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Abstract We discuss subordination of random compact R-trees. We focus on the
case of the Brownian tree, where the subordination function is given by the past
maximum process of Brownian motion indexed by the tree. In that particular case, the
subordinate tree is identified as a stable Lévy tree with index 3/2. As a more precise
alternative formulation, we show that the maximum process of the Brownian snake is
a time change of the height process coding the Lévy tree. We then apply our results
to properties of the Brownian map. In particular, we recover, in a more precise form,
a recent result of Miller and Sheffield identifying the metric net associated with the
Brownian map.

Mathematics Subject Classification 60J80 - 60D05

1 Introduction

Subordination is a powerful tool in the study of random processes, see in particular
Feller [11, Chapter X], and Sato [26, Chapter 6] in the context of Lévy processes. In the
present work, we investigate subordination of random trees, and we apply our results
to properties of the random metric space called the Brownian map, which has been
proved to be the universal scaling limit of many different classes of random planar
maps (see in particular [2,17,20]). These applications have been motivated by the work
of Miller and Sheffield [21], which is part of a program aiming at the construction of
a conformal structure on the Brownian map (see [22-24] for recent developments in
this direction).
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Fig. 1 On the left side, the tree 7, with segments where g is constant pictured in thin blue lines. On the
right side, the subordinate tree, where each connected component of 7 made of thin segments has been
glued into a single point (color figure online)

To explain our starting point, let us consider a compact R-tree 7. This means that
7T is a compact metric space such that, for every a,b € 7, there exists a unique
(continuous injective) path from a to b, up to reparameterization, and the range of this
path, which is called the geodesic segment between a and b and denoted by [a, b], is
isometric to a compact interval of the real line. We assume that 7 is rooted, so that
there is a distinguished point p in 7. This allows us to define a generalogical order on
7, by saying thata < b if and only if @ € [[p, b]. Consider then a continuous function
g : T — R4, suchthat g(p) = 0 and g is nondecreasing for the genealogical order.
The basic idea of subordination is to identify a and b if g is constant on the geodesic
segment [a, b]. So, for every a € T, the set of all points that are identified with a is
a closed connected subset of 7. This gluing operation yields another compact R-tree
T, which is equipped with a metric such that the distance between p and a is g(a)
and is called the subordinate tree of 7" with respect to g (see Fig. 1 for an illustration).
Furthermore, if our initial tree 7 was given as the tree coded by a continuous function
h:[0,0] — R4 (see[8] or Sect. 2 below), the subordinate tree 7 is coded by g o pj,
where pj, is the canonical projection from [0, o'] onto 7.

Our main interest is in the case where 7 is random, and more precisely 7 = 7; is
the “Brownian tree” coded by a positive Brownian excursion { = ({s)o<s<o under the
1t6 excursion measure. One may view 7; as a variant of Aldous’ Brownian CRT, for
which the total mass is not equal to 1, but is distributed according to an infinite measure
on (0, 00). As previously, we write p; for the canonical projection from [0, o] onto
7; . Next, to define the subordination function, we let (Za)aet; be (linear) Brownian
motion indexed by 7¢, starting from O at the root p. A simple way to construct this
process is to use the Brownian snake approach, letting Z, = WS if a = p¢(s), where
WS is the “tip” of the random path W;, which is the value at time s of the Brownian
snake driven by ¢. Since ¢ is distributed according to the It6 measure, W follows the
Brownian snake excursion measure away from 0, which we denote by Ny (see [14,
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Chapter IV]). We then set Z, = max{Z, : b € [p,a]}. In terms of the Brownian
snake, we have Z, = W, := max{W(t) : 0 <t < {;} whenever a = p;(s). We also
use the notation W := min{W;(z) : 0 <1 < {}.

Theorem 1 Let T, stand for the subordinate tree of Ty with respect to the (continuous
nondecreasing) function a — Z,. Under the Brownian snake excursion measure Ny,
the tree Ty is a Lévy tree with branching mechanism

Yo(r) —\[3 2,

Recall that Lévy trees represent the genealogy of continuous-state branching pro-
cesses [8], and can be characterized by a regenerative property analogous to the
branching property of Galton-Watson trees [27]. Our identification of the distribu-
tion of 7; is reminiscent of the classical result stating that the right-continuous inverse
of the maximum process of a standard linear Brownian motion is a stable subordinator
with index 1/2.

In view of our applications, it turns out that it is important to have more information
than the mere identification of TC as a random compact R-tree. As mentioned above,
T; can be viewed as the tree coded by the random function s +— Z pels) = Ws.
This coding induces a “lexicographical” order structure on 7; (see [6] for a thorough
discussion of order structures on R-trees). Somewhat surprisingly, it is not immediately
clear that the order structure on ’Z} induced by the coding from the function s — W
coincides with the usual order structure on Lévy trees, corresponding to the uniform
random shuffling at every node in the terminology of [6]. To obtain this property, we
relate the function s — W to the height process of [7,8]. We recall that, from a Lévy
process with Laplace exponent vy, we can construct a continuous random process
(H:)s>0 called the height process, which codes the y-Lévy tree (here and below we
say Yo-Lévy tree rather than Lévy tree with branching mechanism 1 for simplicity).
See Sect. 3 below for more details.

Theorem 2 There exists a process H, which is distributed under Nq as the height
process of a Lévy tree with branching mechanism yo(r) = /873 r3/?, and a contin-
uous random process I with nondecreasing sample paths, such that we have, Ny a.e.
for every s > 0,

W, = Hr,.

Both H and I will be constructed in the proof of Theorem 2, and are measurable
functions of (W;)s=0. It is possible to identify the random process I as a continuous
additive functional of the Brownian snake, but we do not need this fact in the subsequent
applications, and we do not discuss this matter in the present work.

Theorem 2 implies that the tree coded by W, is isometric to the tree coded by
Hg, and we recover Theorem 1. But Theorem 2 gives much more, namely that the
order structure induced by the coding via s — W is the same as the order structure
induced by the usual height function of the Lévy tree. Order structures are crucial for
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our applications to the Brownian map. Similarly as in [21], we deal with a version of
the Brownian map with randomized volume, which is constructed as a quotient space
of the tree 7;: Two points a and b of 7; are identified if Z, = Z;, and if Z. > Z,
for every ¢ € [a, b], where [a, b] is the set of all points that are visited when going
from a to b around the tree in “clockwise” order (for this to make sense, it is essential
that 7; has been equipped with a lexicographical order structure). We write m for the
resulting quotient space (the Brownian map) and D* for the metric on the Brownian
map (see [16,17] for more details). The space m comes with two distinguished points,
namely the root p of 7; and the unique point p, where Z attains its minimal value—in
a sense that can be made precise, these two points are independent and uniformly
distributed over m. For every r > 0, let B(r) be the closed ball of radius r centered
at p, in m. For r € [0, D(p*, p)), define the hull B®(r) as the complement of the
connected component of the complement of B(r) that contains p (informally, B®(r)
is obtained by filling in all holes of B(r) except for the one containing p). In particular
B*(0) = {p4}. Following [21], we define the metric net M as the closure of

U B (r).

0=r<D(p*,p)

(This definition is in fact a little different from [21] which does not take the closure of
the union in the last display.) We can equip the set M with an “intrinsic” metric A*
derived from the Brownian map metric D*.

It is not hard to verify that, in the construction of m as a quotient space of 7,
points of M exactly correspond to vertices a of 7; such that Z, = Z, := min{Z; :
b € [p, a]} (Proposition 10). This suggests that the metric net M is closely related
to the subordinate tree of 7, with respect to the function a +— —Z_, which is a yro-
Lévy tree by the preceding results. To make this relation precise, we need the notion
of the looptree introduced by Curien and Kortchemski [4] in a more general setting.
Informally, the looptree associated with a Lévy tree is constructed by replacing each
point a of infinite multiplicity by a loop of “length” equal to the “weight” of a, in such a
way that the subtrees that are the connected components of the complement of @ branch
along this loop in an order determined by the coding function (see Fig. 3 below for an
illustration). To give a more precise definition, first note that Theorem 2 and an obvious
symmetry argument allow us to find a process (H} )0 distributed as the height process
of a Yo-Lévy tree, and a continuous random process (I';)s;>0 with nondecreasing
sample paths such that —W = H{,. Then let x := sup{s > 0 : H] > 0}, and let
~ be the equivalence relation on [0, 3(] whose graph is the smallest closed symmetric
subset of [0, x]? that contains all pairs (s, 7) with s < r, H! = H/ and H] > H] for
every r € (s, t). The looptree L is defined as the quotient space [0, x]/ ~ equipped
with an appropriate metric (see [4] for a definition of this metric). Clearly, H/, makes
sense for any @ € £ and is interpreted as the height of «. We observe that this height is
not directly related to the metric of the looptree. The latter metric is in fact not relevant
for us, since we consider instead the pseudo-metric D° defined for «, 8 € L by

D°(a, ) =2min| max H,, max H, |— H, — Hj,
. (ye[a,m 7 yelp.al V) «
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where [«, B8] corresponds to the subset of £ visited when going from « to § “around”
L in “clockwise order” (see Sect. 7 for a more formal definition). We write o >~ S
if D°(a, B) = O (informally this means that o and 8 “face each other” in the tree, in
the sense that they are at the same height, and that points “between” « and g are at a
smaller height). It turns out that this defines an equivalence relation on L. Finally, we
let D* be the largest symmetric function on £ x £ that is bounded above by D° and
satisfies the triangle inequality.

Theorem 3 The metric net (M, A*) is a.s. isometric to the quotient space L] >~
equipped with the metric induced by D*.

See Theorem 12 in Sect. 7 for a more precise formulation. Theorem 3 is closely
related to Proposition 4.4 in [21], where, however, the metric net is not identified as
a metric space. The description of the metric net is an important ingredient of the
axiomatic characterization of the Brownian map discussed in [21].

Let us briefly comment on the motivations for studying the metric net. Roughly
speaking, the Brownian map m can be recovered from the metric net M by filling
in the “holes”. To make this precise, we observe that the connected components of
m\M are bounded by Jordan curves (Proposition 14) and that these components are
in one-to-one correspondence with connected components of 7; \®, where © := {a €
1; : Z, = Z,}. Each of the latter components is associated with an excursion of the
Brownian snake above its minimum, in the terminology of [1], and the distribution of
such an excursion only depends on its boundary size as defined in [1] (this boundary
size can be interpreted as a generalized length of the Jordan curve bounding the
corresponding component of m\,M). Theorem 40 in [1] shows that, conditionally
on their boundary sizes, these excursions are independent and distributed according
to a certain “excursion measure”. In the Brownian map setting, this means that the
holes in the metric net are filled in independently, conditionally on the lengths of their
boundaries (see [18, Section 11] for a precise statement).

The paper is organized as follows. Section 2 gives a brief discussion of subordination
for deterministic trees, and Sect. 3 recalls the basic facts about Lévy trees that we need.
After a short presentation of the Brownian snake, Sect. 4 gives the distribution of the
subordinate tree 7; (Theorem 1). In view of identifying the order structure of this
subordinate tree, Sect. 5 provides a technical result showing that the height process
coding a Lévy tree is the limit in a strong sense of the discrete height functions coding
embedded Galton—Watson trees. This result is related to the general limit theorems
of [7, Chapter 2] proving that Lévy trees are weak limits of Galton—Watson trees, but
the fact that we get a strong approximation is crucial for our applications. In Sect.
6, we prove that the Brownian snake maximum process s — Wy is a time change
of the height process associated with a ¥o-Lévy tree (Theorem 2). This result is a
key ingredient of the developments of Sect. 7, where we identify the metric net of
the Brownian map (Theorem 3). Section 8 discusses the connected components of
the complement of the metric net, showing in particular that they are in one-to-one
correspondence with the points of infinite multiplicity of the associated Lévy tree, and
that the boundary of each component is a Jordan curve. Section 9, which is mostly
independent of the preceding sections, discusses more general subordinations of the
Brownian tree 7;, which lead to stable Lévy trees with an arbirary index. This section is
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824 J.-F. Le Gall

related to our previous article [3], which dealt with subordination for spatial branching
processes, but the latter work did not consider the associated genealogical structures
as we do here, and the subordination method, based on the so-called residual lifetime
process, was also different. Finally, the appendix presents a more general and more
precise version of the special Markov property of the Brownian snake (first established
in [13]), which plays an important role in several proofs.

2 Subordination of deterministic trees

In this short section, we present a few elementary considerations about deterministic
R-trees. We refer to [10] for the basic facts about R-trees that we will need, and to [6]
for a thorough study of the coding of compact R-trees by functions.

Let us consider a compact R-tree (7, d). We will always assume that 7 is rooted,
meaning that there is a distinguished point p € 7. If a, b € T, the geodesic segment
between a and b (the range of the unique geodesic from a to b) is denoted by [a, b].
The point a A b is then defined by [p,a A b] = [p,a] N [p, b]. The genealogical
partial order on 7 is denoted by < : we have a < b if and only if a € [p, b], and we
then say that a is an ancestor of b, or b is a descendant of a. Finally, the height of 7
is defined by

H(T) = maxd(p, a).
acT

Let g : 7 — R, be a nonnegative continuous function on 7. Assume that
g(p) = 0 and that g is nondecreasing with respect to the genealogical order (a < b
implies that g(a) < g(b)). We then define, for every a, b € 7T,

d'®(a,b) = g(a) + g(b) — 2 g(a A b).

Notice that d‘®(a, b) is a symmetric function of ¢ and b and satisfies the triangle
inequality. We can thus consider the equivalence relation

a~, b ifandonlyif d®(a,b)=0.

Thus a ~, b if and only if g(a) = g(b) = g(a A b), and this is also equivalent to
saying that g(c) = g(a) for every ¢ € [a, b]. Write 7'® for the quotient 7'/ &, and
7@ for the canonical projection from 7 onto 7). We equip 7 & with the distance
induced by d‘®, for which we keep the same notation d(®).

Proposition 4 The metric space (T®), d®)) is again a compact R-tree.
Proof We first note that (®) is continuous because, if (an)n>0 is a sequence in 7 that
converges to a € 7, the continuity of g implies that d ®)(a,, a) tends to 0. It follows

that the metric space (7@, d®) is compact. Then one easily verifies that, for every
aecT,n®(p,a])is asegment in (7@, d'®) with endpoints & (p) and 7 ¢ (a).
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Subordination of trees and the Brownian map 825

From Lemma 3.36 in [10], to verify that (7®), 4®)) is an R-tree, it suffices to check
that the four-point condition

d®(ay, az) +d® (a3, as)
= max (4®) (@, a3) + 49 (a2, @), d® (@, as) + d¥ (a2, a5))

holds for every ay, az, a3, as € 7. This is straightforward and we omit the details. O

We call (7(®), d®)) the subordinate tree of (7, d) with respect to the function g.
By convention, 7 ¢’ is rooted at 77 ¢’ (p). Since d® (p, a) = g(a) foreverya € 7T,
we have H(7®) = max{g(a) : a € T}.

Consider now a continuous function % : [0, 0] — R, where o > 0, such that
h(0) = h(o) = 0, and assume that (7, d) is the tree coded by % in the sense of [8] or
[6]. This means that 7 = 7}, is the quotient space [0, o]/ ~},, where the equivalence
relation ~, is defined on [0, o] by

s ~pt ifandonlyif h(s) =h()= min h(r),

SAL<r<rvt

and d = dj, is the distance induced on the quotient space by

dy(s, 1) = h(s) +h(t) =2 min h(r).

SAt<r=<rvt

Notice that the topology of (73, dj,) coincides with the quotient topology on 7j,.

The canonical projection from [0, o] onto 7}, is denoted by pj, and 7}, is rooted
at p, = pp(0). For s € [0, o], the quantity h(s) = d;(0, s) is interpreted as the
height of pj (s) in the tree. One easily verifies that, for every s, t € [0, o], the property
pr(s) < pp(t) holds if and only if 2(s) = min{h(r) : s At <r < sV t}.

Remark The function £ is not determined by 7j,. In particular, if ¢ : [0, 0'] — [0, o]
is continuous and nondecreasing, and such that ¢ (0) = 0 and ¢(¢') = o, the tree
coded by & o ¢ is isometric to the tree coded by 4. This simple observation will be
useful later.

Proposition 5 Under the preceding assumptions, if g is a nonnegative continuous
function on Ty, such that g(pp) = 0 and g is nondecreasing with respect to the
genealogical order on Ty, the subordinate tree (’Z;l(g) , d,(lg)) of (T, dy) with respect to
the function g is isometric to the tree (1, dg) coded by the function G = g o py.

Proof Note that the function G is nonnegative and continuous on [0, ], and G(0) =
G (o) = 0. We can therefore make sense of the tree (7, dg) and as above we denote
the canonical projection from [0, o] onto 7 by pg. We first notice that, for every
s,t € [0, o], the property py(s) = pn(t) implies pg(s) = pg(t). Indeed, if p;(s) =
pr(t), then, for every r € [s A t,s V t], we have pj(s) < pp(r) and therefore
g(pn(s)) < g(pn(r)), so that

Gs)=G@t) = min G,

relsat,svt]
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and pg(s) = pg(t). We can thus write pg = po pj, where the functionp : 7, — 7
is continuous and onto.

Then, let a,b € 75, and write a = pj(s) and b = py(t), with s,¢ € [0,0].
We note that, for every r € [s At,s V t], pn(s) A pp(t) < pp(r), and furthermore
pr(s) A pn(t) = pi(ro), if ro is any element of [s A ¢, s V ] at which # attains its
minimum over [s A ¢, s V t]. It follows that

g(pn(s) A pp(1)) = min ]G(r)-

re[sAt,svt

Hence,

d® (a,b) = g(pu(s)) + g(pr(®)) — 28 (pi(s) A pu(0))
=G()+G()—2 min ]G(r) =dg(s,1).
t t

re[sat,sv

If 7 ®) is the projection from 7}, onto the subordinate tree ’J;l(g) , we see in particular that

the condition 7 (a) = 7 ® (b) implies pg(s) = pg(r) and therefore p(a) = p(b).
It follows that p = I o 7(®), where [ : ’];l(g) —> 7 is onto. It remains to verify

that / is isometric, but this is immediate from the identities in the last display. O

Remark Ttis known that any compact R-tree is isometric to 7}, for some function & (see
[6, Corollary 1.2]). Thus Proposition 5 provides an alternative proof of Proposition 4.

3 Lévy trees

In the next sections, we will consider the case where 7 is the (random) tree coded by

a Brownian excursion distributed under the It6 excursion measure n(-), and we will

identify certain subordinate trees as Lévy trees. In this section, we recall the basic

facts about Lévy trees that will be needed later. We refer to [7,8] for more details.
We consider a nonnegative function i defined on [0, co) of the type

v (r) :ar+,3r2+/ 7(du) (e =1+ ur), 1)

(0,00)

where o, f > 0,and 7 (du) is a o -finite measure on (0, co) such thatf(u Aud) 7(du) <
oo. With any such function ¥, we can associate a continuous-state branching process
(see [12] and references therein), and v is then called the branching mechanism func-
tion of this process. Notice that the conditions on ¥ are not the most general ones,
because we restrict our attention to the critical or subcritical case. Additionally, we
will assume that

* dr
< 0. (2)
1Y)
This condition, which implies that at least one of the two properties § > 0 or
f um(du) = oo holds, is equivalent to the a.s. extinction of the continuous-state
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Subordination of trees and the Brownian map 827

branching process with branching mechanism ¢ [12]. Special cases include ¥ (rr) = r”
forl <y <2.

Under the preceding assumptions, one can make sense of the Lévy tree that describes
the genealogy of the continuous-state branching process with branching mechanism
Y. We consider, under a probability measure P, a spectrally positive Lévy process
X = (X;)r=0 with Laplace exponent v, meaning that E[exp(—AX;)] = exp(t{¥/ (1))
for every t > 0 and A > 0. We define the associated height process by setting, for
every t > 0,

.
Hy = lim - | ds1ix, <inf(X,:5<r<t)+e)
e—>0¢€ Jo

where the limit holds in probability under P. Then [7, Theorem 1.4.3] the process
(H:)s>0 has a continuous modification, which we consider from now on. We have
H; = 0if and only if X; = I;, where I; = inf{X; : 0 < s < ¢t} is the past minimum
process of X.

Let N stand for the (infinite) excursion measure of X — I. Here the normalization
of N is fixed by saying that the local time at 0 of X — [ is the process —I. Let x
stand for the duration of the excursion under N. The height process H is well defined
(and has continuous paths) under N, and we have Hy = H, = 0, N a.e. To simplify
notation, we will write max H = max{H : 0 < s < x} under N.

By definition (see [8, Definition 4.1]), the Lévy tree with branching mechanism v
(or in short the ¥ -Lévy tree) is the random compact R-tree 7y coded by the function
(H;)o</<x under N, or more generally any random tree with the same distribution—
note that the distribution of the Lévy tree is an infinite measure. We refer to [7,8] for
several results explaining in which sense the Lévy tree codes the genealogy of the
continuous-state branching process with branching mechanism . In the special case
V() =r%/2, X is just a standard linear Brownian motion, H; = 2(X; — I;) is twice
areflected Brownian motion, and the Lévy tree is the tree coded by (twice) a positive
Brownian excursion under the (suitably normalized) Itd measure. Conditioning on
x = 1 then yields the Brownian continuum random tree. When ¢ (r) = r? with
1 < y < 2, one gets the stable tree with index y.

The distribution of the height of a Lévy tree is given as follows. For every & > 0,

N(H(7y) > h) = N(max H > h) = v(h),

where the function v : (0, co) — (0, 00) is determined by

foo dr _
vy ()

Remark In the preceding considerations, the normalization of the infinite measure N
is fixed by our choice of the local time at 0 of X — I, and we can recover ¢ from N
by the formulas for the distribution of H (7 ) under N. What happens if we multiply
N by a constant A > 0? The tree 7y under AN is still a Lévy tree in the previous
sense, but the associated branching mechanism is now J(r) = Ay (r/)). To see this,
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828 J.-F. Le Gall

consider the Lévy process X; = %X 1> whose Laplace exponent is IZ(A). Itis not hard
to verify that the height process corresponding to X’ is H/ = H,,. Furthermore, if
N’ is the excursion measure of X’ above its past minimum process, one also checks
that the distribution of (H/ 13120 under N’ is the distribution of (H;);>0 under AN.
However, the tree coded by (Ht’ /A)fZO is the same as the tree coded by (H,);>¢. This

shows that 7 under AN is a Lévy tree with branching mechanism 1; Note that this
is consistent with the formula for N(H(7y) > h).

We now state two results that will be important for our purposes. We first mention
that, for every & > 0, one can define under P a local time process of H at level A,
which is denoted by (Lf’) >0 and is such that the following approximation holds for
every t > 0,

e—0

lim E |:sup

= | Yn<H,<hteydr — Lg
0

s<t | €

} =0, 3)

and the latter convergence is uniform in % (see [7, Proposition 1.3.3]). When &7 = 0
we have simply L? = —1I;. The definition of (Lﬁ’),zo also makes sense under N, with
a similar approximation.

We fix & > 0, and let (1, v;) jes be the collection of all excursion intervals of H
above level h: these are all intervals (u, v), with O < u < v, suchthat H, = H, = h
and H, > h forevery r € (u, v). For each such excursion interval (u;, v;), we define
the corresponding excursion by HY) = Hiy, +5)n0; — h, for every s > 0. Then H )
is a random element of the space C(R,, Ry ) of all continuous functions from R
into R4. We also let N° be the o -finite measure on C (R, R4 ) which is the “law” of
(Hs)s>0 under N.

Proposition 6 (i) Under the probability measure P, the point measure

Z S(L{}A’H(,’))(dﬂ, dw)
jes !

is Poisson with intensity 1[0, 0)(€) d¢ N°(dw).
(i) Under the probability measure N(- | max H > h) and conditionally on Lﬁl(, the
point measure

28wy i (de, do)
jes !

is Poisson with intensity 1 L (£) d¢N°(dw).

See [8, Proposition 3.1, Corollary 3.2] for a slightly more precise version of this
proposition. It follows from the preceding proposition that Lévy trees satisfy a branch-
ing property analogous to the classical branching property of Galton—Watson trees. To
state this property, we introduce some notation. If (7', d) is a (deterministic) compact
R-tree rooted at p, and 0 < h < H(7), we can consider the subtrees of 7 above
level K. Here, a subtree above level / is just the closure of a connected component of
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Subordination of trees and the Brownian map 829

{a € T :d(p,a) > h}. Such a subtree is itself viewed as a rooted R-tree (the root is
obviously the unique point at height % in the subtree).

Proposition 7 Let T be a random compact R-tree defined under an infinite measure
N, such that N(H(T) =0) =0and 0 < N (H(T) > h) < oo for every h > 0. For
every h, e > 0, write M (h, h + ¢) for the number of subtrees of T above level h with
height greater than e.

(1) Suppose that T is a Lévy tree. Then, for every h, ¢ > 0, for every integer p > 1,
the distribution under N'(- | M (h, h+¢) = p) of the unordered collection formed
by the p subtrees of T above level h with height greater than ¢ is the same as that
of the unordered collection of p independent copies of T under N'(- | H(T) > ¢).

(ii) Conversely, if the property stated in (i) holds, then T is a Lévy tree.

The property stated in (i) is called the branching property. The fact that it holds for
Lévy trees is a straightforward consequence of Proposition 6 (ii). For the converse,
we refer to [27, Theorem 1.1]. Note that the branching property remains valid if we
multiply the underlying measure A/ by a positive constant, which is consistent with
the remark above.

To conclude this section, let us briefly comment on points of infinite multiplicity
of the Lévy tree 7. The multiplicity of a point a of 7y is the number of connected
components of 7z \{a}, and a is called a leaf if it has multiplicity one. Suppose that
there is no quadratic part in ¥, meaning that the constant 8 in (1) is O (note that
condition (2) then implies that 7 has infinite mass). Then [8, Theorem 4.6], all points
of Ty have multiplicity 1, 2 or co. The set of all points of infinite multiplicity is a
countable dense subset of 777, and these points are in one-to-one correspondence with
local minima of H, or with jump times of X. More precisely, let a be a point of infinite
multiplicity of 7. Then, if 51 = min pgl (a) and 5o = max pzll(a), we have 51 < 52,
Hg = Hy, = min{H; : 51 < s < s}, and plfll(a) = {s € [s1,52]: Hy = Hy}isa
Cantor set contained in [s1, s2]. In terms of the Lévy process X, s1 is a jump time of X
and s = inf{s > 51 : Xy < X,_}, and pl_l,1 (a) consists exactly of those s € [s1, 52]
such that inf{X, : r € [s1, s]} = X,. Furthermore, if for every r € [0, AXj, ] we set
n, = inf{s > s1 : Xy < X, — r}, the points of pzll(a) are all of the form 7, or n,_.
The quantity AXj, is the “weight” of the point of infinite multiplicity a. See [8] for
more details.

4 Subordination by the Brownian snake maximum

In this section, we prove Theorem 1. We start with a brief presentation of the Brownian
snake. We refer to [14, Chapter IV] for more details.

We let VW be the space of all finite paths in R. Here a finite path is simply a continuous
mapping w : [0, {] —> R, where { = {(w) is a nonnegative real number called the
lifetime of w. The set WV is a Polish space when equipped with the distance

dw W, W) = |¢w) — Lyl + Sug Wt A Sowy) — W (A L)l
>
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The endpoint (or tip) of the path w is denoted by W = w({(w)). For every x € R, we
set Wy = {w € W : w(0) = x}. We also identify the trivial path of W, with zero
lifetime with the point x.

The standard (one-dimensional) Brownian snake with initial point x is the continu-
ous Markov process (W;),>0 taking values in W,, whose distribution is characterized
by the following properties:

(a) The process (¢(w,))s>0 is a reflected Brownian motion in R started from 0. To
simplify notation, we write {5 = {(w,) for every s > 0.
(b) Conditionally on (¢s)s>0, the process (W;)s>0 is time-inhomogeneous Markov,
and its transition kernels are specified as follows. If 0 < s < s/,
o Wy (1) = Wi (t) forevery t <m(s,s") :=min{g, : s <r <s'};
e the random path (W (m (s, s") +1) — Wy (m (s, S/)))Oftsg/fm;(s,s’) is inde-
pendent of W and distributed as a real Brownian motion started at 0 and
stopped at time g — m (s, s').

Informally, the value Wy of the Brownian snake at time s is a one-dimensional
Brownian path started from x, with lifetime ;. As s varies, the lifetime ¢, evolves
like reflected Brownian motion in R. When ¢ decreases, the path is erased from its
tip, and when ¢ increases, the path is extended by adding “little pieces” of Brownian
paths at its tip.

For every x € R, we write PP, for the probability measure under which Wy = x,
and N, for the (infinite) excursion measure of W away from x. Also o := sup{s >
0 : ¢s > 0} stands for the duration of the excursion under N. Under Ny, (£s)s>0 18
distributed according to the Itd excursion measure n(-), and the normalization is fixed
by the formula

1
N =_—.
* <o§a§o b= 8) 2

The following property of the Brownian snake will be used in several places below.
Recall that VT/X = W, (&) is the tip of the path W,. We say that r € [0, o) is a time
of right increase of s > ¢, resp. of s > Wg, if there exists € € (0, 0 — r] such that
Ly = &, TESP. Wu > Wr, for every u € [r,r + €]. We can similarly define points of
left increase. Then according to [19, Lemma 3.2], N, a.e., no time » € (0, o) can be
simultaneously a time of (left or right) increase of s + ¢, and a point of (left or right)
increase of s > Ws.

Le us fix x = 0 and argue under Ny. As previously, we write 7; for the (random)
tree coded by the function (¢s)o<s<o, p¢ : [0, 0] —> 7 for the canonical projection,
and p; = p¢(0) for the root of 7;. Properties of the Brownian snake show that the
condition p;(s) = pr (s") implies Wy = Wy, and thus we can define W, for every
a € T; by setting W, = Wy if a = p,(s). We note that, if a = p;(s) and ¢ € [0, &],
W (t) coincides with Wh where b is the unique point of [p,, a] at distance ¢ from p,.
For every w € W, set

W := max w(z).
0=<t=<w)
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Then, the function @ —> W, is continuous and nondecreasing on 7; (if a = p(s) and
b = p¢(s'), the condition a < b implies that &5 < &y and that W, is the restriction of
W;, to the interval [0, &], so that obviously W, < W;,) As in Theorem 1, we write
’T; for the subordinate tree of 7, with respect to the function a — W,.

Proof of Theorem 1 We first verify that the branching property stated in Proposition
7 holds for 7; under Ny, and to this end we rely on the special Markov property of the
Brownian snake.

Let i > 0, and, for every w € W, set 7,(w) = inf{t € [0, {w)] : w(t) > h}. Let
(ai, bj)icr be the connected components of the open set {s > 0 : 7;,(Wy) < &}. For
every such connected component (a;, b;), for every s € [a;, b;], the path W, coincides
with W, = Wy, up to time 1,(Wy,) = &y, = &, = t(Wp,) (these assertions are
straightforward consequences of the properties of the Brownian snake, and we omit
the details). We then set, for every s > 0,

WO (1) := Wiapsyn; Ca + 1), for0 <t <& = S rmymp; — La;-

We view W) as a random element of the space of all continuous functions from R
into W, and the W g are called the excursions of W outside the domain (—o0, h)
(see the appendix below for further details in a more general setting).

By a compactness argument, only finitely many of the excursions W) hit (h +
g, 00). Let My, . be the number of these excursions. It follows from Corollary 22 in
the appendix that, for every p > 1, conditionally on {M;, . = p}, the unordered
collection formed by the excursions of W outside (—oo, &) that hit (7 + &, 00) is
distributed as the unordered collection of p independent copies of W under Nj (- |
sup{W s = 0} > h + ¢). On the other hand, noting that T; is the tree coded by the
function [0, o] > s — W, (by Proposition 5), we also see that subtrees of T; above
level i with height greater than ¢ are in one-to-one correspondence with excursions
of W outside (—00, h) that hit (h + &, 00), and if a subtree T corresponds to an
excursion W® 7@ is obtained from the excursion W) (shifted so that it starts from
0) by exactly the same procedure that allows us to construct T, from W under No:

To be specific, T@ is coded by the function s W — h just as 72- is coded by
s — W,. The preceding considerations show that T; satlsﬁes the branching property,
and therefore is a Lévy tree.

To get the formula for v, we note that the distribution of the height of ’]Nz is given
by

~ — 3
No(H(7;) > r) =No {supWy > r | = =,
2r2

s>0

where the last equality can be found in [14, Section VI.1]. Since we also know that the
function v(r) = No(H(Z;) > r) solves v = —yo(v(r)), the formula for ¥y follows.
O
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5 Approximating a Lévy tree by embedded Galton—Watson trees

In this section, we come back to the general setting of Sect. 3. Our goal is to prove
that the Lévy tree 7y is (under the probability measure N(- | H(Zy) > h) for some
h > 0) the almost sure limit of a sequence of embedded Galton—Watson trees, and that
this limit is consistent with the order structure of the Lévy tree. We refer to [15] for
basic facts about Galton—Watson trees. A key property for us is the fact that Galton—
Watson trees are rooted ordered (discrete) trees, also called plane trees, so that there
is a lexicographical ordering on vertices.

In what follows, we argue under the probability measure P. Recall that X is under P
a Lévy process with Laplace exponent v/, and that H is the associated height process.
We fix an integer n > 1, and, for every integer j > 0, we consider the sequence of all
excursions of H above level j 27" that hit level (j + 1)27". We let

n n n
O<oy <af <ajy <---

be the ordered sequence consisting of all the initial times of these excursions, for all
values of the integer j > 0 (so, &y corresponds to the beginning of an excursion of H
above 0 that hits 27", o] may be either the beginning of an excursion of H above 0
that hits 27" or the beginning of an excursion of H above 27" that hits 2 x 27", and
so on). For every j > 0, we also let /3;1 be the terminal time of the excursion starting
at time o'}. '

We then set, for every integer k > 0,

H! =2" Ha;:.

Proposition 8 The process (H}!)x=0 is the discrete height process of a sequence of
independent Galton—Watson trees with the same offspring distribution (,,.

Recall that the discrete height process of a sequence of Galton—Watson trees gives
the generation of the successive vertices in the trees, assuming that these vertices are
listed in lexicographical order in each tree and one tree after another. See [15] or [7,
Section 0.2]. The (finite) height sequence of a single tree is defined analogously.

Proof By construction, a is the initial time of the first excursion of H above 0 that
hits 27", Notice that this excursion is distributed as H under N(- | max H > 27").
Let K > 1 be the (random) integer such that o |, < fB; < a, so that oy is the
initial time of the second excursion of H above 0O that hits 27",

With the excursion of H during interval [y, 8], we can associate a (plane) tree
7' constructed as follows. The children of the ancestor correspond to the excursions
of H above level 27", during the time interval [, B], that hit 2 x 27" and the
order on these children is obviously given by the chronological order. Equivalently,
the children of the ancestor correspond to the indices i € {1, ..., K — 1} such that
H" = 1. Then, assuming that the ancestor has at least one child (equivalently that
K > 2), the children of the first child of the ancestor correspond to the excursions of
H above level 2 x 27", during the time interval [oz’l’, ,B{’], that hit 3 x 27", and so on.
See Fig. 2 for an illustration.
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H,

3.2

2.27" 4

2—n |

Fig. 2 The sequence a(';, cx’f, ... and the tree 'TO" (in thick lines)

Write Njj for the number of children of the ancestor in 7. It follows from Propo-
sition 6 (ii) that, conditionally on N6‘, the successive excursions of H above level 27",
during the time interval [erg), B ], that hit 2 x 27" are independent and distributed as H
under N(- | max H > 27") (recall that our definition shifts excursions above a level &
so that they start from 0). Recalling the construction of the tree 7', we now obtain that,
conditionally on N, the subtrees of 7' originating from the children of the ancestor
are independent and distributed according to 7. This just means that 7' is a Galton—
Watson tree, and its offspring distribution p,, is the law under N(- | max H > 27") of
the number of excursions of H above level 27" that hit 2 x 27",

With the second excursion of H above O that hits 27", we can similarly associate a
Galton—Watson tree 7," with offspring distribution 11,,, and so on. The trees ’]E)" LI L
are independent as a consequence of the strong Markov property of the Lévy process
X. By construction, the process (H;')x=0 is the discrete height process of the sequence
1,10, .. .. O

Proposition 9 For every n > 1, set v, := 2"v(27") = 2"N(max H > 27"). Then,
forevery A > 0,

sup 27"H[, ., — Hi| — 0

(<A n— 00

in probability under P.

Proof Recall that, for every h > 0, (L?),Zo denotes the local time of H at level h.
It will be convenient to introduce, for every n > 1 and every j > 0, the increasing
process

_ S g2
6)(;)._#{1{30.11,?_],%2 Sl}~
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As a consequence of Proposition 6(i) applied with & = j27", we get that A/ ")(t) isa
Poisson process with parameter v(27") = N(max H > 27").
We claim that, for every A > 0,

lim sup (E |:sup @) ik H = j,af <s}— L§2"’|D =0. 4

n—00 i s<A

To see this, first observe that, for every s > 0,

o (6P) ) =9 = =) <27 (1),

and then write

E |:sup v # Ik H = joof <5} - L’

s<A :|

E[l{p_lngz }t51<15|v(2 ")— Nj)(t) —t|]

M

=
Il
—_

WK

12
o\ 172 et
< p<p_1§Lf4 ) E |sup|v(2™™)~ Nj)(f)—ﬂ .
1 t<p

~
Il

Then, if A/(¢) stands for a standard Poisson process, we have by a classical martingale
inequality

t<p t<v(2™")p

E [sup v~ ! ("j)(t) - tr] =02 2E |: sup (N(2) — t)21|

= Q)2 E[ W) - v@ )]
= 4@ ™ p

It follows that, for every j > 0,

E|:sup vk H = j,of <s} -1
s<A

00 =\ 1/2 12
(S rrr=u8)") e
p=1
and the proof of (4) is completed by noting that v(27") — o0 as n — 00, and that
0 o172 2 1/2
Z(pP(p—lSL;{‘2 )) §Z<pP(p—1§L%>) < 00,

p=1 p=1
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because Lff " is bounded above in distribution by L% (cf Definition 1.3.1 in [7]), and
we know that L% = —1I4 has exponential moments.

Let £ > 1 be an integer. By summing the convergence in (4) over possible choices
of 0 < j < £2", we also obtain that

0n—1
lim E | sup 2_”v(2_")_1#[k CHy < .ol §s} —2 3 || =o.
n—o00 s<A k —
j=0
(5)
On the other hand, we have, for every s > 0,
s -1
f dr l{HrSK} —2" Z L§2
0 i
0n—1 s
= driy; : —2p
= I ja=n<H,<(j+1)27"} s
e 0
j=0
-1 s
_ '2*)1
S 2 n Z 2”/ dr 1{j27”<HrS(j+1)27"} — Lg ' ,
j=0 0
and it follows from (3) that
B 0"—1
. _ 2"
lim E | sup / dr Ly, < — 27" L] =0. 6)
n— 00 s<a |Jo {Hy <t} jgo s

By combining (5) and (6), we get

lim E |:sup

n— 00 s<A

S
f dr 1y, <g) —v;l#{k : Ha;: < £, o gs]
0

R

where v, = 2"v(27"). Since P(max{H; : 0 < s < A} > £) can be made arbitrarily
small by choosing ¢ large, we have obtained that

v;l#{k:a,'{'fs}—s‘njgoo

sup
s<A

in probability. Elementary arguments show that this implies

— 0 @)

n
sup |« —t
155\) ‘ Lvnt] n—o00
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in probability, and therefore also

sup |H, ot H/| — 0
(<A nt) n—00
in probability. This completes the proof. O

In what follows, we will need an analog of the preceding two propositions for the
height process under its excursion measure N. Let us fix n > 1. Under the measure
N(- N {max H > 27"}), we define

O=ap <af <@y <---<ay

as the ordered sequence consisting of the initial times of all excursions of H above
level j 277 that hit level (j + 1)27", for all values of the integer j > 0. The analog of
Proposition 8 says that, under N(- | max H > 27"), the finite sequence
H :=2"Hg, 0<k<K,—1

is distributed as the height sequence of a Galton—Watson tree with offspring distribution
M. This is immediate from the fact that an excursion with distribution N(- | {max H >
27"}) is obtained by taking (under P) the first excursion of H with height greater than
27", By convention, we take &; = x and h_l,? =0ifk > K,.

We next fix a sequence (1) ,>1 such that both (7) and the convergence of Propo-
sition 9 hold P a.s. along this sequence, for each A > 0. From now on, we consider
only values of n belonging to this sequence. We claim that we have then also

sup |27"H[, | — H, =20, Nae ¥

>0

To see this, note that it suffices to argue under N(- | max H > §) for some § > 0, and
then to consider the first excursion (under P) of H away from O with height greater
than §. We abuse notation by still writing 0 = &y < af <aj < --- < a’; %, for the
finite sequence of times defined as explained above, now relative to this first excurswn
with height greater than §.

We observe that, provided n is large enough so that 27" < §, we have

@ =a 4 O<k<Ky=r,—dy

where dy, is the index such that a; =: d(s) is the initial time of the first excursion of
H away from 0 with height greater than §, and r,, is the firstindex k > d,, such that o/
does not belong to the interval [d(s), 7(s)] associated with this excursion. Notice that
a;’n decreases to r(s) as n — 00. Our claim (8) then reduces to verifying that

sup |H,

o H(d(5)+[)/\r(5) njo)o O, P as.

(d)1+[van)A'n
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which follows from Proposition 9 and (7), recalling that both these convergences hold
a.s. on the sequence of values of n that we consider.

6 The coding function of the subordinate tree as a time-changed height
process

In this section, we prove Theorem 2. We consider the Brownian snake under its excur-
sion measure Ny, and we recall the notation W = A{nax{Ws (t) :0 <t <}, and
W, =W,ifa= pe(s). As in Theorem 1, we write 7; for the subordinate tree of the
Brownian tree 7; with respect to the function a — W,.

Proof of Theorem 2 We set W* = max{Ws :0 <s <o}. Fixn > 1 and argue
under the probability measure No(- | W* > 27). We define a discrete plane tree 7 ")
which is constructed from (WS)QSSSJ in exactly the same way as 7;' was constructed
from the excursion of H during [ey;, 8] in the proof of Proposition 8 (see Fig. 2). In
this construction, the children of the root correspond to the excursions of the process
s — W, above level 27" that hit 2 x 27", or equivalently to the excursions of W
outside (—o0, 27") that hit 2 x 27" (recall the definition of these excursions from the
proof of Theorem 1). The point is that, if (u, v) is the time interval associated with an
excursion of W outside (—oo, 27"), the process s — W, remains strictly above 27"
on the whole interval (u, v)). Similarly as in the previous section, the children of the
root are ordered according to the chronological order of the Brownian snake.

By the special Markov property, in the form given in Corollary 21 in the appendix
below, conditionally on the number of excursions of W outside (—oo, 27") that hit
2 x 27" these excursions listed in chronological order are independent and distributed
according to No(- | W* > 27"), modulo the obvious translation by —27". This shows
that the random plane tree 7" satisfies the branching property at the first generation
and therefore 7 is a Galton—Watson tree.

Let u,, be the offspring distribution found in Proposition 8 in the case where {(r) =
Yo (r). We claim that p,, is also the offspring distribution of 7° ™) To see this, observe
that w, is, by definition, the distribution of the number of points of a 1o-Lévy tree at
height 27" that have descendants at height 2 x 27" (conditionally on the event that the
height of the tree is at least 27"). Thanks to Theorem 1 and to the fact that 7; is the
tree coded by the function s W, we know that this is the same as the conditional
distribution of the number of excursions of s — W above level 27" that hit2 x 27",
under No(- | W* > 27™),

Let

0<é&) <& <& < <&,
be the ordered sequence consisting of the initial times of all excursions of s — W
above level j 27" that hit level (j + 1)27", for all values of the integer j > 0. Note

that each such excursion corresponds to a vertex of the tree 7, and so K, is just the
total progeny of 7. By convention, we also define & l'én = 0. Set

Hl =2"Wg. if0<k <K,
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and ﬁ,f =0ifk > K,,. Then (ﬁ", 0 < k < K,,) is the height sequence of 7™ (note
that the lexicographical ordering on vertices of 7 corrresponds to the chronological
order on the associated excursion initial times). Hence (ﬁ,:’) k>0 has the same distri-
bution as the sequence (I-_I,f) k>0 Which was defined at the end of the preceding section
from the height process H under N(- | max H > 27"). ~

But in fact more in true: the whole collection of the discrete sequences (H,?)kzo
for all n > 1 has the same distribution under Ny as the similar collection of sequences
(H ¥ k=0 constructed from the height process H under N (the reason is the fact that, in
both constructions, the tree at step n can be obtained from the tree at step n + 1 by the
deterministic operation consisting in keeping only those vertices at even generation
that have at least one child, and viewing that set of vertices as a plane tree in the
obvious manner). The convergence (8) now allows us to set, for every t > 0,

H, = lim 27"H[, .

n—00

and the process (ﬁ,),zo is distributed as the height process of the Lévy tree with
branching mechanism vo(r) = +/8/3 /2. The limit in the preceding display holds
uniformly in ¢, Ny a.e., provided we argue along the subsequence of values of n
introduced at the end of the preceding section. We set X' = sup{s > 0 : Hy > 0}.

We observe that the distribution of (ﬁ , (ﬁf)nz 1.k>0) under Ny is the same as that
of (H, (I:I]?)nzl,kzo) under N, and so we must have, for every n > 1 and k > 0,

~ e
H =2 Hg;(!,

where of < of < --- < &’[’?r , are the initial times of the excursions of Hj above
level j 27" that hit level (j + 1)27", for all values of the integer j > 0, and &} = ¥
if kK > En Notice that I?,, = K, because the height sequence of the tree Tm s
(H!o<k<k,—1- Also,ifn <mandk € {0,1,..., K, — 1},K €{0,1,..., Kp — 1},
the property &) = &) holds if and only if &' = &: Indeed these properties hold if
and only if the vertex with index k in the (lexicographical) ordering of 7 coincides
with the vertex with index &’ in the ordering of 7 m) ' modulo the identification of the
vertex set of 7 as a subset of the vertex set of 7 in the way explained above.
We need to verify that W can be written as a time change of H. As a first step, we

notice that, for every 0 < k < K,
2" ng = H,:’ = 2"Haz.

and so WS,? = ﬁag. This suggests that the process I' in the statement of the theorem
should be such that FE;? = ZSZI’:, forevery k € {0, 1, ..., K, — 1} and every n.
At this point, we observe that

max (af —a;_) — 0, Np a.e. )
1<k<K, n— 00
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Indeed, if this property fails, a compactness argument gives two times u, v € [0, X]
with # < v such that r — ﬁ, is monotone nonincreasing on [u, v]. To see that this
cannot occur, we may replace H by the process H constructed from a Lévy process
excursion X as explained in Sect. 3. We then note that jumps of X are dense in [0, x],
and the strong Markov property shows that, for any jump time s of X, for any ¢ > 0,
we can find s, s” € [s, s +¢&], withs” > s/, such that H;» > Hy (use formula (20) in
[7], or see the comments at the end of Sect. 3).

Let s € [0,0) and, for every integer n > 1, let k,(s) € {0,1,..., K, — 1}
be the unique integer such that S,?n s =8 < &,?n (5)+1- We note that the sequence
E,? ©) is monotone nondecreasing (this is obvious since (§j, ..., é,’éﬂ) is a subset of

(& 1 e EI’Z,T] )). It follows that the sequence &]’c‘n (s) 1S also monotone nondecreasing:
Indeed, ifn <mandk €{0,1,...,K, —1},k €{0,1, ..., K,, — 1} are such that
& < &, we have automatically @} < @ since, writing &' = £, the fact that
k* < k" implies that o = &% < o).
We can now set

Iy = nlgléoakn(S) (10)
Note that this limit will exist simultaneously for all s € [0, o) outside a set of Ny-
measure 0. We also take I'y = ¥ for all s > o. Clearly s — Ty is nondecreasing and,
by construction, the property Fen = oy holds for every k € {0, 1, ..., K} and every

n, and we have W, = Hr, when s is of the form &'. We also note that s —> Ty is
continuous as a consequence of the property (9). To check right-continuity, observe
that, if s € [0, o) is fixed, and s’ is such that Ek (5)._ <s < ék (5)+1 then, for every
m > n, the property §k o) = <s' < Ek ()41 forces & ozk o = ak (5)+1° hence (letting
mtendtooo) Iy < O‘k,, (5)+1° and use (9) and the deﬁmtlon (10) of T'y. Left-continuity
is derived by a similar argument.

Fors € [0, 0),sets’ = lim 1 éz’n(x) ands” = lim | SI’(’H(S)_H.Notethats’ <s<ys".
On one hand, by passing to the limit n — oo in the equality

—_ ~

& o = Hay
kn (s) kn(s)’

we obtain that Wy = ﬁrj. On the other hand, W must be constant on the interval
[s”, s”]. To see this, we first observe that W must be nonincreasing on [s”, s”] (otherwise
there would be some n and some k € {0, 1, ..., K,, — 1} such that s/?,,(s) < & <
S,Zl (5)+1° which is absurd). So we need to verify that there is no nontrivial interval

[s1, s2] such that s — W is both nonincreasing and nonconstant on [s1, s2], and, to
prove this, we may replace nonincreasing by nondecreasing thanks to the invariance
of Np under time-reversal. Argue by contradiction, and suppose that s; < s are such
that that the event where 0 < s; < s5 < o and s — W, is both nondecreasing and
nonconstant on [sy, s7] has positive Np-measure. We can then find a stopping time
T such that, with positive No-measure on the latter event, we have s1 < T < s2,
Wrp = WT and max{Wr(s) : 0 < s < {7} is attained only at {7 (take T = inf{s >
S1: VT/S > Wsl + &}, with § > 0 small enough). Using the strong Markov property of
the Brownian snake, we then find r € (T, sp) such that W, is the restriction of Wy to

@ Springer



840 J.-F. Le Gall

[0, ¢7 — €], for some ¢ > 0, which implies W, < Wy and gives a contradiction with
the fact that s — WS is nondecreasing on [s1, s2].

Finally, since W is constant on [s’, s”'], we have Wy = Wy = ﬁrs, which was the
desired result. This completes the proof of Theorem 2. O

7 Applications to the Brownian map

In this section, we discuss applications of the previous results to the Brownian map.
Analogously to [21], we consider a version of the Brownian map with “randomized
volume”, which may be constructed under the Brownian snake excursion measure Ny
as follows. Recall that (7, d;) stands for the tree coded by ({s)o<s<o and p¢ is the
canonical projection from [0, o] onto 7;. For a, b € 7T, the “lexicographical interval”
[a, b] stands for the image under p; of the smallest interval [s, ¢] (s, t € [0, o]) such
that p; (s) = a and p¢ () = b (here we make the convention that if s > ¢ the interval
[s, ] is equal to [s, o] U [0, £]).

For every a € T, we set Z, = WS, where s is such that p;(s) = a. In particular
Zp, = 0. The random mapping 7; > a +> Z, is interpreted as Brownian motion
indexed by the “Brownian tree” 7.

We then define a mapping D° : 7, x 7 —> R by setting

D°(a,b)=Z,+ Zp — 2max{ min Z., min ZC} .

c€la,b] celb,a]

Fora,b € T; we set a ~ b if and only if D°(a, b) = 0, or equivalently

Za=17p =max{ min Z., min ZC}.

c€la,b] celb,a)

One can verify that if a ~ a’ then D°(a, b) = D°(d’, b) for any b € 7 (the point is
that, if @ ~ a’ with a # d’, then necessarily a and a’ are leaves of 7;, and the reals
t,t" € [0,0) such that p. (1) = a and p; (') = &’ are unique, which implies that
[a,b] Cla,a’lU[a’, bl and [b,a] C [b,d']1U [d’, a]).

We also set

D*(a,b) = inf D°(a;_1, a;),
(a,b) inf > D°(ai-1.ai)

where the infimum is over all choices of the integer p > 1 and of the points
ai,...,ap—1 of T;. If a ~ da’ then D*(a,b) = D*(d’, b) for any b € 7;. Fur-
thermore one can also prove that D*(a, b) = Oif and only if @ & b. Since D* satisfies
the triangle inequality, it follows that ~ is an equivalence relation on 7; . The Brownian
map (with randomized volume) is the quotient space m := 7/ A, which is equipped
with the distance induced by the function D* (with a slight abuse of notation, we still
denote the induced distance by D*). We write I for the canonical projection from
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7, ontom, and p = I1 o p;. We also write D°(x, y) = D°(a, b) if x = I1(a) and
y =TI1(b).

In the usual construction of the Brownian map, one deals with the conditioned
measure No(- | o = 1) instead of Ny, but otherwise the construction is exactly the
same and we refer to [16,17] for more details.

The Brownian map m comes with two distinguished points. The first one p =
p(0) = TI(p;) corresponds to the root p; of 7;. The second distinguished point is
P+« = I1(as), where a is the (unique) point of 7; at which Z attains its minimum:

Z,, = min Z,.
aeT;

We will write Z, = Z,, to simplify notation. The reason for considering p, comes
from the fact that distances from p, have a simple expression. For any a € 7,

D*(ps, (@) = Zg — Zs. (1)

The following “cactus bound” [16, Proposition 3.1] also plays an important role. Let
a,b €7, andlet y : [0, 1] — m be a continuous path in m such that y (0) = I1(a)
and y (1) = I1(b). Then,

min D*(p4, y(t)) < min_D*(ps, T1(c)) = min (Z, — Zy), (12)
0=r=<l c€la,b] c€la,b]

where we recall that [a, b] is the geodesic segment between a and b in 7;, not to be
confused with the interval [a, b]. In other words, any continuous path from IT(a) to
IT(b) must come at least as close to p, as the (image under IT of the) geodesic segment
froma to b in 7;.

We now introduce the metric net, in the terminology of [21]. For every r > 0, we
consider the ball B(r) defined by

B(r)={xem: D*(py, x) <r}.

For 0 < r < D*(px, p) = —Z,, we define the hull B*°(r) as the complement of
the connected component of B(r) that contains p. Informally, B®(r) is obtained from
B(r) by “filling in” the holes of B(r) except for the one containing p. Write d B*(r)
for the topological boundary of B®(r). We define the metric net M as the closure in
m of the union

U aB°».

0<r<—27,

Our goal is to investigate the structure of M.
Ifa € 7; and s € [0, o] are such that p; (s) = a, we write W, = W, (as previously)
and we use the notation

W,=W,=min{W,(r) : 0 <t < ¢} =min{Z, : b € [p;, a]},

—a
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where the last equality holds because, as already mentioned, the quantities Wi () for
0 <t < ¢ correspond to the values of Z, = W}, along the geodesic segment [p,, a].
We then introduce the closed subset of 7, defined by

—flaeT: W, =W,).

We note that points of © have multiplicity either 1 or 2 in 7;. Indeed, there are only
countably many points of multiplicity 3, and it is not hard to see that these points do
not belong to ©.

Proposition 10 Let x € m. Then x € M if and only if x = I1(a) for some a € ©.

Proof Fixr € [0, —Z,) an(}i\x € m. We claim that x € d B®(r) if and only if we can
write x = [1(a) with both W, = Z, + r, and

Wa(t) > Zi +1, ¥Vt €0, Lw,))-

Indeed, if these conditions hold, we have D*(py, x) = r by (11), and the image under
IT of the geodesic segment from a to p; provides a path from x to p that stays outside
B(r) except at the initial point x. It follows that I1(a) belongs to d B®(r).

Conversely, if x € 3 B®(r), thenitis obvious that D*(py, x) = r giving Wa = Zy+r
for any a such that I1(a) = x. Write x = lim x,,, where x, ¢ B°®(r), and, for every
n, let a, € 7T; such that IT(a,) = x,. The fact that x, ¢ B°®(r) implies that, for
every c¢ belonging to the geodesic segment between a,, and p;, we have Z. > Z, +r
(otherwise the cactus bound (12) would imply that any path between x,, and p visits
B(r), which is a contradiction). By compactness, we may assume that @, converges
to a as n — 00, and we have I1(a) = x. We then get that the property Z. > Z, +r
holds for ¢ belonging to the geodesic segment between a and p;, except possibly for
¢ = a. This completes the proof of our claim.

It follows from the claim that the property x = Il(a) for some a € 7; such that
W, = W, holds for every x € M (this property holds if x € 9B*(r) for some
0<r< —Z* and is preserved under passage to the limit, using the compactness of
7;). Conversely, suppose that this property holds, with a # p; to discard a trivial case.
If the path W, hits its minimum only at its terminal point, the first part of the proof
shows that x € dB®*(r) forr = Wa — Z,. If the path W, hits its minimum both at its
terminal time and at another time, then Lemma 16 in [1] shows that a = lim a,,, where
Wgn < W, for every n. Let by be the first point (i.e. the closest point to p;) on the
ancestral line of a, such that Wb = W . Then, by the first part of the proof, I1(b,)
belongs to d B®(r,), with r, = Wa,, Z Noting that b, must lie on the geodesic
segment between a and a,, in the tree 7;, we see that we have also a = lim b,, so that
we get that x = I1(a) = lim I[1(b,) belongs to M. O

Remark The preceding arguments are closely related to [5, Section 3] (see in particular
formula (16) in [5]), which deals with the slightly different setting of the Brownian
plane.

If x € M and a € O is such that x = I1(a), the image under IT of the geodesic
segment from a to p; provides a path in m that stays in the complement of B(r) for
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every 0 < r < D*(p*,x) = Z, — Z, (indeed the values of Z; for b belonging to
this segment are the numbers W, (t) > W, = Wa = Z,). It follows that all points
belonging to a geodesic from x to p, also belong to M.

We note that we can define an “intrinsic” metric on M by setting, for every x, y €

Ms

k
A*(x,y) = inf > D°(xi1. xi). (13)

X=X(0, X1, Xk=Y
X|,‘..,xk,1€./\/l i=1

Itis obvious that A*(x, y) > D*(x, y).Inparticular, A*(x, y) = Oimplies x = y, and
it follows that A* is a metric on M. The quantity A*(x, y) corresponds to the infimum
of the lengths (computed with respect to D*) of paths from x to y that are obtained by
the concatenation of pieces of geodesics from points of M to p* (we already noticed
that these geodesics stay in M). We have clearly A*(py, x) = D*(px, x) = D°(px, X)
for every x € M, and A*-geodesics from x to p, coincide with D*-geodesics from x
to ps (if x, y € M and x, y belong to the same D*-geodesic to p,, the results of [16]
imply that D*(x, y) = D°(x, y) = A*(x, y)).

Remark The topology induced by A* on M coincides with the topology induced by
D*. Since A* > D* and (M, D*) is compact, it is enough to prove that (M, A*) is
also compact. However, if (x,),>1 is a sequence in M, we may write x, = I1(a,),
with a, € ©, and then extract a subsequence (a,,) that converges to as, in 7;. We
have a, € ® because © is closed. Furthermore the fact that a,, converges to a
implies that D°(ay, , o) tends to 0, and therefore A*(x,,, IT(as)) also tends to 0,
showing that (x,),>1 has a convergent subsequence in (M, A*).

The preceding proposition shows that the metric net M has close connections
with the subset ® of 7;. The latter set is itself related to the subordinate tree of 7;
with respect to the function @ — —W . By Theorem 2 (and an obvious symmetry
argument) we can construct a process (H;)o<;<, distributed as the height process
of the Lévy tree with branching mechanism vo(r) = /8/3r>/2, and a continuous
random process (I's)s>0 with nondecreasing sample paths such that I'o = 0, I'y = x,
and for every s € [0, o],

— W, = Hr,. (14)

Formula (14) obviously implies that, if I" is constant on some interval, then W is
constant on the same interval. The converse is also true since H is not constant on any
nontrivial interval.

We define a random equivalence relation ~ on [0, x], by requiring that the graph
of ~ is the smallest closed symmetric subset of [0, X]2 that contains all pairs (s, t)
withs < t, H, = H;, and H, > H, for all r € (s,t). We leave it to the reader to
check that this set is indeed the graph of an equivalence relation (use the comments
at the end of Sect. 3). In addition to the pairs (s, ¢) satisfying the previous relation,
the graph of ~ contains a countable collection of pairs (u, v), each of them associated
with a point of infinite multiplicity a of the tree 7y by the relations # = min p[,l (a)
and v = max pI}] (a).

We denote the quotient space [0, x]/ ~ by L. Then L can be identified with the
“looptree” associated with H. Roughly speaking (see [4] for more details) the looptree
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Fig. 3 A simulation of a looptree (simulation by Igor Kortchemski). For technical reasons, some of the
trees branching off a loop are pictured inside this loop, but, from the point of view of the present work, it
is better to think of these trees as growing outside the loop, so that the space inside the loop may be “filled
in” appropriately

is obtained by replacing each point of infinite multiplicity a of the tree 7y by a loop of
“length” equal to the weight of @, so that the subtrees that are the connected components
of the complement of a in the tree branch along this loop in an order determined by the
coding function H (see Fig. 3). Note that the looptree associated with H is equipped
in [4] with a particular metric. Here we avoid introducing this metric on £, because
it will be more relevant to our applications to introduce a pseudo-metric that will be
described below.
Let us introduce the right-continuous inverse of I'. For every u € [0, x), we set

T, ;= inf{s > 0: Ty > u}.

By convention, we also set 7, = o. The left limit 7,_ is equal to inf{s > 0 : I'y = u}.
Note that I (and therefore also W) is constant on every interval [7,_, 7,,]. We also
observe that I'y, = u and thus —W_ = H,. Furthermore, for every & > 0, I'r, 4, >
I'z,, and therefore W is not constant on [t,, 7, + €] [recall (14)], which implies
w. = W,u. We have thus p;(7,) € © and a similar argument gives p; (7,—) € O.
We next consider the subsets ©° and ©! of © defined as follows. We let S!' be
the countable subset of [0, o] that consists of all times 7, for u € (0, x] such that
Tu— < 7, and we set ©! = D¢ (S"). By the preceding remarks, ©®! c ©, and we also
set @° = ©\O!. We note that s € [0, o) belongs to S! if and only if s is the left end of
a maximal open interval on which W (or equivalently I") is constant. Alternatively, s
belongs to Slifand onlyif W = Ws and W is constant on [s, s 4 €] for some ¢ > 0.
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Indeed, if the latter properties hold then W is not constant on any interval [s — &, 5],
6 > 0 (thus implying that s = 1, with u = I'y) because otherwise, using the fact that
s cannot be a time of left increase of ¢, this would mean that W attains its minimum
both at {; and at a time r < {5, leading to a contradiction with [1, Lemma 16].

Let us explain the motivation for these definitions. Our goal is to identify the metric
net M as a quotient space of the loop tree £L = [0, x]/ ~. We will verify (see
Lemma 11 below) that the mapping [0, x] > u — p,(7,) induces a bijection from
L onto ®° (we can already observe that times of the form 7, do not belong to S h.
On the other hand, it is not hard to check that, for any point a of ®, there exists
a’ € ©° such that T1(a) = I1(a’). Hence the preceding bijection will allow us to view
M =T1(®) = I1(O°) as a quotient space of L, see Theorem 12 below.

We notice that points of ©! are leaves of 7, meaning thatifa € ®!, there is exactly
one value s € [0, o] such that p;(s) = a. Indeed suppose that a = p;(s) = p;(s")
with s < s’ and @ € ©. Then both s and s’ are times of (left or right) increase of ¢,
and, together with the property W, = W, this implies that W takes values strictly less
than W, immediately after s, resp. immediately after s (see Sect. 4), so that neither
s nor s’ can belong to S!.

It follows from the last observation that p; (z,) € ®° forevery u € [0, x]. Indeed,
we have already seen that p, (7,) belongs to ©, and if we had p; (7,) € ®! this would
imply that 7, € S!, which is impossible.

Remark One can describe the elements of S! in the following way (this description
is not needed for what follows). Let b € ® such that b has a strict descendant ¢ with
W, = W, (in the terminology of [1], b is an excursion debut above the minimum).
Let [s1, s2] C [0, o] be the interval whose image under p, gives all descendants of b.

Then the set
{relsisl: W, =W, and W, > W, )

is an open subset of [s1, s2], and the left end of each of its connected components
belongs to S!. Furthermore any element of S! can be obtained in this way.

Lemma 11 For u,v € [0, x1, the property u ~ v holds if and only if p;(1,) =
D¢ (ty). Furthermore, the mapping W : [0, x] 3 u — p¢(vy,) induces a bijection from
L =10, x]/ ~ onto ®°, which will be denoted by .

Proof We already know that p;(z,) € ©° for every u € [0, x]. We then verify that,
if a € ®°, there exists u € [0, x) with p;(t,) = a. We can write a = p,(s) where
WS = W, and the mapping r — W, is not constant on [s, s + €], for every ¢ > 0.
Using the formula —W, = Hr,, it follows that I'sy, > T'; for every ¢ > 0, and thus
s = 1r,. Finally a = p;(7,) withu = T.

Next let us prove that u ~ v implies p;(t,) = p;(ty). Let u ~ v and without
loss of generality suppose that 0 < u < v < x. We first assume that H, = H, and
H, > H, for every r € (u, v). Then, we must have W, < W = W,_  for every
s € (t,, Ty—)—recall that, by (14), W is constant over any interval [7._, t,]. This
implies that s > ¢, = ¢, forevery s € (z,, Ty—) (if there exists s € (7, Ty—) such
that {; < ¢, then, forevery § > 0 small enough, the properties of the Brownian snake

@ Springer



846 J.-F. Le Gall

allow us to find such an s with the additional property that Wj is the restriction of W,
to [0, & — 6], which contradicts W, < W —and we can make a symmetric argument
if there exists s € (1, Ty—) such that s < ¢r,_). It follows that p;(7,) = p¢(ty-).
Moreover, since 7,_ is a point of left increase of ¢, t,— cannot be a point of right
increase of W, so that there are values of s > 1,_ arbitrarily close to 7,_ such that
W, < W, , and therefore I'y > TI'r,_. It follows that we have 7, = 7, giving
pe(ty) = pr(ty) as desired.

Suppose then that u ~ v but the property H, > H, for every r € (u, v) does not
hold. Then (u, v) is the limit of a sequence (u,,, v,) such that, for every n, H,, = H,,
and H, > H,, foreveryr € (u,, v,). We must have u,, < u and v, > v for all n large
enough (otherwise a simple argument shows that H, > H,, foreveryr € (u, v), which
contradicts our assumption). By the first part of the argument, we have §s > {7, = ¢r,,
for s € [ty,, T,], and, letting n tend to oo, we get {y > ¢, = {r,, forevery s €
[tu—, Tv]. Then the fact that 7,,_ is a point of right increase of ¢ implies that 7, = 1,
(by the same argument as above) and we conclude again that p; (7,) = p¢ (1y).

Finally, it remains to prove that the property p; (t,) = p¢(ty) implies u ~ v. Note
that 7, = 1, is only possible if u = v, so that we may assume that 7, < 1,. Then
a = p¢(t,) = p¢(1y) is a point of multiplicity 2 of 7, (since a € ®, a cannot have
multiplicity 3 in TC)’ and the points p; (s) for 7, < s < 1, are the descendants of a,
sothat W, < W_ forevery 7, < s < 7,. It follows that H, > H, foru <r < v
(write H, = —ﬂtr). If H > H, foru < r < v, this means that u ~ v and we are
done. Otherwise there exists r € (u, v) such that H, = H,,, and this means that a has
a strict descendant b = p; () such that W, = W . This implies that the path W,
hits its minimal value only at its terminal time (otherwise W), would have two equal
local minima). We know that, just before 7, there are values of s such that ¢; < ¢,
(otherwise 7, would a time of local minimum of ¢, but this is excluded since such
times correspond to points of multiplicity 3 of 7; and thus never satisty W, = WS),
and it follows that there are times s < 7, arbitrarily close to 7, such that W, > W_ |
and thus Hr, < H,. Hence, if we set u, = sup{r < u : H, = H, — %}, we have
u, — uasn — oo. Similarly, if v, = inf{r > v: H, = H, — %}wehave v, —> U
as n — oo. Clearly u, ~ v, so that we also get u ~ v. O

We write p, for the canonical projection from [0, x]onto £L = [0, x]/ ~. Ifx € L
and o = pr(s), we will also write H, = H;.

In a way similar to the definition of intervals in 7;, we can define intervals in L.
Ifa, B € L, weset [a, B] = pr([s, t]), where s, f € [0, x] are such that pg(s) = «
and p,(t) = B and [s, ¢] is as small as possible (here again we use the convention
[s,t]=1[s, x]JU[O0, ] if t < s).

We will identify the metric net (M, A*) with a quotient space of the looptree L.
Informally, the latter quotient space is obtained by identifying two points « and g if
they face each other at the same height in £: This means that we require that H, = Hag,
and that vertices “between” « and B have a smaller height. To make this more precise,
we define, for every a, 8 € L,

D°(a, B) =2min( max H,, max H. ) H, — Hg,
y€la. Bl vElB.a]
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and

k
D", B) = inf Y D(ai-1, @),

XO=001 1 % =f T

where the infimum is over all possible choices of the integer k > 1 and of
Oy ey, Of—1 eLl.

The following statement is a reformulation, in a more precise form, of Theorem 3
stated in the introduction.

Theorem 12 For«, B € L, seta = B if and only if D*(«, B) = 0. Then the property
o > B holds if and only if D°(«, B) = 0, or equivalently

H, = Hg =min| max H,, max H, |. 15
« T <ye[a,ﬁl " yelBal y) (15)

Furthermore, D* induces a metric on the quotient space L] ~. If ® : L — ®°
denotes the bijection of Lemma 11, T1 o ® induces an isometry from (L] ~, D*) onto

(M, A¥).
Remark 1t is not a priori obvious that (15) defines an equivalence relation on £. This
property follows from the fact that (15) holds if and only if D*(«, ) = 0, which we

derive in the following proof from the relations between £ and the Brownian map.

Proof We first verify that, if o, 8 € £ and a = ®(«), b = ®(B), we have
D°(a, B) = D°(a, b). (16)

Let s € [0, x] be such that @ = pz(s). Note that we have then a = p.(zy) by the
definition of ®. Hence,

Hy=Hy=-W_=—-Z, =—Z,.

Similarly, we have Hg = —Zj.
So the proof of (16) reduces to checking that

max H, = max (—Z.).
yelapl ce{a,b]( )

To get this equality, we write

max H, = min ( max H,)
v €le. 1 pL)=a,pct)=p \rels.i]

= min ( max (—Z,))

" pe()=a,pr =B \reln.u]
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=  min ( X (— Z))
pe(w)y=a,pr (v)=b \re uv]

= max( Z).
c€la,

The second equality holds because H, = —W, = —Z,, and W stays constant on
intervals [t,_, 7,]. To justify the third equality, we note that the elements u of [0, o]
such that p; (u) = a are exactly the reals u = 7, where s is such that p2(s) = a:
Since a € ©°, any u € [0, o] such that p; (u) = a must be of the form u = 74 with
s € [0, x], and if u is of this form, the property p; (1) = a is equivalentto pz(s) = «
by Lemma 11. This completes the proof of (16).

We then claim that, for every x € M, there exists a € ®° such that [1(a) = x. Let
x € M.By Proposition 10, we know that x = I1(a) wherea € ©.Ifa € ©\0° = 0!
then there exists u € (0, x| such that 7, < 1, and @ = p¢(7,—), and we know that
pe(ty) € ©°. Our claim will follow from the fact that I[1(p¢ (7)) = [ (p¢ (7,-)), for
every r such that 7, < t,. Indeed, we know that W is constant on [7,_, 7,-], so that
W, = Wrr = W for every s € [t,—, 7,]. Since both p (7, — ) and pg (tr) belong to
® we have alsoW 0. = WT _ andW = WT It follows that W > W = W, for
every s € [t,—, 7,], hence Z, > Zp[(rr,) p;(fr) for every ¢ € [p;(tr_) pe(tr)],
which exactly means that IT(p; (7,-)) = I1(p¢(z;)) as desired.

Letx,y € M, and a, b € ®° such that [1(a) = x and I1(b) = y. From (13) and
the preceding claim, we may write

k
Afroy)= inf S D@ an),

i=1

We then use the bijection ® of Lemma 11 to observe that, if « = ®~!(a) and g =
®~1(b), we have also, thanks to (16),

Afx,y) = inf melmeWﬁ> (17)

In particular, if o, 8 € Land x = [To ®(«), y = [To ®(B), we see that the condition
D*(a, B) = 0 holds if and only if A*(x, y) = 0, and (since A*(x, y) > D*(x, y))
the latter condition holds if and only if D°(x, y) = 0, or equivalently D°(«, 8) = 0
(by (16)). This gives the first assertion of the theorem.

Then D* is symmetric and satisfies the triangle inequality, hence induces a metric
on the quotient space £/ ~~. From the property A*(ITo ®(«), [To ®(B)) = D*(«, B),
we see that the relation o >~ 8 implies [T o ® () = I1 o ®(B), so that [T o ® induces
a mapping from £/ =~ to M. This mapping is onto since I1(®°) = M, and is an
isometry by (17). O
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8 Holes in the metric net

In this section, we continue our applications to the Brownian map. We keep the notation
and assumptions of the preceding section. In particular, the process (Hy)o<s<y, Which
is distributed under Ny as the height process of the -Lévy tree, was introduced so
that the representation formula (14) holds.

Our goal is to discuss the connected components of the complement of the metric
net in the Brownian map (these are called Brownian disks in [21]). We again argue
under the excursion measure Ny. For every s > 0, we denote by ) the (total mass
of the) exit measure of the Brownian snake from (—s, 00), see [14, Chapter V]. Then
(Vs)s=0 has a cadlag modification that we consider from now on (see the discussion
in Section 2.5 of [1]). For every s > 0, we can also consider the total local time of
H at level s, which we denote by L} in agreement with Sect. 3. The Ray-Knight
theorem of [7, Theorem 1.4.1] shows that (Li( )s>0 is distributed under Ny according
to the excursion measure of the continuous-state branching process with branching
mechanism v, and therefore has also a cadlag modification.

Lemma 13 We have Lj( = Y for every s > 0, Ny a.e.

Proof Let s > 0 and, for every ¢ > 0, let N, be the number of excursions of the
Brownian snake outside (—s, co) that hit —s — €. Then an easy application of the
special Markov property gives

Y, = lim v(e)*1 Nse Ny a.e.
e—0

where v(e) = Np(max VT/S > ¢) = No(H(Z7y) > ¢). On the other hand, (14) shows
that Ny . is also the number of excursions of H above (s, 0o) that hit s + . By
comparing the preceding approximation of ), with [8, Theorem 4.2], we arrive at the
stated result. O

Following closely [1], we say that @ € ® is an excursion debut if a has a strict
descendant b such that Z, > Z, for every ¢ €]a, b]. We also say that m € Ry is
a local minimum of H if there exist s € (0, x) and ¢ € (0,5 A (1 — s)) such that
Hy =mand H, > m foreveryr € (s —¢g,s + ¢).

We now claim that the following sets are in one-to-one correspondence:

(a) The set of all connected components of m\ M.

(b) The set of all connected components of 7;\©.

(c) The set of all excursion debuts.

(d) The set of all jump times of the exit measure process ).
(e) The set of all points of infinite multiplicity of 7.

(f) The set of all local minima of H.

Let us explain these correspondences. First the fact that local minima of H cor-
respond to points of infinite multiplicity of 7y was explained at the end of Sect. 3.
Recall that, for every point of infinite multiplicity of 7y, there is a Cantor set of local
minimum times corresponding to the associated local minimum (see the end of Sect.
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3). Then, by [8, Theorem 4.7], each branching point b (necessarily of infinite multi-
plicity) of 7y corresponds to a discontinuity of s L} = Y at time Hp, and the
corresponding jump A ) is the weight of the branching point b. By [1, Proposition 36],
discontinuity times for ) are in one-to-one correspondence with excursion debuts,
and a discontinuity time s corresponds to an excursion debut a such that s = —Z,,.
The fact that excursion debuts are in one-to-one correspondence with connected com-
ponents of 7;\® is Proposition 20 in [1]: If a is an excursion debut, the associated
connected component C is the collection of all strict descendants b of a such that
Z. > Z, for every ¢ €]a, b], and the boundary dC consists of all descendants b of
a such that Z, = Z, and Z, > Z, for every ¢ €]a, b[ (here we may replace the
strict inequality Z, > Z, by a weak one Z, > Z, because the local minimima of
a Brownian snake path are distinct). Furthermore, the “boundary size” of C may be
defined as the quantity A), if s is the associated jump time of the process ) (this is
also the weight of the corresponding point of infinite multiplicity of 7). Finally, the
fact that the sets (a) and (b) are also in one-to-one correspondence is a consequence
of the following lemma.

Lemma 14 Let C be a connected component of T \®. Then T1(C) is a connected
component of m\.M, and TT1(C) = T1(3C).

Proof Let a € 7; be the excursion debut such that C is the collection of all strict
descendants b of a such that Z,. > Z, for every ¢ €]a, b]. We first observe that IT(C)
is an open subset of m\ M. This follows from the fact that the topology of m is the
quotient topology and I~ (IT(C)) = C (to derive the latter equality, note that, if b € C
and b" € T; are such that b ~ b’, we have min{Z. : ¢ € [b, ']} = Z, = Zy > Z,,
and it follows that b’ € C). Since I1(C) is connected, in order to get the statement of the
lemma, we need only verify that, if x € m\.M is such that there is a continuous path
(v (t))o<t<1 that stays in m\ M and connects x to a point y of I1(C), then x € I1(C).
We argue by contradiction and assume that x ¢ IT(C). We then set fy := inf{t €
(0,1] : y(@) € T(C)}. Clearly, y(t9) belongs to the boundary aI1(C) of IT(C). On
the other hand, it is easy to verify that 0TT(C) C I1(dC) (if z € dT1(C), we can write
z = lim I1(a,) where a, € C, and, by extracting a subsequence, we can assume that
an —> aoo in Ty, so that we have 7 = T1(awo), and as € 9C since ao, € C would
imply z € I1(C), contradicting z € dT1(C)). So y (tp) € I1(dC) C II(®) = M, which
contradicts our assumption that y stays in m\ M.

For the last assertion, it remains to see that IT(dC) C aI1(C). This is straightforward:
If b € 3C, we have automatically Z, = Z, and b € ©, so that [1(b) € M, forcing
I1(b) € ATI(C). O

It is worth giving a direct interpretation of the correspondence between sets (c)
and (f) above. If a is an excursion debut, we can write @ = p;(s1) = p¢(s2), where
s1 < s2, and the image under p, of the interval [s1, 2] corresponds to the exploration
of descendants of a in 7;. It follows that we have W . < W = Z, for every c €
D¢ ([51, s2]). There are points b € p; ([s1, s2]) such that Z, < Z, (in fact one can find
such points arbitrarily close to a, as a consequence of the fact that points of increase
for ¢ cannot be points of increase for W). If b is such a point we can consider the
last ancestor ¢ of b such that Z, < Z,, noting that the definition of an excursion
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debut implies that c is a strict descendant of a. Then if 11 < t, are the two times in
(51, s2) such that p;(t1) = p¢(t2) = c, one verifies that both I'; and I';, are local
minimum times of H corresponding to the local minimum —Z,. In fact the set of all
these local minimum times consists of all I, for r € (s1, s2) such that p; () belongs
to the boundary of the connected component of 7, \® associated with a.

We will now establish that the boundary of any connected component of m\ M is
a simple loop. To this end, it is convenient to introduce the Lévy process excursion
(X1)o<r<y associated with H (see Sect. 3). Note that X can be reconstructed as a
measurable function of H, and that any point of infinite multiplicity of 7y corresponds
to a unique jump time of X, such that the size of the jump is the weight of the branching
point. There is thus also a onto-one correspondence between connected components
of m\, M and jump times of X.

Recall the notation W for the mapping introduced in Lemma 11.

Proposition 15 Let C be a connected component of m\M, let a be the associated
excursion debut, and let s € (0, x) be the associated jump time of X. For every
r € [0, AX;], set

np =inf{t > s: X, < X5 —r}.
Then the mapping
r—>y@r)=MMo¥(), 0=<r=<AX;,

defines a simple loop in m, whose initial and end points are equal to T1(a). Further-
more, the range of y is the boundary of C.

Proof To simplify notation, we set h = —Z,. By definition, IT o W (u) = IT(p; (1,))
for 0 < u < x. The first step of the proof is is to check that every point of dC can be
written in the form I1(p; (7)) for some r € [s, nax,] such that H, = h.

Let C stand for the connected component of 7;\® such that I[T(C) = C. Recall
that 0C = T1(3C) by Lemma 14. Let [sy, s»] be the interval corresponding to the
descendants of a in the coding of 7;. Since s; and s> are both (left or right) increase
times of ¢, they cannot be increase times for W, and this implies s = Ty, and
s2 = 1r,,. Let b € 0C C ©. We claim that b = p;(t,) or b = p(t,—) for some
r € [0, x] such that sy < 7, < s;. Thisis true if b = a since a = p(s1) = p¢ (TF:1)~
If b € C and b # a, we can write b = p, (1) with u € (s1, 52), and Lemma 16 in
[1] implies that there are values of v arbitrarily close to u such that Wv < Wu, which
implies u = 11, or u = 7r,_, giving our claim. On the other hand, we have seen in
the proof of Theorem 12 that IT(p; (t,—)) = IT1(p¢ (t,)) for any r € (0, x]. Since any
pointof dC can be written as I1(b) forsome b € dC, we conclude thatany pointx € 9C
isof the form x = I1(p; (1)) = Mo W (r) forsomer € [0, x]suchthats; < 7, < 5.
Furthermore, we have then H, = —W, = —Z, (,) = —Zas = h, where the second
equality holds because p;(r,) € © and the third one because Z, = Z, for every
b € 9C (see the comments before Lemma 14).

Next note that the condition 51 < 7, < s2 holds if and only if Iy, <r < T,, and
that [I'y,, I'y,] is the interval corresponding to the descendants of the point of infinite
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multiplicity associated with C, in the coding of the tree 7. Using the comments of
the end of Sect. 3, we see that this interval is the same as [s, nax, ] with the notation
of the proposition. This completes the first step of the proof.

In the second step, we observe that, conversely, if r is such that r € [s, nax,] and
H, = h, we have I1(p; (1)) € 9C. Indeed, we have then, recalling that p, (z,) € ©,

Zpoy) =W, =—H =—h=12,
and the fact that p; (7, ) is a descendant of a, which belongs to © and satisfies Z pe(r) =
Z,,implies that p; (1) € 9C (see the comments before Lemma 14, or [1, Lemma 19]).

We next note that the mapping r — 7, is right-continuous. From the results recalled
at the end of Sect. 3, the times r € [s, nax,] such that H, = h are exactly all reals of
the form n,, or n,_ for some u € [0, AX ]. Moreover, for all «# such that n,_ < n,,
we have H, > h for every r € (n,—, ny), so that n,_ ~ n, and (by Lemma 11)
pe(Ty, ) = pe(Ty,).

By combining the first two steps with the preceding observation, we obtain that the
range of the mapping y of the proposition coincides with dC. We note that y (0) =
y(AX,) = Il(a), by the fact that s = nyp ~ nax, (because s = min pgll (k) and
NAx, = max p;,l (k),ifk = ppg(s)is the point of infinite multiplicity of 7y associated
with C). It remains to verify that y is continuous and that the restriction of y to [0, A X)
is one-to-one. To get the latter property, we note that the equivalence classes of 7,
u € [0, AXj), in the quotient space £ = [0, x]/ ~ are distinct (they correspond to the
points of the loop associated with the point of infinite multiplicity ), and furthermore,
the equivalence classes of these elements of £ in the quotient £/ = are also distinct
(from the fact that H, > h for every r € (1,—, n,) whenever u € [0, AXj) is such
that n,— < n,, it easily follows that property (15) cannot hold when o = p,(7,)
and 8 = pr(ny) with two distinct elements # and v of [0, AX)). Theorem 12 then
implies that the quantities IT(W(n,)), u € [0, AXj), are distinct elements of M.
Finally, to prove that y is continuous, we note that y is right-continuous with left
limits by construction, and that the left limit of y atu € (0, AX;] is

y(u—=) = (pe (tp,y-)) = M(pg (zy,2)) = T(pe (Ty,))

where the last equality holds because p;(t;,_) = p¢(1y,) as mentioned above. This
shows that y (u—) = y (1) and completes the proof. O

Let us conclude this section with some comments. Recalling that the Brownian
map m is homeomorphic to the two-dimensional sphere [19], we get from Jordan’s
theorem that all connected components of m\, M are homeomorphic to the disk. In
fact these connected components are called Brownian disks in [21]. If C is a given
connected component of m\ M, the structure of C—in a sense that we do not make
precise here—is described by the associated component C of 7;\®, and the values of
Z on C (shifted so that the boundary values vanish). The preceding data correspond
to what is called an excursion of the Brownian snake above its minimum in [1]. One
key result of [1] states that conditionally on the exit measure process ()s)s=0, the
excursions above the minimum are independent, and the distribution of the excursion
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corresponding to a jump A) is given by a certain “excursion measure” conditioned
on the boundary size being equal to AY. This suggests that one can reconstruct the
Brownian map by first considering the metric net M (which is a measurable function
of H) and then gluing independently on each “hole” of the metric net (associated with
a point of infinite multiplicity of the tree 7y ) a Brownian disk corresponding to a
Brownian snake excursion whose boundary size is the weight of the point of infinite
multiplicity. See [18, Section 11] for further results in this direction.

9 Subordination by the local time

In this section, which is mostly independent of the previous ones, we generalize the
subordination by the maximum discussed in Sect. 4. To this end, we deal with the
Brownian snake associated with a more general spatial motion. Specifically, we con-
sider a strong Markov process £ with continuous sample paths with values in R, and
we write P, for a probability measure under which & starts from x. We assume that 0
is a regular recurrent point for &, and that

00
Ey |:/0 dt 1{§[=0}:| =0. (18)

We can then define the local time process (L(f), t > 0) of £ at O (up to a multiplicative
constant). We make the following continuity assumption: there exist two reals p > 0
and ¢ > 0, and a constant C such that, for every ¢t € [0, 1] and x € Ry,

P
E, [(sup & — x|) } < CrHe, (19)

r<t

Eo[L(r)P] < C ™. (20)

We write .4 for the excursion measure of & away from O associated with the local
time process L(-), and n for the duration of the excursion under .4".

Under the preceding assumptions, the Brownian snake whose spatial motion is the
pair (¢, L) is defined by a straightforward adaptation of properties (a) and (b) stated
at the beginning of Sect. 4 (see [14, Chapter IV] for more details), and we denote this
process by (Ws, Ag), where for every s > 0,

Ws = (Ws())o<i<e,» Ns = (As(1))o<r<e,-

For every (x,r) € Ry x Ry, let N, ,) denote the excursion measure of (W, A) away
from (x, r). Under Ny ,, the “lifetime process” (&;)s>0 is distributed according to the
1td measure n(-), and as above we let o := sup{s > 0 : ¢; > 0} stand for the duration
of the excursion (y)s>0. As previously, 7; denotes the tree coded by ({5)o<s<, and
pe [0, 0] — 7 is the canonical projection.

We write Yy for the total mass of the exit measure of (W, A) from (0, o) x R
(see [14, Chapter V] or the appendix below for the definition of exit measures). This
makes sense under the excursion measures N, ) for x > 0.
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Let XS = As(Q)EC the /Eotal local time at O accumulated by the path Wi. If
a = p¢(s), we write A, = Ay (this does not depend on the choice of s). Then the
function a +— A, is nondecreasing with respect to the genealogical order.

Theorem 16 Under N(q o), the subordinate tree T of T, with respect to the function
a +— A, is a Lévy tree whose branching mechanism v can be described as follows:

vir) =2 f m(dx) 0, ()%

where m is the invariant measure of & defined by

n
fm(dx) o) = N ([0 dr go(st)) ,

and the function (u,(x));>0.x>0 is given by
ur(x) = N(x,O)(1 — exp(—rYp)).

Proof As in the proof of Theorem 1, we make use of the special Markov property of
the Brownian snake. Fix r > 0, and consider the domain D, = Ry x [0, r). Write
ZDr for the exit measure from D,. The first-moment formula for exit measures [14,
Proposition V.3] shows that ZP is N 0,0y a.e. supported on {(0, r)}, so that we can
write

zbr =y, 8(0,r)s

where Y, is a nonnegative random variable. Let £r stand for the o -field generated by
the paths (Wy, Ay) before they exit D,.. By Corollary 22 in the appendix, under N o)
and conditionally on £ Dr  the excursions of the Brownian snake (W, A) “outside” D,
form a Poisgon measure with intensity Y, N ). Now notice that, for every 2 > 0,
subtrees of 7 above level r that hit 7 + & correspond to those among these excursions
that exit D4, (we again use Proposition 5 to obtain that 7 is the tree coded by
s — A 5)- As in the proof of Theorem 1 (we omit a few details here), it follows that
the distribution of 7" under N(g ¢) satisfies the branching property of Proposition 7,
and so 7 under N o) must be a Lévy tree.

To determine the branching mechanism of this Lévy tree, we fix R > 0, and, for
0 <r < R, we set

U,.(x,r) = N (1 —exp(=AYR)).

By [14, Theorem V.4], U, satisfies the integral equation
TR
UA(X,r)+2E(x,r) |:/ U,.(&;, Ls)2d5:| =A
0
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where the Markov process (£, L) starts from (x, r) under the probability measure
Py 1), and Tg = inf{r > 0 : L(r) > R} is the exit time from Dp for the process
(&, L). When x = 0, excursion theory for & gives

TR R
Eq©.r) [ /0 UA@S,Ls)st} = / w( /0 ! Ux(st,e)zdt> de

R
=/ dz/m(dw Ui (. ).

Set vy (x,r) = Uyp(x, R—r) for0 < r < R. By atranslation argument, v, (x, ) does
not depend on our choice of R provided that R > r. It follows from the preceding
considerations that

.0, r)+2/rd6/m(dy) v (y, 0% = A
0

On the other hand, by applying the special Markov property (Corollary 22) to the
domain (0, co) x R4, we have, for every y > 0 and r > 0,

vi(y, 1) = Ney,0)(1 —exp(=2Y,)) = Ny,0)(1 — exp(=Yovi(0, 7)) = uy, 0,1 (),

with the notation introduced in the theorem. We conclude that
r
0.0.7) + / dey (0,0, 0)) = 2., @1
0

where 1 is as in the statement of the theorem. Note that the functions r — u, (x) are
monotone increasing, and so is Y. Then (21) also implies that vy (0, ) is a continuous
nonincreasing function of r, that tends to A as r — 0. It follows that ¥/ (r) < oo for
every r > 0, and then by dominated convergence that v is continuous on [0, 00). The
unique solution of (21) is given by

/A de
— =7
v.(0,r) ¥ (0)

(in particular, we must have f0+ I/J(E)’ldﬁ = 00). As A — 00, v, (0, r) converges to
N,0)(¥; # 0), which coincides with N(g,0) (H(’T’l > r), where H(’ZN‘) denotes the
height of 7. Hence, the function v(r) = Nq,0)(H(7) > r) is given by

[,
v(r) 1/’(@ -

and this suffices to establish that the branching mechanism of T is V. O

The formula for v that appears in Theorem 16 is not explicit and in general does
not allow the calculation of this function. We will now argue that we can identify ¥,
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up to a multiplicative constant, if £ satisfies a scaling property. From now on until the
end of the section, we assume (in addition to the previous hypotheses) that there exists
a constant o > 0 such that, for every x > 0 and A > 0, the law of

(A%&1/3)1=0

under P, coincides with the law of (§;);>0 under Py,e. In other words, the process &
is a self-similar Markov process with values in [0, 00), see the survey [25] for more
information on this class of processes. A particular case (with « = 1/2) is the Bessel
process of dimension d € (0, 2).

The excursion measure .#” must then satisfy a similar scaling invariance property.
More precisely, for every A > 0, the law of

()\aft/x)tzo

under /" must be equal to AP times the law of (&/)r>0 under ./, for some constant
B € (0,1). The fact that § < 1 is clear since the scaling property implies that
N >r)=r P4 > 1) and we must have .4 (n A 1) < oo. The inverse
local time of & at 0 is then a stable subordinator of index g, which is consistent with
assumption (20).

Proposition 17 Under the preceding assumptions, there exists a constant ¢ > 0 such
that ¥ (r) = cr'*P.

Proof We first observe that

1+22

m@dx) = x~ 't @ dx,

for some positive constant ¢’. To see this, we write, for every A > 0,

n
/ m(dx) gOux) = N ( /0 dw(%»)
)‘l/oz'7
— Ve gy (/ dt (p()»E,/)Ll/a)>
0

= aple=te g (/n dup(&))
0

B—1
:AT/m(dx)(p(x).

It follows that m has the form stated above. We then observe that, for every A > 0, we
can also consider the following scaling transformation of the Brownian snake:

W(1) = 2 Wy—2ag (A1), for 0 <t < ¢l =22, oy,

and the “law” of W' under N o) coincides with A1/ times the “law” of W under
N(ix,0). Furthermore the exit measure Y6 associated with W' is equal to A2y, (we
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leave the details as an exercise for the reader). With the notation of Theorem 16, it
follows that, for every x > 0 and A > 0,

ur (Ax) = N0y (1 — exp(—rYo)) = 27 Y*N, 0)(1 — exp(—r2/Yp))

= A" Ve Uy /e, (X).

Hence, for every r > O and v > 0,

_1al=8 _1al=8
ww):c/dxx e u,u(x>2=cfdxx P (o x)? = Py,

using the change of variables y = u®x. This completes the proof. O

Remark If &€ = | B| is the absolute value of a linear Brownian motion B, then a famous
theorem of Lévy asserts that the pair (¢, L) has the same distribution as (S — B, S),
where S; = max{B; : 0 < s < t} (to be specific, this holds with a particular choice
of the normalization of L). We then see that Theorem 1 is a special case of Theorem
16 and Proposition 17. In that case, « = B = 1/2, and we recover the formula
V() =cr’?.

Acknowledgements I thank the referee for a careful reading of the manuscript and for several useful
suggestions.

Appendix: On the special Markov property

In this appendix, we derive a more precise and more general form of the special
Markov property for the Brownian snake, which was first stated in [13]. This result is
closely related to the special Markov property for superprocesses as stated by Dynkin
[9, Theorem 1.6], but the formulation in terms of the Brownian snake, although less
general, gives additional information that is crucial for our purposes.

We consider the setting of [14, Chapter V]. We let § be a Markov process with
values in a Polish space (E, d) with continuous sample paths. For every x € E, the
process & starts from x under the probability measure Py. Analogously to (19), we
assume that the following strong continuity assumption holds for every x € E and
>0,

p
E, [(supd(x, sr)) } < e, (22)
r<t

where C > 0, p > 0 and ¢ > 0 are constants. According to [14, Section IV.4],
this continuity assumption allows us to construct the Brownian snake (W;);>o with
continuous sample paths with values in the space W of all finite continuous paths in £
(the set Wk is defined by the obvious generalization of the beginning of Sect. 4, and we
keep the notation w for the tip of a path w € Wg). The strong Markov property holds
for (Wy)s>0, even without assuming that it holds for the underlying spatial motion &.
We again write [P, for the probability measure under which the Brownian snake starts
from (the trivial path equal to) x, and N, for the excursion measure of the Brownian
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snake away from x. It will also be useful to introduce conditional distributions of the
Brownian snake given its lifetime process. If g : [0, 0c0) — [0, 00) is a continuous
function such that g(0) = 0 and g is locally Holder with exponent % — & for every

6 > 0, we write Q)((g) for the conditional distribution under Py of (W;)>¢ knowing

that &, = g(s) for every s > 0. See [14, Chapter IV], and note that these conditional
distributions are easily defined using the analog in our general setting of property (b)
stated at the beginning of Sect. 4.

We now fix a connected open subset D of E and x € D. We use the notation
T =inf{r > 0 : & ¢ D}, and, for every w € Wg, t(w) = inf{r > 0 : w(t) ¢ D},
where in both cases inf @ = oco. We assume that

P.(t <o0) >0,

and note that this implies that

o0
/ Lz (wy)<¢,)ds = 00, Py as.
0

We set, for every s > 0,
t
ns = inf {t >0: / 1 <cow,yy dr > s} , WP i=w,,.
0

This definition makes sense P, a.s. We let 2 be the o-field generated by the process
(WP),~¢ and the collection of all P-negligible sets. Informally, 72 represents the
information provided by the paths W; before they exit D.

Lemma 18 For every s > 0, set ys = (& — ©(W)) T, and

t
oszinf{tzO:/ l{y,>0}erS}~
0

Under the probability measure Py, we have g < 00 for every s > 0, a.s., and
the process I's = Y, is distributed as a reflected Brownian motion in R and is
independent of the o -field FP.

This is essentially Lemma V.2 in [14], except that the independence property is not
stated in that lemma. However a close look at the proof in [14] shows that the process
['s is obtained as the limit of approximating processes (denoted by ¢ in [14]) which
are independent of FP thanks to the strong Markov property of the Brownian snake.

We write £ (s) for the local time at 0 of the process I', and define a process with
continuous nondecrasing sample paths by setting

N
L? =¢P (/ 1,0 dr) .
0
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Then (see [14, Section V.1]),

N

LP = lim | Lewy<g<ewy+e) dry (23)
0

E—>

for every s > 0, Py a.s. The process (L f )s>0 is called the exit local time process from
D. Notice that the measure de) is supported on {s > 0 : T (W) = &}
We also set, for every s > 0,
ZSD =: Lﬁ .

Lemma 19 The random process (ZSD )s>0 is measurable with respect to the o-field
FP,

This follows from the proof of [13, Proposition 2.3] in the special case where £ is
d-dimensional Brownian motion. The argument however can be adapted to our more
general setting and we omit the details.

Before stating the special Markov property, we need some additional notation. For
every r > 0, we set

9r=inf{s20:Z§’>r].

We note that the process (6,),>0 is F D_measurable by Lemma 19.
We now define the excursions of the Brownian snake outside D. We observe that,
P, a.e., the set

s=20:7(Wy) <&l={s=0:y >0}

is a countable union of disjoint open intervals, which we enumerate as (a;, b;),i € N.
Here we can fix the enumeration by saying that we enumerate first the excursion
intervals with length at most 21 whose initial time is smaller than 2, then the excursion
intervals with length at most 272 whose initial time is smaller than 2% which have
not yet been listed, and so on. If we choose this enumeration procedure, the variables
a;, b; are measurable with respect to the o -field generated by (y)>0, and the variables
foa i 1{),>0ydrand L 2 are measurable with respect to the o -field generated by (I's)s>0.

From the properties of the Brownian snake, one has, [P, a.e. for every i € N and
every s € [a;, bi],

T(Wy) = 7:(VVa,') = ;a,-a
and more precisely all paths W, s € [a;, bi]'coincide up to their exit time from D. For
every i € N, we then define an element W) of the space of all continuous functions
from R} into Wk by setting, for every s > 0,

WO (t) := Wigtsynt oy + 1), for0 <t <& = Casinn — Ca-

@ Springer



860 J.-F. Le Gall

By definition, the random variables W@ i e N, are the excursions of the Brownian
snake outside D (the word “outside” is a bit misleading here). Notice that, for every
i €N, (Es(i))szo is a measurable function of (I'y)s>0. Indeed the processes (Cs(i))szo,
i € Nare just the excursions of I" away from 0 enumerated as explained above.

Theorem 20 Under P, conditionally on the o-field FP, the point measure
Z 5@2 wy(de, dow)
ieN

is Poisson with intensity

1j0,00)(£) At NWHIZ (dw).

Proof Itis convenient to introduce the auxiliary Markov process defined by & = & 1.
We observe that the Brownian snake associated with £* can be obtained by the formula

W:(t)ZWs(IAT(Ws))a OSISQ*:Cs-

Notice that y; = (& —t (W)™ = (¢f—t(W))™ is ameasurable function of W*, and
recall that the intervals (a;, b;) are just the connected components of the complement
of the zero set of y. Consider then, independently for every i € N, a process (Ws(i)) $>0
which conditionally on W* is distributed according to the probability measure

where we recall our notation Q)(Cg ) for the conditional distribution under P, of (Ws)s>0

knowing that {; = g(s) for every s > 0. Define W, for every s > 0 by setting
Wy = W if yg = 0 and, for every i € N, for every s € (a;, b;),

o) = W;‘_(r) it0 <t <t(W)),
SO=VWO (- wey) W <1 <2,

A tedious but straightforward verification shows that the finite marginal distributions
of the process (Wy) >0 are the same as those of the process (W;)>0. It follows that,
conditionally on (W;)s>0, the “excursions” W@ are independent and the conditional

. 10}
distribution of W is @%* ),

1
At this point, we claim that we have a.s. for every i € N,

ai

Wi =W, = wgzg. (24)
The first equality in (24) is immediate. To get the second one, set

a;
A“z‘ = / l{frff(Wr)}dr
0
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to simplify notation. We first note that
Wai = Wbl‘ = WA.iz )

because 1 Ag = b; (the strong Markov property of the Brownian snake ensures that in
each interval [b;, b; + €], ¢ > 0, we can find a set of positive Lebesgue measure of
values of s such that 7 (W) = oo) and we know that W, = W),,. Thus our claim will
follow if we can verify that

Aa,- == QL(II), .
i

On one hand the condition s < A,, implies ny < a; and Z? = L,liz < Lg. It follows
that A, < eLf. . On the other hand, suppose that QLf,’- > Ag;. We first note that

*D _ D _ D _ 4D
LAa,- - LTJAHI. - Lhi - Lai’

where the last equality holds by the support property of dL f . Furthermore, the left limit
of r — 6, at Lga is smaller than or equal to A, by construction. So the condition

i

i

0pp > A, means that Lg = ZAD,, is a discontinuity point of r — 6,.. However,
ai .

we noticed that the random variables Lg are measurable functions of (I'y)s>0 and
therefore independent of FP2. Since () s>0 1s measurable with respect to F D and
since s > 6, has only countably many discontinuity times, the (easy) fact that the law
of L g has no atoms implies that, with P, -probability one, L g cannot be a discontinuity
time of r +— 6,. This contradiction completes the proof of our claim.

Next, let U be a bounded F-measurable real random variable, and let g and G
be nonnegative random variables defined respectively on Ry and on the space of
continuous functions from R into Wg. By conditioning first with respect to W*, we
get

E. |:U X exp (- Zg(Lg)G(W(i))>j| =E, [U x l—[@%m) (e‘g(La[?)G('))] ,
ieN ieN “
(25)

noting that an F”-measurable real variable coincides P, a.s. with a function of W*.
Using (24), we see that, for every i € N,

@) —g(LPHG(- ® —g(L2YG(
Q% )(e 8(Ly) ()) ZQ%D) (e g(Lg) ())
aj GLD.

is a measurable function (that does not depend on i) of the pair (Lg , (§§i))szo) and
of the process (Wel,) )r>0, Which is F D_measurable. The point measure
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> ‘5<L5; @sz00’
ieN

which is just the point measure of excursions of the reflected Brownian motion I',
is Poisson with intensity d¢ n(de), where n(de) is as previously the Itd excursion
measure. Since the latter point measure is independent of 2 (by Lemma 18), we
can now condition with respect to 7, applying the exponential formula for Poisson
measures, to get that the quantities in (25) are equal to

o0
Ey [U X exp (—/ de NWD (1 _ e—g(€>G(-))>i| .
0 ¢

The statement of the theorem follows. O

In the preceding sections, we use a version of Theorem 20 under the excursion
measure N, which we will now state as a corollary. We set

Tp =inf{t > 0: (W) < oo},
and observe that
0 < Ny(Tp < 00) <00

(if the quantity N, (7p < oo) were infinite, excursion theory would give a contradic-
tion with the fact that the Brownian snake has continuous paths under IP,.). Then we
note that the conditional probability measure NXD = Ny(- | Tp < 00) can be inter-
preted as the law under P, of the first Brownian excursion away from x that exits D.
Thanks to this observation, we can make sense of the exit local time process (LSD )s>0
under N? by formula (23). The definition of (17;),>0 and (W,”),>0 remains the same,
and we can set Lf) = L,ll)v as previously. The difference of course is the fact that
Zé)o = L = L2 is now finite N2 a.s. So we may define 6; = inf{r > 0 : ZrD > s}
only forr < LD,

After these observations, we may state the version of the special Markov property
under NP, We slightly abuse notation by still writing (W®),cy and (a;, b;);en for
the excursions outside D and the associated intervals, which are defined in exactly the
same way as previously. The o-field FP? is again the o -field generated by ( WxD )s>0
but should be completed here with the Ny -negligible sets.

Corollary 21 Under NP, conditionally on the o-field FP, the point measure

D 8w wan(de, do)
ieN [

is Poisson with intensity

(4
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Note that LD = Zgo is FP-measurable. The corollary is a straightforward con-
sequence of Theorem 20, interpreting N)IC) as the law under PP, of the first Brownian
excursion away from x that exits D. We omit the details.

If we are only interested in the point measure ) _;; 8y, we can state the preceding
corollary in a slightly different form, by introducing the notion of the exit measure:
The exit measure from D is the random measure Z2 on 3D defined (under N, or
under N2) by the formula

(2P, g) = /OOO dLP g(Wy).

See [14, Section V.1]. Note that the total mass of ZP is L!.,J . A change of variables
shows that we have as well

Lpb

o p Y
(2P g) = /0 dLP g(WP) = /0 de g(W).

In particular, ZP is FP-measurable by Lemma 19. The following result is now an
immediate consequence of Corollary 21.

Corollary 22 Under N)? , conditionally on the o-field FP, the point measure

Z Sy (dw)

ieN

is Poisson with intensity

/ 2P (dy) Ny (dw).

This is the form of the special Markov property that appears in [13].
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