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Abstract This paper considers the problem of estimation of a low-rank matrix when
most of its entries are not observed and some of the observed entries are corrupted.
The observations are noisy realizations of a sum of a low-rank matrix, which we
wish to estimate, and a second matrix having a complementary sparse structure such
as elementwise sparsity or columnwise sparsity. We analyze a class of estimators
obtained as solutions of a constrained convex optimization problem combining the
nuclear norm penalty and a convex relaxation penalty for the sparse constraint. Our
assumptions allow for simultaneous presence of random and deterministic patterns in
the sampling scheme. We establish rates of convergence for the low-rank component
from partial and corrupted observations in the presence of noise and we show that
these rates are minimax optimal up to logarithmic factors.

Mathematics Subject Classification 62G05 - 62J02 - 62G35

1 Introduction

In the recent years, there have been a considerable interest in statistical inference
for high-dimensional matrices. One particular problem is matrix completion where
one observes only a small number N < mmy of the entries of a high-dimensional
mj1 X my matrix Lg of rank r and aims at inferring the missing entries. In general,
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recovery of a matrix from a small number of observed entries is impossible, but, if the
unknown matrix has low rank, then accurate and even exact recovery is possible. In
the noiseless setting, [7, 14,22] established the following remarkable result: assuming
that the matrix L satisfies some low coherence condition, this matrix can be recovered
exactly by a constrained nuclear norm minimization with high probability from only
N Z rmax{mi, my} log2 (m1 4 my) entries observed uniformly at random. A more
common situation in applications corresponds to the noisy setting in which the few
available entries are corrupted by noise. Noisy matrix completion has been in the focus
of several recent studies (see, e.g., [5,12,17,18,20,21,23]).

The matrix completion problem is motivated by a variety of applications. An impor-
tant question in applications is whether or not matrix completion procedures are robust
to corruptions. Suppose that we observe noisy entries of Ay = Lo+ So where L is an
unknown low-rank matrix and Sy corresponds to some gross/malicious corruptions.
We wish to recover Lo but we observe only few entries of Ag and, among those, a
fraction happens to be corrupted by Sp. Of course, we do not know which entries are
corrupted. It has been shown empirically that uncontrolled and potentially adversarial
gross errors affecting only a small portion of observations can be particularly harmful.
For example, Xu et al. [16] showed that a very popular matrix completion procedure
using nuclear norm minimization can fail dramatically even if Sy contains only a
single nonzero column. It is particularly relevant in applications to recommendation
systems where malicious users try to manipulate the outcome of matrix completion
algorithms by introducing spurious perturbations So. Hence, there is a need for new
matrix completion techniques that are robust to the presence of corruptions Sp.

With this motivation, we consider the following setting of robust matrix comple-
tion. Let Ag € R™*™2 be an unknown matrix that can be represented as a sum
Ag = Lo + Sop where Lg is a low-rank matrix and Sy is a matrix with some low
complexity structure such as entrywise sparsity or columnwise sparsity. We consider
the observations (X;, Y;),i = 1, ..., N, satisfying the trace regression model

Y, =w(X[ Ao)+&, i=1,...,N, ()

where tr(M) denotes the trace of matrix M. Here, the noise variables &; are independent
and centered, and X; are m| x mo matrices taking values in the set

X ={ejmpel (m2), 1 <j<my, 1 <k<m), 2)

where ¢;(m),l = 1, ..., m, are the canonical basis vectors in R"”. Thus, we observe
some entries of matrix Ag with random noise. Based on the observations (X;, Y;), we
wish to obtain accurate estimates of the components Lg and Sy in the high-dimensional
setting N <« m1m». Throughout the paper, we assume that (X1, ..., X,;) is indepen-
dent of (&1, ..., &,).

We assume that the set of indices i of our N observations is the union of two disjoint
components §2 and 2. The first component 2 corresponds to the “non-corrupted” noisy
entries of Ly, i.e., to the observations, for which the entry of Sy is zero. The second
set Q corresponds to the observations, for which the entry of Sy is nonzero. Given an
observation, we do not know whether it belongs to the corrupted or non-corrupted part
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of the observations and we have |Q| + |Q| = N, where || and || are non-random
numbers of non-corrupted and corrupted observations, respectively.

A particular case of this setting is the matrix decomposition problem where
N = mma,i.e., we observe all entries of Ag. Several recent works consider the matrix
decomposition problem, mostly in the noiseless setting, & = 0. Chandrasekaran et
al. [8] analyzed the case when the matrix Sy is sparse, with small number of non-zero
entries. They proved that exact recovery of (L, So) is possible with high probability
under additional identifiability conditions. This model was further studied by Hsu et al.
[15] who give milder conditions for the exact recovery of (Lo, So). Also in the noise-
less setting, Candes et al. [6] studied the same model but with positions of corruptions
chosen uniformly at random. Xu et al. [16] studied a model, in which the matrix S is
columnwise sparse with sufficiently small number of non-zero columns. Their method
guarantees approximate recovery for the non-corrupted columns of the low-rank com-
ponent L. Agarwal et al. [1] consider a general model, in which the observations are
noisy realizations of a linear transformation of Ag. Their setup includes the matrix
decomposition problem and some other statistical models of interest but does not cover
the matrix completion problem. Agarwal et al. [1] state a general result on approximate
recovery of the pair (Lo, Sp) imposing a “spikiness condition” on the low-rank com-
ponent Lg. Their analysis includes as particular cases both the entrywise corruptions
and the columnwise corruptions.

The robust matrix completion setting, when N < mm, was first considered by
Candes et al. [6] in the noiseless case for entrywise sparse Sy. Candes et al. [6] assumed
that the support of Sy is selected uniformly at random and that N is equal to 0.1m1m2
or to some other fixed fraction of m1m,. Chen et al. [9] considered also the noiseless
case but with columnwise sparse So. They proved that the same procedure as in [8] can
recover the non-corrupted columns of L and identify the set of indices of the corrupted
columns. This was done under the following assumptions: the locations of the non-
corrupted columns are chosen uniformly at random; L satisfies some sparse/low-rank
incoherence condition; the total number of corrupted columns is small and a sufficient
number of non-corrupted entries is observed. More recently, Chen et al. [10] and Li
[27] considered noiseless robust matrix completion with entrywise sparse So. They
proved exact recovery of the low-rank component under an incoherence condition on
L¢ and some additional assumptions on the number of corrupted observations.

To the best of our knowledge, the present paper is the first study of robust matrix
completion with noise. Our analysis is general and covers in particular the cases
of columnwise sparse corruptions and entrywise sparse corruptions. It is important
to note that we do not require strong assumptions on the unknown matrices, such
as the incoherence condition, or additional restrictions on the number of corrupted
observations as in the noiseless case. This is due to the fact that we do not aim at
exact recovery of the unknown matrix. We emphasize that we do not need to know
the rank of L nor the sparsity level of Sy. We do not need to observe all entries of Ag
either. We only need to know an upper bound on the maximum of the absolute values
of the entries of Ly and Sp. Such information is often available in applications; for
example, in recommendation systems, this bound is just the maximum rating. Another
important point is that our method allows us to consider quite general and unknown
sampling distribution. All the previous works on noiseless robust matrix completion
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assume the uniform sampling distribution. However, in practice the observed entries
are not guaranteed to follow the uniform scheme and the sampling distribution is not
exactly known.

We establish oracle inequalities for the cases of entrywise sparse and columnwise
sparse So. For example, in the case of columnwise corruptions, we prove the following
bound on the normalized Frobenius error of our estimator (i, S’) of (Lo, Sp): with high
probability

IL — Lol n IS0 — SIi3 o rmax(my,m) + Qs
mimy mimy "~ 191 my

where the symbol < means that the inequality holds up to a multiplicative absolute
constant and a factor, which is logarithmic in m| and m,. Here, r denotes the rank of
Ly, and s is the number of corrupted columns. Note that, when the number of corrupted
columns s and the proportion of corrupted observations 12 /12| are small, this bound
implies that O(r max(m1, my)) observations are enough for successful and robust
to corruptions matrix completion. We also show that, both under the columnwise
corruptions and entrywise corruptions, the obtained rates of convergence are minimax
optimal up to logarithmic factors.

This paper is organized as follows. Section 2.1 contains the notation and definitions.
We introduce our estimator in Sect. 2.2 and we state the assumptions on the sampling
scheme in Sect. 2.3. Section 3 presents a general upper bound for the estimation error. In
Sects. 4 and 5, we specialize this bound to the settings with columnwise corruptions
and entrywise corruptions, respectively. In Sect. 6, we prove that our estimator is
minimax rate optimal up to a logarithmic factor. The Appendix contains the proofs.

2 Preliminaries
2.1 Notation and definitions
2.1.1 General notation

For any set I, || denotes its cardinality and 7 its complement. We write a VV b =
max(a, b) and a A b = min(a, b).

For amatrix A, A! isits ith column and A;jisits (i, j)thentry.Let C {1,...m}x
{1, ...m2} be a subset of indices. Given a matrix A, we denote by Ay its restriction on
1, that is, (AD);j = Aij if (i, j) € I and (ApD;j = 0if (@, j) ¢ I.In what follows, Id
denotes the matrix of ones, i.e., Id;; = 1 for any (i, j) and 0 denotes the zero matrix,
ie., 0;; = 0forany (i, j).

For any p > 1, we denote by || - ||, the usual /, —norm. Additionally, we use the
following matrix norms: ||All, is the nuclear norm (the sum of singular values), || A||
is the operator norm (the largest singular value), || Al is the largest absolute value
of the entries:

A = max A;
IAllo = _max 1Al
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the norm || A||2,1 is the sum of /; norms of the columns of A and || A||2,« is the largest
l» norm of the columns of A:

m3
k k
IAll2,1 = E [A%]2 and [|All2,00 = max [A%[>.
oy 1<k<my

The inner product of matrices A and B is defined by (A, B) = tr(AB").
2.1.2 Notation related to corruptions

We first introduce the index sets Z and Z. These are subsets of {1,...,m1} x
{1, ..., m>} that are defined differently for the settings with columnwise sparse and
entrywise sparse corruption matrix So.

For the columnwise sparse matrix Sy, we define

IT={1,....m}xJ 3)

where J C {1, ..., m»} is the set of indices of the non-zero columns of Sy. For the
entrywise sparse matrix Sp, we denote by 7 the set of indices of the non-zero elements
of So. In both settings, Z denotes the complement of 7.

Let R : R™>™2 — R, be anorm that will be used as a regularizer relative to the
corruption matrix Sp. The associated dual norm is defined by the relation

R*(A) = sup (A, B). )
R(B)<I

Let |A| denote the matrix whose entries are the absolute values of the entries of matrix
A. The norm R(-) is called absolute if it depends only on the absolute values of the
entries of A:

R(A) =R(A].
For instance, the /,-norm and the || - [|2,1-norm are absolute. We call R(-) monotonic if
|A] < |B]| implies R(A) < R(B). Here and below, the inequalities between matrices
are understood as entry-wise inequalities. Any absolute norm is monotonic and vice
versa (see, e.g., [3]).
2.1.3 Specific notation
e Wesetd =m| +my,m=mi Amp,and M = m; VvV mj.

o Let {¢;}_, be a sequence of i.i.d. Rademacher random variables. We define the
following random variables called the stochastic terms:

1 1 1
ER:;ZQ'XI', EZNZ&X“ and Wzﬁle
ieQ ieQ ieQ
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e We denote by r the rank of matrix L.

e We denote by N the number of observations, and by n = |€2| the number of non-
corrupted observations. The number of corrupted observations is |Q| = N — n.
We set & = N/n.

e We use the generic symbol C for positive constants that do not depend on
n,mi, mo, r,s and can take different values at different appearances.

2.2 Convex relaxation for robust matrix completion

For the usual matrix completion, i.e., when the corruption matrix Sp = 0, one of
the most popular methods of solving the problem is based on constrained nuclear
norm minimization. For example, the following constrained matrix Lasso estimator is
introduced in [18]:

n
lAllo<a i=1

. 1 &
A earg mm[— D= (X, A) +A||A||*] :
where A > 0 is a regularization parameter and a is an upper bound on || Lo || 5-
To account for the presence of non-zero corruptions Sp, we introduce an addi-
tional norm-based penalty that should be chosen depending on the structure of Sp. We
consider the following estimator (L, S) of the pair (Lo, So):

(L. S) i li Y; = (Xi, L+ S)? + ML« + 22R(S) )
s € arg min Nizl(l is ) 1 * 2 .

ILlloo=a
ISloo=a

Here A1 > 0 and X, > 0 are regularization parameters and a is an upper bound on
ILolloo and [|Sollso- Note that this definition and all the proofs can be easily adapted
to the setting with two different upper bounds for || Lo||o, and ||So|ls as it can be the
case in some applications. Thus, the results of the paper extend to this case as well.

For the following two key examples of sparsity structure of Sy, we consider specific
regularizers R.

e Example 1. Suppose that Sy is columnwise sparse, that is, it has a small number
s < my of non-zero columns. We use the || - ||2,1-norm regularizer for such a
sparsity structure: R(S) = ||S||2.1. The associated dual norm is R*(S) = || 5|2, 0c-

e Example 2. Suppose now that Sy is entrywise sparse, that is, that it has s << mmy
non-zero entries. The usual choice of regularizer for such a sparsity structure is
the I; norm: R(S) = ||S||1. The associated dual norm is R*(S) = ||S||cc-

In these two examples, the regularizer R is decomposable with respect to a properly
chosen set of indices /. That is, for any matrix A € R”1*™2 we have

R(A) =R(Ap) + R(Ap). 6)
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For instance, the || - ||2,1-norm is decomposable with respect to any set / such that
I=A{l,....m}xJ @)

where J C {1, ..., m2}. The usual /; norm is decomposable with respect to any subset
of indices /.

2.3 Assumptions on the sampling scheme and on the noise

In the literature on the usual matrix completion (So = 0), it is commonly assumed
that the observations X; are i.i.d. For robust matrix completion, it is more realistic to
assume the presence of two subsets in the observed X;. The first subset {X;, i € Q}
is a collection of i.i.d. random matrices with some unknown distribution on

X' = {ej(my)el (m2), (j, k) € T}. ®)

These X;’s are of the same type as in the usual matrix completion. They are the X-

components of non-corrupted observations (recall that the entries of Sy corresponding

toindices in 7 are equal to zero). On this non-corrupted part of observations, we require

some assumptions on the sampling distribution (see Assumptions 1, 2, 5, and 9 below).
The second subset {X;, i € €2} is a collection of matrices with values in

X" = {ej(m)el (m2), (j, k) € T}.

These are the X-components of corrupted observations. Importantly, we make no
assumptions on how they are sampled. Thus, for any i € 2, we have that the index
of the corresponding entry belongs to Z and we make no further assumption. If we
take the example of recommendation systems, this partition into {X;, i € 2} and
{X;i, i € Q} accounts for the difference in behavior of normal and malicious users.

As there is no hope for recovering the unobserved entries of Sy, one should consider
only the estimation of the restriction of Sy to €2. This is equivalent to assume that we
estimate the whole Sy when all unobserved entries of Sy are equal to zero, cf. [9]. This
assumption will be done throughout the paper.

For i € 2, we suppose that X; are i.i.d realizations of a random matrix X having
distribution IT on the set X”. Let ik =P(X =e¢; (ml)ekT (m2)) be the probability to
observe the (j, k)th entry. One of the particular settings of this problem is the case
of the uniform on X" distribution IT. It was previously considered in the context of
noiseless robust matrix completion, see, e.g., [9]. We consider here a more general
sampling model. In particular, we suppose that any non-corrupted element is sampled
with positive probability:

Assumption 1 There exists a positive constant i > 1 such that, for any (j, k) € Z,
Tk = (ulZh ™"
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If IT is the of uniform distribution on X’ we have u = 1. For A € R™1*"2 get
AN,y = E(A, X)%).
Assumption 1 implies that

IANZ, @y = (12D~ [ AZ]3. ©)

m
j=
and by ;. = Z;:Zl 7 jx the probability to observe an element from the jth row. The
following assumption requires that no column and no row is sampled with too high

probability.

Denote by mx = | 7 jx the probability to observe an element from the kth column

Assumption 2 There exists a positive constant L > 1 such that

max (g, wj.) < L/m.
iJ

This assumption will be used in Theorem 1 below. In Sects. 4 and 5, we apply The-
orem 1 to the particular cases of columnwise sparse and entrywise sparse corruptions.
There, we will need more restrictive assumptions on the sampling distribution (see
Assumptions 5 and 9).

We assume below that the noise variables &; are sub-gaussian:

Assumption 3 There exist positive constants o and ¢; such that

_Imax Eexp($i2/02) <cq.
i=1,..,n

3 Upper bounds for general regularizers

In this section we state our main result which applies to a general convex program (5)
where R is an absolute norm and a decomposable regularizer. In the next sections, we
consider in detail two particular choices, R(-) = || - |1 and R(-) = | - ||2,1. Introduce
the notation:

log(d)
Wy = @2 mimay r @23 + 2> E (gD +a° 1 gT

A
W, = paR(1dgy) (j—laE ISkl + @42 + aE (R*(ER))) ,

W3

N M Ao

_ 119 (a® + o log(d)) (aE(ann) L AER(Zr) +$) N a’|Z|
- mims’
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N
W, = pa’ %@ + paRIdg)[e s +aE(R*(Zg))]

* ® 2 2
+|:3E(73 (ZR)) +&]M|Q|(a + o0 log(d))
Ao N

(10)

where d = m| + m».

Theorem 1 Let R be an absolute norm and a decomposable regularizer. Assume that
ILolleo < @, [|Sollee < a for some constant a and let Assumptions 1-3 be satisfied.
Let My > 4||Z||, and Ly > 4 (R*(X) + 2aR*(W)). Then, with probability at least
1—4.5d71,

L()—I: 2 S()—S 2
I ||2+ [ 15

mimj mima

< C {¥; + ¥, + W3} (11)

where C is an absolute constant. Moreover, with the same probability,

15715

< CW,. (12)
IZ|

The term Wy in (11) corresponds to the estimation error associated with matrix com-
pletion of a rank » matrix. The second and the third terms account for the error induced
by corruptions. In the next two sections we apply Theorem 1 to the settings with the
entrywise sparse and columnwise sparse corruption matrices Sp.

4 Columnwise sparse corruptions

In this section, we assume that that Sy has at most s non-zero columns, and s < my /2.
We use here the || - ||2,1-norm regularizer R. Then, the convex program (5) takes form

N
A A 11
(L,8) e arg mm[ﬁ DW= (Xi L+ ) + ML +)»2||S||2,1] NGE)
ILloo<a .
ISo0 <a i=1

Since Sy has at most s non-zero columns, we have |i | = ms. Furthermore, by the

Cauchy-Schwarz inequality, [[Idg 2,1 < 4/ s|Q. Using these remarks we replace Vs,
W3 and Wy by the larger quantities

~ f(aki
Wy = pay/s|Q| (A_E(”ER”) + @iy + aE”ERHZ,oo) ;

1

w12 (a% + o2 log(d)) (aE(MERn) aE|Zr 2,00 ) a’s
= + +a
N Al A

V3
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log(d) .
W = pa? |22+ pay/siQ) [ +aEl Sall]

aE|Zrl2,00 119 (a2 + o2 log(d))
+ + @
A2 N

Specializing Theorem 1 to this case yields the following corollary.

Corollary 4 Assume that |Lo|ls < @ and ||So|lse < a. Let the regularization para-
meters (A1, Ap) satisfy

M>4AIZ and ro =4 (122,00 + 22 Wli200) -

Then, with probability at least 1 — 4.5d~", for any solution (f,, S’) of the convex
program (13) with such regularization parameters (\1, A2) we have

ILo — LII3 150 — SI3
2 + 2

<C ¥ W, + Wil
mimo mimy { 1+ 3}

where C is an absolute constant. Moreover, with the same probability,

157113

< CV,.
IZ| 4

In order to get a bound in a closed form, we need to obtain suitable upper bounds
on the stochastic terms X, X g and W. We derive such bounds under an additional
assumption on the column marginal sampling distribution. Set n_(? = 2'1";1 n/zk.

Assumption 5 There exists a positive constant y > 1 such that

2 y?
max JT,(k) < .
k ’ |Z| my

This condition prevents the columns from being sampled with too high probability
and guarantees that the non-corrupted observations are well spread out among the
columns. Assumption 5 is clearly less restrictive than assuming that IT is uniform as
it was done in the previous work on noiseless robust matrix completion. In particular,
Assumption 5 is satisfied when the distribution IT is approximately uniform, i.e., when
ik X —L_ Note that Assumption 5 implies the following milder condition on

mimy—s) " " o
the marginal sampling distribution:

2
max g < Y2 (14)
k my

Condition (14) is sufficient to control ||X|2,00c and || Xgrll2,00 While to we need a
stronger Assumption 5 to control || W||2,co.

The following lemma gives the order of magnitude of the stochastic terms driving
the rates of convergence.
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Lemma 6 Ler the distribution T1 on X' satisfy Assumptions 1, 2 and 5. Let also
Assumption 3 hold. Assume that N < mimy, n < |Z|, and logmy > 1. Then, there
exists an absolute constant C > 0 such that, for any t > 0, the following bounds on
the norms of the stochastic terms hold with probability at least 1 — e, as well as the
associated bounds in expectation.

i L(t +1logd) (1 t +lood
@ [ SCcrmax( (t + log ), (logm)(t + log )) and
& Nm N
Llog(d log? d
1E||2R||§C(W+ og );
nm N
i 1+ log(d t+logd
W ||z||2wgc0( y(t+log(d)  1+log ) o
’ &Nm» N
y log(d) = logd
E|X= <C e\ :
122,00 < G(\/:mz—i_ e
— |
(111) ”ER”ZOO < ( )’( + Og(d)) t+n0gd) and
y log(d) | logd
IEIlERllzoo_C(F =)
@) t+1 1/4 P 1/2 1
IWiho < C [ YUFI0Em) 7 (1 fmalt Flogma) ) = 1+ logmy
&®Nmy n N
1/2
ylog!" (@) /W logd
[Wll2,00 = TN + : L N

Let

m log? m) . (15)

n* =2 log(d) (@ v
y L

Recall that & = % > 1.If n > n*, using the bounds given by Lemma 6, we can chose
the regularization parameters A and A, in the following way:

L log(d log(d
M=Covay 8D d a=Cy o va [ 289 (16)
Nm Nm»

where C > 0 is a large enough numerical constant.
With this choice of the regularization parameters, Corollary 4 implies the following
result.
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Corollary 7 Let the distribution T1 on X' satisfy Assumptions 1, 2 and 5. Let Assump-
tion 3 hold and || Lol s < @, ||Solleo < a. Assume that N < mmy and n* < n. Then,
with probability at least 1 — 6/d for any solution (f,, S’) of the convex program (13)
with the regularization parameters (A1, A2) given by (16), we have

Lo—LI3 1S —SI3 rM+1Q|  a’s
I ) < ito v e logd) e @1 a%s
mimy mimy n my

a7)

where Cy, . 1 > 0 can depend only on i, y, L. Moreover, with the same probability,

15213 _ o = va)?|Qllogd)  a’s
iy =t n my’

Remarks 1. The upper bound (17) can be decomposed into two terms. The first
term is proportional to r M /n. It is of the same order as in the case of the usual
matrix completion, see [18,20]. The second term accounts for the corruption. It is
proportional to the number of corrupted columns s and to the number of corrupted
observations |§2|. This term vanishes if there is no corruption, i.e., when Sy = 0.

2. If all entries of Ag are observed, i.e., the matrix decomposition problem is consid-
ered, the bound (17) is analogous to the corresponding bound in [1]. Indeed, then
|fZ| =sm1, N =mimy, ® < 2 and we get

Lo—L|2 So — 8|12 rM K
ILo— LI5 , 150 = 313 g&(Uva)z( +_).
mimy mimy mimy My

The estimator studied in [1] for matrix decomposition problem is similar to our
program (13). The difference between these estimators is that in (13) the mini-
mization is over | - ||oo-balls while the program of [1] uses the minimization over
Il - l2,00-balls and requires the knowledge of a bound on the norm || Lo||2, of the
unknown matrix L.

3. Suppose that the number of corrupted columns is small (s < m»). Then, Corol-
lary 7 guarantees, that the prediction error of our estimator is small whenever the
number of non-corrupted observations n satisfies the following condition

n > (my Vv my)rank(Lo) + || (18)

where | 2| is the number of corrupted observations. This quantifies the sample size
sufficient for successful (robust to corruptions) matrix completion. When the rank
r of Lo is small and s < mo, the right hand side of (18) is considerably smaller
than the total number of entries mm>.

4. By changing the numerical constants, one can obtain that the upper bound (17) is
valid with probability 1 — 64~ for any o > 1.
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5 Entrywise sparse corruptions

We assume now that Sy has s non-zero entries but they do not necessarily lay in a small

subset of columns. We will also assume that s < m'zmz . We use now the /;-regularizer

R. Then the convex program (5) takes the form

N
A A ) 1
(L.S) e argmm[ﬁZ(Yi —(Xi, L+ S)* + MLl +)»2||S||1} - (19

ILlloo<a i=1
Slloo=a -

The supportf ={(J, k) : (So)jx # O} of the non-zero entries of Sy satisfies |Z| = s.
Also, [|Idg 1 = |Q| so that W,, W3, and W, take form

~ fai)
W) = palQl (A_IE(”ER”) + @k +aE||ER||2,oo) ,
Q@2 + o2log(d)) (aE (| E|= 2
\I/Q’:“I [(a” + o~ log(d)) (|l R||)+a Il Rllz,oo+ae n a“s ,
- N MM Ao mimy
log(d) By
) = pa? [ 255 4 a9 [ + aEl Skl

aE|Zgl2,00 112 (a% + o2 log(d))
+ +a .
Ao N

Specializing Theorem 1 to this case yields the following corollary:

Corollary 8 Assume that ||Lolls, < a and ||Solls < Q. Let the regularization para-
meters (A1, Ap) satisfy

A >41Zl1 and d = 4([Z]leo +2a|Wlloo) -

Then, with probability at least 1 — 4.5d~", for any solution (I:, S’) of the convex
program (19) with such regularization parameters (A1, Ap) we have

Lo—lA, 2 S()—S 2
Il ||2+ l 13

mim3 mim2

= € {Wi+ 9 + w5}

where C is an absolute constant. Moreover, with the same probability,

187113 p
—= < CVYy.
IZ| 4

In order to get a bound in a closed form we need to obtain suitable upper bounds
on the stochastic terms X, ¥ and W. We provide such bounds under the following
additional assumption on the sampling distribution.
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Assumption 9 There exists a positive constant y > 1 such that

max i < HL
iy I

This assumption prevents any entry from being sampled too often and guarantees
that the observations are well spread out over the non-corrupted entries. Assumptions 1
and 9 imply that the sampling distribution IT is approximately uniform in the sense
that 7 j; < ﬁ In particular, since |Z| < #5*2, Assumption 9 implies Assumption 2
for L =2u;.

Lemma 10 Ler the distribution T1 on X' satisfy Assumptions 1, and 9. Let also
Assumption 3 hold. Then, there exists an absolute constant C > 0 such that, for any
t > 0, the following bounds on the norms of the stochastic terms hold with probability
at least 1 — e, as well as the associated bounds in expectation.

€y /
251 u1 (t+logd)) t+logd
w <C d
IWlleo = (a'emlm2+ &Nmimy + N an
M1 | milogd  logd
E|W <C ;
IWlloo = (a%mlmg + &Nmimy + N
i t +logd t +logd
(i) ISl < Co w1 + log )Jr + log and
&Nmimy N
[ n1logd logd
E|IZ <C ;
1Z M0 = G( zelem2+ N
t +logd t +logd
(iii) ISRl SC( [u1(r + log )+ + log ) and
nmimy n
logd logd
E ISRl sc(,/%+&).
nminyp n

Using Lemma 6(i), and Lemma 10, under the conditions

mimylogd - 2 mlog(d) log?(m) 20)
23 -7 L

we can choose the regularization parameters A; and X, in the following way:

log(d
M = Clovay /108D g
Nm

A =C(oV a)@. 1)

With this choice of the regularization parameters, Corollary 8 and Lemma 10 imply
the following result.
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Corollary 11 Let the distribution T1 on X' satisfy Assumptions 1, and 9. Let Assump-
tion 3 hold and ||Lolloe < @, [|S0llec < a. Assume that N < mimy and that
condition (20) holds. Then, with probability at least 1 — 6/d for any solution (f,, S')
of the convex program (19) with the regularization parameters (A1, A2) given by (21),

we have

Lo—LI%  11So— SI3 rM IR s
I LF + ” I = Cup (o v a)’ log(d) = +
- mims n mim

(22)

where Cy ., > 0 can depend only on ju and (1. Moreover, with the same probability

15213 _ . = vayiQllogd) — als

) - M n mymy’

Remarks 1. As in the columnwise sparsity case, we can recognize two terms in the
upper bound (22). The first term is proportional to » M /n. It is of the same order as
the rate of convergence for the usual matrix completion, see [18,20]. The second
term accounts for the corruptions and is proportional to the number s of nonzero
entries in Sy and to the number of corrupted observations |Q|. We will prove in
Sect. 6 below that these error terms are of the correct order up to a logarithmic
factor.

2. If s € n < mimy, the bound (22) implies that one can estimate a low-rank
matrix from a nearly minimal number of observations, even when a part of the
observations has been corrupted.

3. If all entries of Ag are observed, i.e., the matrix decomposition problem is consid-
ered, the bound (22) is analogous to the corresponding bound in [1]. Indeed, then
|Q| <s, N =mimy, & <2 and we get

Lo—LI? S0 — 83 M
ILo— LI IS0 ||2§&(Gva)2(r L )
mimy mimy mipmy nymy

6 Minimax lower bounds

In this section, we prove the minimax lower bounds showing that the rates attained
by our estimator are optimal up to a logarithmic factor. We will denote by inf )
the infimum over all pairs of estimators (L, 8) for the components Lo and Sp in
the decomposition Ag = Ly + So where both L and S take values in R™1*™2_ For
any Ag € R™>™2 Jet Py, denote the probability distribution of the observations
(X1, Y1,..., X,, Yy) satisfying (1).

We begin with the case of columnwise sparsity. For any matrix § € R™1*"2 we
denote by ||S]l2,0 the number of nonzero columns of S. For any integers 0 < r <
min(my, my), 0 < s < mj and any a > 0, we consider the class of matrices

Ags(r.s.a) = {Ag = Lo+ So € R™”" : rank(Lo) <r, ||Lollc < a,

and [|Soll2.0 < s, [Solls < a} (23)
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and define

Mr+1Q| s
—+_

n my

YGs(N, 1, 5) = (0 Aa)

The following theorem gives a lower bound on the estimation risk in the case of
columnwise sparsity.

Theorem 2 Suppose that my, my > 2. Fixa > 0 and integers 1 <r < min(m, my)
and 1 < s < my/2. Let Assumption 9 be satisfied. Assume that Mr < n, |Q| < smi
and® < 1+s/my. Suppose that the variables &; are i.i.d. Gaussian N (0, 02), o2 >0,
fori =1, ..., n. Then, there exist absolute constants B € (0, 1) and ¢ > 0, such that

L—Lol? S-Sl
inf sup P, I o||2_|_|| oll>

~ A 0
(L,S) (Lo, S0)e Ags(r,s,a) mym3 mym3

> cpgs(N,r,s) ) = B.

We turn now to the case of entrywise sparsity. For any matrix § € R™!>"2,
we denote by || S||o the number of nonzero entries of S. For any integers 0 < r <
min(my, my),0 < s < mmy/2 and any a > 0, we consider the class of matrices

As(r, s, a) = {Ao = Lo+ So € R™* ™2 : rank(Lg) <,
ISollo <5, ILollo < a, [ISollcc < a}

and define

Mr + 12| s
_l’_
n mimy

Vs(N,r,s) = (o Aa)’

We have the following theorem for the lower bound in the case of entrywise sparsity.

Theorem 3 Assume that m{,my > 2. Fixa > 0 and integers 1 < r < min(m, my)
and 1 <s <mimy/2. Let Assumption 9 be satisfied. Assume that Mr < n and there
exists a constant p > 0 such that || < p r M. Suppose that the variables &; are i.i.d.
Gaussian N (0, 02), o2 >0, fori = 1,...,n. Then, there exist absolute constants
B €(0,1)andc > 0, such that

IL = Lol3 n IS — Soll3
minm2 mima

inf sup IP’AO(
(L,S) (Lo,So)e As(r,s,a)

>c1ﬁ5(N,r,s)) > B.
(24)
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Appendix A: Proofs of Theorem 1 and of Corollary 7
A.1: Proof of Theorem 1

The proofs of the upper bounds have similarities with the methods developed in [18] for
noisy matrix completion but the presence of corruptions in our setting requires a new
approach, in particular, for proving “restricted strong convexity property” (Lemma 15)
which is the main difficulty in the proof.

Recall that our estimator is defined as

N
oA 1
(L. §) e arg min[N S = (Xi L+ 82 + L] + AzR(S)]
i=1

ILlloo<a
ISlloo<a

and our goal is to bound from above the Frobenius norms || Lo — L ||% and || Sp — 3‘||%.

(1) Set F(L, S) = L N (Vi — (Xi, L+ )2+ M I LI+ 22R(S), AL = Lo— L
and AS = Sp — S. Using the inequality F (L, S) < F (Lo, So) and (1) we get

N
1 N N
5 2 (Xis AL+ AS) +8) + MLl + 22R(S)

i=1

N
1 2
<~ D& T MlLolls + 1R(So).

i=1

After some algebra this implies

1 2 1
5 2 X AL+ AS)? < = 3 16X AL+ AS) = > (Xi, AL+ AS)?
ieQ ieQ 9

ieQ

I
+21(2, AL+ 41 (ILolle = I1L11)

I
+21(%, ASD)| + 42 (R(S0) - R(3)) (25)

I

where X = % ZieQ & X; and we have used the equality (X, AS) = (X, AS7).
We now estimate each of the three terms on the right hand side of (25) separately.
This will be done on the random event

U= [lma)§v|§,-| < C*a\/logd] (26)
<i<

@ Springer



540 O. Klopp et al.

where C, > 0 is a suitably chosen constant. Using a standard bound on the
maximum of sub-gaussian variables and the constraint N < mm, we get that
there exists an absolute constant Cy, > 0 such that P({) > 1 — %. In what
follows, we take this constant Cy in the definition of /.

We start by estimating I. On the event U, we get

1 C o212 log(d)
I<—>&<——"""
N & N
ieQ

27)

Now we estimate II. For a linear vector subspace S of a euclidean space, let Pg
denote the orthogonal projector on S and let S denote the orthogonal complement
of S. Forany A € R™>™2 letu;(A) and v;(A) be the left and right orthonormal
singular vectors of A, respectively . Denote by S1(A) the linear span of {u;(A)},
and by S>(A) the linear span of {v;(A)}. We set

P;(B) = st BPst sy and PA(B) = B — P5(B).

By definition of Pi—o, for any matrix B the singular vectors of Pi‘O(B) are
orthogonal to the space spanned by the singular vectors of Lg. This implies that

”LO n Pio(AL)H* — Lo, + ”Pig(AL) ”* Thus,
ILll« = IILo + AL
- HLO +PL (AL) + Py (AL) H
*
> Lo+ P~ [P,

= I Loll« +

P, (AL [P AL,
which yields

IZoll = 111+ = [Peo(AL)], - [PE, ALY 28)
Using (28) and the duality between the nuclear and the operator norms, we obtain

<2 ZALl + 4 ([PraD)], - [Ph D) ).
The assumption that A1 > 4|/ X|| and the triangle inequality imply
= 2 [Pryan)], < JavariaLl, 29)

where r = rank(L) and we have used that rank(P;,(AL)) < 2rank(Ly).
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(@)

For the third termAin (25), we use the duality between the R and R*, and the
identity AS7 = —S7:

I < 2R*(Z)YR(S7) + 12(R(So) — R(S)).
This and the assumption that A, > 4R*(X) imply
I < 2 R(So). (30)

Plugging (29), (30) and (27) in (25) we get that, on the event U/,

! 3ah Co? |2 log(d
LS X AL+ A8 < 2 F AL + wiaR (o) + ST D
" ieQ \/E n

€19

where & = N/n.

Second, we will show that a kind of restricted strong convexity holds for the random
sampling operator given by (X;) on a suitable subset of matrices. In words, we
prove that the observation operator captures a substantial component of any pair
of matrices L, S belonging to a properly chosen constrained set (cf. Lemma 15(ii)
below for the exact statement). This will imply that, with high probability,

1
~ D (Xi AL+ AS) > AL+ ASIZ, ) — € (32)
ieQ

with an appropriate residual £, whenever we prove that (AL, AS) belongs to the
constrained set. This will be a substantial element of the remaining part of the
proof. The result of the theorem will then be deduced by combining (31) and (32).

We start by defining our constrained set. For positive constants §; and &, we first

introduce the following set of matrices where AS should lie:

B(81.8) = {B € R™*™ : ||B||7, ) < 87 and R(B) < &}. (33)

The constants §; and > define the constraints on the L, (IT)-norm and on the sparsity

of

the component S. The error term £ in (32) depends on §; and §,. We will specify

the suitable values of §; and §> for the matrix A S later. Next, we define the following
set of pairs of matrices:

64 log(d)
D(t,k) = [(A, B) e R™™ : ||A+ Blj,m, = \llog(éﬁ,

IA+ Bl < L. lAll, < VT lIAZl +K]
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where k and T < m| A my are some positive constants. This will be used for A = AL
and B = AS. If the L, (IT)-norm of the sum of two matrices is too small, the right
hand side of (32) is negative. The first inequality in the definition of D(z, k) prevents
from this. Condition ||A], < /T ||Az|l» + « is a relaxed form of the condition
|All, < &/ ||All, satisfied by matrices with rank . We will show that, with high
probability, the matrix AL satisfies this condition with T = C rank(Lg) and a small
k. To prove it, we need the bound R(B) < 8, on the corrupted part.
Finally, define our constrained set as the intersection

D(t,k)N {lexmz x B8y, 32)} .

We now return to the proof of the theorem. To prove (11), we bound separately the
norms [|AL|, and ||AS]|,. Note that

IALI3 < IALZI3 + IAL313 < [ AL7|3 + 42%|Z]
< WIIALZI,m, +4a°(Z] (34)

and similarly,
1AS|3 < wIZIIASZI, ) + 48”1 Z].

In view of these inequalities, it is enough to bound the quantities ||ASI||i2 Ry and
IALZ]I3. A bound on ||ASz|7,p, with the rate as claimed in (11) is given in

Lemma 14 below. In order to bound ||ALI||%2(1—[) (or ||ALI||% according to cases),
we will need the following argument.

Case 1S that [AL + AS|2 16a2 | 24108 1y o straightforward
ase u 0S¢E thal < _— €n a strai orwar
PP La(T) log (6/5) n g

inequality
AL+ ASI2.qp = SIALJ AS|| 35
IAL + ASI iy = SIALIL @ = 18SIF,m) )
together with Lemma 14 below implies that, with probability at least 1 — 2.5/d,

IALIT ) < A (36)

where

Al =CWy/pu=C [az,/@ +aR(dg) [2, +aE (R*(Zp))]

N (a]E(R*(ZR)) N EB) 12| (a® 4 02 log(d)) } |

Ao N

@ Springer



Robust matrix completion 543

Note also that ¥4 < C(¥| + W, + W3). In view of (34), (36) and of fact that |Z| <
mimy, the bound on ||AL||% stated in the theorem holds with probability at least
1—-2.5/d.

64 log(d
Case 2 Assume now that | AL + AS|2, 1 > 162 |8 e il show that
2 log (6/5) n

in this case and with an appropriate choice of 81, 87, T and «, the pair ﬁ(AL, AS)
belongs to the intersection D(t, k) N {R™1*™2 x B(§1, §2)}.
Lemma 13 below and (27) imply that, on the event U/,

A2a Co?|Qlog(d
IALI. < 4V2r| ALl + 5= R(1dg) + %
! 1

- A Co2|2| log(d
< 4V2r| ALzl + 8ay/2r || + j—a R(dg) + %. 37)
1 1

Lemma 14 yields that, with probability at least 1 —2.5d4~!,

AS VA C|<| (a% + 0% log(d)) _
—eB , 2R (Id ¢ B.
da © ( 4a (dg) + 4aN Ay

This property and (37) imply that % (AL, AS) € D(t,k) N {R™M>*m2 x B} with
probability at least 1 —2.5d~!, where

= A Co?|Q|log(d)
=32r and k =2y2r|Z| + — Rdg) + —————=—~
t=oar and K izl gy Rde)

Therefore, we can apply Lemma 15(ii). From Lemma 15(ii) and (31) we obtain that,
with probability at least 1 —4.547!,

1 3& A
—IAL + AS|? < == AL CcE 38
FIAL+ ASIE,my < = VrllAL, + (38)

where

& =pa’r|Z|(E(|Zr]))* + 8a%\/2r|Z| E (| Zrll)
2
a’E (|| =k ) +w)
Al
N Q] (a2 + 0 log(d)) (aE(||ER||> N ak (R*(Zg)) e
N I8 A2

+ )\.ZR(IdQ) (

) + A1, (39)
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Using an elementary argument and then (34) we find

9@l pumimaral  ||ALI3

2 dpmimy
- 9@ umimari?  |ALz|3 N aZ|Z| ‘
- 2 dpumimy  pmimo

3a&

MAF ALY, <
ﬁl AL,

This inequality and (38) yield

9@? wmymyr i3 ||ALI||%+ a2|Z|

AL+ AS|? o <
I ”LZ(H) - 4 dpumiymo  pmimy

+ CE.

Using again (35), Lemma 14, (9) and the bound |Z| < mm, we obtain

IALz|3

pmyms

5,5

a“|Z

SC{aaz,umlmgr)»%—}— i —}—5].
wmymy

. 7
This and the inequality 1/ 27|Z| E (|| Zg]]) < | +umymyr (E(||ER||))2imp1y
mimy
that, with probability at least 1 —4.5d -1
IALzl3
———= < C{V; + ¥y + W3}, (40)
mimy

In view of (40) and (34), ||AL||% is bounded by the right hand side of (11) with
probability at least 1 —4.5d ~!. Finally, inequality (12) follows from Lemma 14, (9)
and the identity AS7 = —S7.

Lemma 12 Assume that Ay > 4 (R*(X) + 2aR*(W)). Then, we have

1 o )
R(AS7) <3R(ASg) + Vs 422 + Zgi
ieQ
Proof Let d]| - ||+, and 0R denote the subdifferentials of || - ||« and of R, respectively.

By the standard condition for optimality over a convex set (see [2, Chapter 4, Section 2,
Corollary 6]), we have

o) N
— 2 = (X L+ S)(Xi, L+ S =L =3
i=1

FA AL, L — L) + 22(0R(S8), S — §) > 0 (41)
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for all feasible pairs (L, §). In particular, for (i, So) we obtain
N
= 20 = (Xi, L+ 8)(Xi, AS) + 22 (0R(8), AS) = 0,
i=1

which implies

(Xi, AS)? —

M-

%ZU(“ AL) (X;, AS) — —25, (Xi, AS)

ieQ

i=1

ieQ

Zlo =

(Xi, ALY (X;, AS) — 2 (2, AS) + 2 (dR(S), AS) > 0.

0

i€

Using the elementary inequality 2ab < a® + b? and the bound || AL||» < 2a we find

N
2 2 2
-5 Z Xi, AS)? = 5 D (X0 ALY (X, AS) = 5 D & (Xi, AS)
i=l1 zeSZ e
¥ XL AL+ S8
ieQ zeQ
fz
+y e
zeQ
Combining the last two displays we get
PN 1
Ja(OR(), § = So) = 2|({ - D (Xi, AL) X, AS )| +21(2, AS)]
ieQ

4a |sz|

_ZE

ieQ

* 1 *
< 2R (ﬁ z (X;, AL) X,)R(AS) + 2R*(Z)R(AS)

ieQ
4a |s2| Zf “2)
IGSZ

By Lemma 18,

(43)
ieQ

R*(;] Z (X;, AL) X ) < 2aR*(W)
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where W = % Zieg X;. On the other hand, the convexity of R(-) and the definition
of subdifferential imply

R(S0) = R(S) + (IR(S), AS). (44)
Plugging (43) and (44) in (42) we obtain
4221 1 5
N TN 2.8

ieQ

1 (R(S) — R(Sp)) < 4aR*(W)R(AS) 4+ 2R*(Z)R(AS) +

Next, the decomposability of R(-), the identity (Sp)7 = 0 and the triangle inequality
yield
R(So — AS) = R(So) = R ((So — AS)7) + R ((So — AS)7) — R ((S0)7)
> R((AS)) —R((AS)7).

Since Ay > 4 2aR*(W) + R*(X)) the last two displays imply

22 (R((AS)7) = R ((AS)7))

Ao 4221 1
< T (R(ASz) +R(AS)D) + — +N%sf.

Thus,

1 2| 2
R (AST) < 3R (AS7) + Vs 422 + Zgi . (45)
ieQ
Since we assume that all unobserved entries of Sy are zero, we have (So)57 = (S0)g-

On the other hand, Sf = S‘Q as R(-) is a monotonic norm. Indeed, adding to S
a non-zero element on the non-observed part increases R(S) but does not modify
% Z,N:1 Y —(X;, L+ S))2. To conclude, we have ASf = ASg, which together
with (45), implies the Lemma. O

Lemma 13 Suppose that &1 > 4||Z|| and Ay > 4R*(X). Then,

y 1
HPiO(AL)H* <3| PLy(AL)|, + ;—]a R(ldg) + 57 S e
ieQ

Proof Using (41) for (L, S) = (Lo, So) we obtain

N
2
(Xi, AS + AL)> — < Z (EiXi, AL + AS)
=1 ieQ
—2(2, (AS)7) —2(Z, AL) + A (| L]l, AL) 4+ 22(dR(S), AS) > 0.  (46)

2|

1
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The convexity of || - ||« and of R(-) and the definition of the subdifferential imply

ILoll« = ILIls + (L], AL)
R(So) = R(S) + (AR(S), AS).

Together with (46), this yields

ML = Lol + 22(R(S) — R(S0)) < 2IZNIAL[x + 2R*(Z)R (AST)

1 2
+NZ§.

ieQ

Using the conditions A1 > 4| X, A2 > 4R*(X), the triangle inequality and (28) we
get

m ([Pt an| =[P an],) +22RE) - Reso)

< % (HPiO(AL)H* + [Proan],) + %ZR(S“I) + % ZQ:%Z-
ie

Since we assume that all unobserved entries of Sy are zero, we obtain R(Sy) <
aR(Idg). Using this inequality in the last display proves the lemma. O

Lemma 14 Letn > m| and Ay > 4 (R*(X) + 2aR*(W)). Suppose that the distrib-
ution 1 on X' satisfies Assumptions 1 and 2. Let ||So ||, < a for some constant a and

let Assumption 3 be satisfied. Then, with probability at least 1 —2.5d~",
1ASIT @ < CWa/n. (47)

and

Q| (4a% + Co?log(d))

AS 8 Id:
R(AS) < 8aR(Idg) + s

(48)

Proof Using the inequality F(L, ) < F(L, So) and (1) we obtain

N
% D (Xi, AL+ AS) +E)” + 12R(S)
i=1

N

D (Xi. ALY + &) + 1R(S0)
i=1

1

=

=4

@ Springer



548 O. Klopp et al.

which implies

! As2+ L As2 42 . . 2N ex
NZ(X“AS) +NZ(X,,AS) +NZ(X,,AL)(X,,ASH—NZ(é,X,,AS)

ieQ ieQ i€ i€

2 .
+5 > (Xi, ALY (X, AST) +2(2, AST) + 1aR(S) < 1R (S).
ieQ

From Lemma 18 and the duality between R and R* we obtain

1 X
N Z (Xi, AS)* < 2QaR*(W) + R*(£)R(AST) + 22(R(So) — R(S))
ieQ
+£Z(X- ALY + 3252
N &0 N &>
ieQ ieQ
Since here AS7 = —S’I and Ay > 4 (R*(X) 4+ 2aR*(W)) it follows that
1 2 2 2, 2 2
5 2 X A < MR (S0) + - DX AL+ S > 8L (49)
i€ ieQ ieQ

Now, Lemma 12 and the bound ||[AS||cc < 2a imply that, on the event U defined
in (26),

12| (4a% + Co?log(d))
Nio

Q| (4a% + Co?log(d))
Ny '

R(AS) < 4R(ASg) +

< 8aR(Idg) + (50)

Thus, (48) is proved. To prove (47), consider the following two cases.

Case I |AS|3, 1, < 4a%, /%. Then (47) holds trivially.

64 log(d . .
Case I |AS|3 ) = 4a%,/ log(gﬁg); Then inequality (50) and the bound [|AS||s0 <
2a imply that, on the event U/,

AS Q] (822 + Co? log(d))
— 4R(Idg
2a eC( Rlldg) + 2a N

where, for any § > 0, the set C(8) is defined as:

64 log(d)
— mipxmsy . 2 T Re\e)
C@) = IA eR Al < LA, ) = ,/log 6/5) 5 A = a} . (51
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Thus, we can apply Lemma 15(i) below. In view of this lemma, the inequali-
ties (49), (27), ALl =< 2a and R (Sp) < aR(Id;) imply that (47) holds with
probability at least 1 —2.547". O

Lemma 15 Let the distribution T1 on X' satisfy Assumptions 1 and 2. Let 8, 81, 82, T,
and « be positive constants. Then, the following properties hold.

2
(i) With probability at least 1 — 7
1 2 1 2 *
=2 (X0, % = SISIZny — SOE(R" (k)
e

forany S € C(6).
2
(ii) With probability at least 1 — 7

IL + 17, — {360 [Z] T B (IZr]))>

N | —

1 2
— > (X L+8) =
n 1eQ

+482 4+ 88 E(R*(Tg)) + 8<E (I =& )}

for any pair (L, S) € D(t, k) N {R™1>M2 x B(81, 82)}.

Proof We give a unified proof of (i) and (ii). Let A = S for (i) and A = L + § for
(ii). Set

e = [BE (R (k) for (i)
~ 3601 IZ] T (E (ISR D) + 487 + 852 E (R*(Tg)) + 8¢E (| Zkll)  for (i)

and

c— C(5) for (i)
| D(z, k) N (R™M*M2 % B(81,8,)) for (ii).

To prove the lemma it is enough to show that the probability of the random event

1
— 2 (X, A =l AlIL,m)

B = IEIA € C such that
ieQ

1
g EHA”%z(n) +5]

is smaller than 2/d. In order to estimate the probability of 3, we use a standard peeling

64 log(d 6
argument. Set v = L() and o« = —. For [/ € N, define
log (6/5) n 5

Si={AeC:d v <|Alf, @ < v}
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If the event B holds, there exist [ € N and a matrix A € C N S; such that

1 1
=2 X A = Al | > S 1AIL,m +€
ieQ
> lal_lv—l-é'
2
5 l
= Ea v+ E. (52)

For each [ € N, consider the random event

1
VI a2 2
Bl={EIAeC(oe V) : ;EQ (Xi, A" = AL, m)
IS

5
> EO[IU =+ 5]
where

C'(T)y={A€C : |Alj,qm, =T} VT >0.
Note that A € S; implies that A € C'(a'v). This and (52) grant the inclusion B C

U, B;. By Lemma 16, P (B;) < exp(—cs na?v?) where cs = 1/128. Using the
union bound we find

P(B) <> P(B)

=1

o
< Z exp(—csn o vz)
=1

< exp(—(2csn log(a) v?)I)

64 log(d
where we have used the inequality e* > x. We finally obtain, for v = i(),
log (6/5) n

P(B) < exp (—2 csn log(a) v2) _ exp (—log(d))
T l—exp(—2csnlog(@)v?) 1 —exp(—log(d)’

M2

N
I

Let

1
Zr = sup |— Z (X;, A)? — ||A||%2(n) .
AeC/(T) | g
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Lemma 16 Let the distribution T1 on X’ satisfy Assumptions 1 and 2. Then,

5
P (ZT > ET + 5) < exp(—csn T?)

where c5 = —.
128

Proof We follow a standard approach: first we show that Z7 concentrates around its
expectation and then we bound from above the expectation. Since [|All,, < 1 for
all A € C'(T), we have |(X;, A)| < 1. We use first a Talagrand type concentration
inequality, cf. [4, Theorem 14.2], implying that

P (zT >E(Zr) + é (%T)) <exp(—csnT?) (53)

1
where c5 = s Next, we bound the expectation E (Z7). By a standard symmetriza-
where {¢;}?_, is an i.i.d. Rademacher sequence. Then, the contraction inequality (see

e.g. [19]) yields
=8E{ sup [(Xg, Al
AeC/(T)

1
where X = ;Z?:léixi- Now, to obtain a bound on ]E(SupAeC’(T) [(Zg, A)]) we
will consider separately the cases C = C(8) and C = D(z, k) N{R™1*™2 x B(81, 82)}.
Case I A € C(§) and ||A|? < T. By the definition of C(8) we have R(A) < é.
: Ly (1)
Thus, by the duality between R and R*,

tion argument (see e.g. [19, Theorem 2.1]) we obtain

12 (Xi, A)® —E((X, A)%)

n

E(Zr) = E( sup

AeC/(T)

ieQ
1
<2E sup |— ZE[ (X;, A)2
AeC/(T) | i 2o

126,- (X, A)

n
ieQ

E(Z7) <8E{ sup
AeC/(T)

E(Z7) < S]E( sup [(Zg, A)|) <8SE(R*(Zp)) .
R(A)<8

This and the concentration inequality (53) imply

5
P (ZT > ET + 5) <exp(—csn T2)

1
with c5 = T8 and £ = 85 E (R*(XR)) as stated.
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Case Il A = L + S where (L, S) € D(t,«), S € B(81,87), and |L + S”iz(n) <T.

Then, by the definition of B(81, §7), we have R(S) < 8. On the other hand, the
definition of D(z, k) yields

ILIl« < VTlLzll2 + 5
and
LI Ly < I+ Slizyan + 1Slzyam < VT + 61
The last two inequalities imply
ILlx < Vi IZIT(VT +8) 4 =T

Therefore we can write

E( sup I(ER,A)I)SSE( sup [(Xg, L)+ sup I(ZR,S>|)

AeC/(T) [IL]|«<T1 R(S)<8>
<8{TE(IZrI) + & E(R*(Zr)}-

Combining this bound with the following elementary inequalities:

1(5 1

8\ 5
5 (ET) +8VulZIt TE(IZRID = (5 + 5) 7 t44u IZ] 7 (E (I ZrID),

82
SIVITETE E (1201 < #1717 (12 1)° +

and using the concentration bound (53) we obtain

P (ZT > %T + 5) <exp(—csnT?)

1
with ¢s = — and
128

& =360u |Z| T (E(|Zr))* + 467 + 88 E (R*(Zp)) + 8cE (IZrl) (54
as stated. O
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A.2: Proof of Corollary 7
With A and A, given by (16) we obtain

Mr logd

vy = ,
=M N
9] 2
W) < 12220 v ) log(d) ) 4+ 25
N my
gy = LEQl@ o logd) 2’
N moy
g, < LEIRI@E + 07 log@) | o [logd) | 2%
N n my

Appendix B: Proof of Theorems 2 and 3

Note that the assumption & < 1 4 s/m, implies that

ol

<2 (55)
my

ol

Assume w.l.o.g. that m| > my. For a y < 1, define

- - rM\1/2 ] ]
L= [L = lij) e RMX*r i€ [O,y(a /\a)(T) ] Vi<i<mp,1=<j< r],
and consider the associated set of block matrices
L=(L=( --- L 0)eR™m™m:[elfl},
where O denotes the m x (my —r|m3/(2r)]) zero matrix, and | x | is the integer part
of x.
We define similarly the set of matrices

S={S=@i) eR" :15;e{0,y(cra)}, VI<i<m 1=<j<sh
and

S =1{§=(0 §)eR™"M.3c{}
where O is the m 1 X (my — §) zero matrix. We now set

A={A=L+S:LeL, SeS}.

Remark 2 In the case m; < my, we only need to change the construction of the low
rank component of the test set. We first introduce a matrix L = (L| 0) e R™m
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554 O. Klopp et al.

where L € R™*"2/2) with entries in {0, y (o A a)(“2£)!/2} and then we replicate this
matrix to obtain a block matrix L of size m| X my

L

L=|—
L

0

By construction, any element of .4 as well as the difference of any two elements
of A can be decomposed into a low rank component L of rank at most  and a group
sparse component S with at most s nonzero columns. In addition, the entries of any
matrix in A take values in [0, a]. Thus, A C Ags(r, s, a).

We first establish a lower bound of the order r M /n. Let A C Abe such that for any
A = L+S € Awehave S = 0. The Varshamov—Gilbert bound (cf.Lemma2.91in[25])
guarantees the existence of a subset A° C A with cardinality Card(A°) > 20'M)/8 |
containing the zero m| x my matrix 0 and such that, for any two distinct elements A
and A, of A°,

M M 2 M
141 = A2l = =5 (V2o na? =l ) [ 22 ] 2 o namma =5 56)
8 n r 16 n
Since & ~ N (0, o) we get that, forany A € A°, the Kullback—Leibler divergence
K (]P’o, ]P’A) between Py and P4 satisfies

2
2 niy® Mr
141, = 55— (57)

€2

K(]P(), PA) = m

where we have used Assumption 9. From (57) we deduce that the condition

1

1
Card(A%) — 1 > K(Py,Py) < g log (Card(A%) — 1) (58)

AeAY

is satisfied if ¥ > 0 is chosen as a sufficiently small numerical constant. In view of
(56) and (58), the application of Theorem 2.5 in [25] implies

L—Lol? IS=5l2 C(oAa)?Mr
inf wp Py I ol IS=Sl3 _ Clona) > 5
(L,S) (Lo,So)e Ags(r,s,a) mims3 mimy n

(59
for some absolute constants 8 € (0, 1).

@ Springer



Robust matrix completion 555

We now prove the lower bound relative to the corruptions. Let A C A such that for
any A = L + S € A we have L = 0. The Varshamov—Gilbert bound (cf. Lemma 2.9
in [25]) guarantees the existence of a subset A° ¢ A with cardinality Card(A%) >
20m1/8 11 containing the zero m| x m matrix 0 and such that, for any two distinct
elements A and A, of AY,

2 2

sm (o Na)“s

181 = $2113 > —— (2 (0 ra)?) = yoooe mimy. (60)
8 8mo

For any A € Ay, the Kullback-Leibler divergence between Py and P4 satisfies

|Q| 2 2 V2 mis
K(Py,Py) = — Nna)y < ——
(Po, Pa) 252" (o na) < >
which implies that condition (58) is satisfied if y > 0 is chosen small enough. Thus,
applying Theorem 2.5 in [25] we get

L — Lo|? S — SolI2 C(oc Aa)ls
inf sup Py, I oll3 n I oll3 - ( ) _
(L.8) (Lo, So)e Ags(r.s.a) myma myma m3

(61)

for some absolute constant 8 € (0, 1). Theorem 2 follows from inequalities (55), (59)
and (61).

The proof of Theorem 3 follows the same lines as that of Theorem 2. The only
difference is that we replace S by the following set

{S=(sij)) e R"*™ 1555 €{0,y(0 Aa)}, VI <i<my, [m/2]+1=<j<ma}.

We omit further details here.

Appendix C: Proof of Lemma 6

Part (i) of Lemma 6 is proved in Lemmas 5 and 6 in [18].

Proof of (ii) For the sake of brevity, we set X;(j, k) = (X;, ej(ml)ek(mz)T). By
definition of X and || - [|2,00, We have

ieQ

2
mi
1
2 — — . . 7
1213 00 = | max Zl(N E ézXz(J,k)) .
]:
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For any fixed k, we have

nmi 2 mi
S(E>axin) =4 S 66 S X, G.0X00.0
N N

j=1 ieQ i1,ieQ j=1
=BT ALE, (62)
where E = (£1,...,&,) " and Ay e RI®I*IS with entries

RS .
airiy () = =5 > Xiy (i, K) Xy (. ).
j=1

We freeze the X; and we apply the version of Hanson—Wright inequality in [24] to get
that there exists a numerical constant C such that with probability at least 1 — e’

2T A& — BIET ABIXill < Co? (IlAkllavr + IAkll) (63)

Next, we note that

1 mi ' mi )
PREEDIROEED I DISAVRON N DIP AVRD

i1,i2 itiz \J1=1 J1=1

IA

1 “ ’ 1 “ ’
A DIDIR AN IR E-DIDIP AV HOY

it =1 i1 j1=1

where we have used the Cauchy—Schwarz inequality in the first line and the relation
X7 (. k) = Xi(j. k).

Note that Z; (k) := Z’J":' 1 Xi(j, k) follows a Bernoulli distribution with parameter
7., and consequently Z (k) = >, o, Z; (k) follows a Binomial distribution B(|2|, 7r.¢).
We apply Bernstein’s inequality (see, e.g., [4, page 486]) to get that, for any # > O,

P (100 — BIZ(O)| = 2/t +1) = 27,

Consequently, we get with probability at least 1 — 2e~" that

N2

2 (190 + 2190 + 1)
1AkI5 <

and, using || A || < || Akll2, that

Qs + 2/ TRl + 1

Al < N2
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Note also that

Combining the last three displays with (63) we get, up to a rescaling of the constants,
with probability at least 1 — e~ that

2
mi

1 2
Sl 2 axiGin) =0 (190 + 21 +1) (14 Vi+0).

j=1 ieQ,

Replacing ¢ by ¢ 4 log m2 in the above display and using the union bound gives that,

with probability at least 1 — e~/

o 172
IZl200 = € (1920 +2V1Q0wa(r +Togma) + (¢ + logmy))

x (1 4/t +logma + 1t + logmy)'/?
o
= % (ViRlme + /i Togma) (1+ /i +Togm2) .

Assuming that log m, > 1 we get with probability at least 1 — e™" that

o
IZ 1200 = O (VIR +Togma) + (¢ + logm))

Using (14), we get that there exists a numerical constant C > 0 such with probability
atleast 1 —e™!

+ (7 + log m2)

1/2
o y ' n(t 4+ logmy)
= <C—

12l = € / .

Finally, we use Lemma 17 to obtain the required bound on E|| 2|2, c0.

Proof of (iii) We follow the same lines as in the proof of part (ii) above. The only
difference is to replace &; by €;, o by 1 and N by n.

Proof of (iv) We need to establish the bound on

ieQ

2
mi
1 .
IWI3,00 = max 22(N Zx,-u,m) :
<k &
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For any fixed k, we have

Z( > X, k)) szz;& J, k)+— D> X4 G X (k).

j=1 ieQ ieQ j=1 i1#ir j=1

The first term on the right hand side of the last display can be written as

mi
EDDRUIEESS ) PANEES

ieQ j=1 ieQ j=1

Using the concentration bound on Z(k) in the proof of part (ii) above, we get that,

with probability at least 1 — e,

mi

V|2
D KK = Sy o VT T (64)

2 N2 N2
ieQ j=1

Next, the random variable
1 -
— DD X (G X (k) = 77y
i1#i j=1

is a U-statistic of order 2. We use now a Bernstein-type concentration inequality for
U-statistics. To this end, we set X; (-, k) = (X; (1, k), ..., X;(m1, k)T and

WX G, Xy () = D 1K, (o)X (k) — 72,1,
j=1

Let eg(m1) = 0,,, be the zero vector in R™!. Note that X;(-, k) takes values in
{ej(m1), 0 < j < my}. For any function g : {e;(m1), 0 < j < mi}> — R, we set
llgllLee = maxo<jy, jo<m, |g(ej, (m1), ej,(m1))l.

We will need the following quantities to control the tail behavior of Us

A = ||h]L,

B® =max { | > ER*(Xi, (. K). )| | D ERC, Xip (k) :

i Lo i2 Lo

C= > E[*(Xi,(- k). X],(-. k)] and
i1#02
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D=sup {E D h[X;, ¢ k). X}, 0 0] fi[Xi, (. g X, KL,
i1

EY f2(Xi (k) < LEY g2 (X, () <1,

i i2

where X l/( k) are independent replications of X; (-, k) and f, g : R"! — R.
We now evaluate the above quantities in our particular setting It is not hard to see

that A= max{n(z) 11— n,(kz)} < 1 where JT_(kz) =" = 171 “.- We also have that
2
C= > | E[(xi (0. X, ¢ 0) ] - ank
i1#02

= 121121 = | E[{X:, ¢, k), X}, b)] Zn,k

mi mi
=1Q(el -1 | D> 72k — (D 7k | =10 - nr.
£ -

where we have used in the second line that (X;, (-, k), lez(-, k))2 =(X;, (-, k), lez(-, k))
since (X;, (-, k), X;Z(-, k)) takes values in {0, 1}.
We now derive a bound on D. By Jensen’s inequality, we get

S VE[f&Xic k] <19 |E [Z ff(X,-(uk))} <12

where we used the bound E[>; fl.z(X,'(-, k))] < 1. Thus, the Cauchy—Schwarz
inequality implies

D= > E[12CX Xp) | BV [ 20 (k) [EV2 [ g2 (X, (. k0 |
i1#i2
< max {BV2 [, X[ [} 3TV (130 k0 | B2 [ (X b
i1,i2
< max [B12[n2x,. xip ]} 12
1702 o

mi /

2
i) =]
Jj=1
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where we have used the fact that E[hz(Xi,, lez)] < Zj 1 n]k following from an
argument similar to that used to bound C.
Finally, we get a bound on B. Set 7o x = 1 — 7. ;. Note first that

<j'=m

mi
DLERX (0,0 =19l max 33 R ejm), ejr(m)T
i1 Lo j=0

< 1@’ + 191 max .
1<j'<m; °

By symmetry, we obtain the same bound on || Ziz Eh2(., Xi, (-, k)|l oo. Thus we have

B< |Q|1/2( D4 max ﬂl/k)

1<j'<my

Setnow U = Zil £iy h(X;, (-, k), X, (-, k)). We apply a decoupling argument (See
for instance Theorem 3.4.1 page 125 in [11]) to get that there exists a constant C > 0,
such that for any u > 0

P> 0 (X (k). Xiy( o) = u | <CP[ D h(Xi (k). X, (. k) = u/C |,
i1#i2 i1#i2

where X/ (-, k) is independent of X; (-, k) and has the same distribution as X; (-, k).
Next, Theorem 3.3 in [13] gives that, for any u# > 0,

/ 1 (u? u u?BP Ul
; h(Xi, (¢ k), X, (k) = u | <Cexp |:_E min (@, D’ B3 m)} )
i1#ip

for some absolute constant C > 0. Combining the last display with our bounds on
A, B, C, D, we get that for any r > 0, with probability at least 1 — 2¢77,

QL —1
N2 sz”u DX (k| < B 2D '(' e

i1#iy j=1
c 172 3/2 2
+—2(Ct + Dt + Bt +At)
12112/ —1)
=T
QIR -1 Q 172
e[ RD e 19 (o,

+|Q|l/2 (2)~|— max nl/z t3/2+i
N2 Tk 1<j’'<m 'k N2 |
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where C > 0 is a numerical constant. Combining the last display with (64) we get
that, for any ¢ > 0 with probability at least 1 — 3¢~

Z( S .0 k)) 2 =1 o

j=1 ieQ
Q] -1 2./192|.
+C|:(| [(1€2 )7T~(/¢2)+ | |7Tk)t1/2
N2 N2

21 (12 () 1),
+ ety (7)) + 53

Q|l/2 2
4! 1\'/2 (nf) + max n]l/i) P 4 —}

Set Tmax = Max|<k<m, (m.x} and nggx = maxlfkfmz{nf)}. Using the union bound
and up to a rescaling of the constants, we get that, with probability at least 1 — ¢’,

1212 =1
IWI oo < =7 iiex
Q2] -1 212w

+C |:(| |(|N|2 )nr(nza)x + |N|2 max) (t +logm2)l/2

ol 120 [ o) \!/2
+N2 max + — N2 (nmax) (t + logmy)

202 (o 32, L+ logma)?
+T I(n;x +max{n k } (t + logmy) / T .

Recall that |2| = n and & = N/n. Assumption 5 and the fact that n < |Z| imply that

there exists a numerical constant C > 0 such that, with probability at least 1 — e,

2
(\/t—l—logmz—i—(t—i—logmz) [ —= ) M)

W3 00 < C(

where we have used that 7 , < . < /2y /m>. Finally, the bound on the expectation
E||W||2,00 follows from this result and Lemma 17.

Appendix D: Proof of Lemma 10

With the notation X; (j, k) = (X;, ej(m1)ex(m2) ") we have

Zf;x (.|

1Zlleo = max
1<j<mi,1<k<mj
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Under Assumption 3, the Orlicz norm ||&; ]|y, = inf{x > 0 : E[(§; /x)z] < e} satisfies
l€i lly, < co for some numerical constant ¢ > 0 and all i. This and the relation (See
Lemma 5.5 in [26]")

£
E[l&] < = F( )IIE:IIW Ve =1,

imply that N"*E[|&|* X (j, )] = N7'E[X; (j. OIE[I&°] < (€!/2)c?v(co/N)* 2

forall ¢ > 2 and v = N22“ o , where we have used the independence between &; and

X;, and Assumption 9. Thus, for any fixed (j, k), we have

2 2 2 2
o7 cpo

E X2(j. k)| < |2 = =: vy,
% |:st (] ):| | |N2m1m2 &:lemz vl

and
al co\{—2
%E[ ~7 & XZ(J,k)}<5v1(N) :

Thus, we can apply Bernstein’s inequality (see, e.g. [4, page 486]), which yields

2t t
o B L0 < get
&Nmimy N

for any fixed (j, k). Replacing here ¢ by ¢ + log(mm2) and using the union bound
we obtain

]P’(HEHOO - C(\/Ml(t + log(mimy)) n (t+10g(m1m2)))) <2,
&Nmimy N

The bound on E[|| | ] in the statement of Lemma 10 follows from this inequality
and Lemma 17. The same argument proves the bounds on || Xg|lc and E|| X g in
the statement of Lemma 10. By a similar (and even somewhat simpler) argument, we
also get that

t+1 t+1
IP)(”W_E[W]”m . C(\/m( +logmmy) | 1+ Og(mlmz))) <20t
&Nmimy N

23
xmimy *

%Zaxiu,k)

ieQ

while Assumption 9 implies that ||E[W]| <

! This statement actually appears as an intermediate step in the proof of this lemma.
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Appendix E: Technical Lemmas

Lemma 17 Let Y be a non-negative random variable. Let there exist A > 0, and
aj >0,0; >0forl < j < m, such that

m
P(Y>A+D ajt|<e’, Vi>0.
j=I

Then
m
E[Y] <A+ Zajozjl“(ozj),
j=1
where I'(+) is the Gamma function.

Proof Using the change of variable u = Z’}'Zl a;jv* we get

IE[Y]:/ ]P’(Y>t)dt§A+/ P(Y > A+ u)du
0 0

00 m m
=A+/ P(Y > A+ > ap®) [ D ajejp®~ | dv
0

j=1 j=1

00 m m
§A+/O Zajocjvo‘f_l e_”dv=A+ZajOéjF(Olj)~
j=1 Jj=1

Lemma 18 Assume that R is an absolute norm. Then
1
R* (N Z (Xi, AL) X,-) < 2aR*(W)
i€Q
where W = + > o X;.

Proof In view of the definition of R*,

1 1 1 (X;, AL)
~_re =S x ALy x; ) = Ny e abiy g
2a (N 2 ) ) sup <NZ 2a >

R(B)<I

ieQ ieQ
1
< sup (> X;i,B')=RW),
rEH<1\ N 1

where we have used the inequalities (X;, AL) < ||AL|x < 2a, and the fact that R

is an absolute norm. O
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