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Abstract We discuss Hilbert space-valued stochastic differential equations associated
with the heat semi-groups of the standard model of non-relativistic quantum electro-
dynamics and of corresponding fiber Hamiltonians for translation invariant systems.
In particular, we prove the existence of a stochastic flow satisfying the strong Markov
property and the Feller property. To this end we employ an explicit solution ansatz.
In the matrix-valued case, i.e., if the electron spin is taken into account, it is given
by a series of operator-valued time-ordered integrals, whose integrands are factorized
into annihilation, preservation, creation, and scalar parts. The Feynman—Kac formula
implied by these results is new in the matrix-valued case. Furthermore, we discuss
stochastic differential equations and Feynman—Kac representations for an operator-
valued integral kernel of the semi-group. As a byproduct we obtain analogous results
for Nelson’s model.
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1 Introduction

The present article is devoted to the stochastic analysis of certain models for non-
relativistic quantum mechanical matter interacting with quantized radiation fields.
While the time evolution of the matter particles alone would always be generated by
Schrodinger operators in the models covered by our results, the radiation fields are
described by relativistic quantum field theory. The fields obey Bose statistics and thus
consist of an undetermined number of bosons which may be created or annihilated
along the time evolution. In particular, the state space of the radiation field is the
bosonic Fock space. In the prime example, the standard model of non-relativistic (NR)
quantum electrodynamics (QED), the matter particles are electrons and the bosons are
photons constituting the quantized electromagnetic field. In this model the electrons
have internal spin degrees of freedom. Another example is the Nelson model where
the matter particles are (spinless) nucleons and the bosons are mesons and thus have a
mass. The massless Nelson model can be used to describe the interaction of electrons
with acoustic phonons in solids, which are massless bosons.

After several decades of intensive studies of Schrddinger operators in classical
electromagnetic fields, the mathematical analysis of NRQED became more and more
popular in the late 90’s. Since then various spectral theoretic aspects of NRQED
have been investigated by new non-perturbative methods or sophisticated perturbative
multi-scale methods; see, e.g., [27,39] for a general introduction and reference lists.
In view of Feynman’s famous article [9] where, in particular, the quantum mechanical
time evolution of NR matter particles coupled to the quantized electromagnetic field
is discussed, it is certainly most natural to generalize also path integral techniques
developed in the mathematical study of Schrodinger operators to the case of quantized
radiation fields. In fact, Feynman—Kac formulas for the semi-group in the standard
model of NRQED have already been derived earlier and exploited in spectral theoretic
problems mainly by F. Hiroshima and his co-workers; see Sect. 1.2 below for references
and more remarks. These Feynman—Kac formulas have been obtained via a functional
analytic approach based on Trotter product expansions. The aim of our work is to
explore their relationship to corresponding stochastic differential equations (SDE)
with the help of the stochastic calculus in Hilbert spaces.

In the first subsection below, we briefly describe the SDE analyzed in this paper and
our main results on it. In its full generality, our SDE escapes all frameworks we found
in the literature; see Remark 1.3 below. Therefore, we hope that readers interested in
the theory of SDE in infinite dimensional Hilbert spaces will consider our analysis,
which departs from an explicit solution ansatz, as an interesting case study. In Sect. 1.2
we comment on related Feynman—Kac formulas and future applications of our main
results.
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All notation used in the following two subsections will be re-introduced more
carefully later on; see in particular Sect. 2, where our basic hypotheses are formulated.
Concrete examples are given in “Appendix 1”. Another purpose of Sect. 2 is to make
this article accessible for readers who are experts in mathematical quantum field theory
but might be less familiar with stochastic calculus in Hilbert spaces or vice versa.
Hence, some basic information on Fock space calculus and stochastic calculus is
collected and suitably referenced. The content of Sects. 3—11 and “Appendices 2—6”
will be indicated along the discussion in the following two subsections.

In “Appendix 7” we explain some general notation and provide a list of symbols.

1.1 A class of stochastic differential equations and main results

The present article provides a fairly comprehensive study of the type of Hilbert space-
valued SDE described in the following paragraphs:

Let I be a finite or infinite continuous time horizon, B := (£2, §, (§/)es, P) be
a filtered probability space satisfying the usual assumptions, and X = (X1, ..., X,)
be a continuous R"-valued semi-martingale on / with respect to B whose quadratic
covariation is equal to the identity matrix. In fact, X will always be a solution of a
suitable Itd equation. The two most important examples are Brownian motion and
semi-martingale realizations of Brownian bridges. Precise conditions on X are for-
mulated in Hypothesis 2.7; in “Appendix 4” we verify that Brownian bridges satisfy
certain technical bounds appearing in it.

Let % := I's(h) denote the bosonic Fock space modeled over the one-boson Hilbert
space h = LZ(M, 2A, 1), which is assumed to be separable with a o -finite measure
space (M, 2, n). As usual ¢(f) is the field operator associated with f € f and dI"(x)
denotes the differential second quantization of the self-adjoint maximal multiplication
operator in h corresponding to some measurable function x: M — R. Then ¢(f) and
dI"(x) are unbounded self-adjoint operators in .% as soon as f and x are non-zero;
they do not commute in general. Suppose that G x, ..., Gy x, Fix,..., Fsx € b,
for every x € RY, and my,...,m,, o: M — R are measurable with > 0 pu-
almost everywhere (u-a.e.). In Hypothesis 2.3 below we shall introduce appropriate
assumptions on the latter functions. In particular, we shall require a certain regularity
of the maps x — Gy x and x — Fj , allowing for an application of the stochastic
calculus. Important from an algebraic point of view is the condition that G, , and
F; x belong to some fixed completely real subspace of h which is invariant under the
multiplication operators induced by w and imy.

Finally, let o1, ..., os be hermitian L x L matrices acting on (generalized) spin
degrees of freedom and assume that the potential V: R” — R is locally integrable.
(The latter condition is Hypothesis 2.4.)

In the above situation we shall investigate the following SDE for an unknown
process Y on I with values in the fiber Hilbert space H =CLoF ,

° v °
Yo =1 _/0 AV (€ X,)Y,ds — Z/O ilor ® v, X3)Y,dXp,. (L1
(=1
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The coefficients are unbounded operators defined, for fixed &, x € R”, by

ve(§,x) ;=& —dl(me) —(Gex), Le{l,... v} (1.2)

~ l «
AL x) = 5 D (06, %) = i0(0,Gew)) + AT @) + V@), (13)
=1

N
HY (&%) :=1ce ® HL(E.x) — > 0, ® p(Fjx). (1.4)
j=1

The Fp-measurable initial condition n: 2 — A attains its values in the (&, x)-
independent domain D of the generalized fiber Hamiltonians H" (&, x), which is
explicitly given by

S oL _ 1< 2
D:=Ct DM, M._2§dr‘(mg) + dlM (). (1.5)

Here and henceforth, D(-) denotes the domain of a linear operator. If the functions G
and F; are x-independent, then we denote H (&, x) simply by H (&) and call it a fiber
Hamiltonian. In this case H (&) is self-adjoint and has a direct physical interpretation:
it generates the time-evolution of a combined particle-radiation system moving at a
fixed total momentum &. Typically, the essential spectrum of H (&) covers some half-
line. Its x-dependent generalization HY (&, x), which is closed but not self-adjoint in
general, appears in the following formula for the self-adjoint total Hamiltonian H"
acting in Lz(R”, %),
v
(H W) (x) := Z {—%Sfllp(x) + i(p(Gg,x)aleI/(x)} + Y0, x)*¥(x), (1.6)
=1

for a.e. x and ¥ in the domain of HY. In “Appendix 2” we present a (partially
well-known) elementary proof of the above (essentially well-known) assertions on
self-adjointness/closedness and domains of the generalized fiber Hamiltonians.

Our main result is the following theorem. In its statement Dis equipped with the
graph norm of 1o @ M.

Theorem 1.1 Under our standing Hypotheses 2.3, 2.4, and 2.7 formulated below, the
following assertions (1)—(4) hold where, in (2)—(4), we assume in addition that V is
bounded and continuous.

(1) Up to indistinguishability, there exists a unique continuous HA-valued semi-
martingale, whose paths belong P-a.s. to C (I, D) and which P-a.s. solves (1.1)
on [0, sup I).

(2) We can construct a stochastic flow for the system of SDE comprised of the Ito
equation for X and (1.1).

(3) The stochastic flow and the corresponding family of transition operators satisfy
the strong Markov and Feller properties.

(4) A Blagovescensky-Freidlin theorem holds, i.e., there exists a unique (probabilis-
tically) strong solution to the SDE for X and (1.1).
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Precise formulations of statements (1)—(4) above are given in Theorems 5.3, 9.2,
9.5, 9.6 and Proposition 9.3.

With the help of some earlier ideas from mathematical quantum field theory we
prove Part (1) by using an explicit formula for the solution as an ansatz. We proceed
in four steps:

Step 1 In Sect. 3 we first analyze certain basic processes, namely a complex-valued
semi-martingale (u g./ iel, an h-valued semi-martingale U +, and a family of h-valued

semi-martingales (U ,)ses, indexed by T € I. These processes admit explicit stochas-
tic integral representations involving w, m¢, G¢, and X.

Step 2 Next, we treat the scalar case, i.e. the case where L = 1, F; = 0,in Sect. 4. Here
the ansatz is suggested by Hiroshima’s formula [15] for the Fock space operator-valued
Feynman—Kac integrand in NRQED without spin. Applying it to an exponential vector
we obtain an expression involving the basic processes whose stochastic differential
can be computed by means of the stochastic calculus in Hilbert spaces [6,30,31].

Step 3 After that we turn to the general matrix-valued case, i.e., L > 1 with non-zero
o; and F;. It shall eventually turn out that the semi-martingale solving (1.1) can be
written as (Wgtn) re] With an operator-valued map

Wg:leH%(%)

such that, with probability one, all operators Wg ,»1 € I,are given by norm-convergent

series of (%2 )-valued time-ordered strong integrals whose integrands are factorized
into an annihilation, a preservation, a creation, and a scalar part. (This result is stated
precisely in Sect. 5 where all relevant definitions can be found as well.) In the third step
of the proof we choose again an exponential vector as initial condition n and apply Itd’s
formula to the partial sums of W) ,n- The corresponding algebraic manipulations are
presented in Sect. 6. Two additional technical lemmas are deferred to “Appendix 5”.

Step 4 In the final step, carried out in Sect. 7, we analyze the convergence of the time-
ordered integral series, pass to general initial conditions 7: £ — D, and verify that
WY 1 has continuous paths in D and solves (1.1). The analysis reveals in particular
that P-a.s. the following two bounds hold, for all # € I,

WY, I < e VXads, (17

t 1 A
/0 1AL (@) AW s < e T2 hVAOEMs 1y 2y e 2 (18)

Furthermore, the following weighted BDG type inequality holds, forall p € N, 7 € 1,
and Fo-measurable n: £2 — D with | Mn| € L*?(P),

E [sup ||ng,sn||2p} < cp BIIMp|*7]'/2. (1.9)

s<t
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Here the inclusion of the weight M necessitates the operator norm bounds on com-
mutators of functions of second quantized multiplication operators and field operators
derived in “Appendix 3”. The pointwise operator norm bound (1.7) is owing to the
skew-symmetry of ivg (&, x); it is crucially used to deal with the terms dI'(m¢)? con-
tained in the weight M in (1.9).

Parts (2)—(4) of Theorem 1.1 are proven in Sect. 9 after we have discussed the
continuous dependence on initial conditions in Sect. 8.

Remark 1.2 (1) Assume in addition that |my| < cow, for all £ and some ¢ > 0. Then

Wg 2 = %’(ﬁiz) is §: — B(HA(s))-measurable and P-almost separably

valued. In fact, W) , is P-a.s. given by a norm-convergent series of % (%Z )-valued
time-ordered Bocfmer—Lebesgue integrals. This is shown in “Appendix 6”.
(2) In Sect. 10 we verify that WZ , goes over to its adjoint under a time-reversal.

The computations in Sect. 4 reveal the relation of some well-known constructions
in mathematical quantum field theory going back to Nelson [32] to the stochastic
calculus in Hilbert spaces, perhaps for the first time. Working with explicit solution
formulas certainly comes at the price of lengthy expressions and complicated algebraic
manipulations in the matrix-valued case. It is, however, nice to see that folkloric tools
of quantum field theory like time-ordered integration and normal ordering can be
rigorously controlled in our model by means of the stochastic calculus.

Next, we give some brief remarks on related abstract results.

Remark 1.3 (1) Under our general hypotheses, the SDE (1.1) is not covered by any
of the results we encountered in the literature on the semi-group or variational
approach to the solution theory for Hilbert space valued SDE; see, e.g., [5,6,35].
At the same time, Theorem 1.1(1) together with the bounds (1.7)—(1.9) pro-
vides more information on the solutions than the usual textbook theorems on
the existence of unique mild, (analytically) weak/strong, or variational solutions,
even if one ignores our explicit solution formulas. The non-applicability of the
abstract results is due to the fact that the operator-valued coefficients H (&, Xy),
v (&, X5), ..., v,(&, Xy) appearing in the finite variation and local martingale
parts of our linear SDE are all unbounded, mutually non-commuting, random,
and time-dependent in general. Alternatively, we could consider the SDE for X
together with (1.1), thus obtaining a non-linear system comprising time-dependent
vector fields and unbounded, non-commuting, non-constant operator-valued coef-
ficients. Recall also that the SDE for X contains an unbounded drift vector field
with a non-integrable singularity at sup / when X is a Brownian bridge. Alto-
gether, these features already rule out all general results we found. In addition,
we are in a critical situation with regards to coercivity estimates. For, in general,
it is impossible to replace dI" (w) by M on the right hand side of the bound

~ I
ReH (&, x) - - Dl @uieE, x)? > (1 -8l ®dATN(@) —cs. (1.10)
=1
valid for arbitrary § € (0, 1) in the sense of quadratic forms on the form domain

of H (&, x). Since the form domain of H (&, x) is equal to the form domain of
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1cr ® M, this shows that the coercivity condition required in the variational
approach (see [35, (H3) on p. 56] or [5, (D.3) on p. 178]) is not satisfied unless
m; = --- = m, = 0. Likewise, it is impossible in general to have a constant
> 1/2 in front of the sum in (1.10), which would correspond to assumptions one
encounters in the semi-group approach to the study of mild or weak solvability;
compare [6, §6.5., in particular, Thm. 6.26]. (At first sight it seems that the result
on existence of (analytically) strong solutions in [6, §6.6] could apply to fiber
Hamiltonians in the Nelson model, where Gy = 0, L = § = 1, 01 = —1, Fj
is constant, and the relevant choice for X is Brownian motion. But also in this
situation a related problem arises: the operator on the left hand side of (1.10) is
not equal to dI'(w) + ¢(F1), which is the negative generator of a Co-semi-group.
Rather it is equal to its restriction to D, so that the condition in Hyp. 6.5(iii) of
[6] is violated.)

(2) Assume that 7 and V are bounded, all m, are zero, X is a Brownian motion or
a diffusion with a bounded drift vector field, and 7 is square-integrable. Then,
without additional elaboration, the variational approach implies the existence of
a unique variational solution Y*¥ to (1.1) satisfying

E |:sup ||YSV*“||2} +E [/ Hdr‘(w)]/zY;’ar||2ds] < o0,
sel 1

which should be compared with (1.7)—(1.9); see [35, Def. 4.2.1, Thm. 4.2.2].
Moreover, Prop. 4.3.3. in [35] implies a Markov property of the variational solu-
tions which is weaker than our corresponding result as it is not formulated in terms
of a stochastic flow. If we were not interested in explicit solution formulas, then we
could of course start out from these abstract results and try to complement them
by a discussion proceeding along parts of our Sect. 7 to arrive at Theorem 1.1(1)
in the present special case.

(3) The measurability of the operator-valued map WV £ claimed in Remark 1.2(1)
is proved by means of our explicit representation formulas; see Remark 1.4(4)
for its implications. We did not find analogous results in the literature on Hilbert
space-valued SDE.

1.2 Feynman-Kac formulas and applications to spectral theory
Let us add the argument [X] to sz in case we fix a special choice of X. If G, and
F; are constant and X = B is a Brownian motion starting at zero, then the solution

operator Wg ,[B] appears in the Feynman-Kac formula for the semi-group of the fiber
Hamiltonian,

e 1Oy = EW,[Bly], ¥ . (11D

Furthermore, set B* := x+B,letb"Y* bea semi-martingale realization of a Brownian
bridge from y € R” to x € R in time ¢ > 0, and let

@ Springer
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pi(x, y) o= Qme) Ve Ey P (1.12)

be the standard Gaussian. Choose m| = --- = m, = 0. Then the Feynman—Kac
formula for the total Hamiltonian reads

(e " w)(x) = E[W} [ B* "W (BY)]

=/R pi(x, Y)EIWG [ 11¥ (y)dy, (1.13)

for a.e. x and all ¥ € LZ(R", %2); see Sect. 11 for precise formulations and suit-
able assumptions on V. For the reader’s convenience we present detailed proofs of
(1.11) and (1.13) in Sect. 11 after we have verified, in Sect. 10, that the right hand
sides of (1.11) and of the first line in (1.13) define symmetric Cy-semi-groups; recall
Remark 1.2(2).

In the next remark we briefly discuss which features of the above formulas are well-
known and which are new. An exhaustive presentation of the earlier results can be found
in [27]. This book also contains detailed discussions of Feynman—Kac formulas in
semi-relativistic QED (see also the recent article [21]), as well as results and references
on path integral representations for related models with paths running through the
infinite-dimensional state space of the radiation field.

Remark 1.4 (1) For the standard model of NRQED without spin, the first identity in
(1.13) is due to [15]. The case of a single spinning electron has been treated more
recently in [22], where the sesqui-linear form associated with the semi-group is
represented as a limit of expectations of certain regularized Feynman—Kac type
integrands. In [22], the discrete spin degrees of freedom are not put into the
target space, but accounted for by an additional Poisson jump process. In both
papers the Feynman—Kac formula is derived by means of repeated Trotter product
expansions and Nelson’s ideas on the free Markov field [32]. While this approach
is constructive, it does not reveal the relation of the Feynman—Kac integrand to a
SDE, which is the aim of the present paper.

(2) Inthe earlier literature, the Feynman—Kac formula for the fiber Hamiltonian (1.11)
has been deduced from the one for the total Hamiltonian by inserting suitable
peak functions localized at the corresponding total momenta of the system [20].
By starting out with the SDE (1.1) for the generalized fiber Hamiltonian one can
avoid this detour and unify the discussion of fiber and total Hamiltonians.

(3) In the matrix-valued case, our representation of the Feynman—Kac integrands
in (1.11) and (1.13) as a time-ordered integral series is new, and (1.13) also
covers the case of several electrons. Since this representation is normal ordered,
it immediately gives fairly explicit formulas for vacuum expectation values of the
semi-group and, more generally, matrix elements of the semi-group in coherent
states in terms of the basic processes; cf. Remark 5.4.

(4) Thesecondrelationin (1.13)is new in all cases. We also remark that, for the expec-
tation E[W(‘{ ,[6"Y*1] to be a well-defined B(#)-valued Bochner-Lebesgue

integral, the (by no means obvious) measurability property of Wg/ asserted in
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Remark 1.2(1) is a necessary prerequisite. If the extra condition in Remark 1.2(1)
is fulfilled, which is mostly the case in applications, then we can actually drop
the vector v in (1.11) and represent the semi-group of the fiber Hamiltonian by
means of %’(J? )-valued expectations.

(5) The assumptions on w, mg, Gy, F;, and V used here are more general than in
earlier papers on Feynman—Kac formulas in NRQED [13,15,22].

(6) The formulas (1.11) and (1.13) cover the Nelson model as well; see [27, Thm. 6.3]
and the references given there for earlier results. While the Nelson model is scalar,
we shall read off the precise expression for the corresponding Feynman-Kac
integrand from our formula for the matrix-valued case in order to illustrate the
latter; see Example 12.2 and in particular the last remark in it.

Feynman—Kac formulas in NRQED and related models have various applications
in their spectral theory. For instance, in NRQED, the existence of invariant domains
under semi-groups, diamagnetic inequalities, and the (essential) self-adjointness of the
total Hamiltonian have been analyzed in [16, 18]; see [20] for similar results on fiber
Hamiltonians. In the scalar case, ergodic properties of the semi-group and Perron—
Frobenius type theorems have been studied in [17]. Further properties of ground state
eigenvectors like, for instance, their spatial exponential decay are investigated in [13,
19]. Starting from Feynman—Kac representations, Gibbs measures associated with
ground state eigenvectors have been constructed in [1,2]. Again we refer to [27] for a
textbook presentation and numerous references.

By means of our results on the SDE (1.1) one can add many more results to the list.
In fact, under suitable assumptions on G¢ and F;, weighted BDG type estimations like
(1.9) can be substantially pushed forward: we can consider higher powers of ¢dI" (w)
instead of M on the left hand side of (1.9) and drop M on its right hand side at the same
time, by properly exploiting the regularizing effect of the term e ~*97'(®) contained in
Wg/ ;- Using this one of us worked out a semi-group theory for NRQED in the spirit of
[3,4,38] which, in addition to the regularizing effects known from Schrédinger semi-
groups with Kato decomposable potentials, takes into account the smoothing effect of
e~14T@) on the position coordinates of the bosons; see [28]. In a second companion
paper [29] the second-named author discusses differentiability properties of the sto-
chastic flow in weighted spaces, by employing our SDE and adapting strategies from
[26]. Under suitable assumptions he infers smoothing properties of the semi-group,
a Bismut-Elworthy-Li type formula, and smoothness of the operator-valued integral
kernel.

2 Definitions, assumptions, and examples
2.1 Operators in Fock space
In this subsection we introduce the bosonic Fock space .%, which is the state space

of the radiation field, and recall the definition of certain operators acting in it. % is
modeled over the one-boson Hilbert space

h:=2W = L2(M, A, ). 2.1)
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We assume that 2 is generated by a countable semi-ring R such that u [gz is o-
finite, which entails separability of . Let n € N with n > 1, and let #”* denote the
n-fold product of p defined on the n-fold product o-algebra A”. Then the n-boson
subspace of .%, denoted by .# ™ g equal to the closed subspace in L2(M™, A", 1)
of all elements w(”) satisfying w(”)(kl, o ky) = lﬁ(”)(kn(l), ooy kgmy), n-ace., for

every permutation  of {1, ..., n}. Finally,
o0
F=Co@PF"Wsy=wyP . y" ). (2.2)
n=1

We shall make extensive use of the exponential vectors
c(hy == (1,ih,...,()"V2"h® . ) e F, heb, (2.3)
where as usual we identify WO (ky, ... ky) = h(k1) ... h(k,), u*-a.e. Let

={¢(h): h e v}, €I[v]:=spanc(&[v]), 2.4)

be the set of exponential vectors corresponding to one-boson states in some subset
v C b and its complex linear hull, respectively. The set &[h] is linearly independent
and ‘5[0] is dense in .#, if v is dense in b; see, e.g., [34, Prop. 19.4, Cor. 19 5].

Let  be another L2-space satisfying the same assumptions as f and Z the corre-
sponding bosonic Fock space. If f € hand J: h — b is an isometry, then we may
define an isometry #'(f, J): F — Z first on &[h] by

W, De(h) = e VP2 e 4 ghy, heb, 2.5)

then on €’[h] by linear extension, and finally on .% by isometric extension; compare,
e.g., [34, §20]. If J is unitarz, then #/ (f, J) is unitary as well. Writing I'(J) :=
#(0,J) and, in the case h = b, #'(f) := # (f, 1), we have

D¢ = (Thy, W (F)Eh)y = MP2=UMe(f 40y, heph.  (26)

IfJ:h— hisa conjugate linear isometry, then we obtain a conjugate linear isometry
rJ): & —» .2 by the first relation in (2.6) and conjugate linear and isometric exten-
sion. If the set 7 () of unitary operators on b is equipped with the strong topology,
then the correspondence b x Z (h) > (f,J) — W (f, J) is strongly continuous.
In particular, for f € b and every self—adjoint operator T in b, there exist unique
self-adjoint operators ¢(f) and d['(T) in .% such that

W (tf) =D Ty =D 1 eR. .7

More generally, for every J € (b, 6) with ||J|| < 1, there is a unique operator
I'(J) e #(F,7F) with |[T'(J)| < 1 satisfying the first relation in (2.6). If A €
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93(6, h) with ||Al| < 1,then T'(A)T'(J) = T'(AJ). If T is a self-adjoint non-negative
operator in b, then I'(e™'T) = ¢ 740 ¢ > 0.

Let f € h. Then the symbols a'( f) and a(f) denote the usual (smeared) creation
and annihilation operators in .% given by

@' (N, k) =072 F RO YTV ke ke,

=1

@(HY) ki, .. k) = (n+ 12 /MWW“%, ook, k) dpa(k),

w'-ae., forn € N, and (a" (f)¥)@ = 0and a(f)¢(0) = 0. They are defined on their
maximal domains and mutually adjoint to each other, a( f)* = al N, a' (H* =a(f).
For all f, g € b, we have the following relations,

o(f)=a"(f)+a(f), lp(f) e(®]=_2ilm(f|g)L, (2.8)
la(f).a@l=1[a"(f).a"(@1=0, [a(f).a'(@I=(flg)l. (29

on, e.g., D(AI' (1)) D ¥[h]. For a self-adjoint operator T in f, we further have
[a(f), dT(D)] = a(Tf), [a'(f),dT(T)] = —a'(Tf), (2.10)
[p(f), dU(T)] = ipGTf), (2.11)

on €[D(T)], where f € D(T).For f,h € hand g € D(T),
a(f)ghy =i(flhyc(h), dN(T)E(g) = ia'(Tg)¢(g). (2.12)

Exponential vectors are analytic, as we shall see in the following lemma. We recall
that a map F: # — ¥’ from one complex Hilbert space .# into another .#”
is analytic, if and only if it is Fréchet differentiable. In this case the Taylor series
F(y +h) =322 ) LF®(y)(h®n), where F™(y) is the nth Fréchet derivative
of F at y interpreted as a linear map from .7 ® to .#”, converges absolutely, for all
v, h € X see, e.g., [14, § 111.3.3] for more information on analytic maps.

Lemma 2.1 The map b > h +> ¢(h) € F is analytic and

(D@ fu) =i"a (f1)...aT (F)E(h). (2.13)

forallh, fi,..., f, € b. Foralln € Ng and f, h € b, we have the error bound

|

Proof The proof is a straightforward exercise starting from the observation that
at(f)tn®n—t = (en)l/2 (’2)1/28,1(]‘@( ® h®n-t), where S, is the orthogonal projec-
tion onto .Z ™ in LZ(M", A", u). O

noe
Ch+ £ =3 5" (A

£=0

00 Ag/2y £1E
< M’ Z M (2.14)

NV
{=n+1 h
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828 B. Giineysu et al.

Lemma 2.2 For all f € § and z € C, the series exp{za’(f)}, exp{za(f)}, and
exp{z@(f)} are strongly convergent on the normed space €'[h] and map it into itself.
For A, B e B, h) with |A|, |Bl| <1, gebh hebh andz eC

I'(B*) explzg(g))T(A)¢ (h) = ¢ I817/2+iz(&IAR) £ (B* Ay — j7 B* )

— 71872 expizat (B*g) )T (B* A) explza(A*g)}L (h).
(2.15)

Proof The first statement follows from (2.12), (2.14), and the following consequence
of 2.6), i"@(f)"c(h) = | _,e W2~ M (h 4 1f), h € b. Together with
(2.6), (2.12), and (2.14) it implies the second equality in (2.15). Let z = it witht € R.
Thenexp{itp(g)} = # (tg) on %'[h] and the first equality in (2.15) follows from (2.6).
For general z € C, the first equality in (2.15) is obtained by analytic continuation.
(See [14, Thm. 3.11.5] for analytic continuation of vector-valued functions.) O

It is helpful to keep in mind that, if x is a real-valued measurable function on M
and if the maximal operator of multiplication with » is denoted by the same symbol,
then dI"(x) is again a self-adjoint maximal multiplication operator in .%# given by
dI'(»%)¢(0) = 0 and, forn € N,

Ao YWk, k) = D % k) YW k), ¥ € DA ().

=1

For instance, this remark is useful in order to derive the basic relative bounds

laCH)" wil < e 2 £ 1T G2 ]|, n €N, (2.16)
la™ () wll < IA 42D £ GO + D2y, (2.17)
le(H) il <221+ 2D 2 FIIAN Go) + D2y, (2.18)
le(H2 Il < 61+ 2" HY2FI2 10 G + Dy, (2.19)

where we assume that x > 0, u-a.e., and, in each line, f and v are chosen such that
all norms on its right hand side are well-defined. The bound in (2.16) follows from
a standard exercise using a weighted Cauchy—Schwarz inequality, Fubini’s theorem,
and a little combinatorics. The other bounds are consequences of (2.9) and (2.16).
Another consequence of (2.8) and (2.16) is

drGe) + ¢(f) = —llx" "2 £]> on QI (x)). (2.20)
Given a row vector of boson wave functions, f = (fi,..., fu), we set p(f) :=
(o(f1)s...,9(fy)), and we shall employ an analogous convention for the creation

and annihilation operators.
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2.2 Generalized fiber Hamiltonians

Next, we add (generalized) spin degrees of freedom to our model by tensoring the
Fock space with CL, for some fixed L € N. We call

H=CleZ (2.21)

the fiber Hilbert space, a notion motivated by Example 12.1(4). We assume that, for
some S € N,

ol,...,08 EQ(CL)

are hermitian matrices with |lo;|| < 1. Most of the time we regard them as operators

on 7 by identifying 0j =0j ®1g. We shall write ¢ := (01, ...,05) and o - v :=
o1 v+ --+osvs, wherev = (vq, ..., vg) is a vector of complex numbers or suitable
operators.

Furthermore, we fix some v € N and collect the coefficient functions appear-
ing in the SDE (1.1) in row vectors, Gy = (Gix,...,Gyx) € hY and F, =
(Flx,....Fsy) € bS, parametrized by x = (x1, ..., x,) € R". We will exclusively
work under the following standing hypothesis:

Hypothesis 2.3 (1) w: M — R and m: M — RY are measurable such that w is
wu-a.e. strictly positive. We introduce the following dense subspace of b,

2= D(w + sm?). (2.22)

(2) The map x — Gy is in C2(R”, b"), and x — F, € b5 is globally Lipschitz
continuous on R". The components of Gy, dy,Gx, Fy, and im - G, belong to

2 1 1, 2)?
b= 1L (M,Ql, [w— 4 (w+ Im ) }M) (2.23)
and the following map is continuous and bounded,

RY 3 x —> (Gy, 0y,Gy, ..., 0:,Gy, Fyx,im - Gy) € £V DS

(3) There exists a conjugation C: h — b, i.e., an anti-linear isometry with C 2 = Ty,
such that, forallt > 0,x e R",£=1,...,v,and j =1,..., S,

[C.eTHM¥] =0, Gex, Fjx €bci={f€b: Cf =f}.  (224)
As a consequence of (2.24) we also have

gx :==divyGy € bc, im -Gy €be, §x:=3qx — sm -Gy € he,  (2.25)
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for all x € R". In view of (2.24) we observe that C is isometric on £ as well, and we
introduce the completely real subspaces

oc={fev:Cf=f}, tc:={fet: Cf = f}, (2.26)
and, noticing that I'(—C) is a conjugation on .%,
Fc={YeF T(=CO) ¢y =1y} (2.27)

Then the real linear hull spanp &[oc] = €[0c] N F¢ is dense in F¢; see, e.g., [34,
Cor. 19.5]. Since .7 = .F¢ + i.F ¢, we see that CE @ €[0c] is dense in 7.

Concerning the electrostatic potential V, we introduce the following standing
hypothesis:

Hypothesis 2.4 V: R” — R is locally integrable.

To treat the total Hamiltonian and the fiber Hamiltonians in a unified way, we
introduce a mathematical model Hamiltonian in the next definition. We again use
the notation introduced in (1.5). Henceforth, we shall also employ a common, self-
explanatory notation involving tuples of operators and formal scalar products between
them; simply compare the formulas in Definition 2.5 with (1.2)—(1.5) to interprete them
correctly. The various terms in (2.30) are well-defined on the given domains in view
of (2.18), (2.19), and Hypothesis 2.3.

Definition 2.5 (Generalized fiber Hamiltonian) Let &, x € R" and
v(§, x) :==§ —dI'(m) — ¢(Gy). (2.28)

We introduce a generalized fiber Hamiltonian HY (&,x)in A, defined on the domain
of definition D by

HY(§,x):=1c. ® HY (§,x) — 0 - 9(Fy), (2.29)
whose scalar part is defined on the domain of definition D(M) by

HY (&, x) = 1o, x)* - L 9(ge) +dT (@) + V(x)
= 3 —d(m))* — ¢(Gy) - (€ —dT'(m)) + 10(Gy)*
— 5 o(gx) — Sp@im - Gy) + dT (@) + V(x). (2.30)

If G and F are x-independent, then we denote HO (&, x) simply by H &).

To get the equality in (2.30) we used the following consequence of (2.10) and a
simple approximation argument,

[dT(m), p(g)] =a'(m - g) —a(m - g) = —ig(im - g) on D(M).
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In the next proposition we collect some essentially well-known basic properties
of the generalized fiber Hamiltonians; see [20] where the essential self-adjointness
of fiber Hamiltonians is proved via the method of invariant domains and Feynman—
Kac formulas. The existence of invariant domains is, however, a deeper result than the
essential self-adjointness itself which turns out to be a consequence of the relations and
bounds recalled in Sect. 2.1. To illustrate this we present a short proof of Proposition 2.6
in “Appendix 2”. We abbreviate

My (&) :=1¢r ® (%(g — dI(m))? +adF(w)) , EeR’, a>1. (2.31)

Obviously, M, (&) is self-adjoint on D. Let ac denote a dense set of analytic vectors
for %mz + w in h¢c. With the help of the semi-analytic vector theorem one can easily

show that M, (£) is essentially self-adjoint on C- ® €[ac] and, hence, on CL @ €[oc].

Proposition 2.6 Let §,x € R". Then ﬁo(g, x) is well-defined and closed on its
domain D and, for all ¢ > 0, there exists a > 1 such that, for all € D,

ICHOE, x) = Mu@E)W I < el Ma @)Y ]| + @)1, (2.32)
IH &, )y < c(IMiEV I+ Il 1). (2.33)

The subspace Ct ® %[Oc] and, more generally, every core of M1(0) is a core of
HO(S x). If g = 0, then HO(§ x) is self-adjoint on D.

2.3 Probabilistic objects and assumptions on the driving process

In the whole article, I denotes a time horizon, which is either equal to [0, co) or to
[0,7] with 7 > 0, and B = (£2, F, (3:)res, P) is some stochastic basis satisfying
the usual assumptions. This means that (£2, §, IP) is a complete probability space,
the filtration (J;);<; is right-continuous, and §o contains all P-zero sets. The letter E
denotes expectation with respect to IP and, for any sub-o-algebra ) of §, the symbol
E? denotes the corresponding conditional expectation. For s € I, we shall sometimes
consider the time-shifted basis

By := (2,5, @s+drers, ), I'i={t>0:5+1€l}, (2.34)

so that I = 1% If J# is a real separable Hilbert space, then we denote the space of
all continuous ¥ -valued semi-martingales defined on I* by Sys (J#"). The bold letter
B ¢ S;(R") always denotes a v-dimensional B-Brownian motion (with covariance
matrix 1grv) defined on 7 and, for all 0 < s < t € I, the o-algebra §,; is the
completion of the o -algebra generated by all increments B, — B, withr € [s, t]. If X
is any process on I* with values in a separable Hilbert space %, then X, : 2 — # "
denotes the corresponding path map given by (X,(»))(¢) := X,(y),t € I*, y € £2.

With this we introduce a third (and last) standing hypothesis on a R"-valued process
X which will enter into all our constructions and play the role of the driving process
in the SDE studied in this paper.
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Hypothesis 2.7 The bold letter X € S;(R") denotes a semi-martingale with respect
to B solving the Itd equation

t
X, =q+B, +/ B(s, Xs)ds, te[0,supl), (2.35)
0

for some §o-measurable ¢ : £2 — RY. When it becomes relevant, we shall indicate
the dependence of X on ¢ by writing X? for the solution of (2.35). We assume that
the drift vector field B € C([0, supI) x RY, R") in (2.35) is such that the following
holds:

(1) For all s € [0,sup /) and every §s-measurable ¢ : 2 — RV the SDE (with
underlying basis By)

t
X, = q + Byss — B, +/ B(s+r.°X,)dr, te[0,supl®),  (2.36)
0

has a global solution *X? € S;s(R") which is unique up to indistinguishability.
(2) (2.35) admits a stochastic flow, i.e., there is a family (Z ;)ogs<rer of maps

Esr RV x 2 — R”, such that

(a) x > & +e(x, p) is continuous from RY into C(I*, R"), for all s € [ and

Yy €582
(b) (r,x,y) = Es(x,p)is B(s, t]) @ BRY) ® §,,,-measurable for fixed
0<s<trel,

(c) ifs € I, then Z ;(x,y) = x, forall (x,y) e R” x £2, and, ifg : 2 — R
is §y-measurable, then

Esstelq@),y) ="XL () onl’, forP-ae.y.
(3) For all k > 1 and all bounded §o-measurable q: 2 — [0, 00), it holds
t
Vtel: / (1A (supl —s))E| sup |B(s, XI)* | ds < oo, (2.37)
0 lgl<q
where the supremum under the expectation is taken over all §o-measurable func-
tions g : 2 — RY with |¢| < q.

(4) There exist p > 2 with p > v and an increasing function L : I — [0, c0) such
that

E[lZo0,:(x,) — Eo, (¥, N IS LB |x —y|’, x,yeR", tel (2.38)
Finally, we assume that
P{V(X,) € Llloc(l)} =1. (2.39)

Remark 2.8 (1) Of course, Eq. (2.39) imposes no restriction on X, if V. € C(R", R).
(2) Notice that the time-dependent vector field 8 may be unbounded at 7, if I is

@ Springer



Stochastic differential equations for models of non-relativistic... 833

finite, and that the validity of the integral equations (2.35) and (2.36) is required
only strictly before 7 and 7 — s, respectively. Then the technical condition (2.37)
says that the possible singularity of B at 7 is not too strong in a certain sense.
Nevertheless the paths of X and *X are assumed to be continuous on all of I and
I*, respectively.

(3) In many parts of the paper we won’t use all properties of X imposed in Hypothe-
sis 2.7.In fact, the arguments of Sects. 3 and 4 hold true as soon as X is a continuous
RY-valued semi-martingale on / with quadratic covariation 1g» satisfying (2.39).
The technical extra condition (2.37) will be used in Sects. 6 and 7 to prove the
statements in Sect. 5, which in turn are used to derive the results of Sects. 8—
11. The continuity properties of the flow E and in particular the L?-Lipschitz
condition (2.38) are exploited in Sect. 8 whose results are used in Sects. 9-11.

Example 2.9 (1) The most important example of a process satisfying Hypothesis 2.7
with an infinite time horizon I = [0, c0) is the trivial choice X = ¢ + B.

(2) IfI =[0,00)and B € C(I xR, R")issuchthat |B(s, x)—B(s, y)| < £(t)|x—y]|,
0 <s <1, x,y € RY, with some increasing function £ : I — (0, 00), then
the validity of all conditions imposed in Hypothesis 2.7 follows from standard
textbook results; see, e.g., [10, Chap. 6].

(3) The most important example with a finite time horizon I = [0, 7] is a semi-
martingale realization of a Brownian bridge from an §o-measurable ¢ : 2 — RV
to y € RY in time 7. The definition of such a process is recalled in Sect. 10. In
“Appendix 4” we shall verify that Brownian bridges actually fulfill Hypothesis 2.7.

For later reference, we state an Itd formula suitable for our applications in the next
proposition. The construction of the Hilbert space-valued stochastic integrals with
integrator X appearing in its statement and in the following sections is standard and
we refer readers who wish to recall that construction to the textbooks [6,30,31].

Proposition 2.10 Let % be a real separable Hilbert space and % be a real or complex
separable Hilbert space. Let A: 1 x 2 — BR", %) and A: I x 2 — ¥ be
predictable such that, for every t € I, ||Asll is P-a.s. square-integrable on [0, 1]
and A, is P-a.s. Bochner—Lebesgue integrable on [0, t]. Finally, let n: 2 — % be
To-measurable. Set

Z.=n+ / AdX, + / Z,ds. (2.40)
0 0

Assume that the partial derivatives 3, f, dy f, and d%f of f: I x% — K existand
are uniformly continuous on every bounded subset of [ x %. Then (f(t, Z;)):cy1 is a
JH -valued continuous semi-martingale and P-a.s. satisfies

t t
f@. Z) = £, ) +/ 05 f (s, Zs)ds +/ dy f (s, Z)Asds
0 0

t 1 t
+/ dy f (s, Zs)Asts+§/ dy f (s, Z)APds, te[0,supl).
0 0
(2.41)
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Proof If ¢ € J# and we replace f by Re(¢p|f) or Im(¢|f), then the claim follows
from [6, Thm. 4.32]. The general case follows by applying this observation for every
¢ in a countable dense subset of #" and using that all so-obtained derivatives and
(stochastic) integrals commute (up to indistinguishability) with Re, Im, and (¢|-). O

The next example will be applied with % = J# = Fo+iFe.

Example 2.11 Assume that Z is given as in Proposition 2.10 with the only exception
that % is now a complex Hilbert space which can be written as % = % + (%R,
for some completely real subspace % C %. Then ||Z||? is a continuous real semi-
martingale and P-a.s. satisfies

t _ t t
||z,||2=||n||2+/ 2Re<zs|As>ds+/ 2Re<zs|As>dXs+/ I As|%ds,
0 0 0

for all t+ € [0, sup /). In fact, Z can be uniquely written as Z = Z; + i Zp, with
%r-valued processes Z;, j = 1,2, given by formulas analogous to (2.40). Since
o +iv|? = llol® + [y ||%, for all ¢, € %, we may apply Proposition 2.10 to
1 Z111% + || Z2]|? and obtain the asserted formula after some trivial rearrangements.

For later reference, we also recall a substitution rule sufficient for our purposes. For
remarks on its proof see, e.g., [30, §26.4].

Proposition 2.12 Assume that Z is given as in Proposition 2.10 with a finite dimen-
sional % and let D be a uniformly bounded, predictable (% , C)-valued process on
1. Then

/Dsdzsz/ DSASdXS—}—/ DyAgds, P-a.s.
0 0 0

The following dominated convergence theorem for stochastic integrals shall be used
repeatedly:

Theorem 2.13 Let % be a real or complex separable Hilbert space, Z € S;(RV),
and A, A®, n € N, be left continuous adapted (R, & )-valued processes. Let
R: I x 2 — R be a predictable process with locally bounded paths and assume that,
P-a.s., the following relations hold on I,

A™ 5 A asn— oo, ||[A®| <R, neN. (2.42)

t t
/A§,">dzs—/ A dZg
0 0

and there is a subsequence (A") ey of (A"™),cn such that, P-a.s., one has

t t
/ ArOdz — / A,dZ
0 0

Then

lim prob sup =0, tel, (2.43)

n—>o00  tel0,7]

lim sup =0, el (2.44)

k=00 te[0,7]
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Example 2.14 Let #, A, and Z be as in Theorem 2.13 and let t € I. For every
n € N, let (‘7@(")) ¢eN be anincreasing sequence of stopping times such that sup, (O’Z(T] -

olf”)) — 0, n — 00, P-a.s., and such that ]P’{JL,(") <t} —> 0, — oo, foralln € N
andr € I. Then

t
lim prob sup /0 AdZy = D A (ZW@IM - ZU/@M) =0. (249

n—o0o  tef0,7] N,

In fact, the sum appearing under the norm in (2.45) equals [, A4z, with A® =
D teny Ly ,m A_w. Since A has left-continuous paths we see that (2.42) holds
(0, 00141 0y

with R; := supyc; | Asll-

Proof of Theorem 2.13 We refer to [30, §26.1] for a construction of the stochastic
integral which, under the assumptions of the theorem, implies the existence of an
increasing sequence of stopping times t,,, m € N, with P{sup,, 7, <t} =0,t € I,
and E[Qfm (n)?] = 0, n — oo, where 0¥(n) := sup, <, 0:(n) with ¢;(n) denoting the
norm || - - - || on the left hand side of (2.43); cf. the proofs of [30, Thms. 24.2, 26.3].
Now let T € I and ¢, &1 > 0. Choose some m € N with P{r,, < 7} < €. Then the
above remarks imply lim sup, P{o7(n) > ¢} < limsup, P{o} (n) > &} + P{z, <
T} < &1, which proves (2.43). The remaining statements follow as in the proof of [30,
Thm. 24.2]. O

Remark 2.15 Let us recall that the mutual variation of two real-valued continuous
semi-martingales Z1 and Z, on [ is defined (up to indistinguishability) by

1Z1, Z2]e == 21,72 — Z1,0Z2,0 —/ Z15dZs —/ Zr5dZ . (2.46)
0 0

If both semi-martingales are of the form Z; , = f0° AjdX, + fo. Xj,sds, j=172,
with processes A ; and A as in Proposition 2.10 (with %" = R), then

[Z], Zzﬂ. =/ Ay Ayeds, P-as. 2.47)
0

We end this summary of results from stochastic analysis with a standard criterion
for a stochastic integral with respect to Brownian motion to be a martingale (where A
denotes the one-dimensional Lebesgue—Borel measure):

Proposition 2.16 Let 7 be a real or complex separable Hilbert space and A be
an adapted, left continuous, B(RY, . )-valued process on I such that E[||A.||*] €
Ll (I, ). Then (fot AgdBy)e; is a martingale.
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3 Some basic Hilbert space-valued processes

In this section, we define and discuss the basic processes appearing in our ansatz for
the solution of (1.1); recall the remarks on Step 1 of the proof of Theorem 1.1 given
below its statement.

To this end we first recall the definition of Nelson’s isometries j; [32] mapping b
and € into h1 and £, 1, respectively, where

2
b1 = LZ(R XM, AQ@un), €= L? (R x M, |:a)_1 + (w—i— %m2) :|A ® ,u),

with A denoting the Lebesgue—Borel measure on R. They are defined by
Jif (ko k) i= =200 (02 (@00 + k)12 £ (), 3.1

forallt € Randa.e. (ko, k) € Rx M. (Usually, j; is defined in the position representa-
tion for a single boson in a—sometimes weighted—L?-space over R3, which explains
the discrepancy between (3.1) and the formulas in [15,27,32,37].) The isometry of
the maps j;: h — b4 and j; e: € — €4 follows from

iko(s—t) dk
“’/ € Ry _ebtlor s ieR febh  (32)

O _ %
]s]tf_n_ a)2+k(2)

which is easily verified by contour deformation. The maps ¢ — j; € ZA(h, h41)
and t — j; [¢€ AB(E, 41) are strongly continuous. A direct inspection reveals that
t j e B, h)andt = (i [e)* € B(E41, £) are strongly continuous as well.
It is convenient to introduce the random isometries

= jre i &i=Xo) -y (3.3)

Obviously, if A is an adapted process with values in h or €, then tA = (1;As)rey 1S an

adapted process with values in b1 or €41, respectively. If A is continuous, then (A is
continuous as well. Analogous remarks hold for ¢*.

Definition 3.1 (Basic processes) We define K, (K ¢)rer € Sy(€41) by

Keoi= / Le.00)(5)ts Gy, dX, + / Loy @)isin,ds, Kei=Kowr  (34)
0 0

for every v € I. With this we further define €-valued processes on I by
U, =) 'Key, U =0y, = jo Ko, Ut =K, (3.5)

for t € I, where (" is ¢ stopped at 7. For every & € R, we finally set

1 L]
ufy = 1K, + /0 V(X)ds — i€ - (Xo = Xo). (3.6)
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All processes introduced in Definition 3.1 are well-defined up to indistinguishabil-
ity. InNRQED (using slightly stronger assumptions) the process K has been introduced
in [15]. Lemma 4.3 below motivates the definitions in (3.5) and (3.6). The parameter
7 is needed only in the matrix-valued case.

The reader might have noticed that K ; looks formally like a Stratonovich integral.
According to the following technical lemma it can indeed be approximated by the
usual average of left and right Riemann sums; this result will become important in
Sect. 10 where we discuss time-reversals. The only reason why Lemma 3.2 might
not immediately follow from the textbook literature is that the embeddings j, are not
strongly differentiable with respect to s.

Lemma 3.2 Fixt,t € I witht <t. Then

H K — BN in probability, 3.7

”“h 1

where the sum corresponds to the sample points o)) = o/ (t,t) :== 1 + £(t — 1)/n,

|
_

n

no.__
ET,Z = (‘U;+1GX‘7@"+1 + [o;" GXUE) . (X n

Ot1

I
. —XU;), neN.  (3.8)
l

Il
=}

Proof We set D(s, x) := jie ™ *=X0G, s e I, x € R”. Then Taylor’s formula
yields Z‘f’t = %(11" + Iy + J, + Ry), for every n € N, with

t}’ll

., ::/21(0% 1)D©0f g Xom)dXs, a=0,1,

v n-—l1
Jy = Z Zaanb(ng_H’ Xc?)(Xa,aéﬁrl - aol n)(Xp,on O Xb,aen)v
a,b=1 =0
P n—1
4 2
IR < max LS 1y, - X (3.9)
e =1

Here we further abbreviate

Z/ﬁ%mmwasmnﬂxm eu Do (071, X lds.
a,b=1

Since the integrands in f and If are adapted, left continuous, uniformly bounded,
and converge both to the process (1(;(s)D(s, Xy))ses pointwise on I x §2 as n
goes to infinity, it follows from Theorem 2.13 that I{' and I} converge both to
fot L(z,00)(s)D(s, X;)dX in probability. Expressions similar to J,, are well-known
from the proof of the Itd formula. In fact, writing
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n—1 n—1
o (n) ._
X =D eror 1) Xaors Zaps = D Lop o7, 1), D] 1, Xop),
=0 =0

foralls e I,a,b e{l,...,v},andn € N, we find

v

t t t
Jni= > ( /O Z1) d(XaXp)s — /O z) XMdXys — /0 Z;';){‘ng’jgdxa,s).

a,b=1

Here the uniformly bounded, left continuous, and adapted processes ZL(I’,;), neN,
converge pointwise on I x £2 to (1¢¢ (s)0x, Dy (s, Xs))ser. Applying successively
Theorem 2.13, Proposition 2.12, Eq. (2.46), and [X,, Xp]s = 84,5, we readily verify
that J,, converges in probability to

t t
/ divy D(s, X;)ds = 2/ L(z,00) (8)tsGx,ds.
0 0

Finally, fix y € £2 and let P(y) be the compact convex hull of the path {X(y) : s €
[0, ]}. Since the maps [0, t] > s — X (y)and [0, t] x P(p) > (s, x) — 0y, Dp(s, x)
are uniformly continuous, the sequence of random variables (max; r;/),cn converges
to 0 pointwise on £2, as n goes to infinity. Thanks to Hypothesis 2.3 we further find
some constant ¢ > 0 such that 0 < rZ‘ < con £2, for all £ and n. At the same time
we know that the sequence (Zz;ll 1 X ol
> ot ([Xas Xali — [Xa, Xalz) = v(z — 7). Employing these remarks, it is easy to
show that ||R,|| — 0, n — o0, in probability. In fact, let ¢, &; > 0. Then we find
some ng € N such that

IP[
Set A, := {|v(t —7)— 22;11 ||X(,[n+1 — XUE' ||2| < 1}. Then the previous bound and
(3.9) permit to get, for all n > ng,

— Xon ||2)n <y converges in probability to

n—1

2

vt —1) = D I1Xop,, — Xopll
=1

21] < &1, n=nyg.

1
P{IR:Il = &} < &1 +E[1a, Ljr, =6} < &1+ EEUA,, | R, 1]

l1+v(iEt—r1
§81+#E max | 2222 ¢,
2¢e ¢t

where we also applied the dominated convergence theorem in the last step. Since
€1 > 0 was arbitrary, this proves that || R, || goes to 0 in probability. O

To derive stochastic integral representations for U, and U T we set
e~ —Do—im (X, ~X2) ;o 1

1. r<t, (3.10)

Wep = wi’[» We,y = (L,t)*Lt = [
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for all 7, ¢ € I. Depending on the circumstances, we consider w; ; and W, ; as maps
from £2 into A(h) or A (¥), which should cause no confusion. They leave the real
space h¢ (resp. ¥c) invariant; recall (2.24) and (2.26). If A is an adapted continuous
process with values in b or €, then so are (wr;A;)rer and (Wr ;1 As)rer-

Lemma 3.3 Let R € N and set g := 1 Then, P-a.s.,

(Am2+w<Ry
t .
xr U = wo,,/ xg &M X XGy dX( + Gy ds}, tel. (3.11)
0
Proof Fixt € I and set o) :=t{/n, £ € Np. Then Lemma 3.2 implies
I xrt Koo — xrt; 2¢ Nl %, 0 in probability,

with 2(’)1’, as in (3.8). Next, we observe that xpt; 2(’}’, = wo,; i{’ with

n

.
Y= (JUZIHGXGZH + J"ZIGXG}?) . (X — X%n) , neN,

n
Or+1

N =

—1
=0
where J; 1= yge'@ M Xs=Xo) ¢ ¢ I Replacing D by the function D defined by

ﬁ(s, x) = XRem_i’"'(x_XO)Gx, s € I, x € RY, in the proof of Lemma 3.2, we may
further verify that

t
lim prob X" = / xr &M X=Xl iGy X + Gy, ds).
0

n—o0

Together with (3.5), these remarks prove the equality in (3.11), a priori outside some
t-dependent P-zero set. We conclude by noting that the processes on both sides of
(3.11) are continuous. ]

Lemma 3.4 (1) Let v € I. Then (U, )ier € S;(8) C S;(h) and, P-a.s.,

U, =/ 1(z,00)($)Wr s stdeL/ L(z.00)(8)Wr.5 Gx,ds. (3.12)
0 0

(2) U™ is adapted and continuous with values in . Moreover, o U™, m> U, and the
components of m U™ are adapted and continuous as h-valued processes.

(3) Ut € S;(h) with
Ut :/0 (Gx, +imU)dX, —/0 (a)-{- %mZ) U ds
+/ (im- Gy, + 1qx,)ds, P-as. (3.13)
0
“4) U,+ and U_, attain their values in the real space hc.
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(5) By passing to suitable modifications of (K¢ 1)rer and (U )ter, for each T € 1,
we may assume that, for all y € 2, the maps (t,t) — K.;(y) € €41 and
(v, 1) > U () € tare continuous on I x I with K s(y) = 0and U ((y) = 0,
foreverys e I.

Proof (1) follows by definition of U, (3.2), and the fact that, if # > 7, then the
integrals defining K, , commute with (¢;f)* = i, P-ass.

(2) By the remarks preceding Definition 3.1, U™ is adapted and continuous. The
remaining statements are clear since %mZ +we Bh).

(3) Let R € N and consider the function fg : [0, 00) x R” x ¢¢ — h¢ given by
fr(t, x,y) := e '®TimXy by where xp is the same as in Lemma 3.3. Thanks to
the cut-off function, fr satisfies the assumptions of Proposition 2.10. According
to Lemma 3.3 we P-a.s. have )(RU;r = frt,X; — X0, Y1), t € I, where Y;
abbreviates the integral on the right hand side of (3.11). Notice that Hypothesis 2.3
and the presence of xp ensure that Y is in fact a €c-valued semi-martingale.
Applying Proposition 2.10 and using (3.11) to simplify the result, we see that

xrU;" € Si(he) with

t t
XRUF =/ xr(Gy, +imU)dX, —/ XR (w+ %mz) U;fds
0 0

t
+/ XR (’Em -Gy, + %qxs) ds, tel, P-as. (3.14)
0

By Part (2), oU", mU™, and m*>U™ are adapted, continuous processes, whence
all integrals in (3.14) are still well-defined hc-valued (stochastic) integrals, if the
cut-off function xp is dropped. In particular, we may (up to indistinguishability)
commute all integration signs in (3.14) with x g, regarding the latter as a bounded
operator on h¢. This finally leads to (3.13).

(4) Follows from (2.24), (2.25), (3.12), and (3.13).

(5) Asuitable modification of (K ;)¢ is simply givenby 1z o0) (1) (K; — K¢). Apply-
ing (:7)*, with X,(y) = X?(p) replaced by £¢,(q(y), ) in its definition [see
Hypothesis 2.7(2)], to the latter modification we may produce a suitable modifi-
cation of (U; )ser- O

Lemma 3.5 It holds u;/ € S;(C) and one P-a.s. has

L] L] . 1 L]
uf= [wriex)axc+ [Tl as 5 [ 16k Pas
0 0 0

+/. V(Xs)ds —i& - (Xe — Xp). (3.15)
0

Proof The fact that u) is a continuous semi-martingale follows from (3.6) and Exam-
ple 2.11. By means of Example 2.11 and the isometry of ¢y we P-a.s. obtain
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1K =/ 2Re<Ks|[sGXS>dXs+/ (2Re(K,li5dx,) + ltsGx, [1%) ds
0 0

= [ 216k X+ [ @l + 165, ) ds
0 0
Here we also used (2.24), (2.25), and Ut = CU™ in the second step. ]

4 Stochastic calculus in the scalar case

In this section we verify that the ansatz (4.1) suggested by Hiroshima’s expression for
the Feynman—Kac integrand [15] gives rise to solutions of the SDE (1.1) in the scalar
case. We consider only deterministic exponential vectors as initial conditions, which
effectively simplifies computations. A proper existence and uniqueness result with a
natural class of initial conditions for the SDE (4.8) will be contained in Theorem 5.3
as aspecial case (L = 1, F = 0).

In the following definition we use the notation introduced in (3.3), (3.4), and the
discussion of the Weyl representation % following (2.5).

Definition 4.1 For all £ € R”, we define WEV: I x 2 — B(F)by

WY, = e 8 X=X [ VDS T (2 (KT o), 1€ 1. .1)

Remark 4.2 1t is the adjoint of WEVI which appears in the Feynman—Kac formula in

the scalar case. It is advantageous to study W}, instead of its adjoint, because it yields
solutions to a backward SDE.

Lemma 4.3 Wg‘fz maps E'|h] into itself and

(U |h

Vv _ —MY o~ ) +
We l(h)y=e "% ¢(wo,h +U;T), heb. (4.2)

Proof Combine (2.15), (3.2), (3.5), (3.6), and (4.1). O

Remark 4.4 (1) In view of (2.3), (2.6), (3.6), (4.2), and Lemma 3.4(4), the operator
W(}ft is manifestly real, i.e., it maps .%¢ into itself. Just recall that .%¢ is the
closure of spang (&[oc]).

(2) Another formula for Wg\fz is given in Remark 17.7(1).

(3) From (3.6) and (4.1) it 1s obvious that

t
In Wy, Il < —/0 V(Xs)ds, tel. (4.3)

To prepare for an application of Itd’s formula, we compute a few derivatives in the
next lemma, where the real Hilbert space R?> x h¢c x hc will play the role of % in
Proposition 2.10.
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Lemma 4.5 Let h € h¢ and define the function f: R? x be x he — F by
flu, v, w] o= e 172 ey v, w) e R x he x he. (44)

Then f is smooth and satisfies all conditions of Proposition 2.10. Given any g € h¢c
and any self-adjoint operator, T, in hc, the diagonal parts of its first two Fréchet
derivatives at (u, v, w) applied to tangent vectors (x, y, 7) € R2 x he X he can be
written as

fu, v, wix, y, 2)
= ((glv) — (zlh) — x1 — ixo +d0(T) +ia’(y — Tv) +ia(g)) flu, v, wl, (4.5)
Fu, v, wlx, y, 2)®2
= ((glv) — (zlh) — x1 — ixy +d0(T) +ia’(y — Tv) +ia(g)?* flu, v, w]
+((gly) —ia(Ty)) flu, v, w], (4.6)

provided that v € D(T) in (4.5) (resp. y € D(T), v € D(T?) in (4.6)).

Proof With the help of Lemma 2.1 it is elementary to check that f satisfies the
condition in Proposition 2.10 and that the diagonal parts of its nth Fréchet derivatives
are given by

FPlu, v, wix, y, )% = (—=(zh) —x1 —ixa +ia’ ()" flu,v,wl.  (4.7)

Finally, we use (2.12), (2.6), and (2.9) to include a(g) and dI"(T'). O

Remark 4.6 As another consequence of Lemma 2.1, the function £, : R?x b2c+" —- 7
defined by

Sl v,w, y1, ., vl i= (dy Olu, v, Wi, - Ya)
_ e—ul—iuz—<“’|h)ina-r(y1) - aT()’n) {(U)’

foru € R? and v, w,y;j € bc, j=1,...,n,is smooth as well.

Theorem 4.7 Let h € 0c. Then the process stg(h) belongs to Sy (%) and, P-a.s.,
we have, for all t € [0, sup 1),

W' c(h) = £ (h)

t t
= _/ v, Xy) WEVSg(h)dXS —/ HY (&, X,) ngsg(h)ds, (4.8)
0 ’ 0 ’

where v(&, x) and ﬁs‘é (&, x) are defined by (2.28) and (2.30), respectively.

Proof By definition, Ws‘fs ¢(h) = flu, v, w] with f asin (4.4) and with
u=u'y, v=wo h+US, w=U. (4.9)
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(Here and in what follows, we consider the complex-valued quantities # and x as
R?-valued objects when we plug them into the formulas of Lemma 4.5 and apply
Proposition 2.10.) Applying Proposition 2.10 (with f(s,x) = e “T™*p) and
Lemma 3.4(3), we see that, with the above choice of v,

dov = — ((a) n %mz) v+ Llax, +im - GXS) ds + (imv + Gy,)dX,.  (4.10)

On account of Lemma 4.5 we may now apply the Itd formula of Proposition 2.10. In
combination with (3.6), (3.12), and (4.10) this results P-a.s. in

t t 1 t
Wg‘f,g“(h)—;‘(h)z/o IXA,dXS—i—/O IO,XSds+§/0 IIx,d[X]s, t <supl,

where Iy and the components of I are equal to f'[u, v, w](x, y, z) in (4.5) with
(4, v, w) substituted according to (4.9) and (x, y, z, g, M) substituted according to
the table below. Likewise, 71 equals f”[u, v, w](x, y, z)®? in (4.6) with (u, v, w) as
in (4.9) and (x, y, z, g, M) given by the following table (where we drop all subscripts
and arguments X):

X y z g M

I and ] (U 1G) + i imv+G Wo s G G im

Iy WUg) + 3612+ v —(@+im?)v Wo s § q —o
+1g+im-G

Using that (U, |G x,) and (U"|¢x,) are real, we see that we have equalities according
to the next table:

(glv) — (zlh) — x y—Mv
I andIl —i& G
I -l -v —tm?v+lqg+im-G

Putting these remarks together we obtain

Iop+i11 = {—%HGHZ —V+ XGlimv + G) - dT ()
+ial (—%m2 vt lg+im. G) +ia@) — La(imimv + G))

+ J(—ig +idm) + ia' (G) +ia(G)2} W ¢
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={-V —dl'(®) + S0(q) +ia( - im - G) + }(Glimv)
— 1 —dram) — p@)*} Wi c(h).

On account of (2.12) and since WSV ¢ (h) is proportional to ¢ (v) the eigenvalue equation
a(m - G) stg(h) = (m - G|iv) stg(h) holds, whence

Iox, + 5 1x, = —Hy(§, X) WY £ (h).
Moreover, by (4.5), flu, v, w] = W£VS £ (h), and the above tables,

Ix, = (—i& +d0(im) +ia"(Gx,) +ia(Gx,)W{ L (h).

We thus arrive at (4.8). O

5 The matrix-valued case: definitions and results

Our main existence and uniqueness theorem for solutions of the SDE (1.1) associated
with the generalized fiber Hamiltonian in the general matrix-valued case will be for-
mulated at the end of the present section. For this purpose, we shall first introduce
and discuss the required notation. In Example 12.2 the somewhat involved formulas
below will be illustrated by showing how they simplify in the special case of the Nelson
model.

In what follows we shall use the symbol AuBUC=[n) for the sum over all disjoint

#Ce2Ny
partitions of [n] := {1, ..., n} into three sets, where each set A, 3, or C may be empty

and the cardinality of C is always even. It appears in the following instance of Wick’s
theorem saying that, on a suitable dense domain like €[],

#C/2
o(f)...p(f)= D > (Tl fe (Haf(m)]'[a(fb).

AUBUC=[n] C=U{cp,c},} p=1 acA beB
#Ce2Ny cp<c;)

Here the sum in the curly brackets runs over all possibilities to split C into disjoint

subsets {c,, c;]} C Cwith¢), < c;,, p=1,...,#C/2. If C is empty, then the whole

term {- - - } should be read as 1, of course. We shall further write

1Ay ={(s1,....0) ER":0< sy <+ <5y <t} 120.
Ift1,...,t, € Rand A C [n], then we set 14 := (tg,,...,1,,) Where A =
{ay,...,ay,}witha; < --- < a,,. For amulti-index o € [S]" with [S] :={1,..., S},

the notation « 4 is defined in the same way.
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Definition 5.1 (Time-ordered integral series) Let t,t(,...,t, € I, a« € [S]", and
A, B C [n]. We define %7 (tg) = vy (tz) = 1 and, in case A (resp. B) is
non-empty,

LA = [ [a" Wi Fayx,) + (U | Foy x,, )}
acA

R (18) = | [la@o.1, Fuy x,,) + i (Fa x, U,
beB

on the domain CL ® €[oc], noticing that, by (2.9), the order of factors is immaterial.
If C C [n] with #C € 2Ny, then we further set .7, (t») := 1 and

#C/2

LRCEND N | (YRR (e
C=Ufcp,cp} p=1

/
cp<c),

if C is non-empty. Writing drf,) := dt; ... dt,, we finally define
V (n) "
- Z G - O / T 1) LENC YWY, o 1) ¥ dig

ae[S]! AUBUC=
#CEZNO

V(O) — WV

for ¢ € €[oc] and r € I, and, using the convention W £r

V(N "y ZWV My, ¢ eCt®%cl, N,M e Ny, N <M.
n=N

For later reference we shall collect a few relations in the following remark. It also

shows that W (")w with ¥ € CF ® €[oc] is a well-defined adapted continuous
process given by a manageable formula when v is an exponential vector.

Remark 5.2 (1) Let g, h € 0¢. Then we set

LOA(1 4 g) = H (Wi, 8 — iU, o|Fa,x,,): (5.1)
acA

R (153 1) = [ [ (Fay x,, liwo, i, h + iU, (5.2)
beBB

and we shall repeatedly use the following consequences of (2.12),
LEAUa @) = C@ILTACD¥), ¥ e €lhl, (5.3)
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2

Rap (183 h) S(h) = Koy (tB) S(h). (5.4

For instance, we see that, for an exponential vector ¢ (k) € &[0c¢],
WEem) = [ 2t WY, <y di, (5.5)
1Ay

considered as an identity in Z(Cl) ® .Z, with

DO (hit) == D 0wy Oay D Tu (1) Rap (15 h) LEA(t4).
ael[S]" AUBUC=[n]
#Ce2Ny

(5.6)

In our computations below it shall also be convenient to use the relation
(c(@)] 28 (hs 1)) Wy, £(h)) = (G (IWy, £(h) 2 (g, b 1)), (5.7)
which is an identity in Z(CL), with

D hit) = D Owy Oy D T (t0)LEA (A 8) R (113 ).
ae[S]t AUBUC=[n]
#Ce2Ny

(5.8)

The matrix element of W;/ ‘t(") for two exponential vectors ¢(g), {(h) € &[0c]
reads

C@IWy " ) = C@IWe, c) | 2 (o hs ) dty. (59)
Ay

We shall consider the domain D(M) defined in (1.5) as a Hilbert space equipped
with the graph norm of M = %dl*(m)2 + dI'(w). Then, for each y € 2, the
following map is continuous,

1" X D¢ 3 (1, 1, ) —> (20 (h; 1) W, L) (v) € BCH) @ D(M).
(5.10)

In particular, the Bochner integral in (5.5) exists and defines an adapted Z(CL) ®
D(M)-valued process such that I x 0¢ > (¢, h) — Wg’t(")(y)g'(h) e BCH®
‘D(M) is continuous, for every y € §2, and such that
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v(E X)W " ¢c(h) = / v(€, X1) 2 (h; ) W, c () ey, (5.11)

tAy

HY (& X)W " c(h) = /A HY (&, X)) 20(h; ti)) W £ () ditfuy, (5.12)
[ZAV

on §2 forallt € I and h € 0.

In fact, recall that, by Hypotheses 2.3, 2.7, and Lemma 3.4(5), the maps (s, t) —
Us, €tcand (s,1) = wy; Fx, € ?g are jointly continuous on / x I, at every
y € £2. Since ug (resp. U*) are continuous complex-valued (resp. £c-valued)
processes as well, it is straightforward to infer the continuity of (5.10) from (2.6),
(2.10), (4.2), and (5.6) in combination with Hypothesis 2.3 and Remark 4.6. The
relations (5.11) and (5.12) hold true since 1784 (&, x) and the components of v (&, x)
can be considered as bounded operators from Dinto , whose norms are bounded
uniformly in x; recall (2.18) and (2.33).

In Theorem 5.3 below, we collect our main results on the objects introduced above.
Recall our standing Hypotheses 2 3,2.4,and 2.7. Recall also that 754 (&,x)in(5.15)is
defined by (2.29) on the domaln D defined in (1.5). Since we shall consider measurable
functions with values in D, it might make sense to recall that the o-algebra on D
correspondmg to the graph norm of M;(0) (defined in (2.31)) coincides with the trace

o -algebra D N B(#) of the Borel o- -algebra on A
Theorem 5.3 (1) Forall N € Nandt € I, the operator WV {0.N) , defined a priori

on C ® €[oc], extends uniquely to an element of %’(%ﬂ ), which is henceforth
again denoted by the same symbol. Furthermore, the limit

Wy, = WV (000 i WY ON) (5.13)

N—o0 &1

exists in %(,%2 ) P-a.s. and locally uniformly int € I, and it P-a.s. satisfies
t
In ||Wgt|| < / (A(Xs)2 — V(Xs))ds, tel, (5.14)
' 0

where A(x) denotes the operator norm of the matrix (||~ /% (o - Fy)ij ||)[ =1
(2) Letn: 2 — D be To-measurable. Then W,;. n e SI(%) and, up to indistin-
guishability, W’;’ n is the unique element of Sy (%Z) whose paths belong P-a.s. to

C(, 5) and which P-a.s. solves
Xe=n-— / iv(€, Xo)X,dX, — | HV(E, X)Xsds on[0,supl). (5.15)
0 0
Proof The proof of this theorem can be found at the end of Sect. 7; the rest of Sect. 7

and the whole Sect. 6 serve as a preparation for it. O

Remark 5.4 In view of (2.3), (4.2), and (5.9) the matrix element of Wg , for two
exponential vectors ¢(g), ¢ (h) € &[0¢] reads
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(C@IWY £ (h) = (Z(@IWg, £ () Qi(g, h)

14 - +
— e_u,E,,_(Uf |h>+(glut >+<g|w0,th) Qt(g»h)7 (516)

which are identities in Z(CL) with

o0
0i(g. ) =1+ [ 2" (g h:tu)deyn) € BCH); (5.17)
n=1 tA,

see (5.8) for a formula for 32,("). The P-a.s. locally uniform convergence of the series
in (5.17) follows from Theorem 5.3; the exceptional subset of £2 where the series
might not converge neither depends on g, 4, nor ¢ € 1.

6 Stochastic calculus in the matrix-valued case

The first step towards the proof of Theorem 5.3 essentially comprises applications of
Ito’s formula and algebraic manipulations. These are carried through in the present
section. The final result of this section is formulated in Lemma 6.1 below, whose
derivation is split into three preparatory lemmas and a concluding proof at the end
of the section. The latter proof requires two additional technical lemmas which are
deferred to “Appendix 5.

As the potential V does not influence the convergence properties of the time ordered
integral series, we set it equal to zero in this and in the most part of the next section;
it will be re-introduced only at the very end of the proof of Theorem 5.3.

By a simple function we shall always mean a function on §2 attaining only finitely
many values.

Lemma 6.1 Let M, N € Nog with N < M, and let n be a Ct @ €[oc]-valued Fo-
measurable simple function. Then W;/’(N’M) n € S; () and we P-a.s. have

Wy VM = 8o n —/ HE (&, X)Wy VM ds
0

[ K [
0 0
6.1)

on [0, sup 1), with Wy ™" .= Wy "™, n € No, and W' ™D = 0.

In the rest of this section we fix g, h € 0¢; recall (2.22) and (2.26).

Lemma 6.2 Foralln e Nand0 < t; <--- < t, € I, we have

(G (IWE, £(h) 207 (g. h: )
=(¢(@)|o - o(Fx,) 20" (h: ta—1) Wg, £(), (6.2)

where we use the convention ,@,(10 ) (h; t1op) = 1.
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Proof Setting t = 1, in (5.8) and taking into account that U, , = 0 on £2 [see
Lemma 3.4(5)] and wy, ;, = 1 on §2, and we obtain, since #, is contained in precisely
one of the sets A, B, or C,
o@(”) h: — . F c@("*l) h:
i (8 hitm) = —i(glo - Fx, ) 2, (g, h;tn—11)
+i(o - Fyx, lwos,h+U;) 20 (g, hi 1)+ Ju(g. ). (6.3)

Where t[n] = (t[n—l]» tn) = (tlv MR tn_], tn)’ Jl (g’ h) = O’ and

J}’l (gf h) =0 - Z O-(x,l,l e O.al Z <Fth |w[z:>tn FanXf(‘)

aec[S]! ce[n—1]

> Iac(1e) Ly (14; @) Ra (153 1), 1= 2.
AUBUC=[n—1]\{c}
#Ce2Ny

Next, we observe that, by (2.12) and (4.2),

i(Fx, |wo, h+Ub) W, ¢(h) =a(Fx,) W¢, ¢(h), (6.4)
—i{¢(V)(glFx,) = (¢(@la"(Fx,)¥), ¥ e%cl.  (65)

Hence, using (5.7) first and (6.4) and (6.5) afterwards we see that

(C@IWE, L) 28 (g. hi tia) = (£ ()WL, £(h) Ju(g. )
+{e@lo - a’ (Fx,) 2" (s i)Wy, £(h)

In

+0 (@12 (i t_na(Fx, WP, £(h)).
(6.6)

Moreover, for n > 2 and every subset A C [n — 1], (2.9) implies
la(Fx,). LA ()] = D (Fx, [wi, Fa,.x,.) L5 " (taye)-
ceA

which together with (5.3), (5.6), and a rearrangement of summations yields

C@IWE, L) (g h) = 0 - (£(®)|[a(Fx, ). 20" h: 1) W, £(B)).
Combining the previous identity with (6.6) we arrive at (6.2). O

In the next lemmas we shall apply the formulas of the stochastic calculus with
respect to the time-shifted stochastic basis B, . For this purpose, we shall first introduce
some convenient notation.

As usual stochastic integrals starting at #, € [ are defined as follows: If 7 is
a separable Hilbert space, (A;);c; a family of Z(R™, J¢)-valued random variables
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such that (A;,4+/);cym 18 left-continuous and B, -adapted, and if (Z;);¢; is a family of
R™-valued random variables such that Z") := (Z, 1), m is a continuous B, -semi-
martingale, then we set

t t—t,
/ Ay dZ, ;:/ Apys dZW ) 1, <t < supl.
th 0

For instance, if #, € [0, ], then by using It6’s formula with B, as underlying sto-
chastic basis we obtain the formulas

wtu,‘L'FO[(,,X,a - wtﬂ»tn Faaaxta
T T h ’
:/ imw,a,sF%,X,adXS—/ (zm +a))w,a,sF%,X,ads, 6.7)
In In

<Ut;,1— |Faa,X,a> - <Uta_,fn |Faa,X,a>

T T
_ / (G, |wr s Fay ., JAX s + / (. [ W5 Fay x,, ). 638)
n In

P-as. for all © € [t,,sup/). (If one wishes to prove the first one by means of
Proposition 2.10, then one should apply this proposition to fr(s 4+, — tq, X;, 45 —
X1, Fu,.x,,), Where fg is the same as in the proof of Lemma 3.4(3), consider Fy,, x,,
as a time-independent process, and remove the cut-off afterwards.)

Lemma 6.3 Foralln e N,O<t) <---<t, <supl,and o/ C [n], we P-a.s. have,
forallt € [t,,sup 1),

t
/ (C(@IWg £ () de L3445 8)
In
t
+ [ e @ILLA 0. 06, Xolo(e XWE cldr
1

1
= / (c@[1L7A 1 2), Ho (&, X)W  £())de
1,

n

t
+i / (C@[[LEACA), v(E X)W L())dX . (6.9)
in

Proof We may assume that A is non-empty, for otherwise all terms in (6.9) are zero.
First, we compute the stochastic differential of the process [t,, 1] 3 T — Zr(t4; 8)
given by (5.1). Employing the conventions introduced in the paragraph preceding the
lemma and (6.7) and (6.8) we find by straightforward computations and Itd’s product
rule for #A factors,

LA 8) — LA (tas 9)

t
=iy [ L »)img + Gx, |w, - Fu, x, )dX<
ceA’n

@ Springer



Stochastic differential equations for models of non-relativistic... 851

t
+i Y | L @+ smP)g + Gix., [wy, ¢ Fa, x, )dT

ce A’
t
- > | LA aps g)(H (img + Gx, w,b,TFab,X,b)) dr, (6.10)
PcAn beP
#P=2

P-a.s. for all ¢ € [t,, sup I). Here and henceforth we write A\c := A\{c} for short; if
#A = 1, then the last line of (6.10) should be ignored. It will shortly turn out that all
terms on the right hand side of (6.10) can be related to certain commutators involving
v(&, X ;) or the scalar fiber Hamiltonian. In fact, if the multiplication operator x in b
is either equal to 1 or equal to one of the components of m, then we first observe that
(2.9) and (2.10) entail

[a® Ge wy, ¢ Fa,.x,,). —dT(m) — 9(Gx,)]
=a'Gemw,,  Fu, x,) + (¢ Gx, Wi, Fo. x,.). (6.11)
By virtue of the Leibnitz rule for commutators and (2.9), this shows that

[ZFA (), v(E, Xo)]

=D (@ (mwy, Fox,) + (Gx, Wi« Fo, x, DL " (ta).  (6.12)
ceA

Applying (6.11) and the Leibnitz rule and (2.9) once more we deduce that
[LoA(t4), SvE X )] — [L2A ), v(E, X)]v(E, X)
1
= _E [[ng(tA)ﬂ v(ga X‘[)]’ D(S» X‘E)]

== > {a'(3mPwi . Fo, x,)) + 3m - Gy, lwio Fo, x,) } 25 (tar0)

ceA

= > LN aap) [[Ha mwy,  Fuyx,) + (Gx,lwy, < Fa, x,))}. (6.13)
PcA beP
#P=2

where the last line should again be ignored in the case #.4 = 1. Likewise, we obtain
the following relation for the remaining term in HSOC (&, X)),
[Z74 (1), dT (@) = S0 (4x,)]

=D (~d" (@wy, Fo, x,) + 5qx, Wi Fo, x, )12 (). (6.14)
ceA

Next, we observe that, if we apply the operators on the right hand sides of (6.12)—
(6.14) to any vector in €’ [0¢] and scalar-multiply the results with ¢ (g), then the creation
operators aT( f) on the right hand sides can be replaced by (ig|f) and LB (tp) can
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be replaced by .22 (t5; g); see (2.12) and (5.3). We conclude by comparing the so-
obtained identities with (2.25) and (6.10), and by employing the substitution rule of
Proposition 2.12 (w.r.t. the basis B;, ) to compute the first line of (6.9). O

Lemma 6.4 Foralln e N, 0<1t) <---<t, <supl, and A C [n], we P-a.s. have
(C@IWg L)) L4 (a; 8) — (L(IW, C(h)) Zi (145 @)

t
=- / (c()|HX(E, X o) LEA0) W ())de
1,

n

t
—i/ (g(g)|v(§,Xr)$f‘A(tA)Wg{r;(h))dx,, t €ty,supl).  (6.15)
In

Proof If A = &, then (6.15) follows directly from (4.8). Hence, we may assume in
the following that 4 is non-empty.

We shall denote the mutual variation, defined by means of the time-shifted stochastic
basis By, , of ((£(9)IWy, , (M))serm and (L4 (143 8))sern by ([(E ()WL (),
LY (tors 8))iy.ta+s)serm - Then, on the one hand, by the definition (2.46) and by
(4.8), we P-a.s. have

t
[ @IWge (), L (tay: @iy + / (C(@IWg £ () de L34 (145 8)
1

= (L(IWg ¢ (h) L4 (a; &) — (C(@IWE, L(h)) LA (145 )

t
+ / LEA 1 ) (0@ A€, Xo) WY £ () de
n
t
+/ LA @) (C(©)]ivE, Xo) W t())dX ., 1 € [1,5up]). (6.16)
In

On the other hand we may compute the mutual variation defined above by applying
(2.47) in combination with (4.8) and (6.10). In this way we obtain

[ @IW (), L (o )]s
t
=>" / (C@Iv(E XOW c()limg + Gx, |wi,  FE )L (ae: g)dr
ceA’n '

t
= / (C@LL7A 2, v(E X)TvE, X)W c(h)dr, (6.17)
1,

n

where we also used (2.12), (5.3), and (6.12) in the second step. By virtue of (6.17) we
see that the left hand sides of (6.9) and (6.16) are equal, P-a.s. for all ¢ € [#,, sup I).

Equating the right hand sides of the latter identities and applying (5.3) we arrive at
(6.15). O

Proof of Lemma 6.1 Let n € N and 0 < #1 < --- < t,. Multiplying both
sides of the identity (6.15) with the §;,-measurable, % (CL)-valued random variable

@ Springer



Stochastic differential equations for models of non-relativistic... 853

Oqy - - - Oay Hae (1) Koy (t3; ) (which commutes [P-a.s. with the stochastic integral in
(6.15)) and summing over all partitions of sets and components of the multi-index «
afterwards, we [P-a.s. obtain

(€ (IWg £ () 2" (8. hi 1)) = (£ ()W, £ () 2 (. h: 1))

- / (c()|HE. X o) 20 (h; 1) W £ (h))dT
1,

n

—/ (c(@]ivE, Xo) 2 (s 1) Wy £ (1)) dX o,
In
(6.18)

forallt € [t,, sup I). In Lemma 16.1 below we shall verify that the exceptional IP-zero
set where (6.18) might not hold can actually be chosen independently of 0 < #; <

- <ty <t < supl. Hence, we may integrate (6.18) over the simplex ¢4, for
every t < sup I. Rewriting the second member of the first line of the above identity
by means of (6.2) we thus obtain (recall that dzj,, := dt; ... dz,)

/ (e 21" 1) W, £ )i
tAy

= / (£(@)lo - @(Fx,) 20"V (h: try1) W, ¢())dry ... dt,

[ZAVA

t t
- /O / / (c()|H (&, X o) 2 (h; tiu)) W ¢ () day ... dt,—y d dy
In tnAnfl

t
- / / L <o <tnr <
1" Jo

x (¢(9)|iv(E, X1) 28 (hs 1) Wg ¢ (W) dX ¢ dif).

Next, we apply the rule

t t t T
/ / f(r,ty)drdt, = / / f(z,ty)dt, dr (6.19)
0 Ji, 0 Jo

to the integral in the third line and change the name of the integration variable of
the most exterior integral in the second line from 7, to t. In the last integral we
write dX; = dB; + B(r, X;)dr, employ (6.19) once more to deal with the term
containing B, and use the stochastic Fubini theorem to interchange the d B - and df(,)-
integration; see, e.g., [6, §4.5] for a suitable version of the stochastic Fubini theorem
and Lemma 16.2 for justification. After that we apply the relations (5.11) and (5.12).
Finally, we use that the (stochastic) integrals commute with the scalar product and that
{¢(g) : g € ac}is acountable total set in .7, if ac C ¢ is countable and dense in
bhc. Taking these remarks into account we P-a.s. arrive at
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Wy = /o o(Fx )Wy “war—/ HYE X)Wy "y dr
t
—/O iv(E, X)Wy ydX., 1e(0.supl), neNo,  (6.20)

for a given ¥ € CL ® €[vc]. Here we introduced the convention WO =D =0, so

that (6.20) follows immediately from (4.8) in the case n = 0. Addlng the 1dent1t1es
(6.20) forn = N, ..., M we arrive at (6.1) with constant n = ¢ € CL ® €[oc]. We
conclude by noting that the integrals in (6.1) commute P-a.s. with multiplications by
characteristic functions of sets in §. O

7 Weighted estimates

Itis not hard to infer the existence of the limit (5.13) from the results of Sect. 6, which is
done in Lemma 7.2 below by an iterative application of Gronwall inequalities. What is
more involved is to prove that the limiting objects Wg give rise to solutions of the SDE

(5.15), for every §p-measurable initial condition 1 : £2 — D. In particular, we first
have to study some mapping properties of the operators Wg ensuring that Wgn again

attains its values in 7/5, i.e., in the domain of the generalized fiber Hamiltonians, and
that it is continuous as a D-valued process (so that the (stochastic) integrals in (5.15)
actually exist). This is the purpose of the weighted estimates derived in Lemmas 7.6
and 7.7, which require some more preparations themselves. The latter two lemmas
are obtained for bounded initial conditions ¢ in (2.35) only, as we shall use the bound
(2.37) in their proofs. To get rid of this restriction on ¢ we shall invoke the pathwise
uniqueness properties discussed in Remark 7.3. When we pass to more general n and
to the limit M — oo in the SDE (6.1), then our analysis will again rest on Lemma 7.6
and Lemma 7.7. Everything will be put together in the proof of Theorem 5.3 at the
end of this section.

The following corollary will be applied with various choices for the weights @ later
on, namely the trivial choice ® = 1 and the ones defined in (7.17) and (7.27) below. We
shall use the convenient notation adg 7 := [S, T'], and the symbols ¢(a, .. .), ¢/(a, .. .),
etc., denote positive constants which depend only on the objects appearing in Hypoth-
esis 2.3 and the quantities displayed in their arguments (if any) as long as nothing else
is stated explicitly. Their values might change from one estimate to another.

Corollary 7.1 Let ® be a bounded, strictly positive measurable function of a second
quantized multiplication operator. Let ¥ denote one of the operators 1 or 1 + dI' (w)
and abbreviate

Ti(s) := 0720702, ¢(Gyx,)]. AT (m) + ¢(Gx )] O~ 9~/
— 972 Re(i[O, p(gx )10 H 92
=29 7120 Nady(g,, @) /% + 2i0 7P (ady gy @) O 0T
+o7'207 @ad} g, ,0HO 02, (7.1)
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Ta(s) == (1+dlw) * @0 - p(Fx,) 0", (7.2)
T(s) := —(ady(Gy, @) O~ '97/2, (7.3)
assuming that the operators in (7.1) and (7.3), which are well-defined a priori on
CL ® €[oc], extend to bounded operators on S whose norms are locally uniformly
bounded in s € 1. (For the one in (7.2) this is clear in view of (2.18).) Let p € N,

8§ >0, M,N e Nowith N < M, and let § be a Ct ® €[oc]-valued Fo-measurable
simple function. Outside some P-zero set we then have, for all t € [0, sup I),

oW M0 nlP? — O Wy g n|?P
t
0 — 0 2
Q=) [ NOW M nlPr 2 [ar ) Pewy 0y s
2
+c(p) / lowy MM PP (1T () + 1T ()12) 9 2owy My ds
T (s)||%P
+p(8+ )/ ||OWO(N M) ||2[7d +/ M”()WO(N 1IL.M— 1) ||2[7ds

/2 ||@W0 (N, M)n||2p—2Re(@W2:§N’M)n|iT(s)ﬁl/Z@WgziN’M)n)dXs.
(7.4)

Proof By virtue of the integral representation (6.1) we know that -
® Wg’(N’M)n € S/ (). Applying Example 2.11, we P-a.s. find

1
I = g0 = [ 2l @) ) s

/ 2Re(Wg Ny 02 Lo, X,)2 W O(N M) ds
0

/O 2Re(y N0 So(qx,) Wy ™ M)r/)ds
/02Re(1p(NM)|@a (Fx,) Wy N0y ds
/ 2Re(y N |@ iv(E, X)Wy dx,

0

+/ |ovE. X)W y%ds, ref0suph. (75
A ,

Next, we commute @2 with one of the factors v(&€, X;) in the second line and
take the cancellation with the term in the last line into account. Furthermore,
we use that 2Re{[A, B]C} = [[A, B],C], if A, B, and C are symmetric, and

Re(m(N M), i |5 5 (p(q )I/J(N M)) = 0, to see that the sum of the terms in the second, third,
and last lines above is equal to the term in the second line of (7.6) below. Likewise,
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we commute © with v(§, X;) = & —dI"(m) — ¢(Gy,) in the penultimate line above

and observe that Re(ws(N’M)Hv(‘;‘, X5) WS(N’M)) = 0 to see that the d X s-integrals in

(7.5) and (7.6) are identical. Altogether we P-a.s. arrive at

t
Iy M2 = g VA2 - / 2y MM AT (@) y N M) ds
0

1 t
_5/0 (191/2¢S(N’M)|T1(S)ﬁl/zlﬁs(N‘M))ds
t
[/ Rl 4@ g 1) D)
0

t
+/0 2Re(y N MiT () 912y NM)dX,, e [0, supl).  (7.6)

For every p € N, p > 2, another application of It5’s formula (to the function f(¢) =
t?, using (7.5)) yields

g N2 = ||1/f(()N’M)||2” - /Or 2p [y N 2072 (4 VDT (@) y VD) s
B g/o VA2 (912 (VMD| 7 5) 91/2 (N00) s
+ /Ot 2p Iy VM 2072 Re((1 4 dT ()2 VM| Ty (s) V=1 M=D) g
i /0 29 1902 Refy N[ () 912y M0 X

_ t
* y/o PP 2Rely M T () 912y N0 s,
(1.7

P-a.s. for all ¢ € [0, sup /). Finally, we apply the bounds

2p 18117772 [{(1 + dT(w)) /29| Ta(s) ¢') |
<SP IBIPP 2 (pI(1 + dT (@) @) + p ITa (I 161772 119117 /8
<8 pIIIPP~H(IAT (@) ) + p(8 + 1/8) 11127 + I T2 ()27 191177 /8,

(N, M)
S

with ¢ := and ¢ := %(N_I’M_l), to arrive at the asserted estimate. O

We recall that Gronwall’s lemma states that, for all non-negative, continuous func-
tions a, B, and p on I, we have the implication

° t ;
p<a +/ (Bp)(s)ds = p(1) < a(r) +/ @p)(s)es POIgs  t e (7.8)
0 0
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If a is the integral of another continuous function, ¢, on I, then

° t "
0 g/ (c + Bp)(s)ds = p(1) < / c(s)els P@Tgs e, (7.9)
0 0

Lemma 7.2 There is a P-zero set A such that, forall (t,y) € I x (2\A") and 0 <
N < M < oo, the operators W;/’I(N’M)(y), defined a priori on Ct @ €[oc), extend
uniquely to continuous operators on A (which are denoted by the same symbols).

The limits W:’(N’oo) = limy -0 W;/’(N’M) converge in @(jiz), pointwise on 2\ N

and locally uniformly on I. Moreover, for all0 < N < M < oo and ¢ € jf?, the
A -valued process WZ AN M) Y is adapted and has continuous paths on 2\.N". For
every p € N, we finally have the following bound on 2\,

V.(N.M ' &l ! "

”Wg ’t( s )”2[7 < 62171*217‘[0 V(X;)ds Z o (/ yp(s) dS) , te I, (710)
’ n! 0
n=N

with yp(s) 1= c(p) [|(1 + @™ )2 Fx |7,
Proof Obviously, it is sufficient to prove the lemma for V = 0; recall (2.39). Let
¥ € Cl ® €[oc] and suppose that 0 < N < M < oo. We apply (7.4) with

©® = ¥ = 1. Then the term in the last line of (7.4) vanishes, ||7>(s)[|*” < vp(s) by
(2.18),and T; = 0, T = 0. Moreover, we choose § = 1 and abbreviate

o = WOV g2 pe ) =070, 0<T <,

so that b(r, s) b(s,t) = b(r,t), for 0 < r < s < t. Taking also the initial values
oN.m(0) =8N 0 ||1//||21’, 0 < N <M < oo, into account in (7.4) and applying (7.9)
we P-a.s. arrive at the following recursive system of inequalities,

t
vt (1) < / b(t, 1) yp() py—1y_1()dT, N €N, M > N,
0

t
po.x (1) < b(O. 1) Y1 + /O b(z, 1) v () pon-1 (D) dr, N €N,

£0,0(t) < 1117 b(0, 1),

the last one of which is following from (4.3). From this we readily infer that
N
po.n (1) < 1Y 117 (0, 1) (1 + Z/ Yp(t1) ... vp(tn) diy ...dtn)
n=1"15n
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and, hence,

vt (D) < / b(t1,12) . blin 1) Yp(t1) - v (iN) pot— () 1y . . diy
tAN

M
SWIEO.0 Y [yt pptidn .,
n=N tA,

M
e "
=||1/f||2b((),t)zm(/0 y,,(s)ds) . (7.11)
n=N

Here we find a P-zero set .4 such that (7.11) holds on £2\.4", forallt € I, N <
M < oo, and all ¥ contained in the following countable subset of CL® Elocl,

=[ng®§(hg):vge((@+i@)l‘, hyecac, L=1,....n, neN],

=1

where ac is some countable dense subset of 9¢. Employing Remark 5.2(2) we then

deduce that (7.11) actually holds on 2\.4", forallt € I, N < M < o0, and every
v oe CL @ %[0c]. This shows that all Wg’gN’M) t € I, have unique extensions to
elements of %(%ﬂ) on 2\.4, and we see that (7.10) holds on 2\./" as well. If
/NS # and VU, € CL @ €[oc], n € N, with ¥, — V¥, then we also see that, on

£2\./, the convergence WO (N M) Y, — 2 (N, M) ¥ is locally uniform in ¢. Since,
by Remark 5.2(2), each process Wg (NM) Y with w e Cl @ €[oc]and M < oo is
0.(N.M) Y is adapted and has

continuous paths on §2\.//, for every € . The assertions on the limiting objects
with M = oo are now clear as well. O

adapted and has continuous paths, we conclude that W

Remark 7.3 Recall that W (VM) depends on X. Let X be another process fulfill-
ing Hypothesis 2.7 with the same stochastic basis B, and denote the corresponding

processes constructed in Lemma 7.2 by W!’(N’M). Then, forall0 < N < M < o0,

WEV.(N M) Wé‘./’.(N’M)’ P-a.s. on {Xe = X.}. (7.12)

For a start, it is clear that Wg’.(N'M)d/ = W;fN’M)w holds on some (y, N, M)-

independent set A € § with P{X, = X\A) = 0, if y € CL ® €[oc] and
0 < N < M < oo. This can be read off from (4.2), (5.5), and (5.6), if one keeps
in mind that the (stochastic) integrals defining the basic processes in Definition 3.1
remain P-a.s. unchanged on {X, = X,}, when X is replaced by X. Since (7.10) holds,
however, on some (N, M)-independent set of full P-measure, these observations are
sufficient to verify (7.12).
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Remark 7.4 The previous lemma and its proof imply
t
/ Hdr(w)l/2W§'§N’M)n”2ds <denl?, tel, 0SN<M<oo, (7.13)
o ,

P-a.s. for all CE ® €[0c]-valued Fo-measurable simple functions 7. In fact, choose
p = land, asbefore, ® = 9 = 1 and 6 = 1in (7.4). Then solve (7.4) for the left hand
side of (7.13) (instead of just throwing it away as in the proof of the lemma). Combining
the result with (7.10) we obtain (7.13). Taking the expectation of (7.13) and using the
trival bound [|dT(w)'/2(1 4+ ¢ dl(w))~2¢| < AT (w)2¢|, ¢ > 0, we further
infer from (7.13) and the dominated convergence theorem that, in the limit ¢ | O,
n. = dl(w)'/2(1 + de(w))_l/ZW(;’(N’M)n converges to dF(w)l/ZWEJ’(N’M)n in
Liﬁ([o, 11x 2, A®P). Since each 1. is predictable, dT" () / ng*("’ M) is predictable
as well.

Lemma 7.5 We consider the process on I defined by
* 0.(N, - 0,(N,M)_| 0.(N,
Mo :=/0 ||@W£’§NM)}’]||2[7 ZRC(@WQN M)n‘lT(s)ﬁl/Z@WE,gN M)T))dBA,

where ¥ is 1 or 1 +dI' (w); compare it with the last line of (7.4) and with (2.35). Then,
under the assumptions of Corollary 7.1 and for all Ct @ € [0 |-valued Fo-measurable
simple functions n, . is a martingale with

E |:sup I//lsli| <eE |:sup ||@Wg:§,N’M)77||2pi|

st s<t
(¥ ! 0 . 0 2
/ ”()WE:EN,M)’?”Z[) ZHT(S)ﬂl/Z()WE:;N,M)n” ds ,

tel, e>0. (7.14)

Proof First, let ¥ = 1. On account of (7.10) and the boundedness of ® the criterion
given in Proposition 2.16 can be applied to show that .# is a martingale in this case.
Notice also that the integrand in the definition of ./ is predictable because W VM) n
is adapted and continuous. If = 1 + dI'(w), then we apply Proposition 2.16 using
(7.10) and Remark 7.4 in addition. The estimate (7.14) is an easy consequence of Davis’

inequality (see, e.g., [23, Thm. 3.28 in Chap. 3]) E[sup,, |-#;|] < c¢E[[.#, ///]]}/2],
Proposition 2.12(2), and Cauchy—Schwarz inequalities. O

In the statement of the next lemma and henceforth we abbreviate
Y, :=B(t, X;), tel0,supl), (7.15)

so that dXt = dBt + Ytd[
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Lemma 7.6 Assume that q in (2.35) is bounded so that (2.37) is available, and set
0 := 1+ dI'(w). Then there is a P-zero set N such that, on 2\, every WO (N M)
t € I, maps the domain of dI"(w) into itself. Moreover, for all p € N, t € I N €
No, M € Nog U {oo} with N < M, and §o-measurable n : 2 — D(dI'(w)) with
E[[167]*7] < oo,

(c( )r)’-’
[S‘ip llo Wy M)nuzf’} cpy .1 (1) El ||9n||4"]1/22 T 16
S (=N

Here cpy 1 : I — (0, 00) is continuous and monotonically increasing.

Proof Let us first treat the case I = [0,7] with 0 < 7 < oo. We assume that
0 < N < M < oo and that ny is a CL ® €[0¢]-valued Fo-measurable simple function
to begin with. We apply (7.4) withé = 1,9 = 1, and ® = 6., where

.= (1 +dT(w)(1 +edl (@), &€ (0,1]. (7.17)

As a consequence of Hypothesis 2.3 and Lemma 14.1 we then know that 77 (s) and the
components of 7T'(s) extend to bounded operators on # and that T, 12,
and || T(s)||* are bounded by deterministic constants, uniformly in ¢ € (0, 1] and
s € I.Infact, || T(s)Gg1 /2 || is bounded uniformly in € and s as well; see (14.1). We set

&5

s<t

M= W o (0 =B [sup 2 Mn“} :

According to (2.35), (7.4), Lemma 7.5 (where we choose € = 1/4p), and the above
remarks we then obtain

! 1
P () < 0y 41 O) + () /0 Pt &)+ Py (D) s + = o5y O

2
t
_ 2
+c(p>E[ /O NP2 (T ()02 20l 2w M | ds]

t
+2p / B[y M1 T ()02 230, 2w M 0 1Y ]ds, (7.18)
0
for all r € [0, 7). The Cauchy—Schwarz inequality implies
0,(N, 0,(N,
16272 WMl < AP IwW M ) 2, (7.19)

and combining this with a weighted Holder inequality (w.r.t. the measure A ® IP) and
the bounds [|7 (s)8./%|| < ¢ and (7.10), we see that the term in last line of (7.18) is
bounded by some p-dependent constant times
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t
— 0,(N,.M
/ L Rl R N S TR ) A
0

I_L 1
CEpN M) PO 2 w1y 401c)

(7.20)

Here we abbreviate Z‘]’\‘,” (s) := e 2’11\/1:(” y(cs)"/nl, for integers N < M, where

¢ > 0 is chosen such that ||Wg’§N’M)|I21’ < 211\‘,” (s), which is possible thanks to
(7.10). It is now also clear that

t t
(second line of (7.18)) < c(p)/ pr’M(s)ds—i—c(p)/ =M (s)ds B[|n]I*"1'/2
0 0

Applying Young’s and Holder’s inequalities to (7.20), using (2.37), and applying the
obtained estimates to (7.18) we obtain

t
P (1) < 208y 410) + <(p) /0 o (s) ds Ef ][ *7]1/2
t t
+ /O B 7(5) Dy () ds + () /0 Py ima®)ds,  (721)
for ¢t € [0, T), where

al(s) == ZM ()1 + (T — 5)*PE[Y,[71'/?),

Bp.7(s) = c(p) (1 - (T—s)mf”n),

Finally, an application of (7.8) and an integration by parts using pfv’ »©0) =
8. 0ELl|6en|*7] yield

t
Pl (@) < 285,06, 70, D E[6:7]*7] + c(p) /0 by (s, 1) oy (s) ds E[||n||*P1"/2
t
+C(p)/ by (s, 1) :018\1—1,1\/1—1(5)‘15’ tel0,7), (7.22)
0

with b, 7 (s, 1) = el Bp. 74" Observe that by (r,s)b,1(s,t) =b,1(r1),0<
r <s <t < 7.Wemay now argue similarly as in the proof of Lemma 7.2 to see that
the following inequalities hold, for 0 < < 7,

M
Py (1) < 2EL6:n] 1 by 70.1) D / e(p)"diguy
n=N"15n

+ Jn,m () ELlInlI*P1'/2, (7.23)
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In(t) = Z / ()" by 7 (1. D) N (1) i), (7.24)

tAmt1

Since af = 0 we may replace b, 7(t1,1) by b, 7(0,¢) in (7.24). After that we

estimate [)> X (r)dfy < ZK @)t + [5(T — s)*PE[|Y|37]'/2ds) and evaluate the
remaining integrals over the simplices in Jy_p(¢), which yields

t
Inm (@) < c(p) e by, 7(0,1) (r+ / (T—s)ZPIEanFP]‘/st) SN
0

M M—m
(c(p))™ (ct)"
Swm=2, D

m=0n=0v(N—m)

N M i M M .
(c(p)t)™ (ct)y/™™ (c(p)™ (ct)y/™™
Sy DS Oy KOS

m=0 . j=N (‘] m=N-+1 : j=m (‘] - m)'
((p) vc)ftf LN & (pyry
P P AR
m= j=

Thanks to Lemma 7.2 and since 6, is bounded we may use Lebesgue’s dominated
convergence theorem, first to extend (7.23) to all §o-measurable n: 2 — A with
E[||n]|*?] < oo, and then to pass to the limit M — oo. Combining this with the
bounds on Jx s (¢) we obtain

— (" (p)1)"
P00 ) < py 1 () L0 P12 by 7(0.0) D — (7.25)
n=N ’

fort € [0,7) and N € Ny. Since 6, is merely a multiplication operator in each Fock
space sector .Z ™ m e N, we may now pass to the limit & | 0 in (7.23) and (7.25)
by means of the monotone convergence theorem, for all 5 as in the statement of this
lemma. Finally, we observe that p > 1 entails 2p/(4p — 1) € (1/2,2/3]. Therefore,
b, 7(0,7) is finite and we may extend our estimates to the case t = 7 again by
monotone convergence.

The same proof works in the case I = [0, 00), provided that all factors (7 — 5)“,
which were used to control a possible singularity of Y at 7, are replaced by 1. O

In what follows we again consider 5, i.e., the domain of the generalized fiber
Hamiltonians, as a Hilbert space equipped with the graph norm of M (0) (defined in
(2.31)).

Lemma 7.7 Assume that q in (2.35) is bounded and set T = 1 + dF(m)z. Then
there is a P-zero set N such that, on 2\ N, every WO M)

DAl (m)?). Furthermore, forallp e N,t € I, N € Ny, M € NoU{oo}with N < M
and all §o-measurable n: 2 — D with IE[||17||4Df] < 00,

,t € I, maps D into
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14
[SuPIITW“NM) IIZ”} prz<t>E[||n||4”]”2§ (el ”). (7.26)
s<t

Herecpy 1: 1 — (0, 00) is continuous and monotonically increasing.

Proof Again we start with the case I = [0,7],0 <7 <oo.Let0 < N < M < o0
and suppose that 1 is a CL ® €loc]-valued Fo-measurable simple function to begin
with. We apply (7.4) with ® := T, where

= (E+dT(m)>)(1 + edT'(m)>)~", € (0,1/E], E > 1. (7.27)

and with ¥ := 0 = 1 + dI'(w) and § = 1. As a direct consequence of Lemma 14.1
we may choose E so large that c(p) (|| 71 (s)|| + ||T(s)||2) < p/2,forall s > 0, where
¢(p) is the constant appearing in (7.4). Then the sum of the first two lines on the right
hand side of (7.4) is less than or equal to

/ [N 22 dD (@) 27N M2 ds + = / 7N 12P ds,

where
ﬁ(N M) —T, WO (N, M)

Using also the bound || 72(s) || < ¢, which follows from (2.18) and (14.5) and is uniform
in ¢, we see that (7.4) implies, for all # € [0, sup I),

~(N,M
£5 @ = 1M 4 2 / 17NAD 2P =21 dT () V27N M) | 2ds

< fo @+ 2 / 170 2P 4 / 11D 20ds 4 2p sup .|
st

+2p/0 ll1/4 7N 2p=2 ||T(s)9‘/476‘/2W23§N’M)n}| Y |ds. (7.28)

Here .# denotes the martingale defined in Lemma 7.5 with ® = 7, and 9 = 0; recall
that dX; = dB; + Y ds. Moreover, we abbreviate

T(s) == 0""*adyy, ) Ye) Y, 20714

then T(s) is bounded uniformly on £2 and in ¢ > 0 and s € I, according to (14.6).
Since the terms in the last two lines of (7.28) are monotonically increasing in ¢ the
estimate still holds true, if we replace fy ;,(t) by sup,, fy 4;(s) on the left hand
side of (7.28). To bound the integral in the last line of (7.28) we estimate

O A < M 210 2N 2,
0,(N,M 0, N,M 0,(N,M
e o IR el R [ o T L R T R

@ Springer



864 B. Giineysu et al.

and combine these two bounds with the geometric-arithmetic mean inequality
alp4e a8 < af2 +b/16 4+ ¢/8 + 2d to get

2pIT )16 47N ||91/4T;/2W2’(N’M)n|| Y]
< (PT =)+ p/OIaNMI2+ ||dr<w>”2n§’¥ M2
0, 0,
*Z(T )72 oWy N2 +4p||T<s>|| (T = ) W V02 ¥ 5,

(7.29)

where § € (0, 1/4p). To bound the expectation of sup,; || in (7.28) we employ
Lemma 7.5 (with € = 1/8p in (7.14)). Putting these remarks together and setting

oy u® =E [sup ffv,M(s)} ,

s<t

we infer from (7.28) that, for all ¢ € [0, sup /),

oy (@ < 0%y 4 (0) + / (P(T —)°~1 4+ 22 4+ 8pc| T2 E[I7N 2P 1ds

/ E[I7N 1M 2015 + 4IE [sup 17 M>||2P}
0

s<t
+@pelTIZ + %) / AN 2P =21 dT () V25012 1ds
p _
+7 /0 LN M2 2T — ) lowy )2 1ds

+4p / BN MR IT ) IBT — sy w2 ¥ 8 1ds.
(7.30)

By enlarging E > 1 further, if necessary, we may assume that ||T ||2 =
SUp,; SUpo ||T(s)||2 1/82c Applying also Holder’s inequality (M —=1)to

Ll 1
P

the (dPds)-integrals in the last two lines of (7.30) and estimatinga » br < a-+b/p

after that we obtain
b M) 2 ! 1,M—1),2
oy (@) < 0%y (0) + / Bp.7 E[NFNM 2P 1ds + ¢ / Ef||7% M=) 2Pds
0 0
1 ~ _ -
+4E|:sup||n§ M>||2P}+ E[ / 7N M2 2||dr(w)‘/2n£;{§'M>||2ds]
1 @ = e e

+4T )% / EL(T — 5)*7 |y MM n)27 ¥ 87 1ds, (7.31)
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for all t € [0, sup I), with
By (s) :=Tp+p(T —s)°"", sothat Br e L'([0,T).
Next, we observe that the sum of the two terms in the second line of (7.31) is <

%vay (). Applying also the bounds (7.16) and (7.10) in the third and fourth lines of
(7.31), respectively, we arrive at the following analog of (7.21),

1 ro t
10O < O+ [ Fpreren i +e [ oy

t
+¢(p) / ay (s)dsE[|0n]*"12, t € [0, sup ).
0
Here we abbreviate, for integers N < M, 0 < M,

(c(p)s)®
0

M
N (5) == {(T — ) *c,y 1(s) + ™ (T — ) PE[Y,|'P1' 2} >
{=0vN

’

where ¢(p) > 0 is chosen bigger than the constant ¢ > 0 introduced in the para-
graph below (7.20). Since by the choice of § and by (2.37) the function in the curly
brackets {- - - } is integrable on [0, 7], we may now conclude exactly as in the proof
of Lemma 7.6.

Again the same proof works in the case I = [0, 00), if all factors (7 — s5)? with
some a € R are replaced by 1. O

Remark 7.8 In the proofs of the next two lemmas we shall employ the following
elementary observation:
Let.# be aseparable Hilbert space and let X, X V) N e N,be # -valued processes

on / such that sup,, ||X‘§N) — Xl = 0in L2(P), as N — oo, forall ¢ € I, and

M
E |:sup XN — X§,M>||2] < D, 0SN<M<oo, tel,
st n=N+1

where the ¢, : I — (0, 00) are monotonically increasing such that {nc, (1)} € £>(N),
t € I. Then, P-a.s., the limit limy_ o0 X EN) = X, exists locally uniformly on /.

In fact, a priori it is clear that X EN‘Z) — X,, P-a.s., along some subsequence. An
easy argument employing the monotone convergence theorem shows, however, that
Zj’vozl SUps<; ||X§N) — X.ENH) | € L2(P), for every ¢t € I, which readily implies that,
P-a.s., {XEN)} NeN 18 a locally uniform Cauchy sequence.

Recall that we consider D as a Hilbert space equipped with the graph norm of
Mi(0) = Lor ® (3dT(m)? + dI' ().

Lemma 7.9 Assume that q in (2.35) is bounded, let 0 < N < M < oo, p € N, and
let n: 2 — D be §o-measurable with E[||n||g] < 00. Then the following holds:
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)]

2

For P-a.e. y € £2, we have (WO (N, M)n)(y) e C(l, D) and (WO O, N)r])(y) —

(W _.n)(y), N — o0, in C(I, D). Furthermore,

(e( )t)"
[sup 1wy (VA IIZ”} épy.1 (O ELlnl L1 Z LU el

s<t

(7.32)

The integral process (fo v(&, XA)VV0 (N, M)r) dB;);cy is an Lz—martingale.

Proof (1) The bound (7.32) follows by combining (7.16) and (7.26). It shows that

@

Remark 7.8 is applicable with JZ = Dand XN = W2,§0,N)n, whence, P-a.s.
and locally uniformly on /, we have Wg’(.o’N)r; — Wg Jin D.

Next, let M¢ = (M;(0) + D(eM;(0) + DL, ¢ > 0. Theq each 7 -valued
process MSW(E)’(O’N)I// with N € N, ¢ > 0, and ¥ € S has continuous
paths outside some 1-independent P-zero set by Lemma 7.2. Therefore, each
process M ‘“?W?’(O’N)n with N € N and ¢ > 0 has continuous paths P-a.s. By
virtue of (7.32) we may apply the dominated convergence theorem to show that
sup,; [I(M® — M (0))W0 ONM ol = 0, | 0,in L2(P) and for all t € I,

which implies that, P-a.s., M} (())W0 @, N)n has continuous paths as an A -valued

process or, in other words, (WO (O N)n)(y) e C, D) for P-a.e. ¥ and for
every N € N. By the remark i 1n the first paragraph above it now follows that
(W9 () € €U, D) and (W, *M i) (y) > (Win)(y) in C(1, D), for P-ace.
V.

The bound (2.18), Hypothesis 2.3(2), and Hypothesis 2.7 imply that the com-
ponents of v(&, X) are continuous %’(ﬁ L%Z)—valued adapted processes whose
operator norms are uniformly bounded by deterministic constants. Hence, the
assertion is a consequence of Proposition 2.16 and (7.32). O

Proof of Theorem 5.3 Apart from the bound (5.14), which is derived in the uniqueness
proof in the next paragraph, Part (1) of Theorem 5.3 is an immediate consequence of
Lemma 7.2. A

To prove the uniqueness part of Theorem 5.3(2), let X € S;(7) be such that its
paths belong P-a.s to C(/, 5) and such that it P-a.s. solves (5.15). Then a computation
analogous to (7.5) with ® = 1 (again using the skew-symmetry of the components
of iv(€, x)) yields, P-a.s. for all t € [0, sup 1),

t
H&W=MV—A2WMJ@%W~MHQ+WL»&W

Together with the bound (2.20) this [P-a.s. implies that

t
|WW<MW+A%MLV—W&W%W@ fel,
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where A is defined in the statement of Theorem 5.3(1), thus
X, 1| < (Il AE? Vs o p

This entails the desired uniqueness statement and also proves (5.14).

To prove the existence part of Theorem 5.3(2) we assume that ¢ (in (2.35)) is
bounded for a start.

Letn: 2 — D be Fo-measurable with E[||n||%] < oo and let g, £ € N, be

CLt @ €[oc]-valued Fo-measurable simple functions such that ||, — 7l — 0Oin

L3(P). We already know that each 7y, £ € N, may be plugged into the stochastic

integral equation (6.1) (where M < 00). Set ﬁ‘gé) = Wg’EN’M)(ng — 1), where 0 <

N < M < oco. In view of (7.32) we then see that sup,, ||ﬁ§€)||ﬁ — 0,¢ — o0, in
L4(IP’), for all t € 1. Moreover, we have the following bounds, uniformly in x € RV,

IHLE, )l +v(E )]l < c®) pllp. llo-o(Fpll <clpllp.  (7.33)

Combined with Lemma 7.9 and Proposition 2.12(2) the first one permits to get

2 t
E | sup <cE [ / (&, X,) ﬁ&“ﬂzds]
s<t 0

< IR [sup IIﬁ‘ﬁ‘Z)II%} T20, (734

s<t

N
| vex)i0 as,

0

for every ¢t € I. Moreover, (2.37) and (7.15) imply that the right hand side of

2
E | sup
s<t
P 3/2 ; 1/2 172
< (/ (T—s)2/3ds) (/ (T—s)zE[lel“]ds) E | sup 17 1%
0 0 s<t

(7.35)

s
| v x)i0 v
0

goes to zero, for every t € I, as well. (If I = [0, c0), replace (7 — s)“ by 1. Notice
that the constants in (7.34) and (7.35) depend in particular on ¢q.) It is now clear that
we may plug n, into (6.1) and pass to the limit £ — oo in that equation, since each
term converges in L*(P), locally uniformly on 7. Hence, Eq. (6.1) is available for all
Fo-measurable n: 2 — D with E[||n||8§] < 00, at least when M < oo.

To pass to the limit M — oo in the so-obtained extension of (6.1), we pick some
Fo-measurable n: 2 — D with ]E[||17||85] < o0 and observe that Lemma 7.9(1) and

(7.33) imply the P-a.s. existence of the following limit in C(I, H ) (equipped with
the topology of locally uniform convergence),
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lim (ﬁsoc(s, X‘y)Wg’,io’N) o -o(Fx )WO ,(O,N— 1)) nds

N—o0 0
=/0 ﬁo(‘;‘,Xs)Wg)snds.

Employing (7.34) and (7.35), but with 7© replaced by Wg’(NH’M)n, N <M < o0

and invoking (7.32), we further see that Remark 7.8 applies with % = A and
(N) fo v, X;) WO o.M ndX,. This shows that, P-a.s.,

lim / v(g,xs)wg’ﬁo”v)ndxsz/ v(E. X)) Wi ndX, inC(, ).
N—oo Jo > 0 X

Thus, we have solved (5.15) with V = 0, for bounded ¢, and for n in L%(]P’),

We =n—i/ v(’g‘,Xs)WgsndXs—/ HO&, X)W ;nds, P-as. (7.36)
0 ' 0 '

Next, if n: 2 — D is an arbitrary §p-measurable map and ¢: 2 — RV is Fo-
measurable but otherwise arbitrary as well, then we may apply the results proven so
far with ¢, := 1{‘q|+”,7||ﬁ<n}q, Np = 1{\q|+|\n|lﬁ<n}n’ n € N. IfWgT] is constructed
by means of ¢ (which is possible according to Lemma 7.2), then we use the pathwise
uniqueness property explained in Remark 7.3 and the pathwise uniqueness property
X? = X%, P-as. on {g = q,}, and Lemma 7.9(1) to argue that WEn has PP-a.s. con-

tinuous paths as a D-valued process. (See also (9.2) below for a pathwise uniqueness
statement slightly more general than necessary.) Hence, the (stochastic) integrals in
(7.36) are well-defined elements of S 1(%2), for general ¢ and n as well. Then the
pathwise uniqueness property of Remark 7.3 and the pathwise uniqueness of the lat-
ter (stochastic) integrals imply that (7.36) is satisfied [P-a.s. on the union of all sets
{lgl +linllp < n},neN.

To conclude it only remains to include the potential V, which can be done by

applying It6’s formula to Wé/ln —e b V(X‘)dSWg - O

8 Dependence on initial conditions

In this section we shall deal with families of driving processes indexed by the initial
condition in (2.35). Recall that in Hypothesis 2.7 we introduced the notation X7 for
the process solving the SDE dX; = dB; + f(¢, X;)dt with initial condition X¢ = q.

Obviously, all quantities ¢, (W )ser, ué/, U*, (U el K, (K¢ t)ter, and Wg/
depend on the choice of the driving process (and in particular of B). Since we are now
dealing with different choices of the driving process at the same time, we explicitly
refer to this dependence in the notation by writing Z[X?], if Z is any of the above
quantities constructed by means of X9.

In the first lemma below and in its corollary we consider constant initial conditions
¢ = x and study the pathwise continuous dependence of the above processes on x.

@ Springer



Stochastic differential equations for models of non-relativistic... 869

In the second lemma we prove a weaker form of continuous dependence for a more
general class of initial conditions. Both lemmas serve as a preparation for the study
of a Markovian flow introduced in Sect. 9. As usual, the existence of the flow will be
inferred from an interplay between these two types of continuous dependences.

Lemma 8.1 For any Hilbert space ¢, let CS;/) denote the set of maps Z: I x RY x
2 — K, (t,x,y) = Zi/(x,p), for which we can find another map Z*: I x R" x
2 — X satisfying the following two conditions:

(1) Forall x € RY, we find some P-zero set Ny such that Z;(x,y) = Z?(x, y), for
all (t,y) € I x (2\Ny).
(2) Foreveryy € 82, themap I x R” > (t,x) — Zf(x, y) € X is continuous.

If V is continuous, then the following map belongs to C;;—)I@h@b@(c’
(t,x,y) — (K[X*], U7 [X*], U [X*], MZ,[Xx])()').
Proof Let p > 2. It is well-known (see, e.g., [6, Thm. 4.37]) that there exists ¢, >

0, such that, for all separable Hilbert spaces .# and (e.g.) all adapted, continuous
B(RY, ' )-valued processes A on 1,

t _ o
E | sup /ASdBS ! gc,,a”zzE[/ ||AS||Pds] oel 8.1)
t<o 0 0

Let us further assume that p > v is such that (2.38) is available and apply the previous
inequality to

KOX*] = / LIX¥] Gys dB, € S;(hy1). x R,
0

Employing (8.1) with Ay = ([ X*]G xr—ts[X G X7 and observing that the derivative
of (x,y) — e ™*G y is uniformly bounded on R" as a consequence of Hypothe-
sis 2.3(2), we deduce that, for some Ly > Oand all x, y € R",

E |:sup I&1x*] - K,O[Xy]H”]

t<o
) o
< cp,ngapT (o lx — y|? +/ IE[IX;‘ — X3Y|p] ds)
0

<cpy Lyl + L(@))a? P |x —y|P, o el,
where we applied (2.38) in the last step. Since p > v, this estimate implies that
(t,x,y) — K,O[Xx](y) belongs to Cg)jl according to the Kolmogorov—Neveu
lemma; see [30, Lem. 3 of § 36 and Exercise E.5 of Chap. 8]. Moreover, it is easy to

check that (¢, x, y) — K [X*](y) — K?[Xx](y) isin CE}TI as the latter processes are
given by the Bochner-Lebesgue integrals
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t
/ Js€METEEIYNGE () - B(s, Es(x, ) +dE,eplds, tel,  (8.2)
0

for all y outside a x-dependent IP-zero set. In fact, for every y € £2, the integrand in
(8.2) is continuous in (s, x) € [0, sup I) x RY as a consequence of Hypothesis 2.3(2)
and Hypothesis 2.7(2a). Hence, we may apply the dominated convergence theorem
to verify continuity of the integrals (8.2) as (¢, x) varies in any compact subset of
[0, sup I) x RY. In the case I = [0, 7] we have to employ the following additional
observation to include the endpoint 7 < oo: for every r € N, Eq. (2.37) implies

T
E[/ Sup |ﬂ(s9 Es(x"))|ds:|
0 |x|<r

T 3/4 T 1/4
< (/ (T - s)—2/3ds) (/ (T —5)°E [ sup |B(s, Xf)|4} ds) < oo.
0 0 lx|<r

As a consequence, we find a IP-zero set .4 such that, forall y € 4 “andr € N, we
may use a suitable multiple of 1 +supj, |, | B(s, Es(x, y))| as an integrable majorant
when we apply the dominated convergence theorem to show continuity of the integral
(8.2) as (t, x) varies in I x {|x| < r}. The remaining assertions now follow from the

fact that (¢, x, y) — K [X¥](p) is in Cg’:l in combination with (3.5) and (3.6). 0O

Corollary 8.2 Let V € C(R",R) and 0 < N < M < o0. Then

(0, x,y) > WX 1) g belongs 1o C%}, (8.3)

forall y € . More precisely, there exist operators W;}(N’M) X*1*(p) € %’(%Z),
tel,x eR y e 2, such that

M ¢
t
V(t,y) e I x Q: sup sup W P XF)| <o D> (¢ ') (8.4)
s<r xeRY (=N 4

and such that, for every ¥ € A, (t,x,y) — WV (N.M) [(X*1%(p) ¥ is a modification
of the map in (8.3) fulfilling the requirements (1) and (2) of Lemma 8.1.

Proof Step 1 By definition, Hypothesis 2.3, and Lemma 8.1, after a suitable mod-
ification the maps (s, #, x) +— w; [X*] Fyx € bg, and (s,t,x) — Ug,[X*] are
P-a.s. jointly continuous on {s < ¢ € I} x R". More precisely, one has to replace
X* in ¢, w, and F by its version (Z¢,(x,-));es given by Hypothesis 2.7(2), and
(t,x,y) — K,[X*](y) should be replaced by a suitable version K¥ asin Lemma 8.1.
Combining this observation with Remark 4.6, Lemma 8.1, Egs. (4.2), and (5.6) we may
verify by hand that (8.3) holds true, provided that € C:@%[0¢],0 < N < M < oo,

and V is continuous. We let WV (N, M) [(X*]

the domain CL @ ¥[oc] by the same formulas as W

denote the random operators defined on
V,(N,M) .
£r [X*] [cLgw o), but with
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* and K replaced by (E¢(x, -))ter and K 1 , respectively. (Recall that u) and U*
are defined by means of K and ¢.) Then we find a (M, N)-independent P-zero set
AN € § such that, for all (z,x,y) € I x Q" x (2\.4),

V(M)

e VX Ierggor ) = Wy N

(X1 (p).

Applying the bound (7.10) to each of the countable number of processes in the previous
equation and enlarging the P-zero set .4/, if necessary, we conclude that, for all
0K NEM<oo,tel,y e 2\/4, we have

M ¢ _
sup [ W E ) T < 191 3 €D Jectewc, (65
s (=N '

a priori for all x € QV. By continuity of (¢,x) +— Wg’t(N’M)[Xx]j(y) J, the
bound (8.5) is, however, even available for all x € RY. Finally, we re-define
Wy MMIX*E(y) = son1,if y € A, s0 that (8.5) is valid for all (z,x,) €
I xR" x £2.

Step 2Let M < oo, Y € H, and ¥, € CL ® ¥[oc], n € N, with ¥, — V.
Then, by the construction of WV’(N’M)[X"] in Lemma 7.2, WV’(N’M)[X"]w —

Wg/ ', M)[Xx ] on I outside some x-dependent P-zero set JV ! N.M> which nei-
ther depends on ¥ nor on the approximating sequence {y,}. Therefore defining

W;/ NMI Y1y = limys o W:: NMxx12y, t € I, on £2, we certainly have

W;/I(N M x>ty = ”N WIX*1y, t € I, on Q\(N U Ay ). so that
W; I(N’M) [(X*1Fyr satlsﬁes the requirement (1) in Lemma 8.1. Notice that, by (8.5), the

above definition of W;}(N’M) [X*1%4 does not depend on the approximating sequence
{v,} and that (8.5) extends to all Y € J#. Moreover, (8.5), thus extended, implies
that, on £2, the convergence WV N, M)[X"] vy, — Wv (N M) [(X*1? Y, n — 00, is
locally uniformin (¢, x) € I x R" Employing the results of the first step, we deduce
that (¢, x) — W;/I(N M)[Xx]u(y) ¥ is continuous on / x RY. This proves (8.3) and
(8.4) for finite M.

Step 3 Employing (8.4) (with finite M) we further see that the limits WV (N,00) [(X*1(p)
Y= limy— oo WV (N, M)[Xx]j(y)l/f are locally uniform in (z, x), for all y € £2 and
Ve H , and that, by the construction of W;/’t(N’ M) [X*]in Lemma 7.2 and the remarks
in Step 2, Wg’(N’OO) [Xx]uw = W;/’(N’OO) [X*]¢ holds outside some /-independent
P-zero set J‘{v/ ’N. This implies (8.3) and (8.4) also in the general case. O

Lemma 8.3 Assume that V is continuous and bounded. Let q, q,: 2 — R, n € N,
all be bounded and §o-measurable such that q, — ¢q, P-a.s., as n — oo, and

sup,, g, llcc < 00. Moreover, let n,n,: 2 — €, n € N, all be bounded and §o-
measurable such that E[||n — n,||*] — 0, as n — oo. Then
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o0

E [Sup | Wy, X910 — W (X9 nnHZ} S0, rel
1<t ' ’

Proof In the case I = [0, 7] we assume that T < 7 to start with.

Since ||WV [X1]| <€ ¢, t € [0, 1], P-as., with a g-independent constant c;,
we may assume that n, = n, n € N. As we can approximate n by the vectors
e = (1 +dT(m)%/¢ + dT(w)/€)"'n : 2 — D, which satisfy E[||n — 7el*1 = 0,
{ — 00, by dominated convergence, we may also assume that n : 2 — D such that
Inll5 is bounded on §2. Under these assumptions we define w(") = WV X Nn—

E,I[an] 1, so that wém = 0. Abbreviate
vy =& —dl'(m) — (G x9),

and let v sn) be defined analogously with ¢, in place of g. Applying Theorem 5.3 in
combination with Example 2.11 and taking Re (" |iv, ") = 0 into account, we
P-a.s. obtain after some brief computations, for all n € N and ¢ € [0, sup /),

t
Iy ™2 = - / 2[|dT (@) /2y ™ | ds
*/o 2Re{y"| (0 (F y0) + 50(qya)) ¥} ds

2Re(w(")|V(X‘1)WV [X9In — V(X)W [X9"]y)ds

t

+ | Re{(vs — oYWy [XT]n|(v; — o)W [X"]5)ds

t

+ | Re(W/ [XIn|lvs, vs — o/ TW{ [X9]n)ds

+ [ 2Re(y"|(0 - p(F ya—F yau) + 50(qxe — qya)) W¢ [X]n)ds
2Re(y i (vs — v{”) WY [X9]n)dBs

2Re(w<">|l<vs o) WY [X91n) B(s, XT) ds

C\c\ﬁﬁc\c\o\

2Re(1/f(")’1v(") W¢ (XD Tn)(B(s, XT) — B(s, X{"))ds. (8.6)

Next, we observe that vy — v§ = = (G yan — GXZ) and

[0, v — "] = [dT (M), p(G y9 — G yan)]
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where the field operators on the right hand sides can be controlled by means of (2.18);
i.e., setting 6 := 1 + dI"(w), we obtain

Iws = o072 + ll[vg, w5 — 0107172
lo - @(Fxg = Fyg)™ 7|

SclGym — Gyalle
<

/

<
¢l Fyan — Fyalles < ¢,
<.

.....

logxs — qyan)6~" 2l < ¢ (max 195, G ygn — 3, Gys le

Moreover, [|o - (F ya) 03" |1 llo(gxa) 3™ | < ¢ 10"y |: here we observe that

terms containing one factor [|01/2y | = (|dT(w)" 2y ™| + ||1/f§'z)||2)1/2 can be
controlled by the integral in the first line of (8.6) via the bound 2ab < sa” + b?/e.
Taking these remarks into account, writing WV [X Inln = WV [X M — ("), and
applying Cauchy—Schwarz inequalities we easﬂy see that the surn of all terms of the
right hand side of (8.6) which appear in the first six lines is bounded from above by

(Lines 1.-6. of RHS of (8.6)) < / (N2 + an(s) 16" 2WY [X15]|)ds,

for t € [0, t]. Here the constant depends (inter alia) on the supremum norm of V
which is bounded by assumption, and the random variables «;, (s) are defined by

. 2
a,(s) == kglla%(“ 1G yan — G xa e + IF yan — F xallis

+ max 113y, Gygn — 8, Gy lp +1V(XI) = VXD

To treat the martingale in the seventh line of (8.6), let us call it 91, we apply the special
case E[sup, . [90%]] < cE[[9mn, 93?]]%/2] of an inequality due to Davis; see, e.g., [23,
Thm. 3.28 in Chap. 3]. Here we have, for every ¢ > 0,

T 1/2
E[[2, m]L/?] = 2E [( / (Re(y ™ i (v, — v§”))W¥S[X‘I"]n))2ds) }
; :
<e¢E |:sup ™12 } + éIE [/ | vy — u§">)wgs[x‘1n]n”2ds} .
A :

1<t

Furthermore (ignore the factors (7 — s)“ in the case I = [0, 00)),
t
2E [/ I [ (o5 — &) WY X900 1B(s, X)) ds]

t 1/2
/ (T —5) K [sup ™12 } ds+( / <T—s>2m|ﬂ<s,xz>|4]ds)
0

r\s

t 1/2
(/ E[anm(T—s)‘”z||9”2W§S[an]n||4]ds) :
A ,
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and, likewise,

t
2 / E[lly ™|l [0 W (X 10| 1B(s, X¥) — Bs, X{")|]ds

/ (T —s)*E [sup ||w<”>||}

< 1/2 ¢ 12
+ (/ E[e(T —s)~ 1/2||W§S[an]n||%]ds) (/ (T_S)ZE[a;,(s)4]ds) ,
0 ' 0

with o, (5) := |B(s. X) — Bs, X3")].
Putting all the above remarks together, using that, by (7.32),

max sup [supllWEs[Xq]nll } C(r)(l+E[I|nII %)),
*#=1.2.4 G=g.q,.q,... s<t

and employing (2.37), we readily arrive at the following estimate for p(t) :=
Efsup, <, V" 171,

t
p(t)<c/ [1V (T —s5)" Y2 p(s)ds 4+ ca(z), 1 €0, 7], (8.7)
0

en (1) := o1, n)i max (/T[l \/(T—s)_l/z]IE[(xn(s)z]ds)
a 0

1=1/2,1/4

. 1/2
+ ( / (T—S)ZE[a;(s)‘*]ds) ]
0

Since q,, — ¢q, IP-a.s., Hypothesis 2.7(2a) and (2c) imply that X" > x? 5 €0, 1],
P-a.s., whence, by Hypothesis 2.3 and the continuity of V and B, «,(s) — 0 and
a,(s) — 0, forall s € [0, 7], P-a.s. By virtue of Hypothesis 2.3, Hypothesis 2.7(3)
[with ¢ = |gq]| Vv (sup, |q,])], and the boundedness of V we may thus apply the
dominated convergence theorem to see that ¢,(t) — 0, as n — o0. In the case
I = [0, 7] we further observe that ¢, (7)) — 0 and that the bound (8.7) holds true for
v =7 as well. We may now apply Gronwall’s lemma to conclude. O

9 Stochastic flow, strong Markov property, and strong solutions

In this section we prove the existence of a Markovian flow associated with our model,
always assuming that the potential V' is continuous and bounded. To start with we
recall that the time-shifted stochastic basis B, where t € [0, sup I), together with the
time-shifted Brownian motion and the drift vector field given, respectively, by

‘B; :=B.iy — B;, B.(t,x):=B(t+tx), tel’', xR’
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again satisfy the conditions imposed by Hypothesis 2.7; cf. (2.34) for the definition
of B, and I°. In accordance with our earlier conventions, we let X4 € S;=(R")
denote the solution of the SDE dX, = d* B, + B, (t, X,)dr with §;-measurable initial
condition ¢ : £2 — RY and B; as underlying stochastic basis. Then the corresponding
operators

WY (XU e BA), tel, Pas., ©.1)

are defined by Theorem 5.3 applied with B, as underlying basis. For later reference
we note that the pathwise uniqueness property of Wé/[ -] explained in Remark 7.3
implies, for any two §;-measurable ¢, q: £2 — R” and A € §,

g=qPasonA = (Vrel": WZI[TX‘I] = Wgt[qu]) P-as.on A. (9.2)

Moreover, if n: 2 — D is $r-measurable, then, according to Hypothesis 2.7 and
Theorem 5.3, (* X4, Wé/ [FX9] n) is, up to indistinguishability, the unique element of

S;-(RY x j?) whose paths belong P-a.s. to C(I7, R” x 23) and which solves the
following initial value problem for a system of SDE’s for (X, X),

X.=q+TB.+/.ﬁr(s, X,)ds, 9.3)
0

Xe=1n— i/. v(&, X;) X, dX; —/. ﬁv(§, X;) X ds. 9.4)
0 0

In what follows we shall also set 7 X9 := q and W{O[TX‘I] := 1, for every
§7-measurable ¢: 2 — RY,if 7 =sup ! < oo.

Lemma 9.1 Let0 <o <t e€landlet(q,n): 2 - R” x A be So-measurable.
Then we P-a.s. have

Viel t>v WY, [°Xn=W/ _ XX 1W! _[°X9n.  95)

Proof 1f n attains its values in D, then itis straightforward to infer the statement from
the above remarks. If 1 is arbitary, we apply (9.5) first to the §,-measurable random
vectors 1, := (1 + dF(m)z/n + dF(a))/n)_lr): 2 — D. Then there is a P-zero set
N such that (9.5) holds with 7, replaced by 1, on £2\N and for all n € N. By (9.1) we
may then pass to the limit n — oo pointwise on 2\ V. O

We summarize parts of our previous discussion in the following theorem. With the
results proven so far at hand its proof follows traditional lines:

Theorem 9.2 (Existence of a stochastic flow) Assume that V is continuous and
bounded. Then there exists a family of maps Ar;: R” x 0 x 2 — RY x I,
0 < t <t €1, satisfying the following:
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(1) Forallt € [0,supl), ¢ € A, and y € £2, thefollowing two maps are continuous,

RY x 5 (X, %) —> Arrie(x, ¥, y) € CUT,R” x #),
I"51 > Arr (- 9. y) € CRY,R” x ).

(2) Lett € 1. Then Ar(x, ¥, y) = (x, ), forall (x,¥,y) € RV x H x 2. If
(q,n): 2 = RY x I is §;-measurable with T < sup I, then

Arote @) (), v) = (XL, W FX0)(p) on I7, 9.6)

forP-a.e. y. In particular, if n attains its values in ﬁ then Az r4+4(q(-), (), -) is,

up to indistinguishability, the only element of Sy (RY x H ) whose paths belong

P-a.s. to C(I*,R" x 2/5) and which solves (9.3) and (9.4). .
(3) For0 < o < 1 € I, wefind alP-zero set Ny ¢ such that, for all (x, ) € RY x 2,

AO’,[(xv W, )’) = AT,I(AO',‘L'(x’ wv )’)» y)s T < r e I’ y € Q\NU,T' (97)

(4) For0 < 1t <t, the map [t,t] x RY x H x> S, x, ¥, y) = A s(x, ¥, p)
is B([7,1]) @ BRY x %Z) ® §r.i-measurable, where §r; is the completion of
the o -algebra generated by all increments By — B, with s € [t, t]. In particular,
Az i(x,, ) is §r-independent.

Proof If (q,n) = (x,¢¥) € RV x  is constant, then we define
AT,T+l(xs W7 )’) = (E"‘L’,‘L’-l-l(xv y)9W;'/’t[tXx]ﬁw)v T elv telta Yy EQ

Then A satisfies (1) and (9.6) (with (¢, n) = (x, ¥)) according to Hypothesis 2.7(2)
and Corollary 8.2 (applied to the time-shifted data).

Next, let Ay, ..., A, be disjoint elements of §; whose union equals £2 and let
(xj,¥;) e RV x J?, j=1,...,¢ Then (9.2) implies that, P-a.s. on /7,

l l
WY FXh =" 14, WY [TX¥ 1y, where (@, ) = D (x, ;) la;. (9.8)
j=1 j=1

Since, by the remarks in the first paragraph of this proof, the process on the right hand
side of the first identity in (9.8) and the second component of (A 4+ (q(-), 1(-), ))serr
are indistinguishable, we see that (9.6) holds true, for simple §;-measurable functions
(@ m=@nasin©8).

Now, let (g, n): 2 — RY x J be §;-measurable and bounded. Then there exist
simple functions (§,,, 7,), n € N, like the one in (9.8), such that sup, |,/ < 00,
4, — q.P-as.,and E[||n — 7,||*] — 0, as n — o0o. By applying Lemma 8.3 to the
time-shifted data, we may assume — after passing to a suitable subsequence if necessary
— that also 7, — n and Wgt[fX@n]ﬁn — Wgt[’X‘l]n, t € I, on the complement
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of some ¢-independent [P-zero set. Since (x, ) — A :(x, ¥, ) is continuous, we
may thus pass to the limitn — oo in

Aci (@), i), ¥) = (FX7, WY [P XD 3,) (),

for all + € I" and y outside another ¢-independent P-zero set. This proves (9.6) for
bounded (g, n). For general (g, n), weplugq,, := lj4/<,q and 7, := Ly <a m,n €N,
into (9.6) which then holds outside a P-zero set N,,. Then (9.2) permits to argue that
both sides of the resulting identity converge pointwise on £2\ U,, N,,, as n — oo, for
everyt > 7.

Altogether we have now proved (1) and (2). The assertions of (4) follow from
Part (1), Hypothesis 2.7(2), and Lemma 9.1 together with (9.4) and (9.6).

To prove (3) we pick a countable dense subset, {(x,, ¥,): n € N}, of R” x .
Then a straightforward combination of Lemma 9.1 and (9.6) shows that the equality
in (9.7) with (x, ¥) = (x5, ¥,) holds true, forall t € I witht > t andn € N, as
long as y does not belong to some (n, o, t)-dependent P-zero set, say Né"g Taking
the continuity of (x, ¥) = A, s(x, ¥, ) into account we conclude that (9.7) is valid,

foralleR”,lﬂ€<%2,T<t€1,and)’€9\UnNz§7r)- o

In the next proposition Cp (RY x A ) is the set of bounded and continuous maps
from R” x .77 into some Hilbert space 7 .

Proposition 9.3 (Feller and Markov properties) Assume that V is continuous and
bounded. Let ¢ be a Hilbert space. For 0 < t <t € I and every bounded Borel-
measurable function f: RY x H — K, we define

(Pri f)(x, ) = /Q fAix, ¥, ) dP(y), x eRY, e 7. 9.9)

Then the family (Pr ;). <se1 enjoys the Feller property, i.e. Py ; maps the set Cp(RY x
€, X) into itself. In fact, for every f € Cp(RY x €, %), the following map is
continuous,

I" X R” x #5 (t,x, %) —> (P [)(x,¥) € A (9.10)
Furthermore, if 0 < o <t <t €1, if f is a real-valued bounded Borel function

or f € Cp(RY x 3‘2 H), and if (q,n): 2 — RY x His §o-measurable, then we
have, for P-a.e. y,

ES[f (Aoslg. "D @) = (Pes ) (Ao (@(¥). (@), ¥)), .11

where A, s[q, n] denotes the random variable 2 5 y +— A, s(q(¥). n(¥). y).

Proof The Feller property and the continuity of (9.10) follow from Theorem 9.2(1)
and the dominated convergence theorem.
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To prove the Markov property (9.11) we argue similarly as in, e.g., [6, Thm. 9.14].
There it is also explained why, without loss of generality, we may assume f to be
continuous in the case # = R as well. On account of (9.7) it suffices to show that

ES[f(Ary[q.7D] = (Pr. /)@. 7). P-as., 9.12)

holds, for all 0 (A4, [¢, n])-measurable maps (g, 77): 2 — R" x A andin particular
for Ao [q, nlitself. If (g, 77) is P-a.s. constant equal to some (x, ) € RY x H , then,
according to the second assertion of Theorem 9.2(4), we may replace the conditional
expectation ES by E on the left hand side of (9.12) which then reduces to the definition
of P ;.

Next, let Ay, ..., A; be disjoint Borel subsets of R" x 2 whose union equals
RY x 7 and set Xj = lA_j (Ac,zlg, n]). Then, of course,

14

L
Acilg, M =D Acixj, ¥, ) xj, where (@, ) =D (xj, ¥ xj, (9.13)
j=1 j=1

with constant (x;,¥;) € R x L%Z, for j = 1,...,¢ Since A (xj,¥j,-) =:
Av¢lxj, ¥]is §r-independent and yx; is §;-measurable it follows that

14
ES[f(Ar0g, AD] = D ELf(Aclxj, viD1x; = (Pes )@, 7), P-as.,
j=1
(9.14)

with ¢, 7 as in (9.13). For general (¢, 77), we construct simple functions (¢,,, 7,),
n € N, as the one in (9.13) such that (§,,7,) — (¢,7), P-a.s., plug them into
(9.14), and pass to the limit n — oo using the continuity of f, P;; f, and (x, ¥) >
A‘[,t(xa W, }’) O

Corollary 9.4 Assume that V is continuous and bounded, let £~ be a Hilbert space,
and let f : RY x  — & be bounded and Borel measurable. Then

Poif =PorPeif onR x #, if0<o<t<tel. (9.15)

Proof The asserted identity follows from (9.11) and EES: = E. O

By standard procedures we may finally infer the strong Markov property of the flow
(Az,1)r < from Proposition 9.3. In order to state it precisely in the next theorem we
denote the law of the process (A s+ (x, ¥, -)); >0, Where s > Oand (x, ¥) € R" x H
is deterministic, by

PS*Y) = Po (Aggqalx, w])7h

@ Springer



Stochastic differential equations for models of non-relativistic... 879

Here we consider only the case I = [0, 0o) and in particular the above formula defines
a measure on the Borel subsets of C([0, c0), RY x H ); the corresponding expectation
is denoted by ES®¥)[ . ],

If r: 2 — [0, 00] is a stopping time, then §; denotes as usual the o-algebra
consisting of all events A € § such that {r <t} N A € §,, forevery t € I. Moreover,
Agsr+elg.n]: 2 — C([0, 00), RY x ,%2;) is the path map assigning the path [0, co0) >
> Asz)+(q(¥), n(y), y)toy € £2.

Theorem 9.5 (Strong Markov property) Assume that V is bounded and continu-
ous. Consider the case I = [0, 00), let s € [0, 00), apd let T > s be a stopping
time. Furthermore, suppose that (q,n): 2 — RY x S is §s-measurable and that
f:C([0,00), R" x ) — [0, 00) is Borel-measurable. Then we have, for P-a.e.
y € {t < 00},

EST[£(Ag rtelg. nDD () = ETPAscn @m0 ], (9.16)

Proof With Proposition 9.3 at hand we may—for the most part literally—follow the
exposition in [6, pp. 250-252]; here the continuity of (9.10) is used. O

Next, we formulate a Blagovescensky-Freidlin type theorem. To this end we let
Qw = C(I,R") denote the Wiener space, " the completion of the corresponding
Borel o-algebra with respect to the Wiener measure Pw, and g}” the completion of
the o-algebra o (pr, : 0 < s < t) generated by the evaluation maps pr,(y) := y (1),
tel,y € 2w. (Then (S}V),d is known to be right continuous.)

Theorem 9.6 (Strong solutions) Assume that V is bounded and continuous. Let
(Ay,)fgte 1 denote the stochastic flow constructed in Theorem 9.2 for the special
choices B = (2w, TV, (SW),EI, Pw) and B = pr. Then (Agvt),d is a strong solu-
tion of (9.3) and (9.4) in the sense that, for any stochastic basis k.Q, T, &pier, P)and
Brownian motion B as in Hypothesis 2.7, and for any §o-measurable (q,n): §2 —
RY x S, the up to indistinguishability unique solution of (9.3) and (9.4) is given, for
P-a.e. y, by the following formula

X7, W X)) = Ay (gw), n(y), Bo)), 1€l (9.17)

Proof First, let (¢, n) = (x,¥) € R” x A be constant with v e D. Then 9.17)
follows from the uniqueness statement of Theorem 5.3 and a transformation argument
applied to the system of SDEs solved by the process (A&fl [x, ¥ Dier;cf. [10, Satz 6.26,
Lem. 6.27] for details. (We apply Example 2.14 to transform the stochastic integral in
that system.) Employing the continuity of (x, V) > Ag. (x, v, ), we then extend
the result to general (g, n) by the approximation procedure already used in the first
part of the proof of Theorem 9.2. O

Corollary 9.7 Assume that V is continuous and bounded, that I = [0, 00), and that
the vector field B appearing in Hypothesis 2.7 is time-independent, i.e. B € C(R", R").
Then the flow (A¢1)c<; IS stationary, i.e. Prf = Py, f, forall0 < v <tand f
as in Corollary 9.4.
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Proof If B does not depend explicitly on ¢, then the whole system (9.3) and (9.4)
is autonomous. If the initial condition is constant, (¢, n) = (x,¢¥) € RY x j@, it
follows that its solution corresponding to (B, B) and its solution corresponding to the
time-shifted data (B, B;4,) are obtained by inserting B and B, ,, respectively, into
the strong solution (Ag’ft (x, ¥, 9))i>0. Now the result follows from (9.9) and the fact
that B and B;, have the same law. O

10 Symmetric semi-groups

In our verifications of the Feynman—Kac formulas in Sect. 11 we shall employ the
Hille-Yosida theorem on generators of strongly continuous semi-groups of bounded
self-adjoint operators. For this purpose we shall show in the present section that the
expressions on the “probabilistic” side of the Feynman—Kac formulas define such
symmetric semi-groups.

In the whole section we fix some t € I,t > 0. To study the symmetry we shall
consider certain reversed processes running backwards from z. To start with we denote
the reverse of the driving process (X ;):¢[0,s] (fulfilling Hypothesis 2.7) by X and the
associated stochastic basis by B. That is,

X=X, 1€[0,1], B:=(2,5 &)reio P). (10.1)

Here the filtration (@T)Te[o,,] is defined as follows: for every t € [0, ¢], set &, :=
o0 (Xi—r; Bi—s— B; : s € [0, t]) and let $; denote the smallest o -algebra containing
&, and all P-zero sets. Set ;4. := $;, for all ¢ > 0. Then it follows easily from
Hypothesis 2.7(2) that (£)7);>0 is a filtration, and we define T = ﬂ8>0 Hrte. By
construction, B satisfies the usual assumptions and X is adapted to B. Under certain
assumptions on the drift vector field B appearing in Hypothesis 2.7 and the law of X ;,
T € (0, 1], itis possible to guarantee that X is again a diffusion process and in particular
a continuous semi-martingale with respect to IE%; see [12,33] and Remark 10.3 below.
In the first two lemmas of this section we content ourselves, however, to work with
the somewhat implicit assumption that X again fulfills Hypothesis 2.7 (together with
the new basis B, of course). We verify this postulate only in the two main examples
of interest in the present paper, namely Brownian motion and Brownian bridges.

Since all quantities ¢, (W ¢)er, u;/, U+, (U el K, (Kt t)rer, and W;/ depend
on the choice of X, and since we are again dealing with different choices of the driving
process at the same time, we again refer to this dependence in the notation by writing
Z[X]) or Z[X], if Z is any of the above processes constructed by means of X or X,
respectively.

In Eq. (10.3) below and its proof we extend the conjugation C of Hypothesis 2.3
trivially to b1 = L2(R, dkg) ® b; for short we shall again write C instead of 1 ® C.
Under this convention we have, for instance,

jsC =Cj_s, seR. (10.2)
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Lemma 10.1 Assume that X is a continuous semi-martingale on [0, t] with respect to
B satisfying Hypothesis 2.71. Then there exists a P-zero set N such that the following
identities hold on 2\N, for all T € [0, t],

Ko [X] = —C ™K Xoribol g X], (10.3)
U, [X1=-U"[X], Uf[X]=-U_,,[X], (10.4)
ug (X1 =7 [X]1=u" [X]. (10.5)

Proof Plugging X and X into the formula (3.8) for the sum X7, and employing the
identity (see (2.24), (3.1), and (10.2))

—im-(Xi—s—X1-0) 0 — Cpim- Xi=Xo)+ikot ; —im-(X;—s—Xo)

Jse Jt—s €

it is straightforward to verify that

E;l’t[i] — _Cel‘m*(thX())‘H'k()l E(r)l’t,-[[x]-

By the assumption on X, the approximation formula (3.7) applies to borh X and
X and shows that (10.3) holds P-a.s., for all T € [0, ¢] N Q. By continuity [see

Lemma 3.4(5)] we then see that (10.3) even holds for arbitrary T € [0, ¢], outside a

t-independent P-zero set. Multiplying (10.3) with ([ X] = je/™ Xr—==X0) and using

j;‘CeikO’ = Cj;*_,, we further obtain, P-a.s. forall 0 < v < ¢,
U7 [X] = [X] K [X] = —Cif_ [X]K,—[X] = —CU" [X],

which yields the first identity in (10.4), if take Lemma 3.4(4) into account. The second
identity in (10.4) follows from
UF[X] = i [X1(Ko [ X] — Ko, [X])
= —Ci_ [X1(K/X] — Ki—[X]) = —CU, [X].

Finally, (10.3) implies 1K (X1l = |K;[X]] which permits to get (10.5). O

Next, we study the influence of the time-reversal of the driving process on sz This
is easily done starting from the convenient formulas in Remark 5.4. Again, we indicate
the dependence on the driving process of the processes appearing in Remark 5.4 by

adding the extra variables [X] or [X] to the corresponding symbols.

Lemma 10.2 Assume that the time-reversed data (X, B) fulfills Hypothesis 2.7 as
well. Then the following two relations,

Q:(g, MIX] = Qi(h, IXT*,  (¢(IWY [XT¢(h) = (WY [X1¢()I¢(h)),
hold true outside a P-zero set which does not depend on g, h € 0¢, and

WY X1 =W [X]*, P-as. (10.6)
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Proof We cons_ider the various terms in the formula (5.8) for 32,(") (g, h, t[n])[)_( ]: the

relations w; ;[ X] F,-(r = Wi—s,—r[X] Fx,_, obviously hold true on £2, for 0 < r <
s < t. In view of (5.8) this together with (10.4) shows that

2" (g bty )X =2 (h, gt — b, ...t — 0)[XTF

outside a P-zero set which neither depends on (#1, ..., ;) € tA, nor g, h.
Combining this with (5.17) and substituting t{ =1 —ty,...,t, =t —t in the
integrals over tA,, n € N, we obtain the first asserted identity. Taking also (10.4),
(10.5), and (5.16) into account we arrive at the second one. Since ¢(g) and ¢(h) can
be chosen from total subset of .% and since Wg’ [X]and Wg . [X] are P-a.s. bounded
we also obtain the relation (10.6). m]

Before we discuss our main examples we quote a special case of a result from
[12,33]:

Remark 10.3 Suppose that, for all T € (0, ¢], the law of X is absolutely continuous
with respect to the Lebesgue measure and assume (for simplicity) that the correspond-
ing density, d; : R — [0, 00), is strictly positive and continuously differentiable. Set
dp := 1. Assume further that the vector field B(z, -) is globally Lipschitz continuous,
uniformly in 7 € [0, ¢]. Then

t
B, =B, . — B, —/ (Vindy)(X5)ds, te€]l0,1], (10.7)
-7
defines a B-Brownian motion B on [0, ] and it is elementary to check that

X:=Xo +/0TB(s, X,)ds+B., tel0.n), (10.8)
B(s,):=—B(t—s,)+Vind,_, sel0,1). (10.9)

Example 10.4 Assume that X = B* is a translated Brownian motion, where
B* :=x+B, xeR" (10.10)
The density of BY is given by the Gaussian pr(x, -) deﬁrled in (1.12). From

lgemark 10.3 we infer the existence of a B-Brownian moti_on, B, on [0, ] such that
X = (BY_,)ze[0,1] is a solution with initial condition ¢ = Xo = B of

Tx —bg -
b, =q+ ds+ B;, t€l0,1), b;=x. (10.11)
0

r—s
This is the SDE for a Brownian bridge from ¢ to x in time 7.

Since the drift vector field in the SDE for a Brownian bridge is singular at the end
point, the results of [33] do not apply directly to reversed Brownian bridges. One can,
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however, adapt the arguments of [33] to verify the following lemma. For the reader’s
convenience we present a detailed proof of it in “Appendix 4”.

Lemma 10.5 Let b"*Y denote the Brownian bridge from x to y in time t defined as
the, up to indistinguishability, unique solution of the SDE

! Yy - bs
b, =x+/ ; ds+ B;, t€][0,1), (10.12)
0 — S
which has a limit at t, P-a.s., namely b?x’y = y. Define (£5)s>0 and (@S)Xe[o,t] as

in the beginning of this section with X = b""*"Y. Then

rx,y

. . ‘b
B, = b _y+/ %dr, s €[00, (10.13)
1—s

s
—S

defines a Brownian motion with respect to (s)se(0,r)- 1ts unique extension to a mar-
tingale on [0, t] with respect to ($)s)se[o0,1], henceforth again denoted by B, is even a
({_Es) se[0,11-Brownian motion.

Furthermore, we P-a.s. have

Lx,y

N
. ~ X —
b;*? =y + B +/ =" dr, s€l0,1). (10.14)
0

t—r

Hence, if X = b"*Y is a Brownian bridge, then X is a semi-martingale realization
of the Brownian bridge from y to x in time ¢ with respect to the B-Brownian motion
B. In the situation of the previous lemma we thus write

b X = pli¥Y (10.15)
Example 10.6 (1) As a consequence of Lemma 10.5, Egs. (10.6), and (10.15),
WY BT = WY b "F], Pas. (10.16)

(2) Here we continue Example 10.4, i.e., we again set X, = B7_, and define the
stochastic basis B as in (10.1) with X = B*. Furthermore, we assume that V is
bounded and continuous. If ([\Qf-)sgf < denotes the stochastic flow constructed
in Theorem 9.2 in the case where (10.11) is substituted for (9.3) and the stochastic
basis B is used, then Part (1) of the present example P-a.s. implies

AGily, 91 = (b ¥, WY [b "V 1), Tel0,1], yeR', ¢ € 7.
(10.17)
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Let ¥: R" —  be Borel measurable in what follows. Since Xo = BY and
W (BY) are §o-measurable, we IP-a.s. arrive at the formulas

(X, W¢ [B*1W (BY)) = (X, W{ [ X]W(B))) = Ag7 1By, W(B))]. (10.18)

Next, let 2" be a separable Hilbert space and let f: R” x # —  be bounded
and Borel-measurable. Using the §o-measurability of BY and ¥ (B7}) as well as the
Markov property (9.11) in the second step, we further observe that

E[f(AgT BT, ¥ (BH)D] =E E@O[f(z'\“"wx, ¥ (BY)D]]
E[(Py7 f) (B}, ¥ (B)]. (10.19)

where f_’;ff is the transition operator associated with ([\éiﬁ) s<r<r according to (9.9).
Since BY is p;(x, -)-distributed we may re-write (10.19) as

E[f(Ag7[BY, ¥ (BY)D)] =/R Py Ny, ¥ () pi(x, y)dy. (10.20)

Now, assume in addition that ¥ is bounded and choose f(x, ¥) := 1y <r¥, with

some R > el Mt IVieo! || recall (5.14). Then (9.9), (10.17), (10.18), and
(10.20) in combination yield

E[W{,[B*"W(B)] = /R CE[WE, b 10 ()] pie.y)dy. (1021

On account of (5.14) and the boundedness of V, it is easy to extend the relation (10.21)
to, e.g., all ¥ € LP(RY, ) with p € [1, oc0].

Next, we introduce some abbreviations for quantities appearing on the “probabilis-
tic” side of the Feynman—Kac formulas we shall derive in Sect. 11.

Definition 10.7 (Feynman—Kac operators)

(1) Letm =0,¢ > 0,and x, y € R be such that V (b¥*) € L'([0, t]), P-a.s., and
e~ Jo VOTds i P-integrable. Then we define
7Y (x. y) = pi(x, y) E[Wg ["7~]]. (10.22)

(2) Letr > 0,x e R",and ¥ € L*(R", # )such that V(BY) € Lloc([O, 00)), P-a.s.,
and ¢~ Jo V(B})ds ||!1/(Bf)||%; is P-integrable. Then we set

7V (x) := E[Wg [B*]* ¥ (B))].
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(3) If G and F are x-independent, then we define, forall ¢ > 0 and & € R”,
&)y = E[W} [BI"y] = E[W{ [BlY]. v e 7. (10.23)

Remark 10.8 (1) The Bochner—Lebesgue integrability of the operator-valued map
W:{ JAB5Y*) 2 — B () in (10.22) is (and in particular its measurability and
the fact it is P-almost separably valued) follows from (5.14), Proposition 17.1,
Bochner’s theorem, and the additional assumption m = 0.

(2) Assume that V is continuous and m = 0. Then we actually know that we can
modify the processes W(‘)/ [B"Y*],(x,y) € R2 insucha way that the map [0, 7] x
R %2 5 (s,x,y,¥) = Wy [b"*](p) € B(A) becomes B([0, 1] x R?) ®
5- %(%(3@)) measurable with a separable image, W[‘)/ [B77%]: 2 — %(3‘2 )
is §s- %(93(%)) measurable for all (s, x, y) € [0, 7] x R?”, and (0, 1] x R?" >
(s,x,y) — W0 JBEY () € () is continuous for all y € 2.

This claim follows from the solution formula (15.1) for the Brownian bridge,
Proposition 17.2, and an obvious analogue of Lemma 8.1 [where (x, y) will adopt
the role of x].

If V is bounded and continuous, then we may conclude that R2 3 x,y) —
T,V (x, y) is operator norm continuous.

(3) If, in addition to our standing hypotheses, we assume that [m| < cw, for some
¢ > 0, then (5.14) and Proposition 17.1 imply that Wg,z [B]in (10.23) is Bochner—

Lebesgue integrable and ﬁ(g) = E[Wg’t[B]] = ]E[Wg’t[B]*].
Lemma 10.9 Assume that V is continuous and bounded and let n: 2 — A be

So-measurable and square-integrable. Then there exist c,cy > 0 such that, for all
t >0,

sup E[sip 11+ My (§) ™2 (WY [B¥] - Din| } cte?'BIn|*1.  (10.24)
xeRY st

Proof We abbreviate ® := 1 + M (&) and ¢, := (WZ,[B’C] — 1)n, so that ¥9 =0
and ||y || < < 2eVn|l, t = 0, P-a.s. We assume without loss of generality that 7 maps
2 into D. [Otherwise approximate 7 by the vectors (1 + M;(£)/n)"'n, n € N.] By
Theorem 5.3 and the Itd formula in Example 2.11, we P-a.s. have

t
[CaEAE —2/O (ws|o@~ 7Y & BYW{ [B*]n)ds
t
+/ |0~ 2u(, BY YWY [B*1n| ds
0
t
—2/ Re(0@ 2y [i0~ v, BY)W [B*In)dB;, 1> 0.
A :

In view of Proposition 2.16, Eq. (5.14), and the bound sup, [|v(§, x)O 12| < 0
(recall (2.16), (2.17), and Hypothesis 2.3), the stochastic integral in the third line, call
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it .4, is a martingale. Employing (5.14) and (2.33) to estimate the integrals in the
first and second line and using Davis’ inequality E[supsgl || < cE[[#, ///]]3/2],

t > 0, we readily arrive at the asserted bound. O

Lemma 10.10 Assume that G and F are x-independent and let § € RY. Then the
Jamily (T;(§)):>0 defines a strongly continuous, bounded, and self-adjoint semi-group

on 7.

Proof The (locally uniform) boundedness and self-adjointness are obvious from (5.14)
and (10.23). The semi-group property can be shown similarly as in Lem. 10.11 below.
Having observed these facts, it only remains to show that T, &Y — Y, t |0, forall
Y € Q(M1(§)). For such ¥, we have, however,

|T@® - Dy ] = Sup {[ELCWE (BT — Dy
< sup B+ M€)W, [B] — D1

x |(1+ My &)y,

and we conclude by applying (10.24). O
Lemma 10.11 Let V € Cp(RY, R). Then

TV (y,x) =T, (x, y)* € B(H), (10.25)

forall x,y € R” and t > 0. Furthermore, (T,V),>0 is a strongly continuous one-
parameter semi-group of bounded self-adjoint operators on the Hilbert space

A @ A
H =L R, H#)= | Hdx. (10.26)
Rv
Morever,
TV ¥ (x) =/ TV (x, ) ¥(y)dy, ¥ e A, xcR". (10.27)
Rv

Proof Under the stated assumptions the (locally uniform) boundedness of (Tlv)t>0 is
obvious from (5.14). (Observe that the function defined by f(x) := E[||¥ (BY)||]] =
(e[A/2||lI/(-)||%,)(x), x € RY, belongs to LZ(RY) with || f|| < |¥||,if ¥ € .) In
particular, Ttv is well-defined on all of .77 .

On account of Theorem 9.6 the definition of T,V (x, y) does not depend on the
choice of the Brownian motion used to construct (via (10.12)) the Brownian bridge
b"¥* in (10.22). In particular, it may be replaced by the bridge b "¥* defined in
(10.15). Then (10.16) implies (10.25) and the formula (10.27) is nothing else than
(10.21). Of course, (10.25) and (10.27) imply that TtV is bounded and selfadjoint.

The semi-group property follows from a special case of (9.15): consider the
bounded Borel function f(x, ¥) := (Y |®(x)) 1)y <r, (x,¥) € R x %2 where
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® e CRY, L%Z) N L2(RY, %2) is bounded and R > 0 is chosen so large that
IWY [B¥]| < R P-as.. forallx and v € [0, + 1.1 7 <5+ and [ ]| < I, we
then have

Prf(x, ) = EL(W,  [B*1v¥|®(BY))] = (|T,) (x)),
where TrVCD e C(RY, H YN L2(RY, A ) is again bounded. Consequently,
(WIT, T,V ®(x)) = PyPr f(x, ¥) = Py (x, ) = (Y| T, P(x)),

if [ < 1. Since each T, is bounded, this entails 7,V T,V = T,%,.

To prove the strong continuity of (T,V),>0, weset ® =1+ dl'(w) + dF(m)2/2.
Thanks to its by now proven locally uniform boundedness and semi-group property,
it suffices to show that 7,Y ¥ — W, ast | 0, for all ¥ € J# with ||@1/2'1/(-)||%9 c
L2(RY), which clearly form a dense subset of 7. Then, for such ¥, Lemma 10.9
implies

I — v |? = /]R B B¥) - 1w BN dx

=/ sup |(¢[ELCWY,[B¥T* — 1) W (BY)])| dx
RY ¢e=9@
Ill=1

_ 2
:/ sup [E[{© (W, [B*] — D¢|e '/ v (B))]| dx
RY ¢e<%2
llgll=1
< sup sup IE[||@_1/2(WKS[By] — Dol*]
YeRY e
S gll=1
X/Rv E[|©'?¢ (B})|*1dx
<cte! 2202w O iy
< Clecvt” ||@1/2w(')||2||L1(Rv)’

where the last L'-norm equals |02y 2. O

11 Feynman-Kac formulas

This final section is devoted to the Feynman—Kac formulas. With the results proven in
the previous sections at hand all proofs given here are essentially standard and they are
repeated only for the convenience of the reader. We start with the fiber Hamiltonian.
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Theorem 11.1 (Feynman—Kac formula: fiber case) Assume that G and F are x-
independent and let § € R" and t > 0. Then

e H® Y, E[W§,[B]*y]=E[W [Bly]. ¥ e 7. (11.1)

If Im| < cw, for some ¢ > 0, then the Feynman—Kac formula can also be written in
terms of a B(I)-valued Bochner—Lebesgue integral,

e HE _ E[W} ,[BI]. (11.2)

Proof Since (?\} (£)):>0 is a symmetric Co-group, b}L the Hille-Yosida theorem, it has
a unique self-adjoint generator, say K (§). Let ¢y € D. Then

Ty =y + /0 &) HE)vds, (11.3)

by Theorem 5.3(2), where we used Lemma 7.9(2) to exploit the fact that expectations
of L?-martingales stamng from zero vanish. Since 7 — T, (§) is continuous att = 0,
(11.3) implies lim, o 1~ (T,(E)w v) = H()‘;')l// We deduce thatD - D(K(E)) and
K &) = H (&) on D. Since H (&) is essentially self- adjomt onD by Proposition 2.6,
it follows that K(’;‘) = H(E) and, hence, e ~tH®E) — Tt(§), i.e., (11.1) is valid. Then
(11.2) follows from Remark 10.8. O

Next, we treat the total Hamiltonian which is acting in the Hilbert space .77 defined
in (10.26). The proofs given here are essentially standard and they are repeated only
for the convenience of the reader.

If V is bounded, then it is well-known that the formula (1.6) with ¥ € %, where

Do := spanc{fy € H|f € CPRY), ¥ € CL @ €Clocl), (11.4)

defines an essentially self-adjoint operator with domain %p; see [11] for a simple
analytic proof and [16,18]. We denote the self-adjoint closure of this operator again
by the symbol HV. Furthermore, if V = V, — V_ is a decomposition of V into
measurable functions Vi : R” — [0, 00) with V4 € Llloc(R“), and if the densely
defined symmetric sesqui-linear form in .7 given by

T3 5 (W, W) —> (0| HO W) + (V200 V2 w) — (v 20 v Py, (115)

is semi-bounded from below and closable, then we denote the self-adjoint operator
associated with its closure by H" as well. This is consistent with the above definition
for bounded V.

For instance, the form (11.5) is semi-bounded and closable if V_ = 0. Hence, by
the KLMN-theorem, it is still semi-bounded and closable with Q(H") = Q(H"+),
if V_ is H"*-form bounded with relative form bound < 1. If (11.5) is semi-bounded

and V € leoc (RV), then it is closable as well and H" is the Friedrichs extension of
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(H'+Vv) | 2,- Likewise, whenever the densely defined symmetric sesqui-linear form
in L?(R") given by

CEMR') 3 (fi, ) — (fil =LA py+ (v v

) = V2 v ),
is semi-bounded from below and closable, then we denote the self-adjoint Schrodinger
operator associated with its closure by SV.

Finally, we note that W(‘{ [B*] (resp. W(‘)/ [b"*-Y]) are always well-defined for a.e. x
(resp. a.e. (x, y) € R¥ x RY, for a given ¢ > 0) under our standing hypothesis that V
be locally integrable. The latter follows from observing that, for a given V € LlloC RY),
one has

P{V(B¥) € L] .([0,00))} =1, P{V(®*Y) e L'([0,1])} =1, (11.6)

fora.e. x and forall > O and a.e. (x, y), respectively. Here the first equality has been
noted in Lem. 2 of [8].
The second one then follows from standard properties of the law of b"*"Y.

Proposition 11.2 Let V be bounded, m = 0, x € Cgo R",R), ¢ € ’5, and x € R".
Then

t
(TY (x)(x) — x(x)¢ + /0 (1) HY (x$))(x)ds =0, ¢>0. (11.7)

Proof Letx € RY. For every i € 5 we infer from It6’s formula that, P-a.s.,
<¢|X(Bf)WK,[Bx]1//) = (dlx (X))

t
+ /0 (6| (VX (BY) +ix (B))¢(G px)) Wy [B*1¥)d B,
t
+/0 (|GAXBY) +iVX(BY) - 0(Gpx) — HY (0, BY))W [B*1y)ds,

for all + > 0. Applying (2.18), Hypothesis 2.3, and (5.14), we next observe that, for
every t > 0, the expression sup,<, [((Vx (BY) — ix(B§)<p(GB§))¢|W(‘{S[Bx]¢>| is
bounded by some deterministic constant. In view of Proposition 2.16 this shows that
the stochastic integral in the second line above is a martingale. Taking the expectation,
re-arranging some terms, and using (1.6), we thus arrive at (L;(x)|¥) = 0, ¢ € D,
where L;(x) denotes the vector on the left hand side of (11.7). O

Theorem 11.3 (Feynman—Kac formula) Assume that V admits a decomposition V- =
V4 — V_ into measurable functions Vi : R” — [0, 0o) such that V4 € Ll1 -R") and
V_ is SV+-form bounded with relative form bound b < 1. Then ¥ € Q(H"+) implies
1w O, € Q(SY+) with

[S"HY2w Ol | < IHY + 02w, (11.8)
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In particular, V_ is H"*-form bounded with form bound < b and the form (11.5) is
semi-bounded. If the form (11.5) is closable as well, then the following Feynman—Kac
formulas are valid, forallt > 0, ¥ € J, and a.e. x € R,

(e w)(x) = E[WY,[B* " (BY)]

= /R pox, YEIWG (B 119 (y)dy. (11.9)

Here the integral E[WK t[bt;y X € B(A) is well-defined in the Bochner—Lebesgue
sense, forallt > 0 and a.e. (x,y) € R¥ x R".

Proof Notice that, by definition, SV+-form boundedness of V_ includes the second
relation in C§°(RY) C Q(SY+) C Q(V_), which entails V_ € L] (R").

For V bounded and continuous, the proof of the first equation in (11.9) parallels the
one of Theorem 11.1, with Proposition 11.2 applied instead of (11.3). Moreover, we
employ the fact (recalled above) that H" is essentially self-adjoint on %, i.e., on the
complex linear hull of vectors x ¢ as considered in Proposition 11.2. The disintegration
formula in the second line of (11.9) is precisely the content of (10.27), for bounded
continuous V.

Next, we record a simple fact that will be used implicitly in the approximation
arguments below: for any measurable N C R" with Lebesgue measure zero, one has

t t
/ P{B* € N}ds =0 =/ P{by*” € N} ds. (11.10)
0 0

The relations in (11.10) ensure that, if V and ‘7,,, n € N, belong to LIIOC(R", R), and
if V,(z) — V(z) and V,,(z) < V(2), for a.e. z, then, for fixed ¢ € I, [; V,,(X)ds —
fot V(X,)ds, P-a.s., where X is B* or b"**¥ with x and y satisfying (11.6).

Letus now extend (11.9) to the case when V is bounded: Then we can use Friedrichs
mollifiers to construct a sequence of smooth potentials V,, with |V, (x)| < ||V ||e and
Vu(x) = V(x),n — oo, for a.e. x. Clearly, H"* — HY, n — o0, in the strong
resolvent sense and, in particular, e "#"" — ¢~"H" strongly, for every ¢ > 0. Let
¥ :x — W(x)bein s and fix some ¢t > 0. Then we find integers0 < ny <np < ...
such that (e_’anj ¥)(x) - (e_[HVII/)(x), j — 00, in A and for a.e. x. By the
validity of (11.9) for bounded continuous potentials, it now suffices to show that, for
a.e. x, one has

E[W,"[B*]* ¥ (B)] — E[Wy ,[B*]* ¥ (B})], (11.11)

/RU e, PEW, L [B 11 (p)dy — /RV pi(x, ))E[Wy [B"]11% (y)dy,

as n — oo. This follows, however, readily by dominated convergence, as (5.14) gives
us the uniform bounds

W [B¥ [ v I[Wgn [B5Y || < VI Pass., (11.12)
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Next, we extend (11.9) to the case when V is bounded from below. Since the
sequence of bounded potentials given by V, := n A V, n € N, is monotonically
increasing, the corresponding Hamiltonians H"» again converge to H" in strong
resolvent sense (see [7, Thm. 7.10]), and it suffices to verify both limit relations in
(11.11). This follows, however, again by dominated convergence since we again have
the bounds (11.12). Then, in order to see (11.8), we can employ (5.14), (11.9), and a
standard scalar Feynman—Kac formula to get

e ™" W) ) || < Ble® o Y+ B g (BX) ] = (¢S 91w () ) (),

for a.e. x, which entails
—t(SV+— _tHY
/Rv 1 NI Ol = e = w O (x) dx < (1@ — e,

forall > 0 and ¥ € 7. Dividing by ¢ > 0, passing to the limit 7 | 0, and invoking
the spectral calculus we see that ¥ € Q(H"+) implies |¥ ()] € Q(S+) and (11.8)
is proven.

Finally, we consider general V as in the statement and assume that the form (11.5)
is closable. Then the sequence V,, := (—n) Vv V, n € N, is monotonically decreasing
and we again know that H"» converges to H" in strong resolvent sense; see [7,
Thm. 7.9]. It remains to prove the two convergences in (11.11). Since b < 1, we also
know that there exists a semi-bounded self-adjoint operator S, in L>(R") such that
§Vn converges to S in strong resolvent sense [36, Thm. S.16]. Fixt > Oand ¥ € ¢
in what follows. Again we use (5.14) to get

Wy [B¥ 1| < e —h VEBDS - Py, (11.13)
W (B < ek VD Py, (11.14)
for x and (x, y) as in (11.6), respectively. On the other hand we know that

Efe™ o V" BO 1w (BX)[[] = (75" W () ) (x) = (5@ () Dx),

for a.e. x. Thus, e Do V(B-Jvc)dSHW(Bf)H e L'(P), for a.e. x, by monotone conver-
gence. (Here we argue similarly as in [40].) Hence, the first limit relation in (11.11)
follows, for a.e. x, from the dominated convergence theorem and (11.13), using

1=y V(BY)ds ¥ (B7)| as a P-integrable majorant. Analogously, in order to prove
the second relation in (11.11), we can use dominated convergence and (11.14), noting
that, for a.e. x,

ot (S92 NS ot X\
/]R pi(x, y)Ele 0o VT gy |[dy = Ele™ o VEDS |y (BF) ] < 0.

The latter relation also implies that, for a.e. (x,y) € R" x RY, one has
e JoVBTNds ¢ i (P). This completes the proof. O
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Remark 11.4 In the scalar case, i.e. if F = 0, the bound (11.8) holds true with ¢ = 0.
This follows immediately from (5.14) and the proof of (11.8). In this case, Eq. (11.8)
is one example of a diamagnetic inequality; see, e.g., [25,27] and the references given
therein for other versions and alternative derivations of diamagnetic inequalities for
quantized vector potentials.

Appendix 1: Examples
Non-relativistic quantum electrodynamics

Example 12.1 In all items below we choose M = R3 x {1, 2}, equipped with the
product of the Lebesgue and counting measures, i.e., h = L>(R? x {1, 2}).

(1) In the standard model of NRQED for one electron interacting with the elec-
tromagnetic radiation field with sharp ultra-violet cut-off one chooses v = 3,
w(k, j) = |k|, for (k, j) € R3 x {1,2},m =0, and G is given by

GL(k, j) := (/)2 Q@m) 3P k|72 ya k) e * ek, j), ae. (k, j),

where @ > 0 and x, is the characteristic function of a ball of radius A > 0 about
the origin in R3. The vectors |k| 'k, e(k, 1), and e(k, 2) form a.e. an oriented
orthonormal basis of R3, so that the Coulomb gauge condition divy G;’c\ =01is
satisfied in h. If the electron spin is neglected, then one chooses L = 1 and
F = 0. To include the electron spin one takes L = 2, S = 3, o1, 02, and 03 are
the 2 x 2-Pauli-spin matrices, and for F one chooses

F2(k, j):= -tk x G2k, j), x eR’, ae. (k, j).

Applying a suitable unitary transformation to the total Hamiltonian, if necessary,
one may always assume that the polarization vectors are given by

ek, )=|exk|'exk, ek,2)=|kl"'kxek,1), ae k,
where e is some unit vector in R3. Then a suitable conjugation is given by
(Cf)(k, j):=(=1)! f(—k, j), fora.e. (k, j)and f € b.
(2) To cover the standard model of NRQED for N € N electrons we choose v = 3N,
write X = (x1,...,Xy) € (R*)V instead of x, and set

G (k. j) = (G (k. ). ... G, (k. ) € ().

If spin is neglected, then we again set L = 1 and F = 0. To include spin, we
choose L = 2V, so that CL' = (C?)®¥, § = 3N, and

® QN—t— .
030+ ::ILC§®(T/‘®IL(C£][ ' ¢=0,...,N—1, j=1,2,3,
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3)

“4)

with the Pauli matrices o1, 03, and o3, as well as
FYN(k, j) == (F2 (k. j).....F (k. j)) € (CHY.

In the standard model of NRQED for N electrons in the electrostatic potential of
K € N nuclei with atomic numbers & = (Z1, ..., Zg) € (0, oo)K located at
the sites Z = (R1, ..., Rg) € (R)X, the potential V is given by the Coulomb
interaction potential,

N NX aZ, o
Ve@,ff(xl""’xlv):z_zzw_F Z m

1<i<j<nN 7!

It is infinitesimally Laplace-bounded [24]. The corresponding total Hamiltonain
acts in 7 = L2((R3)N, (C2)®¥ @ F) and attains the form

N
Y =3 i, —0(G2))? — 0V g +ar@) + VY .
=1

where (T(e) = (03(3,2, 03¢—1, U3g).

Here we abuse notation: all terms in the previous formula have to be considered
as operators in ¢ in the canonical way; see, e.g., [11,27] for careful discussions.
According to the Pauli principle the physical Hamiltonian is actually given by
the restriction of H ;\,]2} to the reducing subspace of functions which are anti-
symmetric under simultaneous permutations of the N position-spin degrees of
freedom. By the permutation symmetry of the Hamiltonian the Feynman—Kac
formula for the restricted, physical Hamiltonian is, however, the same as for the
non-restricted one.

Fiber decompositions in the translation-invariant case. Consider again the situa-
tion in Part (1) of this example. Let H? be the corresponding total Hamiltonian
for one electron interacting with the quantized photon field and with a vanishing
electrostatic potential. Then it turns out that H? is unitarily equivalent to a direct
integral, fﬂgé H (€) d&, of fiber Hamiltonians attached to the total momenta § € R3
of the system,

H(E) = L& —drm) — 9(G{))? — 0 - p(F{) + dTM (). (12.1)

In (12.1) we have m(k, j) = k. The transformation is achieved by applying first
fﬂgé e*dFmqx and then a (C? ® .#-valued) Fourier transform acting on the
x-variables; recall that !X dU0m) g (g=im=x fyp=ix-dU(m) — ,( £y,

The Nelson model

Example 12.2 Let L =S = 1,01 = —1,and G = 0. Then F has only one compo-
nent which we denote by Fy. With the usual abuse of notation, the total Hamiltonian
then attains the general form of the Nelson Hamiltonian,
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HY = —3A 4+ ¢(Fy) +dT (@) + V.

The easiest way to treat Nelson’s model is to adapt the proof of Theorem 4.7 by
replacing —i@(q) by ¢(F) in the computations. To illustrate the involved formulas of
Definition 5.1 we shall, however, demonstrate how they simplify in the above situation:
Of course, G = 0 entails K; = U,jE = U, = 0. Recalling also that wy, = (fts, if
s < t, we see that the quantity defined in (5.8) satisfies

#C/2

1
Qz(n)(g, h; l[n]) = (_l)n Z Z H 2<Lt ' FX” |t [‘PFX’CP>
AUBUC=[n] C=U{c),c)} \ p=1

#Ce2Ny

x (H —i(uglu, FX,H>) 1w, Fx, loh). (12.2)

acA beBB

Here we dropped the condition ¢, < ¢/, in the partitions of C, i.e. we sum over all

P
possibilities to partition C into ordered pairs; thus the new factors % appearing in

(12.2). In doing so we exploited that the scalar products in the first line of (12.2) are
real. Written in this way the sum on the right hand side of (12.2) becomes permutation
symmetric as a function of 71, ..., #,. Instead of integrating it over the simplex tA,,,
we may just as well integrate it over the cube [0, ]* and multiply the result by 1/n!.
Therefore,

2" (g. h: 1) dip
tA,

#C
(1" #O! (IKNIP\ 2 . _
— T (#C/zy( 2 ) (iglUr AW 1,
" AUBUC=[n] ’

#Ce2N

where the analogs of the basic processes for Nelson’s model are given by
t
KN = / wFy ds, UNT=0ckN, UM = gkN,
0

i.e. only by Bochner—Lebesgue integrals. A little combinatorics reveals that

o
Z/ 2 (g, s 1) i)
=i

oo o /2] n—2P, N2\ P
_ 1 (=D 1Kl N Nee 2
= Zn— Z:: (1 —2P)!P! ( ; ) (iglU> Ty +(U, " ik —2F

n=0

&1 (IKNP S (- -
=3 2 (M) X S i+ iy,

P=0" " =0 ’
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Combining this formula with (4.2) and (5.9) we arrive at

N,V . Ny iy /No—
lim (£()[Wy M) £y = ¢ *erH sl U0

= (C(@IWg; ¢(h),

where (observe the flipped sign of the first term in comparison to (3.6))
1 ° :
Y =S IRNP [V ds g (X - Xo)
0
and where (the exponentials converge strongly on the normed space €’[0c¢])

WN Vy=e —e-exp{ —a (UNNT (wo.e) exp{—a(UN YV, ¥ € €locl.
Applying (2.15) we see that

WY = T()e #KOT ()es X =X0=k VA on goc],

which is the formula appearing, e.g., in [27].

Appendix 2: Self-adjointness of fiber Hamiltonians

The following short proof of Proposition 2.6 combines three observations: a first one by
Konenberg (see [25]) who noticed that, by putting an artificial, large constant in front
of dI"(w) (instead of assuming weak coupling), one obtains a manifestly self-adjoint
and surprisingly useful comparison operator. The second one is borrowed from [11]
where a double commutator analog to the one in (13.2) appears. The third ingredient
is the following result [41, Thm. 2.b)]:

Theorem 13.1 If A is a self-adjoint operator in some Hibert space ., B is symmetric
in # and A-bounded, and A+t B is closed, forallt € [0, 1], then A+ B is self-adjoint.

The following proof can mutatis mutandis also be used for the total Hamiltonian.

Proof of Proposition 2.6 Step 1 Starting from (2.29) and the representation of the
scalar Hamiltonian in the second and third lines of (2.30) the bounds (2.32) and (2.33)
follow, for sufficiently large a > 1, from (2.18), (2.19), and brief and elementary
estimations using

(1 4 dT' (@) /2 (€ = dT@m) Y |I* < 1§ — dT (m)* || |(1 + dT (@) .
By virtue of the Kato-Rellich theorem the bound (2.32) shoxjv\s that T := H O, x) +
(a — 1)dI'(w) is closed (resp. self-adjoint ifA gx = 0) on D and that every core of
M, (&) is a core of T; in fact, T — M, (€§) = H° (£, x) — My (£). We further have

a|ldl(w) ¢ll < [MaE) Il < 21T+l (13.1)
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and, hence, || HO(&, x) ¥|| < 3IT ¥ + ¢ |v]l, forall ¥ € D. Since CL @ ¥[oc] is
a core of T, this implies ﬁo(g, x)C ﬁo(f;', x) [cLe@ioc]:

Abbreviate v := & —dI"(m) —¢(Gy) and assume that w is bounded for the moment.
Then (2.9), (2.10), and (2.20) yield

2Re(dl (w) |02 ) = 2(v ¢ |dT (@) v ¥) + (¥ |[v, [v, dT(@)]] ¥)
2|02 G lI? 111> + (¥lp(wm - Gy) )

~Q2 0" 2G|+l ?m - G| 1Y 11> — (¥1dT () ¥),
(13.2)

VoV

for all € C ® €'[0oc]. Returning to our general assumptions on w we apply (13.2)
with w A n instead of w, for every n € N, and pass to the limit n — oo on the left hand
side and in the last line. (Notice that Hypothesis 2.3 does not imply thatwm - G, € b.)
In combination with (2.18) the so-obtained estimate entails

ITyI? < (H 122y +2aRe (107 y | ar ) y) +a2 ||dr(w)w||2)
+e (@M@ + D2y
<20 (30 +ar@) v| + Cwiare + ny)
<4a’ |HE ) 17 + " (Y1[dT (@) + D ),

forall Y € (CL®C€[DC] Since, by (13.1), (¥ |dT"(w) ¥) < e ||T 1p||2+c(£) ||1//||2 we
obtain | Ty | < c(all HOE, x)y ||+ |, forall ¢ € CL ® %[0c]. Together with the

above remarks this implies that H O, x) = H 0(&,x) lcLg¢(oo) @nd that the graph
norms of 7 and H(&, x) are equivalent.

Step 2 Assume that g, = 0 in the rest of this proof. To conclude that ﬁo(‘;‘ ,X) 18
selfadjoint in this case we apply Theorem 13.1 with A = 7 and B = (1 — a)dI'(w).
In fact, we then have

A+1B =1 —dl(m) — ¢(Gy)* — 0 - 9(Fy) +dT ()

on 1/5, where w; := (1 — t)aw + tw, t € [0, 1]. In particular, A + ¢ B is closed by
Step 1, since the tuple (wy, m, G, F) satisfies Hypothesis 2.3, for every ¢ € [0, 1]. O

Appendix 3: Commutator estimates

In the next lemma we prove a number of commutator estimates which have been used
in Sect. 7.

Lemma 14.1 Define 0, by (7.17), T, by (7.27), and let 6 := 6y = 1 + dI"(w). Then
the following bounds hold true, forall E > 1, € (0, 1/E],x € [1/2, 1], and f € &
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16,12 ady(1)0: | = [l (adg(1)0e) 0,721 < cllo?(1 + @) /2 £y, (14.1)
lad? ) 0ell < clle'/? FII5, (14.2)

16" (ady) 6611 < cll0 (1 + @) P fIIG, (14.3)
Iady( ) Ye) Y07 2 < c EV2 | £l (14.4)
1672 (@dy ) Y)Yl < cEVZ I f e, (14.5)

10~ @dy ) Y) Y404 < BV £ e, (14.6)
107121 ady( ) Yell < < EV27 | £, (14.7)

16~ *Re[ Y, (ad? Y1072 < cETV2 I f1IG (14.8)
16727 adg YTV < cETV2 A (14.9)

Proof We remark that all algebraic identities between various combinations of oper-
ators below are valid on the dense domain %’ [0¢]. All norms have to be read as norms
of operators which are densely defined and bounded on €’[0¢].

First, we observe that, if & denotes one of the weights 6, or 7%, then

0~ (adyp) ©*) O~ =2{0 7! (ady( 1 O)H(ady( 1 O) O}
o—1 2 Q) 2 o\ @1

so that (14.3) follows from (14.1) and (14.2) and (14.9) from (14.4), (14.7), and (14.8).
Writing

O = (1 +dlN (@)1 +edl(@) ' =& (1 — (1 —eE)(1 +edl () )

and applying (2.8), (2.11),and ads(T'T') = TadsT'+ (adsT)T’ as wellasads T~ =
—TYadsT) T, repeatedly we obtain

ady(1)O = (¢E — 1)(1 + edl'(@)) 'ig(iof)(1 + edl (@), (14.10)
adf 0 =2¢ (1 — E)(1 + edl (@)~ (p(iwf)(1 + edl (@)~
+ (1 —€E) [0 fI* (1 + edl' (@) . (14.11)

As a consequence of (2.16) we have ¢'/2||la(wf)(1 + edI'(w))~'?|| < [|0'?f],
which together with (2.8) and (14.11) implies (14.2). From (2.18) and (14.10) we
readily infer that (14.1) is satisfied.
Likewise, by writing
T = (E+dT(mp)*) (1 +edl(m)H) ' =" (1 — (1 —¢E) R)
with R, := (1 + de(mj)z)_l, we deduce that

ad(p(f)'fs =1 —-¢E)R, {ad(p(f)(dl“(mj)z)} R;,
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where, on account of (2.11),
ady(f) (AT (m)*) = 2idT (m ) p(im; ) + @(m] f)
= 2ig(im f)dT(m;) — (m3 ).
Consequently, for o € [1/2,1], y € [0, 1],and B8 :=1 — y,
[67F2 (ady ) Y)Y 0772

< L= ©eE| |07 Pp@m5 ) 07" 2| II(E +dT (m)*) ||
+ 2|1 — eE| |[d0(m;)(E +dT (m )» ™| 167 Ppim; £ 6772,

which proves (14.4), (14.5), and (14.6). Here we use that (2.18) implies the bounds
167402 07 411107 A piig) 674 <2211+ 0 H 2l (14.12)

Using the above identities for a single commutator we further find

edl(m)? . im: )R
I+ edD(m 2 ~ MR

edl'(m ;)
HTF(’;/)ZQD(’"?JC) R;]

—26(1 — ¢E)R: o(m’ f)Re 9(m’, f) Re
—2(1 — eE) (Re p(imj f)* Re + || lmj1"/? £* Re AT (m ) Re).

ad? )Y, = 2(1 — ¢E)R, 2ig(im; f)

+8(1 —eE)Re[R. 2ip(im; )

Now, we multiply the previous identity both from the left and from the right with
0~1/2 = (1 +dI'(w))~ V2. By (2.18) the latter operators control all unbounded fields.
Multiplying the previous identity in addition with Tg_l/ % from the left or from the
right we can also control the operator dI"(m ;) in the last line, where no power of ¢
can be employed to control it by means of the resolvents R,. From these remarks we
readily infer (14.8). O

Appendix 4: Admissibility of Brownian bridges

In this “Appendix” we verify that the semi-martingale realizations of Brownian bridges
satisfy the technical condition (2.37) of Hypothesis 2.7. After that we also present a
detailed proof of Lemma 10.5 on time-reversals of Brownian bridges.

In all what follows, y € R and ¢ : £2 — RV is §p-measurable such that E[|g|"] <
0o, for all n € N. Recall that the (up to indistinguishability unique) solution of b, =
g+B.+ [ y{_%’ ds is explicitly given by
Ly+ L=t — (T —1) fy 2nds, fO<t<T
pTay _ | TV H T4+ B =T =0y zmmds, 00 <T, (o
! y, ift =17.
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Lemma 15.1 The drift vector field in the SDE b,T;q’y = B!+ Jo Y sds satisfied by
the process in (15.1) can P-a.s. be written as

y— quy

- - ch
T—1¢ T 0o 7T —s

Y, = 0<t<T. (15.2)

Proof Plugging the formula (15.1) for th;q’y into the expression in the middle in
(15.2) and taking the following consequence of Itd’s formula into account,

0<t<7, P-as.,

B, n /’
T —t 0 (’T—s)2 T—s Bs,
we arrive at the formula on the right hand side of (15.2). O

Lemma 15.2 ForallT >0, p e N, andt €[0,7),

E[|Y,|*’] =

i 2p—2+ ! (p) Ellg — y2r-0] ¢t s

“@2p -0 -2+ T2(p=0 TUT — )t
where 2! =27 j, (27 + DN = (27 + D!/ 2)", and in particular
T
/ (T = )E[|Y,[*]ds < c(v, e, DE[(1 + g — yD*], 2 >0.  (154)
0

Proof By (15.2) and 1td’s formula (ignore the last integral, if p = 1)

_ vl2p t Y
v =2 —p [y e s,
0 N

7‘2[7 T —
! - 4)Y, |
y 2D P(P )/ y, -2 ds.
+p1)‘/0| S| (T_s)z—‘f_ | | (T—S)z
for all t € [0, T), P-a.s., and therefore,
Ellg — yI*’]
2p1 _ 2(p—1)
By, = I op -2 [CEin e
Iterating this we find
P 2(p—0) ¢ .
Cp—-2+wv)!!'p! E[lg—y/-P~"] dr
BV, P =Y o ot | g
= Qp—0 =24+l (p—O!T2=0 2 (T —1t))
which is (15.3) since the integral over A, equals (fol ds /(T — s)»)t/e. O

As announced above, we shall now work out the details on the time-reversal of a
Brownian bridge:
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Proof of Lemma 10.5 In this proof the letter 7 plays the role of the letter 7 in the
statement of Lemma 10.5, i.e., we consider the bridge bT*Y reversed at 7.
Let 91 C § be the set of P-zero sets. Recall that, for every ¢ € [0, 7], we defined

$; to be the smallest o -algebra containing 91 and the o-al gebra o (b;ft’y s Bs—B7
T—1<s<T)=0®l " B,—B, : T—1< < 7).
Step 1 We claim that ($;);¢[0,77 i a filtration and that bT is $);-measurable, for
al0 <s <1 < 7.

Of course, the second assertion implies the first. Since bg;x’y =y, P-as., and
o) = $Ho C Hy,t € (0, 7], we see that bT;x’ is $;-measurable, for all r € [0, 7].

Let0 < s <t < 7. Then, up to indistinguishability, (bT p _H)ge[o 7] 1s the unique
semi-martingale with respect to Bz _, on [0, 7] which P-a.s. solves

- X
4 “dr on[0,1), X, =y.
—r

T;x, ¢
X, = by-,xty +B7r 11e—B7 +/0

The standard solution theory for SDE thus implies that, forevery ¢ € (0, s), the random
variable b Y is measurable with respect to the smallest o - algebra containing 9t and
“(bet ; Br—BT_,. T—t <r <7 —s+e¢).Inparticular, bT Y is $);-measurable.
Step 2 Next, we claim that (10.13) defines a continuous martingale with respect to
($¢)1eq0.7) starting at zero.

Obviously, all paths of B are continuous on [0, 7) and, by Step 1 and (10.13), Bis
adapted to (9;),¢[0,7)- Using E[b,T;x’y] = %y + %‘—’x, t € [0, 7], which is obvious

from (15.1), we read oAff from (10.13) that fi, is integrable and E[B,] = 0, for all
t € [0, T]. Of course, By = 0, P-a.s., and

E™[B,1=E ™ [B,1=E[B,1=0, 1€ (0,7).

Let0 < s < t < 7. Taking the SDE solved by 57*¥ into account we see that

T—s Tix,y Tix,y
- - x—b —-b
Bt—Bs=BT_,—BT_S—/ ( TR AT )du
T—t u T —u

T —s T T
=B7_,—B1_, —/ Vind, Y, Y)du, P-as., (15.5)
T —t

where

T:x,y

dy = pu(x, )p7—u(y, )/ pT(x,y), u€(,7). (15.6)

We may now employ the arguments of [33, §4] to show that E” (bT s )[B ;= ] =0,
P-a.s.; see Lemma 15.3 below. For al7 —s <r <u<T7, we further know that
o(B, — B,)and a(b;;_xs’y; f?t S) are independent since bT Y and B, Bs are
§7_s-measurable while B,, — B, is §7_,-independent. For tr1V1a1 reasons, o (91) and

@ Springer



Stochastic differential equations for models of non-relativistic... 901

o(b;fs’y ; I§t — I}S) are independent as well. These remarks entail E®s [f?, - B sl =

T:x, A A A
EU(bT—Sy)[B, — B;] =0, P-a.s. Since Bj is $)-measurable, we arrive at
Eﬁf[f}t] = I§S, P-a.s.

Hence, B is a continuous martingale with respect to (£;),¢[0,7) starting IP-a.s. at zero.

Step 3 Invoking a martingale convergence theorem, we see that (B)) tef0,7) hasaunique
extension to a continuous ()0, 7]-martingale (starting at zero), again denoted by

B. Furhermore, a glance at (10.13) reveals that the quadratic valriation process of Bis
(t1);¢0,77- In view of Lévy’s characterization we now see that B is a Brownian motion
with respect to (£););cj0,77 and, hence, also with respect to its standard extension
(F0)refo.77; see [10, p. 219].

Step 4 Substituting u(s) := 7 — s pathwise in (10.13) we obtain (10.14). By Step 1,
(b;;_xt’y )tefo,7] is adapted to (@,),E[O,T] and we conclude. O

Lemma 15.3 LetO <s <t <7 and f : R” — R be bounded and Borel measurable.
With dT+*Y defined by (15.6), we then have

BLA6T N = [ dT @@
T —s
ELf (b3 ") Br_ — Br )1 =E [f(b?i‘;% /T Vind, "‘%b?”)du} :
—t

Proof We shall show the second asserted identity with0 < 7 —¢t <7 —s < T
replaced by 0 < s <t < 7. By an approximation argument, we may actually assume
f to be continuous with compact support, which we do from now on.

For fixed 7 > O and y € R", we set

05.1(z, @) == pis(z. @) pT_1(@.y) | pT—(z.y), a.z€R’, 0<s<t<T.
Then

y—z
(83 + %Az + ,z,—s N Vz) Qs‘,t(za a) - Oa

foralla,z e RYand 0 < s <t < 7. We set
(75,6 [)(2) 1=/ 0s1(z,a)f(a)da, zeR", 0<s<rt<T7.
Rv

Since f is bounded, it is then also clear that (s, z) — (75./ f)(z) belongs to C2([0, 1) X
RY) with

y—1z
T —5s

(as—i—%Az—i- ~Vz)(yrs,tf)(z)=0, zeR", 0<s <t <T.
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Hence, Itd’s formula (applied with respect to the time-shifted basis By) P-a.s. entails,
forall0 <s <r <t,

(s FYBEEY = (e )BT YY) = / V()b 5B, (157)

N

Since f € Cp(R"), we further know that (s, z) — 75, f has a unique bounded and
continuous extension onto [0, r] x RY with 7; , f(z) = f(z), z € R". The function
(s, 2) > V(w5 f)(z) is bounded on every set [0, r] x R with r € [0,¢). Let F :
£2 — R be bounded and §-measurable. Then the dominated convergence theorem
and (15.7) yield

T T . : T
ELF(f(b, ) = (5. )b )] = lrlglE [/ FV (1,0 f)(by ’x’y)dBu] =0.
N
This proves the following relation,
s Tix,y\1 T;x,y
E®[f(b; )] = (s, f)(bs 77), P-as.,, 0<s <. (15.8)

In particular, E[ £ (5. **)] = E[ESO[ £ **)]] = (0., f)(x), which is the first
asserted identity. Applying (15.7) first and Itd’s formula with respect to B, afterwards,
we P-a.s. obtain

(T )b ) (B, — Bey) = / 00 (T ) (b2 ™) du

r
T.
+ / (Bi — Bus)V(tuy (B2 **)dB,
\)

+ / (Tus £) (B2 ?)dBy ., (15.9)

forall r € [s,t).
The dominated convergence theorem and (15.9) now imply

ELf(b] ) (B, — B,)] = lim E[Gr,. (B ) (B, — B)]
= li%n/r E[V(nu,,f)(bfzx’y)]du. (15.10)
rft Js

Here we further infer from the first asserted identity (extended to bounded measurable
f) and from (15.8) that

e G | /R 00 (. 2)V (pus f)()dzdu

T / /Rv (Vz00.4) (%, 2) (Pu,s )(z)dzdu
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t
— _/ /R (00.)(*. ) (P H@(VIndy ) (z)dzdu
t
N _/ EL(pus /)by * )V Ind ™) i ) ldu

t
S / E[ES[ £ (b7 )1V IndT ) 6Ty ]du

s

of
_— / ELf BT )V IndT ™) (6T ) 1du

s

t
=_E [f(b,T;x’y) / (v lnd,,T;x’y)(buT;x’y)du:| . (15.11)
Combinig (15.10) and (15.11) we arrive at the second asserted identity. O

Appendix 5: On time-ordered integration of a stochastic integral

After the application of the stochastic calculus in Sect. 6 we obtain the relation (6.18)
on the complement of a [P-zero set which depends inter alia on the parameters #[,] =
(t1,...,t,). Hence, it is clear a priori that, P-a.s., (6.18) is available for all rational
) € 1A, N Q" at the same time, where /A, (= {0 < #; < --- <1, € I} CR".
To obtain (6.18) for all 7,,) € I A on the complement of one fixed [P-zero set, we shall
exploit the continuity in 7}, of the various terms in (6.18). To this end we have to
show in particular that the stochastic integrals in (6.18) posses modifications which
define a process that is jointly continuous in (Z, f[,]). This is essentially what is done
in the proof of the first of the two following lemmas. In the second one we justify the
use of the stochastic Fubini theorem in the proof of Lemma 6.1 at the end of Sect. 6.
In this appendix the results of Sects. 3 and 4 may be used without producing logical
inconsistences, and the vectors g, h € 0¢ are fixed.

Lemma 16.1 Onthe complement of some (t, t},,))-independent P-zero set, the stochas-
tic integral formula (6.18) holds true, for all t € [0,sup ), n € N, and t[) € tA,,.

Proof Step I Employing (2.9), (2.12), (2.6), (4.2), and (5.6) we first observe that the
integrand (¢(g)|iv(&, X;) Qg") (h; t[n])Worg(h)) of the stochastic integral in (6.18)
is a linear combination of terms of the form

Lt[t[n]] = jac (tc) gfﬂlA (4 8) %otg (tp; h)
(img + Gx, Wy Fagox, ) C@IWS c), (16.1)

with disjoint (and possibly empty) subsets A, B, C, {d} C [n] and » € {0, 1}. As a
consequence, if we define

t
tﬁt[t[n]] = / 1r>t,,Lr[t[n]] dB;, tel, tn) € 1A,
0
then it suffices to verify the following:
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Claim There exists a ‘B (1 A, ) @ §-measurable map /ﬁ ()t y) f,ﬁ [fa11(y) €
R such that, for each fixed (#,),7) € 1A, x [0,sup /), we P-a.s. have Jlﬁ[t[n]] =
Z;(ttn1], and such that, for all y € £2, the map /A, x [0,supl) > (f[), 1) —
fﬂf [#1211() is continuous.
Step 2 To begin with we argue that we may additionally assume that X = X7, for some
bounded §y-measurable ¢ : £2 — R", so that (2.37) is available. For, if X( = ¢ is
unbounded, then we can set q,, := 1{|g| < m}q, m € N, and verify the claim in Step
1 for each X%». After that we invoke the pathwise uniqueness property X4 = X,
P-a.s. on {|g| < m}, which entails ug’.[X’I] = ugg.[Xq'"], UF[X9] = UJ[X9"], and
UAT,[X‘I] = Ubf,[qu], P-a.s. on {|q| < m}, foreachs € I.(Here we use the notation
explained in the second paragraph of Sect. 8.)

Solet g be bounded. Then the claim in Step 1 follows from the Kolmogoroff-Neveu
lemma (see, e.g., [10, Satz 2.11'] or [30, Exercise E.4 of Chap. 8]) as soon as we can
find (n-dependent) p, ¢ > 0 and some function c: I — (0, co) such that

E |:Sllp |72 [t1n)] — ﬂr[S[n]]llp:| < c(0) |ty — spm" T, o €[0,sup 1),

<o

for all t[,, 5[0 € 14, With |t[;] — s[)] < 1. To this end we shall prove that

o ) p/2 b2
E (/ |lr>tnLr[t[n]] - lr>snLr[s[n]]| df) < Cn,p(o') |t[n] - S[n]lT,
0

(16.2)

for all o, 11, s[n as above and for all p > 2.

Step 3 First, we derive suitable bounds on the scalar products whose products define
L. [t[;]; recall (5.1) and (5.2). In fact, by Hypothesis 2.3 the terms

¢ . S+e
ag,z) :=(im g + Gx, |ws,Fyx,) and a‘ﬁf = (glws, s Fex,), £=1,...,8,

are bounded on £2, uniformly in 0 < s < t € I. Moreover, it is straightforward to
infer the following bounds from Hypothesis 2.3,

a9 — ) < c(ls — 51+ 1X, — X)), s.i<tel, £=1,...,28,

5

on §2 with a t-independent constant ¢ > 0, where (2.35) P-a.s. implies
s
| Xs — X5| < |Bs — Bj| +/ B(r, Xo)|dr, 0<§5<s <supl, (16.3)
s
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Taking (2.37) into account we deduce that, for all p > 2 and o € [0, sup 1),

o
¢
E |:/0 |a§2 - a;)i|”dt:|

< o(p) (IS — 51 +EllBs — B;|"1+ s —EI”fl/ E[B(z, Xr)l”]df)
0

<d(p,o)ls —5I1P%, 5,5€l0,0], |s—5| < 1. (16.4)
Furthermore, in view of (3.4) and (3.5) the scalar products
O ._ 77— _
ag; = (U |Fex,), €=25+1,...,38,

satisfy, forall p > 2,0 € [0,sup /), and s € [0, o],

4
E[supm;zw}
t<o

< PE |:sup

t<o

t t
/ 1r>sererBr +/ 1r>slr(GXr B, X))+ éX,)dF
0 0

p}
P2 o o
<d(p)o T E [/ ||GX,||PdVi| +d(p)or! / E[1 + |B(r, X,)|P1dr
0 0
< (p,o), £=2S+1,...,3S. (16.5)

Forall p >2ands <s < o < sup! with |s — 5| < 1, we likewise have

E |: sup U, — U_;_,,”p:|

0<t<o

T T p
=E [ sup / li<r<strGx,dB; +/ licr<str(Gx, B(r, X;) + gx,)dr }
0<r<o 1V0 0

o p/2 o
<c(p>E[(/ 1s<r<s||Gx,||2dr) }+c<p)|s—s‘|"—1 / E[1 + |B(r, X,)|P1dr
0 0

< d(p,o)ls —5IP/2. (16.6)

Together with the global Lipschitz continuity of x — F,, (16.3), and an estimate
analog to (16.4), the bound (16.6) implies

E| sup [a —al)|P| <c(po)ls =52, €=285+1,...,35, (16.7)
0<r<o ’

under the above conditions on s, §, o, and p.
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Let us finally consider the t-independent terms in (16.1). It is clear that

(.0 .

ars = (Fjx,|lwsFe x,) and a(35+1) aBsth —

Fx |woh),

are bounded on £2 uniformly in r,s € I (and 7, of course). Thanks to the above
discussion it is also clear that aY T 5+D qatisfies a bound analog to (16.4) and that

j 2
Eflays? —ali"17] < c(p.o)(Ir — 7l +1s — 51)""%, (16.8)

forallr,7,s,5 € [0, 0] with |[r — 7| < 1 and |s — §| < 1. Finally, setting a§3§+2)

(3S+2> = (Fx, |U+) we get E[la?sﬂ)lp] < ¢(p, o) and a bound analog to (16.7).

Step 4 Next, we derive the bound (16.2) assuming that s, < f, < o < sup [ with |¢,, —
s,| < 1 without loss of generality: Notice that L. [f[,;] is the product of m < n scalar
products which are either uniformly bounded or can be estimated as in (16.5), whence

tn p/2
E [(/ (IL [ty + |Lf[s[n]]|>2dr) }

-2 In p=2
<, p)ltn —s0l'T  sup / E[1+]a{ "1t < (n, p, o) |ty — 5a| T .
s<o Sn

Furthermore, representing the difference L.[t[,]] — L+[s4]] as a telescopic sum and
using the bound (4.3), we readily deduce that

o 2 P/2 =2 o
E (/ ‘Lr[t[n]] - LI[S[II]]‘ df) <o ZE [/0 |Lr[t[n]] - Lr[S[n]]|pdT:|
tﬂ

B P
o n n
0 _ (J) (k) (k)
<ot | el 10+ st | o
m= :
L#£m
)4
o n
(659] (/ £) (k) (k)
max E — 1 ag a; dr
+C1<k<3s+2 /0 a;l gy = @iy H +lag) |+ lay.2)
ISiess | a<b c;&ab
l/n n;l
< ¢ max E[/ |a(’) _asm) |pndf] sup E[/ (1+|a(k)|Pn)dr]
1<).k<35+2 0 sel0.o0] 0
m=1,..., n
- n-2
GO _ (G0 npyl/n ®) pnp "
+¢ max E[|a —a P sup E 1+|a dr
1<k<35+2 ey, = ases ™) Se[o?a] [/0 (1+ lag7 ™) ]
1<a<b<n
1<j.e<8

< Nty — sy P72
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Here the constants ¢, ¢/, ¢/ > 0 depend on g, h, n, p, and o. Altogether this proves
(16.2), where |t[,] — syl < 1.

Conclusion A priori we know that (6.18) is valid, for all ¢ € [#,, sup /) and all ratio-
nal f,) € 1A, N Q", ouside some (¢, f},7)-independent P-zero set. The above steps
show, however, that the stochastic integral appearing in (6.18) has a suitable modi-
fication which is jointly continuous in (¢, f,]). Using Hypothesis 2.7(2), (5.7), and
Remark 5.2(2) it is straightforward to see that all remaining terms on both sides of
(6.18) have continuous modifications as well. Hence, we can extend (6.18) by con-
tinuity to all 7,) € 1A, and #, < t < sup/ such that it holds outside of one fixed
P-zero set. O

Lemma 16.2 The following relation holds P-a.s., for all t € [0, sup I),

t
/ln/o Lo, () 2 (9) |0 (&, X)) 28 (s 111) WP £ (1)) d B iy
t
:/0 /1" Lea, () (C () |iv(E, X 1) 2 (h; 1)) Wg,zf(h»dt[n] dB,.

Proof Since both sides of the asserted identity are continuous in ¢ (according to
Lemma 16.1), it suffices to prove it (P-a.s.) for some fixed 7. So, let t € [0, sup /) in
what follows. By the remark in the very beginning of the proof of Lemma 16.1, we
then have to show that, P-a.s.,

t t
/ /0 Lea, (tpn) L [iny] d B diga = /0 / Lea, (o) L[ty dipmy dBo, (16.1)
" In

where L.[1],] is given by (16.1). Invoking the pathwise uniqueness properties dis-
cussed in Step 2 of the proof of Lemma 16.1 and the pathwise uniqueness property
of stochastic integrals with respect to Brownian motion, we may again argue that it
suffices to prove (16.1) under the additional assumption that the initial condition ¢
in the SDE solved by X = X7 be bounded. In order to justify the application of the
stochastic Fubini theorem it then suffices (see, e.g., [6, Rem. 4.35]) to check that

t 1/2
/ (E [/ |Lr[t[n]]\2er dr,) < oo. (16.2)
tA, Iy

Since ¢ is assumed to be bounded we know, however, from the arguments in the proof
of Lemma 16.1 that, for all ¢ € [0, sup ),

t t .
E [/ ]L,[t[n]]|2dt:| <cn)  sup / E[l + |a)""] < oo,
ty s<t ty
j=1,...35+2

where we use the notation introduced in Step 3 of the proof of Lemma 16.1. Clearly,
this implies (16.2) and we conclude. O
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Appendix 6: Measurability of the operator-valued map Wg [

Recall that a measurable map from a measurable space into a Banach space equipped
with its Borel o -algebra can be (a.e.) approximated by measurable simple functions,
if and only if its range is (a.e.) separable. In particular, it is not possible to define
its Bochner—Lebesgue integral, if its range is not (a.e.) separable. Since %’(%2) is a
non-separable Banach space, we shall therefore prove the following two propositions
in this appendix:

Proposition 17.1 Let& € RY and assume, in addition to our standing hypotheses, that
Im| < cw, for some ¢ > 0. Then, after a suitable modification, the operator-valued
map WV I x 2 — B(A) has a separable image and defines an adapted B(A)-
valued process whose paths are continuous on I\{0}. In particular, it is predictable.

Proposition 17.2 Let & € RY and let T be a locally compact metric space. Assume
that V is continuous and that |m| < co, for some ¢ > 0. Assume further that the
driving process depends parametrically on x € 7, which we indicate by writing X~,
such that I x > (t,x) — X7 (p) is continuous, for all y € $2. Finally, assume
that the basic processes can and have been chosen such that

2% T35 (t,t,x) — @’ X1, UFIXL UL X D) eC o ¢

is continuous, for all y € 2. Then we can modify each process Wg [X*], x € 7,
such that (¢, x,y) — Wg/ [X*1(p) is measurable from I x T x §2 to 93(%2) with
a separable image, Wé/t[Xx] : 2 - %’(%) is S,—%(%(j?))-measumble, for all

(t,x) € I x 7, and (I\{0}) x T > (t,x) Wgt[Xx](y) is operator norm
continuous, forall y € §2.

Remark 17.3 (1) Note that, in the trivial case where m, G, and F are all equal to
zero, we have Wg’t = ¢7"4@) "which is not continuous at 7 = 0 with respect to
the operator norm.

(2) Employing the bounds derived in Lemma 17.4 below, we can actually verify, with-
out using Theorem 5.3, that the series of time-ordered integrals (5.13) converges
with respect to the operator norm pointwise on §2. The bounds on the norm of
WV thus obtained are, however, not P-integrable in general and way too rough
in order to discuss the SDE (5.15).

To prove the above propositions we shall employ the bound

1

m 1 2
la"(f1)...a” (fu) W]l < 27 (m)'/? an,nw (Zandr(wﬁwnz)

j=1 (=0
(17.1)

with [ f112 := | f1I*> + llo~ /2 f||? and where f, f1,..., fn and ¥ are such that the

norms on the right hand sides are well-defined. We leave the proof of (17.1) as an
exercise to the reader.
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For general information on analytic maps from one Hilbert space into another, like
the one appearing in the next lemma, we refer again to [14, § 111.3.3].

Lemma 17.4 Lett > 0 and m € Ny. Then the map Fy, , : "1 — BA),

o0

Foni(ft, s fns 8) :—Z—anm .a'(fa'(g)"e ), (17.2)

n=0

is well-defined, analytic on "+, and satisfies

1Fmi (o S I < )2 L TT 2T 20 £l ) s(@T) 2 lIgllw).  (17.3)

j=1

where T := 1V (1/2t) and s(z) = > o2 (m)"V/27", z € C. If ¢ € N and

fiveoos futer g € & then Ran(Fp (fi, ..., fm, &) C D@ (fute)-.a" (fns1)
and

A" fngt) oo @ Pt ) Fint (Fro ooy fins ©) = Fonsot(fio ooy fnres &) (17.4)

In particular, we may write

Fui(fiseeos fun 8 =@ (f)...a" (f1) expla’(g)}e "I @

with exp{a’(g)}e 1@ = Fo.1(g). For every s > 0, we finally have

Fats(fis ooy s 8 = Fut(fiy ooy fin, @)e 0@, (17.5)

Proof Lett > 0. It follows immediately from (17.1) that, for all £ € Ny, the multi-
linear map € 5 (hy, ..., he) — a'(hy)...a " (h)e "7 @ e B(F) is bounded and,
in particular, analytic. Therefore, to show analyticity of F,, ;, it suffices to show that
the series in (17.2) converges uniformly on every bounded subset of £”*+!. Applying
(17.1) we obtain, for all ¢ € (), DA (0)"),

1
= la®(f)...a" (fma’ ()" 8|

1

. m ! 1 . m+n T—¢ 2
<en? ([Tifl W@Tﬂngn;@(z 7<¢|dr<w)f¢))
=1 =0

mn 271/2 )" o0 7 2
<22 (150 | ¢ ,)”lg/l' ) (ZT¢|dr<w)%)) |

j=1 =0
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Here we used the bound (’"m%:,)' < 2T in the second step. Since

iT_'Z —tdF(w)w‘dp(w)ﬁe—tdl“(w)w) — ||e—(t—1/2T)dl"(w)lp||2 < ”1/,”2’
=0

for all ¥ € .#, this implies

1 -
! la®(f) ... a" (fma®(g)" e 4|

, o 277 gllw)"
< (2T 2)™(m!)2 H“fj”w W~

j=1 (nh)2

Therefore, the series in (17.2) converges absolutely in operator norm, uniformly on
every bounded subset of £"+1 and we also obtain (17.3). The relation (17.4) follows
inductively from the fact that a'( f) is closed, for every f € b, and (17.5) is obvious
from the fact that right multiplication with e ~*7'(®) is continuous on Z(.%). O

Corollary 17.5 Let r,s,7 > 0 and m € Ny. Then, for all f1,..., fm, g € & the
operator Gy, s(f1, ..., fm, &) defined on the dense domain €[dc] by

Gus(fiy vy fnr OV = e T @ expla(@)la(f)...alfu)¥, ¥ € Clocl,

is bounded and its unique extension to an element of #(.F) is given by

Gm,S(flv v fm 8) = Fm,s(flv---v S g)*-

Ifn € Ng and |m| < cw, for some ¢ > 0, then the map D;”: f) C x [0, 00) x

RY x ¢"t7+2 5 B(F) defined by

DI (a, t,x, fi, .oy fuo floeeos a8 8)
= aFu,(fi ooy fn, @0 THOHM B (Fiveees fun ©F (17.6)

is uniformly continuous on every bounded subset of C x [0, 00) x R” x ¢"+"+2 qnd
has a separable image. Moreover, D;"; ';) DE"E ’f) for all 7, 5,7 > 0 satisfying
F+S+Tt=r+s+r.

Proof The first assertion follows from Lemma 17.4, and the continuity of the map
(17.6) follows from Lemma 17.4 and the bound

” F(e—(r+t)w+im~x) _ l—v(e—(t+u)w+im‘y) ”

< (1 = =T @) +ix=y)dTom)) —(+D)dC @)

< (w— [)||d[‘(a))eftdr(w)” +|x = yHldl—-(lmDeftdF(a))”
< =1+ clx = yDAI @)e T,
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forall x,y € R and u > ¢ > 0. The map (17.6) has a separable image because it
is continuous and its domain C x [0, 0o) x RY x £"+%2 ig separable. The relation

DY = D™ is a consequence of (17.5). O

Corollary 17.6 Let 7 be a locally compact metric space, let & be a separable
Hilbert space, and let T , be the set of measurable maps X : I x T x 2 — X,
(t,x,y) — X (), such that X* is an adapted process, for every x € 7, and
I x 7 3 (t,x) — X/ (y) is continuous, forall y € $2.

Letr,s,t > 0, £,m,n € Ny, X e Tgry, Zl,...,Zm,Zl,...,Zn,Y,? € Tg

and h : I' x T x 2 — C, (trey, x, y) — h;‘m(y) be measurable such that its

restriction 1o [0, 11" x T x 2 is B([0, 19 ® B(T) ® §;-measurable, for every

t € I, and such that I x T > (e, x) — h;‘m (p) is continuous, for all y € £2.

For all (tysmin), P3)5 1, X) € G := T7"H43 5[0, 00) x 7, define a function
Q2 — B(F) by

B[x,pm (t[2+m+n]» )
= D) (12

r,s,T ey’

1, X z*

p1> “lhtepy

L7 VA zx Y Y;‘3).

Mytogm® “ Ltepme1? "0 Tt T P20

(17.7)

Then B : 9 x 2 — B(F) is measurable, it has a separable image, its restriction to
[0, 1]EHmF713 % [0, 00) x T x 2 — B(F) is B([0, 1743 x [0, 00) x T) ®
§ —B(H(F))-measurable, and the map (I{gtm+n]. P3], 1, X) > B,’fpm (tle+m—+n)s Y)
is continuous on 4, for all y. Furthermore, the %B(F)-valued Bochner—Lebesgue
integrals in

tAmtnte

J (1, pBY L X, Y) = / BlX,PB] (tre+m—+n1s YDA etmtn], rel, (17.8)

are well-defined, the map J : 4’ := I* x [0, 0) X T x 2 — B(F) is measurable
with a separable image and its restrictio:z 10 [0, 1]* x [0, 00) X T x 2 — B(F) is
B([0, 1]* x [0, 00) x T) ® F:-B(B(H))-measurable, for everyt € I. Finally, for
ally € 2, the map (¢, P31t X) = J(t, P13)s t, x, ¥) is continuous on '

Proof The measurability properties of B are clear by definition and Corollary 17.5,
since B is the composition of two maps which are measurable in the appropriate sense.
(Here we use that ®”_ B (£) = B(¥") which follows from the separability of £.) Since
the image of B is contained in the image of (17.6), it is separable. Corollary 17.5 also
shows that, at each fixed y, B can be written as a composition of two continuous maps.
In particular, the integral in (17.8) is a (well-defined) Bochner—Lebesgue integral of a
continuous function over a compact simplex. The measurability properties of J thus
follow from a standard result in integration theory and the image of J is contained in
any closed separable subspace of #(.% ) containing the image of B. The continuity of J
follows from the dominated convergence theorem and the local compactness of 4. 0O

Remark 17.7 Let t > 0 and pick arbitrary r, s, T > 0 with r + s + © < ¢. Then the
following statements hold true on all of £2:
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(1) In view of (2.15) and (4.2) we have the following factorization,
1% fuzsl . + . —
Wi ¥ =e "—5rexplia (U} T (wo,) explia(U )}y, ¥ € €b.

v _ 00 ¥y
Thus, W', = Drye (e "8t — 7, X, — XO,U,,U)WlthD”asm(l76)

(2) Letn € N. Then WV ™ can be written as a linear combination (with coefficients
in ZA(CL)) of # (J) valued Bochner—Lebesgue integrals,

V
(n) Z Oqy - -+ Oq Z / D,g#sé #B) (N(z, t[n]))dt[n]a

ael[S]" AUA'UBUB'UC=([n]
#Ce2Ny

(17.9)

where the argument of the integrand is given by

N(t, t[n])
= (hetgopoes ! — T Xo — Xos {wi, 1 Fo X, Jacas (W01, Fay X, JbeBs iut,iuy),
hl»’A/uB'uc
_,V . _ .
= ]O‘C ([C)e 1475,1 ( H {I(Utar,t|F0l(,’,Xrg/ )}) H {Z<F0lb/,X1b, |U$>}
a’'e A/ b'eB

(3) We may compute the adjoint of WE ) by replacing the integrand in (17.9) by its
adjoint. Hence, in combination with (17.6) we obtain a fairly detailed formula for

Wg/;“ =>% WV “W* in terms of the basic processes.

Proof of Proposition 17.2 Since W§ (;") = 80.,1 on §2, the Fp-measurability of WE 0
v

is trivial. Thus, for every n € Ny, the statement of the proposition with WE replaced
by WY ™ follows immediately from Corollary 17.6 in combination with the formulas
of Remark 17.7. Combining this result with the bound (7.10), we conclude that, P-a.s.,

the convergence Wg’ [X*] = limy_ oo WE/ -0, N)[XX ]in 93(% ) is locally uniform
in (¢, x) € I x 7. Since each measure space (£2, §;, P) with ¢ € I is complete, this
proves the proposition. O

Proof of Proposition 17.1 Proposition 17.1 is proved in the same way as Proposi-
tion 17.2. o

Appendix 7: General notation and list of symbols

s At :=min{s,t}and s V¢ := max{s, t}, fors,t € R.
14 is the characteristic function of a set A.
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Vectors and vector spaces

D(-) denotes the domain of linear operators, and Q(-) the quadratic form domain of
suitable linear operators. #(.#1, -#>) is the space of bounded linear operators between
two normed linear spaces 71, #35; B(H1) := B(H1, H1).

x®n denotes the n-fold tensor product of a vector x with itself.

h=L2(M, 2, w); & 0; hop, by (2.1); Hypothesis 2.3; Sect. 3
F =Ts(y); # =CL @ F;, ¢ (2.2); (2.21); (10.26)

¢(h); &[v], €lv] (2.3); (2.4)

D: Y (1.5); (11.4)

hes e, dc; Fc Hypothesis 2.3; (2.26); (2.27)

Quantities determining the model, operators

WU, W (f), TW) Section 2.1

@().d0 (D), a’ (), a(f) Section 2.1

w,m, G, F,C,o,v,L, S Hypothesis 2.3 and preceding paragraphs
4,9 (2.25)

AY (& x), BY (& x), HE), v(E, x) Definition 2.5

M; Mq(§) (1.5); (2.31)

v,HY Hypothesis 2.4; (1.6) and Sect. 11

p L&), TV, TV (x, y) (1.12); Definition 10.7

Measure theoretic and probabilistic objects, processes
$B(.7) denotes the Borel o -algebra of a topological space 7.
AV is the v-dimensional Lebesgue—Borel measure and A := A

LT,B=(2,5 @)icr,P), Fs.r, B, ED Beginning of Sect. 2.3

1%, By (2.34)

B,X,X1,°X1,8, £ Hypothesis 2.7

Y;B* =x+B (7.15); (10.10)

pTixy, pT0F Lemma 10.5 and “Appendix 47; (10.15)
S;(X) Beginning of Sect. 2.3

I -1 Remark 2.15

Js s Wrp, We g (3.1); (3.3); (3.10)

ug U=, (Ur e Kei Ki Definition 3.1

WEV; Wg; W;/’(n), wY WM (4.1); Theorem 5.3; Definition 5.1
thp, LYA(Q), Rag (tB), Suc (1) Definition 5.1

LOA(0; 9), R (1153 ), 2 Remark 5.2

As,(x,¥); Astlg, ], Py Theorem 9.2; Proposition 9.3

X, 87, B (10.1)

The meaning and use of an additional argument [X], [B*], etc., of a process, e.g.,
U*[X] or Wg/ t[b’ “¥-*¥7_is explained in the beginning of Sect. 8.
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