. if all extremes within one
cluster have the same sign. In the next theorem, we remove the latter restriction and
establish the convergence of the process V,, in the space E.

For that purpose, we assume only regular variation of the sequence {X;, t € Z} and
the conclusion of Theorem 3.6, i.e.

oo
N’{l/ i) N// = ZS(TMP[ Ql) (48)
i=1

in M, ([0, 1] x l~0\{(~)}), where Zloil 8¢1;, p,) 1s a Poisson point process on [0, 1] x
(0, oo] with intensity measure Leb x d(—0y~%) withf > O and Q; = {Q; j, ] €
Z}, i > 1 are i.i.d. sequences in l~0, independent of Zfil 8(1;, Py and such that
IP’(supjeZ [O1,jl = 1) = 1. Denote by Q = {Q;, j € Z} a random sequence the
with the distribution equal to the distribution of ;. We also describe the limit of V,,
in terms of the point process N”.

The convergence (4.8) and Fatou’s lemma imply that 6 jez E[lQ;|*] < 1, as
originally noted by [14, Theorem 2.6]. This implies that for & € (0, 1],

o

E| > 10/l < 0. (4.9)

JEZ
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For o > 1, this will have to be assumed. Furthermore, the case « = 1, as usual,
requires additional care. We will assume that

E Z|Qj|10g<|Qj|lZ|Qi|> < o0, (4.10)

JEZL i€Z

where we use the convention |Q;]log (|Q;7' ", 10il) = 0if |Q;| = 0. Fortu-
nately, it turns out that conditions (4.9) and (4.10) are satisfied in most examples. See
Remark 4.8 below.

Theorem 4.5 Let {X,,t € Z} be a stationary R-valued regularly varying sequence
with tail index a € (0, 2) and assume that the convergence in (4.8) holds. If & > 1 let
Assumption 4.4 hold. For « > 1, assume that (4.9) holds, and for « = 1, assume that
(4.10) holds. Then

Vo -5 V= (VT I (T e

with respect to My topology on E ([0, 1], R), where

(i) V is an a-stable Lévy process on [0, 1] given by

VO =) > P0ij, 0O<a<l, (4.11a)
T;<-jeZ
Ve =1tim [ 33" P0ij1ipg; s — () xpda) |, 1<a <2,
~>0\rZ ez e<lx|<1
i=Jj€
(4.11b)

where the series in (4.11a) is almost surely absolutely summable and the holds

uniformly on [0, 1] almost surely (along some subsequence) with (1 given in (1.5).
(i) Foralli € N,

I(T) = V(Ti=)+ Pi | inf 3 Qi j.sup > Qi

i<k keZ j<k

Before proving the theorem, we make several remarks. We first note that foro < 1,
convergence of the point process is the only assumption of theorem. Further, an exten-
sion of Theorem 4.5 to multivariate regularly varying sequences would be possible
at the cost of various technical issues (similar to those in [34, Section 12.3] for the
extension of M| and M, topologies to vector valued processes) and one would more-
over need to alter the definition of the space E substantially and introduce a new and
weaker notion of M, topology.
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Remark 4.6 1f (4.9) holds, the sums W; = > jez |Qi, ;| are almost surely well-defined
and {W;,i > 1} is a sequence of i.i.d. random variables with [E[W] < oo. Further-
more, by independence of Z?i] 8p; and {W;}, it follows that Zﬁl dp,w, is a Poisson
point process on (0, oo] with intensity measure QE[Wf‘]oty_“_ld y. In particular, for
every § > 0 there a.s. exist at most finitely many indices i such that P; W; > §. Also,
this implies that
sup » ~ Pi| Qi jI1(p10; 1<) — O 4.12)
ieN jeZ
almost surely as € — 0. These facts will be used several times in the proof.

Remark 4.7 The Lévy process V from Theorem 4.5 is the weak limit in the sense of
finite dimensional distributions of the partial sum process V,,, characterized by

log Efe?V 1]
iaz + I'(1 — @) cos(wa/2)0%|z|*{1 — i¢sgn(z) tan(ra/2)} @ # 1,
iaz — Folz]{1 —iZ¢sgn(z) log(Jz])) @=1
(4.13)

with, denoting x\@ = x|x|°‘_1 =x§ —x%,

’ E[(Y 0y 0]
a _ G]E X , — J
7 20| =y o

JjEZ
and
(i) a=0ifa < 1;

(i) a = (@ — 1)"'abE [Zjez Q;"”] ifo>1;
(iii)) if & = 1, then

a=0|cE|Y 0;|-E|D 0log| |30,

JEZL JEZL JEZ
—1
~E| Y010 (ls[ ™) ||
JEL

with ¢ = f;7(siny — yL(o,11(»))y2dy.

These parameters were computed in [14, Theorem 3.2] but with a complicated expres-
sion for the location parameter a in the case « = 1 (see [14, Remark 3.3]). The explicit
expression given here, which holds under the assumption (4.10), is new; it is obtained
by direct calculation of the characteristic function of V(1) following the steps of the
proof of Lemma 6.4. As often done in the literature, if the sequence is assumed to be
symmetric then assumption (4.10) is not needed and the location parameter is 0.
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Remark 4.8 During the revision process for this paper, [29] showed that the quantity 6
from (1.9) is positive whenever P(lim|;|,  |¥;| = 0) = 1, and 6 = P(sup;_; |¥;| <
1). In particular, the sequence Q from (2.2) is well defined in this case and moreover,
by [29, Lemma 3.11], the condition (4.9) turns out to be equivalent to

a—1

o0
E| > 16l < (4.14)
=0

which is automatic if & € (0, 1]. Furthermore, if « = 1, [29, Lemma 3.14] shows that
the condition (4.10) is then equivalent to

o0
E|log| > 10,1 ] | < oc. (4.15)
=0

These conditions are easier to check than conditions (4.9) and (4.10) since it is
easier to determine the distribution of the spectral tail process than the distribution of
the process Q from (2.2). In fact, it suffices to determine only the distribution of the
forward spectral tail process {®;, j > 0} which is often easier than determining the
distribution of the whole spectral tail process. For example, it follows from the proof
of [27, Theorem 3.2] that for functions of Markov chains satisfying a suitable drift
condition, (4.14) and (4.15) hold for all « > 0. Also, notice that for the linear process
{X;} from Sect. 3.3 these conditions are satisfied if ZjeZ lcj| < oo.

Moreover, [29, Corollary 3.12 and Lemma 3.14] imply that the scale, skewness and
location parameters from Remark 4.7 can also be expressed in terms of the forward
spectral tail process as follows:

o “« o0 o
o*=E| 1> 05| -0 |
j=0 j=1
(@) ()

o0 o0
p=0 B> 0;] —[Xo| |
=0 =1

a=0ifa <1,a=(a—1D"1aE[Op]if e > 1 (see (6.8)) and

o]

o0 o0
a = coE[@g] — E Z@jlog Z@j -
=0 j=0

o
©jlog | 136, |
j= 1 j=I

if @« = 1. It can be shown that these expressions coincide for & # 1 with those in the
literature, see e.g. [28, Theorem 4.3]. As already noted, the expression of the location
parameter for « = 1 under the assumption (4.10) (or (4.15)) is new.
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Example 4.9 Consider again the linear process { X;} from Sect. 3.3. For infinite order
moving average processes, [13] proved convergence of the finite dimensional distri-
butions of the partial sum process; [2] proved the functional convergence in the M|
topology (see [34, Section 12.3]) when ¢; > 0 for all j; using the S topology (which
is weaker than the M topology and makes the supremum functional not continuous),
[3] proved the corresponding result under more general conditions on the sequence
{cj}inthe case @ < 1.

Our Theorem 4.5 directly applies to the case of a finite order moving aver-
age process. To consider the case of an infinite order moving average process,
we assume for simplicity that « < 1. Applying Theorem 4.5 to the point pro-
cess convergence in (3.9), one obtains the convergence of the partial sum process

Vi =5 V' = (Vo {Ti)iew, (1 (T)}iew) in (. [0, 1]) where

V()= =2 _Ljerti ZP@

max ez, |c]

and

¢
P,6"
I(T) = V(Ti—) + ———— | 'inf Y "cj.sup )y c;

max ez ¢l keZi

For an illustration consider the process
Xi =& +c&i—1.

In the case ¢ > 0, the convergence of partial sum process in M topology follows
from [2]. On the other hand, for negative ¢’s convergence fails in any of Skorohod’s
topology, but partial sums do have a limit in the sense described by our theorem as
can be also guessed from Fig. 1.

Remark 4.10 We do not exclude the case jez @j = 0 with probability one, as
happens for instance in Example 4.9 with ¢ = —1.Insuch a case, the cadlag component
V is simply the null process.

Example 4.11 Consider a stationary GARCH(1, 1) process
Xt—UtZts Utz—a0+a1X 1+/316[ 1 IEZ,

where o, a1, 1 > 0, and {Z;,t € Z} is a sequence of i.i.d. random variables with
mean zero and variance one. Under mild conditions the process {X;} is regularly
varying and satisfies Assumptions 1.1 and 3.5. These hold for instance in the case
of standard normal innovations Z; and sufficiently small parameters «1, 81, see [26,
Section 4.4]. Consider for simplicity such a stationary GARCH(I, 1) process with
tail index o € (0, 1). Since all the conditions of Theorem 4.5 are met, its partial sum
process has a limit in the space E (cf. Fig. 2).
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15

10
|

sum process

I T T T T 1
0.0 0.2 0.4 0.6 0.8 1.0
time

Fig. 1 A simulated sample path of the process S, in the case of linear sequence X; = & — 0.7&;_1 with
index of regular variation « = 0.7 in blue. Observe that due to downward “corrections” after each large
jump, in the limit the paths of the process S, cannot converge to a cadlag function

@
=}

sum process

I T T T T 1
' 00 0.2 0.4 0.6 0.8 1.0
time

Fig. 2 A simulated sample path of the process S; in the case of GARCH(1, 1) process with parameters
a9 = 0.01, vy = 1.45 and B = 0.1, and tail index o between 0.5 and 1
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Proof of Theorem 4.5. The proof is split into the cases « < 1 which is simpler, and
the case o € [1,2) where centering and truncation introduce additional technical
difficulties.

(a) Assume first that o € (0, 1). We divide the proof into several steps.

Step 1 For every € > 0, consider the functions s€, u¢ and v¢ defined on Iy by

s€(x) = Zx]‘]l{|xj|>e}, u(x) = i2f§Xj1{\xj|>e},
J J=

Ué(i) = SUPZXA/H{\x]—pe},
Jj=k

and define the mapping 7€ : M, ([0, 1] x Io\{0}) — E by setting, for y =
Zz?il 81~ )

i<t

Ty = (Zsf(fc")) At 1% oo > €h (1@ : [1E ]l > €} |
te[0,1]
where

1) =) s“ @)+ [Z ue(®9, Yy vf(xk)] :

1<t tk=t; tk=t;

Since m belongs M , ([0, 1] x l~0\{(~)}), there is only a finite number of points (#;, J?:i)
such that ||ii lco > € and furthermore, every %! has at most finitely many coordinates
greater than e. Therefore, the mapping 7€ is well-defined, that is, T€y is a proper
element of E.

Next, we define the subsets of M, ([0, 1] x io\{ﬁ}) by

9]
Ay = !Za,iji DXl #e iz, € Z},

i=1

o
Ay = {ZSH’? :0<ti<landy #1tjforeveryi > j > 1}.
i=1

We claim that 7€ is continuous on the set Aj N Ajp. Assume that y, —,# ¥y =
Z?il Sr. # € A1NAg. By an adaptation of [30, Proposition 3.13], this convergence
implies that the finitely many points of y;, in every set B bounded for d’ and such that
y(dB) = 0 converge pointwise to the finitely many points of y in B. In particular,
this holds for B = {(#,¥) : ||¥[lcc > €} and it follows that for all #; < 7, in [0, 1]

such that y ({r1, 12} x Ip\{0}) = 0,

My (T (yn)) = My, (T(y)) inR
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and
My 1, (=T (yn)) = My 1, (=T“(y)) inR,

whith the local-maximum function M/, ;, defined as in (4.6). Since the set of all such
times is dense in [0, 1] and includes O and 1, an application of Theorem 4.3 gives that

T (yn) = T(y)

in E endowed with the M, topology.
Recall the point process N = Y72, §(7;, p, g, from (4.8). Since the mean measure
of Y22, 8(r.. p,) does not have atoms, it is clear that N” € Aj N A a.s. Therefore, by

d . .
the convergence N,, —> N” and the continuous mapping argument

pd d
/ /
Sn,e Se’

where §, . = T<(N}) and S, = T¢(N").

Step 2 Recall that W; =}, .7 Qi ;| and Y 2, 8p,w, is a Poisson point process on
(0, oo] with intensity measure GE[W;"]ay_"‘_ldy (see Remark 4.6). Since @ < 1, one
can sum up the points { P; W;}, i.e.

o0 oo

D OPWi=> > PlQijl < oo as. (4.16)
i=1

i=1 jeZ

Therefore, defining s(¥) = > jXj,we obtain that the process

V=) s(PQy, tel0,1],

Ti<t

is almost surely a well-defined element in D and moreover, it is an «-stable Lévy
process. Further, we define an element V' in E ([0, 1], R) by

V' = (V {Ti}ien, {1 (T)}ieN) 4.17)
where

I(T;) = V(T; =) + [u(P; @), v(Pi Q)]
u(i):i%fzxj, u(i):sx}:pzxj.

i<k Jj<k
Since for every 6 > 0 there are at most finitely many points P; W; such that P;W; > §

and diam(I(T;)) = v(P; Q;) — u(P; Q;) < P;iW;, V' is indeed a proper element of
E as.
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We now show that, as € — 0, the limits S/ from the previous step converge to V' in
(E, m) almost surely. Recall the uniform metric m* on E defined in (4.2). By (4.16)
and dominated convergence theorem

o0
m* (S V) = sup m(Sc(n). V'(1) = > PiQijI R0 1<) — 0, (4.18)
== i=1 jeZ

almost surely as € — 0. Indeed, let S¢ be the cadlag part of S., i.e.

Se(t) = ZSG(Pi Q)= Z ZPiQi,./1{|P,-Q,-‘j|>e}a t €[0,1].

Ti<t Ti<t jeZ

Ift ¢ {T;} then

m(SL), V' (0) = [Se®) = VOl < Y3 PilQi il 1m0, 1<)

T;<t jeZ
Further, when t = T} for some k € Z, by using (4.4) we obtain

m(S.(t), V') < |(Se(Tx—) + v (P Qp) — (V(Tx—) + v(Pr Q)|
VI(Se(Tx—=) + u (P Qp)) — (V(Tx—) + u(Pr @p))|.
(4.19)

The first term on the right-hand side of the equation above is bounded by

D> PiQijlpigyi<e)| + [sup Y POk Lm0 1>} — Sup Y PO

T;<Ty jEZ lez j=l er =t

<| D0 D PiQijLimigylza| +5up| D PeQi jlipion -e) — ) PeQkj
T;<Ty jeZ lez j=l i=t

< D D PlQijIpI0; i)
T;<Ty jeZ

Since, by similar arguments, one can obtain the same bound for the second term on
the right-hand side of (4.19), (4.18) holds.
It now follows from (4.3) that
S>>V
almost surely in (E, m).

Step 3 Recall that

Xui=Xi-1)r+1> > Xir,)/an
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fori =1,...,k, and let S‘,’l be an element in E defined by
. kn . kn
> s(Xni) iYL G RV ]
i/kn=t 1€[0,1]
where

IG/kn) = s(Xpj) + [(Xni), v(Xn )]

j<i
By [8, Theorem 4.2] and the previous two steps, to show that

d

S v

n

in (E, mg), it suffices to prove that, for all 6 > 0,

lim lim sup P(mg (S, ., S!) > 8) = 0. (4.20)

€2
e>0 nosoo

Note first that, by the same arguments as in the previous step, we have
knrn

o X |
m* (S, 5 <> a’ 11X |ane)-

n

j=1
By (4.3), Markov’s inequality and Karamata’s theorem ([9, Proposition 1.5.8])

kn

- . r
lim supIP’(mE(S;l’é, S/) > 8) < lim sup 5anE[|Xl|1{\X1ISane}]
n

n—oo n—oo
. on o aayelP(|X] > aye)
lim .
n—00 §ay, 1l -«

o

1—a)

1-a

This proves (4.20) since @ < 1 and hence
5y
in (E,mg).

Step 4 Finally, to show that the original partial sum process S, (and therefore V,, since
a € (0, 1)) also converges in distribution to V' in (E, mg), by Slutsky argument it
suffices to prove that

me (S, §) —> 0. 4.21)
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ita i (re L ira i (. il t
R T W R T

Fig. 3 Restrictions of graphs I's, and Iy, on time intervals (”” ("H)r"] and ( nl ], respectively

Recall that k,, = [n/r,] so % < k’—n foralli =0, 1, ..., k, and moreover

i—’ﬁ=i(1—lﬂ>51—M=1—(1—{"/”’}>5r—". (4.22)
n

n n/ry n/ry,

Letd, ; fori =0, ..., k, — 1 be the Hausdorff distance between restrictions of graphs
I’s, and Iy on time 1ntervals (”" ("H)r”] and (+ T l'H] respectively (see Fig. 3).

First note that, by (4.22), the time distance between any two points on these graphs
is at most 2r,, /n. Further, by construction, S, and S,; have the same range of values
on these time intervals. More precisely,

U GeR:toerg)i= |J zeR:(toe Iy )
re( e T
= S,’l((i + 1)/ ky).
Therefore, the distance between the graphs comes only from the time component, i.e.

2ry
dpi <— — 0, asn — oo,
n

foralli =0,1,...,k, — 1.
Moreover, if we let d;, x, be the Hausdorff distance between the restriction of the
graph I, on (k"’" 1] and the interval (1, S}, (1)), it holds that

n
T P
dugy <=V Y — 0,
n . dap
J=knrp+1
as n — o0. Hence, (4.21) holds since
kn
o/
me(Su. 5p) < \/ dui.
i=0

and this finishes the proof in the case « € (0, 1).
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(b) Assume now that o € [1, 2). As shown in Step 1. in the proof of (a), it holds that
3.5 s, (4.23)
in E, where S}, . = T¢(N;)) and S, = T¢(N").
For every € > 0 define a cadlag process S, ¢ by setting, for ¢t € [0, 1],
[nt]

Sn,e(t) = Z a—llux,v\/anx}-

i=1 "

Using the same arguments as in Step 4. in the proof of (a), it holds that, as n — oo,
=/ P
me(Sp.e, Sy ) —> 0. (4.24)

Therefore, by Slutsky argument it follows from (4.24) and (4.23) that

Spe — 8! (4.25)

in (E,mg).

Since @ € [1,2) we need to introduce centering, so we define the cadlag process
Vi.e by setting, for ¢ € [0, 1],

X
Vie(t) = Sp,e(t) — [nt]E <a—1{e<|xl|/an§1}) .
n

From (1.4) we have, for any ¢ € [0, 1], as n — o0,

X
|nt |E (_l]]-{€<|X1|/an<l}> — t/ xu(dx). (4.26)
an {x: e<|x|<1}

Since the limit function above is continuous and the convergence is uniform on [0, 1],
by Lemma 6.3 and (4.25) it follows that

Ve 55 V! 4.27)

in E, where V/ is given by (see Remark 4.2)

Vi) = S.(t) — t/ xpu(dx).

{x: e<|x|<1}

Let V. be the cadlag part of V/, i.e.,

Ve() = Z s(PiQ;) — t/ xu(dx). (4.28)

Ti<t {x: e<|x|<1}
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By Lemma 6.4, there exist an «-stable Lévy process V such that V. converges uni-
formly almost surely (along some subsequence) to V.
Next, as in Step 2. in the proof of (a) we can define a element V' in E by

V' = (VTi}ien, {1 (T)}ien) , (4.29)

where
I(Ty) = V(T;—) + [u(P; @), v(P; Q)] (4.30)

Also, one can argue similarly to the proof of (4.18) to conclude that

m* (V' V)) < IV = Velloo +sup > Pi|Qi jlL(p10; 1<e)-
iENjeZ

Now it follows from (4.3), (4.12) and a.s. uniform convergence of V. to V that
V. — V' as. (4.31)

in (E,mg).
Finally, by (4.27), (4.31) and [8, Theorem 4.2], to show that

v, -4y, (4.32)
in (E, mg), it suffices to prove that, for all § > 0,

lim lim sup P(mg (Vye, Vi) > 6) = 0. (4.33)

e>0 nosco
But this follows from Assumption 4.4 and (4.3) since
k

X; X;
Z a_]l{lXil/unie}_E —Lyxi1/an<er | )|
i=1 n An

Hence (4.32) holds and this finishes the proof. O

m*(Vn.e, Vy) < max
’ 1<k<n

4.3 Supremum of the partial sum process

We next show that the supremum of the partial sum process converges in distribution
in D endowed with the M| topology, where the limit is the “running supremum’ of
the limit process V' from Theorem 4.5.

Let V be the Lévy process defined in (4.11) and define the process V* on [0, 1] by

V), t ¢ {T}}jeN

V() =
® V(t—) + supyez ngk P;Q;j, t=T, forsomei e N.
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Define V~ analogously using infimum instead of supremum. Note that V* and V'~
need not be right-continuous at the jump times 7;. However, their partial supremum
or infimum are cadlag functions.

Theorem 4.12 Under the same conditions as in Theorem 4.5, it holds that

(sup Vi (s)) N (SUP V+(S)> ,
s=<t tel0,1] s=t t€[0,1]

and

<inf V,,(s)) LN (inf V_(s)) ,
s=t 1€[0,1] s=t 1€[0,1]

jointly in D([0, 1], R) endowed with the M topology.
Proof We prove the result only for the supremum of the partial sum process since
the infimum case is completely analogous and joint convergence holds since we are

applying the continuous mapping argument to the same process.
Define the mapping sup : E([0, 1], R) — D([0, 1], R) by

sup(x')(t) = supf{z : z € x'(5),0 < s < 1t}.

Note that sup(x”) is non-decreasing and since for every § > 0 there are at most finitely
many times 7 for which the diam (x' (1)) is greater than 8, by [34, Theorem 15.4.1.] it
follows easily that this mapping is well-defined, i.e. that sup(x’) is indeed an element
in D. Also, by construction,

sup(V') = <sup V+(s)>
tel0,1]

s<t

and

sup(V,) = (sup V,,(s)) .
s=t tef0,1]
Define the subset of E by
A={x"€eE : X0 ={0}}

and assume that x;, — x"in (E, mg), where x,,, x’ € A. By Theorem 4.3 it follows
that

sup(x,) (1) = Mo,¢(x,) = Mo, (x") = sup(x')(¢)
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for all # in a dense subset of (0,1], including 1. Also, the convergence trivially holds
for t+ = 0 since sup(x),)(0) = sup(x')(0) = 0 for all n € N. Since sup(x’) is non-
decreasing for all x” € E, we can apply [34, Corollary 12.5.1] and conclude that

sup(x))) — sup(x”)

in D endowed with M| topology. Since V,, V' € A almost surely, by Theorem 4.5
and continuous mapping argument it follows that

<sup v, (s)) 4, <sup V+(s))
s=t 1€[0,1] s=t t€[0,1]

in D endowed with M topology. O

Remark 4.13 Note that when ) jez Q; = 0 a.s., the limit for the supremum of the
partial sum process in Theorem 4.12 is simply a so called Fréchet extremal process.
For an illustration of the general limiting behavior of running maxima in the case of
a linear processes, consider again the moving average of order 1 from Example 4.9.
Figure 1 shows a path (dashed line) of the running maxima of the MA(1) process
X = Et - 0-7§t—1~

4.4 M, convergence of the partial sum process

We can now characterize the convergence of the partial sum process in the M3 topology
in D([0, 1]) by an appropriate condition on the tail process of the sequence {X;, t € Z}.

Assumption 4.14 The sequence {Q;, j € Z} satisfies

- ZQj =inZQjSSUPZQj= ZQj as. (4.34)
keZ keZ,

JEZ _ Jj<k j<k JEZ T

ie. —s(Q)- =u(Q) < v(Q@) = s(Q)4 as.

Note that this assumption ensures that }° ;.7 Q; # 0 and that the limit process V"’
from Theorem 4.5 has sample paths in the subset D’ of E which was defined in (4.5).
By Lemma 4.1, Theorem 4.5 and the continuous mapping theorem, the next result
follows immediately.

Theorem 4.15 If, in addition to conditions in Theorem 4.5, Assumption 4.14 holds,
then

V, -5
in D([0, 1], R) endowed with the M> topology.
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Since the supremum functional is continuous with respect to the M, topology, this
result implies that the limit of the running supremum of the partial sum process is the
running supremum of the limiting -stable Lévy process as in the case of i.i.d. random
variables.

Example 4.16 For the linear process X; = > jez € &~ from Sect. 3.3 and Exam-
ple 4.9, the corresponding sequence {Q;} was given in (3.8). It follows that the
condition (4.34) can be expressed as

P

JjEZ _ Jj<k

uchjz ch . (4.35)

S
keZ,iSk jez N

This is exactly [4, Condition 3.2]. Note that (4.35) implies that

ch > 0.

JjeZ
5 Record times

In this section we study record times in a stationary sequence {X,, t € Z}. Since record
times remain unaltered after a strictly increasing transformation, the main result below
holds for stationary sequences with a general marginal distribution as long as they can
be monotonically transformed into a regularly varying sequence.

We start by introducing the notion of records for sequences in lp. For y > 0 and
x ={x;} € Iy define

00
R*(y) = Z ﬂ{xj>yvsup,-<jx,-}v
j=—00

representing the number of records in the sequence x larger than y, which is finite for
x € lp. For notational simplicity, we suppress notation X in this section.

Lety =) 2, 84 xi € Mp([0,00) x 1o\ {0}), where x' = {x}} € lp. Define, for
t>0

MY (1) = sup ||x"lso, MY (t—) = sup ||x' [,

i<t <t

where we set sup ) = 0 for convenience. Next, let R, be the (counting) point process
on (0, co) defined by

Ry =) 8,R¥ (M"(t;—)),
i
hence for arbitrary 0 < a < b
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o0
Ry (a,b] = Z Z ]l{X§>MV(lf—)VS“Pk<jx1i}'

a<ti<b j=—00

Consider the following subset of M, ([0, 00) x o\ {0}

o
A :{y = Z‘St,-,x" : such that M7 (¢) > 0 for all 7 > 0, while
i=1

all #;’s are mutually different as well as all nonzero x§- ’s}.

The space M ,((0, 00)) is endowed with the w* topology which is equivalent to
the usual vague topology since (0, co) is locally compact and separable.

Lemma 5.1 The mapping y + R, from M, ([0, 00) x lp\{0}) t0 M ,((0, 00)) is
continuous at everyy € A.

Proof Fix an arbitrary y € A, and assume a sequence {y,} in M, ([0, c0) x fo\{ﬁ})
satisfies y, — ,# . We must prove that R,,, converges vaguely to R, in M ,((0, 00)).
By the Portmanteau theorem, it is sufficient to show that that forall0 < a < b € {;}¢

Ryn(a, b] — Ry(av b] )

asn — o0. For0 < a < b € {;} there are finitely many time instances, say
tiy, ..., ti € (a,b]suchthat[x"|o > MY (a) > 0, hence

Ry(a,bl= Y RY(M"(@5-) =) R (M (5-)). (5.1)

tie(a,b] =1

Forally, = Y 2, dn ni with n large enough, there also exist exactly k (depending on
a and b) time instances 71, ..., tfk € (a, b] such that ||x"™ |, > MY (a). Moreover,
they satisfy x»/ — x'! and tZ‘ — tj forl =1,...k asn — oo. Hence for n large
enough

Ry (a.bl= 3 R™(M"@l=) =) R (M"@-).  (52)

1 e(a,b] =1

Assume y, — y > 0 and x" — x = {x;} where the non zero x; are pairwise
distinct and x; # y for all j € Z. Then, it is straightforward to check that

R*" (y) — R*(y).
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Observe further that for the choice of 1;,, tl.’} we made above, it holds that M7 (’3 -) —>
MY (t;,—) since ¢;’s are all different. Together with (5.1) and (5.2) this yields

R,,(a,b]l — R, (a,b]
asn — OoQ. O

Since we are only interested in records, for convenience we consider a nonnegative
stationary regularly varying sequence {X;, t € Z}.
Adopting the notation of Sect. 3.2, we denote

oo
lel/ = Zs(i/kmxn.j)' (53)
i=1

We will also need the point process N, defined by

o
Ny = Z&i/n,xi/an)-
i=1

The process N, can be viewed as a point process on [0, co) x R\ {0}, but since R can
be embedded in /y (by identifying a real number x # 0 to a sequence with exactly
one nonzero coordinate equal to x), in the sequel we treat it as a process on the space
[0, 00) x [o\{0}.

As in the previous section, we will assume that

oo
N, N = ZS(Y},P,- 0) (5.4
i=1

as n — 00, Wllere N” has the same form as in (4.8), but on the space
M ([0, 00) x Ip\{0}). For B-mixing and linear processes, this convergence follows by

direct extension of results in Sect. 3 from the state space [0, 1]x fo\{ﬁ} to[0, T]x io\{ﬁ}
for arbitrary T > 0.

Theorem 5.2 Let {X;,t € Z} be a stationary regularly varying sequence with tail
index o > 0. Assume that the convergence in (5.4) holds and moreover that

P(all nonzero Q1,;’s are mutually different) = 1.
Then
d
RN, — Ry,
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in M, ((0, 00)). Moreover, the limiting process is a compound Poisson process with
representation

Ry = Z Sz ki

i€eZ

where y_;_; 8, is a Poisson point process on (0, 00) with intensity measure x~'dx
and {k;} is a sequence of i.i.d. random variables independent of it with the same
distribution as the integer valued random variable R1(1/¢) where ¢ is a Pareto
random variable with tail index «, independent of Q.

Proof Since they are constructed from the same sequence X1, X», ..., the record
values of the point process N, in (5.3) correspond to the record values of the point
process N,. Using (5.4) and the additional assumption on the Q’s, by Lemma 5.1 it
follows that

Ryy 5 Ry, (5.5)

Note that record times i / n of the process N,, appear at slightly altered times (i /7, ] +
1)/ky in the process N,. However, asymptotically the record times are very close.
Indeed, take f € C;(F(O, o0), then f has a support on the set of the form (a, b],
0 < a < b, which can be enlarged slightly to a set (a — €, b+ €], where 0 < a — € for
a sufficiently small € > 0. Clearly, f is continuous on that set, even uniformly. Note
further that for any such € there is an integer ng such that for n > ng, i/n € (a, b]
implies (|i/r,] + 1)/k, € (a — €,b + €], and vice versa. Moreover, by uniform
continuity of the function f, ng can be chosen such that for n > ny,

() (m)
n kn

Consider now the difference between Laplace functionals of the point processes Ry

and Ry, forafunction f € C ; (0, 00) as above. Since € above can be made arbitrarily
small, it follows that

Efe /*¥)] — Ble~/ BN - 0,

which together with (5.5) yields the convergence statement of the theorem.

Consider now a point measure y = Zﬁl O xi € M, ([0, 00) x fo\{ﬁ}), but such
that all x’ have only nonnegative components and all #;’s are mutually different. We
say that a point measure y has a record at time ¢ if (¢, x) € {(#,x') : i > 1} and
MY (t—) = sup, _, [xloc < |l*]lco. Taking the order into account, at time ¢ we
will see exactly R* (M7 (t—)) records. Similarly, a point measure n = Z?i] 8t.x; €
M ([0, 00) x [0, 00)) has a record at time ¢ with corresponding record value x, if
(t,x) € {(t;j, x;) : i > 1} and ([0, t) X [x, 00)) = 0.
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To prove the representation of the limit, observe that N = Y72, 8(7..p, g,) has
records at exactly the same time instances as the process Mo = Y ;o 8(1;.p,), since
by the assumptions of the theorem and by definition of the sequences Q;, all of their
components are in [0, 1] with one of them being exactly equal to 1. Because M is a
Poisson point process on [0, c0) x (0, oo] with intensity measure dx x d(—6y~%),
it has infinitely many points of in any set of the form [a, b] x [0, €] witha < b and
€ > 0. Hence, one can a.s. write the record times of M as a double sided sequence
T,, n € Z, such that 7, < 7,41 for each n. Fix an arbitrary s > 0, and assume without
loss of generality that 7| represents the first record time strictly greater than s, i.e.
71 = inf{7; : ; > s}. Denote the corresponding successive record values by U, ; they
clearly satisfy U,, < U,+1 and U, = supy, <, Pi and Uy = supy, <5 Pi. According
to [30, Proposition 4.9], Y, ., 8z, is a Poisson point process with intensity x~dx
on (0, 00). Apply now [30, Proposition 4.7 (iv)] (note that Uy corresponds to Y (s)
in the notation of that proposition) to prove that {U,/U,_1,n > 1} is a sequence of
i.i.d. random variables with a Pareto distribution with tail index «. Because the record
times t, and record values U, for n > 1 of the point process My match the records of
point process N” = Y72, 8(7;, p, 9,) on the interval (s, 00), we just need to count how
many of them appear at any give time t, which are larger than the previous record
Un—1. 1If, say, T, = T;, that number corresponds to the number of Q;;’s which after
multiplication by the corresponding U, = P; represent a record larger than U, _;.
Hence, that random number has the same distribution as

K = R2(U/Up).

Recall thats > 0 was arbitrary. Now since the point process Y .- &r;, p,) and therefore
sequence {U,/U,—1,n > 1} is independent of the i.i.d. random elements {Q;} and
since U1/ Uy has a Pareto distribution with tail index «, the claim follows. O

Example 5.3 For an illustration of the previous theorem, consider the moving average
process of order 1

Xy =& + &1,

for a sequence of i.i.d. nonnegative random variables {&;, t € Z} withregularly varying
distribution and the tail index o > 0. Assume further thatc > 1. By (3.8), the sequence
{Q;}, as arandom element in the space Iy, is in this case equal to the deterministic
sequence{...,0, 1/c, 1,0, ...}. Intuitively speaking, in each cluster of extremely large
values, there are exactly two successive extreme values with the second one ¢ times
larger that the first. Therefore, each such cluster can give rise to at most 2 records.
By straightforward calculations, the random variables «; from Theorem 5.2 have the
following distribution

Pki=2) =P/ =1/c) =P z2c)=—=1-Pk =1).

oo
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6 Lemmas
6.1 Metric on the space io

Let (X, d) be a metric space, we define the distance between x € X and subset B C X
by d(x, B) = inf{d(x, y) : y € B}. Let ~ be an equivalence relation on X and let X
be the induced quotient space. Define a function d:X x X — [0, 00) by:

d(Z,9) =inf{ld(x’,y) : x' € X,y €7},

forall X,y € X.

Lemma 6.1 Let (X, d) be a complete separable metric space. Assume that for all
X,y € Xandall x, x" € X we have

d(x,5) =d', ). (6.1)

Then d is a pseudo-metric which makes Xa separable and complete pseudo-metric
space.

Proof To prove that d is a pseudo-metric, the only nontrivial step is to show that d
satisfies the triangle inequality, but that is implied by Condition (6.1). Separability is
easy to check and it remains to prove that (X d) is complete.

Let {x,} be a Cauchy sequence in (X, d). Then we can find a strictly increasing
sequence of nonnegative integers {ny} such that

.. . 1
d(Xpm, Xp) < W’

for all integers m,n > nj and for every integer k > 1. We define a sequence of
elements {y,} in X inductively as follows:

— Let y be an arbitrary element of %, .
— For k > 1 let yy41 be an element of X, such that d(yx, yx+1) < W Such an
Vi+1 exists by Condition (6.1).

Then the sequence {y,} is a Cauchy sequence in (X, d). Indeed, for every k > 1 and
for all m, n > k we have that

mvn—1 oo 1 1
dOm.yn) = > A0 yip1) < Zz_ =
[=mAn I=k

Since (X, d) is complete, the sequence {y,} converges to some x € X. Let X be
the equivalence class of x. It follows that the sequence {X,, } converges to X because
d (X, X) < d(yk,x) by definition od d. Finally, since {X,} is a Cauchy sequence,
it follows easily that the whole sequence {x,} also converges to x, hence X, d) is
complete. O
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Proof of Lemma 2.1. Since we have [|0¥x —0'y|oo = 0% 'x — y|loo forallx, y € Ip
and k, [ € Z, it follows that

d®,§) = inf{6x — ylloo : k € Z} = inf{flx’ — ylloo : X € F},

forallx,y € ZN(), and allx € X, y € y. In view of Lemma 6.1 it only remains to show
that d is a metric, rather than just a pseudo-metric.

Assume that &(i, y) = 0 for some ¥,y € io. Then, for arbitrary x € X,y € Yy,
there exists a sequence of integers {k;} such that 6% x — ylloo — 0, as n — oo. It
suffices to show that the sequence {k,} is bounded. Indeed, by passing to a convergent
subsequence it follows that there exists an integer k such that y = 6¥x, hence ¥ = ¥.
Suppose now that the sequence {k,} is unbounded and that y # 0 (the case when
y = 0is trivial). Without loss of generality, we can assume that k,, — 00, asn — oo.
Since y # 0 and limj;j— o I|i ]| = O, there exists integers ip and N > 0 such that
Iioll = I¥lloc > 0 and [ly;[l < [[ylloc/4 for |i] = N. Since [[6¥x — ylloc — O
there exists an integer no > 0 such that 165 x — ylloo < |I¥lloo/4 for n > ny. By our
assumption, we can find an integer n > ng such that k,, — k,, +io > N, and it follows
that

3 1
71Plleo < 1" )ig | = N1k tio Il = 16" )k, sy 40 | < S 13 lleo,

which is a contradiction. Hence, the sequence {k,} is bounded. O

6.2 Assumption 3.5 is a consequence of $-mixing

The B-mixing coefficients of the sequence {X;, j € Z} are defined by

1
Bu == sup Y > |P(A; N Bj) — P(A)P(B)),

. —
2 £
iel jeJ

where the supremum is taken over all finite partitions A = {A;,i € [} and B =
{Bj, j € J} such that the sets A; are measurable with respect to o (X, k < 0) and
the sets B are measurable with respect to o (X, k > n). See [32, Section 1.6].

Lemma 6.2 Assume that the sequence {X ;} is B-mixing with coefficients {B;, j € N}.
Assume that there exists a sequence r, satisfying Assumption 1.1 and a sequence €,
such that

. £y . n
lim — = lim —pB,, =0. (6.2)
n—oo ry n—>00 r,
Then Assumption 3.5 holds.
Proof Write X; ; for (X;, ..., X;).Setk, = [n/r,] and let f(,, be the vector of length
kyn(rn — £,) which concatenates all the subvectors X ;1) +1,jr,—£,> J = 1, ..., kn.
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Let 5(,*; be the vector build with independent blocks X Ek )t L jra—tn which each
have the same distribution has the corresponding original blocks X (; 1), +1, jr,—¢,-

Applying [17, Lemma 2] and (6.2), we obtain
dry (LX), LX) < knfy, = o(1). (6.3)

Set X,,,; = an_IX(j—l)r,,Jrl,jr,,—z,, and X;i = an_lXZ‘j_l)rmL]’jrn_e” and define the
following point processes

o ko

/! )

NY =3 8k i Ni = D Sk
i=1 i=1

Let f be a nonnegative function defined on [0, 1] x 570. Since the exponential of a
negative function is less than 1, by definition of the total variation distance, the bound
(6.3) yields

‘E [e*ﬁﬂf)] _E [e*ﬁrﬂﬂ]‘ < dry (LX), LK) = o(1). (6.4)

We must now check that the same limit holds with the full blocks instead of the
truncated blocks. Under Assumption 1.1 (which holds for any sequence smaller than
r, hence for ¢,), we know by [6, Proposition 4.2] that for every ¢ > 0 and every
sequence {{,} such that £,, — oo and Znﬁ(an) — 0,

lim P(maxi<i<e, 1 Xill > €an) _ Pe . (6.5)
n—00 P> Xoll > an)

Then, applying (6.5) yields,

]P’( max max [ X, —ir1ll > ean> < an[”< max || X;| > ean>

1<j<kn 1=i<ly I<i=<ty
= Ok Ly P(| X0l > an))
= O0Wu/rn) = o(1).
Assume now that f depends only on the components greater than some € > 0 in

norm. Then N,/ (f) = ](7,’[ (f) unless at least one component at the end of one block
is greater than € in norm. This yields

E[e~Ni ()] —E[efﬁé/(f)]‘ < ]P’( max max || X, _it1] > ean) = o(1).

1<j<kn 1<i<ty

The same relation also holds for the independent blocks. Therefore, Assumption 3.5
holds. O
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6.3 On continuity of addition in E

The next lemma gives sufficient conditions for continuity of addition in the space
E([0, 11, R).

Lemma 6.3 Suppose that {x,,n € N} is a sequence in D([0,1],R) and x' =
(x,8,{I(@) : t € S}) an element in E such that x, — x' in E. Suppose also that
{b,,, n € N} is a sequence in D([0, 1], R) which converges uniformly to a continuous
function b on [0, 1]. Then the sequence {x, — b, } converges in (E, mg) to an element
x" — b € E defined by

X' —b=(x—>b,8{It)—b@):teS).

Proof Recall the definiton of mg given in (4.1). By Whitt [34, Theorem 15.5.1.] to
show that x,, — b, — x’ — b in E, it suffices to prove that

sup  [[(7,2) = Iv—plloo = 0. (6.6)

(t.2) €T, by,

Take an arbitrary € > 0. Note that b is uniformly continuous so by the conditions of
the lemma there exists 0 < § < € and ng € N such that

) |t —s] <8=1b@) —b(s)| < e,
(i1) mg(x,, x") < 8, forall n > ng and
>iii) |b,(t) —b(t)| <€, forallt € [0, 1].

Also, since b is continuous, it easily follows that |b, (#) — b, (t—)| < 2¢ for alln > ng
andr € [0, 1].
Take n > ng and a point (¢, z) € Iy, —p,, 1.€.

2 € [(xn(t=) = bp(1=)) A (X (1) = bu (1)), (Xn(t=) — bu(t=)) V (xu (1) — Dp(1))].

Since |b, (t) — bn(t—)| < 2 there exists 2’ € [x,(1—) A x,(1), Xy (1—) V x,(1)] (ie.
(t,7) € I,), such that

[(z/ = bp(1)) — z| < 2e.

Next, since mg (x,, x’) < 8, there exists a point (s, y) € Iy such that
s —t|Vv]y—7] <8.

Note that (s, y — b(s)) € I'y'_, and by previous arguments

[y —b(s) —zl = |(y = b)) — 2+ (&' — bp(t)) — (z' — bu(1)) + b(1) — b(1)]
S|y =214+ 1b@t) = b(s)| + |by(2) — b(D)| + (2 — by (1)) — 2]
<d+e+e+2

< Se.
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Also, |s — t|] < & < €. Hence, for all n > ny,

sup (7, 2) = I'v—plloo = Se.
(t,2)elx, —p,

and since € was arbitrary, (6.6) holds. O

6.4 A lemma for partial sum convergence in E

Lemma 6.4 Let « € [1,2) and let the assumptions of Theorem 4.5 hold. Then there
exists an a-stable Lévy process V on [0, 1] such that, as € — 0, the process V. defined
in (4.28) converges uniformly a.s. (along some subsequence) to V.

Proof Recall that

Vo =Yg -1 [ xi1(dx)

T, <t {x: e<|x|<1}
where
p(dx) = pax ™" o) (¥)dx + (1 = pa(=x) " 1 (o0 0)(¥)dx

for p = P(®y = 1). We first show that the centering term can be expressed as an
expectation of a functional of the limiting point process N”. More precisely, we show
that for all e > 0

[o/e]
/ xp(dx) = 0/ E|y Z Qjlie<ylo;<1) ay “ldy. 6.7)
{x: e<|x|=1} 0 ez

First, as shown in [14, Theorem 3.2, Equation (3.13)] it holds that

0E | Y0101 [ =2p—1, (6.8)

JEZ

so by Fubini’s theorem, if « > 1

o0
9/0 E [V > Qj]l[6<yIQ_/§l}} ay™*"!dy = abE [

Jj€Z

1o;1~!
ZQ]‘/ ! y“dy}
€

jez ‘le_l
o _ —
= — (e | 3 051017
JEL
=L (@ - nep-1.

oa—1
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and if « = 1 the same term equals log(e‘l)(Z p — 1). Note that the use of Fubini’s

theorem is justified since the same calculation as above shows that the above integral
converges absolutely since E[Y jez |Qj1%] < oo. The equality in (6.7) now follows
by the definition of the measure n. Hence, for all ¢ € [0, 1]

)
Ve(t) = Zse(Pi Ql) — t@/o E y Z Qj1{€<Y|Qj\Sl} Oty_‘”_ldy.

T <t JEL

Recall from Remark 4.6 that we can define W = >~ 7 10,1, Wi = 3~ ;710 /|
so that {W;,i > 1} is a sequence of i.i.d. random variables with the same distribution
as W and E[W{] < oo and that Zfi] 3 p,w; is a Poisson point process on (0, oo] with
intensity measure OIE[ WY Jay=®~dy. In particular, for every § > 0 there are almost
surely at most finitely many points P; W; such that P; W; > §. For 8, € > 0, define

o0
me,6=9/ E|y) Qjlexyigyist s<yw) | @y *"'dy.
0 ;
JEZL

Note that lim¢_,g m¢ 5 = mg_s for all § > 0 by the dominated convergence theorem.
Indeed, if « = 1 we have that

Q\
efo E|y Y 10j1pig;s1 s<ywy | @y 'dy <0E | 3" 10,1 [

JEZ JEZ w

=6E | > 10;110g(1Q,1™") + Wlog W +log((5 A D™HW |,
JEZ

which is finite by assumption (4.10), and if ¢« > 1 similar calculation using the
assumption E[W*] < oo justifies the use of the dominated convergence theorem.

Since for every § > 0 there a.s. exists at most finitely many points P; W; such that
P;W; > §, for every € > 0 we can define the process V, s in D[0, 1] by

Ves () =D s (P Q) Lis<pwy) — tmes

Ti<t

= Z Z PiQi jlie<p,|0; I, s<Pw;} — Mes.

T;<t jeZ

Furthermore, for every fixed § > 0, as € — 0, V. s converges uniformly almost surely
to Vo s.

Next, we prove that for any positive sequence {8;} with 8 N\ 0 as k — oo, Vo 5,
converges uniformly almost surely to a process V in D([0, 1]). Note first that by
[14, Theorem 3.1] the finite dimensional distributions of Vj s converge to those of an
a-stable Lévy process.
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Since Ziz] 37, p,, @, is a Poisson point process on [0, 1] x (0, 00] x l~0, the process
Vo.s has independent increments with respect to 8, that is forevery § < &', Vo.s — Vo &/
is independent of Vj 5. Moreover, since Vy s — Vp s is a Poisson integral, we have that

2

oo
var(Vo,s(1) — Vo5 (1) = 9/ yZ]E E Qi | Tis<yw<sy ay_“_ldy
0 ;
JEZ

A Qo (82—
<0E W2/ ay @ tldy | = Lva‘)‘].
0 2—-a)

Therefore, limg_,o var(Vy s(1) — Vp s(1)) = 0 and now arguing exactly as in the
proof of [31, Proposition 5.7, Property 2] shows that for any positive sequence {5}
with 8; N\ 0, {Vo,5,} is almost surely a Cauchy sequence in D([0, 1]) with respect to
the supremum metric | - |- Since the space D([0, 1]) is complete under this metric,
we obtain the existence of the process V = {V (¢), t € [0, 1]} with paths in D([0, 1])
almost surely and such that limy_ o [| V0,5, — V lloo = 0 almost surely.

There only remains to prove that for all u# > 0,

girr%) limsup P(|| Ve — Veslloo > u) = 0. (6.9)

e—0

Indeed, this would imply that ||V, — V||« — 0 in probability and hence that, along
some subsequence, V. converges to V uniformly almost surely. Since for § < 1,
yW = Zjezleﬂ < § implies that y|Q ;| <8 < 1forall j € Z, we have that

Ve(@®) — Ve s(t) = Z Z P Qi jlie<p,10: 1, Piw;<8)

T;<t jeZ

o
—tQ/O E|y)  Qiliesyigy, yw=s) | @y “"'dy.
JEZ

The process Ve — Ve s is a cadlag martingale, thus applying Doob-Meyer’s inequality
yields

P (IVe = Veslloo > u) < u™? var(Ve(1) = Ve 5(1))

2
o0
= u_29/ YVE| Y Qiliecyioj. yw=sy | |y ™ 'dy
0 .
JEZL
8/ W 0 8270{
<u 2K W2/ ay e Hldy | = 22 Ewe
0 u?(2 —a)

and hence (6.9) holds. m]
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