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Abstract The problem of pointwise adaptive estimation of the drift coefficient of
a multivariate diffusion process is investigated. We propose an estimator which is
sharp adaptive on scales of Sobolev smoothness classes. The analysis of the exact
risk asymptotics allows to identify the impact of the dimension and other influencing
values—such as the geometry of the diffusion coefficient—of the prototypical drift
estimation problem for a large class of multidimensional diffusion processes. We
further sketch generalizations of our results to arbitrary diffusions satisfying suitable
Bernstein-type inequalities.
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1 Introduction and motivation

Diffusions present a particularly important class of stochastic processes. The long
standing probabilistic interest in this subject is illustrated, for example, by the seminal
books of Itdo and McKean [9] and Stroock and Varadhan [22]. From the statistical
point of view, one classical problem is to estimate the (unknown) characteristics of
the diffusion, both from continuous-time and discrete observations. In the last two
decades, nonparametric estimation of diffusion processes has been widely developed,
mainly due to their applications in mathematical finance where diffusions are com-
monly used to model the evolution of financial assets or portfolios of assets. While
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diffusion models have been largely univariate in the past, they now predominantly
include multiple state variables; see the introductory remarks of Ait-Sahalia [1] for
concrete examples. In some respects, the statistical theory did not keep pace with this
evolution: thorough theoretical results on nonparametric estimation of multidimen-
sional diffusion processes are few and far between. At least partially, this is due to the
fact that the concept of diffusion local time and related tools such as the occupation
times formula are not available in dimension d > 1 such that the treatment of the
multivariate case requires different approaches and new techniques.

The aim of this paper is to close one gap in the literature by analyzing the asymp-
totically exact behavior of the pointwise risk for adaptively estimating the drift vector
b : R4 — R4 of a multivariate diffusion which is given as a solution of the stochastic
differential equation

dX; =b(X,)dt + o(X,)dW;, Xo=E&, t€[0,T], (1.1

where o : R — R4 ig the dispersion matrix, W is a d-dimensional standard
Wiener process and the initial value & € R? is independent of W. It will be assumed
throughout that a continuous record of observations X T.—(x 1)o<:<T 1s available.
Thus, the diffusion coefficient oo | is identifiable by means of the semimartingale
quadratic variation, and it means only little loss of generality to simplify the analysis
by considering merely the case of known, constant diffusion part. We further restrict
attention to ergodic diffusions whose invariant measure is absolutely continuous with
respect to the Lebesgue measure. Let p;, denote the invariant density. The initial value
& is assumed to follow the invariant law such that the process X is strictly stationary.

It is statistical folklore to consider drift estimation as some analogue of the regres-
sion problem. Given some appropriately chosen kernel K : RY — R and bandwidth
h > 0, it thus appears natural to investigate the following type of kernel estimators of
the drift vector b,

T [ Kn(Xy — x)dX,

—~ , xeR?, (1.2)
1 (X) V py(x)

br(x) =

where Kj () := h K (-/h), pr is some estimator of the invariant density pp and
ps«(x) > 0 denotes some a priori lower bound on pj(x). In the sequel, the quality of
an estimator b7 will be quantified by its pointwise risk

R(br, b) := Eyllbr (x0) — b(xo)|I>, xo € R? fixed,

for E;, denoting expectation with respect to the invariant measure associated with » and
|| - || denoting the Euclidean norm. The goal is to define minimax adaptive estimators
b%. satisfying

R (b} b) = inf sup R(br., b).
br be#
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The supremum here extends over a given class of functions 4, typically, a class of
functions satisfying certain smoothness assumptions or structural constraints. For esti-
mating the drift vector, we shall consider scales of Sobolev classes (X7 (8, L)) g, 1)eBy
where, for fixed 4 > d/2and 0 < L, < L* < 00,

Br:={(B,L): Br<B<Pr, Ly <L < L*}, Pr=(loglogT)’, §&(0, 1) fixed.

We propose estimators which attain not only the optimal rate of convergence but the
best exact asymptotic minimax risk when the actual smoothness of the drift and the
associated invariant density p, are unidentified and we only assume membership to
X7 (B, L) for some (B, L) € Br.

To the best of our knowledge, sharp asymptotic minimax bounds for nonparamet-
ric estimation in the diffusion framework have been established exclusively for one-
dimensional processes up to now. One particularly deep result is given in Dalalyan [5]
where a fully data-driven procedure for exact global estimation of the drift for a large
class of ergodic scalar diffusion processes is proven. In the multidimensional diffu-
sion set-up however, we only know of upper bound results on rates of convergence,
even for the prototypical problem of estimating the drift vector from continuous-time
observations. Let us emphasize that the question of identifying the exact constant in
the risk asymptotics is far from being merely of theoretical interest. The subsequent
in-depth analysis rather allows to descry the influencing values of the drift estimation
problem, and these findings provide answers to practice-oriented issues. For instance,
it is to be expected—and has been observed in practice indeed—that the speed of
convergence for estimating functionals of a diffusion process solution of the SDE
(1.1) depends on the geometry of the diffusion coefficient oo ' =:a = (@jr)1<jk<d-
For the exemplary problem of estimating the j-th component b/ of the drift vector,
j e {l,...,d} fixed, the dependence will be proven to be reflected by the appearance
of ajj, the j-th diagonal entry of the diffusion matrix, in the exact normalizing factor
in the risk asymptotics. Our exact results further give a theoretical justification for the
wide-spread use of standard kernel methods for drift estimation which in applications
(e.g., in financial econometrics) often occurs on an ad-hoc basis. Heuristically, the use
of such methods is based on the aforementioned folklore that “drift estimation is just
regression,” provided that the long observation limit is considered and as long as the
diffusion is sufficiently regular.

On a mathematically formal level, abstract decision theory allows to transfer risk
bounds from one statistical model to another by referring to the concept of asymp-
totic equivalence of experiments in the sense of Le Cam. For inference on the drift
in multidimensional ergodic diffusion models, asymptotic equivalence is established
in Dalalyan and Reif} [7]. Their results concern the special case of Kolmogorov dif-
fusions with unit diffusion part, i.e. c = Id, and hold only for large enough Holder
smoothness of the drift coefficient (which is substantially larger than the lower bound
of d/2 which would correspond to known results on asymptotic nonequivalence of
scalar nonparametric experiments when the smoothness index is 1/2). We take a direct
approach and establish upper and lower asymptotic risk bounds for diffusions with ge-
neral constant and nondegenerate diffusion part without resorting to arguments based
on asymptotic equivalence.
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For ease of presentation however, let us merely announce the result for the important
special case of diffusions with dispersion matrix of the form o = o Id, for some
0 # o¢ € R. Define

B—d/2

28 d
Is, f>5.L>0. (13)

d
2B8L% [ d?o3 py(x0)
D(B. L; pp, 0p) := ( <

b (x0)V/d \ BB —d)

Here, with B(-, -) and I"(-) denoting the Beta and the Gamma function, respectively,
and letting Sy := 2%/ /I"(d /2) denote the surface of the unit sphere in R,

1 d d
IG=—B(l+-. 1-—) @) Sy
2p 2p 2p
1 A%
= i 5 da. (1.4)
@07 Jra (14 329)
On the one hand, we show that
B—d/2
T B
liminfinf sup sup sup ( )
T~ by (B,0)eBr bell(c1.c2) ppezr(B.L) \10g T

xD~2(B, L; p. 00) Ep||br (x0) — bxo)|* = 1,

for some suitably defined functional sets I7(c1, ¢z) and X7 (8, L) = Z7(B, L; L', 0p),
depending also on oy and constants ¢, ¢z, L related to the regularity properties of
the class of investigated multivariate diffusion processes (for details, see Sects. 2 and
5). Furthermore, we suggest an asymptotically sharp adaptive estimator over Br, i.e.
an adaptive estimator which does not only achieve the best possible rate of conver-
gence but the best asymptotic constant associated to it. Our exact asymptotic results
on drift estimation hold under mild regularity constraints and indicate that asymptotic
equivalence—at least in some reduced sense—also holds under smoothness assump-
tions less severe than those imposed in Dalalyan and Reif3 [7]; cf. the discussion in
Sect. 6.

The current investigation is directly related to previous work both from the field
of nonparametric statistics and more applied areas such as financial econometrics. A
larger quantity of results on nonparametric drift estimation in the scalar diffusion case
is already available. Dalalyan and Kutoyants [6] consider the problem of nonparametric
estimation of the derivative of the invariant density and of the drift coefficient for scalar
ergodic diffusion processes over weighted L? Sobolev classes. The construction of the
suggested asymptotically efficient estimator requires the knowledge of the smoothness
and the radius of these weighted Sobolev balls. On the basis of these results, Dalalyan
[5] develops an adaptive procedure which does not depend on the characteristics of the
Sobolev ball and which is asymptotically minimax simultaneously over a broad scale
of Sobolev classes. In direct relation to the present work, Spokoiny [20] considers the
problem of pointwise adaptive drift estimation and develops a locally linear smoother
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Exact adaptive pointwise drift estimation 365

with data-driven bandwidth choice. His method is also derived in a scalar setting but
generalizes to the multidimensional framework. The focus of Spokoiny [20] clearly
differs from ours: he provides nonasymptotic results (which do not require stationarity,
ergodicity or mixing properties of the observed diffusion process) for the suggested
kernel type estimators, while our interest is in identifying the asymptotically exact
behavior of adaptive drift estimators. The definition of such asymptotically sharp
adaptive estimators does not only require a data-dependent choice of the smoothing
parameter but also a data-driven selection of the kernel.

In the sequel, we will use rather recent results on functional inequalities (and the
interplay of different types thereof) for diffusion processes. To be more precise, inspec-
tion of the constructive proof of the asymptotic upper risk bound suggests that the
combination of a Bernstein-type deviation inequality and sufficiently tight variance
bounds is the key for suggesting sharp adaptive drift estimation procedures for diffu-
sion processes. Diverse works on generalizations of the classical Bernstein inequality
which are applicable in the diffusion framework exist. In this paper, we will assume
that the diffusion satisfies the spectral gap inequality—a condition which, at least
in the area of statistics for random processes, is rather unconventional. However, it
can be argued that this hypothesis presents some sort of minimal assumption for a
Bernstein-type inequality for symmetric diffusion processes to hold and thus pro-
vides a natural framework for our investigation. The combination of different types
of tail estimates of additive functionals and sharp variance bounds due to Dalalyan
and Reif} [7] then allows to prove the required type of exponential inequalities, and
classical chaining arguments and conditions on the size of function classes in terms
of bracketing numbers provide an extension to uniform versions thereof. Our results
still are by no means restricted to this specific kind of dependence mechanism as will
be sketched later. Currently, (probabilistic) research on diffusion processes is aimed
at investigating the interplay between different approaches for the study of quantita-
tive ergodic properties and the relationship between different functional inequalities.
It would be interesting to complement these results with findings on the asymptotic
statistical behavior of estimators in the respective ergodic diffusion models, and the
present analysis provides one first step in this direction.

Outline of the paper One crucial point in our subsequent investigation is the fact that
we may restrict attention to analyzing the exact asymptotics of the estimators which
appear in the numerator of (1.2). Only mild regularity properties of the diffusion are
required for translating results on estimating

T .
lim E; [— / Kh<xu—x>dxu} — lim / Kin(y — )b(y) oy (5)dy
h—0 T Jo h—0 JRd

= b(x)pp(x), xR,
into upper and lower bounds for drift estimation. We thus start our investigation with
considering estimation of bpj, assuming that the components b’ pp, j € {1,...,d},

belong to some Sobolev class of regularity 8 € Z, Z some given interval of the form
[,8*, ﬂf] with B — 70 00 slowly enough. Section 3 contains a lower bound for
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pointwise estimation of bpj, and an adaptive procedure for estimating the components
of bp, which asymptotically attains the respective infimum is introduced in Sect.
4. Provided that the drift grows at most linearly and the invariant density decays
exponentially, upper and lower bounds for estimating bp,, can be translated into corres-
ponding results for drift estimation. In favor of a concise and transparent presentation,
the bounds are stated explicitly only for Kolmogorov diffusions. The respective results
are given in Sect. 5. Section 6 contains a discussion of our findings and a sketch of
possible extensions. Details on the exponential inequality used in the proof of the
upper bound part of our exact result are given in Appendix A. The bulk of the proofs
of the main results is deferred to Appendix B.

General definitions and notation For g : R? — R? denote by g/ its j-th component.
For a smooth function f : RY — R, let i f = 0f/ dx/, and denote its gradient by
Vf =(9;f);.Rowsofand x d-matrix a are denoted by a, and the Frobenius norm
of the matrix o is denoted by |lo s, := (Z?zl ((TGT)/']')I/Z. Let ¢ be the Fourier
transform of f € L?(RY), that is, for any A € R, ¢ (1) := Jra f(x)exp(i 2T x)dx.
Let B > d/2, and define the Sobolev seminorm ng(-) by

e 1 28| 4 . 2 12 2 md
npg(f) = ((Zn)d /Rd 12172 | ()] dk) . feL (RY).

The isotropic Sobolev class S(B, L) is givenas S(B, L) :={ f € L*(R?) : ng(f) <L}.
Throughout, < means less or equal up to some constant which does not depend on the
variable parameters in the expression.

2 Preliminaries

The complexity of the diffusion model requires some care in defining the framework for
pointwise estimation of the components of the drift vector, with special consideration
of the interplay of regularity properties of the individual components of the model.
We start by defining [Ty = I1o(c'), o some constant nondegenerate R?*“-valued
dispersion matrix with associated diffusion coefficient oo | = a, as the set of all drift
coefficients b: R — R? such that

(Pg) the SDE

admits a strong solution which is ergodic with Lebesgue continuous invariant
measure dup(x) = pp(x)dx, and

(P{)) for j € {1, ..., d}, the invariant density pp, satisfies the relation
d
2b7 pp, = ajVpp = Zajkakpb-
k=1
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We further suppose that the initial value X¢ has the density pp, such that (X;);>0 is
strictly stationary.

As aforementioned, the drift estimation problem in the sequel will be decomposed
into the individual questions of estimating the invariant density p; and the products
bl pp, j =1, ...,d. Restricting to diffusion processes satisfying (P(), the second ques-
tion can also be stated as estimating the weighted sums of derivatives Zizl ajk Ok Pp,
j = 1,...,d. As has been proved in Dalalyan and Kutoyants [6] and Dalalyan [5]
in the scalar set-up, this approach has the potential to derive deep results. We already
noted that the non-existence of diffusion local time presents a particular challenge
for the statistical analysis of estimators in the multivariate diffusion framework as a
set of valuable technical tools falls away. One further difficulty consists in identifying
regularity conditions on the diffusion which allow for an as broad as possible extension
of the investigation to a multivariate framework. It is convenient to include the condi-
tion (P;,), but our results can also be generalized to more general classes of diffusion
processes.

In the sequel, we consider estimation of the drift function at a point xo € R4 under
Sobolev smoothness constraints on the associated invariant density. Precisely, set

Sr(B.Li L, o) = {pb b e o), py € SB+1.L),

bipy €SB L)1 <] <d, pylxo) = pf ]

where p7 is a sequence of positive real numbers such that limy_,» o7 = 0 and
liminf7_, o (p} log T) > 0. To shorten notation, we frequently write X7 (8, L) for
X7(B,L; L', o). Forconstants ¢; € (0, co]andc; > 0, we further define IT(cy, ¢2) =
I1(cy, c2,0) as the set of all drift functions b € [ly(o) satistfying the following
conditions:

(P1) It holds lim supy oo X[ 7% (b(x), x) = —ci.
(Py) Forall x € RY, we have ||b(x)|| < c2(1 + [|x]]).

A few comments on the definition of the functional sets ITg(o) and I1(cy, ¢2, o)
are in order:

Remark 1 e A lower bound on the value pp(x() is required for two reasons: First
(and analogously to the case of nonparametric density estimation from i.i.d. obser-
vations considered in Butucea [3]), in order to obtain a reasonably good adaptive
estimator of the value (b7 pp)(x0), we have to exclude the case of a density pj,
that varies with T such that pp(xg) — 0 too fast. Secondly, for defining a ratio-
type drift estimator in the spirit of (1.2), a strictly positive a priori lower bound
px(x0) < pp(xp) is needed. The regularity conditions on the drift used in the
proof of the asymptotic properties of our adaptive estimators actually allow for the
derivation of explicit lower bounds; see Remark 2 below.

e The assumption of ergodicity is central for our subsequent analysis. Existence and
uniqueness of invariant measures are conveniently proven by means of versions
of Khasminskii’s criterion, involving Lyapunov-type functions for the generator
of the diffusion. Assumption (P) is a radial assumption on the drift coefficient
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and states that (if ¢c; < oc0) the inward radial component of b has a prescribed
polynomial behavior. In particular, (Py) implies that exp(8||x||?) for ||x|| > 1isa
Lyapunov function for small enough §, thus ensuring the existence of an invariant
measure. Together with the “at most linear growth”-condition in (P3), it further
implies an exponential bound on the associated invariant density (see Lemma 1
below).

3 Lower bound for pointwise estimation

In the Gaussian white noise framework, it has been shown by Lepski [12] that esti-
mators which are optimally rate adaptive with respect to the pointwise risk over the
scale of Holder classes do not exist. The best adaptive estimators are proven to achieve
only a rate which is slower than the optimal one in a logarithmic factor. Tsybakov [23]
derives an analogous result for adaptation over the scale of Sobolev classes. To some
extent, our findings are analogous, and principal ideas of the proof basically rely on
techniques developed in the classical framework. The exact analysis of the drift esti-
mation problem however also involves some subtleties which go beyond the known
intricacies associated to the question of pointwise adaptation.

Let us first state the exact lower bound for estimating the components of bpp
adaptively, assuming that the components bl o €SB, L), j=1,...,d, for some
B € [Bs,00)and L € [Ly, L*]. Here, By € (d/2,00) and 0 < L, < L* < o0 are
fixed values. For any 8 > d/2, let

_d log T\®
K =kK(p) = /32}32, Vr :z(oi ) , (3.1)

and recall the definition of I according to (1.4).

Theorem 1 Fix B, > d/2and § € (0, 1), and denote By := [, Br] % [ L, L*], for
Br := (loglog T)®. Then, for any xo € R? and j € {1, ..., d)} fixed,

Ey |37 (x0) — (17"017)060)’2 .-

liminfinf sup sup sup ) ,
T—00 81 (8,L)eBr bell(c1.c2) ppeZr(B.LiL' o) V7 gCi (B, L pp, 0)
(3.2)
where the infimum is taken over all estimators g of b? py, and
28 (Payoo)\ P
v ajjpPp(Xo
Ci(B.L; pp,o) =L | — L2 33
J(B.L: py. 0) . (ﬂ(zﬁ_d)) (3.3)

The proof of Theorem 1 is deferred to Appendix B.1.

The basic—and classical—idea of the proof of Theorem 1 is to reduce the proof
of the lower bound in (3.2) to proving a lower bound on the risk of two suitably
chosen hypotheses. A lower bound on the latter risk is then deduced by means of
Theorem 6(i) in Tsybakov [23] as it was also done in Butucea [3] and Klemeléd and
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Tsybakov [10, 11]. The verification of the conditions of Tsybakov [23]’s result in the
current diffusion framework however requires tools which differ from those used in
the references mentioned above. Denoting by Py and P; the probability measures
associated to the two different hypotheses, it needs to be shown that, for some fixed t
and for any o € (0, 1/2),

dPy
Pi{— > 1 —o. 3.4
](le’l_T)z a 3.4

In the Gaussian white noise framework considered in Klemeld and Tsybakov [10,11],
(3.4) is verified directly for suitably chosen hypotheses due to the Gaussian nature of
the model. For nonparametric density estimation from i.i.d. observations, Butucea [3]
uses Lyapunov’s CLT. In our framework, the condition (3.4) is verified by means of
the martingale CLT.

4 Construction of sharp adaptive estimators

To define pointwise adaptive estimators of the components of bp, which attain the
lower bound established in the previous section, we act similarly to Klemeld and Tsy-
bakov [11]. Precisely, we will use a two-staged procedure in the spirit of Lepski’s
method, constructing first a collection of admissible estimators and selecting then
an estimator with minimal variance among them. In contrast to the Gaussian white
noise setting considered in Klemeld and Tsybakov [11], the complexity of the mul-
tidimensional diffusion model however requires a more involved investigation and
more sophisticated tools. This remark applies both to the proof of asymptotic lower
and upper bounds on the pointwise risk. In particular, for proving the exact upper
bound, sufficiently precise exponential bounds on the stochastic error are needed. In
the Gaussian white noise framework, the derivation of such exponential bounds is
straightforward due to the Gaussian nature of the model. An additional complication
arises in the classical problem of estimating a density at some fixed point xg € R from
i.i.d. observations (cf. Butucea [3]) where one has to derive exponential bounds on the
risk which hold uniformly over a set of estimators associated to different bandwidths.
To do so, Butucea [3] uses the classical Bernstein inequality and a uniform exponen-
tial inequality due to van de Geer [24]. Similarly to the pointwise density estimation
problem, the bandwidths used for defining the estimators in our selection procedure
involve an estimator p7 (xo) of the (unknown) value of the invariant density pp at xo
such that uniform risk bounds on the stochastic error are required.

We proceed by introducing central assumptions on the diffusion process X required
for proving adaptivity of the proposed estimation scheme. Let P; be the transition
semigroup of X, and denote its transition density by py, i.e.

Pif(x) =Ep[f(X)) | Xo =x]= /Rd FOpix, p)dy,  f € L2(up).

The following Bernstein-type deviation inequality in particular allows to prove uniform
deviation inequalities which are crucial tools for verifying sufficiently sharp upper
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bounds on the pointwise squared risk of the adaptive estimators. Given any b € I1y(o),
denote by g§(~) the asymptotic variance appearing in the CLT, i.e.

1 T
cZ(g) == lim — Varp, ( / g(xu)du), g € L*(up). (4.1)
T—oo T 0

Assumption (BI) Let b € I1p(o). Then there exists some positive constant C g such
that, for any bounded measurable function f € L?(up) and for any r, 7 > 0 and
je{l,...,d} fixed,

1 T . .
P,,(‘F / FX)bY (X,)du — / FOIB (M dup () >r) (BI)
0 Rd

<2exp| — 1 .
B 2Cp(sp(S) + 7l fllo)

The investigation of the variance term in (4.1) differs from the case of independent
data as there appear additional covariances in the dependent case. The following
assumption provides sufficiently tight upper bounds on the (asymptotic) variance.

Assumption (SG+) The carré du champs associated with the infinitesimal generator
of the diffusion satisfies the spectral gap inequality, that is, for some constant cp and

any f € L*(up),
ps - / Fdus
]Rd

Furthermore, there exists some Co > 0 such that, for any # > ¢ > 0 and for any pair
of points x, y € R? with ||x — y||> < u, the transition density p, (-, -) satisfies

<e P flln (SG)

L2(uy) ()

pi(x,y) < Co(t7? +u’d/?), (4.2)

For any symmetric diffusion X, it can be shown analogously to the proof of Propo-
sition 1 in Dalalyan and Reif} [7] (also see the proof of Lemma 2.3 in Cattiaux et al.
[4]) that, for any [ € L?(up) and T > 0,

T 2 T v
Eh[(/o ! (X”)d”) } =2 /0 /0 By [f (X) f (X)) dut du
T
= 2T/0 (fs Pw )2, dw.

The last term is upper-bounded by applying the Cauchy—Schwarz and the spectral gap
inequality such that, for some positive constant C (depending only on cp),

T 2
Eb[( /O f(xu>du) ]5 CTIf 32, @3)
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It however turns out that, given the goal of describing the precise asymptotics for
nonparametric drift estimation, we do actually require an exponential inequality with
a tight leading term in the exponent. Taking also into account the upper bound on
the transition density in (4.2), Proposition 1 in Dalalyan and Reif3 [7] provides an
enforced upper bound on the variance of additive functionals of multidimensional
diffusions which allows to prove such a refined exponential inequality. In particular,
for any compactly supported kernel G : RY — R, Assumption (SG+) ensures that
there exists some positive constant C’ (depending only on d, Cy and ¢ p) such that, for
any bandwidth 7 > 0, y € R T >0,

1 d=1

1 T ’ )

Vary, (—/ Gn(Xy — )du) < ' x { max {1, (log(h=*)?}, d=2,
VT Jo 7 h2—d{ s J q>3

It seems to be rather unconventional to investigate estimators in diffusion models
under the explicit assumption that functional inequalities in the spirit of the spectral
gap hypothesis are satisfied. We believe that this approach is useful as it allows to
formulate precise results for a sufficiently large class of diffusion processes under
clear assumptions; see in particular Theorem 3 below.

The adaptive scheme is based on Lepski’s principle. For implementing the proce-
dure, consider a sufficiently fine grid G = Gr on the interval [B,, 8], with 7 — oc.
Itis defined as G = Gy := {B1, ..., Bu}, where B, < Bi < -+ < B = Br. Assume
that there exist kp > k; > O and §; > § > 1 such that

ki(log )™ < Bip1 — Bi <ko(logT)™%, i=0,1,....,m—1, (4.4)

and set By := By« — d/2. As in the case of density estimation from i.i.d. observations
(cf. Butucea [3]), the optimal bandwidth for estimating b/ p;, is not available in practice
as it involves the unknown value of the invariant density pp, at xo € RY. The adaptive
procedure for estimating b/ p;, therefore starts with a preliminary estimator pr (xq) of
the value pp(xg).

Definition of the preliminary density estimator Define

5 1 r X, — X0
por(x0) ::T_h‘% A 0o “hr du, 4.5)

where Q is a bounded positive kernel satisfying fRd lu|l|Qu)|du < oo, and the
bandwidth 27 > 0 is such that

lim hy =0, lim Th% =00, lim Th¥(logT)™® = oo, (4.6a)
T—o00 T—00 T—00

and, for some o € (0, 1/2),

lim sup A4 T* < oco. (4.6b)

T—o00

@ Springer



372 C. Strauch

Recall the definition of p3., and let p7 (xo) := max {41 (x0), pi}.

Main part of the procedure: adaptive estimation of bpp For fixed j € {1, ..., d}, we
now describe the procedure for defining an adaptive estimator of the j-th component
of the vector bpy. Recall that o is the dispersion matrix taking values in R?*¢ and
a = oo | denotes the associated diffusion coefficient. The adaptive estimator will be

selected among the family of estimators ?T 8 (x0), defined as

, 1 T X, — xO) .
=~J . u J
Xg) i= ——— Kg| —— ) dX;,
gT"B( 0) Th%ﬁ A p ( hr g !

where /7. g = il\’T p = (W;w . As in Klemeli and Tsybakov [10], the

kernel K is obtained as a renormalized version of the basic kernel

)1/(2ﬁ)

Kp(x) == (2n)_d/ (1 + ||A||2ﬁ)71 exp(iA'x)da, .7
Rd

namely

4.8)

28—d 1/(2B)
y .

Kp(x) :=b?Kg(bx), forb=b(f) = (
As the last ingredient of the adaptive procedure, introduce the thresholding sequence

N p=d/2
N ~j dpr(xo)ajjlog T 28
nr.p =g = ﬁ—T I1KgllL2(Rdy-

The adaptive estimator §§ is defined as
g1 (x0) =8, (x0), 49)
7.8}
where
Bl i=max{pedr: [g],00) ~ &) 40| <7ir, Yy €Gr, v < B} @410)

We continue with the main result on pointwise adaptive estimation of bpj,. Recall
the definition ():f the constants C;(B8, L; pp,0), j = 1,...,d, in (3.3). Denote by
I1(cy, cn) = I(cy, ¢, 0) the intersection of I1(cy, c2, o) with the set of all drift
functions b € I1y(o) satisfying (BI) and Assumption (SG+).

Theorem 2 For fixed B > d/2, 0 < L, < L* < oo, 8 € (0,1) andfor
Br = [B«, Brl x [L*, L*], where By = (loglog T)®, the adaptive estimator §JT
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defined according to (4.9) satisfies, for any xo € R,

~j : 2
: E} |87 (x0) — (b7 pp) (x0) |
limsup sup sup sup o) <.
T—o00 (B.L)EBr befl(ci.co) peZr(B.L:L'.0) V7 gCi (B, L pp, o)

The proof of Theorem 2 is given in Appendix B.2.

5 Sharp adaptive drift estimation for Kolmogorov diffusions

Restriction to the important case of Kolmogorov diffusions allows to derive and for-
mulate results in a comparatively concise way.
Let b € ITy(op Id), 0 # 0¢ € R, and consider the diffusion

t
x,=xo+/ b(Xa)du + 00 Wi, 120, 5.1)
0

where W is a d-dimensional Brownian motion and the initial value X is independent
of W. Note that property (P) in the definition of the functional set [Ty is fulfilled if
b = 002V (log pp) /2, that is, the drift vector b can be represented as a gradient. To

enlighten notation, let

p—d/2

. 428 (dPogpp(x0) | 7
C(B, L; pp, 00) = LZﬂﬁ(m Ig. (5.2)

We further introduce the maximal risk of an estimator g7 of by, for 8 > d/2, L > 0,
T > 0, some bounded set A C R? and fixed xo € A defined as

Rr.p.1(8r) = sup sup Ey g7 (x0) — (bop) (x0) 1>, (5.3)
bell(c1,c2) PbEXT(B,L; L ,00ld)

Theorem 3 Define By as in Theorem 2, and consider the risk introduced in (5.3).

Then the following holds true:

(a) For any xo and for C(B, L; pp,00) defined in (5.2), the estimator gr =
(ng);‘=1 g defined according to (4.9) is sharp adaptive.

(b) If there exists an estimator gt such that, for some By > By, L > 0,

. Epll g7 (x0) — (bpp) (x0) |1
imsup  sup sup 3 2 <
T—00 beff(cr.co) e Zr(fo.L:L oold) ¥ g C=(Bo. L pp. 00)

]a

then there exists ,86 > fBo such that

, (5.4)
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where U —T_,00 00. In particular, for any fixed B > By, L > 0,

. Ey 187 (x0) — (bpp) (x0)I*
limsup sup sup PR =1.
T—00 befl(er.co) e Zr(B.L:L oold) ¥ gC(B. L: pp. 00)

The statement in the second part of the above theorem is to be interpreted in the sense
that, whenever there exists an estimator g7 which performs better than the estimator
g atleast for one smoothness degree Sy, there exists another smoothness factor ﬂ(’) for
which there is much greater loss of g7. The assertion—and its respective proof—are
to be compared with Theorem 2 in Klemeld and Tsybakov [11].

Proof (of Theorem 3) We first show that I1(cy, ¢z, 009 Id) = ﬁ(cl, 2,00 Id). Let
b € I1(cy, c2, 00 Id). In view of the results in Section 4.3 in Bakry et al. [2] (p. 747),
(P1) implies that (SG) holds. Since, in addition, (P>) is satisfied, Theorem 3.2 in Qian
and Zheng [17] entails that (4.2) and thus Assumption (SG+) is fulfilled. For any
b € Iy(op Id), the associated measure uy, is reversible for X (see, e.g., Lemma 2.2.3
in Royer [19]). In particular, (SG) is equivalent to Poincaré’s inequality. Restricting to
bounded drift functions, Poincaré’s inequality implies that Assumption (BI) is satisfied,
too; this follows from Lemma 2 stated in Appendix A. In view of Theorem | and
Theorem 2, it now only remains to verify (5.4). The proof actually is along the lines
of the proof of Theorem 2 in Klemel4 and Tsybakov [11] and therefore omitted. O

We conclude this section with a brief summary of the adaptive estimation procedure.
Assume that a continuous record of observations X7 = (X1)o<i<r of a diffusion
process solution of the SDE (2.1) is available and that the (constant) diffusion matrix
a = oo ! is known. The goal is to estimate the value of the j-th component of the
product bp;, at some given fixed point xg. For implementing the adaptive estimation
scheme, we need to specify a lower bound S, > d/2 on the unknown smoothness of
the function bpp and fix some value § € (0, 1). To define an estimator on the basis of
the input parameters X T a4 = (g )1<i,j<d» X0, Bx and &, one then might proceed as
follows:

* (Computation of a pilot estimator of the invariant density) Choose some bounded
positive kernel Q: R > R satisfying fRd lu|l|Q(u)|du < oo and some band-
width A7 > O fulfilling (4.6). Define a preliminary density estimator o7 (xg) by
computing o7 (xg) according to (4.5) and by letting

pr(xo) := max {fr(x0), o7},

where p7 denotes a vanishing sequence of positive real numbers satisfying
liminf7_, oo (07 log T) > 0.

* (Computation of kernel estimators for a discrete set of parameters) Specify a grid
gr = {Bi1,--., Bm}, where the values 8, < B < --- < B, = (loglog T)‘S are
chosen such that (4.4) is satisfied. Define the bandwidths

1

_ dp; - log T\ 7

hT’ﬂiZ(_pT(XOﬂ)“TH og ) L i=1,...,m.
i
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Recall the definition of the kernel K g in (4.8), and compute the family of estimators

3 (xo) ! /TK (X“_xo)dxf i =1 (5.5)
X)) = —— = , i=1,...,m. .
gT’ﬂi 0 Th(;,hﬁl 0 ﬁt hT’ﬁi u

s« (Definition of the Lepski-type estimator of B and the adaptive estimator of b’ pp)
Recall the definition of ]I,zs in (1.4), and define the thresholding values

R pi—d/2 Bitd/2

. dpr(xo)ajjlog T\ 2 2B;i —d\ 2

r’T,ﬂ,‘ = - > H i )
BiT d

(5.6)

Use the values (5.5) and (5.6) to determine ,f% as specified in (4.10), and define

the adaptive estimator §% (x0) = §; 5 (x0).
FT

.....

according to the above scheme, one obtains an adaptive drift estimator by defining
a suitable invariant density estimator pr and setting

gr(xo)

d
_ . <, > XO € R )
P1(X0) V ps(x0)

br(xo) =

p«(x0) > 0denoting some a priori lower bound on pp, (xg). Restricting again to the
case of Kolmogorov diffusions as in (5.1), the normalizing factor appearing in the
upper bound for the pointwise squared risk of EJT (x0), assuming thatb € I1(cy, ¢2)
and p, € Xr(B,L; L', 00 Id), is identified as C;(B, L; pp, Uo)pb_1 (x0) =
D;(B, L; pp, 00).

e In the situation of Theorem 3, an explicit a priori lower bound on pj (xo) depending
only on ¢y, ¢z can be derived as in Remark 6 in Dalalyan and Reif3 [7]. For the more
general case of diffusion processes with uniformly nondegenerate diffusion matrix
a, it was proven in Metafune et al. [15] that, if b eC 2(Rd), (Py) is satisfied, and,
in addition, ||b(x)| + [|Db(x)| + | D*b(x)| < ¢y (1 + |x|)) for some constant
c’l > 0, it holds pp(x) > e_K(H‘”x”z), x € R4, with some positive constant K
depending only on ¢, ¢2,d and o.

6 Discussion and extensions

Placement and interpretation of the identified constants Let us first arrange the nor-
malizing factors identified in the previous sections and relate it to known results on
asymptotically exact adaptive estimation with respect to pointwise risk over the scale
of Sobolev classes in the classical statistical models. Tsybakov [23] considers the prob-
lem of nonparametric function estimation in the Gaussian white noise model (in the
one-dimensional case), assuming that the unknown function belongs to some Sobolev

@ Springer



376 C. Strauch

class with unknown regularity parameter. The question of density estimation at a fixed
point xo € R is investigated by Butucea [3]. Since the variance of the proposed ker-
nel estimator is proportional to the value of the unknown density f at xq, the value
f (x0) appears in the exact normalization. Klemeld and Tsybakov [11] deal with non-
parametric estimation of a multivariate function and its partial derivatives at a fixed
point when the Riesz transform is observed in Gaussian white noise. In particular,
Klemeld and Tsybakov [11] find the exact constant for nonparametric estimation of a
function f : RY — R, observed in Gaussian white noise and satisfying the Sobolev
smoothness constraint 7g(f) < L. In combination with the results of Butucea [3] on
classical density estimation (in dimension d = 1), the exact constant for nonparamet-
ric estimation of a density f : R? — R at some fixed point xo € R is then identified
as

128 ( i) \ T
L% E (—) Ig. 6.1)
a \pep—a

For the case of Kolmogorov diffusions with oo’ =1d, C (B, L; pp,1d) as intro-
duced in (3.3) coincides with the constant in (6.1). The accordance of constants in the
exact asymptotics reflects the old-established experience that different statistical mod-
els show similar behavior, at least from an asymptotic point of view. The remarkable
results of Dalalyan and Reil3 [7] on asymptotic statistical equivalence for inference
on the drift in multidimensional Kolmogorov diffusion models justify this notice in
a mathematically formal manner. They are however established under rather restric-
tive (Holder) smoothness assumptions. Precisely, the critical regularity for proving
asymptotic equivalence with the Gaussian shift model grows like (1/2 4+ 1/+/2)d as
d — 00. The authors refer to the question whether for Holder classes of smaller regu-
larity asymptotic equivalence fails as “a challenging open problem.” Our risk bounds
are valid under weaker smoothness constraints which suggests that asymptotic equiv-
alence (at least in a reduced sense) still holds beyond the critical bounds of Dalalyan
and ReiB [7]. Going beyond the special case of Kolmogorov diffusions with unit diffu-
sion part, the dependence of the drift estimation problem on the form of the diffusion
coefficient @ = oo | is reflected by the appearance of the j-th diagonal entry of the
matrix a in the optimal normalizing factor C; (8, L; pp, o) (for estimating bl pp).

Possible generalizations of the assumptions 1t can be argued which type of description
of the dependence structure underlying the diffusion is most convenient. Given the
goal of describing exact asymptotics for pointwise drift estimation for an as large as
possible class of diffusion processes under some preferably small set of assumptions,
we decided to formulate our results in terms of the spectral gap hypothesis. Indeed,
restricting to the case of reversible diffusion processes, Theorem 3.1 in Guillin et al.
[8] implies that, whenever gg (&) =C ||g||C2>o for any centered bounded g and some
constant C > 0, (BI) entails the Poincaré inequality, i.e.

2
Var,,, (f) = / Fduy ( / fdﬂb) < / IV £ P PD)
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for any smooth enough function f : R — R and some positive constant cp. It is
further well-known that Poincaré’s inequality in the symmetric case is equivalent to the
spectral gap assumption (SG). However, as was already noted in the introduction, the
upper bound resultin Theorem 2 essentially holds whenever a Bernstein-type deviation
inequality in the spirit of (BI) is combined with a sufficiently tight upper variance bound
[as provided by Assumption (SG+)]. Such variance bounds for diffusion processes
actually can be deduced by means of mixing conditions or the assumption of weak
dependence of data.
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Appendix A: Preliminaries

We first give a result which allows to deduce the exact asymptotics for pointwise
estimation of the drift component b/ from exact results on estimating b/ py,, j €
{1, ..., d}. Inparticular, it allows to identify D(8, L; pp, 0¢) as defined in (1.3) as the
optimal normalizing factor for estimating the j-th component of b € I1(cy, c2, opld).
For the detailed derivation of the exact lower bound, we refer to Theorem 2.5.7 in
Strauch [21].

Lemma 1 (a) There exist two positive constants C1, Ca (depending only on ¢y, ¢
and o) such that the invariant density pp satisfies pp(x) < Cle_CZH"HZ, x € RY,
forany b € I1(cy, ¢3).

(b) Ifb € M(c1,c2) and if pp € S(B+ 1, L"), for some B > d/2 and L' > 0, then

there exists an invariant density estimator py such that

- 5 _BH1=/2) J
Eplor (x) — pp(x)|” <= KiT P+ exp (—Kallx])), x €R%,  (7.1)

where the constants K1, K, depend only on L, ¢y, ¢c; and o.

Proof (a) The pointwise upper bound on pj, is an immediate consequence of the results
of Metafune et al. [ 15] who study global regularity properties of invariant measures
of divergence-form operators. Their results also hold in our specific framework
since we restrict attention to the case of constant, uniformly elliptic diffusion part.
Denote by Amax the largest eigenvalue of a. Due to Corollary 2.5 in Metafune
et al. [15], (Py) implies that exp(n|lx[|?) € L'(up) for n < ¢ 2Amax)~". Since
1) < a1+ |Ix]) < exp(Jlx]]), Theorem 6.1 in Metafune et al. [15] applies
and yields the assertion.

(b) Let G = Ggy1: R? — R be the kernel with Fourier transform

. |
M= [ ¢*P6dy= ——— ., A1 eRY,
b6 (1) /Rde Oy = {
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and define the invariant density estimator

1 (T (X, -
or(x) = prop(x) = / G ( uh x) du, xeR4
0

Thd

The bandwidth 7 = hr N\ 0 is to be specified later. For bounding the stochastic
error, note that, using (4.3),

~ ~ 2 1 r X, —x
Es[7r ) = By = g Van ([ 6 (25 ) an

C 2y —x
Tl’l2d RdG T Pb(y)dy

Taking into account the regularity properties of G, a multidimensional version of
Theorem 1A in Parzen [16] yields

—~ ~ 2 C
By |77 () = Eopr () = = pp(0) G112 (1 + 0 (1),

It remains to treat the bias term. Note that, using in particular Cauchy—Schwarz,
-1 A

/d By (V) [(1 + InaIP) - 1] e—lﬂ)‘dx‘

R

s 1/2
<Pt ((2n>—d /R Rl ||A||2<ﬁ+”dx)
1/2
o 2B+D
x (Zn)_d/ I sda
RE (1 + [|hA|2A+D)

12
<L @Qm)i? (/ 4y — +/ —dyz )
vi<t (L4 1y11%8) Iyi=1 I1yI1%#

% hﬂ+1—d/2 = Mhﬂ-H_d/Z.

|Esp7 (x) — pp(x)| = 7)™

1
Cph_(x)) “P*V and using the upper bound on pj(x) from

Specifying h = hr ~ ( T
part (a), we obtain (7.1). O
Denote by N[ (8, F, Lz(,u;,)) the e-entropy with bracketing, that is, the smallest

number of e-brackets (in L2(up)) which are required to cover F (cf. van der Vaart
and Wellner [25], Definition 2.1.6).

Lemma 2 (a) Let b € II(cy,c2,0), and suppose that X satisfies (Pl). Fix j €
{1,...,d}, and assume that there exists some positive constant B such that, for
any bounded measurable f € L*(up),

max[ sup |b/(x)|, sup |b-/’(x)|2]53. (7.2)
xesupp(f) xesupp(f2)
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Then Assumption (BI) is satisfied.
(b) Let F C L2(ub) be some class of measurable functions f : RY — R, and assume
that, for some positive constants K and M, it holds

Sup 1 flloo < Ko sUp Il £l 20, < M-
feF feF

Grant Assumptions (BI) and (SG). Then, for arbitrary T > 0 and any positive r
satisfying, for some positive constants K1 and K>,

KoM?
K

> r) (BI+)

C2Tr2
<Ciexp|— Y2 .

K 1max [\/logN (e, F, L% (up)) 1]ds <r <
/ﬁ O [] b 9 9 —_— —_

there exist some positive constants C1 and Co such that

’

I ; ,
Pb(sup ‘7/ f(X,)dX;, —/ FOb! (dup(y)
feF 0 R4

Proof (a) Letting, forr, T > 0,

1 /T . .
pr(r) = Pb(‘?/ (f(Xu)bJ (Xu) —/ ery ()’)dub(y)) du| > V)» (7.3)
0 R4
Theorem 1.1 in Lezaud [13] implies that
2 I 4
Pr(r) < 2eXP\ =Sz Foneriorin) ) - G4

Using the spectral gap assumption, we get, for any 7 > 0, g € L?(up),

1 T g 2 r —2t/cp
7 Vare, gXudu) =2 | (Pg.g), dt <2lgljz,, [ © d
0 0 0

< cpllgliag,)-

Consequently, in view of (7.2),

) 1 T ) )
2 AN H _ J jn2 2
S (fb)) = lim —Varp, ( /0 (fb )(Xu>du) < cplfb 132, < crBIfI}a,,

and || fb/||oo < B|| flloo. Plugging these estimates into (7.4), we obtain the asserted
inequality.
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(b) Under the given assumptions, Bernstein’s inequality for continuous martingales
can be used to show that there exists some constant Cp such that, for any , T > 0,

-r)

< 2 s (1.5)
X ——= . .
= T 28151, + 17T)

To see this, write g7 (r) < pr(r/2) + P (r/2), for pr(-) introduced in (7.3) and

>r), r > 0.

Letting M,(f) := fot f(Xy) Zzzlojk dW,f, t > 0, and denoting by (M). the
quadratic variation of the martingale M, Bernstein’s inequality for continuous mar-
tingales (see p. 154 in Revuz and Yor [18]) gives

1 [T ; .
ar(r) == Pb( ;/0 f(X)dXi, — /Rd F B (y)dup(y)

17 d
Py (r) = Pz;(‘; /O FXDS ojdWe
k=1

7 (/2) = Py (|Mr(f)] > Tr/2s (M()1 < Trlfl10/2)
+ 2, (M7 > Trl flloo/2)

<2exp(— Ir )+Pb(T—1/Tf2(X )du > a'r|| £l /2)
= 411 f oo 0 ‘ LA

=:p7(r)

Theorem 1.1 in Lezaud [13] then can be used to show that

p//( ) < Tr2
r) <exp| — .
i 8cpaj(aji 11122, + 110o/2)

The inequality (7.5) now follows for Cp := 4 max {2¢p, ZcPajz.j, cpajj, 1}. In view
of (7.5), a uniform exponential inequality in the spirit of Theorem 5.11 in van de Geer
[24] is available. Indeed, Theorem 5.11 in van de Geer [24] appears as a special case
of the uniform inequality for martingales in van de Geer [24]’s Theorem 8.13, and
the proof of Theorem 8.13 continues to hold in the diffusion setting if the Bernstein
inequality for martingales in van de Geer [24]’s Corollary 8.10 is replaced with the
Bernstein-type deviation inequality (BI). O

For the proof of the following Lemma, we refer to the proofs of Proposition 1 in
Klemeld and Tsybakov [10] and of Lemma 10 in Tsybakov [23].

Lemma 3 Let B > d /2, and, for I, Elg() and b = b(B) defined according to (1.4),
(4.7) and (4.8), respectively, let K};(x) := Hglb—ﬁ+d/2 Kp(bx).
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(a) (cf. Proposition 1 in Klemeld and Tsybakov [10]) It holds

_ B -1 28
_ d 28 _ 2
Kg(0) = (2m) /Rd (l+||k|| ) dr = 4 I,

B+d/2
and, for Kp(x) = b Ky (bx), | K| 20, = Ip (@) S AT

(b) (cf. Lemma 10 in Tsybakov [23]) For fixed § € (0, 1), there exists some compactly
supported modification K g of K;‘ which enjoys the following properties,

[K5 12ay < 1= 8/2. (K1)
np(Kp) < 1-8/2, (K2)
(1—8/2K3(0) = K4(0) < K5(0). (K3)

Appendix B: Proofs

B.1: Lower bound

Proof (of Theorem 1) Let Y = Wé,L = Yr1.8C;j(B, L; pp, o), for Y7 g and
C;(B,L; pp, o) defined in (3.1) and (3.3), respectively. To enlighten notation, the
dependence on the coordinate j € {1, ..., d} will be mostly suppressed in the sequel.

(I) CONSTRUCTION OF THE HYPOTHESES. Let L € [L,, L*], fix some nondegenerate
RY*4_matrix o, leta := oo !, and consider some positive density function

—12

d
peC*RHNS (ﬁr +1, L’) NS (/3* +1, L’) , where L' := 2L (Za?k)
k=1

Fix &9 € (0, 1/2), c1, ¢2 > 0, and assume that p is such that the function
1/(Be+3/2 1/(BsA43/2
PT,O(X) :60/(’3+/)p(x60/(’3+/)), XERd,
satisfies p7,0(xp) > p7, for any x with || x| large enough,

(aVlog pro(x), x) < —2¢1llx|?,

and for any x € R?,

d
‘ZajkakPT,O(x) <2 and |[Vlogpro(x)l §2||a||§21c2.
k=1
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Consequently, aV (log pr,0)/2 =: br,0 € I1(cy, c2, o). In particular, the SDE dX; =
bro(X;)dt + o dW;, t > 0, admits a strong solution with Lebesgue continuous
invariant measure and invariant density pr o. Define further

d

1
gro() =3 ;a,-kakpr,om, x e RY,

For 8 > d/2, consider K g and b = b(B) as introduced in (4.7) and (4.8), respectively,
and denote again K 3 (x) = Hglb_‘%d/ 2 Kp(bx). Lemma 3 implies that

B—d/2
_ ~ 28 d 28

K%(0) = I;'pAH4/2 Kp0) = =2 I

p(0) =1Ig £(0) a \2p—d 8

and

1/2
% _ 1 —B+d/2 =2 _
IKgllz2gay =170 (/]Rd K/g(bx)dx) =1.

Denote by fﬁ the compactly supported modification of K ; from Lemma 3 satisfying

(K1), (K2), and (K3) for 6 = §¢. Define the function gr g, : R? — R such that, for
any k € {1,...,d},

- —d /2 & X — Xo
Ogr p. (v) = 2La; s K, ( I ) sy, xeRL D)
where
dpr.o(xo)aj; log T\ "/ #
s ? : (8.2)
B« L?T
Let

pr1(x) = pT,o(X)(l - /Rl gT,ﬁ*(J’)d)’) + 87,8, (%),

and consider the hypothesis g7 1, defined as g7,1 := ZZZ] a k0 pr,1/2. The function
br, : RY — RY is taken as br,| := aV(log pr.1)/2. Note that, for T large enough,

o71,0(x0) - pT1.,0(x0)
pr.1(x0) ~ pro(xo) (1 — [pa &7.5,(»)dy)

< 1438/2. (8.3)

Plugging in the respective definitions of the hypotheses, it can be shown that g7 ¢ €
S(Br. L), gr.1 € S(B«, L) and br,1 € II(cy, c2,0). The above definitions of the
hypotheses further imply that pr.0 € S(Br + 1, L), pr,1 € S(Bs« + 1, L) and

@ Springer



Exact adaptive pointwise drift estimation 383

d d

ijf,iPT,i = Zajkak(log p1.i)pT,i = Zajkak,or,i, i €{0,1}.
k=1 k=1

Summing up, pro € X7(Br, L) and pr,1 € X7(Bx, L).

(II) A VERSION OF THEOREM 6(i) IN Tsybakov [23]. The central ingredient of
the proof is a special case of Theorem 6(i) in Tsybakov [23]. It will be applied in the
following situation: Denote by E; = E;;; expectation under the measure P; = Py,
associated with the hypothesis b = br;, i € {0, 1}, and note that

. _ ~ ; 2
inf sup sup sup wﬂi E; |37 (x0) — (b7 pp) (x0)|
8T (B,L)eBr bell(ci,c2,0) ppeZ7(B,L)

2
)

zipfmax[ sup sup 5% Ep[2r (x0) — (b7 py) (x0)
8T bell(cy,c2,0) ppeXt (Br,L)

_ ~ i 2
sup sup Y, By |21 (x0)— (b7 o) (x0) | ]
bell(cy,c2,0) ppeXT (Bs, L)

= inf max (B [ [&r o) —groGo)*]. Br [v2, [orGo—graco)l]]

= igfmax {E0|QT?T}2’ E1|fT — 91‘2} s (84)
Tr

where Q7 =Yg, 15" . Tr ==, (8r(x0) — g7.0(x0)), and

6 := WE*I,L (g7.1(x0) — gr,0(x0)) -

The proof of the following lemma is completely along the lines of the proof of Theorem
6(i) in Tsybakov [23].

Lemma 4 (Theorem 6(i) in Tsybakov [23]) Consider Qr, fT and 01 as introduced
above, and assume that 01 € R satisfies

1] = 1= 6. (A1)

If Py, Py are such that Py < Py and, for t > 0 and a € (0, 1) fixed,
p (s ) (A2)
Nap, = 7)== 7%

then

_ 1—a)r(l —280)2(0780)>
2 E |7 _01‘2} . (I —a)z( 0)*(0r 3)
(1 —280)%> + 7(Q7d0)

inf max {Eo | or fT
Tr

where the infimum is taken over all Ty = Wﬂ:lL (?T (x0) — gT,o(xo)).
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We proceed with verifying (A1) and (A2). Note first that

d
1 —d/— (K3) _
‘5 > ajidigr.p, (x0)| = Liy 3 PKp (0) = Lif Y% (1= 60/2) K} (0)
k=1
) o2
dca;; log T )
— (1= 8y/2) L ((LizProtx0) log 2P« I,
B« (2B —d)L*T d
= (1 -100/2) Cj(Bs, L; p1,0,0) VT B,
Since, for T large enough, wﬂ:{L Rd &T.Bs (y)dy < 80/2, this implies
d
0] = vy |5 D ae(trsr. ko) — dor o) (nd
1 Z Vg, 1 ) = Jjk\ Ok8T,B: X0 kOT,0(X0 " 8r,8,\y)dy
> 1—4p. (8.5)

Denote by Y the solution of the SDE dY; = b7 1(Y;)dt + o dW,. In order to verify
(A2), note that the specifications on pp. 296-297 in Liptser and Shiryaev [14] imply
that the likelihood ratio under Py is given by

dP() PT,0 1 r _
2Ty = 2vp) exp ( — = / (bro —br.1) Ya  (bro — br.1)(Y,)du
dpP, PT.1 2 Jo

T T
+/ (0*1 (bro— bT,l)) (Yu)qu)- (8.6)
0

To proceed, set
4 T
Moi= [ (o7 (bro=br) W, =0,
0

denote g := (br,o — bT,l)Ta_l(bT,o — br.1), and consider the following stationary
sequence of random variables,

kt
Zi ::/ g(Y,)du, k=>1.
(k—1)t

Since g € L' (Py), it follows from the ergodic theorem that, for any ¢ > 0,

1

1 n nt 1 as
Txni= o [ edu= S e
n & n Jo n
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where

¢: =K1 [(bro —br.) " (Yo)a™ (bro = br.n (Y0)]

=B [0 tro—bro| (8.7)

In particular, this implies by means of the martingale CLT that, for some standard
Brownian motion W,

M, p
jﬁ’ = o VC W (8.8)

Denoting by [s] the integer part of s and considering an arbitrary sequence
V(S) —> 500 0, it holds

§ P
J/(S)/ g(Y)du —>;_o 0.
[s]
Choosing ¢t = 1 in (8.8) and passing to the continuous-time case, we obtain
— T Z ~ N(O, C).

It is verified by straightforward algebra that the definition of the hypotheses b7 o and
br,1 entails that

or, o) _ gr.,0 'V (logpro) + 0 Verg,

207 (bro —br1) =0 'V (log
Pr,1 PT,1

The definition of g7 g, further implies that, using in particular (8.1),

lo 7 Ver.s ()| lo T Ver.s. 0|’ (0j87.5.")°
E, dy =ajj ——d
4,oT , (Yo) R4 4pr.1(y) R 4p7.1(y)

71 2 2Bu— —2 (Y —xo0 dy
L2 / X ( )
Tbe Jga ™ P hrg, ) pra(y)

—2 (1+or(D))
K dy —=
/ g () P1.1(X0)

(1+o07(1))
or,1(x0)

—122;9*
Lhﬂ

< (1-80/2)%a;' L?ns,
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The last inequality follows from (K1). Thus, plugging in the definition of i1 g, [see
(8.2)] and using (8.3),

Ty Yo)|? d log T\ (1+or(1
E |lo é;T,ﬁ*( Ol < (1= 50/2)° Lz( pr,o(xo)r;,] og ) (1+o0r(D))

4:0T,1(Y0) B«L"T ajjpr,1(xo)
2dlogT

%

< (1 —53/4) (1+ or(1)).

It can be shown by analogous arguments that the terms

o [ 81,0010V dog pr.0 COI?
1
p7.1(Y0)

and

g [ 87..060) (Vdog pr.0)(Y0) " aVer. . (Yo)
1 2
pT,l(YO)

are asymptotically negligible. Thus, for ¢ defined in (8.7) and whenever §j is small
and T is large enough,

d 1
c=(1-83/4) = == (1+0r 1)
P
2
Consequently, for T := exp (—%), it holds a.s.

logt — lo Yo) + lo Yo) + S (M 82 |dlogT
54 g pr,0(Yo) g or,1(Yo) + 5 (M)t - % og tor(l) > —oo.
VTc 8 B

The verification of (A2) is accomplished by means of a tightness argument. Con-
sider some sequence of probability measures (P,),>; on some measurable space,
converging weakly to some probability measure P. Tightness of P,, implies that, for
any sequence y;,, — —00,

li_r)nOo max HP (=00, Ym)) , sup P, ((—o0, Vm))] =0.

neN
Thus, lim,,— o sup,,cy Pr ((—00, yin)) = 0 and lim,— o inf,,cN Py, ((—00, Yin)) =

1. In particular,
lim Py, ((yim, 00)) = 1.
m—00
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In the current framework, this last assertion implies that, for

vy = log T — log pr,0(Yo) + log pr.1 (Yo) + 3 (M)
a JTe

one has [plugging in (8.6)]

: dPg . PT.0 1
lim P { — >t ) = lim P; { —(Yp) exp (MT — —(M)T) >1
dp oT,1

T—o0 1 T—o0 2
= lim P >yr ) = 1
= 1 =1.
1 ,—C =

For large enough 7 and fixed t > 0 (where 89 € (0, 1) can be chosen arbitrarily
small), we thus obtain

dP
P, (d—o > 1:) > 1— 6. (8.9)
l

(III) COMPLETION OF THE PROOF. In view of (8.5) and (8.9), Lemma 4 gives

. ~ i 2, =
inf  sup sup sup By [gr(xo) — (& o) (x0)[ W57
8T (B,L)eBr bell(cy,c2,0) ppeXr(B.L)

(8.4)

> inf max {E0|QT?T 2,
Tr

E1|?T —91|2}

_ (=80t = 280)2(Qrd0)”
T (=207 +7(Qrd)

Since, for C := C;(B«, L; pr,0,0)/C;(Br, L; pr,0,0),

=t gt
wﬁT,L

g P <1ogT—1og10gT)),

we have

s _ o (d(65Br/4— B d (Bx — Br)
107 =C exp(w log T | x exp (WloglogT) .

AsT — oo, rQ2T — 00. Choosing §p > 1/A for A large enough to ensure 5y < 1/2,
it holds

(1= 80)r(1 = 280)*(Qrd0)” _ (1 — 80)(1 — 260)%53
(1—250)% +7(Qrd0)° o0 4 55

— 700 (1= 80)(1 — 280)°.

Taking now A — o0, the assertion follows. |
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B.2: Upper bound

Proof (of Theorem 2) Let B € [By, Br], L € [L*, L*], B € (d/2,Bl, c1 € (0, 00],
¢z > 0, o some nondegenerate R4>*d_matrix, L’ > 0, and fix jef{l,...,d}.

Denote by yri, i € N, functions of T such that lim7_, yr; = 0. For ¥r g and
C;(B, L; pp, o) introduced in (3.1) and (3.3), respectively, recall that g | = wé L=
Y1, 8C;(B, L; pp, o). To enlighten notation, the dependence on the coordinate j again
will be mostly suppressed. Denote by T (B) the effective noise level under adaptation,
defined as

dpp(xp)ajjlogT 172
BT ) '

Consider the following deterministic counterparts of the bandwidth }z\T’ g and the
thresholding sequence 77 g,

TB)=T/(B) = (

dpy(xo)aj;log T\ _
hp g o= (2222200 Fe 7 =TB)H 8.10
T.p ( BT 8) (8.10)
and
dpyioYa i log T\ 35
. Pp(x0)ajjlog 28 B'—d)2
g i (PEUED) e, = W ey
Set
o B+4d, ifd<p<fid
B=B@p.B) = 2=k
B, it5+5 <p <B.

Define 87 := (log 7)~!, and introduce the random event
: ‘ B'—d/2 <
AT’ﬁ/ = [)(EJTﬂ//hT!ﬁf) —1’ §8T]

and the associated deterministic set Hz, g = H’f’ﬁ, = I h: ‘ (h/h T,fy)ﬁ,_d/z—l ‘ <37 ] .

Note that there exists a positive constant ¢y such that
HT,/S’ C |]’l . ‘(h/hT,lB’) — 1‘ < CogT] = HT,ﬂ"

Denote the kernel estimator of (b7 Pp)(x0) with deterministic bandwidth & € Hr g
by

1 r Xy — X0 i
gr,p(x0, h) := m/o Kg (MT) dxj, (8.11)
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and set g7, g (x0) := g7, (x0, h1 ') Define

_ pp(x0)a;;
sr(B) = | | Ka gy

and let d7(B) := \/(dlog T)/p such that st (B)dr (B) = nr,g. For B’ < B, introduce

the auxiliary sequence

, , ) 2 logT 174
r(B) =s7(B) \/dr(ﬂ’)—dr(ﬂ)+( b1 ) .

Lemma S (Bound on the bias) Consider the estimator gr g (xo, h) defined in (8.11),

and let
d/2—p ‘a7 1/2
oo (AN (e [ I
:B’ﬁ/ T d ( 77:) g B .
RY (1 + [|A]%#")

Forany Hr g 2 h > 0,

sip sup [Bpgrp (o h) — 0 pp) ()| = LAP by 8.12)
bef(ci,c2,0) PLEXT(B,L)
Furthermore,
. bs.p
sup bg g < oo, limsup sup — <1
d/2<p'<p<co 50 B.plelpe.c0): [—p'|<s DB.B

Proof The bound on the bias in (8.12) is proven by standard arguments and relies in
particular on exploiting the scaling properties of the Fourier transform of Kg ;. The
remaining assertions are Lemma 1(ii), (iii) in Klemeld and Tsybakov [11]. O

The principal importance of exponential bounds on the stochastic error of estimators
considered in the adaptive procedure was already indicated in the introduction. The
Bernstein-type deviation inequality (BI) and its implication (BI+4), the basic uniform
exponential inequality stated in Lemma 2, can be applied to derive more specific
bounds on the stochastic error of the estimators gr, g defined according to (8.11). The
following function classes are defined analogously to Butucea [3],

K1 = { Ky ) = Ky (¢~ xo)/ 1) | h € Hy o}

Ky = {Kﬂ/’h — Kﬁ,ﬁhT.ﬁ’ | h e HT,/S’} .
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For h € Hr g, let
Zt,p(h) == gr p(x0, h) — Epgr g(xo, h)

1 T . .
= - / Kpp(Xa)dX] — / Kpn®B o)y, (8.13)
0 R4

Lemma 6 Grant Assumptions (BI) and (SG+). Forany B’ > d /2, the stochastic error
Z1 p () defined according to (8.13) has the following properties:

(a) Foranyu € [‘CT (B, Risr(B')4/log T], R > 0an absolute constant, there exist
some sufficiently small y > 0, independent of B’, and some universal constant
¢} > 0 such that

) 1(u(l—p)\* _
Pb(hesggﬁ/ |Z7 g (h)| > u) < exp(—z(%) )+0(T N, 8.14)

(b) Forany u € [R1 sT(B)/logT, Rz], Ri, Ry > 0 absolute constants, it holds,
for some absolute constants ¢}, ¢, > 0,

2
Pb( sup |Zz g (h)| > u) < chexp —cg( - - ) :
heHy p sT(B')

(¢) Assume that B’ < B. Then, uniformly in B € Br,

sup m  sup sup 1/@;%
pleB,  bell(ci.cy) PEET(BL)
B'<B
2
x Ej [( sup \ZT,,s/(m!) 11[ sup |ZT,ﬂ’(h)’>TT(ﬂ/)]]—>0,
eHT,ﬁ’ €Hr g
sup m  sup sup 1/@;%
p'eB, bEﬁ(Cl,C2) Pr€XT(B,L) ’
B'<B
2
x Ep ( sup \ZT,ﬂ/(h)|) ]l[ sup |ZT,/5/(h)|>,/sT(,B’)1pﬂ’L] — 0.
hGHT‘ﬁ/ hEHT‘ﬁ/

Proof The assertions are analogue to the statements in Lemma 4.3, Lemma 4.5 and
Theorem 4.6 in Butucea [3]. For deriving the inequality (8.14) with the specific factor
1/2 in the exponent in the current diffusion framework, we however have to go into
greater detail. Throughout the proof, D1, D», ... denote positive constants. For fixed
8’ € (0, 1) and arbitrary u, T > 0, write

Pb(|ZT,ﬁ’(hT,ﬁ')| > u) <t +t,
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> 8’14),

for

1 /T . )
t :=Pb(‘7 /0 (K,g/,hryﬁ/ (X (X,)— /R Kihry (y)(bfpb)(wdy)du

and, denoting M;(K) := f(; K(X,) Zle o dWl,t >0,

1
t = Pb(‘TMT (Kﬂ/,hryﬂ,) > (1— 5’)u).

Forany u < Ry s7(B')s/log T, we have
_ — —d 2+
[ Ky || oo Suh7% Kmax < Ry s7(B)h7 % \/l0g T Kinax < Dy s3(B)Thy 7

such that, since g’ > d /2,

ul|Kg nlloo

s

Furthermore, the enhanced spectral gap assumption (SG+) gives

1, d = 1»

b (Kpay,y) < Do x {max |1, dogthzy)?} . d =2,
2—d

4, d>3.

Thus, for T sufficiently large, Cp (gb(Kﬁ,hT ﬁ/) +68u || Kghy

Oo) < $2(B)T. The
Bernstein-type deviation inequality (BI) therefore implies that

2.2
t <2expf -2 ). (8.15)
257.(8")

For bounding t; from above, we first use Bernstein’s inequality for continuous mar-
tingales which gives, for any 4 > 0,

2s%(B))
(8.16)

1_5/ 2.2
Pb(|MT(K,3/,h)|>T(1 —8"u; (M(Kg o)), <T? s%(ﬂ’))fZexp(—( )u )

By means of (BI) and using again that 8’ > d/2, it can be shown that

1 T
22 2 ~1p-d
P, ((M(Kﬁ,,hT.ﬂ,))T >T sT(ﬁ/)) = P;,(F/O Ky py Xddu > aj; hm,)

=o(T7). (8.17)
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Adding the upper bounds (8.15), (8.16) and (8.17), we obtain, for some small y > 0,

201 =
> u) < Zexp(—%)+o(T—l), (8.18)

Pb(|ZT,,B’(hT,/3’)

Consider the sequence 871 := Brdr/TogT = (loglogT)%(log T)~!/? — 0, and
note that, for any u > 0,

Pb( sup |Zz p(h)| > u) < Pb( sup |Zr.p(h) — Zr g (hr p)| > usﬂ)
hEHT,ﬂ/

hEHT,ﬁ/

+Pb(|zT,,3/(hT,ﬁ/)! > u(l —3T1>).

Since u(1 — 871) <u < Rysy(B8')/logT, (8.18) gives an upper bound on the latter
summand. For T large enough, it further holds

TET«/IO T -
[TT(ﬁ/)5T1, R13T15T(ﬂ/)\/10gT] - ,B—d/zg’ 787
VThiy,

Taking into account that

sup H K}gf’h — Kﬁ,*hT.ﬁ/ ||L2(l/-b) < 0(1) sup h;ig/? ‘] — (h/hT”B/)zﬂ/

heHy g heHp g
—dr2 o, 3
< O(hz'y? Brér
and since

1
/ max [\/log Ny (e, Ko, L2(up), 1] de < Du4Brdr/log Th;dﬁ/?,
A ,

the uniform exponential inequality (BI+) implies that

DsTh. 5 (udr1)*
> u6T1> <Ciexp{ ————}.

Zr.p(h) — Zr.p (hy. 1) (Brdr)?
ToT

Pb( sup
hEHT.ﬁ/

(8.19)

Summing the upper bounds due to (8.18) and (8.19), we obtain (8.14).
The inequality stated in (b) follows as an application of (BI+) with K := h;ffg, Kmax
and

2._ p—d
M? = hy,

Kg

2
LZ(Rd)pb (.X()) .
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Finally, part (c) is proven similarly to Theorem 4.6 in Butucea [3] by noting that there
exists some positive constant R such that sup,,c g, 5 |ZT‘ g (h)| < Rh;dﬂ,. A suitable

decomposition of

2
E,,[( sup |zT,ﬂ/<h)|) n{ sup |zT,ﬁ/<h>|>rr(ﬁ’>H

EHT,ﬁ/ €Hp g

and uniform exponential bounds on the corresponding integrands as they follow from
parts (a) and (b) of this lemma then yield the assertions. O

The next lemma contains a decomposition of the normalizing factor ¥ ; and some
relations which are needed later in the proof. For it g defined according to (8.10),
denote

p—d/2
bT,ﬂ/ = Lbﬁ,ﬂ/hl?‘“g’/ . (820)

Lemma7 Let 8 € [d/2,0), L € [L,k, L*], and denote v = (B, L). It then holds

¥y = LI/CP (nr,ﬂ + h‘;‘ﬁd/zb,g,ﬁ). (8.21)

Furthermore, there exist positive constants Dy, . . ., Ds, depending onlyon B, L, L*,
d and o, such that

Dy <Yn/nrp < D2, (8.22)

and, for B’ € [d/2,00), B/ < B,

«(B)—k(B) , ,
D3 (log T) - Vp.L < DT BB (8.23)
pr \ T v
and
b% o + 1 (B) /
LT < Dslog T T2, (8:24)

v

Proof The proof of the decomposition is comparable to the derivation of relation (68)
on p. 461 in Klemelid and Tsybakov [11]; for details, see the proof of Lemma 2.6.6
in Strauch [21]. Assertions (8.22) and (8.23) follow analogously to the proof of the
relations (44)—(46) in Lemma 4 in Klemeld and Tsybakov [11] (pp. 453—454). For the
proof of (8.24), we refer to the proof of Lemma 3.5 in Butucea [3]. O

Main part of the proof of the upper bound. Define f~ = 7 (B8) by

B
logT’

B =5
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where ﬂT := (loglog T)3 for some 8’ € (8, 1). We follow the standard approach and
decompose the risk successively. Assume that b € Ik (c1,¢2,0),letv = (B, L), and
set

RE, =R, ()= s 42 B[ |5 (o) = 0/ pn) o) 1{B] = 7} ],
p€XT(B,L)

R, =Ry, (D= swp ;2B |8 0o — @/ p o) 1{B] < B7}].
ppeXT(B,L)

For ease of notation, we usually suppress the dependence of the risk on the coordinate
J N
(I) We first consider the case ﬂ% > B~, and we show that

limsup sup R} < 1. (8.25)

T—o0 veBr

LT
be the largest grid point < B, and assume that 7 is large enough for ensuring
B~ < B*.Denote Gi = Gi(f) = {B' €GB~ =B =p*}. G = G(B) =
{B' €G| BT < B < PBr} and rewrite

_ —_ 1/2B) 1/(2B)
Define § = B(B) via the equation (1°gT) = (M%T) .Let Bt € G

Ri,= s 02 E[[g00) - ¢ ool 1{B] € 61U G} ].
pr€XT (B.L)

Letp’ € Gi = Gi(B)and pp € X7 (B, L),andassumethatTi_ssolargethatg(ﬁ, B =
B. Using Lemma 5, the facts that 77 g C Hr g, that B’ < B and the definition of ,
it can be shown that

j —d/2
sup  [Epgr. g (x0. h) — (b7 pp) (x0)| < A(B, B)LY PP nf by o (14 57),

hEHT,ﬂ/

where
B=d/2 _p—d/2 B=d/2  p—d)2

AB, B) = (dpp(xo)aj;) 3 (B 2 B
The following arguments are along the lines of the proof of the upper bound in Klemela
and Tsybakov [11] (see pp. 461-463). For any 8’ € G, there exists some positive
constant C such that

8- 8| < CBf(logT) ™. (8.26)
Since A(B, B’) is uniformly continuous in B, 8’ € [B«, 00), this implies that

AB,B) < 1+ yri. Furthermore, for any B/ € Gy, B € [Bs Brl, it holds
bg g < bg g (1 + yr2). Consequently, for any B €Gi,pp € X7(B, L),

i —d/2
sup  [Epgr g (0. h) — (b7 py) (x0)| < LYCORE o g (1 + y13).
hEHT,ﬁ’
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Similar arguments (also see the derivation of line (54) on p. 1591 in Klemeld and
Tsybakov [10]) yield

+

4d ( ) BT —d/2 1 T B—d/2
pp(xp)aii\ 28T og 26
nr.p+ < (ﬂ—+”) ( T ) IKg+llL2@ray (14 yr4)
< LYy g (1 + yrs). (8.27)

Recall the definition of the stochastic error Z7 g(-). Whenever E% = B’ € G; and the
event At g holds, the above arguments imply that

|20 (x0) — (b7 pp) (x0) | = |&r.p (x0) — (B 1) (x0) |

< sup [gf (0, ) = (B pp) (x0)]
hGHT’ﬁ/

—d/2
< sup [ Zrp(W)|+LYPhPog g (14 yr3) (8.28)
hGHT’ﬁ/
< sup |Zr M|+ Y+ yr3). (8.29)
hEHT,ﬂ’

The last line holds true since Hr g C Hr g and in view of the decomposition of the
normalizing factor v, according to (8.21). If 3} > BT, the definition of the estimator
i . . . —~j —~j -~

Bz according to (4.10) implies that |gT’/§% (x0) — 87 g+ (xo)| <nr,p+-

Therefore, if B = B’ € Ga, it holds on A7 g+,

18- (x0) — (b7 p) (x0))|
= (18500 = B s G0 + & 51 (ko) = B 1) x0)])

<Tirpe + [2) 5o (x0) — (B pp) (x0)]

—d/2
< sup [nT,,%(h/hT,,g)’S " 4+ |er.p+ (x0, h) — Epgr gt (x0, )|
hEHTYﬂJr

+|Ebgr g+ (x0, h) — (bjpb)(XO)|I

(8.28)

= —d/2
< nrg+ (1+67) +h;}1P |Zr g+ ()| + Ld/(zﬁ)h';,g / bg.g (1 4+ y13)
7,61
8.27) —d
< sup |ZT,ﬂ+(h)|+(Ld/(2ﬁ)77T,ﬁ 1+ )/T6)+Ld/(2’3)h/;ﬂ /zbﬁ,ﬂ(l+VT3))-
hEHT’ﬁ/
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In view of the decomposition (8.21), this last line implies that

|- (x0) — 0/ pp)(x0) |1{Bh = B € G2} 1{Ar g+ )
< swp | Z7 g+ (W] + o (14 yr7). (8.30)

€ 7.8

Thus, using (8.29) and (8.30),

Vi By [7]00) = @ o) o) [P 1{B] € G1 U Go} ]

2
< Z E, |:(1 +vr3 + Ilfv_l \ sup |ZT’ﬂ/(h)|) ]1{,3% = ﬂ/} H{AT’ﬂ/}j|

B'€Gi EHy g
+ D0 B [0 3 o) — O an )P 1B = 8} 1{A5 )]
B'eG )

i .
+ D B | (1+ymr+ust sw [Zpge)) ]1{/3%=/3/}]1{AT,ﬂ+}}

B'eGy L €Hr pt

+ D0 B [¥ 23 00 - 6o o) 1{B) = B 1{45 .}

B'eGr
= > (1B +P2(B)) + D (P3(B) +pa(B)) . say.
B'eG1 B'€G
The terms pi(-), ..., P4(-) are now considered separately. Note first that, for any
B’ € G,

2
pl(ﬁ')SEb[(1+VT3+1//v_l sup |27 () ) ﬂ{hsup IZT,/sf<h>|>JST<ﬂ/)wU”

heHy g EHy g

+(1 +yr3 +\/ST(ﬁ’)¢u_l)2Pb (31 =48). (8.31)

Since (8.26) holds for any 8’ € Gy, it can be shown by means of (8.22) and (8.23) that

s7(B)) - D' Dy exp (CBF) st(B) _ D' Dy exp (CBY)
(/2 nr.p - dr (Br)

The summand in (8.31) is bounded from above by the sum of the terms
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2(1 + yr3)? Pb( sup | Zr g (h)| > vST(ﬂ/)%)

hEHT’ﬂ/
8

Rl —yT>2)

14y 5
= 2y e~ 0

and

2
21/’;2Eb|:( sup IZr,ﬂ/(h>|) n{hsup |zr,ﬁ/<h)|>\/sT(ﬂ'>wv”.

/’LGHT'ﬂ/ EHT,ﬁ/

Part (c) of Lemma 6 entails that the latter term tends to zero, uniformly in 8’ € Gj.
Therefore,

A- 1 —yr)?
P1(8) = (1+vr3 + VA7) By (B} = B) + Oy exp (—%) +or(1),

Recall that the cardinality m of the grid G satisfies
m < k; ' Brog T)"" = k; '(log T)* (loglog T)°. (8.32)

By construction, % € Gy, such that p3(8’) is upper-bounded analogously. Conse-
quently,

> P+ D] paB) < (1 +max {yr3, yr7} + \/E)Z Pb(ﬁ% €Giy Qz)
B'eGi B'eGr

_ 2
+O(1)m exp (—%) + o7 (1)
T

<1+or(l).

For p,(+) and any B’ € G, there exists some universal constant ¢ such that
p y

D2(B) < U5 By [ (85 ) — o) eo) 1 (45 ] = eo (B (45))

The regularity conditions on the bandwidth and the kernel used for defining o7 (xg)
ensure that, for any 8’ € (d/2, 8] and some sufficiently small constant « > 0 fixed,

T ((1 — a)hs37p%)°
P, (ACT’ﬁ,) < ZeXp(— (« 2|‘|x;|éo TP7) ):0T(1)~ (8.33)

@ Springer



398 C. Strauch

This implies that py(B’) is exponentially small, for any 8/ € §Gj, such that
2 peg, P2(B") — 0. Analogously, it follows that >4 g, P4(B’) — 0, completing
finally the verification of (8.25).

(II) It is proven now that

lim sup Ry, =0. (8.34)

T—o00 veBr

Let B’ € Gr, and assume that the event Ar, g holds. In view of the definition of the
stochastic error Z7 g in (8.13) and taking into account Lemma 5, it holds, whenever
pp € X7(B, L),
187 (x0) = (&7 ) x0)| = (87, 5 (30, T ) = (B p) (x0) |
< sup {|ZT’/3/(]’1)| + th_d/zbﬁﬁ/} .

hEHT,ﬁ/

Then, using the definition of by g in (8.20),

sup ;2 B |7 o) — (0 o) )P 1{B] = 8} 1{Arp )]
BeG.B <p~ preXT(B,L)

IA

_ 2 —~;
sup WV—Z Eb[(bT,ﬂ’(l + 5T) + sup |ZT,/S/(h)|) ]].{ﬁ% = '3/}]
ﬂ/Eg.ﬁ/<ﬁ7 pbEXT (B,L) he T.p

204507 > sup ¥, 202 4 Py (3;’ - ,3/)
BeG.B <p~ PEXT(B,L)

IA

2 .
+2 > s w;zEb[( sup | Z7,p ()] ) ﬂ{ﬁ;=ﬁ’}]

BeG. B <p- PrEXT(B,L) heHy g

=2 > sw w0 (1480) 7)) Py (B = 8)
BeG.p <p~ PrEXT(B,L)

-2 2 /

2> sup ¥ 2E, ( sup |ZT,,3/(h)|) IL{ sup }ZT,ﬁ/(h)}>rT(/3)}
B'eG.B <~ preXT(B,L) heHT.ﬂ’ hEHT,ﬁ’

=:81(v) + g2(v).

The term g1 (v) is bounded from above by exploiting the fact that the probability to

underestimate the value of 8 by B? substantially is small, whenever p, € X7(8, L).
Recall that m is the cardinality of the grid G.

Lemma 8 (Probability of undershooting) Let B € [B+, ), B € G, B < B, L €
[L*, L*], and v = (B, L). Then there exists some constant K, depending only on
Bx, Ly, L*, d and o such that, for any b € I1(cy, ¢3,0),

sup Py (E; - ,3/) < Km(T~9/C) 4 o(T71)). (8.35)
ppeXT(B,L)
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Proof The proof substantially relies on applications of Lemma 2. Since the basic
arguments are similar to those used in the proof of Lemma 4.8 in Butucea [3] and the
proof of Lemma 5 in Klemeld and Tsybakov [11], we do not include the proof but
refer to Strauch [21]. O

Let B € [B«, Brl. B € G, L € [L*, L*], v = (B, L). By means of Lemma 8 and
using relation (8.24) in Lemma 7, we obtain

_ - \2 —~
aw =2 > sy (b (1450) + 57 8)) By (B = )
B'eG.p' <p- pp€XT(B,L)
<2DsKm Z log T T7-4/2B)+d/(28") (T*d/(Zﬂ/) + O(T—l))'
,B/Eg,/B/<ﬂ_
In view of the upper bound on the cardinality m of the grid G = Gr in (8.32), it follows

that lim7_, o sup,¢ By 81 (v) = 0, and the first assertion in Lemma 6(c) immediately
gives lim7 oo sup, e, g2(v) = 0. Note finally that, for any B €g,

sup ;2 By [[8], 4 (x0) — 6 pn) o) P 1{B] = B} 1{45 5} ]
ppeXT(B,L)

< swp Y2 \/Eb[rg‘;,ﬁ,(xo)—(bf'pb>(xo)|“] P, (A;,ﬂ,)g\/Pb (45.4).

pPr€XT(B.L)

Consequently, taking into account (8.33), it holds, independent both of 8 and 8/,

sup vy 2 By [[7 (o) — W o) o) 1{B] = B} 145, }]
ﬁ’eg,ﬂ’<ﬂ_ PrEXT(B,L)

=or(1),

thus completing the proof of (8.34). O
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