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Abstract We consider spectral properties and the edge universality of sparse random
matrices, the class of random matrices that includes the adjacency matrices of the
Erd6s—Rényi graph model G (N, p). We prove a local law for the eigenvalue density
up to the spectral edges. Under a suitable condition on the sparsity, we also prove
that the rescaled extremal eigenvalues exhibit GOE Tracy—Widom fluctuations if a
deterministic shift of the spectral edge due to the sparsity is included. For the adjacency
matrix of the Erd6s—Rényi graph this establishes the Tracy—Widom fluctuations of the
second largest eigenvalue when p is much larger than N ~%/3 with a deterministic shift
of order (Np)’l.
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1 Introduction

We consider spectral properties of sparse random matrices. One of the most prominent
examples in the class of sparse random matrices is the (centered) adjacency matrix of
the Erd6s—Rényi graph on N vertices, where an edge is independently included in the
graph with a fixed probability p = p(N). Introduced in [11,12,24], the Erd6s—Rényi
graph model G (N, p) serves as a null model in the theory of random graphs and has
numerous applications in many fields including network theory. Information about a
random graph can be obtained by investigating its adjacency matrix, especially the
properties of its eigenvalues and eigenvectors.

The sparsity of a real symmetric N by N random matrix may be measured by a
sparsity parameter ¢ = ¢(N), with 0 < ¢ < N'/2, such that the expected number of
non-vanishing entries is asymptotically equal to N¢?. For example, for the adjacency
matrices of the Erd6s—Rényi graph we have g2 = Np as the expected number of non-
vanishing entries is N(N — 1)p = (N — 1)¢2. For the Gaussian orthogonal ensemble
(GOE) we have ¢ = N'/2 as the expected number of non-vanishing entries is N2. We
call a random matrix sparse if ¢ is much smaller than N'1/2.

For Wigner matrices, one of the fundamental inputs in the proof of universality
results is the local semicircle law [18-20,23], which provides an estimate of the local
eigenvalue density down to the optimal scale. The framework built on the local law
can also help understanding the spectral properties of sparse random matrices [15].
However, in contrast to Wigner matrices, the local eigenvalue density for a sparse
random matrix depends on its sparsity. For this reason, the universality of the local
eigenvalue statistics for sparse random matrices was proved at first only for ¢ > N!/3
in [15,16]. Recently, bulk universality was proved in [29] under the much weaker
condition ¢ > N?, for any ¢ > 0. The main obstacle in the proof of the edge
universality is that the local law obtained in [15] deteriorates at the edge of the spec-
trum.

Our first main result is a local law for sparse random matrices up to the edges. More
precisely, we prove a local law for the eigenvalue density in the regime ¢ > N?, for
arbitrarily small ¢ > 0. The main observation is that, although the empirical spectral
measure of sparse random matrices converges in the large N limit to the semicircle
measure, there exists a deterministic correction term that is not negligible for large
but finite N. As a result, we establish a local law that compares the empirical spec-
tral measure not with the semicircle law but with its refinement. We also explicitly
compute the leading term of the deterministic shift of the spectral edge, which equals
1/(Np) in case of the (centered) adjacency matrix of the Erd6s—Rényi graph (N, p).
(See Theorem 2.4 and Corollary 2.5 for more detail.) This information on the shift of
the spectral edge is crucial in understanding the fluctuations of the largest eigenval-
ues.

The largest eigenvalue 11 of areal symmetric N by N Wigner matrix (whose entries
are centered and have variance 1/N) converges almost surely to two under the finite
fourth-moment condition, and N2/ 3(;“ — 2) converges in distribution to the GOE
Tracy—Widom law. However, for sparse random matrices with sparsity ¢ < N1/37¢,
¢ > 0, the deterministic shift of the edge is far greater than N ~2/3, the typical size of
the Tracy—Widom fluctuations.
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Local law and Tracy—Widom limit for sparse random matrices 545

Our second main result is the edge universality that states the limiting law for
the fluctuations of the rescaled largest eigenvalues of a (centered) sparse random
matrices is given by the Tracy—Widom law if the shift is taken into consideration and
ifg > N'/6%® where ¢ > 0is arbitrarily small. We expect that the exponent one-sixth
is critical, i.e. we expect a different limiting law for the fluctuations of the rescaled
largest eigenvalues when ¢ < N1/ (See Theorem 2.10 and the discussion below
it for more detail.) For the adjacency matrices of the Erd6s—Rényi graphs, the sparsity
conditions corresponds to p > N~%/3%% for any ¢ > 0, and our result then assures
that the rescaled second largest eigenvalue has GOE Tracy—Widom fluctuations; see
Corollary 2.13.

In the proof of the local law, we introduce a new method based on a recursive
moment estimate for the normalized trace m of the Green function, i.e. we recursively
control high moments of | P (m)|, for some specifically chosen polynomial P, by using
lower moments of | P (m)|. This recursive moment estimate allows us to track the effects
of the sparsity efficiently and it directly establishes the fluctuation averaging mecha-
nism without fully expanding all powers of m; see Sect. 3 for details. To establish the
recursive moment estimate we use a cumulant expansion of P (m) replacing custom-
ary resolvent expansions of m using Schur’s complement or finite-rank perturbation
formulas.

Our proof of the Tracy—Widom limit of the extremal eigenvalues relies on the Green
function comparison method [21,23]. However, instead of applying the conventional
Lindeberg replacement approach, we use a continuous flow that interpolates between
the sparse random matrix and the Gaussian orthogonal ensemble (GOE). The main
advantage of using a continuous interpolation is that we may estimate the rate of
change of m along the flow even if the moments of the entries in the sparse matrix are
significantly different from those of the entries in the GOE matrix. The change of m
over time is offset by the deterministic shift of the edge. A similar idea was used in
the proof of edge universality of other random matrix models in [37,38].

This paper is organized as follows: In Sect. 2, we define the model, present
the main results and outline applications to adjacency matrices of the Erdés—
Rényi graph ensemble. In Sect. 3, we explain the main strategy of our proofs. In
Sect. 4, we prove several properties of the deterministic refinement of Wigner’s
semicircle law. In Sect. 5, we prove the local law using our technical result on
the recursive moment estimate, Lemma 5.1. In Sect. 6, we prove Lemma 5.1 with
technical detail. In Sect. 7, we prove our second main result on the edge universal-

ity.

Notational conventions We use the symbols O(-) and o(-) for the standard big-
O and little-o notation. The notations O, o, <&, >>, refer to the limit N — oo
unless otherwise stated. Here ¢ << b means a = o(b). We use ¢ and C to denote
positive constants that do not depend on N, usually with the convention ¢ < C. Their
value may change from line to line. We write a < b, if there is C > 1 such that
C~'|b| < |a| < C|b|. Throughout the paper we denote for z € C™ the real part by
E = Re 7z and the imaginary part by n = Im z. For a € R, we let (a)+ = max(0, a),
and (a)— = —min(a, 0). Finally, we use double brackets to denote index sets, i.e. for
ni,ny € R, [[nl, nzﬂ = [ng,n] NZ.
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546 J. O. Lee, K. Schnelli

2 Definitions and main results
2.1 Motivating examples
2.1.1 Adjacency matrix of Erdds—Rényi graph

One motivation for this work is the study of adjacency matrices of the Erdds—Rényi ran-
dom graphmodel G(N, p). The off-diagonal entries of the adjacency matrix associated
with an Erd6s—Rényi graph are independent, up to the symmetry constraint, Bernoulli
random variables with parameter p, i.e. the entries are equal to 1 with probability p
and 0 with probability 1 — p. The diagonal entries are set to zero, corresponding to
the choice that the graph has no self-loops. Rescaling this matrix ensemble so that
the bulk eigenvalues typically lie in an order one interval we are led to the following
random matrix ensemble. Let A be areal symmetric N x N matrix whose entries, A;;,
are independent random variables (up to the symmetry constraint A;; = Aj;) with
distributions

1
P4y = m==)=p.  EAy=0=1-p,
P(Ai =0 =1, (G#)). 2.1

Note that the matrix A typically has N (N — 1) p non-vanishing entries. For our analysis
it is convenient to extract the mean of the entries of A by considering the matrix A
whose entries, A;;, have distribution

P(Fs = Jrmy) =7 PR =~ gmi=) =17
P(A;; =0) = 1,

~ ~ 1
EA;; =0, EAiZj = I (2.2)
and
k k
~ _(=p)d=—p)+UA-=p)p 1
EAij - (Np(1 — p)k/2 - Nd(k,z)/z(l + O(p)), (k> 3),

(2.3)

with i # j, where d := pN denotes the expected degree of a vertex, which we allow
to depend on N. As already suggested by (2.3), we will assume that p << 1.
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Local law and Tracy—Widom limit for sparse random matrices 547

2.1.2 Diluted Wigner matrices

Another motivation for this work are diluted Wigner matrices. Consider the matrix
ensemble of real symmetric N x N matrices of the form

Dij = Bi;Vij. (1<i<j<N), (2.4)

where (B;; :i < j)and (V;; :i < j) are two independent families of independent and
identically distributed random variables. The random variables (V;;) satisfies ]EVj =1
and ]EVl%k < (Ck)”k, k > 4, for some constants ¢ and C, and their distribution is, for
simplicity, often assumed to be symmetric. The random variables (B; j) are chosen to
have a Bernoulli type distribution given by

1
]P’<Bij = JT_p) =p, PB;=0=1-p, PB;=0)=1, (2.5)
with i # j. We introduce the sparsity parameter g through
2
q
=, 2.6
P= 2.6)

with 0 < ¢ < N'/2. We allow ¢ to depend on N. We refer to the random matrix
D = (Djj) as a diluted Wigner matrix whenever g << N2, For q = N2 we
recover the usual Wigner ensemble.

2.2 Notation
In this subsection we introduce some of the notation and conventions used.
2.2.1 Probability estimates

We first introduce a suitable notion for high-probability estimates.

Definition 2.1 (High probability event) We say that an N-dependent event & = )
holds with high probability if, for any (large) D > 0,

P(EM)>1- NP, 2.7
for sufficiently large N > Ny(D).

Definition 2.2 (Stochastic domination) Let X = X™) | ¥ = Y™ be N-dependent
non-negative random variables. We say that Y stochastically dominates X if, for all
(small) € > 0 and (large) D > 0,

P(x™) > NeYW)) < NP, (2.8)
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548 J. O. Lee, K. Schnelli

for sufficiently large N > No(e, D), and we write X < Y. When X)) and Y
depend on a parameter u € U (typically an index label or a spectral parameter), then
X (u) < Y (u), uniformly in u € U, means that the threshold Ny (e, D) can be chosen
independently of u. A slightly modified version of stochastic domination appeared
first in [14].

In Definition 2.2 and hereinafter we implicitly choose € > 0 strictly smaller than
¢/10 > 0, where ¢ > 0 is the fixed parameter appearing in (2.13) below.

The relation < is transitive and it satisfies the following arithmetic rules: If X| < Y
and X7 < Y> then X1+ X, < Y1+ 1> and X1 X»> < Y7 Y». Furthermore, the following
property will be used on many occasions: If ® (1) > N~ is deterministic, if ¥ () is a
nonnegative random variable satisfying E[Y w)? <N ¢ forall u, andif Y (u) < ®(un)
uniformly in u, then, for any € > 0, we have E[Y (#)] < N ®(u) for N > Ny(e),
with a threshold independent of u. This can easily be checked since

EY 1@ > N o) < (Bl @) Erw > ve)'? < NP,

for any (large) D > 0, and E[Y (u)1(Y (u) < N¢>®(u))] < N¢?>®(u), hence
E[Y (u)] < N ®(u).

2.2.2 Stieltjes transform

Given a probability measure v on R, we define its Stieltjes transform as the analytic
function m, : C* — C*, with C* := {z = E +in : E € R, n > 0}, defined by

dv(x)
my(z) 1= . (2.9)

RX—2Z
Note that lim, ~ginm,(in) = —1 since v is a probability measure. Conversely, if
an analytic function m : Ct — CT satisfies lim,, o inm(in) = —1, then it is the

Stieltjes transform of a probability measure.

Choosing v to be the standard semicircle law with density %\/4 —x2on[-2,2],
on easily shows that m,, for simplicity hereinafter denoted by m, is explicitly given
by

—z+ 24

5 (z € Ch), (2.10)

m(z) =

where we choose the branch of the square root so that ms.(z) € CT,z € C*. Itdirectly
follows that

1+ 2me(z) + me(z)> = 0, (z € CH). 2.11)
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Local law and Tracy—Widom limit for sparse random matrices 549

2.3 Main results

In this section we present our main results. We first generalize the matrix ensem-
bles derived from the Erd6s—Rényi graph model and the diluted Wigner matrices in
Section 2.1.

Assumption 2.3 Fix any small ¢ > 0. We assume that H = (H;;) is areal symmetric
N x N matrix whose diagonal entries are almost surely zero and whose off-diagonal
entries are independent, up to the symmetry constraint H;; = Hj;, identically dis-
tributed random variables. We further assume that (H;;) satisfy the moment conditions

EH;; =0, E(H;)’ = % E|Hj;|* < ﬁqk—k)_d;, k =3), (2.12)
with sparsity parameter g satisfying

N <q <N'2. (2.13)

We assume that the diagonal entries satisfy H;; = 0 a.s., yet this condition can

easily be dropped. For the choice ¢ = 1/2 we recover the real symmetric Wigner
ensemble (with vanishing diagonal). For the rescaled adjacency matrix of the Erd&s—
Rényi graph, the sparsity parameter ¢, the edge probability p and the expected degree
of a vertex d are linked by g°> = pN =d.

We denote by «® the k-th cumulant of the i.i.d. random variables (Hij i < J).
Under Assumption 2.3 we have kD =0,k® = 1/N, and

(2Ck)2(C+l)k

(k)
K = =

, *k>3). (2.14)

We further introduce the normalized cumulants, s®, by setting
sV =0, sP =1, s® = NgF 2B (k= 3). (2.15)
In case H is given by the centered adjacency matrix A introduced in Sect. 2.1.1, we

have that s = 1 4+ O(d/N), k > 3, as follows from (2.3).
We start with the local law for the Green function of this matrix ensemble.

2.3.1 Local law up to the edges for sparse random matrices

Given areal symmetric matrix H we define its Green function, G*™  and the normalized
trace of its Green function, m*, by setting

Gl (z) =

T mfl(z) = %Tr GH(p)), (zeCH. (2.16)
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550 J. O. Lee, K. Schnelli

The matrix entries of G (z) are denoted by Gg (z). In the following we often drop

the explicit z-dependence from the notation for G (z) and m* (z).
Denoting by A; > Ay > --- > Ay the ordered eigenvalues of H, we note that m
is the Stieltjes transform of the empirical eigenvalue distributions, 1, of H given by

1 N
H._ *
who= 2 1: 5, - 2.17)
1=

We further introduce the following domain of the upper-half plane
E={z=E+ineC':|E|<3,0<n=<3}. (2.18)

Our first main result is the local law for m* up to the spectral edges.

Theorem 2.4 Let H satisfy Assumption 2.3 with¢ > 0. Then, there exists an algebraic
functionm : Ct — C* and 2 < L < 3 such that the following hold:

(1) The function m is the Stieltjes transform of a deterministic symmetric probability
measure p, i.e.m(z) = mz(z). Moreover, supp p = [—L, L] and p is absolutely
continuous with respect to the Lebesgue measure with a strictly positive density
on(—L,L).

(2) The function m = m(z) is a solution to the polynomial equation

@
() i= 1+ zii + > + it = 0, (zeCH). (2.19)
q

(3) The normalized trace m™ of the Green function of H satisfies
mf (@) = ] < 5 + (2.20)
m' (z) —m(z — 4+ —, .
q*>  Nn

uniformly on the domain £, 7 = E + in.

Some properties of o and its Stieltjes transform 7 are collected in Lemma 4.1 below.
The local law (2.20) implies estimates on the local density of states of H. For
E| < E; define

1 B
nw(Ey, Ep) = NW D Ep <A = B}, ny(Er, Ez) t=/ p(x)dx. (2.21)
E\

Corollary 2.5 Suppose that H satisfies Assumption 2.3 with ¢ > 0. Let E1, E» € R,
E| < Ej. Then,

E, — E; 1

n(Ey, E2) —np(Ey, E2)| < p +ﬁ'

(2.22)
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Local law and Tracy—Widom limit for sparse random matrices 551

The proof of Corollary 2.5 from Theorem 2.4 is a standard application of the
Helffer-Sjostrand calculus; see e.g. Section 7.1 of [17] for a similar argument.

An interesting effect of the sparsity of the entries of H is that its eigenvalues
follow, for large N, the deterministic law o that depends on the sparsity parameter g.
While this law approaches the standard semicircle law pg. in the limit N — oo, its
deterministic refinement to the standard semicircular law for finite NV accounts for the
non-optimality at the edge of results obtained in [15], i.e. when (2.20) is compared
with (2.23) below.

Proposition 2.6 (Local semicircle law, Theorem 2.8 of [15]) Suppose that H satisfies
Assumption 2.3 with ¢ > 0. Then, the following estimates hold uniformly for z € &

1 1 1
H .
m(z) —m z‘<mm —_— 2.23
@) = mie(2) {q2 _an} o (2.23)
where my. denote the Stieltjes transform of the standard semicircle law, and
1 Immg(z) 1
H s - sSC
ISI??éN ‘Gij () Sljmsc(z)‘ < p + —NU + _NU , (2.24)

where x = x(z) := |E — 2|,z = E +1in.

We remark that the estimate (2.23) is essentially optimal as long as the spectral parame-
ter z stays away from the spectral edges, e.g. forenergies inthe bulk £ € [-24-§, 2—4],
d > 0. For the individual Green function entries, G;;, we believe that the esti-
mate (2.24) is already essentially optimal (mg. therein may be replaced by m without
changing the error bound). A consequence of Proposition 2.6 is that all eigenvectors
of H are completely delocalized.

Proposition 2.7 (Theorem 2.16 and Remark 2.18 in [15]) Suppose that H satis-
fies Assumption 2.3 with ¢ > 0. Denote by (uiH ) the (*-normalized eigenvectors
of H. Then,

1
max [ul| < —. (2.25)

1<i<N © JN

Using (2.23) as a priori input it was proved in [29] that the local eigenvalue statistics in
the bulk agree with the local statistics of the GOE, for ¢ > 0;see also [16] for¢ > 1/3.
When combined with a high moment estimates of H (see Lemma 4.3 in [15]), the
estimate in (2.23) implies the following bound on the operator norm of H.

Proposition 2.8 (Lemma 4.4 of [15]) Suppose that H satisfies Assumption 2.3 with
¢ > 0. Then,

A =2] < (2.26)

1
?—F—Nzﬂ .
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552 J. O. Lee, K. Schnelli

The following estimates of the operator norm of H sharpens the estimates of Propo-
sition 2.8 by including the deterministic refinement to the semicircle law as expressed
by Theorem 2.4.

Theorem 2.9 Suppose that H satisfies Assumption 2.3 with ¢ > 0. Then,

1 1
IHI = LI < 2+ 173 (2.27)
where £L are the endpoints of the support of the measure p given by
@
L=2+ pes +0@™. (2.28)

Here and above, we restricted the choice of the sparsity parameter g to the range
N? < g < N'/2 for arbitrary small ¢ > 0. Yet, pushing our estimates and formalism
we expect also to cover the range (log N )A0 loglog N q<N 172, A > 30, considered
in [15]. In fact, Khorunzhiy showed for diluted Wigner matrices (cf. Sect. 2.1.2) that
|H| converges almost surely to 2 for g >> (log N Y2, while || H| diverges for
q K (logN )1/2; see Theorem 2.1 and Theorem 2.2 of [32] for precise statements.

As noted in Theorem 2.9, the local law allows strong statements on the locations
of the extremal eigenvalues of H. We next discuss implications for the fluctuations of
the rescaled extremal eigenvalues.

2.3.2 Tracy—Widom limit of the extremal eigenvalues

Let W be a real symmetric Wigner matrix and denote by )\YV its largest eigenvalue.
The edge universality for Wigner matrices asserts that

lim IED(NZ/3 AV —2) < s) = Fi(s), (2.29)
N—oo

where Fj is the Tracy—Widom distribution function [49,50] for the GOE. State-
ment (2.29) holds true for the smallest eigenvalue AW as well. We henceforth focus
on the largest eigenvalues, the smallest eigenvalues can be dealt with in exactly the
same way.

The universality of the Tracy—Widom laws for Wigner matrices was first proved
in [45,46] for real symmetric and complex Hermitian ensembles with symmetric distri-
butions. The symmetry assumption on the entries’ distribution was partially removed
in [42,43]. Edge universality without any symmetry assumption was proved in [48§]
under the condition that the distribution of the matrix elements has subexponential
decay and its first three moments match those of the Gaussian distribution, i.e. the
third moment of the entries vanish. The vanishing third moment condition was removed
in [23]. A necessary and sufficient condition on the entries’ distribution for the edge
universality of Wigner matrices was given in [35].
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Local law and Tracy—Widom limit for sparse random matrices 553

Our second main result shows that the fluctuations of the rescaled largest eigenvalue
of the sparse matrix ensemble are governed by the Tracy—Widom law, if the sparsity
parameter g satisfies ¢ >> N 176,

Theorem 2.10 Suppose that H satisfies Assumption 2.3 with ¢ > 1/6. Denote by )»{1
the largest eigenvalue of H. Then,

lim (NG~ 1) <5) = Fi(s), (2.30)

N—o00
where L denotes the upper-edge of the deterministic measure p given in (2.28).

The convergence result (2.30) was obtained in Theorem 2.7 of [16] under the
assumption that the sparsity parameter ¢ satisfies ¢ >> N'/3,i.e.¢p > 1/3 (and with
2 replacing L).

In the regime N'/¢ << ¢ < N'/3, the deterministic shift of the upper edge by L —
2 = 0(g~?) is essential for (2.30) to hold since then g =2 > N~2/3, the latter being the
scale of the Tracy—Widom fluctuations. In other words, to observe the Tracy—Widom
fluctuations in the regime N'/® <« ¢ < N'/3 corrections from the fourth moment of
the matrix entries’ distribution have to be accounted for. This is in accordance with
high order moment computations for diluted Wigner matrices in [33].

It is expected that the order of the fluctuations of the largest eigenvalue exceeds
N~23if g KN 1/6 The heuristic reasoning is that, in this regime, the fluctuations
of the eigenvalues in the bulk of the spectrum are much larger than N ~2/3 and hence
affect the fluctuations of the eigenvalues at the edges. Indeed, the linear eigenvalue
statistics of sparse random matrices were studied in [6,44]. For any sufficiently smooth
function ¢, it was shown there that

N N
q q
- 1) —E| — Ai
Wl;(p( ) [m;}w( )]

converges to a centered Gaussian random variable with variance of order one. This
suggests that the fluctuations of an individual eigenvalue in the bulk are of order
N~124=1, which is far greater than the Tracy—~Widom scale N~2/3 if ¢ << N/6.
Moreover, comparing the size of the fluctuations with the estimate in (2.23), this also
suggests that, for large 1, Em® (z) is not well approximated by m.(z).

Remark 2.11 Theorem 2.10 can be extended to correlation functions of extreme eigen-
values as follows: For any fixed k, the joint distribution function of the first k rescaled
eigenvalues converges to that of the GOE, i.e. if we denote by AJOF > 1A§OE > ... >
A%OE the eigenvalues of a GOE matrix independent of H, then

Jim P (VPG - 1) =0 NBRE — L) =50, NPOH - 1) <)

= Jim B (VPG ) < NGO ) <sr. L NGEF - 2) <)
— 00
(2.31)
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554 J. O. Lee, K. Schnelli

We further mention that all our results also hold for complex Hermitian sparse
random matrices with the GUE Tracy—Widom law describing the limiting edge fluc-
tuations.

2.3.3 Applications to the adjacency matrix of the Erdds—Rényi graph

We briefly return to the adjacency matrix A of the Erd6s—Rényi graph ensemble
introduced in Sect. 2.1.1. Since the entries of A are not centered, the largest eigenvalue
)»‘14 is an outlier well-separated from the other eigenvalues. Recalling the definition of
the matrix A whose entries are centered, we notice that

A=A+ fle)(e| —al, (2.32)

with f :=g(1 —¢%/N)"Y2,a:= f/Nande := N~'/2(1,1,..., )T € RV. (Here,
|e) (e| denotes the orthogonal projection onto e.) The expected degree d and the sparsity
parameter g are linked by

d:pN:qz.

Applying a simple rank-one perturbation formula and shifting the spectrum by a we
get from Theorem 2.4 the following corollary whose proof we leave aside.

Corollary 2.12 Fix¢ > 0. Let A satisfies (2.2) and (2.3) with expected degree N*® <
d < N'=2%_ Then the normalized trace m* of the Green function of A satisfies

- 11
ImA(z) — iz + a)| < it (2.33)

uniformly on the domain &, where z = E +1inand a = (1 — q?/N)~1/2,

Let )»f > )»’24 > 0> Ag denote the eigenvalues of A. The behavior of the largest

eigenvalue kf‘ was fully determined in [15], where it was shown that it has Gaussian
fluctuations, i.e.

\/g(x{‘ —EAf) — N(O, 1), (2.34)

in distribution as N — oo, with EA{‘ =f—-a+ % + 0(q’3); see Theorem 6.2
in [15].

Combining Theorem 2.10 with the reasoning of Section 6 of [16], we have the fol-
lowing corollary on the behavior of the second largest eigenvalue )\f of the adjacency
matrix A.

Corollary 2.13 Fix¢ > 1/6 and ¢’ > 0. Let A satisfies (2.2) and (2.3) with expected
degree N2 <d < NI1-2¢", Then,

lim P(NY2(4 ~L—a) <s5) = Fi(s), (2.35)

N—o00
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where L =2 +d~' 4+ O(d™?) is the upper edge of the measure p; see (2.28).

We skip the proof of Corollary 2.13 from Theorem 2.10, since it is essentially the same
as the proof of Theorem 2.7 in [16], where the result was obtained for ¢ > 1/3, with L
replaced by 2. In analogy with Remark 2.11, the convergence result in (2.35) extends
in an obvious way to the eigenvalues )L,/{"_l, R A‘f, for any fixed k. The analogous
results apply to the k-smallest eigenvalues of A. We leave the details to the interested
reader.

Remark 2.14 The largest eigenvalues of sparse random matrices, especially the
(shifted and normalized) adjacency matrices of the Erd6s—Rényi graphs, can be used to
determine the number of clusters in automated community detection algorithms [7,40]
in stochastic block models. Corollary 2.13 suggests that the test statistics for such algo-
rithms should reflect the shift of the largest eigenvalues if N~%/° <« p <« N~1/3,
or equivalently, N'/3 <« d <« N?/3.If p << N7%/3, the test based on the edge
universality of random matrices may fail as we have discussed after Theorem 2.10.

In applications, the sparsity should be taken into consideration due to small N even
if p is reasonably large. For example, in the Erdés—Rényi graph with N ~ 107, the
deterministic shift is noticeable if p >~ 0.1, which is in the vicinity of the parameters
used in numerical experiments in [7,40].

3 Strategy and outline of proofs

In this section, we outline the strategy of our proofs. We begin with the local law of
Theorem 2.4.

3.1 Local laws for the Green function

We start by recalling the approach to the local law for Wigner matrices initiated
in [18-20]. Using Schur’s complement (or the Feshbach formula) and large deviation
estimates for quadratic forms by Hanson and Wright [27], one shows that the normal-
ized trace m" (z) approximately satisfies the equation 1 4+ zm" (z) + m" (2)*> ~ 0,
with high probability, for any z in some appropriate subdomain of £. Using that mg
satisfies (2.11), a local stability analysis then yields |m" (z) — mg.(2)| < (Np)~1/2,
z € &£. Infact, the same quadratic equation is approximately satisfied by each diagonal
element of the resolvent, GZVZV , and not only by their average m" . This observation
and an extension of the stability analysis to vectors instead of scalars then yields the
entry-wise local law [21-23], |Gl.‘}/(z) —8ijmsc(2)| < (Nn)’l/z, z € &£.(See Sect. 3.2
for some details of this argument.) Taking the normalized trace of the Green function,
one expects further cancellations of fluctuations to improve the bound. Exploring the
fluctuation averaging mechanism for m" and refining the local stability analysis, one
obtains the strong local law up to the spectral edges [23], [m "W (z) —ms.(2)| < (Nn)~ L
z € £. The fluctuation averaging mechanism was first introduced in [22] and substan-
tially extended in [14,17] to generalized Wigner matrices. We refer to [13,17] for
reviews of this general approach. Parallel results were obtained in [47,48]. For fur-
ther improvements of convergence rates we refer to [9] and [25,26]. For other recent
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developments on local laws we refer e.g. to [2,3,10] for Wigner matrices with general
variance profile and Wigner matrices with correlated entries, and to [8] for heavy-
trailed Wigner matrices. Local laws for additive random matrix models were studied
in [4,30,34,36,39]. Entry-wise local laws for random graphs models other than the
Erd6s-Rényi graph were obtained in [5] for d-regular graphs and in [1] for random
graphs with given expected degree sequences.

The strategy outlined in the preceding paragraph was applied to sparse random
matrices in [15]. The sparsity of the entries manifests itself in the large deviation
estimate for quadratic forms, e.g. letting (H;;) satisfy (2.12) and choosing (B;;) to be
any deterministic N x N matrix, Lemma 3.8 of [15] assures that

1 & maxg ;| Byl 1 N 1/2
‘ZHikBleli_NZBkk’ <’T+<WZIBHI ) . @GD
k.l k=1 k.l

foralli € [1, N]. Using the above ideas the entry-wise local law in (2.24) was obtained
in [15]. Exploiting the fluctuation averaging mechanism for the normalized trace of
the Green function, an additional power of ¢ ~! can be gained, leading to (2.23) with
the deteriorating factor (» + n) Y2,

To establish the local law for the normalized trace of the Green function which
does not deteriorate at the edges, we propose in this paper a novel recursive moment
estimate for the Green function. When applied to the proof of the strong local law for
a Wigner matrix, it is estimating E|1 + mW(z) + mW(z)2|D by the lower moments
Ell + zm"W(z) + m" (2)2|P~!, 1 > 1. The use of recursive moment estimate has
three main advantages over the previous fluctuation averaging arguments: (1) it is
more convenient in conjunction with the cumulant expansion in Lemma 3.2, (2) it
is easier to track the higher order terms involving the fourth and higher moments if
needed, and (3) it does not require to fully expand the higher power terms and thus
simplifies bookkeeping and combinatorics. The same strategy can also be applied to
individual entries of the Green function by establishing a recursive moment estimate
for E|1 + ZG;;V (z)+ msc(z)G}}ly(z)ID and E|G;; |P leading to the entry-wise local law.
We remark that estimating E|1 + V() +m" (z)2 |P is also a key step for the proof
of the local law in [25,26], where the estimate is obtained by establishing a bound for
the diagonal resolvent entries instead of directly relating it with the lower moments
Ell+zm" (2) + m" (2)?P~.

We illustrate this approach for the simple case of the GOE next.

3.2 Local law for the GOE
Choose W to be a GOE matrix. Since mg. = myc(z), the Stieltjes transform of the
semicircle law, satisfies 1 + zmg. + mzc = 0, we expect that the moments of the

polynomial 1 4 zm(z) + m(z)2, with m = m" (z) the normalized trace of the Green
function G = GY (z), are small. We introduce the subdomain D of £ by setting

D:i={z=E+ineCT:|E| <3, N"' <n<3}. (3.2)
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We are going to derive the following recursive moment estimate for m. For any
D 2 27

Imm
E[[1+zm +m**P] < E [N_TIH +zm +m2|2D—1}

Imm

4D —2)F | ——
o ) [(Nn)2

|z 4 2m| - |1 + zm +m2|2D_2:| :
(3.3)

for z € CT. Fix now z € D. Using Young’s inequality, the second order Taylor
expansion of m(z) around m.(z) and the a priori estimate |m(z) — my.(z)| < 1, we
conclude from (3.3) with Markov’s inequality that

e (@M (2) = me(@)) + (m(2) = me(@)?| < W
Immgc(z) 1

Nn (Nn)?’

3.4)

where o (2) := z + 2mc(z); see Sect. 5.1 for a similar computation. An elementary
computation reveals that |os(z)] < Immg.(z). Equation (3.4) is a self-consistent
equation for the quantity m(z) — mc(z). Its local stability properties up to the edges
were examined [21,22]. From these stability properties and (3.4) it follows that, for
fixed z € D, |m(z) — ms(z)|] < 1 implies |m(z) — mg(2)] < NL To obtain the
local law on all of D one applies a continuity or bootstrapping argument [18,21,22]
by decreasing the imaginary part of the spectral parameter from < 1ton > N~!.
Using the monotonicity of the Stieltjes transform, this conclusion is extended to all of
£. This establishes that

1
|m(z) — mge ()| < —, (3.5)
Nn
uniformly on the domain &, which is the local law for the GOE.
Hence, to obtain the strong local law for the GOE, it suffices to establish (3.3)

for fixed z € D. By the definition of the normalized trace, m = m(z), of the Green
function we have

N
1 -
E[[1 4 zm +m?)?P] = IE[(N > (1+2Gj) +m2>(1+zm +mHP 1+ zm +m2)D] .
i=1

(3.6)

We expand the diagonal Green function entry G;; = G,Vly using the following identity:
N

14+2Gii =) WGy, (3.7)
k=1
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which follows directly from the defining relation (W — zI) G = 1. To some extent (3.7)
replaces the conventional Schur complement formula. We then obtain from (3.6)
and (3.7) that

E[|1 + zm + m?|*P] = E[(% Z Wik Gri +m2>(1 +zm+mHP 11+ m +m2)D] :
i,k
(3.8)

Using that the matrix entries W are Gaussian random variables, integration by parts
shows that

14 8ix

Eik[Wix F(Wir)] = Eir[0ix F(Wi)]1, (3.9

for differentiable functions F : R — C, where 9;x = 9/(dWj;). Here we used that
EW;; = 0 and ]EWI% = (1 +4;;)/N for the GOE. Identity (3.9) is often called Stein’s
lemma in the statistics literature. Combining (3.8) and (3.9) we obtain

1 —
E[l1 + zm + m??P] = WE[Z(I + 8ik) ik (Gki(l +zm+mHP~ At zm + m2)D>}
ik

+E[m*(1+zm +m*) P71 + zm + m2)P].
(3.10)

We next expand and estimate the first term on the right side of (3.10). It is easy to see
that

(1 + 8ix) dik (Gki(l +zm +mHP7N1 + zm + mZ)D>

= —GiiGu(1 +zm +mHP71A + zm + m?)P

— GriGri(1 +zm +m* P11 4+ zm + m2)P
N

Gri(z + 2m) Z ijG,'j(l +zm + m2)D_2(1 + zm + mZ)D
j=1

2D —1)
=

N
2D _ -
— = Gu@+2m) Y GGij(1+zm +m*) P (I zm +mH P
j=1
(3.11)

After averaging over the indices i and k, the first term on the right side of (3.11)
becomes

1 J—
- WE[ZGnGkk(l +zm +mHPN(1 + zm +m2)D]
ik

= —E[m*(1 + zm +m> P71 + zm + m?2)P],
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which exactly cancels with the second term on the right side of (3.10). The second
term on the right side of (3.11) can be estimated as

1 o
‘E[m ZGkini(l +zm +m*) P71+ zm +m2)Di|
ik

1 _ Imm _
SE[—Nz E |G *11 + zm + m?|*P 1}z]E[N—n|1+zm+m2|2D 1]
ik

where we used the identity

— Z G = G""(Z) (3.12)

which we refer to as the Ward identity below. It follows from the spectral decomposition
of W.
For the third term on the right side of (3.11) we have that

1 [
‘E[mZGkiG,»kGij(Hzm)(l+zm+m2>D 2(1+zm~|—m2)D]
i,j,k

Tr G3
< IE[' 7 e+ 2m) 11 +zm+m2|2D_2]

Imm
<E |z +2m| - |1+ zm +m?|*P~ 2] (3.13)
[(Nn)2

where we used that

1 A 1 1Y Imm
—|TrG? < — < — = . (3.14
[EAAE & ; e — 217 NZUZNQXZ; b=~ g G

The fourth term on the right side of (3.11) can be estimated in a similar manner since

N
-2 1 1 Imm
— |meo ‘< — < . @15
3‘r _N3;|Aa—z|3_N2n2 55

N3 > GGG =
i,j.k

Returning to (3.10), we hence find, for z € C™, that

I
E[l1 4+ zm + m*|?P] < E [ﬂu +zm +m2|21)1]

+ (4D — 2)E[ )2|Z+2m| 11+ zm +m??P~ ]

(N

which is the recursive moment estimate for the GOE stated in (3.3).
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Remark 3.1 The above presented method can also be used to obtain the entry-wise
local law for the Green function of the GOE. Assuming the local law for m" has
been obtained, one may establish a recursive moment estimate for 1 + zGl.VlV () +
mse(z)G}Y (2) to derive that

Im mg(z) + L

w
‘Gi,‘ (@) — msc(Z)’ < N7 Nn

) (3.16)

uniformly in i € 1, N] and z € £. (One may also consider high moments of 1 +
zG lv}/ (z) + m" (2) Wi; (2) to arrive at the same conclusion.) We leave the details to the
reader. Yet, for later illustrative purposes in Sects. 6 and 7, we sketch the derivation
of the recursive moment estimate for the off-diagonal Green function entries G;; =
Giv}/(z), i # j.Let z € D. Using the relation (W — zI)G =1, we get

E[z|G,-,-|2D]=zE[GijG£-_1G£-] ZE[ WikGijGE~ 1GD]

N
146
-3 s o oy 1T)]

k=1

where we used Stein’s lemma in (3.9) in the last step. Upon computing the derivative
we get, fori # j,

N

N
1 L — 1 =
E[d6,PP] = - ZE (616560 7'Gh] - 4 Y E[GuGyG ' GE ]
k=1 k=1
N
D—1 2 D-27-D
N D E [ijGiiGij Gg]
k=1

D-1¢ D—1D
_TZ (GGG GP]

N
D—1,~D—1
Z [|Gk]| GllG'j Gij

ZI@ ZI@

WMz i

E[G,GrGL 6D .
(3.17)

The first term in the right side of (3.17) equals —E[m |Gij |2D ] Using the Ward iden-
tity (3.12) we have

N
1 ImG;; +ImG;
N’;miGm < —Z|le| +—Z|ij - Ny
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Thus using (3.16), we get the bound

1 Imm 1
< D GGyl < ——= + —— .
N; YN @p?

uniformly on £. We can now easily bound the right side of (3.17), e.g. for any given

€ >0,
1 . 1 _
< NE]EI:( m mgc 4 2>|Gij|2D 2:| ’
Nn (Nn)

for N sufficiently large. Thus we get from (3.17) that, for i # j,

p Y —
‘N SE [lejlzGi,-GiL])._le])._l]

k=1

e+ meel B1Gij 2] <E[im — mecl [ 615" ]

Immg 1 2D—2
+NEE[( N7 +(z\fz7>2>'G""

1 ‘ 1

uniformly on &, for N sufficiently large. Since |z + mg| > ¢ on &, for some N-
independent constant ¢ > 0, we find from (3.18) and (3.5) by Young’s and Markov’s
inequality that

Immg.(2) " L

N Ny’ @ #J). (3.19)

Gl ()] <

for fixed z € D. Using continuity and monotonicity of G;;(z) the bound can be made
uniform on the domain £. Together with (3.16), this shows the entry-wise local law
for the GOE.

3.3 Local law for sparse matrices

When applying the strategy of Sect. 3.2 to sparse matrices we face two difficulties.
First, since the matrix entries are not Gaussian random variables, the simple integration
by parts formula (3.9) needs to replaced by a full-fletched cumulant expansion. Second,
since the higher order cumulants are not small (in the sense that the (£4-2)-nd cumulant
is only O(N~'g™%)) we need to retain higher orders in the cumulant expansion. The
following result generalizes (3.9).

Lemma 3.2 (Cumulant expansion, generalized Stein lemma) Fix £ € N and let F €

C'*(R; C1). Let Y be a centered random variable with finite moments to order £ + 2.
Then,
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Dy
EYF()] =) Kr—'()E

r=1

[FOW)] +E[QuYF(Y))], (3.20)

where E denotes the expectation with respect to Y, kTTD(Y) denotes the (r + 1)-
th cumulant of Y and F") denotes the r-th derivative of the function F. The error
term Q2 (Y F(Y)) in (3.20) satisfies

IE[Qe(Y F(Y)]| < CEIY*F2] sup |FED @)
t<
+ CE[Y[F21(Y] > Q)]sup [FHV @), (3.21)

teR

14
where Q > 0 is an arbitrary fixed cutoff and Cy satisfies Cy < % for some
numerical constant C.

In case Y is a standard Gaussian we recover (3.20) and we thus sometimes refer
to Lemma 3.2 as generalized Stein lemma. The cumulant expansion in combination
with the Green function was successfully used to study linear eigenvalue statistics of
Wigner matrices in [31,41] and more recently in [28]. For a proof of Lemma 3.2, we
refer to Proposition 3.1 in [41].

Let H be a sparse matrix satisfying Assumption 2.3 with ¢ > 0. Recall the poly-
nomial P = P, and the function m = 71 (z) of Theorem 2.4 which satisfy P (n1) = 0.
Let m = m' (z) be given by (2.16). Following the ideas of Sect. 3.2, we derive in
Sect. 6 a recursive estimate for E|P(m)|2D , for large D with z € D; see Lemma 5.1
for the precise statement and Sect. 6 for its proof. We start with

Q) —
E[|P|?"] :]E[(l tm+m? S—2m4>PD’]PD], (3.22)
q:
for D > 2, and expand zm using the identity
N
2Gij =Y HiGrj — 8ij (3.23)
k=1
which follows from the definition of the Green function. We then obtain the identity
— 1 I
E[(1 +zm)PP~1PP] = IE[(NZHMGM)PD_IPD]. (3.24)
i#k
Using the generalized Stein lemma, Lemma 3.2, we get
D—1pD I gD r D-1pD
E[(1 +2m) PP~ PP] = 3 —E Zaik(ckip P )
: i#k

+ EQ(((] + zm)PD—lﬁ) : (3.25)

r=1
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where 0;x = 9/(dH;x) and «® are the cumulants of H; j» i # j. The detailed form
of the error EQ2,(-) is discussed in Sect. 6.1. Anticipating the outcome, we mention
that we can truncate the expansion at order £ > 8D so that the error term becomes
sufficiently small for our purposes.

In Sect. 6, we prove that the relevant terms in (3.25) cancel with the third and fourth
term on the right side of (3.22). This yields the recursive moment estimate for P (m),
respectively m. The proof is based on the following observations:

e The leading term on the right side of (3.25) comes from the r = 1 term and is
identified to be E[—mzPD —1 pD], which cancels with the third term on the right
side of (3.22). See the first part of Lemma 6.4 and Sect. 6.3, where the estimate is
obtained by following the discussion in Sect. 3.2.

e The second largest term on the right side of (3.25) comes from the » = 3 term and is
identified tobe s Vg2 E[-N2(}_;(Gi1)®)? PP~ PDP].In Lemma 6.12 we prove
that it cancels with the fourth term on the right side of (3.22) after removing some
negligible contributions (see the beginning of Sect. 6 for quantitative statement of
negligible contributions). See the second part of Lemma 6.4 and Sect. 6.7.

e The r = 2 term is negligible. The main ideas in this estimate are the identification
of an unmatched index and the cumulant expansion of the term in the unmatched
index. See Sect. 6.4.

e The negligible contributions, including the terms with r > 4, can be identified by
power counting or further expansions using cumulant series. For this analysis, we
rely on the entry-wise local law (2.24) and ideas inspired by the GOE computation
in Remark 3.1 above.

As we will see in Sect. 4, the inclusion of the fourth moment s /g2 in P (m)
enables us to compute the deterministic shift of edge which is of order ¢ ~2. While
it is possible to include a higher order correction term involving the sixth moment,
5© /g*, this would not improve the local law in our proof since the largest among the
negligible contributions originates from the r = 3 term in (3.25). (More precisely, it
is I3 5 of (6.6).)

In Sect. 5, we then prove Theorem 2.4 and Theorem 2.9 using the recursive moment
estimate for m and a local stability analysis. The local stability analysis relies on some
properties of the Stieltjes transform 7 of the deterministic distribution p obtained in
Sect. 4.

3.4 Tracy—Widom limit and Green function comparison

To establish the edge universality (for ¢ > 1/6), we first show in Sect. 7.1 that the
distribution of the largest eigenvalue of H may be obtained as the expectation (of
smooth functions) of the imaginary part of m(z), for appropriately chosen spectral
parameters z. Such a relation was the basic structure for proving the edge universality
in [16,23], and the main ingredients in the argument are the local law, the square-
root decay at the edge of the limiting density, and an upper bound on the largest
eigenvalue, which are Theorems 2.4, 2.9 and Lemma 4.1 for the case at hand. For the
sake of completeness, we redo some parts of these estimates in Sect. 7.1.
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In Sect. 7.2, we then use the Green function comparison method [21,23] to com-
pare the edge statistics of H with the edge statistics of a GOE matrix. Together with
the argument of Sect. 7.1, this will yield the Tracy—Widom limit of the largest eigen-
value. However, the conventional discrete Lindeberg type replacement approach to the
Green function comparison does not work due to the slow decaying moments of the
sparse matrix. We therefore use a continuous flow that interpolates between the sparse
matrix ensemble and the GOE. Such an approach has shown to be effective in prov-
ing edge universality for deformed Wigner matrices [37] and for sample covariance
matrices [38].

More concretely, we consider the Dyson matrix flow with initial condition H
defined by

Hy = e/ Hy + /T — e 1 WOOE (t>0), (3.26)

where WOOF is a GOE matrix independent of Hy. In fact, since we will choose Hy
to be a sparse matrix H with vanishing diagonal entries, we assume with some abuse
of terminology that WOOF = (WOOE)* has vanishing diagonal, i.e. we assume that
WSOE = 0 and that (WS’OE,i < j) are independent centered Gaussian random
variables of variance 1/N. It was shown in Lemma 3.5 of [35] that the local edge
statistics of WOOF is described by the GOE Tracy—Widom statistics.

LetK,(k) be the k-th cumulant of (H;);;,i # j.Then, by the linearity of the cumulants

under the addition of independent random variables, we have /c,(l) =0, Kt(z) =1/N

and Kt(k) =e /2™ k>3 In particular, we have the bound
Ck ck
() <o 0 k=>3), (3.27)
t k—2
Ng,

where we introduced the time-dependent sparsity parameter
g =qe'l?. (3.28)

Choosing t = 6log N, a straightforward perturbation argument shows that the local
statistics, at the edges and in the bulk, of H; and WOOF agree up to negligible error.
It thus suffices to consider # € [0, 6log N].

We first establish the local law for the normalized trace of the Green function
of H;. Let

Gi(2) =Gli(z) =

N
i@ =mf@) =+ ;(Gmi(z), (ceCh).

(3.29)

HI—ZI’

Proposition 3.3 Let Hy satisfy Assumption 2.3 with ¢ > 0. Then, for anyt > 0, there
exists an algebraic function m; : C* — C* and 2 < L, < 3 such that the following
holds:

@ Springer



Local law and Tracy—Widom limit for sparse random matrices 565

(1) m; is the Stieltjes transform of a deterministic symmetric probability measure
P, Le.my(z) = mg, (2). Moreover, supp py = [—L;, L;] and p; is absolutely
continuous with respect to the Lebesgue measure with a strictly positive density
on (—Ly, Ly).

(2) m, = m;(z) is a solution to the polynomial equation

P () =14z, + w2 +e g 2s Wit
~ 0 2 (4)~4 (3-30)
=1+zm+m;+e g "sVm; =0
(3) The normalized trace of the Green function satisfies
~ 1 1
lm(z) —m ()] < =+ —, (3.31)

Nn

q;

uniformly on the domain £ and uniformly int € [0, 6log N1].

Note that Theorem 2.4 is a special case of Proposition 3.3. Given Proposition 3.3,
Corollary 2.5 extends in the obvious way from H to H;. Proposition 3.3 is proved in
Sect. 5.1.

The endpoints £L; of the support of j; are given by L, = 2 + e 's®g, 2 +
0(e % ¢, ) and satisfy

Li=—-2e""sWg 2+ 0 g™, (3.32)

where Lt denotes the derivative with respect to ¢ of L;; cf. Remark 4.2 below.

Choose now g > N? with ¢ > 1/6. In our proof of the Green function comparison
theorem, Proposition 7.2, we estimate the rate of change of m, along the Dyson matrix
flow over the time interval [0, 6 log N], where it undergoes a change of o(1). The con-
tinuous changes in m; can be compensated by letting evolve the spectral parameter
z = z(t) according to (3.32). This type of cancellation argument appeared first in [37]
in the context of deformed Wigner matrices. However, one cannot prove the Green
function comparison theorem for sparse random matrices by directly applying the can-
cellation argument since the error bound for the entry-wise local law in Proposition 2.6
is not sufficiently small. Thus the proof of the Green function comparison theorem
requires some non-trivial estimates on functions of Green functions as is explained in
Sect. 7.2.

4 The measure p and its Stieltjes transform

In this section, we prove important properties of 71, = mi,(z) introduced in Proposition
3.3. Recall that 71, is a solution to the polynomial equation P; ;(7,) = 0in (3.30) and
that we set ¢, := e'/?¢. Recall moreover the domain £ defined in (2.18).

Lemma 4.1 For any fixed z = E + in € &€ and any t > 0, the polynomial equation
Py, .(w;) = 0 has a unique solution w; = w;(z) satisfying Imw; > 0 and |w,| < 5.
Moreover, w; has the following properties:
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(1) There exists a probability measure p; such that the analytic continuation of w;
coincides with the Stieltjes transform of p;.

(2) The probability measure p; is supported on [—L;, L], for some L; > 2, it has a
strictly positive density inside its support and it vanishes as a square-root at the
edges, i.e. letting

% =2 (E) ;= min{|E + L;|, |E — L;|}, “.1)
we have
pi(E) < Jff (E) (E € (=L, Ly)). 4.2)

Moreover, Ly =2 +¢ g, 2s® + 0(e 2¢,*).
(3) The solution w; satisfies

Imw(E +in) < /3¢ + 1 if Ee€l[-L;, L],

. U . (4.3)
I E X — E ¢[—-L, L;].
m w[( + ”7) m lf‘ ¢ [ t l]
Proof For simplicity, we abbreviate P = P; ;. Let
1
Q(w) = Qr(w) i= —— —w, —e g% Ww 4.4
t

By definition, P(w) = O if and only if z = Q(w). It is easily checked that the
derivative

0 (w) = i —1-3e""g 2Ww 4.5)

is monotone increasing on (—oo, 0). Furthermore, we have

Q'(-1)=-3e7'q; %W <0, Q'(~1+2¢7%Y)
=@4- 3e—f)q;2s(4> +0(q™ > 0.

Hence, Q'(w) = 0 has a unique solution on (—1, —1 + 2¢,2s™®), which we will
denote by t;, and Q(w) = Q;(wy;) attains its minimum on (—o0, 0) at w; = t;. We
let L; :== Q;(t;), or equivalently, w, = t; if z = L;. A direct calculation shows that

3e!
n=—1+ TCIfZS(4) +0E€ g™, Li=24+e'q W 106 Hg ™.
4.6)
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For simplicity we let L = L; and t = 1;. Choosing now w = Q_1 (z) we have the
expansion

t= Q@) + 0w —1) + %(w 2+ 0(w—1P)
0" (1)

=L
+2

w—17%+0(w—1%), “.7)
inag, Y 2-neighborhood of 7,. We hence find that

1/2
w=z+(#) Vi—L+0(z- L)), .8)
0" (r)

in that neighborhood. In particular, choosing the branch of the square root so that
v7—L € CT, we find that Inw > 0 since Q”(r) > 0. We note that there exists
another solution with negative imaginary part, which corresponds to the different
branch of the square root.

We can apply the same argument with a solution of the equation Q'(w) = 0 on
(1 —2¢,2s™ 1) leading us to the relation

1/2
w:—r+(i> Nz+L+0(z+ L)), (4.9)
Q' ()

in a q,l/ 2-neighborhood of —r.
For uniqueness, we consider the disk Bs = {w € C : |w| < 5}. On its boundary
0Bs

|w2 +zw+ 1] > |w|2 —zl - Jw]—1>1> }qf2w4s(4)|, (4.10)

for z € £. Hence, by Rouché’s theorem, the equation P(w) = 0 has the same number
of roots as the quadratic equation w? + zw + 1 = 0 in Bs. Since w? + zw + 1 = 0 has
two solutions on Bs, we find that P (w) = 0 has two solutions on it. Forz = L + iqt_l,
we can easily check that one solution of P(w) = 0 has positive imaginary part (from
choosing the branch of the square root as in (4.8)) and the other solution has negative
imaginary part. If both solutions of P(w) = 0 are in C* UR (or in C~ U R) for some
z =% e CT, then by continuity, there exists z’ on the line segment joining L + ig, "
and 7 such that P; y(w’) = 0 for some w’ € R. By the definition of P this cannot
happen, hence one solution of P(w) = 0 isin C* and the other in C™, for any 7 € £.
This shows the uniqueness statement of the lemma.

Next, we extend w = w(z) to cover z ¢ £. (With slight abuse of notation, the
extension of w will also be denoted by w = w(z).) Repeating the argument of the
previous paragraph, we find that P(w) = 0 has two solutions for z € (—L, L).
Furthermore, we can also check that exactly one of them is in C* by considering
z==xLFq, ! and using continuity. Thus, w(z) forms a curve on C*, joining —7
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and t, which we will denote by I". We remark that, by the inverse function theorem,
w(z) is analytic for z € (—L, L) since Q'(w) # 0 for such z.

By symmetry, I" intersects the imaginary axis at w(0). On the imaginary axis, we
find that

1
Qw)=— —1-3e"¢ %P> <0 if [w| <5. 4.11)
w

Thus, we get from Q(w) = z that

dw 1 dz i
— = = (4.12)
dp  Q'(wydn  Q'(w)
which shows in particular that w(i) is purely imaginary and Im w(i) < Im w(0). By
continuity, this shows that the analytic continuation of w(z) for z € C* is contained in
the domain Dr enclosed by I' and the interval [—L, L]. We also find that |w(z)| < 5,
forall z € CT.
To prove that w(z) is analytic in C™, it suffices to show that Q' (w) # 0forw € Dr-.
If Q'(w) = 0 for w € Dr, we have

w?Q'(w) =1—w?-3e "¢ 2sWuw* =0. (4.13)
On the circle {w € C : [w| = 5},
11— w?| >24 > [3e7"q; 2w'sW]. (4.14)
Hence, again by Rouché’s theorem, w? Q' (w) = 0 has two solutions in the disk {w €
C : |w| < 5}. We already know that those two solutions are 7. Thus, Q' (w) # 0 for
w € Dr and w(z) is analytic.
Let 5 be the measure obtained by the Stieltjes inversion of w = w(z). To show that
p is a probability measure, it suffices to show that limy_, . iy w(iy) = —1. Since w
is bounded, one can easily check from the definition of w that |[w| — 0 as |z| — oo.
Thus, by considering z = iy and letting y — o0,

0= lim P(w(iy) = lim (1+iyw(iy)). (4.15)

which implies that lim,_, o iy w(iy) = —1. This proves the first property of 5. Other
properties can be easily proved from the first property and Egs. (4.8) and (4.9). O

Remark 4.2 Recall that ¢, = e'/2g. As we have seen in (4.6),
L, =2+ e—qu—zsm) + O(e_Z’q,_“) —24e g 2%® L 0@ Mg,

Moreover, the time derivative of L, satisfies

'_i _@ ’ -_@ A2t 2,43
Lt—dtQ(T)— at(f)JrQ(r)r—at(f)—Ze q st
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hence, referring once more to (4.6),
Lt — _Ze—tqt—ZS(4) + O(G—ZIqt—4) — _ze—th—zs(4) + 0(6—4lq—4) .

Remark 4.3 It can be easily seen from the definition of P; ; that w, — mgas N — oo
ort — o0. For z € &£, we can also check the stability condition |z + w;| > 1/6 since

l+e—21 —2S(4) w 4
|z+w,|=| |qw| [ ] (4.16)
t

and |w;| < 5, as we have seen in the proof of Lemma 4.1.

5 Proof of Proposition 3.3 and Theorem 2.9
5.1 Proof of Proposition 3.3

In this section, we prove Proposition 3.3. The main ingredient of the proof is the
recursive moment estimate for P (m,). Recall the subdomain D of £ defined in (3.2)
and the matrix Hy, t > 0, defined in (3.26). We have the following result.

Lemma 5.1 (Recursive moment estimate) Fix ¢ > 0 and suppose that Hy satisfies
Assumption 2.3. Fix any t > 0. Recall the definition of the polynomial P = P; ; in
(3.30). Then, for any D > 10 and (small) € > 0, the normalized trace of the Green
function, m; = m;(z), of the matrix H; satisfies

E |P(m)[2" sNEE[(qﬂ + Im"”)IP( »\ZD‘]}

t

_ _ ~ 2D—1
+ N/, ‘E[|mt — iy ?| P(my)| }

C 2D s-2 Immt 25—s'— ) y 2Ds
+ N°g, ZZE[( ) !P<mt>| |P(my)| ]

s=2 s'=0
2D 12 s—1
— 1 llmm, 1 Immt
e Eol (25 )
Z Nn g\ Np q?/)\ Nn
X |P’(m,)|“|P<mt)|2D“‘] : (5.1)

uniformly on the domain D, for N sufficiently large.

The proof of Lemma 5.1 is postponed to Sect. 6. We are now ready to prove
Proposition 3.3.

Proof of Proposition 3.3 and Theorem 2.4 Let m; be the solution w; in Lemma 4.1.
Parts (1) and (2) of Proposition 3.3 and Theorem 2.4 were already proved in
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Lemma 4.1, so it suffices to prove the statements (3). For simplicity we omit the
z-dependence from the notation. Fix ¢ € [0, 6log N]. Let

A; = |ml — ﬁ[| . (52)

We remark that from the local law in Lemma 2.6, we have A; < 1, z € D. We also
define the following z-dependent deterministic parameters

~ ~ 1 1
api=1Imai,,  ay:=P@y), Bi=-—5+—, (5.3)
i Nn
with z = E + in. We note that

laa| > Im P’ () = Imz + 2 Imm; + de's@g (3(Rem,) Imm,—(lmm,))

ZIm’%I =y,

since |n1;| < 5 as proved in Lemma 4.1. Recall that 72, (L) = 7 in the proof of Lemma
4.1. Recalling the definition of »; = »;(E) in (4.1) and using (4.8) we have

— T xXVz—-L XX+
By the definitions of t and L in the proof of Lemma 4.1, we also have that

I
L+20+4e7q %Wt = —— — v —e7g 0% W 4 20 1 de g 20
T

1
=—t<——l—3e q; —2 2(4)>=O,
T2

P/ (i) = 2+ 27, +de g 2w s = (z — L) + 27, — 1)
+de g2 W} — %), (5.4)

hence

and we find from (4.8) that

loa| = [P'(is)| =< /o + 1.
We remark that the parameter o is needed only for the proof of Theorem 2.9; the
proof of Proposition 3.3 can be done simply by substituting every o below with |as|.

Recall that, forany a, b > O and p, q > 1 with p’1 —i—q’l = 1, Young’s inequality
states

ab < — + —. (5.5
p q
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Let D > 10 and choose any (small) ¢ > 0. All estimates below hold for N
sufficiently large (depending on D and €). For brevity, N is henceforth implicitly
assumed to be sufficiently large. Using first that Im m; < Imni;+ |m; —ni;| = o+ A,
and then applying (5.5) withp = 2D and q = 2D/(2D — 1), we get for the first term
on the right side of (5.1) that

Imm _ _ o]+ A _ _ _
N€ (Tnt +q, 4>|P(m,>|2D lsNGN—nﬂP(mf)PD L N 4P (my) PP

N(2D+l)€ ay + A 2D N N(2D+l)€ _sD N 22D - 1)
2D Nn o0 I 2D

NTIT P ()PP

(5.6)

<

Similarly, for the second term on the right side of (5.1), we have

N—(P/4=De 2D — 1 ¢
—€/8 —1,2 2D-1 —2D A 4D S . 2D
NP AT IPOn) PP < —— g P AP + = NI Py PP
5.7
From the Taylor expansion of P’(m,) around 711;, we have
|P'(my) — P'(mi;) — P" (M) (m; —my)| < CQ,_ZA,Z, (5.8)

and |P'(m;)| < |az| + 3A;, for all z € D, with high probability since P”(n;) =
2+ O(qu) and A; < 1 by assumption. We note that, for any fixed s > 2,

(1 + A" (a2l + 380" = N (@1 + A (e + 34"
< N(@1 + A" (lea| + 342
with high probability, uniformly on D, since a1 < |oz| < C and A; < 1. In the third

term on the right side of (5.1), note that 2s —s” — 2 > s since s’ < s — 2. Hence, for
2<s<2D,

Imm 2s—s'—2 ,
Nég;! (—) |P'(m)|* | P(my)| P

< Nq;' B (a1 + AP 2 (laa] + 3A0)* | P(my) PP
< N%g718% (a1 4+ A2 (laa] + 30072 | P(m))?P~

2P (my) 2P
(5.9)

1 S 2D
< Ny, 15;82%1 +A)P(jaa| +3A0)P + N*g, ! D

uniformly on D with high probability. For the last term on the right side of (5.1), we
note that

Lo ()L g (5.10)
< B, .
Ny T\ Ty 4
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uniformly on D. Thus, similar to (5.9) we find that, for2 <s < 2D,

1 L (Imm 2 o\ (Imm, ! -1 B
NG(N_M%I( Nnt) +“’f2><_wn‘t) [P P Gn 20

< N*B- 8o + A (Jaa] + 3402 |P(my) PP~

2D

Ky (2D—s)e K
55<NZGN ) B (a1 + AP (jaa] +3A,)P

2D
2D — _ @D=s) \ 2D—s
+ s(N 4D2> | P(my)| 2P

2D
< NOPHE2D (@) 4 AP (oa| +30)P + N7 [P PP (511

for all z € D, with high probability. We hence have from (5.1), (5.6), (5.7), (5.9) and
(5.11) that

2 2D+1 2 N@P+Dhe
E[IPm)PP] < NCPVE[ B2 (@1 + AP (a2l +380)° | + ——5—a7 "
N—(D/4—De .

+ 55— E [A;‘D] +CN-E [|P(m,)|20] ,
(5.12)

for all z € D. Note that the last term on the right side can be absorbed into the left
side. Thence

E[1Pm)PP]

(2D+1)e

< CN(ZD-‘:—l)EE I:ﬂZD(al + A;)D(|C(2| + 3AI)D:| + th—SD
N—(PA=De ) 4D
Tt 4k [A’ ]
< N3De’32D|a2|2D+N3Deﬂ2DE [AtzD] +N3Deqt—8D+N—De/8qt—2DE I:A?D] ’
(5.13)
uniformly on D, where we used that D > 10 and the inequality
(@+b)P <27 (aP +bP), (5.14)
forany a, b > 0 and p > 1, to get the second line.
Next, from the third order Taylor expansion of P (m,) around 71, we have
~ P" (i) ~ 2 243
P(m;) — aa(m; — my) — > (my —m)”| < Cq; “A; (5.15)
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since P(m;) = 0and P""(m;) = 4!e"q[2s(4)n7f. Thus, using A; < 1 and P (mi;) =
24 O(qt_z) we get

A? < 20on| A, +2|P(my)]|, (zeD). (5.16)

Taking the 2 D-power of the inequality and using once more (5.14), we get after taking

the expectation

E [A;‘D] < 42D N€/2|g, 2PR [A,ZD] + 42D N2 [|P(mt)|2D] : (zeD).
(5.17)

Replacing from (5.13) for E[| P (m;)|*P] we obtain, using that 4°° < N¢/2 for N
sufficiently large,

+ NGBD+Deg2DR [Atzb] 4 NGD+De, 8D
t
+ N—Dé/8+eqt—2DE[A;lD] ’ (5.18)
uniformly on D. Applying the Schwarz inequality to the first term and the third term

on the right, absorbing the terms o(l)E[A;‘D ] into the left side and using ¢, 2 < pBin
the fourth term, we get

E[A;‘D] < N%|q,|*P 4 NGD+2eg2D| 12D | N (BD+2)e gdD (5.19)

uniformly on D. Feeding (5.19) back into (5.13) we get, for any D > 10 and (small)
€ >0,

+ N(3D+1)€ﬂ4D + qt—2D|a2|4D
E N5D€’32D|a2|2D + N5D€ﬁ4D + qt—2D|a2|4D’ (520)
uniformly on D, for N sufficiently large, where we used the Schwarz inequality and
once more (5.19) to get the second line.
By Markov’s inequality, we therefore obtain from (5.20) that for fixed z € D,

|P(my)| < |a2|B + B2 + ¢, 'az|?. 1t then follows from the Taylor expansion of
P (m,) around 71, in (5.15) that

loa (my — i) + (my — )| < BAZ + ol B + B + g o), (5.21)

for each fixed z € D, where we used that g, 2 < B. To get a uniform bound on D,
we choose 18N8 lattice points 71, z2, - . ., z1gns in D such that, for any 7 € D, there
exists z,, satisfying |7 — z,| < N~*. Since
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m(z)

Z

-2

- 1
<lz—zplsup ——= <N

lm: (@) —m(zn)] < |27 — zal su
t t\&n n p zED(ImZ)2

zeD

and since a similar estimate holds for |7, (Z) — m;(z)|, a union bound yields that (5.21)
holds uniformly on D with high probability. In particular, for any (small) € > 0 and
(large) D there is an event E with P(8) > 1 — NP such that, for all z € D,

loa(m; — i) + (m — my)?| < NBA? + N€|oa| B+ NB? + N€q; a2,
(5.22)

on &, for N sufficiently large.

Recall next that there is a constant Cy > 1 such that C; ! w(E)+n < oy <
Co+/2:(E) + n, where we can choose Cy uniform in z € £. Note further that § =
B(E + in) is for fixed E a decreasing function of  while /k;(E) + 1 is increasing.
Thus, there exists 7o = 7jo(E) such that /% (E) + 7o = Cogq:B(E + ino). We then
consider the subdomain D C D defined by

Di={z=E+ineD: n>i(E)}. (5.23)
On 5, B <gq; 1 |tz |, hence we obtain from the estimate (5.22) that
a2 (my = i) + (m = m)*| < NBAT + 3N, ol
and thus
jealAr < (1+ N B)AF +3Nq; ol
uniformly on D on Z. Hence, we geton & E that either
loa| < 4A, or Ay < 6N ool (zeD). (524
Note that any z € £ withn =Imz = 3 isin D. When n = 3, we easily see that
2| = |z + 27| = Cq;? = =3 3> 6Ng; ol
for sufﬁc1ently large N. In particular we have that either 3/4 < A; or A; =<

6N¢q |052| on E for n = 3. Moreover, since m; and mi, are Stieltjes transforms,
we have

2
Ay < =.
3

ESHIN S

We conclude that for n = 3, the second p0551b111ty, A < 6N eq, |z | holds on z.
Since 6N€g, '« 1onD,in particular 6N6q[ loa| < |a2|/8, we find from (5.24)
by continuity that
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Ar <6N“q; el , zeD). (5.25)
holds on the event . Putting the estimate (5.25) back into (5.13), we find that

E[|P(m,)|2D] < N4Deﬂ2D|a2|2D +N3Deqt—8D+qt—6D|a2|4D

for any (small) € > 0 and (large) D, uniformly on D. Note that, for z € D\ﬁ, the
estimate E[| P (m;)|*P] < NP 82D | |2P 4 NOP€ 84D can be directly checked from
(5.20). Considering lattice points {z;} C D again, a union bound yields for any (small)
€ > 0 and (large) D there is an event E with P(Z) > 1 — N such that

oz (my — 7iy) + (m — my)?| < NCBA? + N€|oa| B + N B2, (5.27)

on E, uniformly on D for N sufficiently large.
Next, recall that 8 = B(E + in) is for fixed E a decreasing function of 1 while

V#:(E) + n is increasing. Thus there is no = no(E) such that /»(E) +no =
10CoN€ B(E + ing). Further notice that no(E) is a continuous function. We consider
the three subdomains of £ defined by

& i={z=E+ine& : n<no(E), 10N < Nn},

& = {z:E+in €& :n>ny(E), 1I0N€ SNn},

&:={z=E+ine& : 10N > Nn}.
Note that £{UEy C D. We split the stability analysis of (5.27) according to whether z €
E1,E 0r&5. Case 11f z € £, wenotethat |ap| < Co/x(E) +1 < 10C§N€ﬂ(E+in).
We then obtain from (5.27) that

A? <|aa|A; + NEBA? + N€|aa|B + N€B2
<10C}N BA; + N BA? + (10CIN® + 1)NB?,

on Z. Thus,
Ay <CN°B, (zeé&, (5.28)

on E, for some finite constant C.
Case 2 If 7 € &, we obtain from (5.27) that

laalAs < (1 + NB)A? + o N B + N€B2, (5.29)

on E. We then note that Colaa| > /2 (E) +n > 10CoN€B, i.e. N B < |az|/10, so
that

laa|l Ay < 202 + (1 + N~ )|aa|N°B, (5.30)
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on E, where we used that N8 < 1. Hence, we get on E that either
laa] <4A; or A, <3NB, (z€&). (5.31)

We follow the dichotomy argument and the continuity argument that were used to
obtain (5.25). Since 3N < |az|/8 on &, we find by continuity that

A S3N°B, (€&, (5.32)

holds on the event E. Case 3 For z € & = E\(E U &) we use that |m}(z)| <
Imm,(z)/Imz,z € C*,since m;, is a Stieltjes transform. Set now 7 := 10N ~!*¢_ By
the fundamental theorem of calculus we can estimate

. T Imm E +1is .
|m: (E +in)| 5/ #derlmz(EﬂLl?f)l
n

751 E +i
5/ ST (B 219 4 4 A(E + i) + 175, (E + ).
n N

Using that s — s Im m; (E +1is) is a monotone increasing function as is easily checked
from the definition of the Stieltjes transform, we find that

25 - .
Imy (E +1in)| < 7” Imm, (E +i%) + A (E + i7) + |71, (E + i)
e (5.33)
=< CN—n(Im%t(E +1i) + A(E +iﬁ)) + |m;(E +i7)],

for some C where we used 77 := 10N ~!*€ to get the second line. Noticing that
z = E+1i7 € £;U&,, we have on the event E that A, (E +i7) < CN¢B(E +i7) < C
as follows from (5.28) and (5.32). Using moreover that 772, is uniformly bounded by a
constant on £, we then get that, on the event &,

A <CNCB, (z€&). (5.34)

Combining (5.28), (5.32) and (5.34), and recalling the definition of the event &,
we get A; < B, uniformly on & for fixed ¢ € [0, 6log N]. Choosing r = 0, we have
completed the proof of Theorem 2.4. To extend this bound to all 7 € [0, 6log N], we
use the continuity of the Dyson matrix flow. Choosing a lattice £ C [0, 6log N with

spacings of order N 3, we get A, < B, uniformly on £ and on £, by a union bound. By
continuity we extend the conclusion to all of [0, 6 log N]. This proves Proposition 3.3.

5.2 Proof of Theorem 2.9

We start with an upper bound on the largest eigenvalue Afi’ of H,.

@ Springer



Local law and Tracy—Widom limit for sparse random matrices 577

Lemma 5.2 Let Hy satisfy Assumption 2.3 with¢ > 0. Let L; be deterministic number
defined in Lemma 4.1. Then,

1

H,

A —L, < — 4+ ——=
1 t s
gt NP

(5.35)

uniformly in t € [0, 6log N].

Proof To prove Lemma 5.2 we follow the strategy of the proof of Lemma 4.4 in [15].
Fix ¢t € [0, 6log N]. Recall first from (5.3) the deterministic z-dependent parameters

1

ap:=Imm;, oar:=Pm;), PBp:= 5 + (5.36)
q;

1
Nn '~
We mostly drop the z-dependence for brevity. We further introduce the z-independent
quantity

B 1 1 \!/2
B = (— + —> . (5.37)
AN
Fix a small € > 0 and define the domain D, by
_ N€
DE:={1=E~|—in:N4EEz§x,§q, 1/3,77:—}, (5.38)
where %, = »%,(E) = E — L,. Note that on D,

—€

N
N He gy < NF x> N>*p.

In particular we have NEE < (Nn)~', hence Neqt_2 < C(Nn)~! so that q,_2 is
negligible when compared to (N7)~! and 8 on D.. Note moreover that

N€
laa| < A/ + X\/}f_z:N—nXNe,B,

n n —5¢ —5¢ —4e
—_— = <N w X N7%ap| < N . (5.39)
N2 Tl \/Jf_t ﬁ P

ay =Imm, <

In particular we have o] << |arz| on De.
We next claim that

~ 1
A= — K —
t [my — my| N7
with high probability on the domain D.
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Since D, C &, we find from Proposition 3.3 that A; < N < B for any ¢/ > 0 with
high probability. Fix 0 < €’ < €/7. From (5.13), we get

E[IPen)PP] = CNOPTVE[ 22 + A)P 0zl +300)° ]

N D+ . N—(D/A=1)é

_ -2D 4D
+ 0D gy + D —q; "E [At :|
, N(2D+1)E/ B N4De/ _

’
S CZDN6D€ ,34D ,

for N sufficiently large, where we used that A; < N ¢ B < N€¢B with high prob-
ability and, by (5.39), o] < |az], |aa] < CN€B on D.. Applying (2D)-th order
Markov inequality and a simple lattice argument combined with a union bound, we
get |P(m;)| < CN3¢B2 uniformly on D, with high probability. From the Taylor
expansion of P(m,) around 71, in (5.15), we then get that

laa| A, < 2A2 + CN3 g2, (5.40)

uniformly on D, with high probability, where we also used that A; << 1 on D, with
high probability.

Since A; < N€B < CN€ ~¢|ay| with high probability on D., we have |as|A; >
CN=¢ A2 > 2A2. Thus the first term on the right side of (5.40) can be absorbed
into the left side and we conclude that

B

_,8 S CN3€/—€ﬁ ,
laz|

A; < CN3

must hold with high probability on De. Hence, using that 0 < ¢’ < ¢/7, we obtain
that

—€/2

A <N¢?B <2 ,
1 < B < N7

with high probability on D.. This proves the claim that A, << (N 77)_l on D, with
high probability. Moreover, this also shows that

~ 1
Imm,« < Imm, + At =uo] + At < N_ , (541)
n

on D, with high probability, where we used (5.39).
Now we prove the estimate (5.35). If k{{‘ € [E —n, E +n]forsome E € [L; +
Ne(g ™+ N~23), L, + ¢~ '3 withz = E + iy € D,
H, : = - H, . z
M'—E—in N —E2+n* S5Nn

1
Imm,(z) > ~ Im , (5.42)
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which contradicts the high probability bound Imm; << (Nn)~! in (5.41). The size
of each interval [E — n, E + n] is at least N_1+6q,]/6. Thus, considering O (N)
such intervals, we can conclude that A| ¢ [L + N°¢ (q,_4 + N3, L+ q,71/3] with
high probability. From Proposition 2.8, we find that Afl’ - Ly <gq, 13 with high
probability, hence we conclude that (5.35) holds, for fixed ¢ € [0, 6log N]. Using a
lattice argument and the continuity of the Dyson matrix flow, we easily obtain (5.35)
uniformly in ¢ € [0, 6log N]. O

We are now well-prepared for the proof of Theorem 2.9. It follows immediately
from the next result.

Lemma 5.3 Let Hy satisfy Assumption (2.3) with ¢ > 0. Then, uniformly in t €
[0, 61log N1,

1 1
WH N = Lil < 5 + =75 -
e YRIE

(5.43)

Proof of Lemma 5.3 and Theorem 2.9 Fix t € [0, log N]. Consider the largest eigen-
value kfl’. In Proposition 5.2, we already showed that (L; — )»f[’)_ <q; Y N5,
It thus suffices to consider (L; — Afl’)+. By Lemma 4.1 there is ¢ > 0 such that
c(L; — )»f[’)i/z < ng, (A?’, L;), with nj, as in (2.21). Hence, by Corollary 2.5 (and its
obvious generalization to H;), we have the estimate

H,
L—A’)
32 (t 1)

H,
L—A’) DI 5.4
(’ by 2 N 49

sothat (L, — ")y < ¢4+ N3, Thus |A" — L,| < ¢;* + N3, Similarly, one
shows the estimate |)LZ’ + L;| < q[4 + N—2/3 for the smallest eigenvalue XZ’. This
proves (5.43) for fixed ¢ € [0, 6log N]. Uniformity follows easily from the continuity
of the Dyson matrix flow. O

6 Recursive moment estimate: Proof of Lemma 5.1

In this section, we prove Lemma 5.1. Recall the definitions of the Green functions G;
and m; in (3.29). We fix t € [0, 6log N] throughout this section, and we will omit ¢
from the notation in the matrix H;, its matrix elements and its Green functions. Given
a (small) € > 0, we introduce the z-dependent control parameter &, = D(z) by
setting

e 1 Immy 2D-1
®.(z) =N E[(q;mL N )|P(mz)| }

_ — ~ 2D—-1
+N 6/4% 1E|:|m, - mt|2‘P(mt)‘ :|
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L §—2 Im m, 2s5—s'—2 ) v 2Dos
+Ng 'Y DE N |P'(mp)|” | P(my)]

+ Neqtng

. Imm,\"? 1\ /Imm,\*"!
+N Z]E + =5 |
QI Nn q; Nn

< [P m)|* " [ Pm)|?P~ ] 6.1)

Recall the domain D defined in (3.2). Lemma 5.1 states that, for any (small) € > 0,
E[IPI*P ()] < ®c(2), (zeD), (6.2)

for N sufficiently large. We say that a random variable Z is negligible if |E[Z]| < C D,
for some N-independent constant C.

To prove the recursive moment estimate of Lemma 5.1, we return to (3.25) which
reads

¢ (r+1)

E[(1 4 zm)PP~'PD] = ;]Z [Za{k(ckiPD‘lﬁ)}

SR Yoo 63)
+ ]EQZ<(1 + zm)PD’lﬁ) ,

where 0;; = 9/(d Hjx) and /c[(k) are the cumulants of (H;);;,i # j. The detailed form
of the error [EQ2,(+) is discussed in Sect. 6.1.
It is convenient to condense the notation a bit. Abbreviate

[ =1(z,m,D):=14+zm)Pm)P~'Pm)P. (6.4)

We rewrite the cumulant expansion (6.3) as

l r
El =YY wy, Bl +EQ), (6.5)
r=1s=0
where we set
Is = Nk el Z 05" Gri) (93 (PP PP)) (6.6)
i#k

(By convention 32( Gii = Gy;.) The weights wy, ; are combinatoric coefficient given
by

Lfr 1
Wy, = ;<s> = m 6.7)
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Returning to (3.22), we have in this condensed form the expansion

4 r )
s _
E[|P*P] = Z Z wy, Bl + IE[(m2 + 7;114)100—1 PD} +EQe(I).
r=1s=0 ¢

(6.8)

6.1 Truncation of the cumulant expansion

In this subsection, we bound the error term [£€2y(7) in (6.8) for large £. We need some
more notation. Let EI%) denote the N x N matrix determined by

. 8iad 7 ifi £k,
(E[lk])a . { iadkb + 8ipdra 11 # G,k,a,be [LN]]) (6.9)

| Siadin ifi =k,
For each pair of indices (7, k), we define the matrix H (o) from H through the decom-
position
H = H"™ 4+ H; EUF (6.10)
With this notation we have the following estimate.

Lemma 6.1 Suppose that H satisfies Assumption 2.3 with ¢ > 0. Let i, k € [1, N],
D € Nand z € D. Define the function Fy; by

Fii(H) := G PP~'P" 6.11)

where G = G (2) and P = P(m" (z)). Choose an arbitrary £ € N. Then, for any
(small) € > 0,

IE[ sup |8koki(H(ik)+xE[ik])|}§N€, (6.12)

x€eR, \xISqfl/z

. . . . . {
uniformly z € D, for N sufficiently large. Here Bfk denotes the partial derivative —(3{5 .

¢ ik
Proof Fix two pairs of indices (a, b) and (i, k). From the definition of the Green
function and (6.10) we easily get
(k) @0 i (k) (k)
Gl =Gl + Hy(G"EMGH) =Gl + HyGI Gl + Hi Gl Gl
where we omit the z-dependence. Letting Ag’(ik) = me}jx|GZ;ik)| and Af =
a,

ma}jx|Gfb|, we get
a,
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i 1 i
AH® G AH 4 Z NHAH
qr

since |Hjx| < q[l by (2.12). Moreover by (2.24) we have Af < 1, uniformly in

z € D. It thus follows that Af(ik) < Af < 1, uniformly in z € D, where we
used (2.24). Similarly, for x € R, we have

H(ik)erE[ikJ_ H k) H (k) [ik] H K 4y plik]
Gl =Gl, —x(G"E"™MG )ap *

and we get

)
o

(i) 4 plik]
sup max |GATHET A
ab ab
|x|§qt_1/2 ’

<1, (6.13)

uniformly in z € D, where we used once more (2.24).

Recall that P is a polynomial of degree 4 in m. Then Fy; is a multivariate polynomial
of degree 42D — 1) + 1 in the Green function entries and the normalized trace m
whose number of member terms is bounded by 42P=1 Hence Biek Fy; is a multivariate
polynomial of degree 4(2D — 1) + 1 + £ whose number of member terms is roughly
bounded by 42D=1 5 (42D — 1)+ 1 +21)!. Next, to control the individual monomials
in Bfk Fi, we apply (6.13) to each factor of Green function entries (at most 4(2D —
1) + 1 + £ times). Thus, altogether we obtain

IE[ sup (3% Fii) (H™ +xE[”<1)|] < 42D (8D + ¢)NBP+OE (6.14)
lx|<q, "

for any small ¢’ > 0 and sufficiently large N. Choosing €' = €/(2(8D + £)) with
get (6.12). O

Recall that we set I = (1 + zm) P(m)P~1P(m)P in (6.4). To control the error term
EQ (1) in (6.8), we use the following result.

Corollary 6.2 Let EQ(I) be as in (6.8). With the assumptions and notation of
Lemma 6.1, we have, for any (small) € > 0,

1 4
IEQ(I)] < N€ (q—) : (6.15)
t

uniformly in z € D, for N sufficiently large. In particular, the error EQ2,(1) is negli-
gible for € > 8D.

Proof First, fix a pair of indices (k, i), k # i. Recall the definition of Fj; in (6.11).

Denoting [E;; the partial expectation with respect to H;, we have from Lemma 3.2,
. —1/2

with 0 = ¢, , that
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Bk Qe (Hix Fii)| < CeBir [|Hil 2] sup

—1/2
lxl<q, "

95 Fi (O 4+ xE1W)|

—1/2
+ CeBie | |Hal 1 (1Hikl > 0 7)

x sup |95 By (H(”‘) —}—xEUkJ)’ , (6.16)
xeR

with Cp < (CE)Z /£!, for some numeral constant C. To control the full expectation of
the first term on the right side, we use the moment assumption (2.12) and Lemma 6.1
to conclude that, for any € > 0,

Cg]E|:IE,-k[|Hk,-|e+2] sup |9/ Fii (H™ +x EUN)|

—1
[x1<q;

cw 2 c(£+2)
:| SCe( £+ )13) Ne
Ng;

N26
S 7
Ng;

for N sufficiently large. To control the second term on the right side of (6.16), we use
the operator norm of G(z) is deterministically bounded by !, i.e. |G(2)|| < n~ !, to
conclude that

' ) (8D+6)
sup |8/ Fii (H™ + xEM)| < 42P (8D + ) (5) , (zeCh);
xeR

cf- the paragraph above (6.14). On the other hand, we have from Holder’s inequality
and the moment assumptions in (2.12) that, for any D’ € N,

1/2 c\”
Eue [ 1Hil 21 (1Hixl > 0 "7) | = (q—) ,
t

for N sufficiently large. Using that ¢, > N? by (2.3), we hence obtain, forany D’ € N,

D/
—1/2 ; ; C
CoEix [|Hik|€+21 (lHik| > gV )] sup |05 i (H(’k) +xE[‘k])‘ < (—) :

xeR qr
(6.17)

uniformly on C*, for N sufficiently large.
Next, summing over i, k and choosing D’ > ¢ sufficiently large in (6.17) we obtain,
forany € > 0

uniformly on D, for N sufficiently large. This proves (6.15). O
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Remark 6.3 We will also consider slight generalizations of the cumulant expansion
in (6.3). Leti, j,k € [1, N]. Letn € Ny and choose indices ay, ..., a,, b1, ..., b, €
[1, N]. Let D € N and choose s1, 2, 53, 54 € [0, D]. Fix z € D. Define the function
Fy; by setting

n
—_—— o —\ 5.
Fii(H) i= Gy [ [ Gan PP PP=2 (P)" (P) 6.18)
=1

It is then straightforward to check that we have the cumulant expansion

G
1 K, |, 1
E[NZHikai] =y = E[ﬁzaikﬂd] +EQ£<NZHikai),
i#k r=1 i#k i#k
(6.19)

where the error EQ (-) satisfies the same bound as in (6.15). This follows easily by
extending Lemma 6.1 and Corollary 6.2.

6.2 Truncated cumulant expansion

Armed with the estimates on ES2,(-) of the previous subsection, we now turn to the
main terms on the right side of (6.8). In the remainder of this section we derive the
following result from which Lemma 5.1 follows directly. Recall the definition of @,
in (6.1).

Lemma 6.4 Fix D > 2 and ¢ > 8D. Let I, ; be given by (6.6). Then we have, for any
(small) € > 0,
wr Bl 0] = —E[m? Pm)P ' P(m)P] + 0(®e), wi, Elh0] = 0(®),
) -
wio Bl 0] = ——E[m* Pem)P " Pm)P] + 0(®0),  wy Ellol = 0(®), @4=<r=<0),
q

2
(6.20)

t

uniformlyin z € D, for N sufficiently large. Moreover, we have, for any (small) € > 0,
wr, Bl 5]l < ®e, (1 <s=<r=9, (6.21)

uniformly in z € D, for N sufficiently large.

Proof of Lemma 5.1 By the definition of ®. in (6.1) (with a sufficiently large (small)
€ > 0), it suffices to show that EJ| P|2D(z)] < ®.(z),forall z € D, for N sufficiently
large. Choosing £ > 8D, Corollary 6.2 asserts that EQ, (1) in (6.8) is negligible. By
Lemma 6.4 the only non-negligible terms in the expansion of the first term on the
right side of (6.8) are wy, \JE11,0 and wy; ([E/3 0, yet these two terms cancel with the
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middle term on the right side of (6.8), up to negligible terms. Thus the whole right
side of (6.8) is negligible. This proves Lemma 5.1. O

We now choose an initial (small) ¢ > 0. Below we use the factor N€ to absorb
numerical constants in the estimates by allowing € to increase by a tiny amount from
line to line. We often drop z from the notation; it is always understood that z € D
and all estimates are uniform on D. The proof of Lemma 6.4 is done in the remaining
Sects. 6.3-6.7 where (EI, ;) are controlled.

6.3 Estimate on I ¢

Starting from the definition of /1 o in (6.5), a direct computation yields

2

K i —=

Lo ZITE[ Z (ailizcizil)PD 1PD:|
i17i02

o -
= -k m Z(GiZiZGilil +Gi|i2Gi2i1)PD 1PD:|

- i1#ip
- - | N L
=-E mzPD*PD} +E[F Z(Gi|i1)2PD_1PD:|

i1=1

1 =
—E e Z(Gi2i1)2PD IPD] (6.22)
- i1 702

The middle term on the last line is negligible since

1 l — N€ —
E E: 2pD-1p E| pP-1p
’m [ (Giyiy) Di| = N [ D],

i1=1

where we used |G;,;,| < 1, and so is the third term since

]E[ Z(Gizil)zPDlﬁ}

i1#i2

_ < NE Im_m|1r>|2D*1 ,
N2 Nn

where we used Lemma 6.5. We thus obtain from (6.22) that
‘11,0 n E[m2PD—1ﬁ]‘ <., (6.23)
for N sufficiently large. This proves the first estimate in (6.20).
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Consider next [1,;. Similar to (3.11), we have

1 —
El} :mi; E[Gizilailiz(PD lPD)}
17102

2D —1) N _
- TE[ Z Z GizilGiziaGi3i2P/(m)PD_2PDi|
i1#ip i3=1

N
2D B —
— m Z Z E[Gi2i1Gi3i2Gi2i3 P’(m)PD 1PD_I:| .

i1#ip i3=1

Here the fresh summation index i3 originated from 9;,;, P(m) = P’ (m)%Z,ﬁ’:l iy
G, Note that we can add the terms with i} = i at the expense of a negligible error,
so that

1 -
El . =—-2(D — 1)1{«:[m Tr G3P’(m)PD—2PD]

— ZDE[%G(G*)ZP’(m)PD] PD—1i| + O0(d.). (6.24)

In the remainder of this section, we will freely include or exclude negligible terms
with coinciding indices. Using (3.14) and (3.15) we obtain from (6.24) the estimate

1 o
[Efy | = ‘E[m Z Giyi, 3iyir (PP 1PD):H
i1#i

Imm _
(Nn)2|P’||P|ZD 2] + @, (6.25)

<@4D — Z)E[
for N sufficiently large. This proves (6.21) forr = s = 1.

6.4 Estimate on I ¢

We start with a lemma that is used in the power counting arguments below.

Lemma 6.5 Foranyi, k € [1, N],

iim--( G (2)] < i)
N ~ ij & jk(Z2)| < Nr; s
N 1/2
! Im m(z)
N ,; 1Gij(2)] < ( N ) ., (zeCh. (6.26)
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Moreover, for fixed n € N,

1 N Imm(z) n/2 +
N Y. GG ()G () G (@)] < N . (zeCT).
JisJ2seesjn=1
(6.27)
Proof LetAH’ > AH’ > > )L ! be the eigenvalues of H;, andletuy, ..., uy,uy =

ua , denoted the associated normalized eigenvectors. Then, by spectral decomposmon
we get

N [ ug (i)
Gyl o (i)t () upDup () ta (1) (W, wp)tp (D)
Zl jl /ZlaXﬁ; —z }‘.ﬁ_z % ()\.a_Z)O\-ﬁ—Z)

N

=y Lta®F lug (i)]?
_ ™ 2

el |)‘Dt Z|

Since the eigenvectors are delocalized by Proposition 2.7, we find that

1Y 1 Y 1 Im m
_ Giil? < — = .
N;' tj| Nzl;pw_dz N,7

This proves the first inequality in (6.26) for i = k. The inequality fori # k, the second
inequality in (6.26) and (6.27) then follow directly from the Schwarz inequality. O

Recalling the definition of I, ; in (6.6) we have

1 P
ho= Nt <5 3 (9;,Giit) PP PP

1112
i1 702

We then notice that /5 ¢ contains terms with one or three off-diagonal Green function
entries G;,;,. We split accordingly

1 3
'l,U[ZYO[z’() = 'l,UIz(IO) 12(’3 + wl(a) 12((; , (6.28)

where 12( o contains all terms with one off-diagonal Green function entries (and, nec-

essarily, two diagonal Green function entries) and where 12(33 contains all terms with

three off-diagonal Green function entries (and zero diagonai Green function entries),

and w 105 W3 denote the respective weights. Explicitly,
2,0 2,0
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1 —_—
1] 3 D—1
EIZ(,O = NK, El:m Z GizilGizizGiliIP PDi| >
i1#i02 (6 29)
19 — NeOr| L > (G PP PP
2)0 — t N2 1] I
i1
and Wp, = 1, w[z(l(; =3, w12(3(; =1.

We first note that 12(’38 satisfies, for N sufficiently large,

e.(3) €
B < 22 E[% ) lGi1i2|2|P|2D—1} < N—E[m—mwﬁ’)—l} <o,
’ qt N s q: Nn

(6.30)

Remark 6.6 (Power counting I) Consider the terms /.o, ¥ > 1. For n > 1, we then
split

n

204+1)
wp, no= E w12(210+1)12(n’0 ,

=0 "

n
(20)

Wh, ln-10= ) wien Dy (6.31)
n—1,
=0

according to the parity of r. For example, forr =1, 1190 =1 1(,03 + 1 f?&, with
0 _ ! D-15D
Elfg =— E[m > GuGiiP PD} ,
i#k
@ _ 1 p-15D|.
El) = — E[m > GuGuP PD} ;
ik
cf. (6.22). Now, using a simple power counting, we bound the summands in (6.31) as
follows. First, we note that each term in [, ¢ contains a factor of q,(r_z)+. Second, for
EIZ(E{E)H) and ]Elz(,zzl_)lyo, withn > 1,1 > 1, we can by Lemma 6.5 extract one factor

of I]mv_?; (other Green function entries are bounded using |Gix| < 1). Thus, forn > 1,
[ >1,

N€ Imm
2+1 _
i =] (R .
q: Nn
@n N¢ Imm 2D—1
El ‘ < E P : 6.32
‘ 2n—1,0 —qt(2n—3)+ |:< Nn )' | i| ( )

for N sufficiently large, and we conclude that all these terms are negligible.

We next consider IEIZ(IO) which is not covered by (6.32). Using |G;;|] < 1 and
Lemma 6.5 we get
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NeEs@ 1 Nes® Im 1/2
By < ——B| = > 1GunllPPP! | = ——E| (=) 1PPP,
’ a LN? =~ a N7

(6.33)

for N sufficiently large. Yet, this bound is not negligible. We need to gain an additional
factor of ¢, ! with which it will become negligible. We have the following result.

Lemma 6.7 For any (small) € > 0, we have, for all z € D,

N¢_[/1 172
‘EI(I) _Z]EK mm) |P|2D—l] 4,
h Nn

5N€1E[(1 +Im—m)|P( )|2D‘1}+q>€, (6.34)
q; N

for N sufficiently large. In particular, the term EI ¢ is negligible.

Proof Fix a (small) € > 0. Recalling (6.29), we have

1 L —
Ely) = N/c,(3)IE|:m Y Giyiy Giriy Giniy PP lPD]. (6.35)
1702

The key feature here is that the Green function entries are G;,;, G;,i, Gi,i,,» where at
least one index, say iy, appears an odd number of times. We say that the index 7 is
unmatched. Using the resolvent formula (3.23) we expand in the unmatched index iy
to get

ZEIZ(,I(; - (3)E|:N Z Hl213Gl3llGlzl2GlllIPD 1PDi| (6.36)

i1 #i#i3

We now proceed in a similar way as in Remark 3.1 where we estimated |Givlvi2 |, i1 # i2,
for the GOE. Applying the cumulant expansion to the right side of (6.36), we will show
that the leading term is —E[m 12( ]. Then, upon substituting m(z) by the deterministic
quantity 72(z) and showing that all other terms in the cumulant expansion of the right
side of (6.36) are negligible, we will get that

. N mm\'"?  op_i
|z +m(2)| |ELL ?E Nu | P + & <20, (6.37)
t

for N sufficiently large. Since |z + n1(z)| > 1/6 uniformly on £ D D, as shown in
Remark 4.3, the lemma directly follows. The main efforts in the proof go into showing
that the sub-leading terms in the cumulant expansion of the right side of (6.36) are
indeed negligible.
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For simplicity we abbreviate I= I Then using Lemma 3.2 and Remark 6.3, we
have, for arbitrary ¢’ € N, the cumulant expansion

N¢
Bl =BT = Z Z wr, ,IEI,r ) < ) (6.38)
af

=15'=0

with

—~ 1
I L= NKz(r +1)NK(3) N3 Z (8r - (GHnGizizGim))( 1213(PD ]PD))

ipi3
i1 £ #13
(6.39)
and wy, | = %(;:) Here, we used Corollary 6.2 to truncate the series in (6.38) at
order £'. Choosing E/A > 8D the remainder is indeed negligible.
We first focus on I, o. For r’ = 1, we compute
s©) D—1
]Ello == __]E|: Z G1211G1313G1212G1111P PD:|
1 i17£i2#i3
s© 1 D-1pD
-3—EK N3 Z GirisGisiy Giniy Giyiy P p
@ i3
s 1 D-1pD
—-2—K N3 Z GiiiyGiyiy Giziy Ginin P P
a i3
=t EI| ) + 3ELy + 2E1} . (6.40)

where we organized the terms according to the off-diagonal Green functions entries.
By Lemma 6.5,

Ne_[1
7| 5—E[%|PI2D‘I} =
1=y "

I 32
g7 <N gl (mmN" -] C g (6.41)
Y=g LU

Recall m = ni,;(z) defined in Proposition 3.3. We rewrite 71(13 with 71 as
7 s D—1pD
ET} ) = —E— N2 > Gy, Gigiy Giyiy PP P
qt
i1#i2
sOTr 1 - P-155
—E=—| 5 2 n = )G, Gy Gy PPV PP | + 0(0).
qt i1
(6.42)
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By the Schwarz inequality and the high probability bounds |G|, |Gii| < N€/3, for
N sufficiently large, the second term in (6.42) is bounded as

s |
Z(m ) Giyiy Giniy Giyiy PP~ PP
qa i1#i2
591
< NA—— Zlm || Giyiy || PP
ar i1#£i2
3) 1
< a8l 1 S — i PP
qr N2. X
1702
|s
+ N3 ” Z |G P1P12P7!
i1 702
3
e/4| | [|m—n"i|2|P|2D_1]+N36/4|S()lE[Imm|P|2D_1].
qr 4 Nn

(6.43)
We thus get from (6.40), (6.41), (6.42) and (6.43) that
~ - 1 IR ey ~
Bho= _mE[ﬁ Z GizilGiZiZGiliIPD IPD}+0((DE)=_Em12(,lg + 0(Pe),

i1#i2
(6.44)

where we used (6.35). We remark that in the expansion of El = El, (1 ) the only

term with one off-diagonal entry is Efz(l(; All the other terms contain at least two
off-diagonal entries.

Remark 6.8 (Power counting II) Comparing (6.5) and (6.38), we have ﬁ/,s/ =

(12(13),/, /. Consider now the terms with s* = 0. As in (6.31) we organize the terms
according to the number of off-diagonal Green function entries. For r’ > 2,

n
T I+ 1)\ (+1
wIAr’,oIr/’O = Z wf(ff)l)/fr(’vo Z w/(1+1)(1( )¢ -B ), (6.45)
0 " 0

A simple power counting as in Remark 6.6 then directly yields

. I 12
E7)| < N—E[(M) |P|2D—1]
A Nn

N /1
BTV < SR (—— )IPPP L a =), (6.46)
q; Nn
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/
for N sufficiently large. Here, we used that each term contains a factor K,(S)fc,(r <

CN ’2qf’/. We conclude that all terms in (6.46) with r’ > 2 are negligible. Yet we
remark that |E72(18| is the leading error term in HETIS& |, which is explicitly listed on

the right side of (6.34).

Remark 6.9 (Power counting IIT) Consider the terms z’,s', with 1 < s’ < r/. For

s’ = 1, note that 9;,;, (P b _lﬁ) contains two off-diagonal Green function entries.
Explicitly,

. NKt(r/+1)NKt(3)
L1 =—2(D— I)T
1 —
X Z (8{2;1 (Gizi; Giri, Giyiy )) (ﬁ Z Gi4i2Gi3i4> p' pb—2pD
[ £ i3 is=1
NKl(rl+l)N/<,(3)
_op—t 7t
N3
1< _—
x Y (8{2igl(Gi3,lG,~2,~2G,-1,~1))<ﬁ > G,~4,~2G,~3l~4>P/PD—1PD—1 ,
i1#i#i3 ig=1

where the fresh summation index iy is generated from 9;,;, P. Using Lemma 6.5 we
get, forr’ > 1,

€ 3/2 3/2
EL | < N—]E Im_m |P/||P|2D—2 + Imm |Pl||P|2D—2 <20
r = = )
[ Nn Nn

(6.47)

’
for N sufficiently large, where we used that 8[2;1(Gi3,'1 Giyi,Giyiy), ¥’ > 1, contains

at least one off-diagonal Green function entry.
For 2 < s’ < r’/, we first note that, for N sufficiently large,

~ N¢€ 1 It / 15D
|E1r/,s’ = 7 E[m Z (al’rzi; Gi3i1Gi2i2Gi1i1)(aiSzi3 (PD ]PD)):H
! 1170713
N¢ Imm 172 1 s D—1pD
< FE ) 7 Z |05, (PP~ PD)|. (6.48)

203

Next, since s’ > 2, the partial derivative in 8fz/h (PD -1 PD) actson P and P (and on
their derivatives) more than once. For example, for s’ = 2,
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N 2
4 _4D-1)(D-2) _
8,-2”-2PD ! S E— <Z Gi3i2Gi1i3) (PH?>pP-3

iz=1
N 2
2(D—-1) _
+ T( Z Gi2i3Gi3i1) P//PD 2
iz=1
2D - 1) & T
—T N Z ailiz(Gi3i2Gili3)P P s

iz=1

where 9;,;, acted twice on P, respectively P’, to produce the first two terms. More
generally, for s’ > 2, consider a resulting term containing

PP pD=si (P} (F)S‘/‘ (P")'s (W)Sé (P (W)Sé : (6.49)
with 1 <s] < D,0 < s, < D and Z _1 5, < s Since P is constant we did

not list it. We see that such a term above was generated from P ~lpD by letting the
partial derivative 9;,;; act (s] — 1)-times on P and s)-times on P, which implies that
s;—1>sfands) > s;. If s) — 1 > 53, then 9;,;, acted on the derivatives of P, P
directly (s{ —1- sg)-times, and a similar argument holds for 'P’. Whenever 0j,i, acted
on P, P or their derivatives, it generated a term 2N! Zi; GiiGijiy, With i), 1 > 3, a
fresh summation index. For each fresh summation index we apply Lemma 6.5 to gain
a factor ™ The total number of fresh summation indices in a term corresponding

Nn -
to (6.49) is

s{—l+s§+(si—1—s§)+(sé—s£)=2s{+2sé—s§—s£‘—2=2§0—§—2,

with 5o := si + sé and § := s3 + 54, and we note this number does not decrease when
dj,i, acts on off-diagonal Green functions entries later. Thus, from (6.48) we conclude,
upon using |G i, |, |[P"(m)|, |P" (m)|, |P™ (m)| < 1 that, for2 < 5" </,

~ N _[(Imm\'* 1 =5
|Elr’,s/| = TE[(N_17> m Z |81213(PD 1PD)|]

4 i#i3
2D §0—2

2 1/24250—5-2 i
<2 I [(Imm> |P/|S|P|2D—*‘°]

So=2 s=1
2D 1/24250—1
N* Imm 0 15o—11 p12D—5
+— ZE[(W) [P PP (6.50)

(’It So=2

A

for N sufficiently large. Here the last term on the right corresponds to 5§ =750—1.Thus,
we conclude from (6.50) and the definition of ®. in (6.1) that E[I,» ¢],2 < s" <7/,
is negligible.
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To sum up and conclude this remark, we established that all IE[’I:/‘ g]lwithl < s’ <7/
are negligible.

From (6.35), (6.38), (6.44), (6.46), (6.47) and (6.50) we find that

1/2
~ m| . N Imm 2D-1
o ey = Som| () o

for N sufficiently large. Since (z+m) is deterministic and |z +m2| > 1/6, as we showed
in Remark 4.3, we obtain that |E/, (1)| < ®.. This concludes the proof of (6.34). 0O
Combining (6.28), (6.30) and (6 34) we showed that

[El ol < @, (6.51)

for N sufficiently large, i.e. all terms in E/; o are negligible and the second estimate
in (6.20) is proved.

6.5 Estimate on I, g, r > 4

For r > 5 we use the bounds |G;,;, |, |Gi,i,| < 1 to get

1 _
E = 1 § : _
Bl ‘NKI(H_ )E[m (airlizGizil)PD IPD]
1702

[ > IpPPe ‘] < VR < o, (6.52)
i1#02 q’

for N sufficiently large. For r = 4, 97
G,,i,. Thus

!i, Oiniy contains at least one off-diagonal term

1 o —
P T

i1 #i

sq [ D 1GailIPPP- 1}

i1#in

N¢ (/1 172
—3E[(ﬂ) |P|2D—1} < @,
qt N

(6.53)

IA

for N sufficiently large, where we used Lemma 6.5 to get the last line. We conclude
that all terms E/,. o with r > 4 are negligible. This proves the fourth estimate in (6.20).
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6.6 Estimateon I, s, r > 2,5 > 1

Forr > 2 and s = 1, we have

El, = NK(’“’E[ ~7 2 @i lG,zloa,-liz(PDlP_D)]

iiz
i1#i2

Note that each term in [EZ,. |, r > 2, contains at least two off-diagonal Green function
entries. For the terms with at least three off-diagonal Green function entries, we use
the bound |G, |, |Gii;| < 1 and

1
it )E[ >~ 1Gunis Gia G| P PP 2}

i1,02,13

D T Tmm\ 32
<N E[(—’") |P’||P|2D‘2}
q Nn

I 1
< Nés(’H)E[\/Imm(%) (— + q,2> |P’||P|2D2i| , (6.54)

n J\Nn

for N sufficiently large, where we used Lemma 6.5. Note that the right side is negligible
since Imm < 1.

Denoting the terms with two off-diagonal Green function entries in E/,. | by E1 £2),
we have

N
]El(z) Nk (V+I)E Z(D ]) Gr/2 r/2 1 ' pD-2pD
N7 > NZGizisGiail P'P=°P

nn llll
i1#in iz=1

1 /2 /2 D—1
+ N (r+ )E[ Z Gf212 jlll( Z G1213G1311) P PD 1}
i1 #i i3=1

(6.55)

where i3 is a fresh summation index and where we noted that r is necessarily even in
this case. Lemma 6.5 then give us the upper bound

N€ I
EI?)] < —E[ﬂw Nk 2]
s qrfl

t

which is negligible for » > 2. However, for r = 2, we need to gain an additional
factor g, ! This can be done as in the proof of Lemma 6.7 by considering the off-
diagonal entries G;,;, Gi,i,, generated from 0;,;, P (m), since the index i> appears an
odd number of times.

Lemma 6.10 For any (small) € > 0, we have

)El(g) < _E[Imm
‘It

|P'||P|*P~ ]+c1>€, (6.56)
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uniformly on D, for N sufficiently large. In particular, the term K1 | is negligible.

Proof We start with the first term on the right side of (6.55). Using (3.23), we write

NKT(3)E|:N Z G1213G1212G1111G1113P PD 2PD:|
i1 #ir#i3
1 .
3 —
- NKI( )]E|:_3 Z Hi2i4Gi4i3Gi2izGi1i1Gi1i3 P/PD 2PDi| .

i1Fi#i3FEly

As in the proof of Lemma 6.7, we now apply the cumulant expansion to the right side.
The leading terms of the expansion is

(3)]E
N3

and, thanks to the additional factor of g, ! from the cumulant /c( ), all other terms in
the cumulant expansion are negligible, as can be checked by power counting as in the
proof of Lemma 6.7. Replacing in (6.57) m by m, we then get

|

for N sufficiently large; cf. (6.37). Since |z +m(z)| > 1/6, z € D by Remark 4.3, we
conclude that the first term on the right side of (6.55) is negligible. In the same way
one shows that the second term is negligible, too. We leave the details to the reader. O

Y mGiiyGiriyGiyiy Giyiy P PP~ ZPD} (6.57)
i1 #i#i3

= Co,

|z + m| ‘NKP‘

Z G1213Gl212G1111G1113P PD 2PDi|
i1#i2#i3

We hence conclude from (6.54) and (6.56) that E/, ; is negligible for all r > 2.
Consider next the terms

r 1 —1 D
El,, = Nk, +‘>E[m D @Gy, (PP 1PD)],

i1iz
i1#i

with2 < s < r. We proceed in a similar way as in Remark 6.8. We note that each term
in 9;;’ Gji, contains at least one off-diagonal Green function when r — s is even, yet
when r — s is odd there is a term with no off-diagonal Green function entries. Since
s > 2, the partial derivative 81.51 ;, acts on Por P (or their derivatives) more than once

in total; ¢f. Remark 6.8. Consider such a term with
54

pP=sipD—s (p')% (F) ,

for1 <s; < Dand 0 < s, < D. Since P"(m), P"(m), P¥(m) < 1 and P® =0,
we do not include derivatives of order two and higher here. We see that such a term
was generated from PP~! PD by letting the partial derivative 9;,;, act (s; — 1)-times
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on P and s»-times on P, which implies that s3 < s; — 1 and s4 < s5. If 53 < 51 — 1,
then 9;,;, acted on P’ as well [(s1 — 1) — s3]-times, and a similar argument holds for
P’. Whenever 9;;, acts on P or P (or their derivatives), it generates a fresh summation
index i;, [ > 3, withaterm 2N ! le Gy, Gj)i, - The total number of fresh summation
indices in this case is

(51 =D +s2+[(s1—1D — s3]+ [s2 —54] =251 + 2852 —53 —54 — 2.

Assume first that 7 = s so that 3] ;’Giyi, = Giy;,. Then applying Lemma 6.5
(251 + 253 — 53 — 54 — 2)-times and letting so := s + 52 and 5" := 53 + 54, We obtain
the upper bound, r = s > 2,

N€ 2D sp—1 1/2 2s0—s'—2
I I v )
Ell <2 ZE[( ) () e < o
n

so=2 s'=1

(6.58)

for N sufficiently large, i.e. EI, ., r > 2, is negligible.
Second, assume that2 < s < r. Then applying Lemma 6.5 (251 4257 —s3 —54 —2)-
times, we get

NE€ 2D s0—2 2s0—s'—2
I ’
S X (e
s0=2 s'=1
2D -1
Ne 1 S0
+ E mm |P/|S()—1 |P|2D_S0 , (659)
qr—l Nn
t s0=2

for N sufficiently large with 2 < s < r. In particular, |El, 5| < &.,2 < s < r.
In (6.59) the second term bounds the terms corresponding to so — 1 = s’ obtained
by acting on 9;,;, exactly (s; — 1)-times on P and s-times on ‘P but never on their
derivatives.

To sum up, we showed that E/, ; is negligible, for 1 < s < r. This proves (6.21)
forl <s <r.

6.7 Estimate on I3 g

We first notice that /3 o contains terms with zero, two or four off-diagonal Green
function entries and we split accordingly

_ (0 2 )
wr 13,0 = w1§08 13,0 + wlz(zg 13’0 + w13(43 13’0 .
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When there are two off-diagonal entries, we can use Lemma 6.5 to get the bound

1 _
2 4 2 : 2 pD-1
’Elé,g = ‘NKI( )E[Nz GizizGi|i1 (Gizil) PD PD]
i1 702

N¢ TT
<—IE|: M pp2p- ‘} <o, (6.60)
Qt Nn

for N sufficiently large. A similar estimate holds for |EI3( o |- The only non-negligible

(0)
term is I3 0

For n € N, set
1 N
Sy = S,(2) = ~ ;(GH(Z))", (z e ChH). 6.61)

By definition S; = m. We remark that |S,| < 1 on D, for any fixed n, by Proposi-
tion 2.6.

Lemma 6.11 We have
w 0Bl = —NK,“)E[sgPD*lﬁ] . (6.62)
3,0 ’

Proof Recalling the definition of I, 5 in (6.5), we have

3! N2

0)

Wiy o = A E[—l NG G--)PD_IPD}

I;3013,0 = irip 1211 .
i1#i02

We then easily see that the terms with no off-diagonal entries in 8?1 i, Giniy are of the
form

~Giiy Giyiy Giiy Gy -

We only need to determine the weight w 10 With regard to the indices, taking the third

derivative corresponds to putting the mdlces ipi1 or iyip three times. In that sense, the
very first i and the very last i are from the original G;,;,. The choice of i2i{ or iz
must be exact in the sense that the connected indices in the following diagram must
have been put at the same time:

ipip i1i1 ioip i117.
S S S —

Thus, the only combinatorial factor we have to count is the order of putting the indices.

In this case, we have three connected indices, so the number of terms must be 3! = 6.

Thus, w [0 = 1 and (6.62) indeed holds. O
3,0
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Lemma 6.12 For any (small) € > 0, we have, for all z € D,
N/ct(4)E[S%PD_1ﬁ] - NK,(4>E[m4PD—lﬁ] LO0@®).  (663)
Proof Fix € > 0. We first claim that

NK,“”E[sgPD—lﬁ] - NK;“)]E[mZSzPD—lﬁ] +Od,). (6.64)

The idea is to expand the term E[zm S%PD ’lﬁ] in two different ways and compare
the results. Using the resolvent identity (3.23) and Lemma 3.2, we get

ElZZmS%PD_]ﬁ]Z E[SzpD IPD +]E|: Z t]lzGizilsng_lﬁ}
1712
—E[s3PP~'PD]

4 (r+1)
Nk 1=
2 : : |: § : a:112<Gi2i1‘5‘22PD 1PD):|

i1#in

[Q@/( Z lllzGizilsZZPD_lﬁ)]’

i1 702

(6.65)

for arbitrary ¢’ € N. Using the resolvent identity (3.23) once more, we write

N N
1
ZSZ = N Z ZGi]ilGi]il = - Z 1111 Z H1112G1211G1|l] .

i1=1 117512
Thus, using Lemma 3.2, we also have
E [zmS%PD—lﬁ] =-E [mZSZPD—lﬁ]
1 Jp—
+E|:ﬁ Z HiliZGiziIGililmSZPD 1PD:|

i1#i02
= - E[mZSZPD’lﬁ]

+Z |: Z 8l|t2(Gi2i1Gi1i1m52PD_lﬁ>:|

i17#i02
E|Qul —
i [‘(N

for arbitrary ¢’ € N. By Corollary 6.2 and Remark 6.3, the two error terms E[Q(-)]
in (6.65) and (6.66) are negligible for ' > 8D.

Nk (r+l)

Z Hi1i2Gi2i1GililmSZPD_lﬁ)} , (6.66)
i1
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With the extra factor N K,(4), we then write

A
NeVE [zms3 PP D] = —NeVE[s3PPIPD] 4+ 3 3w Bl + 0(®e),
r=1s=0 "
JE— Z/ "
NV [zms3 PP=PD| = —Nk(VE [m2 5, PP PD] 4+ 30 3w El,, + 0(®),

r=ls=0 "*

(6.67)
with
4 +1 2 —1D
1” ‘= Nk ()N (r : 2 Z azrlzzs G121152))(81s112(PD PD))’
N . e L 668)
= NN S (058 (Gt Gy 2)) (3,0 (PP D)
1702
and wy = w7 =) N -5
Forr =1,s =0, we find that
~ 1 R
Elio= —zvxf“)E[m > Gililcizizsng—lpD} + 0(D,)
i1#i2
_ —NK,(“)E[mZSng*‘ﬁ] +0(®,), (6.69)
and similarly
X 1 J—
Elio= —NK,(“)E[W > G?lilGizizmSzPD—lpD} +0(®0)
i1
= _NK,“)E[st%PD—lﬁ] +0(d,), (6.70)

where we used (6.61). We hence conclude that EI 1.0 equals EI 1,0 up to negligible
error.
Following the ideas in Sect. 6.4, we can bound

1 o
El:m Z Gilizsg(ailizpD lPD)iH
i1#02

_Ne I 3/2
E[( m”’) |P'||P2P- ] <.,
Qt Nn

~ N€
EI <—
B q?

and similarly |IEI~1,1 | < &, for N sufficiently large. In fact, for r > 2, s > 0 we can
use, with small notational modifications the power counting outlined in Remark 6.8
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and Remark 6.9 to conclude that

El., = 0(®.), El,,=0(®), (>2,5>0).

Therefore the only non-negligible terms on the right hand side of (6.67) are

NKI(4)IE[S§PD’IE], NKI(4)E[m2S2PD’1ﬁ] as well as T1o and Io. Since,
by (6.69) and (6.70), the latter agree up to negligible error terms, we conclude that the
former two must be equal up do negligible error terms. Thus (6.64) holds.

Next, expanding the term E[zm3S, PP~ PD]intwo different ways similar to above,
we further get

NKI(4)E|:m252PD_1ﬁi| = NK,(4)IE[m4PD_1ﬁ:| + O0(De). (6.71)

Together with (6.64) this shows (6.63) and concludes the proof of the lemma. O
Finally, from Lemmas 6.11 and 6.12, we conclude that

“
, _
wiy Bl 0] = = E[m* PPIPP] + 0(@0). (6.72)

q;
This proves the third estimate in (6.20).

Proof of Lemma 6.4 The estimates in (6.20) were obtained in (6.23), (6.51), (6.52),
(6.53) and (6.72). Estimate (6.21) follows from (6.25), (6.54), (6.58) and (6.59). O

7 Tracy—Widom limit: Proof of Theorem 2.10

In this section, we prove the Tracy—Widom limit of the extremal eigenvalues,
Theorem 2.10, by following the strategy outlined in Sect. 3.4. In the first step, Propo-
sition 7.1, we introduce a smooth cutoff to express the distribution of the largest
eigenvalue of H as a functional of the imaginary part of the normalized trace of the
Green function m of H. Then in Proposition 7.2, we compare the expectations of such
functionals with respect to H and GOE, respectively.

To make the first step more precise in Proposition 7.1 below, we need some more
notation. For n > 0, we set

On(y) = (y eR). (1.1)

S
(2403’
Using the functional calculus and the definition of the Green function, we then get

Imm(E+in)=%Tr9n(H—E), (z=E +ineCh). (7.2)

We have the following proposition, which corresponds to Corollary 6.2 in [23], respec-
tively to Lemma 6.5 in [16]. Recall the definition of L in (2.28).
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Proposition 7.1 Suppose that H satisfies Assumption 2.3 with ¢ > 1/6. Denote by Af{
the largest eigenvalue of H. Fix € > 0. Let E € R be such that |E — L| < N~2/3%,
Let E = L + 2N723%€ and define xg = Lig,E.) Set ny = N—2/3=3¢ gnd
1 i= N 72379 Let moreover K : R — [0, 00) be a smooth function satisfying

Kw=5 T
which is monotone decreasing on [0, 00). Then, for any D > 0,
E[K (Tr(xg % 0y,)(H))] > PO <E—n) = NP (7.4)
and
E[K (Tr(xe * 0p,)(H))] < PO < E+n)+ NP, (7.5)

for N sufficiently large, with 0y, as in (7.1).

We postpone the proof of Proposition 7.1 to Sect. 7.1 and move on to the Green
function comparison theorem. Let WSOF be a GOE matrix independent of H with
vanishing diagonal entries as introduced in Sect. 3.4 and denote by mGOE = W

the normalized trace of its Green function.

Proposition 7.2 (Green function comparison) Let € > 0 and set g := N~2/37¢.
Let Ey, E> € Rsatisfy |E1|, |E2] < N72/3t€. Let F : R — R be a smooth function

satisfying

max |FO )l + D™ < C, (ef1,11]). (7.6)
Xe
Then, for any sufficiently small € > 0, there exists § > 0 such that

<N,
(7.7)

Ey E>
’IEF(N/ Imm(x + L + ing) dx) - IEF(N/ Im mSF (x + 2 + ing) dx)
E E;

for sufficiently large N, where L is given in (2.28).
Proposition 7.2 is proved in Sect. 7.2. We are ready to prove Theorem 2.10.
Proof of Theorem 2.10 Fix € > 0 and set 5 := N~2/373€ and n, := N—2/37%,

Consider E = L +sN~2/3 with s € (~N~2/3+¢ N=2/3%€) Forany D > 0, we find
from Proposition 7.1 that

PG < E) < EK (Tr(xg-4n, * 6np) (H)) + NP,
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for N sufficiently large. Applying Proposition 7.2 with 9¢ instead of € and setting
Ei:=E—L+n, E; := E4f — L, we find that there is § > 0 such that

Ey

IEK(Tr()(EJr,71 *an)(H)) = ]EK(%/ Imm(x+ L +in2)dx>
E;

N [E
<EK (— f ImmYOF (x + 2 + i) dx> +N7?
b E;

= EK(TT(X[E1+2,E2+2] * 9n2)(WGOE)> +N7°,

for N sufficiently large. Hence, applying Proposition 7.1 to the matrix WEOE, we get
P (N2/3(x{’ L)< s) —P (,\ff < E)
< JP(/\IGOE < E +2+m) +NP4N
_p (NZ/S(A?OE —y<s+ 2N’3€) NP LN, (1.8)

Similarly, we can also check that

P (N2/3(,\{1 L)< s) > P (N2/3()\?OE ) <s-— 2N—3€) ~ NP NS,
(7.9)

Since the right sides of Eqgs. (7.8) and (7.9) converge both to F(s), the GOE Tracy—
Widom distribution, as N tends to infinity we conclude that

Jim P(N*PoM — L) <5) = Fi(s). (7.10)

This proves Theorem 2.10.

In the rest of this section, we prove Propositions 7.1 and 7.2

7.1 Proof of Proposition 7.1

In principle, we could adopt the strategy in the proof of Corollary 6.2 of [23] after
proving the optimal rigidity estimate at the edge with the assumption ¢ >> N!/6
and checking that such an optimal bound is required only for the eigenvalues at the
edge. However, we introduce a slightly different approach that directly compares
Tr(xg * 0y,)(H) and Tr xg_y, (H) by using the local law.

Proof of Proposition 7.1 For an interval I C R, let Nj be the number of the eigen-
values in /, i.e.

Np=1{r i held)]. (7.11)
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We compare Tr(xg * 0,,)(H) and Tr xg_,, (H) by considering the following four
cases:

Case 1 If x € [E + 1, Ex — 1), then xg_p, (x) = 1 and

(K  Byy) () — 1 1/E+ T dy—1
XE*Op) () —1=— [ ——=——dy-
" 7Je (x—y)2+n3
1 E, — E —
=— (tan_1 + =% —tan~! x) —1
T n2 n2
1
=— — (tan™! " + tan™! " =0 2 =O0(N~%).
/4 Ei—x x—F N1

(7.12)

For any E’ € [E + ny, E+ — 1), with the local law, Proposition 3.3, we can easily
see that

Nigr_ & 1 N2 N2
SEm P o SN T Imm(E i) < 7
SN N & — ER 4 N4

(7.13)

i=1

with high probability, where we used Imm(E’' + in)) < C/x(E)+n <«
N€/2/(Nny). Thus, considering at most [E — (L — N ~2/3%€)]/n; = 3N*€ intervals,
we find that

Mgt Ep—ny < CN? (7.14)
and
> (Gt # 0 hi) = XE—y ) < N7€, (7.15)
itE4ni<ii<Ei—n
with high probability.

Case 2 For x < E — 1y, choose k > 0 such that 3¥n; < E — x < 3%y, Then,
XE—p (x) = 0and

E, —x E —
(XE *Opy)(x) = (tam_1 7 tan! x)
n2 n2

1
7
1
=— (tan™! 12 — tan~! M
b4 E—x El—x

1 n n2
< _— J—
2 E —x E+ — X
1 m(Ey—E)
2(E —x)(E+ —x)

< QNTH378e 372y 2 (7.16)
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Abbreviate Ny = N g_sk+1,, p_3ky,1- Consider

N k
1 1 3 11 1 Nk
mm(E 23 +i-39) = — > — .
N;V‘i—(E—2'3kn1)|2+(3"n1)2 N 2.3k,
(7.17)

With the local law, Proposition 3.3, and the estimate Im m (x +iy) < /[x — L] + v,
we find that

Imm(E —2 -3 i3k k N € 3k
3% +1-3%n) < Cy/3 1 + < N”%/3%m (7.18)

N - 3kny
and hence
— N>¢\/3kn1, 7.19
N2 3k, SNV (7.19)
with high probability. Thus, with high probability,
2log N
D (XE*0p) (i) = xE—p ) <2 ) N7¥378.372%, 20
ini<E—n k=0
o0
< 4N—1/3—36n1_1/223—k/2 < 1ON_36/2.
k=0

(7.20)

Case 3 By Proposition 2.9 there are with high probability no eigenvalues in [E4 —
11, 00).

Case 4 For x € [E — n1, E 4+ n1), we use the trivial estimate
(XE *0p)(x) < 1= xE—p (x). (7.21)
Combining the four cases above, we find that
Tr(xE * 6yy)(H) < Tt xg—y (H)+ N™€, (7.22)

with high probability. From the definition of the cutoff K and the fact that Tr x g, (H)
is an integer,

K(Tr xg—y (H) + N~ = K(N{g—y EL]) -
Thus, since K is monotone decreasing on [0, 00), (7.22) implies that

K(Tr(xE *0y,)(H)) = K(Tr xg—p, (H)),
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with high probability. Taking the expectation, we get for any fixed D > 0 that
E[K (Tr(xe #6p,) ()] > POy < E—np) = N2,

for N sufficiently large. This proves the first part of Proposition 7.1. The second part
can also be proved in a similar manner by showing that

Tr(XE * On,)(H) = Tr g4 (H) — N7, (7.23)

with high probability, applying the cutoff K and taking the expectation. In this argu-
ment (7.21) gets replaced by

XE4n (¥) =0 < (xE *Opy)(x) (7.24)

for x € [E — n1, E + n1). This proves Proposition 7.1. O

7.2 Green function comparison: Proof of Proposition 7.2

Recall the definition of the matrix H; in (3.26). We first state a lemma that has the
analogue role of Lemma 3.2 in calculations involving H = H, and H = dH,/dt.

Lemma 7.3 Fix £ € Nand let F € C*TY(R; C). Let Y = Yy be a random vari-
able with finite moments to order £ + 2 and let W be a Gaussian random variable
independent of Y. Assume that E[Y] = E[W] = 0 and E[Y?] = E[W?2]. Define

Y, =e Yo+ V1 —e W, (7.25)

and abbreviate Yt = dd);’ Then,

E[Y,F(Y)] = -

Lo o+ b
ZK—(YO) _ Gl E[FO (Y] + E[Qe(Y, F(Y,)], (7.26)

1
2 r=2
where E denotes the expectation with respect to Y and W, k"D (Y) denotes the

(r 4+ 1)-th cumulant of Y and F") denotes the r-th derivative of the function F. The
error term Q2 in (7.26) satisfies

[E[Qc¥ FA]| = CENYIT sup |FED o)
+CE| 1210, > 0)[sup F“ V0o, (7.27)

xeR

where Q > 0 is an arbitrary fixed cutoff and Cy satisfies Cy < (Ce) for some
numerical constant C.
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Proof We follow the proof of Corollary 3.1 in [41]. First, note that

e—t/2 —t

. e
Y, = — Y w. 7.28
t ) + s (7.28)
Thus,
) —1/2
E[Y,F(0)] = = “5—E[YF(e™?Y + V1= e7W)]
—t
+——E[WF(E Py + V- w)].
24/1 —e! ( )
Applying Lemma 3.2 and (3.9), we get (7.26) since the first two moments of W and
Y agree. O

Proof of Proposition 7.2 Fix a (small) ¢ > 0. Consider x € [E, E>]. Recall the
definition of H; in (3.26). For simplicity, let

G =G,(x+ L, +1ing), m=m,(x + L; +ing), (7.29)

with ng = N—2/3=¢_and define
E>

X=X,:=N Imm(x + L; +ing) dx. (7.30)
E;

Note that X < N€ and |F(X)| < N€€, forl € [1, 11]. Recall from (3.32) that

=2+eq %W 106 g ™, L=-2"¢"2Y+0e g,
(731)

where g; = e'/?qg. Let z := x + L 4+ ing and G = G(z). Differentiating F(X) with
respect to 7, we get

d ,odXT dGiyiy
EEF(X):E[F(X)E}_ |:F(X)I / 1 d]

i1=

3G,
= E|:F’(X)Im (Z > Hiiy 5 i +LZG11,2Glzzl)dX}

i1=1i2<i3 i1,i2

(7.32)

where by definition

. . 1 e !
Hyiy = (Hppyiy = -3¢ Y2(Ho)iyis + ﬁwggﬁ (7.33)
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Thus, from Lemma 7.3, we find that

N
. 0G;,i .
Z Z E[HizizF/(X)aH—””] - Z ]E[HizisF/(X)GilizGiﬁl]

i1=1i<i3 i2i3 i1,i2,13
U —r=D
= ZZM > E[h, (F/00GH,Giyiy) |+ OWNFE)
2N r! 1213 e

r=2 i1,02,03

(7.34)

for £ = 10, where we abbreviate 9;,;, = 9/(d H;,;;). Note that the 0(N1/3+C€) error
term in (7.34) originates from €2, in (7.26), which is O (N Cen 2q,_ 10) for the choice
Y = H;

213°
We claim the following lemma.

Lemma 7.4 Letz :=x + L +ing and G = G(z). For any integer r > 2, set

et q,_(r_l)s(’“)

Jr = ﬁf Z 8{2,'3 (F/(X)GilizGi3i1) . (735)

i1,i2,13
Then,

EJ; =2e'sWg? Z E[F'(X)Gi\i,Giri, ] + O(N?/3) (7.36)

i1,i2
and, forr = 2 and forr > 4,
EJ, = O(N¥3¢)y. (7.37)

Assuming that Lemma 7.4 holds, we obtain that there exists €’ > 2¢ such that, for
allr € [0, 6log N],

. G, i . .
YN E [H,-ZBF’(X)ﬁ} =—LY E[GinGii, F'(X)]+ ON*"),
i i2<i3 0Hiy i1,

(7.38)

which implies that the right side of (7.32) is O (N —€'/ 2y, Integrating from ¢ = 0 to
t =6log N, we get

Ey

‘EF(N/ Imm(x+L+ino)dx>

Ey t=0

E> ,

—]EF(N/ Imm(x+L+in0)dx> < N~/*,
Ey

t=6log N
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Comparing Im m|;—¢10g v and Im mYOF is trivial; if we let A¢(6log N) be the k-th
largest eigenvalue of Hgog v and AkGOE the k-th largest eigenvalue of WOOE, then
|Ae(6log N) — AS9F| < N=3, hence

Imm|;—g1og v — Im mOOE| < N73/3 (7.39)

This proves Proposition 7.2. O

It remains to prove Lemma 7.4. The proof uses quite similar ideas as used in Sect. 6.
We thus sometimes omit some details and refer to the corresponding paragraph in
Sect. 6.

Proof of Lemma 7.4 First, we note that in the definition of J, we may freely include
or exclude terms with i1 = i ori; = i3 in the summation Zi. Jiniz? since they contain
at least one off-diagonal Green function entry, G;,;; or G;,;,, and the sizes of these
terms are, in expectation, at most of order

qt_lqt_lNzN_l <« N2/3—6,e—t ,

for any sufficiently small ¢’ > 0. (When iy = i3 the summand is zero by construction.)
For r > 5, it is easy to see that EJ, = O(N 2/3—¢ ), since it contains at least two
off-diagonal entries in 8{21.3 (F’(X)G,-lizGi3il) and |EJ,| is bounded by

qt_4N3 N—lN—2/3+26 <<< N2/3—€,e—2t ,

which can be checked using Lemma 6.5 and a simple power counting.

Therefore, we only need to consider the cases r = 2, 3, 4. In the following sub-
sections, we check each case and complete the proof of Lemma 7.4. See Eqs. (7.48),
(7.52) and (7.53) below.

7.2.1 Proof of Lemma 7.4 forr =2

We proceed as in Lemma 6.7 of Sect. 6.4 and apply the idea of an unmatched index.
Observe that
0%, (F'(X)Giyiy Giiy) = F'(X)87,, (G111, Gisiy) + 20120 F (X)diyi3(Giyin Gy
+ (02, F (X)) Giyiy Gisi, -
(7.40)

2

We first consider the expansion of F'(X) d;;.(Gi,i, Giyi, ). We can easily estimate

the terms with four off-diagonal Green function entries, since, for example,

Z |E[F/(X)GilizGi3i2Gi3i2Gi2i1]| < NC¢ Z E|Gi1i, Giziy Gisin Gisiy |
i1,i2,03 i1,02,03
Imm 2
< NC6N3 <_) < N3—4/3+Ce ,
Nno
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where we used Lemma 6.5. Thus, for sufficiently small € and €/,

e~'q!
N

Z ’]E[F/(X)GilizGisiZGisizGiail]| K N3 (7.41)

i1,12,i3

For the terms with three off-diagonal Green function entries, the bound we get from
Lemma 6.5 is

Imm\>/?
qt—lN—1N3NC€ ( > = qt—lNl"rCG ,
Nno

which is not sufficiently small. To gain an additional factor of g, n making the above
bound quN”C6 <« N3¢ we use Lemma 3.2 to expand in an unmatched index.
For example, such a term is of the form

Giliz Gi3i2 Gi3i3 Gizil

and we focus on the unmatched index i3 in G;5;,. Then, multiplying by z and expanding,
we get

—1
q
ZT . Z E [ZF/(X)Giliz Gi3i26i3[3 Gizil]
11,12,13
_a

> E[F0Gu: HiiyGiai Giis G ]
01,i2,03,i4
! LIECES)) , 2/3—¢
- [T Z ! Z E [3531’4 (F,(X)Gilizci4i2ci3i3 Gizil)] +TOW o .
=1 T iyLin,i3,ia

for £ = 10.
For r' = 1, we need to consider 35, (F'(X)Gi,i, Gisiy Gisis Giyiy ). When 9;5;, acts
on F'(X) it creates a fresh summation index is and we get a term

-1
q
ﬁ . Z ' E [(8i3i4F/(X)) GilizGi4i2Gi3i3Gi2i1]
11,12,13,14

Zq_l 2 ~ o~
t2 /1;_] Z E[GiiyGi4irGisisGiniy F'(X) Im (G345 Gisiy) | dy

N

11,12,13,14,15

(7.42)

where we abbreviate G = G(y + L + ing). Applying Lemma 6.5 to the index a and
G, we get,

I~
Nl. 315 5l4

s=1
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for any i3 and i4, which also shows that
|9i5i, F'(X)| < N~1/3+Ce (7.43)

Applying Lemma 6.5 to the remaining off-diagonal Green function entries, we obtain
from (7.42) that

—1
q
o Y [BI F00)GiiaGiaGiia G|
i1,02,03,14
< qt_lNZN—l/3+C€N—1+3€ — qt—1N2/3+C€ . (7.44)

When 0;,;, acts on G,i,Giyi, Gisis Giyiy» then we always get four or more off-
diagonal Green function entries with the only exception being

—Gi1i,GiyisGizin Ginin Gy -

To the terms with four or more off-diagonal Green function entries, we apply Lemma
6.5 and obtain a bound similar to (7.44) by power counting. For the term of the
exception, we rewrite it as
g}
— Y E[F (061G, Gias Giaa G ]

i1,02,13,i4

-1
q
Z_IT Z E [mF'(X)Gi,i,Gisiy Gisis Giniy |

i1,i2,03
—1
~q
= _mtT Z E[F/(X)Gi|i2Gi3i2Gi3i3Gi2i1]
i1,02,03

-1
q ~
+ IT Z E [(m - m)F/(X)GilizGigizGi3i3Gizi1] .

i1,i2,13

Here, the last term is again bounded by ¢, IN2/3+C¢ 45 we can easily check with
Proposition 3.3 and Lemma 6.5. We thus arrive at

-1
q ~
]tv (Z + m) E E [F,(X)Giliz Gi3i2 Gi3i3 Gizil]

i1,i2,03
_ 4 ‘11
=N T iiy iria Uisir Uiziz Uiniy :
r'=2 i1,i2,03,i4

(7.45)
On the right side, the summation starts from r’ = 2, hence we have gained a factor

(Ng)~! from k" "+1) and added the fresh summation index i4, so the net gain is q[_l.
Since |z + m| < 1, this shows that
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-1
q o
& Y EB[F(X0GiGiiaGi G ] = OW). (1.46)
i1,i2,i3
Together with (7.41), this takes care of the first term on the right side of (7.40).
For the second term on the right side of (7.40), we focus on

E
8,2,3F (X) = / Z F”(X)Im (G12,4G,4,3)] (7.47)

ig=1

and apply the same argument to the unmatched index i3 in C~}i3i4.

For the third term, we focus on the factor G;,;, G;;;, and apply the same argument
once more with the unmatched index i3 in G;5;,. We omit the detail.

Estimating all terms in this way, we eventually get the desired estimate

Z ‘E[ 1213 F (X)ai2i3Gilil):|‘ = 0(N2/3_€,) . (7.48)
i1,i2,03

7.2.2 Proof of Lemma 7.4 forr =3

We proceed as in Sect. 6.7. Note that there will be no unmatched indices in the Green

function entries for this case. If ;,;, acts on F’(X) at least once, then that term is
bounded by

qt—zNEN—lN3N—1/3+C6N—2/3+2€ — qt—le-‘rCG <« N2/3—€/ ’

where we used (7.43) and the fact that G;,;, Gi;i, or 0j,i, (sz Gy, ) contains at least
two off-diagonal entries. Moreover, in the expansion of 8!213 (Gi,i,Gisiy ), the terms
with three or more off-diagonal Green function entries entries can be bounded by

qt—ZNGN—lN?!NCEN—lJr?!G — qt—le'f'CG <<< N2/3—6/ .

Thus,

2 @

EJ3 = Z E[ i2i3 F(X)GilizGisil)]

i1,i2,03
(7.49)
2
4'MZE F'(X)G1,i,Gisiy Giyiy S2] + O(N?37€)
2 3 112 202 211

i1,02

where the combinatorial factor 4! is computed as in Lemma 6.11 and S is asin (6.61).
As in Lemma 6.12 of Sect. 6.7, the first term on right side of (7.49) is computed by
expanding
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4,2 Y E[zmSF (X)GiyiyGiziy Giniy )

i1,02

in two different ways. We then obtain that

472 Y E[F (X)Gi\iyGiyiyGiniy 2] = 4772 Y E[m?*F'(X)Gi,1,Giyiy Giiy | + O(N*37¢)
i1,02 i1,02
=42 Y E[F'(X)Gi\i,Gii,Giziy | + ON?37¢) |
i1,02

(7.50)

where we used that m = m(z) = —1 + O(N~!/3%€) with high probability. Indeed,
since m (L), which was denoted by 7 in the proof of Lemma 4.1, satisfies m(L) =
—14 0(e"g;) by (4.6), and since |1 (z) —m(L)| =< /% + 170 < N~'/3t€ by (4.8),
we have from Proposition 3.3 that m(z) = —1 + O (N ~'/3+€) with high probability.

Consider next the first term on the very right of (7.50). Since |z — 2| < CN -173,
we get

472 Y E[2F (X)GiiyGiriy Giniy | =24, > Y B[F'(X)Gi,1,Giniy Giiy |+ O(N*37¢) |
i1,02 i1,i2

(7.51)

where we used (7.43). Expanding on left hand side the factor G;,;, using (3.23), we
obtain

4,2 Y ElzF'(X)GiyiyGiriyGiniy 1 = — ¢, > Y BIF'(X)Giy1, Gy |
i1,i2 i1,i2
+ 6];—2 Z E[F/(X)Hi2i3 Gi3i2Gi1i2Gi2i1] .
i1,i2,i3
Applying Lemma 3.2 to the second term on the right side, we find that most of the
terms are O (N?/ 3—€ ) either due to three (or more) off-diagonal entries, the partial

derivative 9,;, acting on F’(X), or higher cumulants. The only term that does not fall
into one these categories is

-2
_4

N Z E[F/(X)GilizGi3i3Gi2i2Gi2i1] s

i1,02,03
which is generated when 0;,;, acts on Gj,;,. From this argument, we find that

q[—z Z E [ZF/(X)Giliz Giyiy Gizil]

i1,02

= _qt_2 Z E[F/(X)GilizGizil]_qt_z Z E[mF/(X)GilizGizizGizil]+0(N2/3_€/)'

i1,i2 i1,i2
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Hence, combining it with (7.51) and the fact that m = —1 4+ O (N ~!/3+€) with high
probability, we get

472 E[F'(X)Gi,1,GiiyGini, | = —4; 2 Y E[F'(X)GiyiyGiyiy ] + O(N?37) .

i1,i2 i1,i2

In combination with (7.49) and (7.50), we conclude that

el g 2@ /
EJ; = 2N , Z E[ zzzg F (X)GilizGisil)]
11,12J3
=2e7'q; %W Y E[F'(X)Giyi,Giyiy ] + ON7). (7.52)
i1,i2

7.2.3 Proof of Lemma 7.4 forr = 4

In this case, we estimate the term as in the case r = 2 and get

qt Z ‘E[ i2i3 F/(X)GilizGléil)]‘ = 0(N2/3_6/) . (7.53)

i1,i2,03
We leave the details to the interested reader.
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