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Abstract Consider a sample of a centered random vector with unit covariance matrix.
We show that under certain regularity assumptions, and up to a natural scaling, the
smallest and the largest eigenvalues of the empirical covariance matrix converge,
when the dimension and the sample size both tend to infinity, to the left and right
edges of the Marchenko—Pastur distribution. The assumptions are related to tails of
norms of orthogonal projections. They cover isotropic log-concave random vectors as
well as random vectors with i.i.d. coordinates with almost optimal moment conditions.
The method is a refinement of the rank one update approach used by Srivastava and
Vershynin to produce non-asymptotic quantitative estimates. In other words we provide
a new proof of the Bai and Yin theorem using basic tools from probability theory and
linear algebra, together with a new extension of this theorem to random matrices with
dependent entries.
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1 Introduction

Let N = {1, 2, ...} and let (X},),cn be a sequence of random vectors where for each
n € N the random vector X,, takes values in R”, is centered, with unit covariance

(isotropy):
E(X,) =0 and EX,® X,) =1, (1.1)

where I, is the n x n identity matrix. Let (m,),en be a sequence in N such that

0<p:= liminfiflimsupiz:ﬁ<oo. (1.2)
- n—o0 mn n— 00 mn

Foreveryn € N, let X ,(Zl) seoo X ,(1’”") be i.i.d. copies of X,. Their empirical covariance
matrix is the n X n symmetric positive semidefinite random matrix

mp

- 1
Y, = — Z X0 e x®, (1.3)
k=1

If X,, denotes the m,, x n rectangular random matrix with i.i.d. rows X ,(ll), X ,Sm")
then

- 1
T = —X!X,.
mpy

Note that Ein = E(X, ® X;) = I,,. For convenience we define the random matrix

my
Ay i=mp 3, =XI'X, = Z X® @ x®, (1.4)
k=1
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The eigenvalues of A, are squares of the singular values of X, and in particular

Amax(An) = Smax (X5)? = max IXnx I = 1%, 112

When m,, > n then the smallest eigenvalue of A, satisfies

Amin(An) = Smin (Xo)? = min 1,7 = 131172,

where by X! we denote the inverse linear operator for X,, defined on the image of X,,.
Of course, the last formula holds only when X, is invertible (impossible if m,, < n).
Above and in the sequel we denote by || x| = (x% + -4 x,zl)l/ 2 the Euclidean norm
of x € R".

Let us denote by (X, k)|, the components of the random vector X,,. If the
random variables (Xp k),>1 1<x<, are i.i.d. standard Gaussians, then the law of the
random matrix f,, is known as the real Wishart law, and constitutes a sort of a matrix
version of the Xz(n) law. The law of the eigenvalues of f,, is then called the Laguerre
Orthogonal Ensemble, a Boltzmann—Gibbs measure with density on {A € [0, c0)" :
A1 > -+ > X,} proportional to

A= exp ——Z)Lk Zlog(k,ﬂ%—Zlog‘)\ —Aj |

k=1 i<j

see [38, (7.4.2) p. 192]. This exactly solvable Gaussian model allows to deduce sharp
asymptotics for the empirical spectral distribution as well as for the extremal eigen-
values of ¥,,. The famous Marchenko—Pastur theorem [35,38] states that if

2 5 with p e (0,00)

my, n—oo

then almost surely as n — oo, the empirical spectral distribution of S, tends weakly
with respect to continuous and bounded test functions to a non-random distribution,
namely

Z(SM(E , n:; Iy (1.5)

where 11, is the Marchenko—Pastur distribution on [a~, a™] with at =1+ ﬁ)z
given by

Vit —x)(x—a")
P2 X

1
Mp(dx) Tl,o>180 + l[a_,u+](x)dx~

It is a mixture between a Dirac mass at point O and an absolutely continuous law. The
atom at 0 disappears when p < 1 and is a reminiscence of the rank of X,,. The asymp-
totic phenomenon (1.5) holds beyond the Gaussian case. In particular it was shown by
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Pajor and Pastur [36] that it holds if for every n € N the distribution of the isotropic
random vector X, is log-concave. Recall that a probability measure © on R” with
density ¢ is log-concave when ¢ = =" with V convex, see [18,20]. Log-concavity
allows some kind of geometric dependence but imposes sub-exponential tails. The
asympotitic phenomenon (1.5) also holds if (Xy k)~ j<x<, are i.i.d. with finite sec-
ond moment [9,38]. An extension to various other models can be found in Bai and
Zhou [13], Pastur and Shcherbina [38], Adamczak [1], and Adamczak and Chafai [3].
The weak convergence (1.5) does not provide much information at the edge on the
behavior of the extremal atoms, and what one can actually extract from (1.5) is that
a.s. Timsup inin(En) < (1 = /p)* < (14 /p)* < liminf Amax () (1.6)

n—o00o

where the first inequality is considered only in the case where m, > n. If
(Xnk)p>1.1<k<n are i.i.d. with finite fourth moment then it was shown by Bai and
Yin [11,12,53] using combinatorics that the convergence in (1.6) holds:

as. (1=yp) = M Anin(E,) < lim Amax(E) = 1+ V0% (1]

where the first equality is considered only in the case where m,, > n. The conver-
gence of the largest eigenvalue in the right hand side of (1.7) does not take place
if (X, ”>k)n>1,] ~k<p are ii.d. with infinite fourth moment, see [9]. It was understood
recently that the convergence of the smallest eigenvalue in the left hand side of (1.7)
holds actually as soon as (X, k)~ j<x<, are i.i.d. with finite second moment, see
Tikhomirov [49]. -

An analytic proof of (1.7) based on the resolvent is also available, and we refer to
Bordenave [17] for the i.i.d. case, and to Bai and Silverstein [8], Pillai and Yin [41], and
Richard and Guionnet [42] for more sophisticated models still not including the case
in which the law of X, is log-concave for every n € N. Note that the analytic approach
was also used for various models of random matrices by Haagerup and Thorbjgrnsen
[28], Schultz [45], and by Capitaine and Donati-Martin [21].

The study of quantitative high dimensional non-asymptotic properties of the small-
est and of the largest eigenvalues of empirical covariance matrices was the subject of
an intense line of research in the recent years; in connection with log-concavity, see
for instance Adamczak et al. [5,6], Rudelson and Vershynin [44], Koltchinskii and
Mendelson [32], and references therein.

Non-asymptotic estimates for (1.7) were obtained by Srivastava and Vershynin
[48] using a rank one update strategy which takes advantage of the decomposition
(1.4). This approach is an elementary interplay between probability and linear algebra,
which is remarkably neither analytic nor combinatorial. The outcome is that with high
probability

_[n 2 ~ —~ L [n 2
I—c - < Amin(Zn) < Amax(Zp) < (1 +c¢ — , (1.8)
mpy npy

where the first inequality is considered only in the case where m, > n. Here ¢* > 0
are constants, and thus one cannot deduce (1.7) from (1.8). The approach of Srivastava
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and Vershynin is a randomization of the spectral sparsification method developed by
Batson et al. [14,15]; the idea of using rank one updates can also be found in the
works of Benaych-Georges and Nadakuditi [16]. This approach requires the control
of tails of norms of projections of X,,, a condition which is satisfied by log-concave
distributions thanks to the thin-shell phenomenon. This condition is also satisfied if
(Xn,k)p>1.1<k<n are 1.i.d. with a finite moment of order 2 + ¢ for the lower bound on
the smallest eigenvalue in (1.7) and i.i.d. with a finite moment of order 4 + ¢ for the
upper bound on the largest eigenvalue in (1.7). This method was also used recently by
Yaskov [51,52].

Our main results below lie between the original Bai—Yin theorem and the more
recent work of Srivastava and Vershynin. Our contribution is to show that the non-
asymptotic approach of Srivastava and Vershynin is indeed suitable to prove and
extend the sharp Bai—Yin theorem, which is an asymptotic result, under fairly general
assumptions on tails of norms of projections of X,,, which allow heavy tailed i.i.d. as
well as log-concavity! When the coordinates of X, are i.i.d. our approach reaches the
(almost) optimal moment condition: finite second moment for the smallest eigenvalue
and finite fourth moment for the largest.

Our results are based on the following tail conditions on the norm of projections.

Definition 1.1 (Weak Tail Projection property (WTP)) Let X,,, n € N, be as in (1.1).
We say that the Weak Tail Projection (WTP) property holds when the following is
true:

(a) The family ((X,, y)z)n eN,yesr—1 1s uniformly integrable, in other words

li IE(X V2 ):0, WTP-
Moo 2‘;}%1 (Xns V) (x,,32=m) ( a)
yes"t~

where §"~! := {y € R" : ||y|| = 1} denotes the unit sphere of R";

(b) There exist two functions f : N — [0, 1] and g : N — R such that f(r) — 0
and g(r) — 0 asr — oo and for every n € N and any orthogonal projection
P:R" — R" with P # 0,

IE”(HPXn I — rankP > f(rankP)rankP) < g(rankP). (WTP-b)

This can be less formally written as P (|PX,,[|> — r > o(r)) < o(1) where r :=

rankP and where the “o0” are with respect to r and are uniform in n.
Definition 1.2 (Strong Tail Projection property (STP)) Let X,,, n € N, be as in (1.1).
We say the Strong Tail Projection (STP) property holds when there exist f : N —
[0,1] and g : N — R; such that f(r) — 0O and g(r) — 0 asr — oo, and for
every n € N, for any orthogonal projection P : R” — R" with P # 0, for any real
t > f(rankP)rankP we have

g (rankP)rankP

IP’<||PX,,||2 — rankP > r) < t2 (STP)

@ Springer



852 D. Chafai, K. Tikhomirov

This can be less formally written as IP’(IIPXnII2 —r>1) <o) 2 where r > o(r)

[TPRL}

and r := rankP and where the “o” are with respect to r and are uniform in n.

Note that E(||PX,||?) = rankP since X,, is isotropic. The properties (WTP) and
(STP) were inspired by the “strong regularity assumption” used by Srivastava and
Vershynin [48]. They are specially designed to obtain a sharp Bai—Yin type asymptotic
result in the i.i.d. case with (almost) optimal moment assumptions, as well as in the
log-concave case.

It is easy to see that (STP) implies that for any ¢ > 0, the 4 — ¢ moments of
1-dimensional marginals of X,,’s are uniformly bounded; in particular, in this case
the vectors (X,,),en satisfy condition (WTP-a). Next, condition (WTP-b) is clearly
weaker than (STP); thus, (STP) implies (WTP), hence the qualifiers “Strong” and
“Weak” for these properties.

Proposition 1.3 below, proved in Sect. 2, implies that if (X,),,cy is as in (1.1) and
if X, is log-concave for every n € N then properties (WTP) and (STP) are satisfied.
It is a consequence of the thin-shell and sub-exponential tails phenomena for these
distributions.

Proposition 1.3 (Log-concave random vectors) Let X, n € N, be as in (1.1), and
suppose that the centered isotropic random vector X, is log-concave for any n € N.
Then a stronger form of (STP) holds with

{IPX,,||> — rankP > ¢} replaced by {|||[PX,|> — rankP| > 7}.

The next proposition, proved in Sect. 2, implies that if (Xp k),>1 1<x<, are ii.d.
then property (WTP) holds, and if moreover these i.i.d. random variables have finite
fourth moment then property (STP) holds.

Proposition 1.4 (Random vectors with i.i.d. coordinates) Let X,, n € N, be as in
(1.1), and suppose that the coordinates (X, i)~ | <x<n @re i.i.d. distributed as a real
random variable & with zero mean and unit variance. Then, denoting r := rankP,

e a stronger version of (WTP) holds, with, in (WTP-b),
UPXull* —r = f()r) replaced by {|[PX,|* —r| = f()r);
o if moreover E(£%) < oo then a stronger version of (STP) holds, with
{IPX,|* —r =1} replaced by {||PXull* —r| = 1}.

The next proposition, proved in Sect. 2, was suggested by an anonymous referee.
Proposition 1.5 (Marchenko—Pastur law holds under (WTP)) Let X,,, n € N, be as
in (1.1). If lim,— mi,, = p with p € (0, 1), in other words p = p € (0, 1), and if
(WTP-a) and (WTP-b) are satisfied, then the Marchenko—Pastur law (1.5) holds.

Our main results are stated in the following couple of theorems and corollaries.
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Theorem 1.6 (Smallest eigenvalue) Let X,,, m,, and A,, n € N, be as in (1.1), (1.2),
and (1.4) respectively. If p < 1 (in particular m, > n forn > 1), and if (WTP-a)
and (WTP-b) are satisfied then

E(Amin(Ar))
lim inf ————~5 (Jitn — /)2 =

If additionally lim,,_, « mL,, = p with p € (0, 1), in other words p = p € (0, 1), then

= P
hamin (Zn) — (1= /)%,

Theorem 1.6 is proved in Sect. 3. The second part, which is the Bai—Yin edge
convergence (1.7) of the smallest eigenvalue in probability, is obtained by com-
bining the first part of the theorem with the Marchenko—Pastur bound (1.6) for
the smallest eigenvalue obtained from the Marchenko—Pastur law (1.5) provided by
Proposition 1.5.

Combining Theorem 1.6 with Propositions 1.3 and 1.4, we obtain the following
corollary.

Corollary 1.7 (Smallest eigenvalue convergence) Let X,,, m,, f,,, and Ay, n € N,
be as in (1.1), (1.2), (1.3), and (1.4) respectively. If p < 1 (in particular m, > n for
n > 1) and if the centered isotropic random vector X, is log-concave for everyn € N
or if (Xn,k)p>1.1<k<n are i.i.d. then

lim inf —min(An)) Emin(An) L

n%oo(\/}n_n f)z_

If additionally lim,,_, mL,, = p with p € (0, 1), in other wordsg =p € (0,1), then

S P
hamin (Zn) — (1= /)%,

Theorem 1.8 (Largest eigenvalue) Let X,,, my,, and Ay, n € N, be as in (1.1), (1.2),
and (1.4) respectively. If (STP) holds then

Jim sup E(Amax(A)) <1
e (i + 2

If additionally lim,_, o an = p with p € (0, 00) in other words p = p € (0, 00),
then

= P
hmax (Zn) —> (14 /p)%.

Theorem 1.8 is proved in Sect. 4. Again, the second part uses the Marchenko—Pastur
bound (1.6) obtained from the Marchenko—Pastur law (1.5) provided by Proposi-
tion 1.5.
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854 D. Chafai, K. Tikhomirov

Combining Theorem 1.8 with Propositions 1.3 and 1.4, we obtain the following
statement:

Corollary 1.9 (Largest eigenvalue convergence) Let X, my, f,, and Ay, n € N, be
asin (1.1), (1.2), (1.3), and (1.4) respectively. If the centered isotropic random vector
Xn is log-concave for every n € N or if (Xn k), 1<x<, are i.i.d. with finite 4th
moment then o

B E(Amax(An))
im sup

n—oo (/Mn + /n)? =1

If additionally lim,_, o % = p with p € (0, 00) in other words p=0pE€E 0, c0),
then

= P
hmax (Zn) —> (14 /)%,

1.1 Outline of the argument and novelty

Assume we are given a random matrix

m
A= Z X% X(k),
k=1

where X® are i.i.d. isotropic random vectors. As we already mentioned above, the
key ingredient in estimating the extremal eigenvalues of A is the following rank one
update formula known as the Sherman—Morrison formula:

M +xxT) = p1 — M~ 'xxTm~!

= T+x M1y
which is valid for any non-singular n x n matrix M and a vector x with 1 +xT M~ 1x #
0. Using the above identity and assuming that M is symmetric, the restriction on R
of the Cauchy—Stieltjes transform of the spectral distribution of M + xx”, which is
defined as an appropriately scaled trace of (u — M — xx")™', u € R, can be in a
simple way expressed in terms of the Cauchy—Stieltjes transform of M. To be more
precise, setting

AQ =0 and AW® = ACD L xB@x®  k=1,...,m,
we get, forany k = 1,...,mand any u € R,

x®©T (g — Ak=Dy=2x®

trw — A = — ARy 4 .
( ) ( ) 1—X®OT (- AG=D)=1x®)

(1.9)

A crucial observation, made already in [15] and further developed in [48] is that
the Cauchy-Stieltjes transform on the real line can be efficiently used to control the
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extreme eigenvalues of a positive semi-definite matrix. In our setting, starting with
some specially chosen non-random number u( # 0, we inductively define a sequence
of random numbers uy (k < m) in such a way that all uy’s stay on the same side of the
spectra of A®)’s (k < m), at the same time not departing too far from the spectrum.
Then the expectation of the corresponding extreme eigenvalue of A = A can be
estimated by [Eu,,. The increments uy — uy—1 are defined with help of (1.9) as certain
functions of A®~D_ ;1 and X, and their expectations are controlled using the
information about the distribution of X ®) as well as certain induction hypotheses. At
this level, the approach used in the present paper is similar to [48].

On the other hand, as our result is asymptotically sharp and covers the i.i.d. case
with almost optimal moment conditions, the technical part of our argument differs
significantly from [48]. In particular, we introduce the “regularity shifts”, which are
designed in such a way that u;’s stay “sufficiently far” from the spectrum of A%®)’s,
which guarantees validity of certain concentration inequalities, whereas at the same
time not departing “too far” so that one still gets a satisfactory estimate of the expec-
tation of the spectral edges. The shifts (which we denote by 6’1% and A];e) are defined
in Sects. 3.3 and 4.3 (see, in particular, Lemmas 3.5 and 4.7).

Let us emphasize once more that the proofs we obtain are simpler and shorter than
the original combinatorial approach of Bai—Yin and the analytic approach based on
the resolvent (more precisely the Cauchy—Stieltjes transform on the complex plane
outside the real axis), while the class of distributions covered in our paper is larger. In
particular, Theorem 1.6 of the present paper essentially recovers a recent result [49].
In must be noted, however, that in our paper we replace convergence almost surely
with the weaker convergence in probability.

1.2 Discussion and extensions

In this note we restrict our analysis to random vectors with real coordinates because we
think that this is simply more adapted to geometric dependence such as log-concavity.
It is likely that the method remains valid for random vectors with complex entries.
The Bai-Yin theorem is also available for random symmetric matrices (which are the
sum of rank two updates which are no longer positive semidefinite) but it is unclear
to us if one can adapt the method to this situation. One can ask in another direction
if the method remains usable for non-white population covariance matrices, and for
the so-called information plus noise covariance matrices, two models studied at the
edge by Bai and Silverstein [8,10] among others. One can ask finally if the method
allows to extract at least the scaling of the Tracy—Widom fluctuation at the edge. For
the Tracy—Widom fluctuation at the edge of empirical covariance matrices we refer
to Johansson [29], Johnstone [30], Borodin and Forrester [19], Soshnikov [47], Péché
[39], Feldheim and Sodin [23], Pillai and Yin [41], and references therein. It was
shown by Lee and Yin [33] that for centered Wigner matrices the finiteness of the
fourth moment is more than enough for the Tracy—Widom fluctuation of the largest
eigenvalue. One can ask the same for the largest eigenvalue of the empirical covariance
matrix of random vectors with i.i.d. entries, and one can additionally ask if a finite
second moment is enough for the Tracy—Widom fluctuation of the smallest eigenvalue.
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1.3 Structure

The rest of the article is structured as follows. Section 2 provides the proof of Propo-
sitions 1.3 and 1.4. In Sects. 3 and 4 we prove Theorems 1.6 and 1.8, respectively.

1.4 Notations

We set ||v] = 1/vlz+~-+v,% and ||v|ls := max(Jvi], ..., |vy|) for any vector
v € R*. We denote || fl, := sup,cg | f(x)| for any function f : § — R. We often
use the notation |S| := card(S) for a set S. Further, we denote by

Amax (M) := A(M) = -+ - = Ay (M) = Amin(M)

the eigenvalues of a symmetric n X n matrix M € M, (R). We denote by I, the n x n
identity matrix. For any real number # we sometimes abridge I, into u in matrix
expressions suchasin M —ul, = M — u.

2 Proof of Propositions 1.3-1.5

Proof of Proposition 1.3 Assume X is a centered isotropic log-concave vector in R”
and P : R” — R” is a non-zero orthogonal projection. The random vector PX is log-
concave with mean zero and covariance matrix PPT = P? = P. Restricted to the image
of P, the vector Y = PX is log-concave with covariance matrix I where r = rankP.
The so-called thin-shell phenomenon [7] states that “most” of the distribution of Y
is supported in a thin-shell around the Euclidean sphere of radius /7. Quantitative
estimates have been obtained notably by Klartag [31], Fleury [25], Guédon and Milman
[27], see also Guéon [26]. On the other hand, it is also known that the tail of the of
norm of Y is sub-exponential, see Paouris [37], and also Admaczak et al. [4]. The
following inequality, taken from [27, Theorem 1.1], captures both phenomena: there
exist absolute constants ¢, C € (0, 0o) such that for any real u > 0,

P(IY ]l = V7| = uv/r) < Cexp (—cﬁmm(u, u3)) .

This is more than enough for our needs. Namely, let 8 € (0, 1/20), and let u =
u(r) € (0,00) and @ = a(r) € (0, 1) be such that « > (1 4+ r)~# and u > max((1 +
r)B,2a/(1 — &?)). Note that 2a/(1 — ?) € (0, 1) when o € (0, +/2 — 1), and that
20/(1 —a?) — 0asa — 0. Now, using the inequality exp(—2f) < t—* for ¢ > 0,
we get, if au € (0, 1],

PAYI2 = r > u?r) =P(Y] = v/r + u?r)
<P(Yl = Vr + aur)
< Cexp (—cﬁ(auﬁ)

24C o(r)

< =
= FWrr)2al2u® T Wir)?’
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while if au € [1, oo0) we get

24C o(r)
2 2 _
PAYN"—r=u'r) <--- < Cexp (—c«/?au) = cAur)2a? - w?r)?’

Similarly, for an arbitrary 8 € (0, 1/20),letu = u(r) € (0,00)ando = «(r) € (0, 1)
be such that @ > (1 +r)"# and u > max((1 +r)#,2a/(1 + &?)). If u > 1 then
necessarily

P(IYI? - r < —u?r) =0.

Otherwise, au € (0, 1] and using again the inequality exp(—2f) < t~* for ¢t > 0, we
get

PAIYI? —r < —u?r) <PV <5 —u?r)
<P(|Y || < v — euy/r)
< Cexp <—c\/7(au)3)

2'c o(r)

< = .
- c4(u2r)2a12u8 (u2r)2

Thus, we obtain P ([[|Y[|* — r| = 1) < o(r)t =2 for t > o(r) as expected. ]

Proof of Proposition 1.4

o Proof of the first part (uniform integrability (WTP-a)) Recall that we are given a
random variable & with zero mean and unit variance and that for every n € N the
coordinates of X, are independent copies of £. We want to show that

I E (X, 921w, p2200)) = 0.
i sup B (X 7 i, v22m)
yES”’l

For every x € R", we define f,,(x) := (X, x). Clearly, E(f,?(x)) = |lx||? since
X, is isotropic. Let us start with some comments to understand the problem. The
random variables ( fn2 Mpen, yegn- belong to the unit sphere of L' If £ has finite

fourth moment B := E(*) < oo then by expanding and using isotropy we get
E(ff (y)) < max(B, 3) which shows that the family (fn2 (y))neN,yeS”’l is bounded

in L? and thus uniformly integrable. How to proceed when & does not have a finite
fourth moment? If y belongs to the canonical basis of R” then f;, (y) is distributed
as £ and has thus the same integrability. On the other hand, if y is far from being
sparse,say y = (n=12, ..., n7 Y2, then fn () isdistributedasn_l/2(§1+- )
where the &;’s are independent copies of &, which is close in distribution to the
standard Gaussian law N(0, 1) by the Central Limit Theorem (CLT).

We will use the following uniform quantitative CLT. Even though it probably exists
somewhere in the literature, we provide a short proof for convenience. It can probably
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also be proved using the classical Fourier analytic smoothing inequality [24, equation
(3.13) XVI.3 p. 538] which is the basis of many uniform CLT estimates.

Lemma 2.1 (Uniform quantitative CLT) Let & be a random variable with zero mean
and unit variance and let ® be the cumulative distribution of the standard real Gaus-
sian law N (0, 1) of zero mean and unit variance. For any ¢ > 0 there exists § > 0
depending only on ¢ and the law of & with the following property: if n € N and
y € 8" Vis such that || Vllso < &, then the cumulative distribution function F, of

Y1\ yiki satisfies
|Fy — Pllc <&

Proof of Lemma 2.1 To prove the lemma, let us assume the contrary. Then there exists
& > 0 and a sequence (Yin) ;> in £2(N) such that lymll = 1 and ||ymlloo < 1/m for
every m € N, and such that || F;, — ®||, > & where F}, is the cumulative distribution
function of §,,, := Zf’i 1 Ym,i&i. Let ¢, be the characteristic function of S,,. We have
om () = [172; ¢(ym.it) where ¢ is the characteristic function of £. Fix any r € R.
By assumption on &, we get ¢() = 1 — 5 + o(1?). Hence, using the identities
||ym||2 = Zﬁl yr%m. = 1and ||ynlle = max,eN [ym.il < 1/m together with the
formula (valid for m — o0):

1 (e (E))
(e S )|

. 2 ) . . .
we get limy,; 00 @ () = e 2, By the Lévy theorem for characteristic functions, it
follows that F,,, — & pointwise as m — o0, which yields S,, — N(0, 1) weakly as
m — 00, contradicting to our initial assumption. O

Let us continue with the proof of the uniform integrability. Since £ € L! we get,
by dominated convergence,

h(M) ::E(szl §2>M}) — 0.

Lete > 0,and let § > 0 be defined from ¢ and the law of £ as in the above lemma (we
can, of course, assume that 5§ — O withe — 0).Let M > Oandn € Nand y € sn=1

Let us write y = w + z where w; = y,~1|yl_|552 and z; = yil\y,-\>82 for any
i =1, ..., n (here, one can recall decomposition of the unit sphere into sets of “close
to sparse” and “far from sparse” vectors, employed, in particular, in [34,43]). Then it
is easily seen that

e supp(z) Nsupp(w) =
o [wl < land wly < 8%
e |zl < 1 and |supp(z)| < 1/8%,
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where supp(x) := {i : x; # 0}. Now we have fnz(y) < 2(fn2(w) + fnz(z)) and

& (Romgonm) =2 (200 + 20) (4 sy * pony)))

< 202IPP (£2w) = 4M) +20wlPP (2 = 1)

+2E (fnz(z)l{fz(zp,“) +2E (f,f(w)l{fz(u))ﬁ})
=1 (%) 4+ (kx) + (ko %) + (% k%),

Now, by Markov’s inequality

() + () < 0
M

Second, using that fnZ(x) < |IPyX,||%, valid for any x € R" with ||x]] < 1 and
orthogonal projection P, onto its support, we obtain

) <2B| | D & Zl[s?zasTM}

i:7; 70 i:z; 70

il AP O T

i, jesupp(z)
M $m
14 +h<T) 8 +2h(T)
=7\ 8883 Mm 84 Tosloy 84

where in the third line we used Markov’s inequality. Third, we write
_ 2 _ 2
(% % %) = 21 (fn (w)) 2R <fn (w)l{f}(wk%}).

Now if |w|| < & then (x % **) < 282. Suppose in contrast that ||w] > §, and denote
wy = w/||lw|. Then ||wy|lo < 8, and therefore, by the CLT of Lemma 2.1, the

distribution of f, (ws) is e-close to N'(0, 1), and in particular, there exist M, (¢) > 0
and p(e) > 0 depending only on ¢ such that p(¢) — 0 as e — 0 and

E (fnz(w*)l{fnz(w*)<M*(s)}) > 1—p(e).
Thus, having in mind that £2(w,) = £2(w)/||w|?, we get
Cro) < 2llw]*p(e) < 2p(e)
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provided that M > 4M..(¢). So, in all cases, as long as M is sufficiently large,
(% k%) < 287 + 2p(e).

Finally, take any M > 0 such that M > max(16/¢, 8/(8168), 4M,(¢)) and such
that 2k (88M /4)/8'4 < &; then the desired result follows from

() 4 (k) + (k% %) + (x5 %) < de + 287 4 2p(e).

Remark 2.2 (Alternative proof of (WTP-a)) An anonymous referee has suggested
the following alternative proof of (WTP-a), which is shorter, but relies on a non-
elementary inequality. For any n > 1 and any y = (y1,...,y,) € S"7!, Petrov’s
inequality [40, §2.6.26 p. 83]—a consequence of Fuk and Nagaev’s inequality [40,
(2.33) p. 61]—yields:

E(W((Xna y))) < ZE(w(Zkan!k)) + 262 /OOde)Z
k=1 0 (1 + %XZ)

for any even function w : R — R4 which is non-decreasing on R with w(0) = 0.
Now take w(x) := x’1 (x2>my Where M > 0 is fixed. Then, on the one hand, for any
1 <k <n,as y; € [0, 1], we have, denoting X, x the k-th component of X,

E(wQyeXnk)) = 4y7E (X%,kl{(zykxn,k)%M}) < 4y{E (Xﬁ,kl{(zxn,k)%M})

while on the other hand,

© dw(x) M *  dx? 4 4 8
. 3 = ] ) + — 1 D) S M + M 2 S M?
and we obtain the following inequality:

8
2 2
E ((Xnv y) 1{<Xn,y)2>M}> =< 4 lI;lI?;(n]E <X”vk1{Xﬁk>’Z’}> + M

This implies that the family {(X,,, y)> : n > 1,y € §"~!} is uniformly integrable.

e Proof of the first part (improved (WTP-b)) As before, we assume that & is arandom
variable with zero mean and unit variance, and denote by (&;) a sequence of i.i.d.
copies of £. Let us recall a kind of the weak law of large numbers for weighted
sums, taken from [49, Lemma 5], which can be seen as a consequence of Lévy’s
continuity theorem for characteristic functions: if (1;);; is a sequence (finite or
infinite) of i.i.d. real random variables with zero mean then for every ¢ > 0 there
exists § > 0 which may depend on the law of the random variables with the
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following property: for every deterministic sequence (#;);c; in [0, c0) such that
lzlly == ;e ti = 1 and ||| := max;es 1; < 8, we have

P(Ztini

> 8) < €.
iel

Setting n; = Sl.z — 1, it follows that there exists 4 : (0, 1] — (0O, 1] such that,

given any ¢ > 0 and a sequence (¢;),;; in [0, c0) with ||#|l; = 1 and ||#||5 < h(e),
we have
P(Ztisf—l >.s> <e. 2.1)
iel

Without loss of generality, one can take 4 strictly monotone (i.e. invertible).

We now proceed similarly to [48, Proposition 1.3]. Fix n € N and let P be a non-
zero orthogonal projection of R" of rank r. Let X = (&) <<, be arandom vector of
R" with &1, ..., &, i.i.d. copies of &. We have

IPX|? = (X,PX).

Let us also denote the matrix of P in the canonical basis as P. We have P2 = P = P T
and tr(P) = rank(P) = r. Let Py be the matrix obtained from P by zeroing the
diagonal. We have P — Py = diag(P). A standard decoupling inequality proved in [50]
(see also the book [22]) states that for any convex function F,

E(F((X,PoX))) < E(F(4(X,PoX"))), (22
where X’ is an independent copy of X. In particular the choice F(x) = u? gives
E((X, PoX)?) < 16E((X, PoX')?).

Now recall that if Z is a centered random vector of R” with covariance matrix I" and if
Bisan x n matrix then E((Z, BZ)) = tr(TBT). Seeing X and X’ as column vectors,

E((X,PoX')?) = E (X/TPOXXTPOX’)
_E (X’TPOIE(XXT)POX’)
_E (X/TP(%X’)
=tr (P%)
<2 ((P - Po)z) +2t(P?)

< 2tr(P?) + 2tr(P?)
= 4r.
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Therefore
]ET((X, POX)Z) < 64r

and by Markov’s inequality we get

64

P <|(X, PoX)| > r3/4) =7

(2.3)

Next note that .
(X.(P—Po)X) =) Pi &’
i=1

withO0 < P;; < 1 and Z?:l P;; = r.Hence taking ; = P;;/r and ¢ := h=t(1/r)
with ¢ := 1if 1/r is outside of the range of &, we get, using (2.1),

P((X, (P —Po)X) —r| > er) <e.

Finally, by combining with (2.3) we obtain
]P’(|(X, PX) — r| > (s + r—1/4) r) <et+
NG

and this implies the desired result, namely
P((X,PX) —r| > o(r)) = o(1).

e Proof of the second part (improved (STP)) Let & be a random variable with zero
mean, unit variance and a finite fourth moment. Further, let P = (P;;), Po and r
have the same meaning as before, and X = () 1<k<n, Where &’s are i.i.d. copies
of &. For any u > 0 we have

P(|IPXI? = r| > ) = PA(X. PoX)| > u/2) + (X, (P = PO)X) = r] > u/2)
=: (%) + (xx).

Let us estimate the last two quantities (x) and (x*) separately. In both cases we

will compute selected moments and use Markov’s inequality. Set B := ]E(S,:1 ).

Note that B > 1 since E& 2 — 1. Since &’s are independent, we get, for any unit
vector y = (yk)lfkfns

B(X 0 =Y E(61) 07 +3 ) E(87) E (&) 32y} = max(B.3). 24)
i i#]j

The decoupling inequality (2.2) with F () = u* gives

E((X. PoX)*) < 256 E((X, PoX')").
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where X’ is an independent copy of X. Next, in view of (2.4), we get

E((X, PoX)*) < E([PoX'||*) max E((X, y)*) < max(B, I)E([PoX"[|*).

Since X’ has independent coordinates of zero mean and unit variance, we get

E(|[PoX'||*) < 8E(|PX'||*) + 8E(||(P — Pp)X'||*)
2

n 2
=8E | > Pij&& | +8E (Z gl?P,-iz)

ij i=1

<8max(B,2)» P> +8) PiP;;+8BY Pi’P;;’
i i#] i

< 8max(B, 2)r + 8r% + 8Br>

< 32Br°.

Hence, E((X, PoX)*) < (256Br)?, and applying Markov’s inequality, we get the
following bound for (x):

(1024 Br)?
(%) < —a

Let us turn to estimating (xx). We will use symmetrization, truncation, and con-
centration. Let X = (&;)1<k<, be an independent copy of X. Note that

n 2
E((X, (P —P0)X) —r)’) =E (Z NG 1)) < Br,
k=1

s0, using the independence of X and X and applying Markov’s inequality, we get
(s%) < 2]1»(]()(, (P —Py)X) — (X, (P — P)X)| > u/2 — \/2Br)

:2P(ipkk (ékz —51(2)

k=1
Clearly, the variables sz — E,f (1 < k < n) are symmetrically distributed, with the
variance bounded from above by 2B. Let i : Ry — R be a function defined as

ht) = E((éﬁ -B) x,),

> u/2—«/2Br).
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where x; denotes the indicator of the event {|&,> — E,3| > t}. Clearly, h(t) — 0 when
t tends to infinity. Note that, by Hoeffding’s inequality, we have

IP’( > u/4) < 2exp (— 12615;7 (4 Zk Pkk2)1>

< 2exp (—u2 /(32r¢7)) .
On the other hand, since the random variable (&, — E,f) X,1/4 has zero mean, we have

Xn:Pkk <Ek2 - 5,3) (1= x14)

k=1

n 2
(Z Prr (Ekz - 5,?) Xr1/4> < rh(rl/4),

k=1

Applying Markov’s inequality, we get for all u > 4+/2Br,

(2

Combining the estimates, we obtain

_rheVhH
(u/4 — 2Br)?

D P (ék - Ek) Xri/a

k=1

>u/4 — \/2Br)

(+%) < 2P ( > P (87— ) (1 = 0| > u/4>
k=1
+ 2P < ZPkk (Ekz — g,g) X4 >u/4 — VZBr)
k=1
128rh(r'/%)

< dexp <—u2/(3zrﬁ)) + forallu > 8</2Br.

Finally, grouping together the bounds for (x) and (), we get for all u > 8+/2Br,

2 1/4
u) < {10248r)7 + 4 exp (—uz/(32r\/7)) + %gr)
u

u

p(|1px? -

Set o € (0, 1/6). For any u > 8+/2Br'~* = o(r), using the inequality e < 1/1*
for t > 0, the right hand side of the last equation above is bounded above by

1024 B)? 64473
LU0 r S +5 L 18K (1) =
u u u u

o(r)
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This proves the desired result. We note that the proof can be shortened and simplified
under the stronger assumption that E(|£1|”) < oo for some p > 4, see also [48,
Proposition 1.3] for thin-shell estimates in the same spirit. O

Proof of Proposition 1.5 This proof was suggested by an anonymous referee. Let X,
n € N, be asin (1.1) and assume that hm,l_>Oo = p with p € (0, 1), in other words
that p = p € (0, 1). It is known—see [2, Theorem 2.4]—that a sufficient condition
for the Marchenko—Pastur theorem (1.5) to hold is

lim sup —E XTAX —tr(A)| =0

n—oo A

where the supremum runs over all n xn complex matrices such that | A|| < 1 (letusnote
that a similar condition was exploited in [36]). Recall that [|A|| = max =1 |[Ax]| =
Smax (A). Note that the mapping A +— v' Av—tr(A) is linear for any v € R”. Actually,
as [|RA], |SA| < ||All, one can consider only real matrices in the above condition.
Moreover, as v Av = 0 = tr(A) when A is antisymmetric, it is enough to verify the
condition for real symmetric matrices. Furthermore, by splitting the spectrum it can
be shown that one can consider only real symmetric positive semi-definite matrices.
Now, if A # 0 is a real symmetric positive semi-definite matrix, then A/||A|| can be
represented as a convex linear combination of some orthogonal projectors. Indeed,
write

A n
— = Z Akvkv,;r
Il &

n n—
= D 0k + (et = An) Yokl + o+ (g — Aviv]
=11 4 (et = 27D 4 (= a1,

where (vr)|<k<p is an orthonormal basis of eigenvectors of A /|| A|| associated to the
eigenvalues A1, ..., A, ordered as 0 < A, < A,—1 < --- < A1 = 1. Now, due to the
convexity of the L'-norm, we get that a sufficient condition for the Marchenko—Pastur
theorem to hold is

1
lim_sup —E| X,/ T1X,, — (1| =0,

n—o0o  n

where the supremum runs over all orthogonal projectors in R”. In turn, the latter is
equivalent to

lim LK XM, X, —te(I,)| =0

n—oo n

2.5)

for any sequence (I1,),>; where I, is an orthogonal projector in R" for every n > 1.
Since X, is isotropic for every n > 1, it turns out that the latter is in turn equivalent to

(XTl'I X, — tr(I1,)) n%oo (2.6)
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for any sequence (I1,),>; where I, is an orthogonal projector in R" forevery n > 1.
To see that (2.5) and (2.6) are equivalent, consider variables Z, := %(X,—,r I, X, —
tr(I1,)) + 1 > 0 which satisfy E(Z,) = 1 for every n > 1. Note that, assuming
condition (2.6), we have Z, LP; 1, and then use the fact that if a sequence (Z;),>|

satisfies Z, E Z,E(Z,) = E(Z|), and E(|Z|) < oo then E(|Z,, — Z|) — 0, see
for instance [46, Problem 18, p. 211].

Let us show now that (WTP) implies (2.6). We may assume without loss of gener-
ality that rank (I1,,) — oo as IE(X,—,r I1,X,) = rank(I1,) = tr(I1,). By (WTP-b), there
exists a sequence (&,),> such that &, — 0 and, denoting P, := MX; 1, X,,
we have

lim P(P, > 1+4+¢,) =0.
n—0o0

We only need to show that P, LP) 1. For every fixed real number M > 1, we have
1 =E(Py) = E(Pulyp,<14e,) + E(Pulj14e,<p,<m)) + E(P1{p,>m)).

First note that E(P,1{14¢,<p,<m)) < MP(P, > 1 +¢,) —> 0. Now by (WTP-a),
- n—oo

the family A := {(X,,, y)2 n>1,y € S"_l} is uniformly integrable. Hence, the
family

X, T1X
B:= U {M : IT # 0 is an orthogonal projector in R"}

n>1

is also uniformly integrable, because, denoting by (vk) <k <, the orthonormal basis of
eigenvectors of II,

k(IT
rank(IT)  rank(IT) £ "

is a convex linear combination of some elements of A.
Next, the uniform integrability of B implies that lim s, Sup,,> | E(P1(p,>m)) =
0 and then

lim E(Py1{p,<1+e,) > 1.

n—o00

The latter is possible only if E(P,1{p,<1+¢,}) — 1. This yields P, LP) 1. O

3 Proof of Theorem 1.6

As in [14,48], for every n x n symmetric matrix S and t € R\ {A1(S), ..., 1, ()},
we set
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. 1
. _ =1y _
mg(t) :=tr((S —tl,)" ) = E S 1

k=1

The function ¢ > m¢(¢) is positive and strictly increasing on (—o0, A, (S)). We note
that n='m 5 s the restriction on R of the Cauchy-Stieltjes transform of the empirical
spectral distribution of S.

Let us give an overview of the proof. Assume thatn < mand B := Y |- X® ®
X®  and let

B®:=0 and BYW :=B* V1 xOex® k=1 m

where X® (k < m) are independent isotropic random vectors in R”. We want to
find a good lower bound for Apni,(B). As was mentioned in the introduction, we
define inductively a sequence of numbers u, u1, . . ., Uy such that uy < Amin(B®)
(k < m) with probability one, implying EAnin(B) > Eu,,. More precisely, we set
ug :=n — /mn < 0, and for every k < m, define uy := uy_y + 8¢ — 8k, where both
8k and 811; are random non-negative numbers. The quantities 8¢ and 5’& are designed
so that 1) uy_; + 8% (whence, uy) stays on the left of the spectrum of B*) with prob-
ability one, and 2) the sum of expectations Y}, (8¥ — 6%) is close to m — /mn,
implying that Eu,, is close to the (scaled) left edge of the Marchenko—Pastur distribu-
tion (y/m — +/n)?. The numbers 8%, in a non-random “rank one update” setting, are
defined in Lemma 3.2 below. The definition is quite technical, and even the inequality
Up—1 + 8k < Amin(B(k)) is not immediately clear. To take care of this condition, we
utilize the concept of a feasible lower shift which was previously applied in [48].
With help of an auxiliary Lemma 3.1, based on the Sherman—Morrison formula,
we verify that our 8% is a feasible lower shift, meaning that condition 1 is satis-
fied.

Up to this point, the argument is quite similar to [48]. Still, let us note that the
formula for 8% which we use in our paper is different from the one in [48] (the reader
might compare Lemma 3.2 with [48, Lemma 2.3]). Indeed, unlike in [48], here we are
interested in getting a sharp limiting result; hence, our estimates for the expectation
(condition 2) must be more precise than in [48]. However, just “tuning” the definition
of 8% from [48] turns our to be insufficient to reach our goal; that is the reason for
introducing regularity shifts 8112 which are the main technical novelty of the proof. We
set

8% :=min {e {0, 1.}t mpo (gt + 85 — 0)

—mpw (-1 + 8 —€—1) < i} :
en
where ¢ > 0 is a parameter which can be made arbitrarily small. The impact of the
regularity shifts might seem counter-intuitive at first glance since they move uy’s in
the direction away from the spectrum increasing the gap between uy and Amin (B®).
For every k < m, the purpose of 8’1} is to guarantee at the next step some concentration
inequalities for the quadratic form
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(XEHDYT (g _ =1 x kD)

(this form will appear below as g1). The nature of this concentration property is
revealed in Lemma 3.3, which in turn enables us to obtain a satisfactory estimate
for the expectation of 8% in Lemma 3.4. In fact, the condition (3.4) in Lemma 3.3 is
exactly what is provided by Sll‘e’s. Note that the regularity shifts stay useful only if
their cumulative effect is of lower order of magnitude compared to (/m — /n)%. In
Lemma 3.5, we show that

m 2
Z(Sk < en
k=1

mn—n

deterministically; thus, taking ¢ arbitrarily small, we can estimate the left edge of the
spectrum of B with the required precision.

We find it useful to separate deterministic (linear algebraic) arguments from prob-
abilistic estimates. In Sect. 3.1 below, we work with a non-random matrix A and a
fixed vector x, thus performing a non-random rank one update to A + xx ' . The shift
8k is defined deterministically as a function of the matrix and the vector. In the next
Sect. 3.2, we replace the fixed vector x with a random isotropic vector X, but the
matrix A stays non-random. Finally, in Sect. 3.3, we make the setting “fully random”
(the way it was described above, but with matrices A®) in place of B%®)’s).

3.1 Feasible lower shift

Let A be an n x n positive semi-definite non-random matrix with eigenvalues Apyax :=
Al >+ > Xy = Amin > 0 and a corresponding orthonormal basis of eigenvectors
(xi)?_,,and let u < Am;n. Further, assume that x is a (non-random) vector in R". We
are interested in those numbers § > 0 that (deterministically) satisfy

Amin > u+38 and my, v +3) < my(u). 3.1

Following [48], any value of § satisfying (3.1), will be called a feasible lower shift
with respect to A, x and u. The following statement is taken from [48]; we provide its
proof for reader’s convenience.

Lemma 3.1 (Feasible lower shift—[48, Lemma 2.2]) Let § > 0 be such that u + 6§ <
Amin- Let us define

e xT(A—u—g) -ty S )
G18) :==x (A—u—29) x_gx,-—u—s

n

B xT(A—u—S)_zx _ n ) B (X,Xi)2
20 = = (l;(/\l —u—29) > G2

i=1

Then a sufficient condition for (3.1) to be satisfied is q>(8) > §(1 + q1(5)).
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Proof If S is a symmetric matrix and if x is a vector, and if both S and S + xx | are
invertible, then 1 + xS~ 'x # O since x 'S !x = —1 gives (S + xx )S~Ix = 0.
Moreover the inverse (S 4+ xx')~! of the rank one update S + xx ' of S can be

expressed as
S~lxxTs~!

S Nyl 2 == =
(S +xx) 14+xTS 1x

3.2)

This is known as the Sherman—Morrison formula. This allows to write

My T +8) =tr(A—u—8+xx)™h
xTA—u—38)"%x
14+xT(A—u—-98)"1x
=m,w)+to((A—u—-8""—A-uw)

xT(A—u—8"2x
4 xT(A—u—28)!

=tr(A—u—-8""~—

Now since A — (u + 6)I,, is positive definite, it follows that
SA—u—-8)"—-((A-u—-8"'—-UA-whH
is positive definite, and therefore

X (A—u—98"2x

Mg (U 8) =y () < 8 (A —u =)™ = - e

Finally it can be checked that the right hand side is < 0if §(1 +¢1(8)) —¢2(5) < 0.0

Lemma 3.2 (Construction of the feasible shift) Let A, x, u and q1, g2 be as above,
e € (0, 1) and assume that

Amin — u > 2/€2.

Then the quantity

_ =&l a/e)<(+e)m, w)+e) (Z" G — ) ) 020 e 2<1e)
- 1
1

(1+&)(1 +m,w) ~  (u-w’

satisfies 6 < 1/¢ and is a feasible lower shift w.rt. A, x and u, i.e. Amin > u + & and
q2(8) = 6(1 + q1(9)).

Proof First, note that the condition Ay —u > 2/ &2 immediately implies that

200 — 1
S(Ai_u)2_¥+8—2>0, i=1,...,n,
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which is in turn equivalent to the relation

1 1

, i=1,...,n. 33
A=) i—w’ = m—u—1/2 " G-

Now, let us return to §. The inequality 6 < 1/¢ follows directly from its definition.
Next, since g1 (-) is an increasing function on [0, Ain — u), we have

(1 +q1 N Vig (1/e)<(14+&)m  (w)+¢) - (I +q1(1/e) g, (1/e)<(1+2)m 4 () +£)
(I+&)(1 +my(u)) - (I+&)(1 +myu))

<.

Thus, we obtain
5(1+4q1(8) = (1 —2)q2(0).

Finally, note that by the definition of g, and in view of relation (3.3), we have

-1
(S —us2) S
qz(a)—<2<x, ) ) Z(Ai—u—é)z

i=1 i=l1

-1
. - ()
i—u—1 2 e
2(;“ ' /8)) P —

i=1

n -1 5 2
= [a—e! A — ) (x, x;)
> <( £) ; ) ) ;—@i_u_ay

n n 2
1 —e)! P — -2 (x, xi)
> (( ) ;a ) ) Z—(M_u)z

i=1
= (1 —£)q2(0),

and the statement follows. O

3.2 Randomization and control of expectations
Let, as before, A be an n x n non-random positive semidefinite matrix with eigenvalues
Al >+ > A, > 0,and letu < X,. We define a (random) quantity § as in Lemma 3.2,

replacing the fixed vector x with a random isotropic vector X.

Lemma 3.3 Lete € (0, 12’3), n > 12/84, and let X be a random isotropic vector in
R™ such that

IP’(||PX||2 — rankP > erankP/6> < g
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for any non-zero orthogonal projection P of rank at least €' n /72. Further, let the non-
random matrix A, the numbers (A;);<n and vectors (x;)i<n be as above, and u € R
be such that Apin — u > 672 + &1 Assume additionally that

n

> ! <L (3.4)
o ()\.i — M)()\i —u+ 1) &n

Then, with q| defined as in Lemma 3.1 (with X replacing the non-random vector x),
we have

Plgi(1/e) + 1> (1+e)(1+m )} < 4e.
Proof First, note that the lower bound on Apj, — u implies that g1(1/e) < (1 +
£/6)q1(0) (deterministically). Let us split the index set {1, ..., n} into several subsets
in the following way: First,let [ :={i <n: A; —u < £4n/12}. Next, we set
J={i<n: Ai—uz6n/83},

so that

{1,...,n}\(IUJ)={i§n: s4n/12<,\i—u<6n/g3}.

Note that, by the choice of &, we have exp(1/(12¢)) > 72/¢’. Hence, the interval
(In(e*n/12), In(6n/€3)) can be partitioned into le~2] subintervals Sy (k < £2) of
length at most £/6 each. Then we let

Li={i<n:In(—u) eS8}, k<e?
Obviously,
(X, x;)? (X, x;) (X, x;)2
C“(O)ZZ,\,-—M +Zk—u ZZ = () + (k) + (% % %),
iel iel k<e=2iely

Let us estimate the three quantities separately.
First, in view of the condition (3.4), the lower bound on n and the definition of 7,
we have

4 3
B =3 1 _y /241 e
Ai—u T A=y —w)(i —u 1) T 6

iel
Hence, by Markov’s inequality,

P{(x) > &/6} < &°.
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Similarly,

whence
P {(xx) > £/6} < &”.

Now, we consider the quantity (). First, assume that for some k < £~2 we have
[Ix] < e“n/72. Since for every i € I we have A; — u > e4n/12, we obtain

(X,xi>2 el
E < —,
Z Ai—u — 6

iely

whence, by Markov’s inequality,

(X, x)* _ 5 s
P —— >e7/6p <¢g".
Z i—u /or=¢

iely
Now, if for some k < &2 we have [ 1| > elln /72, then, by the condition on projec-
tions and the definition of I;, denoting by P} the orthogonal projection onto the span
of (x;)iey,, we obtain

X, x;)2 6)(1 6
iely A u iely hi —u

<&t

Combining all the above estimates together, we get

P{qi(1/e) = (14£/6) (/2 + exp(e/6)(1 +&/6)m 4 (u)) }
<P {(*) 4+ Gkk) + (kx %) > /6 +¢/6+¢/6 + exp(e/6)(1 + a/6)mA(u)}
< 4¢2,

It remains to note that
(1+4¢/6) (8/2 + exp(e/6)(1 + 8/6)@A(u)) +1 <A+ +myu)).

O

Lemma 3.4 (Control of ES) Let ¢ € (0,1273), n > 12/&* and let A, (A)i<p,
(Xi)i<n, X and § be the same as in Lemma 3.3 (and satisfy the same conditions).
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Assume additionally that E((X, x,-)zl{(X,mzil/g}) > r (i <n)forsomer € [0, 1]
Then

Es > (1—e)r B
(T+e)(I +myu))

Proof Since

(=) = Lig,(1/)> (14e)m, () +¢))
(I +e)d +myu))

n -1 5 2
_ <X,X'> 1 X,x;)2<1
X E (i —u)~? E l ‘{< 'XQS/S},
(Ai —u)

i=1 i=1

and in view of the bound § < 1/e, we get

(1 _ _ " E (X x, 1{ X,x; 2<l/8})
’ Z(1+£)(1+m,4(u)) (Z:()L “ ) l (L — u)?

=1
— e '"P{gi(1/e) > (1 + )m 4 (w) + ¢} .

Finally, applying Lemma 3.3 to the last expression, we get the result. O

3.3 Proof of Theorem 1.6, completed

Let (X,)nen be as in the statement of the theorem. Without loss of generality, we
can assume that both functions f, g : N — R in the Weak Tail Projection property
(WTP-b) are non-increasing. Additionally let us define

h(M) := sup E((X,l,y>21{(xmy>zzM}), M=>0
neN
)’ES"71

Note that (WTP-a) gives limy;_, oo h(M) = 0.
Take any 0 < & < min (12_3, (V- 1)2/4) , and define n, as the smallest
integer greater than 12/¢* such that

(a) g(e'"ng/72) < e*and f(e''n./72) < /6 and
(b) forall n > n, we have m,,/n > 3p"' /4 + 1/4.

Note that condition (b) implies that (/m,/n — 1)~! < 2/ "> — 1), whence
(Wmy/n — 1)2 > ¢ for all n > n,. From now on, we fix an n > ng, let m := m,, and
let XD, ., X peiid. copies of X,,. We define

AP =0 and AW =A% DL xOx® 1<k <m,
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so that A, = A™. Set

up :=n — /mn
andletuy, ..., u, be acollection of random numbers defined inductively as follows:

Up = Uf_] + 8K — (SII‘Q,

where 8* is defined as 8 in Lemma 3.2 (with A%=D ur_1 and x® replacing A, u and
x, respectively) and the regularity shift 8’13 is defined by

8k, == min {e {01, .. ¢ myw ey + 85 — 0)

1
— M (Uf—1 +ok—e—1) < —}.
&N

Note that Lemmas 3.1 and 3.2 imply that we have, (deterministically) for all k > 0,

n

My (Up) < myo0 (o) = —F———.

—A —A Jmn —n
The ultimate purpose of the shift 8113 is to guarantee relation (3.4) which was an
important condition in proving the concentration Lemma 3.3. Of course, since 8’1‘e

moves uy away from the spectrum, one must make sure that the cumulative impact of
the shifts 8’;? is small enough and does not destroy the desired asymptotic estimate.

Lemma 3.5 With 8]1; (1 < k < m) defined above, the following holds deterministi-
cally:

m 2
Z5k o
k=1

mn —n

Proof Take any admissible k > 1. The definition of 8';2 immediately implies that for
all0 </ < SII‘Q we have

1
m g (k-1 + sk —0) — m g (g1 + sk—e—1)> o
Hence,
_ kK ok
m a0 WUr) = mym (ukfl + 8" — 5R)

(Sk
< mam (-1 + 8k — £
En

k

(SR

< m k-1 (Ug—1) — Pt
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k
Thus, m 4w (ur) < mgx-1) Ur—1)— i—fl forall k > 1, which, together with the relations

0 < m gom (um) and m 40 (o) = ﬁ implies the result. O
Now, fix for amoment any k € {1, ..., m} and let F;_1 be the o -algebra generated
by the vectors XD x® D with the convention Fo = {9, Q}. We will first

estimate the conditional expectation E(s* | Fr—1)-
Note that, by the definition of u;_1, we have (deterministically)

1
m g1 WUr—1) — M0 Wp—1 — 1) < o

(the above relation holds for k > 1 in view of the definition of 811‘{1 and fork =1 —
because of the definition of n,). Together with the lower bound on n (which implies
the conditions on orthogonal projections assumed in Lemma 3.4) and the condition

n
mgu-n (Ur—1) < my0 (Uo) = m,
we get from Lemma 3.4 that
1—e)(1—h(1
Bt (I —=e) a/e) 4,

. —
| Fre—1) = (1 +&)(1 + m 40 (uo))

_(d-9d — h(l/e)) <1 B ﬁ) e
1+e¢ m

Hence, by the definition of u;’s and Lemma 3.5, we obtain

(1 —e)(1 —h(1/g)) en?
s (m—m)—48m——mn_n.

Since uy, < Amin(A,) (deterministically), we get from the above relation

Euy > ugp +

81’12

Eimin(An) > (v/m — /m)* — (3¢ + h(1/e)) (m — /mn) — dem — T

> (i = Vi) = Tem = (1 fem = —
T

Since the above estimate holds for arbitrarily small ¢, and having in mind that
h(l/e) — 0 with ¢ — 0, we get the desired result.

4 Proof of Theorem 1.8

Asin [14,48], for any n x n symmetric matrix S and every ¢t € R\ {A1(S), ..., 1, ()},
we set
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n
1
ms(t) =tr((tl, =) H=Y ———.
ms (1) = (1T, — $)7") ,;r—xk(S)
The function t + mg(t) = —mg(t) is positive and strictly decreasing on

(21(8), +00).

The scheme of the proof of Theorem 1.8 in many respects resembles the proof of
Theorem 1.6 from the previous section. Thus, we prefer to omit a detailed discussion
here. Let us make just a few remarks. The concepts of feasible shifts and regularity
shifts play analogous role. This time, we are talking about feasible upper shifts, again
following [48]. Since the case of the largest eigenvalue is technically more complicated,
our feasible upper shift A is split into two components A’f and A';, each designed to
guarantee certain conditions on quadratic forms, and their expectations are estimated
separately. As with the smallest eigenvalue, the purpose of regularity shifts A%, in
cooperation with the Strong Tail Projection property, is to enable us to apply some
concentration inequalities, which are used to obtain sharp estimates on the expectations
of the shifts AX.

4.1 Feasible upper shift

Let A be an n x n positive semi-definite non-random matrix with eigenvalues
Amax ‘= A1 = --- > Ay =! Amin > 0 and a corresponding orthonormal basis of
eigenvectors (x; ;’:1, and let u > Ay be such that m4(u) < 1. Further, assume that
x is a (non-random) vector in R”. In this section, we consider those numbers A > 0
that (deterministically) satisfy

Mmax(A+xxT) <u+ A and Wy, 7+ A) <A 4.1)

Following [48], any value of A satisfying (4.1), will be called a feasible upper shift
with respect to A, x and u. The following statement is taken from [48]; we provide its
proof for completeness.

Lemma 4.1 (Feasible upper shift—[48, Lemma 3.3]) Let u > A; and ma(u) < 1.
For any A > 0, define

(x, x;)?

T ol
01(A) :=x"(u+ A — A) X_ZM—FA—)»Z'

1=

Tt A-A) _ i )’
A) = = - y
O = ) — i &y AW T A2 R

Then a sufficient condition for (4.1) to be satisfied is

01(A) <1 and Q2(A) =1—-01(A).

@ Springer



On the convergence of the extremal eigenvalues. .. 877

Proof We can assume without loss of generality that x 7 0, so that Q2(A) > 0. The
Sherman—Morrison formula (3.2) gives
M ppn T+ A) = tr((u + A, — A —xx )]

(@ + ML, — a)~'x|?
1—xT ((u+ A1, —A) x

=tr((u+ M, — A+

n

-1
_ (x, xi)? o x)?
=mA<u+A>+(1—Zm> 2 a-nr

i=1 i=1

Hence, we have m 4 7 (u + A) < ma(u) if and only if

-1
B xg)? B xg)? _ _
(1_Zu+A—/\i> Z(u+A—M)2SmA(u)_mA(ujLA).

i=1 i=1

But the latter inequality clearly holds if Q1(A) < 1 and Q>(A) <1 — Q1(A).
Next, the rank one matrix

U+ A=A 2x(u+A =D T =w+A -V xxTw+A—a~1?

has eigenvalues 0 and ||(u + A — A)~Y2x|12. But the condition Q1(A) < 1 implies
(e + A — A)’I/Z)CH2 = xT(u + A — A)’lx < 1. Therefore the matrix

L —u+A—A)"2xxTu4+A-A)712
is positive definite, implying that
U+ A=) Lu+A-AD? —xxT =+ AL, —(A+xx")

is positive definite (recall that for any two positive definite matrices S and 7', the matrix
S127 812 is positive definite). Hence, u + A > Apax (A + xx ). O

Following [48], we will treat the quantities Q1 and Q» separately: for a specially
chosen number 7 € (0, 1), we will take A such that Q{(A) < t, and A, such that
0>(A3) <1 — 1. Then, in view of monotonicity of Q1 and Q», the sum A + A;
will be a feasible upper shift. In our case, 7 shall be close to m 4 (u).

Let us introduce “level sets” I; as follows:

l={isn: 4 su—n<4i], jen 4.2)

Note that the condition 7174 (#) < 1 immediately implies that |/;]| < 47 forall j > 1.
Moreover, if we additionally assume that max ey %
following estimate of the ratio li—;‘ is valid:

is sufficiently small then the
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Lemma 4.2 Let the sets 1 be as above and assume that for some ¢ € (0, 1] we have

Then

I; I;
i

’

4 — N ¢en
Proof Fix any natural j such that /; # @&. Then, obviously,
. j
1 _ 4
4 T en

Fix for a moment any o > 0. If [/;| > a4d then

Il _ eIl
4] —  en
. I . I;
Otherwise, |4—j-| < «. It remains to choose « := % O
For every j > 1, denote
2
hj= Y (x.x)* = |Il. (4.3)
ielj

Lemma 4.3 (Definition of A1) Let A, x and u be as above, with u > Amax and
ma(u) < 1, and let ¢ € (0, 1/4] be a real parameter. Define a number A as follows:

Llogy (n/e?)]
A=A+ Y Ay,
j=1

where
o o122
Ay =T PP ez
and, for each natural j < 10g4(n/82), we let
NP P
Apji=¢ hjl{hj>8221,/|1_,-\}'

Let Q1 be as in Lemma 4.1. Then Ay satisfies

1
O1(A1) < Tia(+ A1) + 635 + 8o/ [max
teN 16¢
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Proof Denote by J the set of all j < log4(n/82) such that 4 ; > 822j,/|1j| and let J'

be its complement inside {1, ..., Llog4(n/82)J}. Then
01(A)) ( ) E E . 2i)* = 1
A1) =71 A Mo
1(Ag Alu+ Ay + » ey

j=liel;

<mau+ap+ Y Y +XA?_)\

Jj>logy(n/e?) i€l;

h

) 44 )

T4 ZA1+4J+ ZA1+4/
jeJ’ jeJ

=ma(u+ A1) + (%) + 4(xx) + 4(x * *).

We shall estimate the last three quantities separately. First, note that

4|x |12 4 ’
. [lx |l I — Vellx| 5 < 4Ve.
Al +n/e [lx|] l{sllxl\zzﬂ} +n/e /

(

Next,
(**)<822,/|l XM Z 2/ <2eyn maxﬂ
Tk 16t - teN 16¢°
jer’ j<log,(n/e?)

Finally, we have

o hj
Z/EJAlj

Summing up the estimates, we get the result. O

Denote

Fy(A) = Xn: ! IXH:—O"X")Z A>0
YT\ S wra-e-1) Sara-w? T

(clearly, F>(A) = AQ>(A) for all A > 0).

Lemma 4.4 (Definition of Ay) Let A, u and x be as above, with u > Ay, and let
o > 0 satisfy ma(u) + o < 1. Define Ay according to the following procedure: if

1+a)20) <o —r)A —ma(u) — o)

then set

(I + ) F>(0)

Ay = ————,
1—ma(u) —«
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otherwise, take the smallest non-negative integer j such that
0> (2@ —2)) = 1-Maw) —a
and let
Ay =20 (u — A)).
Then Ar = 0 whenever x = 0, and, for x # 0, we have A> # 0 and
02(A2) <1 —ma(u) —a.

Proof The case x = 0 is trivial, so further we assume that x # 0 implying A, # 0.
First, suppose that

I+ a)20) < au —r)A —ma(u) — ).

Then, in view of the definition of Aj, we have Ay < a(u — A1), and

n

-1
1 " (x,)c,')2
F(A) = <Z (u+A2—Ai)(u—)»i)> Zm

i=1 i=1

< (1 + a)F(0).

Hence,
02(A2) = F2(A2) /Ay = 1 —mip(u) — a.
If
(I +a)F2(0) > a(u — A1 —na(u) —a)
then the statement follows directly from the definition of Aj. O

4.2 Randomization and control of expectations

In this subsection, we “randomize” Lemmas 4.3 and 4.4. Let, as before, Abeann x n
(non-random) positive semidefinite matrix with eigenvalues A1 > --- > A, > 0, let
u > g satisfym4 (u) < 1. We define (random) quantities Aj and A; asin Lemmas 4.3
and 4.4, replacing the fixed vector x with arandom isotropic vector X. In the following
two lemmas, we will estimate the expectations of A and A».

Lemma 4.5 (Control of EAy) Let e € (0, 1/4] and let A, A;, u be as above and 1; be
defined according to (4.2). Assume additionally that
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Further, let X € R" be an isotropic random vector and K > 1. Assume that for any
non-zero orthogonal projection P : R* — R" we have

_8 (rankP)rankP
2

=< ; , t> f(rankP)rankP,

IP>{||P(X)||2 — rankP > z}

where functions f : N — [0, 1] and g : N — [0, K] satisfy
gy <e''? and fk) <e® Vk=>e'n.

Define a random variable A1 as in Lemma 4.3 replacing the non-random vector x
with X. Then

EA; < 32K 4/s.

Proof Let us estimate separately the expectations of A} and Ay ;, (j < logy(n/ 2)),
where the quantities are defined as in Lemma 4.3. First,

o0
EA| = e7*2nP{| X|? = n/e} +/ P(IX|? = Ver}dr

e n
84 o) 89/21’1
<—+ dt
(el —=1)2 /5—3/2,1,84/2” 72

et &

<
(g1 —1)2 +8_1—1

< 4.

Next, fix any natural j < 10g4(n/52) with I; # &. We let i to be defined as in (4.3),
with the random vector X replacing the non-random x. We have

EA; ; = &2/ |1j|19>[h,» > 822/',/|1,»|} +/ P{h; > et} dr.
e24 /111

o0

Note that h; = ||P; (X)||2 —rankP; and |/;| = rankP;, where P; is the orthogonal
projection onto the span of {x;, i € I;}. Let us consider two cases.

1. |1;] > &'n. Since ma(u) < 1, we have |I;| < 4/, and &2|I;| < &22/ /|I;].
Hence, from the above formula for EA; ; and the conditions on projections of X
we obtain

85/2 |]]| 85/2 |I]|
EA; j = - -
’ 27 2J

<2/ F1g5/2 maxﬂ
- teN 16

< 2it1g2,=172,
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2. 1] < ¢'"n. Then, in view of Lemma 4.2, 1| < e347  implying

frankP)) < 1 < |1;| = /I |V1I;| < e*27 /I;] < £227/|1;].

Applying again the formula for EA; ; together with the projection conditions and
Lemma 4.2, we obtain

2K /1] . 2/ K 5
Lj e32J n 87/2\/? ¢ ’

Thus, in any case EAy ; < 20162 =12 4 min ( 7/2;’ ZSK) Summing over

all j < log4(n/82), we get

2+l g
Y EA <det+ Y 7/2f+2K8(—1110g48+1)
j<logy(n/e?) j=logy(e%n)

<4e +4Ke + 22K /e +2Ks,

and the statement follows.

m}

The next lemma does not require assumptions on projections of X other than of
rank one.

Lemma 4.6 (Control of EAj) Let A and A; (i < n) be as above and let X
be an isotropic random vector in R" such that for some «, K > 0 we have
max =1 E[{(X, WK < K, andletu > Ay and o € (0, 1/2] satisfyma(u) +o < 1.
Then for

W, = K21+K/(a1+l(/2(1 _ 2—K/2))

we have

EA; < _1 o + — Do ,
L —ma(u) — (I —ma(u) — )</ (u — r1)</?
where A is defined as in Lemma 4.4, with X replacing x.

Proof An inspection of the definition of A, in Lemma 4.4 immediately shows that

(14+a)F2(0) — j _
RS Sl

where xg is the indicator function of the event

{1+ ) F2(0) > a(u — A)(1 —ma(u) — o)}
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and for each j > 0, x; is the indicator of the event

[Qz (2f‘1(u —/\1)) > 1 —mau) —a].

Note that for each fixed number r > 0, F>(r) is a random variable representable in
the form

Fa(r) =Y Bi(X, xi)%,
i=1

where the numbers 8; = B;(r) are positive and ) ;_, B; < 1. By the Minkowski
inequality, for any p > 1 we have

EREOM) <3 (B@ X))
i=1

= iﬁi (E1x, xi>|2")1/p < max (EI(X, »)?")
i=1

“lyl=t

1/p

In particular, EF, (r) ! 1¢/2 < max =1 E|(X, y)|?*t* < K.Hence, from the definition
of the indicator functions x; and applying Markov’s inequality, we get

Exo < K (0 @) =2 —ma) o) .
and for every j > 1:
Exj < K (27w )~ — )
Finally, we obtain

1
EA2 S_i
1—ms(u) —a

—1—x/2
+ K@= (@407 =) = Tia) - )

> . —1—«/2
+ 32K W =) (27 = (1 = A — @)
j=l
_ 1+« n K
Cl—maw) —a (1 —ma@u) — o) T2 — ap)</2

o0
(1 +loz)1/:"/2 n Z D l+/2-kj/2
altx
j=1
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(1+a)
T 1l—ms(u) —«

o
<14 K(1 +a)<? 221+K/2—Kj/2
al-’rl(/Z(l —ma(u) — a)K/Z(u _ )L])/c/2 =

and the result follows. O

4.3 Proof of Theorem 1.8, completed

Let X,,, m, and A, n € N, be as in (1.1), (1.2), and (1.4), respectively. Without loss
of generality, we can assume that both functions f and g in (STP) are non-increasing.
Denote

. oMy
y =inf — >0
n=l n

and fix any o € (0, \/y/(1 + ./¥)). Further, let & := «?/225 and let n, € N be such
that

gk) < "2 and fk) < &2 Vk > 817ng
and, additionally,

2(48 + 192g(1))a—3/?
3/2
(V71 + 7 =) (Vene/4)
(the last condition will be needed later to simplify the estimate coming from

Lemma 4.6). From now on, we fix n > n,. For convenience, we let m := m,, and
XM X0 beiid. copies of X,,. We define

<
2 =€

A =0 and AP =A%D 4L xO @ x®O 1<k <m,

so that A, = A" Set

Uy :=n -+ /mn
and let uy, ..., u; be acollection of random numbers defined inductively as follows:
For every k = 1,2, ..., m, assuming that u;_; has already been defined, we let / ;‘
(j € N) be random subsets of {1, 2, ..., n} analogous to those given in (4.2), with

A%=D and u;_; replacing A and u, respectively, i.e.
5= {i <n: 4V <y —aA%D) < 4f} , jeN.
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Then we set
Uk i= Uj—] —{—AII—FAIE—G—A](,

where A]f is taken from Lemma 4.3 (with A%=D Uk—_1, X® and 1]’.‘ replacing A, u,
x and I, respectively); Aé is defined as in Lemma 4.4 (again, with Ak=D Ur—1 and
X ® taking place of A, u and x), and A];Q is the regularity shift defined by

Ak = min {e e NU{0}: 740 (uk,l + Ak 4 Ak +e)

1
—m S Af A e 1) s
mA(k)(Mk 1 1 2 = 2en

(the factor “2” in front of en in the above definition does not carry any special meaning,
and introduced for a purely technical reason). The quantities A];Q play arole analogous
to numbers Sll‘e from the section dealing with the smallest eigenvalue.

Before going further, we must make sure that the above definition is consistent, i.e.
400 (ug) + a < 1and ug > Amax(A®) deterministically for all k € {0, 1, ..., m)}
(otherwise, we would not be able to apply Lemmas 4.1, 4.3, 4.4). We shall verify this
by induction. For k = 0, the inequalities hold by the definition of uy and «. Now,
let k > 1, and assume that u;_; has the property that m 4«1 (ux—1) + ¢ < 1 and
Up—1 > Amax (A%~1D) deterministically (everywhere on the probability space). Let Q1
and Q) be defined as in Lemma 4.1, with A(k_l), ur—1 and x® replacing A, u and
x. Note that if k = 1 then we have

) R T |
S L
16/ u(2) en

and if k£ > 1 then the summand A];{l in the definition of u;_; makes sure that
k| > 2|IJ’.‘ |

o0

1
E _J E -y a7 7 _
j=1 16/ = j=1 47 (47 + 1) = z(mA(k_l)(uk_l) M gtk (=1 + 1)) = en’

Thus, by Lemma 4.3,

01 (Alf) < M g1 (up—1) + 144/,
Further, by Lemma 4.4, we have

0> (A’é) <1 — 401 (1) — a.

The definition of ¢ and monotonicity of Q1, Q> then imply that Q1 (uy — ur—1) < 1
and Q1 (ug —ug—1) + Q2(ug —ur—1) < 1. Thus, by Lemma 4.1 we have m 4 (ug) <
m qu-1 (Ug—1) <1 — o and uy > Amax(A(k)) deterministically.

@ Springer



886 D. Chafai, K. Tikhomirov

The following lemma gives an estimate of the cumulative impact of the regularity
shifts:

Lemma 4.7 With A];e (1 < k < m) defined above, the following holds deterministi-
cally:

m
Z Al;e < 2e¢n.
k=1

Proof Take any admissible k > 1. The definition of A];e immediately implies that for
all 0 < ¢ < A% we have

1
g0 (o1 + A+ A5+ €) = g0 (weor + A5+ A5+ e41) > S

Hence,

T 40 (1) = 7 406 (uk_1 + Ak 4 Ak A’;)

Ak
S (uk_1 + Ak 4 A’g) - ﬁ

Ak
<M pw-n (Ug—1) — 28—2-
k
Thus, m 40 (ur) < m g@—1 (Ug—1)— % forall k > 1, which, together with the relations
0 <mymw(ur) <10 <k < m), implies the result. O
Now, fix for amoment any k € {1, ..., m} and let F;_1 be the o -algebra generated
by the vectors XV, ..., X*=D_We will first estimate the conditional expectation

E (A% + 881 Fier) =E (a1 7t ) +E (851 51
Applying Lemma 4.5, we obtain
HE (A]f |7k—1>H < 32g(1)+/e.
o

Next, note that the assumptions on 1-dimensional projections imply that for any
unit vector y we have

Bl X = [Pl x, 2 & ar
0
5«/§+/ IF’{(y,Xn)2—IZr2/3—1}dr
V8

o0
< «/§+4g(1)/ 4R dr
NG

<8+ 12g(1).
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k

Ik
Next, the upper bound on % implies that / j‘ = & whenever j < log4(en), whence

up—1 — 2 (A7) >

4
Then, by Lemma 4.6 (applied with « := 1), and in view of the inequality
m ga-n (Uk—1) < M p0 (uo), we get
14+ o Wy
E(AS | Fie H < —— <1+ )
” (A2 1 Fe-1) oo T 1 =m0 () —a (1 —m 40 (uo) _a)1/2(\/ﬁ/4)1/2

where

W, =4 ”shlplﬂauy, X)) (oz3/2 (1 - 2—1/2)) < (48 +192g(1))a =32,
yl=

It is not difficult to check that for B := (1 +2/Y)a/ (/¥ — (1 + /¥)a) we have

1 +a _ 148
1 =m0 o) —a ~ 1 —m40 (o)’

and by the choice of n,, we have

W,y(1 + o) <e

(I —m 40 (uo) — a)3/2(Jen/H1/2 ~

Hence, we obtain

| (a4 |fk,1)HOO <(1+8) (1 ﬂ/%) +e.

Summing up over k € {1, ..., m} and applying Lemma 4.7, we get

EAI(An) =< IE“m
<n+mn+32g(1)/em + (1 + B)(m + /mn) + em + 2¢en
= (Vn + vm)? +32g(1)/em + e(m + 2n) + B(m + /mn).

Since o can be chosen arbitrarily small and both 8 and ¢ tend to zero with o, we get
the result.
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=q(F2)) is not a group.
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