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Abstract The Brownian motion (U, tN )¢>0 on the unitary group converges, as a process,
to the free unitary Brownian motion (u;);>0 as N — oo. In this paper, we prove that
it converges strongly as a process: not only in distribution but also in operator norm.
In particular, for a fixed time ¢+ > 0, we prove that the unitary Brownian motion
has a spectral edge: there are no outlier eigenvalues in the limit. We also prove an
extension theorem: any strongly convergent collection of random matrix ensembles
independent from a unitary Brownian motion also converge strongly jointly with the
Brownian motion. We give an application of this strong convergence to the Jacobi
process.
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1 Introduction

This paper is concerned with convergence of the noncommutative distribution of the
standard Brownian motion on unitary groups. Let My denote the space of N x N
complex matrices, and let Tr(A) = ijzl Aj; denote the (usual) trace. It will be

convenient throughout to use the normalized trace, and so we use the symbol tr = %Tr
(with a lower-case t) for this purpose. We denote the unitary group in My as Uy.
The Brownian motion on Uy is the diffusion process (U tN )r>0 started at the identity
with infinitesimal generator %AU v» Where Ay, is the left-invariant Laplacian on Uy .
(This is uniquely defined up to a choice of N-dependent scale; see Sect. 2.1 for precise
definitions, notation, and discussion.)

For each fixed t > 0, U ,N is a random unitary matrix, whose spectrum spec(UtN )
consists of N eigenvalues A (U, ,N )y AN (U ,N ). The empirical spectral distribution,
also known as the empirical law of eigenvalues, of UtN (for a fixed r+ > 0) is the
random probability measure Law yN on the unit circle Uy that puts equal mass on each
eigenvalue (counted according to multiplicity):

N
1
LaWUlN = ﬁ Zék_j(UzN)'
j=1

In other words: Lawyy is the random measure determined by the characterization that
t
its integral against a test function f € C(Uy) is given by

1 N
/UI fdlawyy = ;f(/\j(UIN)). (1.1)

It is customary to realize all of the processes {UtN : N € N} on a single probability
space in order to talk about almost sure convergence of LawUIN as N — oo. The
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The spectral edge of unitary Brownian motion 51

standard realization is to declare that UtN and USM are independent for all 5,7 > 0
and all N # M. (To be clear, though, none of the results stated below depend on this
particular realization, and indeed hold for any coupling.)

In [4], Biane showed that the random measure LawUtN converges weakly almost
surely to a deterministic limit probability measure vy,

lim fdLaw,n = / fdvra.s. f e CUy). (1.2)
t U,

N—o0 Jy,

The measure v; can be described as the spectral measure of a free unitary Brownian
motion (cf. Sect. 2.3). For t > 0, v; possesses a continuous density that is symmetric
about 1 € Uy, and is supported on an arc strictly contained in the circle for 0 < ¢ < 4;
fort > 4, supp v, = Uj.

The result of (1.2) is a bulk result: it does not constrain the behavior of eigen-
values near the edge. The additive counterpart is the classical Wigner’s semicircle
law. Let XV be a Gaussian unitary ensemble (GUE"), meaning that the joint den-
sity of entries of X" is proportional to exp(—5 Tr(X?)). Alternatively, X" may be
described as a Gaussian Wigner matrix, meaning it is Hermitian, and otherwise has
i.i.d. centered Gaussian entries of variance % Wigner’s law states that the empirical
spectral distribution converges weakly almost surely to a limit: the semicircle distri-
bution % (4 — x2)4 dx, supported on [—2, 2] (cf. [50]). This holds for all Wigner
matrices, independent of the distribution of the entries, cf. [2]. But this does not imply
that the spectrum of X" converges almost surely to [—2, 2]; indeed, it is known that
this spectral edge phenomenon occurs iff the fourth moments of the entries of XV are
finite (cf. [3]).

Our first major theorem is a spectral edge result for the empirical law of eigenvalues
of the Brownian motion U tN . Since the spectrum is contained in the circle Uy, instead of
discussing the ill-defined “largest” eigenvalue, we characterize convergence in terms
of Hausdorff distance dy : the Hausdorff distance between two compact subsets A, B
of a metric space is defined to be

dy(A, B) =inf{e >0: A C B, & B C A},

where A, is the set of points within distance € of A. It is easy to check that the
spectral edge theorem for Wigner ensembles is equivalent to the statement that
dy (spec(XN), [-2,2]) = 0 a.s. as N — o0; for a related discussion, see Corol-
lary 3.3 and Remark 3.4 below.

Theorem 1.1 Let N € N, and let (U,N),Zo be a Brownian motion on Uy. Fixt > 0.
Denote by v; the law of the free unitary Brownian motion, cf. Theorem 2.5. Then

dH(spec(U,N), suppv;) - 0 a.s.as N — oo.
Remark 1.2 When t > 4, supp v; = Uj, and Theorem 1.1 is immediate; the content

here is that, for 0 < ¢ < 4, for large N all the eigenvalues are very close to the arc
defined in (2.7) (Fig. 1).
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Fig. 1 The spectrum of the unitary Brownian motion U,N with N = 400 and r = 1. These figures were
produced from 1000 trials. On the left is a plot of the eigenvalues, while on the right is a 1000-bin histogram
of their complex arguments. The argument range of the data is [—1.9392, 1.9291], as compared to the
predicted large-N limit range (to four digits) [—1.9132, 1.9132], cf. (2.7)

To prove Theorem 1.1, our method is to prove sufficiently tight estimates on the
rate of convergence of the moments of U,N . We record the main estimate here, since
it is of independent interest.

Theorem 1.3 Let N,n € N, and fixt > 0. Then

t2n4

<7 (1.3)

Eu[(UM"] - / w" vy (dw)

Uy

Theorems 1.1 and 1.3 are proved in Sect. 3.

The second half of this paper is devoted to a multi-time, multi-matrix extension
of this result. Biane’s main theorem in [4] states that the process (U,N )i>0 converges
(in the sense of finite-dimensional noncommutative distributions) to a free unitary
Brownian motion (u,);>0. To be precise: for any k € N and times #1,...,#% > 0,
and any noncommutative polynomial P € C(X7y, ..., Xok) in 2k indeterminates, the
random trace moments of (U,JJY )1<j<k converge almost surely to the corresponding
trace moments of (u,j)lg j<k:

Jim (P(Uflv, why,... Y, (U,IkV)*)) = (Pl ]ty 1)) as.

(Here 7 is the tracial state on the noncommutative probability space where (u;);>0
lives; cf. Sect. 2.3.) This is the noncommutative extension of a.s. weak convergence
of the empirical spectral distribution. The corresponding strengthening to the level of
the spectral edge is strong convergence: instead of measuring moments with the linear
functionals tr and 7, we insist on a.s. convergence of polynomials in operator norm.
See Sect. 2.2 for a full definition and history.

Theorem 1.1 can be rephrased to say that, for any fixed + > 0, UtN converges
strongly to u; (cf. Corollary 3.3). Our second main theorem is the extension of this to
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The spectral edge of unitary Brownian motion 53

any finite collection of times. In fact, we prove a more general extension theorem, as
follows.

Theorem 1.4 Foreach N, let (UIN)IZ() be a Brownian motionon Uy. Let AN, A,’X
be random matrix ensembles in My all independent from (U,N )i=0, and suppose
that (AVN, ..., A,Ilv) converges strongly to (ay, ..., ay). Let (u;);>0 be a free unitary
Brownian motion freely independent from {ay, ..., a,}. Then, for any k € N, and any
fyeo ty >0,

(AN, e A,]lv, U,llv, AU U,;v) converges strongly to (ay, ..., ap, Uy, ..., Ug).

Theorem 1.4 is proved in Sect. 4.

We conclude the paper with an application of these strong convergence results to
the empirical spectral distribution of the Jacobi process, in Theorem 5.7. We proceed
now with Sect. 2, laying out the basic concepts, preceding results, and notation we
will use throughout.

2 Background

Here we set notation and briefly recall some main ideas and results we will need
to prove our main results. Section 2.1 introduces the Brownian motion (UtN )i>0 on
Up. Section 2.2 discusses noncommutative distributions (which generalize empirical
spectral distributions to collections of noncommuting random matrix ensembles, and
beyond) and associated notions of convergence, including strong convergence. Finally,
Sect. 2.3 reviews key ideas from free probability and free stochastic calculus, leading
up to the definition of free unitary Brownian motion and its spectral measure v;.

2.1 Brownian motion on Uy

Throughout, Uy denotes the unitary group of rank N; its Lie algebra Lie(Uy) = uy
consists of the skew-Hermitian matrices in My, uy = {X € My: X* = —X}. We
define a real inner product on uy by scaling the Hilbert—Schmidt inner product

(X,Y)y = —NTr(XY), X,Y €uy.

Asexplained in [20], this is the unique scaling that gives a meaningful limitas N — oo.

Any vector X € uy gives rise to a unique left-invariant vector field on Uy; we
denote this vector field as dx (it is more commonly called X inthe geometry literature).
That is: dx is a left-invariant derivation on C°°(Uy) whose action is

_ 4 X
(3Xf)(U)—dt z=of(Ue )

where ¢'X denotes the usual matrix exponential (which is the exponential map for the

matrix Lie group Uy ; in particular ¢'* € Uy whenever X € uy). The Laplacian Ay "
on Uy (determined by the metric (-, -) y) is the second-order differential operator
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Ayy = Z 3)2(

XeBn

where By is any orthonormal basis for uy; the operator does not depend on which
orthonormal basis is used. The Laplacian is a negative definite elliptic operator; it is
essentially self-adjoint in L?(Uy) taken with respect to the Haar measure (cf. [41,45]).

The unitary Brownian motion UN = (UIN )r>0 is the Markov diffusion process on
Uy with generator %AU v» With Uév = Iy. In particular, this means that the law of
UN at any fixed time ¢ > 0 is the heat kernel measure on Uy . This is essentially by
definition: the heat kernel measure ptN is defined weakly by

Ep(= [ sl = () an. fecwm. @
Un

We mention here the fact that the heat kernel measure is symmetric: it is invariant
under U > U~! (this is true on any Lie group).

There are (at least) two more constructive ways to understand the Brownian motion
UV directly. The first is as a Lévy process: U" is uniquely defined by the following
properties.

o CONTINUITY: The paths ¢ — U/ are a.s. continuous.

e INDEPENDENT MULTIPLICATIVE INCREMENTS: For 0 < s < ¢, the multiplicative
increment (UN)~!U} is independent from the filtration up to time s (i.e. from all
random variables measurable with respect to the entires of U for 0 < r <'s).

e STATIONARY HEAT- KERNEL DISTRIBUTED INCREMENTS: For 0 < s < t, the
multiplicative increment (UN)~!U]N has the distribution p/" .

In particular, since U ,N is distributed according to ptN , we typically write expectations
of functions on Uy with respect to p/¥ as

E,v(f) =ELf U]

For the purpose of computations, the best representation of U is as the solution to
a stochastic differential equation. Let X"V be a GUE" -valued Brownian motion: that
is, XV is Hermitian where the random variables [XN].,'./, Re[XN]jk, Im[XN]jk for
1 < j < k < N are all independent Brownian motions (of variance /N on the main
diagonal and ¢ /2N above it). Then U is the solution of the Itd stochastic differential
equation

1
duN =iuN axN — EUtN dt, U} =1y. 2.2)

We will use this latter definition of UIN , via the SDE in terms of GUEY -valued Brow-
nian motion, almost exclusively throughout this paper.

@ Springer



The spectral edge of unitary Brownian motion 55

2.2 Noncommutative distributions and convergence

Let (o7, ) be a W*-probability space: a von Neumann algebra .o/ equipped with
a faithful, normal, tracial state 7. Elements a € & are referred to as (noncommu-
tative) random variables. The noncommutative distribution of any finite collection

ai,...,ar € A is the linear functional (4, .. 4) ON noncommutative polynomials
defined by
May,....ar) * C(X], ey Xk) - C
P+ t(P(ai,...,ay)). 2.3)

Some authors explicitly include moments in a;, a;f in the definition of the distribu-
tion; we will instead refer to the x-distribution as the noncommutative distribution
Ky ,af,....axa) explicitly when needed. Note, when a € ¢ is normal, u, o+ is deter-
mined by a unique probability measure Law,, the spectral measure of a, on C in the
usual way:

/ f(z,2) Law,(dzd2) = pa,a*(f), f € CIX, X"]
C

(i.e. when normal it suffices to restrict the noncommutative distribution to ordinary
commuting polynomials). In this case, the support supp Law,, is equal to the spectrum
spec(a). If u € <7 is unitary, Law,, is supported in the unit circle Uj. For example: a
Haar unitary is a unitary operator in (<7, T) whose spectral measure is the uniform
probability measure on U; (equivalently t(u") = §,0 forn € Z). In general, however,
for a collection of elements ay, ..., a; (normal or not) that do not commute, the
noncommutative distribution is not determined by any measure on C.

As a prominent example, let A" be a normal random matrix ensemble in Miy: i.e.
A" is a random variable defined on some probability space (2, .%, IP), taking values
in My . The distribution of AN as a random variable is a measure on M ~; but for each
instance w € €2, the matrix A" (@) is a noncommutative random variable in the W*-
probability space M, whose unique tracial state is tr. In this interpretation, the law
Law 4~ ., determined by its noncommutative distribution is precisely the empirical
spectral distribution

N
1
Law av () = 3 2 0%, (a¥ @)
j=1

where A1 (AN (@), ..., Ay (AN (w)) are the (random) eigenvalues of AN

Let (AN e A,ﬂv ) be a collection of random matrix ensembles, viewed as (ran-
dom) noncommutative random variables in (M, tr). We will assume that the entries
of AN are in L®(Q, %, P), meaning that they have finite moments of all orders.
The noncommutative distribution AN AN) is thus a random linear functional
C(Xy,...,X,) — G, its value on a polynomial P is the (classical) random vari-
able tr(P(AY, ..., A,’,V)), cf. (2.3). Now, let (<7, ) be a W*-probability space, and
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letay,...,a, € /. Say that (AN, e, Af:’) converges in noncommutative distribu-
tion to ay, ..., a, almost surely if HAN ...y~ Haran) almost surely in the
topology of pointwise convergence. That is to say: convergence in noncommutative
distribution means that all (random) mixed tr moments of the ensembles A?’ converge
a.s. to the same mixed T moments of the a;. Later, a stronger notion of convergence

emerged.

Definition 2.1 Let AN = (AY, ..., A,liv) be random matrix ensembles in (M, tr),
and leta = (ay, ..., a,) be random variables in a W*-probability space (<7, t). Say
that AN converges strongly to aif AN converges to a almost surely in noncommutative
distribution, and additionally

IPAY, ... AN vy = I1PGat, ... an)lly as. Y P eC(Xy,...,Xn).

(Here || - [lm,, denotes the usual operator norm on My, and | - || .+ denotes the operator
norm on 7.)

This notion first appeared in the seminal paper [24] of Haagerup and Thorbjgrnsen,
where they showed that if X NoX ,Ilv are independent GUEY random matrices, then
they converge strongly to free semicircular random variables (x1, ..., x,). The notion
was formalized into Definition 2.1 in the dissertation of Male (cf. [35]).

Remark 2.2 1t should be noted that the choice of terminology strong convergence is at
odds with the standard notion of strong topology in functional analysis, which certainly
does not involve the operator norm! While this may be jarring to some readers, the
terminology is now standard in free probability circles.

Male’s paper [35] also proved the following generalization: an extension property
of strong convergence).

Theorem 2.3 (Male [35]) Let AN = (AV, ..., Aflv) be a collection of random matrix

ensembles that converges strongly to some a = (ay,...,a,) in a W*-probability
space (<7, t). Let XV =xN,...,X ,iv ) be independent Gaussian unitary ensembles
independent from AN, and let x = (x1, ..., xy) be freely independent semicircular

random variables in < all free from a. Then (AN, XV) converges strongly to (a, X).

(For a brief definition and discussion of free independence, see Sect. 2.3 below.) Later,
together with the present first author in [13], Male proved a strong convergence result
for Haar distributed random unitary matrices (which can be realized as lim;_, UZN ).

Theorem 2.4 (Collins and Male [13]) Let AN = (AY, ..., AN) be a collection of
random matrix ensembles that converges strongly to some a = (ai,...,ay) in a
W*-probability space (<7, T). Let UN be a Haar-distributed random unitary matrix
independent from AN | and let u be a Haar unitary operator in </ freely independent
from a. Then (AN, UV, (UN)*) converges strongly to (a, u, u*).

(The convergence in distribution in Theorem 2.4 is originally due to Voiculescu [47];
a simpler proof of this result was given in [10].) Note that, for any matrix A € My
and any operator a € <7,
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The spectral edge of unitary Brownian motion 57

Ay = lim (t[(AA®P2DYP, and |la|y = lim (c[(aa*)P/*DV/P.
p—>0o0 p—>00

These hold because the states tr and t are faithful. These are the noncommutative L?-
norms on L? (M, tr) and L? (<7, 1) respectively. The norm-convergence statement
of strong convergence can thus be rephrased as an almost sure interchange of limits:
if AN converges a.s. to a in noncommutative distribution, then AV converges to a
strongly if and only if

P( lim lim |PAM)|zrauy.wy = lim ”P(a)”LP(Jf,‘L’)) =1,
p—>00 p—>00

N—o0

VPeC(Xy, ..., Xn). 2.4

If we fix p instead of sending p — 00, the corresponding notion of “L”-strong
convergence” of the unitary Brownian motion (UN),¢ to the free unitary Brownian
motion (u;);>o was proved in the third author’s paper [30]. This weaker notion of strong
convergence does not have the same important applications as strong convergence,
however. As a demonstration of the power of true strong convergence, we give an
application to the eigenvalues of the Jacobi process in Sect. 5: the principal angles
between subspaces randomly rotated by U/N evolve a.s. with finite speed for all large
N.

2.3 Free probability, free stochastics, and free unitary Brownian motion

We briefly recall basic definitions and constructions here, mostly for the sake of fix-
ing notation. The uninitiated reader is referred to the monographs [38,49], and the
introductions of the authors’ previous papers [12,30,32] for more details.

Let (<7, ) be a W*-probability space. Unital subalgebras <7, ..., o, C < are
called free or freely independent if the following property holds: given any sequence of

indices ki, ..., k, € {1, ..., m} that are consecutively-distinct (meaning k; | # k;
for 1 < j < n) and random variables a; € .kaj, if t(aj)) =0forl < j <n
then t(ay - - -a,) = 0. We say random variables ay, . .., a,, are freely independent if

the unital *-subalgebras .&7/; = (a;, a;f) C & they generate are freely independent.
Freeness is a moment factorization property: by centering random variables a —
a — t(a)ly, freeness allows the (recursive) computation of any joint moment in free
variables as a polynomial in the moments of the separate random variables. In other
words: the distribution (4, ,... ;) of a collection of free random variables is determined
by the distributions i, ..., g, separately.

A noncommutative stochastic process is simply a one-parameter family a = (a;)s>0
of random variables in some W*-probability space (<7, t). It defines a filtration:
an increasing (by inclusion) collection <% of subalgebras of &/ defined by < =
W*(as: 0 <s < t), the von Neumann algebras generated by all the random variables
ag for s < t. Given such a filtration (2% ),>0, we call a process b = (b;),;>0 adapted if
b, € o forallt > 0.

A free additive Brownian motion is a selfadjoint noncommutative stochastic process
x = (x/);>0 in a W*-probability space (<7, t) with the following properties:
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e CONTINUITY: The map Ry — & : t — x; is weak™*-continuous.

e FREE INCREMENTS: For 0 < s < t, the additive increment x; — x; is freely
independent from <7 (the filtration generated by x up to time s).

e STATIONARY INCREMENTS: For 0 < s <1, ty,—x, = Hx,_,-

It follows from the free central limit theorem that the increments must have the
semicircular distribution: Law,, = ﬁ (4t — x%) 4 dx. Voiculescu (cf. [46,47,49])
showed that free additive Brownian motions exist: they can be constructed in any W*-
probability space rich enough to contain an infinite sequence of freely independent
semicircular random variables (where x can be constructed in the usual way as an
isonormal process).

In pioneering work of Biane and Speicher [6,7] (and many subsequent works such
as the third author’s joint paper with Nourdin, Peccati, and Speicher [32]), a theory
of stochastic analysis built on x was developed. Free stochastic integrals with respect
to x are defined precisely as in the classical setting: as L?(7, 7)-limits of integrals
of simple processes, where for constant a € <7, fé Lir_ 1 1(s)a dx; is defined to be
a - (x;, — x;_). Using the standard Picard iteration techniques, it is known that free
stochastic integral equations of the form

t

t
ar = aop +f @ (s, as)ds +/ o (s, as) dxg (2.5)
0 0

have unique adapted solutions for drift ¢ and diffusion o coefficient functions that
are globally Lipschitz. Note: due to the noncommutativity, the kinds of processes one
should really use in the stochastic integral are biprocesses: 8; € <7 ® o7 . The stochastic
integral against a single free Brownian motion x; is then denoted S;#dx;, where this is
defined so that, if 8; = a; ® b; is a pure tensor state, then B;#dx; = a;dx;b;, allowing
the process to act on both sides of the Brownian motion. (See [6,32] for details.) A
one-sided process like the one in (2.5) is typically not self-adjoint, which limits ¢, o to
be polynomials, and ergo linear polynomials due to the Lipschitz constraint. That will
suffice for our present purposes.) Equations like (2.5) are often written in “stochastic
differential” form as

da; = ¢(t,a;)dt + o (t, a;) dx;.

Given a free additive Brownian motion x, the associated free unitary Brownian motion
u = (u;);>0 is the solution to the free SDE

1
du; = iu;dx; — zu, dt, ug = 1. (2.6)

This precisely mirrors the (classical) Itd6 SDE (2.2) that determines the Brownian
motion (UN),>0 on Uy.

The free unitary Brownian motion (u;);>0 was introduced by Biane in [4] via the
above definition. In that paper, with more details in Biane’s subsequent [5], together
with independent statements of the same type in [40], Law,, was computed. Since u,
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The spectral edge of unitary Brownian motion 59

is unitary, this distribution is determined by a measure v; that is supported on the unit
circle U;. This measure is described as follows.

Theorem 2.5 (Biane [5, Proposition 10 and Lemma 11]) For t > 0, v; has a contin-
uous density o; with respect to the normalized Haar measure on Uy. For 0 <t < 4,
its support is the connected arc

. 1 t
supp vy = {6’9: 0] < > t(4 — t) + arccos (1 - 5)} , 2.7

while supp v; = Uy fort > 4. The density o, is real analytic on the interior of the arc.
It is symmetric about 1, and is determined by o; (€'Y = Re k; (e’e) where 7 = K¢ (e’g)
is the unique solution (with positive real part) to

Note that the arc (2.7) is the spectrum spec(u;) for 0 < ¢t < 4; fort > 4, spec(u;) =
U.

With this description, one can also give a characterization of the free unitary Brow-
nian motion similar to the invariant characterization of the Brownian motion (U,N )i=0
on page 5. That is, (u;);>0 is the unique unitary-valued process that satisfies:

e CONTINUITY: The map Ry — &7 t — u, is weak® continuous.

e FREELY INDEPENDENT MULTIPLICATIVE INCREMENTS: For 0 < s < 7, the multi-
plicative increment us_lu ; 1s independent from the filtration up to time s (i.e. from
the von Neumann algebra @7 generated by {u,: 0 < r < s}).

e STATIONARY INCREMENTS WITH DISTRIBUTION v: For 0 < s < ¢, the multi-
plicative increment u;lu + has distribution given by the law v;_.

3 The edge of the spectrum

This section is devoted to the proof of our spectral edge theorem for a single time
marginal U}" . We begin by showing how Theorem 1.1 follows from Theorem 1.3, and
recast the conclusion as a strong convergence statement in Corollary 3.3. Section 3.2
is then devoted to the proof of the moment growth bound of Theorem 1.3.

3.1 Strong convergence and the proof of Theorem 1.1

We begin by briefly recalling some basic Fourier analysis on the circle U;. For f €
L?(Uy), its Fourier expansion is

fw)=Y"fmuw", where f(n)= | fw)w"dw,

nez Ui
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where dw is the normalized Lebesgue measure on U;. For p > 0, the Sobolev space
H ), (Uy) is defined to be

Hy(Uy) = {f € LXUD: Iy, = Y A +n)P I fm)P < oo} . GD

nez

If£ > k > 1 are integers, and £ > p > k + %, then Ce(Ul) Cc H,(U) C Ck(Ul);
it follows that Hyo (Up) = mpz() H,(U;) = C*°(Uy). These are standard Sobolev
imbedding theorems (that hold for smooth manifolds); for reference, see [22, Chap-
ter 5.6] and [42, Chapter 3.2].

Theorem 1.3 yields the following estimate on moment growth tested against Sobolev
functions disjoint from the limit support.

Proposition 3.1 Fix 0 <t < 4. Let f € Hs(Uy) have support disjoint from supp v;.
There is a constant C(f) > O such that, for all N € N,

C(f)
.

[Ete[ f(UM)]] < ~

(3.2)

Proof Denoteby v (n) =Etr[(UN)"]and v, (n) = [i;, w" vy (dw) = limy— 0 v (n).
Expanding f as a Fourier series, we have

Bl f(UMN] =) fmBelU)" 1 =) fm) (). (33)

nez nez
By the assumption that supp f is disjoint from supp v;, we have

0= [ fdu= > fm fU w v (dw) =Y fmv ). (3.4)
1 1

nez nez

Combining (3.3) and (3.4) with Theorem 1.3 yields

2,4
A A t“n
[Bulf @I = 317l () = vl < 3 1f ol - 5
nez nez
By assumption f € Hs(U;), and so
172 1/2
A 1 A 1 A
dYoatifml= > = ifmls| Y. 5 (Zn10|f<n>|2>
nez neZ\{0} n neZ\{0} n nez
4
= ﬁ”f”Hs < 00.
Taking C(f) = % Il 1l 5 concludes the proof. O
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We now use Proposition 3.1 to give an improved variance estimate related to [34,
Propositions 6.1, 6.2].

Proposition 3.2 Fix 0 <t < 4. Let f € C°(Uy) with support disjoint from supp v.
There is a constant C'(f) > 0 such that, for all N € N,

3C/
vt ) = )

Proof In the proof of [34, Proposition 3.1] (on p. 3179), and also in [9, Proposi-
tion 4.2 & Corollary 4.5], the desired variance is shown to have the form

t
Var[Tr(f (UN))] = f Ete[ f/(UNVN ) ' (UNWN Hds (3.5)
0

where UY, VN, W are three independent Brownian motions on Uy . For fixed s €
[0, ¢], we apply the Cauchy—Schwarz inequality twice and use the equidistribution of
UNVN and UNWN | to yield

Bl f (UM VEFOIWEON < EQulf W VYOI - el £ O W )21
< Eulf (WNVN )™
Since UM and VV are independent, (UM, VN) has the same distribution as

(UN, (UM)~'UN) (as the increments are independent and stationary). Thus Etr[ f’
(UAN v/Xs)2] = Etr[f’(U,N)z], and so, integrating, we find

Var[Tr(f(UN)] < tEue[ f/(UN)?]. (3.6)

Since f € C°(U)), the function (f')? is C°> C Hs, and the result now follows from
Proposition 3.1, with C'(f) = C((f")?). o

This brings us to the proof of the spectral edge theorem.
Proof of Theorem 1.1 assuming Theorem 1.3 Fix a closed arc « C Uj that is disjoint

from supp v;. Let f be a C* bump function with values in [0, 1] such that f|, = 1
and supp f Nsuppv; = &. Then

P(spec(U}") Na # @) < P(Te[f (U)] = D). 3.7

We now apply Chebyshev’s inequality, in the following form: let Y = Tr[f (UtN )]
Then, assuming 1 — E(Y) > 0, we have

B Var(Y)
P(Y>1)=PY —E®Y) > 1-E(®Y)) < A—EW)?
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In our case, we have [E(Y)| = [ETr[ f(UN)]| = N|Eu[f(UM)]| < lzCT(f) by Propo-
sition 3.1. Thus, there is Ny (depending only on f and ¢) so that (1 —ETr[ f (UtN n? >
% for N > Ny. Combining this with (3.7) yields

P(spec(UN) N # @) < 2Var[Tr(f(UN))] for N > Np.

37
Now invoking Proposition 3.2, we find that this is < % whenever N > Nj. Itthus

follows from the Borel-Cantelli lemma that the probability that spec( U,N YNa #T
for infinitely many N is O; i.e. with probability 1, for all sufficiently large N, UtN has
no eigenvalues in «.

Thus, we have shown that, for any closed arc « disjoint from supp v;, with probabil-
ity 1, spec(UtN ) is contained in U\« for all large N. In particular, fixing any open arc
B C U containing supp vy, this applies to @« = U \g. Le. spec(UtN) is a.s. contained
in any neighborhood of supp v; for all sufficiently large N. This suffices to prove the
theorem: because LaWUN converges weakly almost surely to the measure v; which
possesses a strictly posmve continuous density on its support, any neighborhood of
the spectrum of UN eventually covers supp v;. O

Thus, we have proved Theorem 1.1 under the assumption that Theorem 1.3 is
true. Before turning to the proof of this latter result, let us recast Theorem 1.1 in the
language of strong convergence, as we will proceed to generalize this to the fully
noncommutative setting in Sect. 4.

Corollary 3.3 For N € N, let (U,N),zo be a Brownian motion on Uy. Let (u;);>0 be
a free unitary Brownian motion. Then for any fixed t > 0, (UtN , (UtN )*) converges
strongly to (u;, uy).

Proof Since UY — u, in noncommutative distribution, strong convergence is the
statement that

1PN, NI — 1P, ul)

in operator norms. Fix a noncommutative polynomial P in two variables, and let p be
the unique Laurent polynomial in one variable so that P(U, U*) = p(U) for every
unitary operator U. Since U,N is normal, ||p(UtN)|| = max{|A]: A € p(spec(UtN))};
similarly, || p(u;)|| = max{|A|: A € p(supp v;)} where supp v, is the arc in (2.7).

Let AQ’ = |pl(spec(UN)), and let A, = |p|(suppv;). (Here |p| denotes the
modulus of the polynomial function, |p|(u) = |p(u)|.) Since spec(U,N ) converges to
supp v; in Hausdorff distance and all the sets are compact, it follows easily from the
continuity of | p| (on the unit circle) that AIJY converges to A, in Hausdorff distance
as well. In particular, for any € > 0, there is some Nog € N so that, for all N >
No, (AN)e € A, and (Ap)e S AN Tt follows that max A, — € < max Al <
max A, + €. This shows that ||p(U,N)|| = max Ag — maxA, = |p(u,)l, as
desired. m]

o
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Remark 3.4 In fact, the converse of Corollary 3.3 also holds: strong convergence of
UIN — uy (for a fixed ¢+ < 4) implies convergence of the spectrum in Hausdorff
distance. Indeed, suppose we know strong convergence. In particular, taking the poly-
nomial P(U) = U — 1, we then have ||U,N — In|| = |lu; — 1]|. Since the spectrum of
u; is an arc symmetric about 1, spec(u;) = By, —1(1) N U; (here Br(1) denotes the
ball {z € C: |z — 1| < R}). Note that |UN — Iy| = max || Ax(t) — 1]|; this shows
that all eigenvalues A () are in an arc very close to spec(u;) for large N. This shows
that spec(UtN ) is eventually contained in any neighborhood of supp v;; the other half
of the convergence in Hausdorff distance follows from the convergence in distribution
(and strict positivity of the limit density v, on supp v;).

When ¢t > 4, supp v; = Uy, and strong convergence becomes vacuously equivalent
to the known convergence in distribution.

3.2 The proof of Theorem 1.3

This section is devoted to the proof of the main moment growth bound, i.e. (1.3). Before
proceeding with our proof which is quite involved, it is worth noting a key feature. The
bound (1.3) on the speed of convergence vN (n) — v,(n) depends polynomially on ;
this is crucial to the proof of Theorem 1.1. If one only requires the 0(%) bound of
this estimate without much regard for the dependence on n, a much simpler (though
still nontrivial) approach can be found in the third author’s paper [30, Section 3.3],
which provides a bound of the form K (¢, n)/Nz, where K (t, n) ~ % exp(%). This
growth in n is much too large to get control over test functions that are only in a Sobolev
space, or even in C*°(Uy); the largest class of functions for which this Fourier series
is summable is an ultra-analytic Gevrey class. That blunter estimate does not suffice
for our present purposes; showing polynomial dependence on n turns out to require
very careful analysis so as not to ignore the many cancellations in the complicated
expansions for the moments.

Remark 3.5 We note that the blunter bound in [30] was proved not only for U”, but
for a family of diffusions on GLy including both U" and the Brownian motion on
GL . It remains open whether a polynomial bound like (1.3) holds for this wider class
of diffusions.

The proof of the weaker bound described above relied on an explicit decomposition
of the Laplacian on Uy in the form D + # L, which was exploited in the third author’s
papers [30,31] and joint work with Driver and Hall [20] (and Cébron’s independent
work [8]), in the complementary work of the second author [14] and preceding paper
of T. Lévy [33], and in some form also in the preceding work of Rains [40], Sengupta
[43], and others. In that approach, the idea was to decompose the relevant space of
functions (polynomials in traces of powers of the matrix) into a nested family of
finite-dimensional subspaces all invariant under the Laplacian, and then appropriately
estimate the distortion between the norm of exp(D) and exp(D + #L) on each such
space. While an approach of that nature might conceivably yield bounds similar to
(1.3), our present approach is quite different.
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To begin: we will actually prove the following Cauchy sequence growth estimate.
We again use the notation vtN (n) = E[tr(U,N)”].

Proposition 3.6 Let N,n € N, and fixt > 0. Then

2I’l4

3t
WY (n) — vV ()| <

< (3.8)

This is the main technical result of the first part of the paper, and its proof will occupy
most of this section. Let us first show how Theorem 1.3 follows from Proposition 3.6.

Proof of Theorem 1.3 assuming Proposition 3.6 Since limy_, vtN (n) = vi(n), we
have the following convergent telescoping series:

Z (vthk ) — vthkH (n))

k=0

o
Nzk N2k+l
S Z V[ (i’l) - V[ (l’l) .

k=0

WX () — vi(n)| =

Now apply (3.8) with N replaced by N2¥, we find

2.4 2.4
N2k N2k+1 3 t°n . 31 t°n
% =] < o = e

Summing the geometric series proves the theorem. O
3.2.1 Outline of the proof of Proposition 3.6

The proposition requires comparison of amoment v¥ (n) of an N x N unitary Brownian
motion with a moment v,2N (n) of a2N x 2N unitary Brownian motion. To compare
them, we need to choose a coupling between the two processes in different spaces.
As such, fix a Brownian motion U on Uy, along with two Brownian motions

UN-1 UN-2on U, so that the processes UN UMl UN-2 are all independent. For
t>0,let BI?N € Uy denote the block diagonal random matrix

N,1
vt oo
BN — | 71 € Upn.
t |: 0 UTN,2:| 2N

We will hold ¢ fixed through; let us fix the notation
2N 2N p2N
AS = Ut—S BS *

This process will be used very often in what follows.
Setting s = 0, we have A%N = UfN ; on the other hand, setting s = ¢, we have
A?N = B2V Hence

Etr[(A3M)"] = B [(UN)"] = v2N (n),  while
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1
Etr[(A2V)"] = Etr[(BXN)"] = S E (Tr[(UtN’l)”] + Tr[(U,N’Z)”])

= Eu[(UN")"] = vN ().
Therefore, setting

F(s) = Eu[(A2V)"] = Ea[(UN BZV)"] 3.9)
we see that the quantity v (n) — vZZN (n) to be estimated in Proposition 3.6 is equal
to

v (n) —v2N(n) = F(t) — F(0).

The main approach of the proof will be to show that F € C'[0, ¢], so that the Funda-
mental Theorem of Calculus allows us to express

t
vtN(n)—v,ZN(n)z/o F'(s)ds (3.10)

and then appropriately estimate | F’(s)| to achieve the desired bound of (3.8).

Due to the nonlinearity (for n > 1) of the trace moment F(s) = Etr[(A?N )]
as a function of AfN , it is useful to multilinearize this quantity in what follows.
To do so, we will work in the n-fold tensor product of My, essentially replacing
a power A" with a tensor power A®" = AQAQ® - ---® A € (Myy)®"; since
we could identify this space with Myy,, we will still refer to such tensor product
operators as matrices. To recover the original quantity (in terms of the trace of A"),
we cannot simply take the trace of A®" (which would produce [Tr(A)]"); instead, we
must involve an action of the symmetric group S,. To any permutation o € §,,, we
associate a matrix [0] € (Myxn)®" by permuting the tensor indices: for any vector
v ® - @, € (CPV)®n,

[G](Ul ®®Un) :vg*1(1)®"'®va—l(n). (311)

Remark 3.7 This representation of S, on (C2V)Y@n is sometimes called the Schur—Weyl
representation. In general, for any vector space V, the Schur—Weyl representation of
S, on V®" is faithful whenever dimV > n, and since we hold n fixed and send
N — oo, we may always safely assume the representation is faithful; i.e. the map
o +— [o] may be assumed to be one-to-one.

This representation is dual to the standard representation of GL(V) on V&' —
G- v® - ®v, =(Gv)) ®---® (Gv,)—in the sense that the two representations
commute and are in fact mutual centralizers in End(V ®"). This is the so-called Schur—
Weyl duality, which allows for a lot of useful computations by interchanging the two
representations back and forth. The Schur—Weyl duality plays a central role in T.
Lévy’s approach to the heat kernel on unitary groups, cf. [33]; we will not need much
of that detailed approach here, but we are motivated by it in our present constructions.
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We may readily verify that, if o € S, and has cycle decomposition o = c; - -- ¢,
with ¢, = (i% - -~i§k), then for Ay, ..., A, € Moy,

Travyyyen ([0]A1 ® -+ @ Ap) = Trgy (Aiél o Aill) - Trngy (AiZ, o A"T)
(3.12)

where we have (in this one instance only) emphasized over which space each trace is
taken. Note, in particular, thatifo = (i1 - - -i,) isacycle,then Tr([0]A1 ®---®A,) =
Tr(A;, - -- A;,) is a single trace. Hence

F(s) = Etr[(A2N)"] = %ETr([(l o)A@ (3.13)

where (1 ---n) denotes the standard full cycle in S,,.
Interchanging the trace and expectation, we can now work with the following sim-
pler tensor-valued function:

G(s) = E[(AZV)®"). (3.14)

Then we have F(s) = Ly ([(1---n)]G(s)), and hence to prove F is C1, it suffices
to prove that G is C!. Computing this derivative is greatly aided by the indepen-
dence of the processes U>N and B*V: by definition (AZV)®" = (UZN. B2N)®n =
(UAN)®"(B2N)®" and by independence we have

G(s) = E[(UMN)®" E[(BZV)®"]. (3.15)

To concretely express the derivative of G, we introduce a little more notation. First,
due to the block structure of the matrix BSZN , the two projections

Iy 0 00
P =[6"0}, Py = [OIN] (3.16)

will play a role in all of what follows. Because the diffusion term in the SDE (2.2)
governing U SZN depends linearly on U SZN , there is mixing that can be expressed as a
combination of all transpositions in the Schur—Weyl representation. Hence, we intro-
duce the following notation: for any A, B € Mby and 1 < i < j < n, denote by
[A ® B];,; the following matrix in (My)®":

[A®Bl,; =1®"'0A®I® " 'oBgI®/ (3.17)

where I = Iy is the identity matrix in Moy .
With this notation in hand, we can now show that G € C1[0, ¢], and compute that
its derivative is given by

1

G'(5)=55G6) Y [ PII=2P1® Pilij —2[P2® Palij) (3.18)

I<i<j<n
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where [(i j)] denotes the Schur-Weyl representation of the transposition in S, cf.
(3.11). This is proved in Lemma 3.8 in Sect. 3.2.2 below. The computation begins by
writing down SDEs for (USZN y®n and(BSZN )®" (following from (2.2)), and then using
the product rule in conjunction with (3.15).

Since F is a linear functional of G, this shows that F is also C! [0, ¢]. The next
step in the proof is to plug (3.18) into (3.13) to derive an expression for the derivative
F’(s). The derivative G'(s) is a sum of (’;) terms, but after contracting them in the
trace, the derivative F’(s) can be written as a sum of n — 1 similar terms:

n—1

F(9) =3 3 Hpp(s)

p=1

where

1
Hp.q(8) = g BITr (AT Tr((ATH)]
2
1
~ N7 ; E[Tr((A2N)? POTe((A2V) Py). (3.19)

This is proved in Lemma 3.9 below. Combining this with (3.10), we therefore have
n n—1 .
vy — v @) = = Z/ Hpnp(s)ds. (3.20)
2 p=170

It now behooves us to estimate the terms H), ,_,(s), cf. (3.19). These terms have an
explicit # factor, which appears to be good news for the desired estimate of Propo-
sition 3.6. Note, however, that (3.19) involves expectations of products of pairs of
unnormalized traces of powers of A2V, Since A2V possesses a large-N limit noncom-
mutative distribution in terms of normalized traces, the leading order contribution of
the first term in Hp ,—,(s) is O(1). In fact, there are many cancellations between the
two terms; this is the key observation of the whole proof. The way we will encapsulate
the cancellations is by first re-expressing H), 4(s) as a combination of covariances:

N?H, 4(s) = %Cov[Tr((A%N)p), Tr((A2V)%)]

— Cov[Tr((A2N)? Py), Tr((A2N)4 Py)]. (3.21)

This is proved in Lemma 3.10, and is a fairly straightforward computation: the P; and
P> terms can be combined due to the rotational-invariance of the process A?N , and
the remaining product terms cancel between the two covariances.

While the two expectation terms in the expression for N2 H p.q(8)1n (3.19) are each
O(N?), once the cancellations between them have been taken into account to produce
the covariance expression of (3.21), we find that Nsz,q (s) = O(1). In fact, each of
the covariance terms in (3.21) is O (1): the precise estimates are
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|Cov[Tr((A2V)P), Tr((AZN)"=P)]| < p(n — p)(t + 3s),
|Cov[Tr((AZN)P Py), Tr((A2N)" PPN < p(n — p)(t +3s)  (3.22)

for 0 < s < t. From here, the remainder of the proof is routine: (3.21) shows that
[Hp pp(s)] < SP(%N)Z(H%); summing 0 < p < n, and integrating s € [0, ¢] gives
a cubic in n times a linear factor in ¢ times #, and then (3.20) completes the proof.
These details are written out more explicitly at the end of Sect. 3.2.2.

Thus, the proof is completed by proving the covariance estimates (3.22). This is
the most technically challenging part of the proof, and requires several involved steps,
which we outline here.

1. Multilinearize the covariances: as we did in replacing the moment F(s) with
the tensor-valued function G(s), we compute that both covariances in (3.21) can
be expressed as certain contractions of a common covariance tensor Cp ,—p(s),
defined by

Cpn—p(s) = E(A2)®") —E((AZN)®P) @ E((AZV)®=P)). (3.23)

The two covariance terms in (3.21) can be expressed in terms of C,, ,—,(s) by
tracing against certain p-dependent permutation and projection matrices. This
computation is the content of Lemma 3.11.

2. Explicitly compute the covariance tensor Cp ,—,(s): using the tensorized SDE
for the unitary Brownian motion (following from (2.2), as used in the computa-
tion (3.18) of G'(s)) and taking expectations, we compute two explicit matrices
®,, ¥, € (Mpy)®" for0 < p < n such that

_n _ _
Cp,nfp(s) — e 2 [e(t s)fbnesllln _ e(t S)CIJPes\Ilp]'

The matrices ¢, and W, are given by certain p-restricted sums of transposi-
tion matrices [(i j)] and the tensorized projection matrices [Py ® P¢];, j, and are
explicitly defined below in (3.36). These computations are done in Lemma 3.12
and Corollary 3.13.

3. Use Duhamel’s formula to produce more cancellations: for any complex matrices
X and Y, Duhamel’s formula asserts that

1
X —e¥ = / 17X (x — vy du. (3.24)
0

Applying this in telescoping fashion to the above expression for Cp ,—,(s) and
simplifying yields the expression

t—s
Cp,n—p(s) — / e([*S*Ll)CD,,(q)n _ q)p)euq)pes\l’n dM
0

K
+/ e(t—s)(bpe(s—u)\ll,l(\yn _ lIJp)e”lI’P du.
0
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This is helpful because @, — @, and ¥, — ¥, yield yet more cancellations. The
resulting expression for Cp, ,—, (s) is given in Lemma 3.14.

4. Reinterpret the terms as expectations of products of unitary and projection matri-
ces: since the matrices ®, and W, generate (via exponential) the expectations of
tensor powers of U2V and BV, it is possible to reinterpret the preceding expres-
sion for Cp, ,— »(s) as a sum of expected traces of matrices that are tensor products
of independent copies of U?N and B>N mixed with certain permutation matrices
and projection matrices (given in the definition (3.36) of ®, and W),).

To be more precise, for 0 < p <nandi, jwithl <i < pand p < j < n, there
are random matrices Rfj (u;t,s), ij (u; t,5) € (Man)®" such that

1 1—s N
Con-p®) =55 D (/O E[R!; (u: . 5) du + fo E[ij,(u;z,s)]du).

I<i<p<j<n

The matrices Rp (u; t,s) and Qp (u; t, s) are defined in (3.45) and (3.46); each
is a pure tensor product of matrices bu11t out of independent copies of the processes
U?N and BV, together with permutation and projection matrices. This is proved
in Lemma 3.15.

5. Contract Cp ,—,(s) to yield expressions for the desired covariance terms, and use
soft estimates to prove (3.22): the desired covariance terms are related to Cp, ,,—, (5)
via contraction against certain permutation and projection matrices, as explained in
Step 1. Performing these contractions with the integrand expressions in Step 4 yield
a sum of terms all of which are given as an expected (unnormalized) trace Tr of a
product of unitary and projection matrices. In particular, as each is a contraction,
the modulus of the trace is bounded by 2N (by the Schatten—Holder inequality),
which cancels the ﬁ factor before the sum in the final expression for C, ,,—, (s).
Integrating and summing then yields the desired estimates (3.22) to complete the
proof. The calculations are performed in Lemmas 3.16 and 3.17.

3.2.2 Proof of Proposition 3.6

We now proceed to fill in the details of the proof outline given in the previous section.
We succinctly restate terminology and notation throughout to make the proof more
readable. We begin with the computation of the derivative of the tensor-valued function
G.

Lemma3.8 Fixt > Oand N,n € N, and let G: [0,t] — (Man)®" denote the

function G(s) = E[(AEN)®”]. Then G € CY0, 1], and its derivative is given by
(3.18):

1
G'(5) = 3G D LGN =2P1® Pilij —2[P2 ® Pali )

I<i<j<n

@ Springer



70 B. Collins et al.

Proof To begin, note that U?" and B*" are independent, and so following (3.15) we
have

G(s) = E[(UX)E"E[(B2M)®"] = G1(5)Gals), (3.25)

where both factors G, G are continuous (since they are expectations of polynomials
in diffusions). Using the SDE (2.2) and applying It6’s formula to the diffusion B2V
shows that there is an L2-martingale (MSZN )s>0 such that

2
1
2N
N E E (BNYE"  (Eqiin breN ® Epten aten)i,j ds
I<i<j<n =1
1<a,b<N

where E. 4 € My is the standard matrix unit (all O entries except a 1 in entry (c, d))
with indices written modulo 2N. Using the projection matrices Py and P> of (3.16)
and notation (3.17), we can write this SDE in the form

d ((B?N)@’") —am>?V — L (B2Nyen g
B B 2 3
2
1 -

-5 2 BTGNP ® Pelijds. (326)

1<i<j<n {=1

It follows that G, € C1[0, ¢], and

n 1 2
Gos) = =3Ga) = 3 D EBTGHIP® Py j). (3.27)

I<i<j<n (=1

At the same time, a similar calculation with It6’s formula applied with (2.2) shows
that there is an L?-martingale (M2");>¢ such that

~ n 1 ..
d(UME = dMN = SN ds — 55 ) (UG )l ds
l<i<j<n
(3.28)
which, changing s +— ¢ — s, implies that G is CI[O, t] and
n 1 ..
Gi(5)=3G1) + 50 D BAUZH®'G ). (3.29)

1<i<j<n

Combining (3.27) and (3.29), the product rule G'(s) = G1(s)G5(s) + G2(s)G'| (s)
shows that G € Cl[O, t]. Using G = G - G, again when recombining, we see that
the % terms cancel; moreover, the same recombination due to independence yields
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/ 1 Npys n
G'() =75 D EWUZD®GHIBHS

l<i<j<n

2
1
-5 >0 Y EWAMEG NP ® Peij)-

I<i<j<n =1

Finally, in the first term, notice that [(i j)](B2V)®" = (B2V)®"[(i j)] (since the
Schur-Weyl representation of any permutation commutes with any matrix of the form
B®™"). Hence, we have

E(UX)®" G HIB2N)®") = E(UN)SEG j)1(BHY)®")

N N

= E(UX)EMEW(BZN)®"( )H]) = GG )]
Similarly factoring out the G (s) from the second term yields the result. O

This allows us to compute the derivative of F(s) = %Tr ([(1---n)]G(s)), in terms
of the auxiliary functions H), 4 (s) defined in (3.19).

Lemma 3.9 For0 <s <t,
n n—1
F'(s) = 3 Zl Hpnp(s) (3.30)
p:

where

1

Tz ETr (AT P Tr((AF) )]

Hp 4(s) =
2

1
ToN2 D EITr((AFY)? PO Tr((ATV)1 Po).
=1

Proof Applying (3.18), we have

1
F'(s) = mTr([(l —-m]G'(s))

1

=Nz Z {Tr([(1-~-n)]G(S)[(ij)])

I<i<j<n

2
—2) T ([(1---mIG )G DIPe® Pelij) ¢ -
=1

We now use the trace property in the first term to cyclically reorder the matrices; thus
we must compute [(i j)][(1---n)] = [ j)(1---n)]. Noting that (i j)(1 ---n) =
a,...,i—=1,j,...,n)@---j— 1), it follows from (3.12) that
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Tr ([(1, ..., i—1,j,..., mGi---j— DIG(s)) = E[Tr((AZN)/ =HTr((A2N 1= =Dy,
A similar calculation shows that
Tr ([(1 -+ WIGE)E NIPe ® Pelij) = E[Tr((AZN) = P)Tr((AZN)"=U=D py)].

Thus, we have

1 . o
F’(s):m Z {E[Tr((A?N)J_l)Tr((A?N)"—(J—l))]
1<i<j<n
2
—2 3 EITe((A2N) 7 P Tr((AZN =0 py)
=1

The terms inside the overall summation depend on (7, j) only through j — i; in other
words, the overall sum has the form

D hjcinGd

I<i<j<n

for a function 4: {1,...,n — 1}> — C which is symmetric in its two variables. For
such a sum in general we have

§= Z hj—in—(i- l)_z Z hpon— p—Z(n_P)hpn p

I<i<j<n p= 11<z<]<n
J—i=p

since the number of (i, j) with1 <i < j <nand j —i = pis (n — p). Now using
the symmetry and reindexing by ¢ = n — p we have

n—1 n—1
ZS_Z(n_p)hpn p+thn qq—Z(n_p)hpn p
pP= 1 q= 1 p=1

n—1
+Zl’hp" p —”thn P
Applying this with the above summations yields the result. O
Having now expressed the desired quantities in terms of H), ,(s), we proceed to

encapsulate the many cancellations by re-expressing H), ,(s) as a linear combination
of covariances.
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Lemma 3.10 Fors > Oand p,q € N, Hy, 4(s) is given by the linear combination of
covariances in (3.21):

1
N?Hp 4(s) = ZCov[Tr((A?”)P» Tr((AZY)1)] — Cov[Tr((AZY)? Py), Tr((AZV) Pp)].
Proof From (3.19), N>H p.q(s) is a difference of two terms. The first is

%E[Tr((ASN)P)Tr«AEN)’I)]
= }LcOv[Tr«A%N)"), Tr((A2M)9)] + }1E[Tr((A%NV)]E[Tr((A%N)q)].
(3.31)

The second term is a sum

2

3 S EITHAZ POTH(AY ).
=1

Let R be the block rotation matrix of C2V by % in each factor of CV, so that R P; R* =
P». Since the distribution of A?N is invariant under rotations, it follows that

E[Tr((A2V)P P)] and E[Tr((A2V)? P)Tr((A2V)7 Py)]

do not depend on ¢ (as each is a conjugation-invariant polynomial function in A%N ).
In particular, the two terms in the £-sum are equal, and so the second term in H), ;(s)
is
—E[Tr((AFY)? P)Tr((A7V)? P)]
= —Cov[Tr((A7")? P). Tr((AFN)4 P1)] — E[Tr((ATY)? P)IE[Tr (A7) Pp)).
(3.32)

Moreover, since IE[Tr((A?N)I’Pl)] = IE[Tr((A?N)pPz)] and P + P, = 1,
we have E[Tr((A2V)?Py)] = JE[Tr((A2Y)P)]. Thus, the last term in (3.32) is
—JE[Tr((AZV)P)|E[Tr((A2V)?)]. Combining this with (3.31) then yields the result.

m}

Now, to begin the process of estimating these covariances, we re-express them using
the Schur—Weyl representation, in terms of the two-cycle permutation

Ypg=0 - p)(p+1-p+q) € Spiq.

(For present notational convenience, we de-emphasize the role of n, lettingg = n—p.)
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Lemma 3.11 Let Cp, ,(s) denote the covariance tensor of (3.23),
Cpqg(s) = E(ANH®) —E(A)®P) @ E((ATV)®9).

Then the two covariance terms in (3.21) are given by

Cov[Tr((AZ™)?), Tr((AZV))] = Tt (Cp.g ()[¥p.ql), and (3.33)
Cov[Tr((A2M)? Py), Tr((AZM)1 P1)] = Tr (Cpg ()[P1 ® Pilp ptglVp.gl) -
(3.34)

Proof To begin, observe that for any matrix A, (3.12) yields
Tr(AP)Tr(A?) = Tr (A®? @ A%y, 41) .

For notational convenience in this proof, denote the full cycle (1--- p) € S, by y,,
so that Tr(A?) = Tr (A®P[y,]). It follows that

Cov[Tr((A;M)P), Tr((AT)D)]
= E[Tr((A;™)P) Tr((A7N)D)] — E[Tr((A;Y)P)IE[Tr((A;™)?)]
=ETr((A?)®7 @ (A?N)®[yp.q]) — ETr((ATY)®P [y, DETr (A7) y,])
= Tr(E(AZ)®PT D)y, 1) — THE(AT)®P) @ E(AZ)®N)[yp.q])
= Tr([E((A;N)®PH0) — E(A7N)®P) @ E(ATN)®D][yp.q )
= Tr(Cp.q ()[¥p.q])

thus proving (3.33). At the same time, using the fact that the projection P is diagonal,
we have for any matrix A € My y

Tr(A? P)Tr(AY Py) = Tr (A®P @ A%I[P @ Pilp.piqlypgl) -

where we remind the reader that [ P, ® P;];, ; references notation (3.17); here i = p
and j = p + ¢ (the final tensor factor). The derivation of (3.34) follows from here
analogously to the above computations. O

Thus, from (3.21), (3.33), and (3.34), to estimate H) ,_,(s) we must understand
the covariance tensor Cp, ,—,(s). To that end, we introduce some notation. For 1 <
i < j < n,define the matrix 7; ; € (Mayn)®" by

T =2[0 DIPI® P+ P P ;. (3.35)
Additionally, for 1 < p < n, we introduce ®,, ¥, € (M, n)®" as follows:
1 . 1
®p=—zr >, M0l Yy=—go 3 T (336)

I<i<j<p,or I<i<j<p,or
p<i<j<n p<i<j<n
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with the understanding that, when p = n, the sum is simply over 1 <i < j <n.

Lemma 3.12 Let p € {1,...,n}, andletO <s <t. Then

E[(UIN)®P @ B[V = e ', (337)
E[(BI)®P1 @ E[(BI)E" P = e~ TV, (3.38)
E[(A2M)®P] @ E[(AZV)®0=P)] = ¢~ =)%Y (3.39)

where, in the case p = n, we interpret the 0-fold tensor product as the identity as
usual.

Proof Returning to the SDEs (3.26) and (3.28), taking expectations we find that

a4 oNy@ny _ " N\ony L 2N\®n ..
dsE[(US )* = =S ELUT™] ZNE wy™) l<qu[(l])] , (3.40)
d N\@ny _ Mo poN@ny L IN\®n -
—dSE[(Bs )= ZE[(BS )" ] ZNE (B:™) KZMT,,, . (34D

Since the processes B2Y and UV start at the identity, it is then immediate to verify
that the solutions to these ODEs are

E[(UEN)Qm]:e_%exp —% Z [Gj)]¢, and

I<i<j<n

_ns N
BB =e T exp) =50 > T

I<i<j<n
Now, for the tensor product, we decompose
E[(UM)®P1 @ ELUFY)®0] = ELUM®P1 @ 19071 - (197 @ B[(UN)P" 1)),
We can express these expectations as in (3.40), provided we note that (i j) now refers

(alternatively) to the action of S, or S,—, on (Man)®" = (Mon)®P ® Moy )®"—P),
either trivially in the first factor or the second. The result is that

B s s .
E[(UXN)®P] @ 190D = ¢='F exp 5N Z [G )]

I<i<j=<p

197 @E(UN)E P = e P expl —2= Y 1G]
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Note that all the (i j) terms in the first sum commute with all the (i’ j’) terms in the
second sum (since i < j < i’ < j’) and taking the product, we can combine to yield

E[(UN)®P] @ E[UZN)B"=P] = =% exp ——2} Y W =e B,
1<i<j<p, or
p<i<j<n

verifying (3.37). An entirely analogous analysis proves (3.38).
Finally, using independence as in (3.25) to factor

E[(AM)®P1 @ E[(A7Y)®0 )]
= (BLWZ)® 1@ B2 1) - (BIB2)®P @ BL(B2Y)S "))

(3.42)

and substituting s — ¢ — s in (3.37), (3.39) follows from (3.38) and (3.42). O
Corollary 3.13 For0 < p <nand(0 <s <t,

Cp,nfp(s) — e—%[e(t—s)cbnes\lln _ e(t—S)ques\I-’p]' (3.43)

Proof From (3.39), we have

E[(AT)®P1 @ E[(A;)®0 7] = e % eI %re

for 0 < p < n. In particular, taking p = n (in which case the second factor is trivial
and omitted) we have

]E[(A?N)(@n] — 6_%[80_‘?)(1)"85\1/".

Subtracting these two and using the definition (3.23) of C,, ,_ ,(s) yields the result. O

The next technical lemma uses Duhamel’s formula to rewrite the expression in
(3.43) in a more complicated, but more computationally useful, way.

Lemma 3.14 For0 <s <t,

_nt

e 2 s @y Dy U
Cpn—p(s) = N Z (/0 el=s—uw n[(i j)le"Pret ™ du

Isisp<j=n

+ /‘S e(t—s)d:'pe(s—u)‘l}n'ri jeu\IJp du) .
o ;
Proof We begin by using Duhamel’s formula (3.24), applied to (3.43) by adding and
subtracting the mixed term e =) ®r¢s¥n:

e(t—s)CD,,eslI!n _ e(t—s)<1>pes\11p
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— [e(t—s)CDn _ e(t—s)d>p]exlll,, + e(t—s)(bp[es\ll,l _ es\I—’p]

1
— / 6(1*’4)075)(])" (t _ S)(q)n _ cbp)eu(tfs)d)p dM . es\lln
0

1
_{_e(lfs)d)p/ e(lfu)s\l’,,s(\lln _ qu)euslllp du
0

s
— / e(t—s—u)(bn ((Dn _ @p)embpes\l/n du
0

s
+f eU=5)®p (s—u) ¥y (¥, — q;p)e“‘l’p du (3.44)
0

where we have made the substitution u +— (¢ — s)u in the first integral and u +— su
in the second. Now, from the definition (3.36) of ®, and V¥, we have

1 . 1
cbp_cbl’l:ﬁ Z [(l])], and \ij_lyn:ﬁ Z Tl,j

I<i<p<j<n I<isp<j=zn
Substituting these into (3.44) yields the result. O

We now reinterpret the exponentials in the integrals as expectations of the processes
U?N and B*V, using (3.37) and (3.38). The first integrand is

e Tl T TR j)lePren = BIUZY_)®") - [G )] - EIUZN) ]

t—s—u

QE[(UMN)® =P E[(BZV)®"].

By definition UN and B*" are independent. Let us introduce two more copies
V2N W2ZN of UZN g0 the {u 2N y2IN 2N 2N } are all independent. Then this
product may be expressed as the expectation of

R (uss, 1) = (U )®" - 16 )1 - (VB @ (WeM)®0=p) . (BIN)®".
(3.45)

Similarly, if we introduce independent copies C?V and D>V of B>V so that all the
processes U2N, V2N w2N_B2N C2N D2V are independent, the second integrand
can be expressed as the expectation of

OF j(us s, 1) = (VI)®P @ (WH)EU=P) . (BIN )®"

Ty - (C2N)®P @ (D2V)B0=P), (3.46)
To summarize, we have computed the following.
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Lemma 3.15 Let0 <s <tand p € {1,...,n}. Then

1 t—s s
Cpn—pls) = N Z </0 ]E[Ri’fj(u; t,s)]du +/0 E[Q;’fj(u; t, s)]du) .

1<i<p<j<n

(3.47)

We will now use this, together with (3.21), (3.33), and (3.34), to estimate Hp, ,,—,, (s).
We estimate each of the two covariance terms separately, in the following two lemmas.

Lemma 3.16 For p € {l,...,n}and0 <s <t,
|Cov[Tr((A2V)P), Tr((AZN)"™P)]| < p(n — p)(t + 3s). (3.48)

Proof From (3.47) together with (3.33), the quantity whose modulus we wish to
estimate is

[—Sl
Z (/0 mIETr(Rfj(u; 1,5) - [ypn—pl) du

I<i<p<j=zn

s
—|—‘/(; mETr(ij(u; t,s)- [Vp,nfp]) du) .

For the first term, we note (U2Y_ )" [y a—p]l = [Vp.n—p) (U _,)®" (the Schur-
Weyl representation of any permutation in S, commutes with a matrix of the form

M®"). Tt follows from the trace property that

ETr(R! (3 5,1) - [Vp.n—p))
= ETr(VN)®P @ (W2N)@e=r) . (B2N)&n [y, 1 (U _)®" - 16 )

t—s—u

= ETr((VM)®P @ (WXN)@0=r) . (g2Ny&n (2N _ Y& [y, ,— 1[G D).

t—s—u
Since i < p < j, the permutation y, ,—, (i j) is a single cycle. Thus, by (3.12), the

®n-fold trace reduces to a trace of some p, 1, i, j-dependent wordin V2N, W2V B2V,

and U2Y,_,,. This word is a random element of U, and hence

1
S ETr(RY @5 5.0 - [Vpn—p])

1
= mETr(a random matrix in Upy) which .-, has modulus < 1.

Hence, the first integral is

N < (t—ys). (3.49)

t—s 1
/ —ETr (Rfj(uv t, S) : [Vp,nfp]) du
0
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For the second term, the fact that 7; ; = 2[( j)][P1 ® P1 + P, ® P2];,; only acts
non-trivially in the i, j factors, and i < p < j, shows that (as above) T; ; commutes
with (C,fN )®r ® (D,fN )®(=P) Hence, we can express the second integrand as

ETI'(Q{?](M, z, S) : [yp,n—p])
= ETr((VN)®P @ (W2N)@0=p) (BN & . T; o (C2N)®P
(D2NEU=P) Ly, 1)
= ETr((V)®P @ (WH)®U=p) (BZN " T, i - [ypn—pl - (CEN)®P
(DN )®=p)y

2
=2 ) ETr((C2V)®F @ (D2V)2=p) . (V2)®r
=1
RWAN)®"=P) . (B2N YO [Py @ Pyl G )]+ [Vpun—p]) (3-50)

where we have used the fact that [y, ,—p] commutes with any matrix of the form
C®P ® D®"=P) in the second equality, and then the trace property in the third equality.
As above, each of these terms reduces to a trace of a word, this time of the form

2
2) ETrUPVPy)
=1

where U and V are random matrices in U (depending on p, n, i, j). Since || P¢|| < 1,
the modulus of each term is < 2N, giving an overall factor of < 8 N. Combining with
the ﬁ in the integral, this gives

< ds. (3.51)

N 1
[Q) ﬁETr (Q{?](uv t,s) - [Vp,n—p]) du
Hence, from (3.49) and (3.51), the modulus of the desired covariance is bounded by

> It —s)+2s]1= pn— p)t +39),

I<i<p<j=n
yielding (3.48). O

Lemma 3.17 Forp € {l,...,n}and0 <s <'t,
|Cov[Tr((AZN)? Py), Tr((AZNY*"P P)]| < p(n — p)(t + 3s). (3.52)

Proof From (3.47) together with (3.34), the quantity whose modulus we wish to
estimate is

t—s 1
Z (/(‘) mETI‘(Rfj(u; t,s)-[P1® ISIPYE [yp,nfp]) du

1<i<p<j<n
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S
+/ mETr(Ql[?](u» t,8) - [PL® Pilpn - [Vpn—pl) d”) (3.53)
0

For the first term, we expand the integrand, commuting [(i j)] past (U,zi\;fu)@‘ as in
the proof of Lemma 3.16, to give

1 _
ﬁETr((UE_]\;-_M)@n 3 (VMZN)®]7 ® (WMZN)®(H p)

C(B2NYE" [Py @ Pilpn - [¥pn_pl - [G DD

As above, since yp »—p - (i, j) is a single cycle, this trace reduces to a trace over C2N,
of the form

1
—ETr[U/' PV P
N t[U" PV Py

where U’ and V' are random unitary matrices in Uy composed of certain i, j, p, n-
dependent words in U2, V2N W2V and B2V, As || Py|| < 1, it follows that this

t—s—u> u
normalized trace is < 1, and so the first integral in (3.53) is < (¢ — s) in modulus, as
in (3.49).
Similarly, we expand the second term as in (3.50), which gives the sum over £ €
{1, 2} of the expected normalized trace of

(VNP @ (WHH)EO=P) (BN Y& [y, 011G, )]
[Py ® Pelij - (C2N)®P @ (D2N)@U=P) [Py @ Pi] 0.

As in the above cases, since v ,—p (i, j) is a single cycle, this is equal to a single trace
Tr(Ay---A,) where Ay, ..., A, belong to the set {V2N W2N 2N C,EN, D,%N,

t—s° t—s> sS—u’
Py, P1}. As each of these is either a random unitary matrix or a projection, it follows
that the expected normalized trace has modulus < 1, and so the %—weighted sum of 2
terms, each of modulus < 2N, gives a contribution no bigger than 4. The remainder
of the proof is exactly as the end of the proof of Lemma 3.16. O

Finally, we are ready to conclude this section.

Proof of Proposition 3.6 From (3.20), we have
n n—1 .
PAOER=EOIESSY / |Hpnp(s)|ds.
2 1o

Lemma 3.10 then gives

Hy g ] = 117 |CoTRAN)), Tr(A2))|

+$ ‘Cov[Tr((AfN )P Py), Tr((AV)4 Pl)]( :
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Combining this with (3.48) and (3.52) therefore yields

pn—p) 5

[Hp ()] < N2 Z(l+3s).

Integration then gives

n—1
n p(n— p) 25 25¢%n
vy <n>—v,N(n>|<§ZT 1 = 16N22p(

The sum over p has the exact value + (n —n) < " . The blunt estimate 2 96 < yields
the result. O

4 Strong convergence

In this section, we prove Theorem 1.4. We begin by showing (in Sect. 4.1) that the
eigenvalues of the unitary Brownian motion at a fixed time converge to their “classical
locations”, and we use this to prove that the unitary Brownian motion can be uniformly
approximated by a function of a Gaussian unitary ensemble (for time r < 4). We then
use this, together with Male’s Theorem 2.3, to prove Theorem 1.4.

4.1 Marginals of unitary Brownian motion and approximation by GUE"Y

We begin with the following general result on convergence of empirical measures.
As usual, for a probability measure p on R, the cumulative distribution function F),
is the nondecreasing function Fy, (x) = u((—o00, x]) and its right-inverse is the left-
continuous nondecreasing function

Fﬂ_l(y) =inf{x e R:y < F,(x)},

with F| ”_1 (0) = —oo.If u has a density p, we may abuse notation and write F), = F),.

Proposition 4.1 For each N € N, let (xk )k | be points in R with x{v <...< x;\\;

Let uN = Zk 16, N be the associated empirical measures. Suppose the following

hold true.

1. There is a compact interval [a—, ay] and a continuous probability density p with
supp p = [a—, a4 ] so that, with u(dx) = p(x) dx, we have MN — W weakly as
N — o0.

2. va —a_ andx?,’ — a4 as N — oo.

Forr € [0, 1], define x*(r) = Fﬂ_l(r) ifr € (0,1), and x*(0) = a_, x*(1) = ay.

Then, as N — 00,

N *x0 k
max ‘x —x* (% ‘ — 0.
1<k<n |k )
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Proof For any N, the right-inverse of F),, satisfies

_ _ k
Folr)y=x) and F,(F, 1 (r)= ¥ (4.1)
for any k € {I,...,N} and r € (%, %]. Since ,uN converges weakly towards

w and F, is continuous, the sequence F, x converges pointwise towards F,,. What
is more, using that p is compactly supported, a variant of Dini’s theorem (cf. [39,
Problem 127 Chapter II]) implies further that F,y — F uniformly on R. Let us
consider ¥ : [0, 1] — [a_, ay], the continuous inverse of the one-to-one map F), :
[a—,as+] — [0, 1]. It satisfies W (r) = Fﬂ_l(r), forany r € (0, 1] and W(F,(x)) =
max(a_, min(a4, x)), for any x € R. Combining this latter equality with (4.1), and
using the uniform continuity of W and the uniform convergence of F,,, towards F,,
implies that max(a—, min(a4, F o A})) converges uniformly towards W on (0, 1]. The
first equality of (4.1) together with the assumption (2) yield then the claim. O

For example, if (x,ﬁv ),1(\’:1 are the ordered eigenvalues of a GUE", then Wigner’s
law (and the corresponding spectral edge theorem) show that the empirical spectral
distribution satisfies the conditions of Proposition 4.1 almost surely, where the limit
measure is the semicircle law u© = o1 = %\/(4 — x2)4 dx. In particular, when

L}{/\/) — r, we have x,?g Ny~ Fy (). These values are sometimes called the classical

locations of the eigenvalues. In the case of a GUEY , much more is known; for example,
[23] showed that the eigenvalues have variance of O ( lO]%ZN ) in the bulk and O (N ~%/3)
at the edge, and further standardizing them, their limit distribution is Gaussian in the
bulk and Tracy—Widom at the edge. For our purposes, the macroscopic statement of
Proposition 4.1 will suffice.

Now, fix ¢t € [0, 4). From Theorem 2.5, the law v; of the free unitary Brownian
motion u; has an analytic density o; supported on a closed arc strictly contained in
Uy, and has the form o; () = pr (x) for some strictly positive continuous probability
density function p;: (—m, m) — R which is symmetric about 0 and supported in a
symmetric interval [—a(t), a(t)] where a(t) = % t(4 —t) + arccos(l — t/2); cf.
(2.7). For 0 < r < 1, define that classical locations v*(t, r) of the eigenvalues of
unitary Brownian motion as follows:

v (,r) =exp (1F,'().

and also set v*(7, 0) = ¢~4® and v*(r, 1) = €90,
Corollary 4.2 Let 0 < t < 4, and let V[N be a random unitary matrix distributed
according to the heat kernel on Uy at time t (i.e. equal in distribution to the t-

marginal of the unitary Brownian motion U,N ). Enumerate the eigenvalues of VtN as
UlN(t), o, U}\\f (t), in increasing order of complex argument in (—m, ). Then,

li Ny — v, £y =0 a.s.
Ngnmlvk() vt I a.s
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Proof Let x,ﬁv (t) = —ilog u,ﬁv (t), where we use the branch of the logarithm cut
along the negative real axis. Note: by Theorem 1.1, for sufficiently large N, v,ﬁv (t) are
outside a 7-dependent neighborhood of —1, and so the log function is continuous. The
empirical law of{v,iv (t): 1 <k < N < oo} converges weakly a.s. to v; (cf. (1.2)), and
so by continuity, the empirical measure of {x,ﬁV (t): 1 <k < N < oo} converges a.s.
to the measure with density p;. Moreover, Theorem 1.1 shows that UIN (1) —> e~ia®
and vx(t) — ¢4® a5, and so xlN(t) — —a(t) while x%(r) — a(t) a.s. Hence, by
Proposition4.1, max|<k<n |x,£\7(t)—Fp_,1 (§)| — 0. Taking exp(i-) of these statements
yields the corollary. O

Now, let us combine this result with the comparable one for the GUEY . Let g; : R —
R be given by g; = F, o F,,; this is an increasing, continuous map that pushes o}
forward to p;. Define f;: R — Uj by

Jr=exp(ig), .. v = (fo)«(o1). (4.2)

The main result of this section is that, rather than just pushing the semicircle law
forward to the law of free unitary Brownian motion, g; in fact pushes a GUEY forward,
asymptotically, to VIN (for fixed ¢t € [0, 4)).

Proposition 4.3 Let 0 < t < 4, and let V,N be a random unitary matrix distributed
according to the heat kernel on Uy at time t (i.e. equal in distribution to the t-marginal
of the unitary Brownian motion U,N ). There exists a self-adjoint random matrix X~
with the following properties:

1. X" is a GUEN.
2. The eigenvalues of X" are independent from VN, and {VN, XN} have the same

eigenvectors.
3. 1A(XN) = VN iy — 0 as.as N — oo,

Proof Let (v,ﬁV (1)) ,I{VZI denote the eigenvalues of VtN in order of increasing argument
in (—m, ), as in Corollary 4.2. It is almost surely true that arg(ufv(t)) < e <
arg(vx (1)), and so we work in this event only. Let éakN denote the eigenspace of the
eigenvalue v,ﬁv (#). This space has complex dimension 1 a.s., and so we may select
a unit length vector E ,ﬁv from this space, with phase chosen uniformly at random
in Uy, independently for each of EV,... E % Then, by orthogonality of distinct
eigenspaces, the random matrix EN = [EN - EN] is in Uy; what’s more, since
the distribution of V,V is invariant under conjugation by unitaries, we may further
assume that EV is Haar distributed on Uy. Now, for each N, fix a random vector
wh = (,ullv, ey M%) independent from VtN with joint density f,~ (x1, ..., xy) equal
to the known joint density of eigenvalues of a GUEY, i.e. proportional to

N N . 2
— 72X 2
f,LN(xl""val)Nl—[e ZXJ 1_[ |xj_xk| .
j=1

1<j<k<N
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Then we define

w0 -0
0 ub.

xV = gV 2 o (BN~
0 0 - pub

It is well known (cf. [1,37]) that the distribution of X¥ is the GUE", verifying item
(1). Item (2) holds by construction of X N It remains to see that (3) holds true. Note,
since operator norm is invariant under unitary conjugation, we simply have

1) = V¥ gy = max 1) = 'l (4.3)
Butforany k € {1, ..., N}, v*(t, %) = f,(,u,lcv) and Corollary 4.2 yields the result. O

4.2 Strong convergence of the process (UtN )i>0

Since the Gaussian unitary ensemble is selfadjoint, we may extend Male’s Theorem 2.3
to continuous functions in independent GUE/s.

Lemma 4.4 Let ANV = (AN e A,IIV ) be a collection of random matrix ensembles
that converges strongly to some a = (ay, ..., ay) in a W*-probability space (<, T).
Let XN = (xN,.... X 11(\/ ) be independent Gaussian unitary ensembles independent
from AN | and let X = (x1, ..., x;) be freely independent semicircular random vari-
ables in </ all free from a. Let £ = (f1, ..., fv): R — C* be continuous functions,
and let £(XN) = (X)), ..., fiX)) and £(x) = (fi(x1), ..., fi(xx)). Then
(AN, £(XN)) converges strongly to (a, £(x)).

Proof We begin with the case k = 1. If p is any polynomial, by Theorem 2.3,
(AN, p(X {V )) converges strongly to (a, p(x1)) by definition. Now, let ¢ > 0, and
fix a noncommutative polynomial P in n + 1 indeterminates. Then P (a, y) is a finite
sum of monomials, each of the form

Qo@)yQi(@)y--- Qa-1(a)yQu(a)

for some noncommutative polynomials Qo, ..., Q4 and nonnegative integers d. Let
dp be the “degree” of P: the maximum number of Q(a) terms that appears in any
monomial in the above expansion of P(a, y). Let M = 1+ the sum of all the products
lQo(a)| - - - |Qq(a)]|| over all monomial terms appearing in P. Given a fixed k > 2,
by the Weierstrass approximation theorem, for any € > 0, there is a polynomial p in
one indeterminate so that

€
8dpM (1 + || fill Loop—icc))?P

lp — fillLoe—ien) < 4.4
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It follows that, for small enough e > 0, we alsohave || p|lpoo[—«.c] < 1+ f1llLoo[—k k]
Now we break up the difference in the usual manner,

NPAYN, A= IIP@, i) < IPAN, AN = I1PAYN, pXI)II
+HIPAYN, pXIDI = 1P (a, pi)]l]
+IP@, pe )l — PG, fG))I.

4.5)

By the known strong convergence of (AN, p(X {V )) to (a, p(x1)), the middle term is
< § forall sufficiently large N . For the first and third terms, we use the reverse triangle
inequality; in the third term this gives

1P @, pe)ll = I[P, fx) = [[P(a, p(x1)) — P(a, fxD)]-

Let y = p(x1) and z = f1(x1). We may estimate the norm of the difference using the
triangle inequality summing over all monomial terms; then we have a sum of terms of
the form

|Qo(@)yQ1(@)y - Qu-1(@)yQu(a) — Qo(@)zQ1(@)z--- Qy—1(a)zQq(a)].
4.6)

By introducing intermediate mixed terms of the form Qp(a)y - - - Qx—1(a)yQx(a)z - - -
Qa-1(a)zQ4(a) to give a telescoping sum, we can estimate the term in (4.6) by

d
1Qo@)l- - 1Qa@I Y lIyl* " zll*Fly -zl (4.7)
k=1

Since |yl = lp(xeDIl = lIpllzeef—kcx) < 1+ [ fillLoof—kxy and [Izll = [[fi(x)] <
1 + |l f1ll L>[—«,k]> €ach term in the previous sum is bounded by

VI 12175 < A+ Al < A+ 1 filloe )
Since |ly — zll = lp — fillLo[—«.x]> combining this with (4.4) shows that the third
term in (4.5) is < % for all large N.
The first term in (4.5) is handled in an analogous fashion, with the caveat that the

prefactor in (4.7) is replaced by || Qo(AN)| - - - [| Q4 (AN)||. Here we use the fact that
X {V converges strongly towards x| to ensure that almost surely, for N large enough,

spec(X1) C [—«, k],

together with the assumption of strong convergence of AN — a to show that, for all
sufficiently large N,

1QoAM) -+ 1Qa(AM) || < max{1,2- [ Qo(@)] - - - | Qa(@)]}.
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Then we see that the first term in (4.5) is < % for all large N, and so we have bounded
the sum < € for all large N, concluding the proof of the lemma in the case k = 1.
Now suppose we have verified the conclusion of the lemma for a given k. We
proceed by induction. Taking (AY, f1(X {V )y ooy [ (X ,iv )) as our new input vector,
since fry1(X ,iv ',1) is independent from all previous terms, the induction hypothesis
and the preceding argument in the case k = 1 give strong convergence of the augmented
vector (AN, fi (X{V), R fk(X,iv), Jfr+1 (X,ICV+1 )) as well. Hence, the proof is complete
by induction. O

This finally brings us to the proof of Theorem 1.4.

Proof of Theorem 1.4 As above, let AN = (AY,..., ANy and leta = (ay, ..., a)
be the strong limit. By reindexing the order of the variables in the noncommutative
polynomial P appearing in the definition of strong convergence, it suffices to prove
the theorem in the case of time-ordered entries: U,flV e, U/kv witht] <t <--- <.
What’s more, we may assume without loss of generality that the time increments
s =t,s) =t —t,...,8 = tp — tx—1 are all in [0, 4). Indeed, if we know the
theorem holds in this case, then for a list of ordered times with some gaps 4 or larger,
we may introduce intermediate times until all gaps are < 4; then the restricted theorem
implies strong convergence for this longer list of marginals, which trivially implies
strong convergence for the original list.

Now, set VSIIV = Utjlv, and VSIJY = (Uf;’_l)*Ut];’ for 2 < j < k. As discussed in
Sect. 2.1, these increments of the process are independent, and VS’;’ has the same

distribution as Us’;/ . Hence, by Proposition 4.3, there are k independent GUEs
X{V, R X,](V, and continuous functions f;; : R — C, so that || f;; (Xj.v) — VSII\_’ vty —

0as N — oo. Since the VS];’ are all independent from AN 5o are the X ;V . Hence, by
Lemma 4.4, taking xi, ..., xx freely independent semicircular random variables all
free from a, it follows that

(AN, Is1 (X{V), oo fa (X,I{V)) converges strongly to (a, f;, (x1), ..., fs (xx)).

By the definition of the mapping f; (cf. (4.2)), fs i (x;) has distribution v ;o and as

all variables in sight are free, (a, f;,(x1), ..., f5, (xx)) has the same distribution as
(@, vy, ..., Uy ) Where (vg)s>0 is a free unitary Brownian motion, freely independent
from a.

It now follows, since | f;; (X;V) - Vf;’IIMN — 0, that

(AN, Vs]lv, R Vf;’) converges strongly to (a, vy, ..., Ug).

(The proof is very similar to the proof of Lemma 4.4.) Finally, we can recover the
original variables U,I;’ = Vflv VXIZV e VYIY . Therefore

(AN, Utllv, R Utiv) converges strongly to (@, vy, Ug Vs - . ., Vg Vsy - * Ugy ).
The discussion at the end of Sect. 2.3 shows that (vy,, v Vs,, - .., Ugy Uy, - - - Vg, ) has
the same distribution as (u;,, u,, ..., Uy ) where (u;);>0 is a free unitary Brownian
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motion in the W*-algebra generated by (vs)s>0, and is therefore freely independent
from a. This concludes the proof. O

5 Application to the Jacobi process

In this final section we combine our main Theorem 1.4 with some of the results of the
first and third authors’ earlier paper [12], to show that the Jacobi process (cf. (5.1) and
(5.2)) has spectral edges that evolve with finite propagation speed.

There are three classical Hermitian Gaussian ensembles that have been well studied.
The first is the Gaussian Unitary Ensemble described in detail above, whose analysis
was initiated by Wigner [50] and began random matrix theory. The second is the
Wishart Ensemble, also known (through its applications in statistics) as a sample
covariance matrix. Leta > 1, and let X = XV be an N x [aN ] matrix all of whose
entries are independent normal random variables of variance ; then W = X X* is a
Wishart ensemble with parameter a. As N — oo, its empmcal spectral distribution
converges almost surely to a law known as the Marchenko—Pastur distribution; this
was proved in [36]. As with the Gaussian Unitary Ensemble, it also has a spectral edge,
and the largest eigenvalue when properly renormalized has the Tracy-Widom law.

The third Hermitian Gaussian ensemble is the Jacobi Ensemble. Let W, and Wl;
be independent Wishart ensembles of parameters a,b > 1. Then it is known that
W, + W, is a Wishart ensemble of parameter a 4 b, and is a.s. invertible (cf. [11,
Lemma 2.1]). The associated Jacobi Ensemble is

1 1
J = Ja,b = (Wu + Wb/)_fwa(Wa + W[;)_z' (51)

Such matrices have been studied in the statistics literature for over thirty years; they
play a key role in MANOVA (multivariate analysis of variance) and are sometimes
simply called MANOVA matrices. The joint law of eigenvalues is explicitly known,
but the large-N limit is notoriously harder than the Gaussian Unitary and Wishart
Ensembles. In [11], the present first author made the following discovery which led
to a new approach to the asymptotics of the ensemble: its joint law can be described
by a product of randomly rotated projections, as follows. (For the sake of making the
statement simpler, we assume a, b are such that aN and bN are integers.)

Theorem 5.1 [11, Theorem 2.2]. Let J,p = J, N » be an N x N Jacobi ensemble with
parameters a,b > 1. Let P, Q € M,4p)n be (determtmstlc) orthogonal projections
withrank(P) = bN andrank(Q) = N. Let U € Uy N be a random unitary matrix
sampled from the Haar measure. Then QU* PU Q, viewed as a random matrix in My
via the unitary isomorphism My = QM yp)n Q, has the same distribution as J, p.

Given two closed subspaces V, W of a Hilbert space H, if P: H — V and
Q: H — W are the orthogonal projections, then the operator Q P Q is known as the
operator valued angle between the two subspaces. (Indeed, in the finite-dimensional
setting, the eigenvalues of Q P Q are trigonometric polynomials in the principal angles
between the subspaces V and W.) Thus, the law of the Jacobi ensemble records all
the remaining information about the angles between two uniformly randomly rotated
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subspaces of fixed ranks. These observations were used to make significant progress
in understanding the Jacobi Ensemble in statistical applications (cf. [29]), and to gen-
eralize many of these results to the full expected universality class (beyond Gaussian
entries) in the limit (cf. [21]).

In terms of the large- N limit: letting o = ﬁ and 8 = ﬁ, we have tr P = « and
trQ = B fixed as N grows, and therefore there are limit projections p, g of these same
traces. The chosen Haar distributed unitary matrices converge in noncommutative dis-
tribution to a Haar unitary operator u freely independent from p, ¢, and so the empirical
spectral distribution of J, ; converges to the law of gu* pug, which was explicitly
computed in [49] as an elementary example of free multiplicative convolution:

Lawg,+ pug = (1 — min{a, B})8o + max{c + B — 1, 0}4;

VD),

27 x(1 — x)

[r_.ry]dX,

where ry = o+ B —2aB +2/aB(1 — «)(1 — B). Furthermore, it was shown in [29]
that the Jacobi Ensemble has a spectral edge, the rate of convergence of the largest
eigenvalue is N~%/3 (as with the Gaussian Unitary and Wishart Ensembles), and the
rescaled limit distribution of the largest eigenvalue is the Tracy—Widom law of [44].

Simultaneously to these developments, Voiculescu [48] introduced free liberation.
Given two subalgebras A, B of a W*-probability space (<7, t) and a Haar unitary
operator u € o/ that is freely independent from A, B, the rotated subalgebra u* Au
is freely independent from B. If (u;);>0 is a free unitary Brownian motion freely
independent from A, B, it is not generally true that u} Au; is free from B for any finite
t (in particular when ¢ = 0 we just have A, B), but since the (strong operator) limit as
t — oo of u, is a Haar unitary, this process “liberates” A and B. This concept was used
to define several important regularized versions of measures associated to free entropy
and free information theory, and to this days plays an important role in free probability
theory. The special case that A, B are algebras generated by two projections has been
extensively studied [15-19,25-27], as the best special case where one can hope to
compute all quantities fairly explicitly.

In the first and third authors’ paper [12, Section 3.2], the following was proved.

Theorem 5.2 [12, Lemmas 3.2-3.6] Let p, g be orthogonal projections with traces
a, B, and let (u;)1>0 be a free unitary Brownian motion freely independent from p, q.
Let py = Lawgys py,q- Then

wur = (1 — min{o, B})8o + max{o + B — 1, 0}8; + i,

where [i; is a positive measure (of mass min{a, B} — max{a + 8 — 1,0}). Let I, I
be two disjoint open subintervals of (0, 1). If supp iy, C I1 U I for some ty > 0, then
supp it; C Iy U I for |t — to| sufficiently small; moreover, i, (1) and i, (1) do not
vary with t close to t.

If iy has a continuous density on (0, 1) for t > 0, and x;, € (0, 1) is a boundary
point of supp fis,, then for |t — to| sufficiently small there is a C! function t — x(1)
with x(to) = Xy, S0 that x(t) is a boundary point of supp jis,.
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Finally, in the special case o« = B = %, forall t > 0, [i; possesses a continuous
density which is analytic on the interior of its support.

Remark 5.3 1. It is expected that the final statement, regarding the existence of a
continuous density, holds true for all «, 8 € (0, 1); at present time, this is only
known foro = 8 = % Nevertheless, the “islands stay separated” result holds in
general.

2. Our method of proof of the regularity of ji, involved a combination of free prob-
ability, complex analysis, and PDE techniques. In [28], Izumi and Ueda partly
extended this framework beyond the « = 8 = % case; but they were still not able
to prove continuity of the measure. They did, however, give a much simpler proof
of the result in the case « = 8 = %: here, [1; can be described as the so-called
Szegd transform (from the unit circle to the unit interval) of the law of vou;, where
vo is determined by the law of gpq. Via this description, the regularity result is an
immediate consequence of Theorem 2.5 above.

3. Letus note thate = B8 = % corresponds to a = b = 1, meaning the “square”
Jacobi ensemble. This is, of course, the case that is least interesting to statisticians:
in MANOVA problems the data sets are typically time series, where there are
many more samples than detection sites, meaning that a, b >> 1. In fact, it is
generally questioned whether the Jacobi Ensemble is a realistic regime for real
world applications, rather than building the Wishart Ensembles out of N x M

Gaussian matrices where % — 0.

Thus, it is natural to consider the corresponding finite-r deformation of the Jacobi
Ensemble. The matrix Jacobi process JN associated to the projections PV, OV ¢
My, is given by

where (U}N);>0 is a Brownian motion in Uy. (Typically P", Q" are deterministic;
they may also be chosen randomly, in which case U,N must be chosen independent
from them.) This is a diffusion process in Mgg’]]: it lives a.s. in the space of matrices
M € My with 0 < M < 1 (i.e. M is self-adjoint and has eigenvalues in [0, 1]).
Note that the initial value is Jév = QN PN QV, the operator-valued angle between the
subspaces in the images of P, OV . In particular, the Jacobi process records (through
its eigenvalues) the evolution of the principal angles between two subspaces as they
are continuously rotated by a unitary Brownian motion.

In the case N = 1, the process (5.2) precisely corresponds to what is classically
known as the Jacobi process: the Markov process on [0, 1] with generator . =
x(x— 1)%22 —(cx +d)%, where ¢ = 2 min{c, 8} — 1, d = |a — B]. This is where the
name comes from, as the orthogonal polynomials associated to this Markov process
are the Jacobi polynomials, cf. [19].

Remark 5.4 Comparing to Theorem 5.1, we have now compressed the projections and
the Brownian motion into My from the start. We could instead formulate the process as
in that theorem by choosing projections and Brownian motion in a larger space, which
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would have the effect of using a “corner” of a higher-dimensional Brownian motion
instead of UtN . While this makes a difference for the finite-dimensional distribution,
it does not affect the large-N behavior.

This brings us to our main application. First note that, from our main Theorem 1.4,
the Jacobi process converges strongly.

Corollary 5.5 Let PV, OV be deterministic orthogonal projections in My, and sup-
pose { PN, ON} converges strongly to {p, q}. Let (u;);>0 be a free unitary Brownian
motion freely independent from p, q. Then for each t > 0 the Jacobi process marginal
JZN converges strongly to j; = qu} pu;q. What’s more, if f € C[0, 1] is any continu-
ous test function, then ||f(JtN)|| —> I f()l a.s. as N — oo.

Proof The strong convergence statement is an immediate corollary to Theorem 1.4,
with A{V = PN, AQ’ = QN, and n = 2, k = 1. The extension to continuous test func-
tions beyond polynomials is then an elementary Weierstrass approximation argument.

O

Example 5.6 For fixed k € N, select two orthogonal projections P, Q € M. Then
define PV, QN € My by PY = P®I"N and Q" = Q®I" . (Here we are identifying
M ® My = My via the Kronecker product.) If F is a noncommutative polynomial
in two indeterminates, then

F(PN, oYy =F(P, )1V

and it follows immediately that { PV, OV} converges strongly to { P, Q} (i.e. the W*-
probability space can be taken to be (M, tr)). Expanding this space to include a free
unitary Brownian motion freely independent from { P, Q} and setting j; = Qu; Pu,Q,
Corollary 5.5 yields that the Jacobi process J[kN with initial value Q" P¥ Q¥ con-
verges strongly to j;.

Figure 2 illustrates the eigenvalues of J,kN with k = 4, N = 100, and initial
projections given by

0204 10 0.80.4 00 10
b= [0.40.8} © [00} * [0.40.2] ® [0 1]’ Q= [00} ®h
which have been selected so that the initial operator-valued angle Q P Q has non-
trivial eigenvalues 0.2 and 0.8; this therefore holds as well for Q¥ PY QN for all N.

This implies that the subspaces P (C*V) and Q" (C*V) have precisely two distinct
principal angles.

As is plainly visible in Fig. 2, for small time, the eigenvalues (which are fixed
trigonometric polynomials in the principal angles) stay close to their initial values.
That is: despite the fact that the diffusion’s measure is fully supported on ME\(,)’” for
every t, N > 0, the eigenvalues move with finite speed for all large N. That is our
final theorem.
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Fig.2 The spectral distribution of the Jacobi process thN of Example 5.6 with k = 4, N = 100 and times
t = 0.01 (on the left) and t = 0.25 (on the right). The histograms were made with 1000 trials each, yielding
4 x 103 eigenvalues sorted into 1000 bins

Theorem 5.7 For each N > 1, let (UtN),zo be a Brownian motion on Uy, let VN
and WV be subspaces of CN , and suppose that the orthogonal projections onto these
subspaces converge jointly strongly as N — 00. Suppose there is a fixed finite set
0 = {61, ...,0k} of angles so that all principal angles between VN and WV are in 6
for all N. Fix any open neighborhood O of 0. Then there exists some T > 0 so that,
forallt € [0, T], with probability 1, all principal angles between UN (V) and WV
are in O for all sufficiently large N.

Proof Let PN and Q" be the projections onto V¥ and W . Then there is a fixed list
A ={r1,..., Ac}in [0, 1] so that all eigenvalues of QNPNQN arein A. (The eigenval-
ues A ; are certain fixed trigonometric polynomials in ). Let J,N be the Jacobi process
associated to PV, OV, and let j, be the associated large-N limit. By Corollary 5.5,
forany r > 0 and any f € C[0, 1], ||f(JtN)|| — I f(J)l as.as N — oo.

Applying this at time t = 0, let ;, A; € A with ; < A; such that no elements of
A are in the interval (;, A ;). Now let f be a continuous bump function supported in
(Ai, Aj). Then f(J(;V) = 0, and it therefore follows that || f (jo)|| = 0. As this holds
for all bump function supported in (A;, A;), it follows that spec( jo) does not intersect
(Ai, Aj). Thus jo has pure point spectrum precisely equal to A.

Now, fix any € > 0; by (induction on) Theorem 5.2, for sufficiently small ¢ >
0, spec(j;) is contained in A, (the union of e-balls centered at the points of A). Now,
suppose (for a contradiction) that, for some Ny, J,N0 possesses an eigenvalue A €
(0, 1)\A¢. Let g be a bump function supported in (0, 1)\A, that is equal to 1 on a
neighborhood of A; then ||g(J[N°) || > 1. But, by Corollary 5.5, we know ||g(JtN) | —
lg(G) |l = 0 a.s. as N — oo. Thus, for all sufficiently large N, ||g(J,N)|| < 1, which
implies that X is not an eigenvalue. As this holds for any point in (0, 1)\A, it follows
that spec(J;V) is almost surely contained in A for all sufficiently large N.

The result now follows from the fact that the principal angles between UZN (V) and
W are fixed continuous functions (trigonometric polynomials) in the eigenvalues of
JN. O
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