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Abstract We consider random matrices of the form H = W + AV, A € RT, where
W is a real symmetric or complex Hermitian Wigner matrix of size N and V is a real
bounded diagonal random matrix of size N with i.i.d. entries that are independent of
W. We assume subexponential decay of the distribution of the matrix entries of W
and we choose A ~ 1, so that the eigenvalues of W and AV are typically of the same
order. Further, we assume that the density of the entries of V is supported on a single
interval and is convex near the edges of its support. In this paper we prove that there is
A+ € R such that the largest eigenvalues of H are in the limit of large N determined
by the order statistics of V for A > A. In particular, the largest eigenvalue of H has
a Weibull distribution in the limit N — oo if A > A. Moreover, for N sufficiently
large, we show that the eigenvectors associated to the largest eigenvalues are partially
localized for A > A, while they are completely delocalized for A < A,. Similar
results hold for the lowest eigenvalues.
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1 Introduction

The universality of random matrices is usually divided into bulk and edge univer-
salities. Edge universality concerns the distribution of the extreme eigenvalues. It is
known that the extreme eigenvalues of a large class of Wigner matrices exhibit uni-
versal limiting behavior. The limiting distribution of the largest eigenvalue was first
identified by Tracy and Widom [48,49] for the Gaussian ensembles. Edge universality
for Wigner matrices has first been proved by Soshnikov [45] (see also [44]) for real
symmetric and complex Hermitian ensembles with symmetric distributions. The sym-
metry assumption on the entries’ distribution was partially removed in [39,40]. Edge
universality without any symmetry assumption was proved in [47] under the condition
that the distribution of the matrix elements has subexponential decay and its first three
moments match those of the Gaussian distribution. For Wigner matrices with arbitrary
symmetry class, edge universality was proven in [15] under the assumption that the
entries have 12 4+ ¢ moments. Recently, a necessary and sufficient condition for the
edge universality of Wigner matrices was given in [33].

The distribution of the largest eigenvalues of a random diagonal matrix V whose
entries (v;) are i.i.d. real random variables is given by the order statistics of (v;).
The Fisher-Tippett—-Gnedenko theorem (see e.g. [27]) thus implies that the limiting
distribution of the largest eigenvalue of V belongs either to the Gumbel, Fréchet or
Weibull family.

In this paper, we consider the interpolation between Wigner matrices and real
diagonal random matrices. Let W be an N x N real symmetric or complex Hermitian
Wigner matrix whose centered entries have variance N ! and subexponential decay.
Let V be an N x N real diagonal random matrix whose entries are bounded i.i.d.
random variables. For A € RT we set

H = (hijj) =2V +W, (I1=<ij=N). (1.1)

The matrices V and W are normalized in the sense that the eigenvalues of V and W
are of order one.

If W belongs to the Gaussian Unitary ensemble (GUE), the model (1.1) is called
the deformed GUE. It was shown in [29,43] that the edge eigenvalues of the deformed
GUE are governed by the Tracy—Widom distribution for 4 <« N~1/¢ At » ~ N~1/6
the fluctuations of the edge eigenvalues change from the Tracy—Widom to a Gaussian
distribution. More precisely, Johansson showed in [29] that the limiting distribution of
the edge eigenvalues for 4 = « N ~!/¢ is given by the convolution of the Tracy—Widom
and the centered Gaussian distribution, with variance depending on «. These results
have not been established for the Gaussian orthogonal ensemble (GOE) or for general
Wigner matrices.

In the present paper, we consider the edge behavior of the deformed model (1.1) in
the regime A ~ 1 with W a real symmetric or complex Hermitian matrix. We show
that there is, for certain V, yet another transition for the limiting behavior of the largest
eigenvalues of H as X varies. For simplicity, we assume that the distribution of the
entries of V is centered and given by the density

p() == 27 1+ 0)* (1 = »PdE) L1 ), (1.2)
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where —1 < a,b < oo, d is a strictly positive C'-function and Z is a normalization
constant. We primarily focus on the choices a,b > 1. From our first main result,
Theorem 2.7, it follows that there are N-independent constants A+ = A4 () > 1 and
Ly = Li(u,A) > 2,such that, forb > 1 and & > A, the largest eigenvalue ©| of
H satisfies

lim PONY®D(L, — ) <x) = Gpai(x), b>1, A>ip,  (1.3)
N—o0

where Gy is a Weibull distribution with parameter b + 1; see (2.19).
However, if A < A4, then there are N-independent constants Ly = L (u, ) and
¢ = c(u, 1), such that

Nlim PN (Ly —p) <x)=®(x), b>1, r<ig, (1.4)
—00

where ®. denotes the cumulative distribution function of the centered Gaussian dis-
tribution with variance c; see Sect. 4.3. In this case, i.e., for A < A4, the location of
the largest eigenvalue depends on the collective behavior of the random variables (v;),
while it is determined by the largest v;, for A > A,; see Sect. 5. We remark that
neither (1.3) nor (1.4) depend on the symmetry type of the Wigner matrix W.

The appearance of the Weibull distribution in the model (1.1) is indeed expected
when A grows sufficiently fast with NV, since in this case the diagonal matrix dominates
the spectral properties of H. However, itis quite surprising that the Weibull distribution
already appears for A order one, since the local behavior of the eigenvalues in the bulk
of the deformed model mainly stems from the Wigner part, and the contribution from
the random diagonal part is limited to mesoscopic fluctuations of the eigenvalues; see
[31].

Having identified two possible limiting distributions of the largest eigenvalues, it
is natural to ask about the behavior of the associated eigenvectors. Before considering
the deformed model, we recall that the eigenvectors of Wigner matrices with subex-
ponential decay are completely delocalized, as was proved by Erdés et al. [20,21].

For deformed Wigner matrices we show that the eigenvectors of the largest eigen-
values are partially localized in the regime where the edge behavior (1.3) holds. More
precisely, we prove that one component of the (¢2-normalized) eigenvectors associ-
ated with eigenvalues at the extreme edge carries a weight of order one, while the
other components each carry a weight of order o(1); see Theorem 2.10. If, however,
the edge behavior (1.4) holds, all eigenvectors are completely delocalized. Although
we do not prove it explicitly, we claim that the bulk eigenvectors of the model (1.1)
with (1.2) for the choice of u, are completely delocalized (for any choice of A ~ 1).
This can be proved with the very same methods as in [31]. To understand the transi-
tion from partial localization to delocalization, further efforts are required. Finally, we
remark that there are some results on bulk universality for the deformed model (1.1);
see [32,36,42].

The phenomenology described above is reminiscent of the one for heavy-tailed
Wigner matrices. For instance, consider real symmetric Wigner matrices whose
entries’ distribution function decays as a power law, i.e.,

P(lhij] > x) = L(x)x™%, (1<i,j<N), (1.5)
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for some slowly varying function L(x). It was proved by Soshnikov [46] that the
linear statistics of the largest eigenvalues are Poissonian for o« < 2; in particular, the
largest eigenvalue has a Fréchet limit distribution. Later, Auffinger et al. [3] showed
that the same conclusions hold for 2 < « < 4 as well. Recently, it was proved by
Bordenave and Guionnet [8] that the eigenvectors of models satisfying (1.5) are weakly
delocalized for 1 < o < 2. For 0 < « < 1, it is conjectured [10] that there is a sharp
“metal-insulator” transition. In [8] it is proved that the eigenvectors of sufficiently
large eigenvalues are weakly localized for 0 < o < 2/3.

To clarify the terminology “partial localization” we remark that it is quite different
from the usual notion of localization for random Schrodinger operators. The telltale
signature of localization for random Schrédinger operators is an exponential decay of
off-diagonal Green function entries, which implies the absence of diffusion, spectral
localization etc. For the Anderson model in dimensions d > 3 such an exponential
decay was first obtained by Frohlich and Spencer [26] using a multiscale analysis.
Later, a similar bound was presented by Aizenman and Molchanov [1] using fractional
moments. Due to the mean-field nature of the Wigner matrix W, there is no notion
of distance for the deformed model (1.1). Instead, our localization result states that
most of the mass of the eigenvectors is concentrated on a few sites, whose locations
are independent and uniformly distributed. This result agrees with the predictions of
formal perturbation theory.

We also mention that the localization result we prove in this paper also differs from
that for random band matrices, where all the eigenvectors are localized, even in the
bulk. We refer to [13,16,41] for more details on the localization/delocalization for
random band matrices.

Next, we outline the proofs of our main results. It was first shown by Pastur [37]
that the empirical eigenvalue distribution of the deformed model (1.1) converges to a
deterministic distribution in the limit N — oo under some weak assumption on A V.
However, this limiting eigenvalue distribution, referred to as the deformed semicircle
law in the following, is in general different from Wigner’s semicircle law and depends
on the limiting distribution of A V. The deformed semicircle law can be defined in
terms of a functional equation for the Stieltjes transforms of the limiting eigenvalue
distributions of AV and W [37]. Restricting the discussion to the special case when
the entries of V follow the centered Jacobi distribution in (1.2) withb > 1, we showed
in [31] that the deformed semicircle law, henceforth denoted by u ¢, is supported on
a single interval and shows either of the following behavior close to the upper edge:

JKE, for A < Ag,

1.6
(KE)b, for A > A4, (1.6)

MfL(E) ~ [

for E € supp u re, E > 0, where kg denotes the distance from E to the upper endpoint
of the support of 4 s; see Lemma 2.3 below. In case the square root behavior prevails,
we are going to show that the largest eigenvalue of H satisfies (1.4), whereas in case
we have a “convex decay” with b > 1, (1.3) is satisfied.

In a first step, we derive a local law for the empirical eigenvalue density: Under
some moment conditions the convergence of the empirical eigenvalue distribution to
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the semicircle law also holds on very small scales. Denoting by G(z) = (H — 2L
z € C™, the Green function or resolvent of H, convergence of the empirical eigenvalue
distribution on scale n around an energy E € R is equivalent to the convergence of
the averaged Green function m(z) = N~' Tr G(z), z = E + in. In a series of papers
[20-22] Erd6s, Schlein and Yau showed that the semicircle law for Wigner matrices
also holds down to the optimal scale 1/N, up to logarithmic corrections. In [24]
a “fluctuation average lemma” was introduced that yielded optimal bounds on the
convergence of m(z) for Wigner matrices in the bulk [24] and up to the edge [25] on
scales 7 3> N~!. Below this scale the eigenvalue density remains fluctuating even for
large N. In [25] the Green function G (z) and its average m(z) have been used to prove
edge universality for generalized Wigner matrices. In [31] we derived a local deformed
semicircle law for the deformed ensemble (1.1) under the assumption that 1 ¢ has a
square root behavior at the endpoints. In the present paper, we derive a local law at the
extreme edge in case (. shows a convex decay at the edge. We propose, however,
a slightly different path than the one taken in [31]: We condition on the random
variables (v;) and show that m(z) converges, for “typical” realizations of (v;), on

scale ~ N~1/2; see Proposition 5.1. In particular, we show that the typical eigenvalue

spacing at the extreme edge is of order N~1/®+D » N=1/2; a5 is suggested by the
convex decay in (1.6). Similar to the Wigner case, see e.g., [25], this is accomplished
by deriving a self-consistent equation for m(z). However, the analysis of the self-
consistent equation is quite different from the Wigner case, due to the absence of the
usual stability bound; see [31].

In a second step, we can use the self-averaging property of the Wigner matrix W,
to show that the imaginary part of m can be controlled on scales much smaller than
N~1/2: the technical input here is the “fluctuation averaging lemma” [17,18,25]. Our
proof relies on the basic strategy of [17]. However, in our setup the diagonal entries of
G are not uniformly bounded, which requires several changes to previous arguments.
To complete the proof of our first main result, Theorem 2.10, we note that the imaginary
part of m can be written as

N

1 U
Imm(E +in) = — _ EeR,n>0), 1.7
(E +in) NZ(MO,—E)2+n2 ( n > 0) (1.7)

a=1

where (1) are the eigenvalues of H. Thus, having control on the left side for n <«
N~1/2 allows tracking the individual eigenvalues at the extreme edge, where their
typical spacing much bigger than N ~1/2,

Finally, we point out the main steps in the proof of the partial localization of
eigenvectors; see Theorem 2.10 for precise results. It is well-known that information on
the averaged Green function m(z) can be translated via the Helffer—Sjostrand formula
to information on the density of states; see, e.g., [19]. Since the typical eigenvalue
spacing at the edge is, for the case at hand, much larger than N~!/2, the Helffer—
Sjostrand formula also allows to translate information on the diagonal Green function
entries (G;;(z)) into information on the eigenvectors at the edge. Relying on estimates
on the Green function, we can then prove “partial localization” of the eigenvectors at
the edge.
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170 J. O. Lee, K. Schnelli

The paper is organized as follows: In Sect. 2, we introduce the precise definition of
the model and state the main results of the paper. In Sect. 3, we collect basic notations
and identities for the resolvent of H. In Sect. 4, we prove the first main result of
the paper, Theorem 2.7, using estimates on the Stieltjes transform of the deformed
semicircle measure. (See also Corollary 4.6.) In Sects. 5 and 6, we prove important
lemmas on the location of the extreme eigenvalues, including the local law, which
have crucial roles in the proof of Theorem 2.7. In Sect. 7, we prove the second main
result of the paper, Theorem 2.10, on the partial localization of the eigenvectors at the
edge. Proofs of some technical lemmas are collected in the Appendices A, B and C.

2 Definition and results

In this section, we define our model and state our main results.

2.1 Deformed semicircle law

For a (probability) measure, w, on R, we define its Stieltjes transform by

Mo (2) :=/ do®) e ch. 2.1
R X—2Z

Note that m(z) is an analytic function in the upper half plane, satisfying Im m,,(z) >
0,z€Ct.

As first shown in [37], the Stieltjes transform of the limiting spectral distribution
of the interpolating model (1.1) satisfies the equation

_ du(v) +
mee(z) = /]R FP—— e’ Immgc(z) >0, (zeCM), (2.2)

where p is the distribution of the i.i.d. random variables (v;). Equation (2.2) is often
called the Pastur relation. It is shown in [7,37] that (2.2) has a unique solution. More-
over, itis easy to check that lim sup, o Imm ¢ (E +in) < oo, thus m f.(z) determines
an absolutely continuous probability measure on R, whose density, u ., is given by

1 .
ye(E) = — limImm e(E +im).  (E € R). (2.3)

The measure (s has been studied in details in [7]; for example, it was shown that
the function m g, a priori defined on CT, has a continuous extension to C* U R
and that p . is an analytic function inside its support. Below we use the notation
mye(E) = limp\omge.(E +in), E € R. Finally, note that 1 s converges weakly to
the standard semicircle law, g, as A — 0.

Remark 2.1 The measure ur. is often called the additive free convolution of the
semicircular law and the measure p (up to the scaling by A). More generally, the
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Extremal eigenvalues and eigenvectors of deformed Wigner matrices 171

additive free convolution of two (probability) measures w; and w»>, usually denoted
by w B w», is defined as the distribution of the sum of two freely independent non-
commutative random variables, having distributions w{, w; respectively; we refer to
[2,28,34,50]. Similarly to (2.2), the free convolution measure w1 Hw, can be described
in terms of a set of functional equations for the Stieltjes transforms; see [5,11,38]. For
a discussion of regularity properties of w; H w, we refer to [4].

Free probability theory turned out to be a natural setting for studying global laws
for such ensembles; see, e.g., [2,50]. For more recent treatments, including local laws,
we refer to [6,9,30].

2.2 Definition of the model
Definition 2.2 Let W be an N x N random matrix, whose entries, (w;;), are inde-

pendent, up to the symmetry constraint w;; = wj;, centered, real (complex) random
variables with variance N ! and with subexponential decay, i.e.,

P(W|wi,| > x) < Coe™"", (2.4)

for some positive constants Cy and 6 > 1. In particular, if (w;;) are complex random
variables,

1
Ew,-j =0, E|w,'j|2: N, waj =0,
(6p)°P

Elwyjl? < Co0 (P2 3); 25)

if (w;;) are real random variables,

1+ 8 (@p)or

2 ij

Ew;; =0, Ewij =—x E|lw;;|? <C N (p>3). (2.6)

Let V be an N x N diagonal random matrix, whose entries (v;) are real, centered,
i.i.d. random variables, independent of W = (wj;;), with law p. More assumptions on
u will be stated below. Without loss of generality, we assume that the entries of V are
ordered,

V] =2 V2 = 2 UN. 2.7
For A € RT, we consider the random matrix
H = (hjj) =2V +W. 2.8)

We choose 1 as a Jacobi measure, i.e., u is described in terms of its density

w@) =271+ 0)*(1 - »Pd@) L1, 2.9)
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where a,b > —1,d € C!([—1,1]) such that d(v) > 0, v € [—1,1], and Z is
an appropriately chosen normalization constant. We assume, for simplicity of the
arguments, that u is centered, but this condition can easily be relaxed. We remark
that the measure p has support [—1, 1], but we observe that varying X is equivalent to
changing the support of 1. Since u is absolutely continuous, we may assume that (2.7)
holds with strict inequalities.

2.3 Edge behavior of 14 .

Properties of u r. with the special choice (2.9) for u and with A ~ 1, have been studied
in [31]; see also [7,43]. For example, the support of 4 s consists of a single interval.
For E € R, we denote by « £ the distance to the endpoints support of 1 ¢, i.e.,

kpi=min{|E —L_|,|E~Lyl}, supppupe=I[L_.Li].  (EcR).
(2.10)

In the following we will often abbreviate k = k.

In the present paper, we are mainly interested in the limiting behavior of the largest,
respectively smallest, eigenvalues of the interpolating matrix (2.8), for A ~ 1. For con-
creteness, we focus on the upper edge and comment on the lower edge in Remark 2.6.
The following lemma is taken from [31]; see also [7,35,43] for statement (1).

Lemma 2.3 Let  be a centered Jacobi measure defined in (2.9) with b > 1. Define

1 1/2 |
= M . p(v)dv
b= (/1 (1—v)2) ’ T+ '_/71 [ —v (2.11)

Then, there exist L_ < 0 < L4 such that the support of i ¢c is [L_, L1 ]. Moreover,

(1) if X < Ay, thenfor0 <k < Ly,
CT\Wik < ppe(Ly — 1) < Ci, (2.12)

for some C > 1;
(2) if A > Ay, then Ly = A+ (t4/A) and, for0 <k < L4,

C'® < ppe(Ly —x) < i, (2.13)

for some C > 1. Moreover, L satisfies Ly +m gc.(Ly) = A.

Remark 2.4 Since

1 1
= =/ u(v)dv - / (1 +v)u@)dv =1, (2.14)
— -1

1 1—v

we find that Ly > A + (1/A) > 2. Similarly, we also have that L_ < —2.
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Remark 2.5 When —1 < a, b < 1, there exist, forany A € RT, L_ < 0 < L, such
that supp e = [L—, Ly]. Infact, for b < 1, the first integral in (2.11) diverges and
for any A < oo there exists C > 1 such that

CT'\KE < pfe(E) <Cykg, EellL_, Lyl (2.15)

For b > 1 the first integral in (2.11) is finite and we have A4 < oo. Either way,
for A < AL, the square root behavior of . follows from the “stability bound”
A —z —mygc(2)| = c, for some ¢ > 0. In particular, the integrand on the right side
of (2.2) is non-singular and the main contributions to the integral come from the bulk.
However, for A > A4, [A — z — m.(z)| is not bounded uniformly away from zero,
for z close to the edge, and the integral on the right side of (2.2) is sensible to the
specific decay of w for such z: Setting t := z + m.(z), we find that the leading
contribution to the integral, for z close to L, is roughly (r — 1)P. We hence expect
that Imm . (z) ~ kP + n, for z close to L. For more details, we refer to [31].

Ifa<1<borb <1 < a, the analogous statement to (2.15) holds only at the
lower edge or at the upper edge, respectively. These results can be proved using the
methods of [43]; see [31] for more details.

Remark 2.6 For a > 1, the analogue statements to Lemma 2.3 hold for the lower
endpoint L_ of the support of 1 r., with A and 7 replaced by

1 1/2 1
. u(v)dv . n(v)dv
A= (/1—(1—}—1))2) , T_ ._[1 o (2.16)

In [31], spectral properties of the interpolating matrix (2.8) were analyzed in detail
under the assumption that (2.15) holds, i.e., it was assumed that either A is sufficiently
smallora,b < 1.

2.4 Main results

Denote by (u;) the ordered eigenvalues of the matrix H = AV + W,

U1 = M2 =" = UN-

In the following, we fix some ng € N, independent of N, and consider the largest
eigenvalues (u,-);’i | of H. All our results also apply mutatis mutandis to the smallest

eigenvalues (Mi)lN: N—no of H as can readily be checked.

2.4.1 Eigenvalue statistics
The first main result of the paper shows that the locations of the extreme eigenvalues

are determined by the order statistics of the diagonal elements (v;). Recall that we
denote by u the distribution of the (unordered) centered random variables (v;).
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174 J. O. Lee, K. Schnelli

Theorem 2.7 Let W be a real symmetric or complex Hermitian Wigner matrix, sat-
isfying the assumptions in Definition 2.2. Assume that the distribution u is given by
(2.9) with b > 1 and fix some A > A; see (2.11). Let no > 10 be a fixed constant
independent of N, denote by ; the i-th largest eigenvalue of H = AV + W and let
1 < k < ng. Then the joint distribution function of the k largest rescaled eigenvalues,

PNV Ly = ) < 51, NYED@Ls = o)

<52 NYODLy =) < 1), @.17)

converges to the joint distribution function of the k largest rescaled order statistics of

(vi),

IP(CANI/(b“)(l — ) < 51, GNYOED (] 0y

<o CGNYOED Ssk), (2.18)

22-22 . . U .
as N — oo, where C;, = T t. In particular, the cumulative distribution function

of the rescaled largest eigenvalue N'/®TD (L — 1) converges to the cumulative
distribution function of the Weibull distribution,

C b+1
Goyi(s) i= 1 — exp (— (b"i 5 ) (2.19)

where

L\ ®
.

C, = ——~ lim ——.

" (AZ_)&) V21 (1 — )b

In Sect. 5 we obtain estimates on the speed of convergence of (2.17); see Corollary 4.6.

Remark 2.8 For A > A4, the typical size of the fluctuations of the largest eigenvalues
isof order N~1/®+D (with b > 1) as we can see from Theorem 2.7. For A < A4, onthe
other hand, the fluctuations for the largest eigenvalue become, in the limit N — oo,

Gaussian with standard deviation of order N ~1/2; see Sect. 4.3 for more detail.

Remark 2.9 Theorem 2.7 shows that the extreme eigenvalues of H become, for A >
A+, uncorrelated in the limit N — oo. In fact, extending the methods presented in
this paper (by choosing ng < N'/®+D) one can show that the point process defined
by the (unordered) rescaled extreme eigenvalues of H converges in distribution to an
inhomogeneous Poisson point process on R™ with intensity function determined by
X and p.
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2.4.2 Eigenvectors behavior

Our second main result asserts that the eigenvectors associated with the largest eigen-

values are “partially locali;ed” for A > .M_. We denote by (.u x(J ))ﬁyzl the Compon.ents

of the eigenvector uy, associated to the eigenvalue px. All eigenvectors are normalized
N .

as >y lur(HIP = lluglz = 1.

Theorem 2.10 Let W be a real symmetric or complex Hermitian Wigner matrix sat-
isfying the assumptions in Definition 2.2. Assume that the distribution u is given by
(2.9) with b > 1 and fix some A > Ay, see (2.11). Let no > 10 be a fixed constant
independent of N. Then there exist constants 8,8, o > 0, depending only on b, A
and |, such that

{

NY 1
P 12 — <N, 1<j<N,1<k<ng—1,j #k).
(|uk(])| ~ N )»2|Uk—vj|2)_ (1=/= =rEn ’ :

2 2

A A
ol = =5

> N—S) SNT, (<k<=np—1), (220)

and

2.21)

In Sect. 7 we obtain explicit expressions for the constants §, §’, o > 0.

Remark 2.11 In the preceding paper [31], we proved that all eigenvectors are com-
pletely delocalized when A < . This shows the existence of a sharp transition from
the partial localization to the complete delocalization regime. We say that an eigen-
value w; is in the bulk of the spectrum of H ifi € [e N, (1 —€)N], for any (small)e > 0
and sufficiently large N. Following the proof in [31], can prove that the eigenvectors
associated to eigenvalues in the bulk are completely delocalized if 1 > A_.

Assuming that u is given by (2.9) with b < 1 (and a < 1), we showed in [31] that
all eigenvectors of H are completely delocalized up to the edge.

Remark 2.12 Theorems 2.7 and 2.10 remain valid for deterministic potentials V', pro-
vided the entries (v;) satisfy some suitable assumptions; see Definition 3.5 in Sect. 4
for details.
Remark 2.13 From (2.20) we find
S ) _ M
2 (P =F o), (<k=ng—1),
Jii#k

which is in accordance with the fact that (2.21) holds and that, typically,

1 < 1 22

v ,-%k T —of =2 tom (sksno-D,

where we used (2.18).
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In the remaining sections, we prove Theorems 2.7 and 2.10. We state our proofs for
complex Hermitian matrices. The real symmetric case can be dealt with in the same
way.

3 Preliminaries

In this section, we collect basic notations and identities.

3.1 Notations

For high probability estimates we use two parameters £ = &y and ¢ = gy : We let
£ =10loglogN, ¢ = (logN)C, (3.1)

for some fixed constant C > 1.

Definition 3.1 We say an event 2 has (£, v)-high probability, if
]P)(QC) S e—v(log N)S ,

for N sufficiently large. Similarly, for a given event 2p we say an event €2 holds with
(&, v)-high probability on g, if

P(Qo N Q) < e~z M)

for N sufficiently large.

For brevity, we occasionally say an event holds with high probability, when we
mean with (&, v)-high probability. We do not keep track of the explicit value of v in
the following, allowing v to decrease from line to line such that v > 0. From our proof
it becomes apparent that such reductions occur only finitely many times.

We define the resolvent, or Green function, G(z), and the averaged Green function,
m(z), of H by

. om(2) = %Tr G(), (zeCh.
(3.2)

1 1
G =) =g = v W s

Frequently, we abbreviate G = G(z), m = m(z), etc. We refer to z as spectral
parameter and often write z = E +in, E € R, n > 0.
We will use double brackets to denote the index set, i.e., for ny, n» € R,

[n1,n2] == [n1,n2] NZ.

We use the symbols O(-) and o(-) for the standard big-O and little-o notation.
The notations O, o, <, >, refer to the limit N — oo unless otherwise stated, where
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the notation a <« b means a = o(b). We use ¢ and C to denote positive constants
that do not depend on N. Their value may change from line to line. Finally, we write
a ~ b, if there is C > 1 such that C~! |b| < |a| < Clb|, and, occasionally, we write
for N-dependent quantities ay < by, if there exist constants C, ¢ > 0 such that
lan] < Clpn)“1bw].

3.2 Minors
Let T C [1, N]. Then we define H™ as the (N — |T|) x (N — |T|) minor of H
obtained by removing all columns and rows of H indexed by i € T. Note that we do

not change the names of the indices of H when defining H M More specifically, we
define an operation 7t;, i € [1, N, on the probability space by

(i ()t i= Lk £ )L # Dhp. (3.3)
Then, for T C [1, N], we set  := []; o 7; and define
HD = ((rp(H)ij)i jgr. (34

The Green functions G(T), are defined in an obvious way using H M, Moreover, we
use the shorthand notation

(T) N (T N
>3 -3 33)
i i=1 i] i=1, j=1

igT i#j,i,j¢T

abbreviate (i) = ({i}), (Ti) = (T U {i}) and use the convention (T\i) = (T\{i}), if
i €T, (T\i) = (T), else. In Green function entries (GST)) we refer to {7, j} as lower
indices and to T as upper indices.

Finally, we set

1
.= _5"cD". 3.6
m =52 (36

Here, we use the normalization N ', instead (N — |T|)~", since it is more convenient
for our computations.

3.3 Resolvent identities

The next lemma collects identities between resolvent matrix elements of H and H™.

Lemma 3.2 Let H = H* be an N x N matrix. Consider the Green function G(z) =
G:=(H —z2)"', 2 € Ct. Then, fori, j, k,1 € [1, N], the following identities hold:
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Schur complement/Feshbach formula: For any i,

1
e O, o0, @7
hii — I k1 hlkal hli
~ Fori # j,
Gij = —GiG\) [ hij = > hiuGi iy ). (3.8)
k.l
— Fori # j,
0) _ W
Gij = =Gii D hix Gyl = =G jj 2" Gyi'hyj. (3.9)
k k
— Fori, j #k,
GikGy;
(k) ik Ikj
Gij=G;j +—(——. 3.10
tj ij + Gk ( )

Ward identity: For any i,
N
2 l
> 1GijI* = =Im Gy, 3.11)
j=1 1
where n = Im z.

For a proof we refer to, e.g., [14].

Lemma 3.3 There is a constant C such that, for any z € C*, i € [1, N, we have

m(2) —m ()| < N% 3.12)

The lemma follows from Cauchy’s interlacing property of eigenvalues of H and its
minor H"). For a detailed proof we refer to [12]. For T C [[1, N], with, say, |T| < 10,

: T C
we obtain |m —m™| < N

3.4 Large deviation estimates

We collect here some useful large deviation estimates for random variables with slowly
decaying moments.

@ Springer



Extremal eigenvalues and eigenvectors of deformed Wigner matrices 179

Lemma 3.4 Let (a;) and (b;) be centered and independent complex random variables
with variance o> and having subexponential decay

P(la;| > x0) < Coe ™", P(lbi| = x0) < Coe ™", (3.13)

for some positive constants Co and 0 > 1. Fori, j € [1, N], let A; € C and Bjj € C.
Then there exists a constant co, depending only on 6 and Cy, such that for 1 < & <
10loglog N and pn = (log N)° the following estimates hold.

ey
N N 1/2
> Aia; z(wN)fo(meF) <e MeM (314
i=1 i=1
N 1/2
Zal Bjja; — ZUZB” > ((pN)EOZ(Z |Bii|2) = e—(logN)E,
i=1 i=1
(3.15)
v 1/2
P> aBijaj| = (en)*0? [ D18 <e e (316)
i#] i#]
for N sufficiently large;
(@)
1/2
P> aBib| = (on)*o? [ D18 <e®eM o 317)
ij ij
for N sufficiently large.

For a proof we refer to [23]. We now choose C in (3.1) such that C > cy.
Finally, we point out the difference between the random variables (w;;) and (v;):
From (2.4), we obtain

&
|wij| < (bn) ,
VN

with (&, v)-high probability, whereas v; € [—1, 1], almost surely.

(3.18)

3.5 Definition of Qy

In this subsection we define an event 2y, on which the random variables (v;) exhibit
“typical” behavior. For this purpose we need some more notation: Denote by wy, the
constant
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11 b—1 b 1 419
Ty T b4l 241 byl 2 :

which only depends on b. Fix some small € > 0 satisfying

b+1
€ < (10+ ﬁ) @, (3.20)

and define the domain, D¢, of the spectral parameter z by

Dei={z=E+ineCt: -3—A<E<3+xr N2 <y< N V/btD+ey

(3.21)
Using spectral perturbation theory, we find that the following a priori bound
el < NHI < IWI+ VI <242+ @SN, (ke [1LN]), (322)
holds with high probability; see, e.g., Theorem 2.1. in [25].
Further, we define N-dependent constants o and g by
N—G
ko = N~VOHD = ) (3.23)

VN
In the following, typical choices for z = L — « +in will be such that ¥ and 7 satisfy
k < ko and n > no.

We are now prepared to give a definition of the “good” event Qy :

Definition 3.5 Let ng > 10 be a fixed positive integer independent of N. We define
Qy to be the event on which the following conditions hold for any k € [1, no — 1]:

(1) The k-th largest random variable vy satisfies, for all j € [1, N] with j # k,
N"ko < |vj — vk| < (log N)ko. (3.24)
In addition, for kK = 1, we have
N"kp < |1 —v1| < (log N)«ko. (3.25)
(2) Thereexistsaconstant¢ < 1 independentof N such that, forany z € D, satisfying

_ Iﬁirll\’]] Re (z + m rc(2)) — Avi| = |Re (z +m fc(2)) — Avgl, (3.26)

we have

(k)

1 1
— <c< 1. 3.27
N z i —z —m e (2)]? G:2D

i
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We remark that, together with (3.24) and (3.25), (3.26) implies

N ko
Re (z +m ge(2)) — Avi| > 5 (3.28)

foralli # k.
(3) There exists a constant C > 0 such that, for any z € D,, we have

1 < du(v CN3*/
P2 e i il
In the Appendix A we show that
P(Qy) > 1 — Cog N)' TP N, (3.30)
thus (Qy )¢ is indeed a rare event.
3.6 Definition of 71 7.
Let 1« be the empirical measure defined by
_1g
= N;(Sm. (3.31)

We define a random measure it s by setting /i rc := it B puge, i.e., i ¢ is the additive
free convolution of the empirical measure jx and the semicircular measure jis.. As in
the case of m ¢, the Stieltjes transform m fe of the measure m fe 18 a solution to the
equation

Imiife(z) >0, (zeCh), (3.32)

ﬁfc(z)

an

—z—mﬂ&)

and we obtain [z s, trough the Stieltjes inversion formula from 7 7. (2), c.f., (2.3).
To estimate the difference |m fe — m f¢|, we consider the following subset of D.

Definition 3.6 Let A := [ng, N]. We define the domain D, of the spectral parameter
zas

1
D, =1z€De : [Avg—z—mpe(2)] > EN"/(b“)’E, Va € A] ) (3.33)

Eventually, we are going to show that pux + ing € D., k € [1,ng — 1], with high
probability on 2y ; see Remark 4.4.
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Recall that we assume that v; > vy > - -+ > vy. Assuming that Qy holds, i.e., (v;)
are fixed and satisfy the conditions in Definition 3.5, we have the following lemma,
which shows that 77 7. (z) is a good approximation of m f.(z) for z € D,.

Lemma 3.7 For any z € D., we have on Qy that

2e

~ N
Imye(z) —mpe(2)] < N (3.34)

Proof Assume that Qv holds. For given z € D, choose k € [1, ng — 1] satisfying
(3.26), i.e., among (Av;), Avy is closest to Re (z + m r(2)). Suppose that (3.34) does
not hold. Using the definitions of 7 . and m f¢» we obtain the following self-consistent
equation for (i g — m g¢):

1 i e = mpe
N & (v —z =) (hvi — 2 —mye)

du(v)
Nzkvl—z—mfc_/kv—z—mfc)' (3-35)

i=1

/—\

From the assumption (3.29), we find that the second term in the right hand side of
(3.35) is bounded by N ~1/2+3¢/2,
Next, we estimate the first term in the right hand side of (3.35). Fori = k, we have

2e
Ak —z = mipe| + [Avg =z —mype| > |mpe(z) —mype(2)| > ik
which shows that either
2e N2e

Avg —z —mfe| > or |Avg—z—mype| > ——.

T 2JN T 2JN
In either case, by considering the imaginary part, we find
1 1 12 1

< VN CN™¢, (zeD)).

N (Avk—z—n’ifc)(kvk—z—mfc) N N2 E_
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For the other terms, we use

1 (k)

N |2 :

— (Mvj — 2z — M) (M — 2 —mye)

(k)
1 1 1
<= ( — + 2). (3.36)
2N - [Av; —z —mgcl [Av; —z —mpgcl

From (3.32), we have that

1< 1 Im 77 /e
- —— = 1o (3.37)
Ni:1 [Avi —z —myc| n+Immg.
We also assume in the assumption (3.27) that
1L 1
_ _— << 1, 3.38
sz\vi—Z—mfc'z 539

i

for some constant ¢. Thus, we get

e I+c _
7 re(2) = m (@) < — =l fe(@) = mpe@|+ N7V (2 e DY), (3.39)
which implies that
7 fe(2) = mye(@)] < CNTV2H32 (2 e D),

Since this contradicts the assumption that (3.34) does not hold, it proves the desired
lemma. O

4 Proof of Theorem 2.7

In this section, we outline the proof of Theorem 2.7. We first fix the diagonal random
entries (v;) and consider & s near the edge L, where the largest eigenvalues are
located as we can see from Proposition 4.3. The main tools we use in the proof are
Lemma 4.1 below, where we obtain a linear approximation of 7 ., and Lemma 3.7,
which estimates the difference between m . and m r.. Using Proposition 4.3 that
estimates the eigenvalue locations in terms of 71 s, we prove Theorem 2.7.
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4.1 Properties of m ¢, and 71 ¢,

Recall the definitions of m 7. and m fe- Let

Ro(z) = du(v)
T v— = mpe @
N
~ 1 1
Ry(2) = — , eCh). 4.1
2=y ; vz —mgp ¢€Y) @b
Since
Imz+Immye(2)
1 = d ,
mmf()(z) |)\,U 7 me(Z)|2 [,L(U)
we have that
Imm ¢, (2
Ra(z) = 1@y et

Imz+Immy.(z)

Similarly, we also find that ﬁg (z) < 1.
The following lemma shows that m ¢, is approximately a linear function near the
spectral edge.

Lemma 4.1 Letz = Ly — k +in € De. Then,

2

A .
Z+mpc(z) = A — m(L+ -2+0 ((log N)(k + ﬁ)mm{b’z}) . 4.2)
Similarly, if z, 7' € De, then
M e(2)—m po(2)) = )*%r z—)+0 ((lo N)Z(Nfl/(bJr]))min{bfl,l}| _ /I)
felz felz _)\Z—A%FZ Z g z—71).

4.3)

Proof We only prove the first part of the lemma; the second part is proved analogously.
Since L4 +m gc(Ly) = A, see Lemma 2.3, we can write

| (L) = du@) due(v)
mfc(Z)_mfc(L—&-)_/)\.U—Z_mfc(Z) /XU—LJr_me(LJr)
_ [mpe@ —mye(Ly)+(z—Ly)
- / (A —z—myc(2))(Av — A) dp(v). 4.4)
Setting
- du(v)
T(z) := / O =z —mre(2) (v — 1) 4.5)
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we find
dpu(v) 2 du) \'"? Ay Ay
T < —_— <+JR — < — < 1.
| (Z)|—(/ |Av—z—mfc(z)|2) o _ap) SVROG <5<
4.6)
Hence, for z € D, we have
m'()—m'(L)—&(—L) 4.7
felZ fe +—1_T(Z)Z +)> .
which shows that
z4+me ()= — — (L. —2). 4.8
fe(@) oL 4.8)
We thus obtain from (4.6) and (4.8) that
— Al < L, —z|.
|z +mfe(2) |_X—A+| +—Z

We now estimate the difference 7'(z) — )»%r /A2 Lett i=z4+m fe(z). We have

A du(v) du(v)
TO=7= ] Gooow—n ) Go_n2
o du(v)
= A)/ v — 1) — 12 (4.9)

In order to find an upper bound on the integral on the very right side, we consider the
following cases:

(1) When b > 2, we have

‘/ du(v)
(v — ) (v — A)2

(2) Whenb < 2, defineaset B C [—1, 1] by

1 dv
SC/ < ClogN. (4.10)
—1 |)\.U_T|

B:={vel[-1,1]:Av < —A+2Rert},

and B¢ = [—1, 1]\ B. Estimating the integral in (4.9) on B we find

e v Loy v v o A
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where we have used that, for v € B,
1
v — 1| > |ReT — AV| > 5()\ — Av).

On the set B¢, we have

d A — [Pl
/  dum sC/ #dvfcu—ﬂb_llogl\’, (4.12)
B¢ ()»U - 'L')()\-v - )") B¢ |)\,U - ‘C|

where we have used that, for v € B,
A —Av| <2(A —Ret) <2|A — 1.
We also have
/ du(v)
B¢ ()\.U — )\,)2
Thus, we obtain from (4.9), (4.12) and (4.13) that
/ du(v)
(A —1)(Av — A)2

Since T (z) is continuous and D is compact, we can choose the constants uniform in
z. We thus have proved that

< c/ IAv — AP 2dv < C|a — P71 (4.13)
BL‘

<Clr—1[°logN. (4.14)

22 .
T() = 25 +0 (Qog N)|Ly — 201D} (4.15)
which, combined with (4.8), proves the desired lemma. O

Remark 4.2 Choosing in Lemma 4.1 z = z;, where z; := L4 — ki +in € D, with

22 =22
+
= l —_ .
Kk Iy 1 —w)
we obtain
A2 .
Gt myea) = Ak 5 + O ((log N)N*mm{bﬂ}/(b“”k) . (4.16)
At

4.2 Proof of Theorem 2.7
The main result of this subsection is Proposition 4.5, which will imply Theorem 2.7.

The key ingredient of the proof of Proposition 4.5 is an implicit equation for the largest
eigenvalues (uy) of H. This equation, Eq. (4.17) in Proposition 4.3 below, involves the
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Stieltjes transform 7 7. and the random variables (vy). Using the information on 71 7
gathered in the previous subsections, we can approximately solve Eq. (4.17) for (ug).
The proof of Proposition 4.3 is postponed to Sect. 5.

Proposition 4.3 Let ng > 10 be a fixed integer independent of N. Let i be the k-th
largest eigenvalue of H, k € [1, no— 1]. Suppose that the assumptions in Theorem 2.7
hold. Then, the following holds with (§¢ — 2, v)-high probability on Qy :

juk + Re i pe(pui +ino) = dvg + O(N~1/2H), (4.17)

where ng is defined in (3.23).

Remark 4.4 Since |Av; — Avg| = N €ko > N~V/2H3€ forall i # k, on Qy, we
obtain from Proposition 4.3 that

|k 4 ino + Re i pe(px +1ino) — Avi| = |Av; — Avg| — |ux +ino

_ . N~k
+Rem pe(ur + ino) — Ave| > 7

on Qy. Hence, we find that uy + ing € DL, k € [1, ng — 1], with high probability
on Qy.

Combining the tools developed in the previous subsection, we now prove the main
result on the eigenvalue locations.

Proposition 4.5 Let ng > 10 be a fixed integer independent of N. Let |1 be the k-th
largest eigenvalue of H = AV + W, where k € [1, no — 1]. Then, there exist constants
C and v > 0 such that we have

22— )»3_ 1 N3e (log N)2

with (& — 2, v)-high probability on Qy.

Proof of Theorem 2.7 and Proposition 4.5 It suffices to prove Proposition4.5. Letk €
[1, no — 1]. From Lemma 3.7 and Proposition 4.3, we find that, with high probability
on Qy,

[t 4+ Rem e (uy +ino) = Avg + O(NTV/213€), (4.19)

In Lemma 4.1, we showed that
2
Mk +ino +m e (ug +1ino) = A — W(LJF — ux) +1iCno
A

+O (K{)‘““{b*” (log N)Z) . (4.20)
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Thus, we obtain

2

. b2
Wk + Rem ge(pug +ino) = A — 5 (Lt — ) + O (K(r)nm{ }(logN)z) )

22—
(4.21)

Therefore, we have with high probability on Qy that
)\2 )»3_ mm{b 2} 2 —1/2+43€
mr =Ly — —(1 —u)+ 0 (1og N)* )+ ONN ), (4.22)
completing the proof of Proposition 4.5. O

Recalling that P(Q2y) > 1 — C(log N )1+26 N =€ we obtain from Proposition 4.5
the following corollary.

Corollary 4.6 Let ng be a fixed constant independent of N. Let iy be the k-th largest
eigenvalue of H = AV + W, where 1 < k < nq. Then, there exists a constant C; > 0
such that for s € RY we have

22— 22 N3¢ (log N)? (log N)!+2b
o+~ "+ _ et _ ety
IP’(N - (I—-w) <s—C (Nm) + Nl/(b+1)) Cy e

=P (NVO Ly — ) <)

A2 =2 N3 (logN)?
SIP(NI/("“)—A +(1—vk)ss+C1( T il ))

N@o | N1/b+D

(lOg N)]+2b

+ Cy Ne

, (4.23)

for N sufficiently large.

Remark 4.7 The constants in Proposition 4.5 and Corollary 4.6 depend only on A, the
distribution p and the constants Cqy and 6 in (2.4), but are otherwise independent of
the detailed structure of the Wigner matrix W.

4.3 Gaussian fluctuation for the regime A < A

In this subsection, we consider the setup A < A. Recall that & fe = 1 B g denotes
the free convolution measure of the empirical measure &, which is defined in (3.31),
and the semicircular measure (.. Also recall that we denote by L the endpoints of
the support of the measure u .

Lemma 4.8 Let % be a centered Jacobl measure defined in (2.9) with' b > 1. Let
SUpPp /A fe = [L,, L+] where L_ and L+ are random variables depending on (v;).
Then, if . < Ay, the rescaled fluctuation N/ 2(L+ — L) converges to a Gaussian
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random variable with mean 0 and variance (1 — [m fc(L+)]2) in distribution, as
N — 0.

Remark 4.9 When a > 1, the analogous statement to Lemma 4.8 holds at the lower
edge. See also Remark 2.6.

Proof Following the proof in [31,43], we find that ZJF is the solution to the equations

1Y 1 1 & 1
ife(Ly)=— — . = — =1
re NjZ::')LUj —Ly—myge(Ly) N ]Zz; (Wwj =Ly —mpe(Ly))?
(4.24)
Similarly, we find that L is the solution to the equations
du(v) du(v)
me(L-‘r) = ’ 2 =
w— Ly —myse(Ly) (v — Ly —mye(L+))
(4.25)
Let
T = L+ + me(L+), T:= E+ + I’ﬁfc(z_Q_)
Since A < A4, we may assume that
N
du(v) 1
— > 1439, 1436, 4.26
Go—n2 T Z;aw—xﬂ> * (4:20)

for some § > 0. Notice that the second inequality holds with high probability on Qy .
From the assumption, we also find that 7, T > A. Thus we get

N

1 1 1 1
0:— = — _—
Z (vj =02 N ~ (W —7)?
J 1 j=1 """
1 N
o EN-1/2
J;(MJ 5+ O((en) )

N

1 (=2xvj + 1+ 7)(r —7)
N Z (Avj — 1) (Avj — T)2

+ O((pn)sN™1/2), (4.27)

which holds with high probability. Since 7,7 > A, we have

—2:vj+14+7T>0.
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Moreover, with high probability, |{v; : v; < 0}| > ¢N for some constant ¢ > 0,
independent of N. In particular,

>c >0,

1 i 20 +THT
N = (Avj —1)2(vj — T)?
for some constant ¢’ independent of N. This shows together with (4.27) that

T—7T=0(gn) N2,

with high probability on Qy .
‘We can thus write

j=

1Y 1 1
fife(Ly) =T — Ly sz,-_? N]Z_;)ij—t

1
1 & T—1
ANt 2 -1
+ Né( Tor o T OUMENTY
=mee(Ly)+ X+ @ —1)+O0Wpn)* N,  (428)

with high probability, where we define the random variable X by

1 & du(v) 1
ZM}/—I /v—r__z(kvj—r_ |:)ij—r:|)'(4'29)

j=1

Notice that, by the central limit theorem, X converges to a Gaussian random variable
with mean 0 and variance N~ (1 — (mfc(L+))2). Since,

Li =Ly =X+0(en)*N7h, (4.30)

with high probability, the desired lemma follows. O
When (v;) are fixed, we may follow the proof of Theorem 2.21 in [31] to get

Ly — il < () SN (4.31)

with high probability. Since |Z+ — Ly| ~ N~1/2, we find that the leading fluctuation
of the largest eigenvalue comes from the Gaussian fluctuation obtained in Lemma
4.8. This also shows that there is a sharp transition in the distribution of the largest
eigenvalue from a Gaussian law to a Weibull distribution as A crosses A .
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5 Estimates on the location of the eigenvalues

In this section, we prove Proposition 4.3. Recall the definition of ng in (3.23). For
k € [1,n9 — 1], let Ex € R be a solution E = E}, to the equation

E +Re il jo(E + ing) = Avg, (E € R), 5.1

and set Z; := Ek + ing. The existence of such Ek is easy to see from Lemmas 4.1
and 3.7. If there are two or more solutions to (5.1), we choose Ek to be the largest one
among these solutions.

The key observation used in the proof of Proposition 4.3 is that Im m(z), the imagi-
nary part of the averaged Green function, has a sharp peak if and only if the imaginary
part of

1

+ 2
. G5 62

gk(z) ==

becomes sufficiently large for some k € [1, ng — 1]. We remark that this phenomenon
occurs only when the deformed semicircle measure 1 s has a convex decay; when
the square root behavior prevails, we have the stability bound

A —z—mp(2)| > c, (5.3)

for some constant ¢ > 0, near the edge of the spectrum. Hence the location of the peak
of

N
. 1
Im i o(2) = ];gk@

is not solely determined by a behavior of single vy, but affected by all (vg).
Since z +> Im gx(z) has a sharp peak near Zj, we then conclude that z — Im m(z)
also has a peak near Z;. From the spectral decomposition

: < 10
we also observe that the positions of the peaks of Im m (z) correspond to the locations
of the eigenvalues. This will enable us to estimate the location of the k-th largest
eigenvalue in terms of v, yielding a proof of Proposition 4.3.

This section is organized as follows. In Sect. 5.1, we establish a local law for
m(z) with z € D, i.e., for z close to the upper edge; see Proposition 5.1 below. In
the Sects. 5.2 and 5.3 we establish further estimates that will be used in the proof
of Proposition 4.3. The estimates in Sect. 5.3 are rather straightforward, while the
estimates of Sect. 5.3 rely on the “fluctuation average lemma’ whose proofis postponed
to Sect. 6. The proof of Proposition 4.3 is then completed in Sect. 5.4.
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5.1 Properties of 711 s and m

In the proof of Proposition 4.3, we will use the following local law as an a priori
estimate. Recall the constant € > 0 in (3.20) and the definition of the domain D, in
(3.33).

Proposition 5.1 (Local law near the edge) We have with (¢, v)-high probability on
Qy that

. N2€
Im(z) —myge(2)| = i (5.4)

forallz € D..

We remark that Proposition 5.1 also holds if 1 s has a square root behavior at the
edge, since we have in that case the stronger bound |m(z) — m fe(@| < NE(N n)_l,
which holds with (&€, v)-high probability on Qv ; see Theorem 2.12 in [31].

The proof of Proposition 5.1 is the content of the rest of this subsection.

Recall the definitions of (zx) in (5.1). We begin by deriving a basic property of
1 fc(z) near (Zx). Recall the definition of 7o in (3.23).

Lemma 5.2 Forz = E +ino € D, the following hold on Qy :

(1) iflz—7Z;1 = N~V23¢ forall j € [1,ng — 1], then there exists a constant C > 1
such that

C 'y <Imise(z) < Cro;
(2) if z =7k for some k € [1,no — 1], then there exists a constant C > 1 such that
CTINTV2 <Immije(z) < CN7V2

Remark 5.3 We remark that Lemma 5.2 does not hold when A < A . In this case, we
have near the edge that

Imm ¢.(z)

=1 1 .
Immpgc(z) +n o, )

which implies that Imm ¢.(z) > 1. We may apply a similar argument to show that
Immi g (z) > n as well. See Lemma A.5 in [31] for more detail.

Proof of 5.2 Recall that

_ Im i 7 (2) <
Ro(e) = —L=2 = Z| <1, (zeChH, (5.6

0+ImeC(Z) ol AV; —Z—mfc(z)|2
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c.f., (4.1). For given z € D, with Im z = 59, choose k € [1, no — 1] such that (3.26)
is satisfied. In the first case, where |z — 2| > N~1/2%2¢ we find from Lemmas 4.1
and 3.7 that

|Avk — Re (z + i e (2))| > N™V/2F2 (5.7)
Since z = E + ing satisfies (3.26), we also find that

(k)

1 1
»k) .
Ry (2) == — —
2 N ZZ [Av; —z —me(Z)|2
1 & 1
= — +o(l) <c <1, 5.8
N Z [Av; —Z—rnfC(Z)|2 ) >8)

i
for some constant c¢. Thus,

(k)

Rx(2) ! ! + ! Z ! "< 1, (5.9)
7)) = — — — — <c <1, .
? Nk —z— i@ | N4 v — 2 — e (@)

i
for some constant ¢’. Recalling that

Imm re(z) = —ﬁz(z) N0
T T Re
statement (1) of the lemma follows. R
Next, we consider the second case: z = Zx = Ey + ino, for some k € [1, ng — 1].
We have

_ | < +Im it e 1 1
Tom 7 e ) N ; I?»v)zo— K — %;EZ)IZ N no + Im i ro(Zk)
1 & + Imm

3 o3 - ﬁif;%inz’ G10
hence
(1—1?;@ (fk)) (Im '?Aifc(?k))z—l- (1 — 21’3\5’() (fk)) no Im i ¢ (Zk) =% + I?ék)(?k)mz)-
Solving the quadratic equation above for Im 71 7. (zx), we find

CT'NT'? <ImipeGr) < CN7'2,
completing the proof of the lemma. O
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Remark 5.4 Forany z = E +1ing € Dé, we have, similarly to (5.10), that

(k)

. 1 1 1 +Imm ¢, (2
i@ < ~— L L mEmnge@
‘ Nno+Immge(z) N < |hvi —z =i fe(2)]

5.11)

Solving this inequality for Im r’ﬁfc (z), we find that Im rﬁfc (2) < CN—Z,

Recall that by Schur’s complement formula we have, for alli € [[1, NJ,

1

Gii = - —;
A+ wip —z7— Zglg h,‘ngll)hn'

see (3.7). Define E; to be the partial expectation with respect to the i-th column/row
of W and set

(@) ) (@)
. 1 . .
Zi= (L -E) D hisGyhi=7 (|w,~s|2 - N) G+ D wisGywi.
s,t K sF#t

(5.12)
Using Z;, we can rewrite G;; as

1

G = - .
YT it wii—z—m® - Z;

(5.13)
The following lemma states an a priori bound on Imm, the imaginary part of
m=N"'TrG.

Lemma 5.5 We have with (&, v)-high probability on Qv that, forall z = E +ing €
D,
2e

T

Imm(z) <

(5.14)

Proof Fix n = ng. For given z = E + ing € D, choose k € [1, ng — 1] such that
(3.26) is satisfied. Suppose that Im m(z) > N ~!/2+3¢/3 Reasoning as in the proof of
Lemma 3.7, we find the following equation for (m — i f):

1 ( 1 1 )
N & \hvi+wii —z—=m® = Z;  hvy—z—ige

m—iyfe =

v

=

- m® g+ 2 - i (5.15)
N« 1()\Ui+wii_Z_m(i)_zi)()\vi_z_fﬁfc). '
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Abbreviate
< 1
Tn=Th(z . (5.16)
" )= Z ()»U,—i-w”—Z—m(’)—Z)()\,U,—Z—me) (
We are going to show that 7;, < ¢ < 1: We define events 2z and Q by
N ; N
Im m® (on)*
Qz(@)=Qz =) {1Zl < (en)* . o¥i= [|w~| < ]
Ak z ="
(5.17)

We notice that, by the large deviation estimates in Lemma 3.4 and the subexponential
decay of |w;;|, 2z and Q both hold with high probability. Suppose now that Q2
and Qw hold. Then, we have

< fimm® + 22— « Im
N7 (pn) “Imm™ + N <L Imm,

1Zi| < (on)*

where we have used |m —m?| < C(N;y)_l <« Im m. We also have from n < Imm
that

Thus,

N

1 > 1 1 5 Im G;;
N = i+ wii =z —m® = Z;? N ~ Imm® + 7y +1Im Z;

=—Z (1+ o(1)) = 1+ o(1).

(5.18)

We get from Lemma 3.7 that, on Qy,

1 & 1 18 1400

s, DR U

N~ |hvi =z —m | N~ |hvj —z—mp|
for some constant ¢ > 0, and
— 1 Cl; < N_25/3.
N | Qv+ we —z—m® — Z) Qg —z —myge) |~ N N2y =
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Hence, we find that T, < ¢’ < 1 for some constant ¢’. Notice that the assumption
Imm > N~1/2+5¢/3 also implies that

lm — i pe| > Imm —Imii .| > CN™V2H3/3

as we can see from Remark 5.4. Now, if we let

M :=max |m' —m + Z; — wy],
1

then M < |m — m s.|. Thus, taking absolute value on both sides of (5.15), we get
|m — fﬁfc' < Tn(lm — ﬁfc| + M) = (T, +o(1)) |m — mfc|a

contradicting T, < ¢’ < 1.
We have thus shown that for fixed z € D,

Imm(Z) S N—1/2+56/3’

with high probability on Qy.

In order to prove that the desired bound holds uniformly on z, we consider a lattice £
such that, for any z satisfying the assumption of the lemma, there exists 7’ = E'+ing €
L with |z — Z/| < N~3. We have already seen that the uniform bound holds for all
points in £. For a point z ¢ £, we have [m(z) —m(z)| < n%lz —Z| <Nl for7 el
with |z — z/| < N73. This proves the desired lemma. m]

As a corollary of Lemma 5.5 we obtain:

Corollary 5.6 We have with (¢, v)-high probability on Qy that, forall z = E+ing €
D,

max [ . max N e ) . .
: Zi(2)| < N : Zl D= N k e 5.19
Next, we prove an estimate for the difference A(z) = |m(z) — mr.(z)]. We

first show the bound on A(z) in Proposition 5.1 holds for large n; see Lemma 5.7
below. Then, using the self-consistent equation (5.15), we show that if, for some
7€ DL, A(z) < N~Y/2+3¢ then we must have A(z) < N~!/2+2¢ with high probabil-
ity; see Lemma 5.8. Thus, using the Lipschitz continuity of the Green function G and
of the Stieltjes transform m fe» we can conclude thatif A(z) < N —1/242¢ e also have
A(Z') < N~1/2+2€ with high probability, for z’ in a sufficiently small neighborhood
of z. Repeated use this argument yields a proof of Proposition 5.1 at the end of this
subsection.
Recall that we have set kg = N~/ ®+D: gee (3.23).
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Lemma 5.7 We have with high probability on Qy that, for all z = E +in € D, with
N—l/2+€ < n < NEK(),

2e
VN’

Proof The proof closely follows the proof of Lemma 5.5. Fix z € D. Suppose that
Im(z) — myge(2)| > N~V2+5¢/3 Consider the self-consistent equation (5.15) and
define T, as in (5.16).

Since Imm(E + in) > Cn, for z € D,, with high probability on 2y, we obtain
that

Im(z) —myge(z2)] < (5.20)

Imm® + n+ImZ; =1+ o(1)Imm,

with high probability on Qy, as in the proof of Lemma 5.5. This implies that 7, <
¢ < 1. If we let

M :max|m(i) —m+ Zi — wiil,
L

it then follows that M < |m — m sc| with high probability on Qy. Taking absolute
values on both sides of (5.15), we obtain a contradiction to the assumption |m(z) —
mec(z)| > N —1/245¢/3 In order to attain a uniform bound, we again use the lattice
argument as in the proof of Lemma 5.5. This completes the proof of the lemma. O

Lemma 5.8 Let z € D.. If Im(z) — i p(2)] < N™V2T3€ then we have with (£, v)-
high probability on Qy that |m(z) — i r0(z)| < N~1/2+2€,

Proof Since the proof closely follows the proof of Lemma 5.5, we only check the
main steps here. Fix z € D, and choose k € [1, ng — 1] such that (3.26) is satisfied.
Assume that N=V/2F5¢/3 < |m(z) — i ge(z)] < N7/273¢ We consider the self-
consistent equation (5.15) and define T}, as in (5.16). We now estimate Ty,. For i # k,
i €1, N], we have

1
(v +wij —z2—m® — Z)Owi —z —iige) Qi —z— i ge)?

+ o(1),

where we have used that

wii = m® = Zi + i pel < |wiil + lm —m |+ lm — i ge| +|Zi]

N€ C _12 Imm®
<=+ — + NP Cen)t
VN Np Nn

< |vi — vels (5.21)

which holds with high probability on Qy . For i = k, we have
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Ave + wik —z —m® = Zy| + [hvg — 2 — i g

> \m — i el — |wie] — Im —m®| — 2]
Z %N—l/2+26’ (522)

thus, as in the proofs of Lemmas 3.7 and 5.5,

1 1

. — < (:1v726/37
N |+ wie —z—m® — Z)y(og —z —mipe) | —
where we used that |G|, |gx| < n~ "
We now have that
T = R +0(1) = Ry + o(1), (5.23)

and, in particular, 7, < ¢ < 1, with high probability on Qy. We again let M :=
max; [mY) —m + Z; — w;;| and find that M < |m — m .| with high probability on
Qy, which contradicts the assumption. Therefore, if |[m(z) — ms.(z)] < N —1/243€
then |m(z) —mfc(z)| < N —1/2+5€¢/3 with high probability on Qy . In order to attain a
uniform bound, we use the lattice argument as in the proof of Lemma 5.5. This proves
the desired lemma. O

We now prove Proposition 5.1 using a discrete continuity argument.

Proof of Proposition 5.1 Fix E such that z = E + ing € D.. Consider a sequence
(n;) defined by nj—o = no and n; = n;_1 + N72. Let K be the smallest positive
integer such that ng > N —l/2+e we prove by induction that, for z; = E +in;, we
have with high probability on Qy that

2e

Iy N
lm(zj) —myc(zj)| < Nk (5.24)

The case j = K is already proved in Lemma 5.7. For any z = E + in, with n;_1 <
n < nj, we have

zj—z|  N*
m(ej) —m(@)] < L <
-1 N i1

~ . lzj — z N?¢
, Imype(zj) —mpe(2)] = —5— =< N

Thus, we find that if 77 70 (z;) — m(z;)| < N~1/2+2€ then

. 2N2€
|m(Z) —mfc(Z)| S N—1/2+2€ + T << N_1/2+3€.

We now invoke Lemma 5.8 to obtain that [m(z) — m sc(z)] < N —1/242¢ This proves
the desired lemma for any z = E + in, with n;_; < n < n;. The desired lemma
can now be proved by induction on j. Uniformity can now be obtained using a lattice
argument. O
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5.2 Estimates on |m — m®|
In order to derive a more accurate estimate on the difference [Im m(z) — Imm fe (Z)|

as the one obtained in Proposition 5.1, we establish detailed estimates on |m — m®|
and N~'>" Z;. We first prove the following bound on the difference |m — m®|.

Lemma 5.9 There exists a constant C > 1 such that the following bound holds
with (§, v)-high probability on Qv for all z = E + ing € D.: For given z, choose
k € [1,no — 1] such that (3.26) is satisfied. Then, for anyi # k, i € [1, N],

. N4€
Im(z) —m®(z)] < CN‘/“’“)T (5.25)
and
. N4E
Im® (z) —m*)(z)| < czvl/<b+1>7. (5.26)

Proof Let n = ng. Since
0 .
Gij = =Gii ZwisGilj) ,
S

we find from the large deviation estimates in Lemma 3.4 and the Ward identity (3.11)
that

(@)

. Gi;Gji mG;

y ® i 2¢ JJ
Gij—G.'|= < G ,

| Jj //| ‘ G (on)° Gl Nn
with high probability on Qy. Fori # k, we have
1 C .
|Gii| = - <CN KO s

|Avi+wii—z—m(’)—Zi| v —z—mpe| ~
with high probability on Qy. Thus, we obtain

O)

i G
|m(z) —m(l)(z)| < _|_ ZlGJJ _ G(z)l < biil |Giil

N

N€x —1 (i) ImG(l)

C 2
+ C(pn) N ;NU

e —1

Nk Nék;
< NO + Clpn)* 0

1 . N4€
Imm® < CNI/("“)T, (5.27)
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with high probability on Qy. Together with the usual lattice argument, this proves
the first part of the lemma. The second part of the lemma can be proved in a similar
manner. O

5.3 Estimates on N™! > Z;

Recall that ng > 10 is an integer independent of N. In the next lemma, we control
the fluctuation average % ZfV: no Zi and other related quantities. Here, we aim to use
cancellations in the averaging over i, but note that (Z;) are not independent.

Lemma 5.10 There is a constant ¢, such that, for all 7 € D;, the following bounds
hold with (¢ — 2, v)-high probability on Qv :

N

1 .
5 2 Zi@)| = (pu) ENTIETmEE (5.28)
i=ng
and, for k € [1,np — 1],
| X
N Z Zl(k)(Z) < (¢N)C§N—l/2—wb/2+4e' (5.29)
l:&nko

Corollary 5.11 There is a constant c, such that, for all z € DL, the following bounds
hold with (§ — 2, v)-high probability on Qv :

N

1 wii — Zi(2) ek A —1/2— w0y /2+4

- L < N b/2Hde 5.30

N ~ (wj—z—mge(2)?| ~ (n) 630
i=ng

and, fork € [1,ng — 1],

N (k)

1 wii — Z;7(2) & n—1/2—

— i < N~1/2—mn/2Hhe 5.31

N ;) Gr —z— g7 | = O ey
i+k

Remark 5.12 The bounds we obtained in Lemmas 5.9, 5.10, and Corollary 5.11 are
o(n). This will be used on several occasions in the next subsection.

Lemma 5.10 and Corollary 5.11 are proved in Sect. 6.
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5.4 Proof of Proposition 5.1

Recall the definition of (Zx) in (5.1). We first estimate Imm(z) for z = E + ing
satisfying |z — Zx| = N~1/213€ forall k € [1,no — 1].

Lemma 5.13 There exists a constant C > 1 such that the following bound holds
with (§ — 2, v)-high probability on Qv : For any z = E + ing € DL, satisfying
|z —Zk| = N~V2H3€ forall k e [1, no — 1], we have

C_ln <Imm(z) < Cn. (5.32)

Proof Letz € D, withn = ng and choose k € [1, no — 1] such that (3.26) is satisfied.
Consider

Gk O 1

1
m=—4+ — - .
N Nlev,-—i-w,-i—z—m(l)—Z,-

(5.33)

From the assumption in (3.26), Corollary 5.6, and Proposition 5.1, we find that, with
high probability on Qy,

1 % 1 1 m® — e+ Zi — wi
N : Avi+wii—z—m(i)—Zi )»Ui—Z—%fc ()»v,-—z—n/ifc)z

(k) —144e 4e (k)

C N N 1 1
<y < NN«
- NIZ v —z—mgl> N le v — z — 1 fel? 7

(5.34)
We also observe that
1 & wi; — Z;
N ; (v —z— mfc(z))2 o
i+k

Thus, from Lemma 5.9 and Corollary 5.11, we find with high probability on Qy that

; P k —~
m(’)—me+Z,-—w,-i 1 i m—myge

L W -
N < (G —z—iige)? N

G —z—mr Tom- 639

Recalling (5.7), i.e.,

|hvg — Re (z + 7 e (2))] > N™V/2H2€,
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we get |Gri| < N/272€. We thus obtain from (5.33), (5.34), and (5.35) that, with
high probability on Qy,

*) R

1 1 m—mgc )
"IN T = ) + o). 536
Nzi:()»vi—z—mfc (Avj — 2 — M fe)? () (5.36)

We also notice that, with high probability on Qy,

1L 1 1Y 1 m— i s
1 _L — fe
Nzi:kv,-—z—m Nzi:(kvi—z—mfc (Avi—z—mfc)z)
(k) —1+4¢
1 N
o[- |, 537
N Z [Av; — 2 _mfc|3 ( )

i
and following the estimate in (5.34), we find that

(k) (k) —~
1 1 1 1 m—m
N - MWj—z—m N p AV —z—myfe AV —z—mye)

+o(n) =m+o(n). (5.38)

Taking imaginary parts, we get

(k)

1 n+Imm
Im = — _— .
" Nzlkvi—z—m|2+o(n)

i
Since

1 & 1 1 & 1
_ I —— _ 1 <1,
NZ|Avi—Z—mI2 Nz|xvi—z—mfc|2+0()<c

i i

for some constant ¢, we can conclude that C ™' < Imm < Cp with high probability
for some C > 1. This proves the desired lemma. O

As anext step, we prove that there exists 7 = Ex ~+ino nearz such that Im m (zy) >
1. Before proving this, we first show that Imm® (z) ~ 5 even if z is near Zx.

Lemma 5.14 There exists a constant C > 1 such that the following bound holds with
(& — 2, v)-high probability on Qy, for all z = E + ing € D.: For given z, choose
k € [1, ng — 1] such thar (3.26) is satisfied. Then, we have

C o <Imm®(z) < Cnp. (5.39)
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Proof Reasoning as in the proof of Lemma 5.13, we find from Proposition 5.1, Corol-
lary 5.6, Lemma 5.9, and Corollary 5.11 that, with high probability on Qy,

w_L< 1 m® — i g
m" =— — + — +o
N Z i —z—iige (W —z—mpc)? 0r0)

]
(k) 1

1
- . 5.40
W 2 oz T O (5.40)

Considering the imaginary part, we can prove the desired lemma as in the proof of
Lemma 5.13. O

Corollary 5.15 There exists a constant C > 1 such that the following bound holds
with (§ — 2, v)-high probability on Qy, for all z = E +ing € D.: For given z, choose
k € [1,no — 1] such that (3.26) is satisfied. Then, we have
(¢n)*

NI

We are now ready to locate the points z € D, for which Im m(z) > 1.

|Zkl < C (5.41)

Lemma 5.16 For any k € [1, ng — 1], there exists E; € R such that the following
holds with (§ —2, v)-high probability on Qy : If we let 7y = Ey+ino, then |7 —2x| <
N7V2H3¢ and Im m ) > no.

Proof We first notice that the condition |z — Z;| = N~!/273¢ has not been used in
the derivation of (5.34) and (5.35), hence, even though |z —7Z;| < N—V2H3e e still
attain that
(k)
Gk 1 1
m=— 4 — : =
N NZAvi+wi,~—z—m<t)—Z,- N

1 1
+ — — + , 5.42
§,~ pr— ) (5.42)
with high probability on 2y . Consider

— =Avk+wkk—z—m(k) —Z.
Gy

Setting z; =2k + N~ 1/2%3¢, Lemma 4.1 shows that
Re (i + mse(z)) — Re @k +m g (@) = CN7/2H3,
on Qy. Thus, from Lemma 3.7 and the definition of Zx, we find that

A — Re (2 + i pe(z))) < —CNTV/2He
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on Qv . Similarly, if we let z; :=7Zx — N~!/273¢_ we have that
A — Re (2 + i pe(zp)) = CN7V2HE

on Qy. Since

) _

lwik + 7 fe —m® — Zi| < Jwgel + [m — 7t el + Im® —m| + 1 Z| < N7V2H3,

W/i\th high probabili\ty on Qy, we find that there exists 7; = Ek + ing, with Ek €
(Ex — N~1/243¢ Ey 4+ N~1/243€) quch that Re G (Zx) = 0. When z = 7, we have
from Lemma 5.14 and Corollary 5.15 that, with high probability on Qv ,

1

m G (Zir) | = %+ Imm® G+ Im Ze GOl = > Clon) N2, Re Gu(Zr) =0.
(5.43)
From (5.42), we obtain that
Imm ) = M Z |,\vrl-]0—+zim—mm%2)|2 +oln).  (5.44)
Since
(k) 1
Z v — 2 —mGOP b
with high probability on Qy, for some constant ¢, we get
Imm (@) = Clon) *N~'2 + Cio > 1o, (5.45)
with high probability on 2y, which was to be proved. O

We now turn to the proof of Proposition 4.3. Recall that we denote by 1 the k-th
largest eigenvalue of H, k € [1, ng — 1]. Also recall that ky = N—U/®+D. goe (3.23).

Proof of Proposition 4.3 We first consider the case k = 1. From the spectral decom-
position of H, we have

N

1
Imm(E + ing) = Z (MZZ—O)ZW (5.46)
.

and in particular, Im m (@1 +1ing) > (Nno)’1 > no. Recall that 1 < 3+ A with high
probability as discussed in (3.22). Recall the definition of 7| = E 1+inoin (5.1). Since,
with high probability on Qy,Imm(z) ~ noforz € D’ satisfying [z —21| > N~1/2+3€,
as we proved in Lemma 5.16, we obtain that | < E1 + N~U/243¢,
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R Recall the definitions forZ; and Zy Ir in the proof of Lemma 5.16. Assume that | <
E;—N~1/213¢ Then, ontheinterval (E; — N ~V/213¢ B+ N~1/2+3¢) Imm(E +ing)
is a decreasmg function of E. However, we already showed in Lemmas 5.13 and
5.16 that, with (¢ — 2, v) hlgh probability, Imm(z1) > no, Imm(z;) ~ no, and
Re7Z; > Rez,. Thus, u; > El — N~ V/2+3¢ We now use Lemmas 4.1 and 3.7,
together with Remark 5.4, to conclude that

1+ ino + 7 pe (w1 +ino) =21 + 7 e (Z1) + O(N V23 =0y + O(N 1236,
(5.47)

which proves the proposition for the special choice k = 1.

Next, we consider the case k = 2; the general case can be proved in a similar
manner by induction. Consider H", the minor of H obtained by removing the first
column and the first row. If we denote by p. S the largest eigenvalue of H1, then
the Cauchy interlacing property yields uy < ,ul ). We now follow the first part of the

(1)

proof to estimate 1 *, which gives us

B, — N1+ < M < By 4+ N-1/2+3¢, (5.48)
where we let 7y = Ez + ing be a solution to the equation
e (224 mype(2) = Av.
This, in particular, shows that
pa < Ey+ N7 (5.49)

To prove the lower bound, we may follow the arguments we used in the first part of
the proof. Recall that we have proved in Lemmas 5.13 and 5.16 that, with (§ — 2, v)-
high probability on Qy,

(1) forz =7 — N_112+3€, we have Im m(z) < Cno;
(2) thereexistsZ, = Ep+ino, satisfying [2o —22| < N~1/213¢ such that Im m (Z2) >
10-

If uy < EZ — N~1/243¢ then

N

1 no 1 10
Imm(E + i) — - = — >
N (u1 = E)2 41§ Z;(ua—E)ern%

is a decreasing function of E. Since we know that, with (§ — 2, v)-high probability on
Qy,

1 10 <1 Cno
N (i — E2)? 41§ ~ N N~

< no,
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we have thg Imm(zp) < Cng, which contradicts the definition of Z»>. Thus, we find
that yup > Ey — N™1/213¢ with (¢ — 2, v)-high probability on Qv .
We now proceed as above to conclude that, with (§ — 2, v)-high probability on Qy,

2 + im0 + 7 fe(ua +in0) = 22 + 7 po(22) + O(NTV213¢) = vy + O(N~2H3),
(5.50)

which proves the proposition for k = 2. The general case is proven in the same way.
(]

6 Fluctuation average lemma

In this section we prove Lemma 5.10 and Corollary 5.11. Recall that we denote by E;
the partial expectation with respect to the i-th column/row of W. Set Q; := 1 — E;.
We are interested in bounding the fluctuation average

1 N
5 2 Za(®), (6.1)

a=ng

where ng is an N-independent fixed integer. We first note that, using Schur’s comple-
ment formula, we can write

~ Oq ( ) == Waa — — Oq wakaL; Wia
N a=ny Gaa N a=ng N a=ngo k.l
N
1 (N5
——y X zro (), (62)

a=no

with high probability, where we used the large deviation estimate (3.14). The main
result of this section, Lemma 6.6, asserts that

1 & 1
ﬁ Z Qtl (Gaa(z))

a=ny

< (gn)E NT1/2mm0/24e, (6.3)

with (§ — 2, v)-high probability, provided that z satisfies |Av, —Rem r-(z) —Re z| >
%N’l/(b“)“, for all @ > ng. (Note that we reduced here £ to & — 2).

Fluctuation averages of the form (6.1) (with ngp = 1) and more general fluctuation
averages have been studied in [18], see also [17], for generalized Wigner ensembles
and random band matrices. In [31], these ideas have been applied to the deformed
Wigner ensemble, under the assumptions that the limiting eigenvalue distribution has
a square root behavior at the spectral edge. In these studies, it was assumed that
there is a deterministic control parameter A, = A,(z), such that G;;(z) and Z;(z)
satisfy max; ; |G;j| < CA, + Cd;j, |Gii(2)| > ¢, and max; |Z;| < CA,, with high
probability, and A, satisfies A, < 1, forImz > N -1
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Under the assumption of Lemma 5.10, the Green function entries (G;;(z)) can
become large, e.g., |G11(z)| > 1,if n ~ N—1/2 and E is close to the spectral edge.
Further, it is also possible to have |G1;(z)| >> 1 for such z and some j > 1 as one
can see from the resolvent identity (3.9). However, resolvent fractions of the form
Gap(2)/Gpp(z) and Gyp(2)/ Gaa(2)Gpp(2) (a, b > np), are small (see Lemma 6.2
below for a precise statement). Using this observation, we adapt the methods of [17]
to control the fluctuation average (6.1).

6.1 Preliminaries
Leta,b e I, N]Jand T,T" C [1, N], witha,b ¢ T,b ¢ T', a # b, then we set

T
_ Géb)(z)
=
G,(]b)(z)

(z e CH), (6.4)

and we often abbreviate F;E’T/) =F ;E’T/)(z). In case T = T’ = @, we simply write

Fop, =F G(E’T). Below we will always implicitly assume that {a, b} and T, T’ are
compatible in the sense thata # b, a, b ¢ T,b ¢ T’.
Starting from (3.10), simple algebra yields the following relations among the
(T, T
{Fo, " '}
Lemma 6.1 Lera, b, ¢ € [1, N], all distinct, and let T, T' C 1, N]. Then,

(1) forc¢ TUT,

Fop = D+ ECTEGT, 6.5)
(2) forc¢ TUT,
Fo = Fy T = Ey TRV RGT (6.6)
@3) forc ¢T,
L (1- FEDEED). 67
Go G’ > "

6.2 The fluctuation average lemma

Recall the definition of the domain D, of the spectral parameter in (3.33) and of
the constant @y, > 0 in (3.19). Set A := [ng, N]. To start with, we bound F,j, and

Fcfg’a)/Gaa on the domain D..

Lemma 6.2 Assume that, for all z € D, the estimates

Im(z) — i pe(z)] < N7V2P2€ 0 Imm(z) < N7V/2H2%, (6.8)
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hold with (&, v)-high probability on Qy .
Then, there exists a constant ¢, such that for all z € D,

max |Fab(2)] < (o) N™2N€, (2 € D)), (6.9)
a#b
and
¥,a)
F " (2) _
max Gb—(z) < (@n)ENTVAN*, (ze D)), (6.10)
’ aa
a#b

with (&, v)-high probability on Qy.

Proof Dropping the z-dependence from the notation, we first note that by Schur’s
complement formula (3.7) and Inequality (6.8), we have with high probability on Qy,
forz € D,

— = Ma—z— e+ O(m —m ) £ ONTP - (6.11)
Gad

foralla € A, b € [1, N], a # b. Thus, for z € D., Lemma 3.3 yields
GE) < Clen) NYOTDNE, (6.12)
with high probability on Qy . Further, from the resolvent formula (3.9) we obtain
(b)

Fap=— > Gl (6.13)
k

fora, b € A, a # b. From the large deviation estimate (3.14) we infer that

(b) >\ 1/2

ImG
> G i s«omf( N”“) : (6.14)
X n

with high probability, and hence conclude by (6.12) that
|Fap| < Clpn)* N™™/2N<, (6.15)
with high probability on Qy .

To prove the second claim, we recall that, for a # b, the resolvent formula (3.8)
gives

F(@,a) (ab) .
D = —hap+ D hak Gy iy, (6.16)
Gaa k.l
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and we conclude from the large deviation estimates (3.17) and (3.18) that

& (ab)
< % + (goN)%/ImNLn, 6.17)

with high probability. Since [m — m©@)| < CN~1/2%€ on D, by Lemma 3.3, we
obtain using (6.8) that

?,a)
Fab
Gua

@,a)
2| < (pn)ENTIAN (6.18)
Gaa
with high probability on Qy. O

Definition 6.3 Let Z be an event defined by requiring that the following holds on it:
(1) there exists a constant ¢, such that for all z € D, (6.8), (6.9) and (6.10) hold; (2)
there exists a constant ¢ such that, for all z € D; anda € A,

1
0. (o)

and (3), forall i, j € [1, N],

< (pn) N2 (6.19)

(n)
VN

(6.20)

max |wjj| <
ij

By Lemma 6.2, Lemma 5.8, Corollary 5.6, Lemma 5.5 and Inequality (3.18), we know
that E holds with (&, v)-high probability on Qy.

Corollary 6.4 For p < (log N)%, there exists a constant ¢, such that the following
holds. For all T, T', T” C A, with |T|, |T'|,|T”| < p, foralla,b € A, a # b, and,
forall z € D., we have

1@ [F @] = (@m NN, (621)
(T/’T//)
= | F () £ e
L(8) | ~Lm——| < (e NN, (6.22)
Gud (2)

and

1(8) < (pn)ENTI2NZ (6.23)

1
Qu@

on Qv, for N sufficiently large.
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The proof of this corollary is given in Appendix B.

Before we state the next lemma, we remark that in this section we use the symbol
EWY for the partial expectation with respect to the random variables (w; ) with (v;)
kept fixed, i.e., EY[-1=E[-|(w)].

Lemma 6.5 Let p € Nsatisfy p < (log N)§73/2. Letq € [0, p] and consider random
variables (X;) = (X;(H)) and (V;) = (Vi(H)), i € [1, p], satisfying

]l(E)l/Yl' < C(goN)CSd,'N—1/2+2€N—(d[—1)(Efb/2_€)’

L(B)QiY] < Clon)* NN, (6.24)

where d; € Ny satisfy 0 < s = Z?:] (di — 1) < p + 2. Assume moreover that there
are constants C' and K, such that

EY x| < (C'N)K@HDr - mW iy < (¢'N)K, (6.25)

foranyr € N, withr < 10p. Finally, assume that the event & holds with (&, v)-high
probability.

Then, there is a constant cq, depending only on C, C’', ¢, K in (6.24) and (6.25),
and on & and v, such that

q p
EY [T i) ] Q)| < (pn) WP NP 2NEPEIE - (6.26)
i=1 i=q+1
(Here, we use the convention that, for ¢ = 0, the first product is set to one, and,

similarly, for ¢ = p, the second product is set to one.)

Lemma 6.5 is proved in Appendix B.
Next, we state the main result of this section:

Lemma 6.6 (Fluctuation Average Lemma) Let A := [ng, N|. Recall the definition of
the domain D, in (3.33). Let E denote the event in Definition 6.3 and assume it has
(&, v)-high probability. Then there exist constants C, c, co, such that for p = 2r,r €
N, p < (log N)5’3/2, we have

1 1
N% Qa (Gaa(z))

forallz € D, on Qy.

p

EY < (Cp)P ((pN)COPS N—P/Z—wa/2N3l’€’ 6.27)

Proof Fix z € D.. For simplicity we drop the z-dependence from our notation and
we always work on Qy. We explain the idea of the proof for the simple case p = 2.

First, we note that
0 1 2 4e
“\Gua

N
< C(pn)*0* N (6.28)

1
e 2 E

acA
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where we used (6.23) and (6.26) (with p = 2,¢ = 0, V1 = (Gaa) "1, V2 = (Gaa) ™).
Here, we also used that EW|GM|_’ < (CN)K’, for some K > 0, r € N, (see
Remark 6.10 below) to ensure (6.25). It thus suffices to consider

1 1
m Z EW Qal (Galal )Qtlz (Gaztlz) ' (6'29)

ajeA,apeA
ay#ay

Applying the formula

1

Gow = g !~ FarFba) . (@), (6.30)

twice, we obtain

1 1 1
EY 0 ( )Q ( )=EWQ — (I = Fuu T,
aj Gala1 a Ga2a2 aj Ggal%l)] ( ajay ﬂZUl)

1
X Qa, (W (1 — Fuya, Falaz))
Gayar

1
= EW Qal(mFalazFGQHI)
Ga1a1

1
X Qaz (WFazalFalaz), (6.31)

axap

where we used that Gg;), a # b, is independent of the entries in the b-th col-

umn/row of W, and that, for general random variables A = A(W) and B = B(W),
EY[(0,A)B] = EW[BE,Q,A] = 0 if B is independent of the variables in the b-th
column/row of W.

By Corollary 6.4, we have

u2a1

G (a2)

aipay

1(E) < CN~/Z=m/2N3e (6.32)

F“l“Z

with high probability, and a similar bound holds for the second term in (6.31). Since

r

F
a2l < (CN)*Kr, (6.33)

(a2)

aiag

EY Fayas

for r < 10p, for some K, as can be easily checked (c.f., Remark 6.10 below),
Lemma 6.5 implies that
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1 1 1
o> B Q“‘(G )Q“2 (G ) < Clpn)* ™ NTITTN, (6.34)
ayay

a1€A,areA aran

and we obtain the claim in the sense of second moment bounds.
To deal with higher moments, we abbreviatea = (ay, ..., ap) and write, for p = 2r
satisfying p < (log N)$—3/2,

2r

1 1 1 _
EY NZQa(G ) = 2 E"Xe o XoXe o Xa,
acA aa aj€A,...,axr€A
1 w
= 2 E'X (6.35)

aj€A,...,ay €A

where X, := Q4(Gaa) "' and Xa := X4, -+ Xoy Xayy -+ Xan, -

To cope with (6.35) efficiently, we need some more notation. Let L, U C [1, N].
We denote by F (L, U) the set of all “off-diagonal resolvent fractions” F:E’T/), a#b,
a,b e Land T,T C U, witha,b ¢ T, b ¢ T'. Further, we denote by G(L, U) the
set of “diagonal resolvent entries” having lower indices in L and upper indices in U;
more precisely, G(L, U) := {GE,E) :aeL, T cCU,a ¢ T} Finally, we denote by
F (L, U) the set of monomials of the form (CG;1 FiF>---F,, with Gy € G(L,U),
F; € F(L,U), n € Np.

Following [17], we call F ;E’T,) e F(L, U), maximally expanded (in U), if {a, b} U
T D> Land {p}UT D L. Similarly, GE,E), is maximally expanded if {a} UT D L, and
we call a monomial in (L, U) maximally expanded if all its factors are maximally
expanded. The degree of F € F(L, U) is defined as the number of factors of F ;E’T,)
in F (with a # b). B

Next, we define a recursive procedure that, given F € F (L, U), successively adds
upper indices from the set U to F, at the expense of generating terms of higher degree.
This procedure is iterated until either all generated terms are maximally expanded or
their degree is sufficiently large, so that they can be neglected.

Given F' € F (L, U) the recursive procedure is as follows:

(A) Stopping rules: If the degree of F is bigger equal p + 1 or if F is maximally
expanded in U, we stop the procedure.

(B) Iteration: Else, we choose an arbitrary non-maximally expanded factor F ;E’T,)
orl/ Gg) of F and split it using, for the former choice, either
T, T’ Te, T’ / T,T
Fo =y + FECTEGT, (6.36)
for the smallest ¢ € U\(Tab), or
(T, T") (T, T'c) (T, T'¢) (T, T") (T, T")
Fop = Fy — Iy Fypem TFy s (6.37)
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for the smallest ¢ € U\(T’D), respectively,

1 1 ( T,T) (T, T
— = 1 - DR >), (6.38)
GO o “ “

for the smallest ¢ € U\(Ta), for the latter choice.
Then, we start over with F being one of the generated monomials.

We remark that a similar algorithm (expanding the resolvent entries GSD instead of

(T.T) ; .
F;;°" ) appeared first in [18]; see also [17].

Remark 6.7 This recursive procedure contains some arbitrariness, e.g., in the specific

choice of F Q(E’T/) in (6.36), (6.37) or (6.38). This arbitrariness does not affect the
argument and we thus choose not to remove it.

We now use the above algorithm to expand the right side of (6.35): Denote by P>,
the set of partitions of [1, 2r] and let I'(a) € P, be the partition induced by the
equivalence relation i ~ j, if and only if ¢; = aj, i, j € [1, 2r]. Then we can write

2r
EY = NLZ Z Z 1T =T@)EYX,. (6.39)

FeP, a1€A,...,ax €A

vz o (q)

acA

Givena = (a;),denote by I := I'(a), the partition induced by the equivalence relation
~. For a label i € [1, 2r], we denote by [i] the block of i in T". Let S(T') := {i :
[[{]] = 1} C [1,2r] denote the set of singletons or single labels and abbreviate by
s := |S(I")] its cardinality. We denote by As = Agr) := {da;}ies, the summation
indices associated with single labels. Notice that if i is a single label (for some I'),
then there is exactly one Q,, on the right side of (6.39). However, if i is not a single
label (for some I'), Q,, appears more than once on the right side of (6.39).

We now choose L = Ar = {a;}; and U = Agr) = Ay and apply the algorithm
(A)—(B) to X4, In the first step, we get

1 1
Xai = Qai (W) - Q(li (@Fﬂibl Fblai) ’ (6.40)

aiai

for some by € Ag\{a;}. Since neither of the two terms is maximally expanded nor has
degree bigger than p + 1, we apply step (B) to, e.g., Fj,4;, to get

1 1 (by.9) 1
Xai = Qa[ W - Qa; @Fﬂibl Fblai - Qa,‘ @Fa;bl Fblszani s

aja;
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for some by € Ag\{a;, b1}. Continuing in this way, we eventually trigger the stopping
rules (A), and we obtain the following expansion of X,

As\a;
X = X$V) 4 0, My, (Ar, As) + Qu Ro (A1, As),

(As\a)) ._ 1
Xa; = Qg (W)a (6.41)

aja;

where M, (Ar, As) and R, (Ar, Ag) are sums of elements in ]?(AF,AS), such
that each term in M, (Ar, As) is maximally expanded in Ag and each summand
in Ry, (Ar, Ag) is of degree p + 1 or higher.

Remark 6.8 The stopping rules (A) ensure that the procedure stops after a finite num-
ber of steps when applied to X;.

Indeed, the procedure described above generates arooted binary tree, whose vertices
are labeled by binary strings: Starting from X, step (B) yields the decomposition
X4 = (Xg4;)0 + (Xg)1 corresponding to the splitting on the right side of (6.40). Here
the subscript 0 indicates that we have added one upper index to a Green function
entry (first term on the right side of (6.40)) and the subscript 1 indicates that we have
generated additional off-diagonal resolvent entries [second term on the right side of
(6.40)]. Applying step (B) once more to (X, )o, respectively (X, )1, we obtain

(X))o = (Xg)oo + (Xg)o1,  (Xg)1 = Xg)10 + X1,

(where the precise choices of the index and of the resolvent fractions used in step (B)
are unimportant). Continuing, we generate terms that are labeled by binary strings and
that may be arranged in a rooted binary tree. Each application of step (B) induces a
splitting of the form (X4,)e = (X4)o0 + (Xg4)o1, 0 a binary string, where 00, o1
denote the strings obtained by concatenating o and 0, 1.

By the stopping rules (A), each term generated by the above procedure, i.e., each
term on the right side of (6.41), corresponds to a leaf node of the tree. Thus to get an
upper bound on the number of terms in (6.41), it is enough to estimate the depth of
the tree.

To estimate the depth of the tree, we estimate the maximal length of a generated
string o. We first observe that the number of off-diagonal resolvent fractions is raised
by one or two under the operation ¢ — o 1. Note that in the first step we always
generate two off-diagonal resolvent fractions. Hence, by the stopping rules (A), the
leaf nodes are labeled by strings with p or less ones in it. Also note that the operation
o +— 00 does not change the number of off-diagonal resolvent fractions. Hence, a
bound on the number of upper indices for a vertex is (p + 1) p. In other words, a string
labeling a vertex has at most (p + 1) p zeros. Thus a string labeling a leaf node has a
most (p—+ 1) p zeros and p ones, therefore has length at most p%+2p and we conclude
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that the number of leaf nodes of the tree is bounded by

pl o ) 2 opyp
Z(” i p)s<p+z>—(" 28 < cpyr,
=\ g (p+ D!

for some constants ¢ and C, independent of p.
For more details we refer to, e.g., [17, page 54].

Remark 6.9 Ignoring for the moment the upper indices, we observe that each summand
in My, (Ar, As) or Ry (Ar, Ag) is of the form

#

F

aib # # #

# - Fb]bz Fb2b3 e ana,’ ’ (642)
Gai“i

for some (by,...,b,) € A'S', with 1 < n < p + 1, satisfying by # a;, by # by+1,
(k € [1,n—1]),b, # a;.Here# stands for some appropriate (T, T'), with |T| < p—2,
|T’| < p — 1. Indeed, when applying the recursive procedure to 1/ G4, , the first step
yields

1
Kiai = @ (1 — Fyp, Fbm,-) , (6.43)
forsome b; € Ag\{a;}, whichis of the claimed form. Applying (6.36), (6.37) or (6.38)
to a factor in (6.43) yields again two terms of the form (6.42), etc. The claim then
follows by noticing that the stopping rules ensure that each summand is of degree less
equal p + 2.

Using (6.21) n times and (6.22) once, we obtain

#
Faibl

#
aiai

]l(E) < Cn—Q—l((pN)cé(n+1)]V—1/2]\7—nzzrb/2Nv(n—i-Z)e7

PR— 4
“Fyb Fooby  Fia

(6.44)

irrespective of the choice of the upper indices (recall that # stands for some (T, T')
satisfying |T|, |T'| < (log N )). For n = 0, the analogous bound to (6.44) reads

0 1
! Gziai
see (6.23).

Remark 6.10 Still ignoring the upper indices, we remark that in order to apply
Lemma 6.5, we need to check that

1(E) < C(pn)  N™V2N%, (6.45)

r

< (CN)KrontDh (6.46)

#
a;by
G#

aiaij

W P 4
E “Ey o Fiopy  Fpa;
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for some constants C and K, for all » < 10p. To verify (6.46), we first use Holder’s
inequality to obtain

F#b r F#b r n ,
w ajoy # # # a;oy #
E ¥ FoibnFooby P | =| oo H ”FbibiH rt) (bn+1=ai).
a;a; 4idi |l p(n41) i=1
Next, using Schur’s formula
1 (Ta) T
-m - AVg + Waq — 2 — Z wakG](:; )wla , (agD),
Gaa k.l

and the trivial bounds |G£)| <np <N, EW|w,~j|‘/ < C(0g)?4N~9/% and |rv; |9 <
C4, and the boundedness of Dé, we get

. 1 1
1y lrne D) = = | =7
n biv1biv1 lr(n+1)
(#bit1) )
=N+ D |Gl s, oy | =N Cr@D.
k.l
Similarly, we obtain
F}
H —ab < NiCr(n+1). (6.47)
i |l (n+1)
Thus
Fi | " r
by [1] < (Crn+ DY "N (6.48)
. ! iDi+1 r(n+1)
4idi | p(n41) i=1

Recallingthat 1 <n < p+1,r < 10p and p < (log N)§’3/2, wehave Cr(n+1) <«
N. Thus (6.46) holds with, e.g., K =4,C = 1.

Combining Remarks 6.8 and 6.9 we obtain a bound on the remainder term
Ry (Ar, Ag),

1(E)| Ry (Ar, As)| < (Cp)*P (pn) P N~V2ANTPR/2 N (PH2)e, (6.49)

To condense the notation slightly, we abbreviate M, = M, (Ar,As), R, =
R4 (Ar, Ag) and set
M. = (GUS\N M, (6.50)

aj
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Returning to (6.39) and choosing i = 1, we can write
EYXa=E" Q0 (M'a)) X4y -+ Xay, + R (6.51)

where we have set R, = EY Qu, (Fa])fuz -+ Xgq,. By the bound (6.49) and the
bounds in Remark 6.10, Lemma 6.5 yields

Ray| < (Cp)CP((pN)coSpN—P/Z—pwb/ZHPE_ 6.52)

Before we expand in a next step X, in (6.39), we make the following observation.

Remark 6.11 Let F € F(Ar, Ag) be a maximally expanded monomial of degree
d = n + 1. From Remark 6.9, we know that F is of the form (6.42). Since F is
maximally expanded, the lower indices in each factor in (6.42) also determine its
upper indices. Thus, a summand F' € F(Ar, Ag) in M, can be labeled by a sequence
b = (b1, ...,by) € A%, satisfying by # a;, by # bry1, (k € [L,n — 1)), b, # a;.
Iijere d =n+1,n > 1, is the degree of F. In the following we write F' = Fy, p €
F(Ar, As). Denoting by B(a;, n) the set of such labeling sequences of length n, we
can write

My, = Fu; b, (6.53)
where C(a;, n) is some subset of B(a;, n). For later purposes, we note the following

crude upper bound on the cardinality of B(a;, n):

B(ai,n)| < |Ag|" = p" <pP,  (=1). (6.54)

For n = 0, we set F,, (o) = (G{\)~1 and B(a;, 0) := {(0)}.
Using Remark 6.11, we can write, for X, as in (6.39),
p

E¥Xa=> > EY Qu(Fab)Xa, + Xa, + Ray. (6.55)
n1=0bleC(a1,n1)

where the 7y = 0 term in the sum is understood as EY Qg (F,.0)) Xay - - Xa
Next, we expand X, in each summand

P

EW Qa1 (Fcn,bl) Yaz t Xap: (656)

using the algorithm (A)—(B), however, we stop expanding a term (generated from
Xg,), if its degree is bigger than p + 1 — ny, or if it is maximally expanded. Note that
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we do not expand the rest term R, any further. With this modified stopping rule, we
arrive at

p P
EYXa=2> > D> 2 lm+n=pEY QuFam)

n1=0n2=0b1€C(ay,n) b2eC(az,n2)

X Qaz (Faz,bz) o Xap + Ral + Razv (657)

for some sets of labeling sequences C(ai, n1) and C(az, np). It is easy to check that
the rest term R, satisfies the same bound (with possibly slightly larger constants) as
Ra, - This is checked in the same way as before. To estimate the number of summands
in R4, we note that we apply the algorithm |C(ay, n1)| times and each application
yields no more than (Cp)“? terms; see Remark 6.8. Thus the number of summands in
Ry, is bounded by (Cp)¥'P,c > c.

We continue expanding the remaining X, , k > 3, in (6.57) using the algorithm
(A)—(B), but while expanding X, , we stop the expansion as soon as the degree of a

generated term exceeds p + 1 — Zf:ll n;. This leads to,

p p
EVXa= > > o> H(Znifp)EWY(a,bl,...,bp)

NYyenny np=0 bieC(ai.n;)  bpeClap,ny) i=1

+> Ras (6.58)

where (C(a;, n;)) are subsets of (B(a;, n;)), and where we have abbreviated

r 2r
Y@by,....bp) =[] Qa(Fam) || QuFaim)- (6.59)
i=1 i=r+1

The remainder terms (R;) clearly satisfy
|Ra;| < (Cp)P ((pN)COEPN—P/z—PWb/ZN3P’ (6.60)

forall i € [1, p]. It thus suffices to bound the first term on the right side of (6.58).

Following [17], we pickaterm Y = Y (a, by, ..., by) of the form (6.59) that has a
non-vanishing expectation, EW'¥ # 0. Considering a single label i € § = S(T), we
know that there exists a label j € S\{i}, such that the monomial Fy; b; € F(Ar, Ag)
in (6.59) contains a factor F € F(Ar, Ag), having a; as a lower index (otherwise
the expectation of Y has to vanish due to the presence of the Q). It follows from
Remark 6.9 that Fa,-,bj is of the form (6.42), with n > 1 and by = a;, for some
k € [1, n]. Note that we use here that all indices in A are distinct.

We write j = [(i), if a label j is linked to a label i in the sense of the previous
paragraph. Denoting by /; := =D (7D, the number of times the label j has been
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chosen to be linked in the above sense to some other label, we obtain
L(E)|Fa; b, | < CP(on)FP NTIEN w2 y2petlic (6.61)

as follows from (6.44).
Finally, using >

jesli = ISI =, we get

L(E)|Y| < CPpn) P NTPRNTI T2 N2Petse, (6.62)
for Y as in (6.59), with EV'Y # 0. Lemma 6.5 thus gives
IEVY| < CP(@n)05P N~P/2=5b/2 N2petse (6.63)

To bound the right side of (6.58), it remains to bound the number of summands in the
first term. Using (6.54), we obtain

ni,...np=0 b1eC(ay,n) bpeCap,np) i=1

p p p
. n(zm - p)npnf
Nlyenny np:O i=1 i=1
p
< > pr=Ep?, (6.64)
Nlyeens np=
and we can bound (6.58) by
IEY Xa| < (Cp)T (pn) 057 N~ PI2msm/2H3petac, (6.65)

We now return to (6.39). We perform the summation by first fixing a partition
I' € Py,. Then we observe that

1 1 2r—|T| 1 2r—s
T > 1 =Tr(@) < (ﬁ) < (J_ﬁ) , (6.66)

since any block in the partition I" that is not associated to a single label consists of at
least two elements. Thus |I'| < (2r +5)/2 = r + /2. Using N—V2 « N~ we find

%ZQ”(G]M)

acA

2r
< (Cp)P(pn) P D N7PR7PTNPE - (6.67)
repP,,

EW
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Recalling that the number of partitions of p elements is bounded by (Cp)>?, we thus
get

2r
< (Cp)P ((pN)COSPN—P/Z—wa/ZN3P€’ (6.68)

EW

1 1
N Z Qa (Gaa(z))

acA

for some constants C and c. Finally, we note that the constants can be chosen uniformly
inz € D;, since all estimates used are uniform in z. O
Next, we prove Lemma 5.10.

Proof of Lemma 5.10 Recalling the remark after Definition 6.3, we know that the
event E has (&, v)-high probability. Choosing p as the largest integer smaller than
v(log N)$~2, Markov’s inequality and the moment bound (6.27) yield, for some con-
stant c,

N

> Zu2)

a=ng

1

< (pn) SN 1/2mmm/2Hae (6.69)

with (¢ — 2, v)-high probability on Qy, uniformly for z € D;. This finishes the proof
of (5.28).

To prove (5.29), it suffices to replace (Gaq) in (6.2), by (G) : a # k). Using (6.7)
and the bounds (6.21) and (6.22), the claim (5.29), follows from (5.28). We leave the
details aside. O

Next, we prove Corollary 5.11. Define, fora € A,

1

). i
e S A ©79)

8a(2) =

Note that for z € D., we have |g,(z)| < CNY/®*DN€ on Q.

Lemma 6.12 Let A = [ng, N]|. Recall the definition of the domain D. in (3.33). Let
E denote the event in Definition 6.3 and assume it has (&, v)-high probability. Then
there exist constants C, c, co, such that for p =2r,r € N, p < (log N)§’3/2, we have

iZ< ())ZQ( : )
N &8RN G )

acA

14
EW

< (Cp)? (¢N)C'O€PN*P/2*wa/2N3P€’

(6.71)

on Qy, forall z € D..

Proof First, we note that g, O, = Qpga,a, b € [1, N], since the (g,) are independent
of the random variables (w;;). Similar to (6.35), we are led to consider

1 2 1
ﬁ Zga Oq (G_M)

acA

2r
IEW

1
5 > aEVXa, (6.72)

al€A,...,axr €A

@ Springer



Extremal eigenvalues and eigenvectors of deformed Wigner matrices 221

where we have set ga '=8,, '+ 84, 84,41 * 8az -
Following the lines of the proof of Lemma 6.6, we write (6.72) as

EW

2r
%Z&%Qa (GLM)‘ = % Z Z 1 =T'(a)g2EY X,.

acA IePy, a1€A,...,ax €A

(6.73)

As in the proof of Lemma 6.6, we fix a and denote by I' := I"(a), the partition induced
by the equivalence relation ~. Since E" X, with a = ar has already been bounded in
the proof of Lemma 6.6, with a bound that only depends on s = |S(I")| [see (6.65)],
it suffices to control

1
e > L =T@)g;. (6.74)
aj€A,..., ar €A
Recall that
li ! Rz) <1, (zeD) (6.75)
— — = 7)) <1, Z 5 .
N & v —z—mpe@P ¢

i=1
see, e.g., (3.37). Applying (6.75) |I"| times, we obtain

2r—|T|
1 N2/(b+1) pr2e
— > 1@ =T@)lgl*=C¥ (— . (6.76)

N2r N
aj€A,..., ar €A

Here |T"| denotes the number of blocks of the partition I', and s denotes the number
of single labels in a. Since every block of I' that is not associated with a single
label consists of at least two elements, we have |[I'| < 2r + 5)/2 = r + 5/2, thus
2r —|I'| = r — s/2, and we obtain,

r—s/2
1 ) ) NZ/(b+1)N2€
vy 2 L =T@lsl =C (T

aj€A,..., ax €A
2r—
o (NN
VN

< C¥ (N~ N@E (677)
The proof of Lemma 6.12 is now completed as the proof of Lemma 6.6. O

Proof of Corollary 5.11 Recalling (6.2), Corollary 5.11 can be proven in the same
way as Lemma 5.10 above. O
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7 Proof of Theorem 2.10

In this section, we prove Theorem 2.10. The proof of (2.20) is based on an analysis of
(G jj(2)), for z close to the eigenvalues ., k € [[1, no— 1], using the Helffer—Sj6strand
formula (7.10) below. The Helffer—Sjostrand calculus has been applied in [19] to
m(z), the averaged Green function, respectively to the empirical eigenvalue counting
function, to obtain rigidity estimates on the eigenvalue locations. In Sect. 7.2, we
apply the Helffer—Sjostrand formula to (G ;;(z)), respectively, to a weighted empirical
eigenvalue counting function; see (7.6).

In Sect. 7.3, we prove (2.21) following the argument given in [23] for generalized
Wigner matrices.

7.1 Preliminaries

To start with, we claim that, for z close to the spectral edge, z + m fe(z) is well
approximated by a linear function.

Lemma 7.1 On Qy, we have for all z € D, that

2

G @) =k s @=L+ 0 (@) e + oo ) 4 O(N1/2426),
2

(7.1)

Proof The lemma follows readily by combining Lemmas 4.1 and 3.7. O

Remark 7.2 Combining Lemma 7.1 and Proposition 4.5, we obtain, for j < ng — 1,
2

A -
S (1 = 2+ O (e * N D)
— )\‘+

Avj —z—n’ifc(z) = ;

+ O (N—1/2+36) + 0 ((QON)E(K + n)min{b,Z}) , (72)
with (&, v)-high probability, for all z € D..
To state the next lemma, it is convenient to abbreviate

A —2%1
A2 Hj—2z

82(2) = . Gh@ =G-8,  eChH. (13

We have the following estimate on ij (2).

Lemma 7.3 There are constants C and c, such that, forall 7 € Dé, andall j < ng—1,

N3€ min{b,2}
(k +1) ) e

1
A %) g0
|G7; (@] = Clen)™ 1852 (Nz/(b+1);7 + N1/2y n

with (&, v)-high probability on Qy.
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Proof For z € D., we have (G;(2)) ™' = Avj — z — il po(2) + O(N~1/22€), with
high probability on 2y ; see Lemma 5.1. We thus obtain from (7.2) that

1 N3 .
Gﬁ@>=gﬁo+gj@xhﬂzm7QmNVENz@:ﬁ+———+«wwﬁx+nW“Wﬂ),

N2
(7.5)

with high probability on Qy. Applying the trivial bound |G j;(z)| < n~!, Inequality
(7.4) follows. O

7.2 Proof of Theorem 2.10: inequality (2.20)
For j € [1, N], we define a weighted empirical eigenvalue counting measure, p;, by

N

pj = > luk(j)*8;. (1.6)

k=1

where (uy) are the eigenvalues of H and (ux(j)) the components of the associated
eigenvectors. For k € [[1, ng — 1], let fx(x) > 0 be a smooth test function satisfying

1, if |x — pe| < N~V/OHD=€

’ 1/(b+1) rre’ % 2/(b+1) Ar2€
0 b ) = e+ WIS CNVOTDNS o)< NN,

(1.7)

fk(X)—[

for some €’ > €. By Proposition 4.5, we know that the eigenvalues (1) satisfy

mmluwﬂ—wu)zCN*W““*, (7.8)

1<k<ng—

for some constant C, with high probability on Qy . Since we chose €’ > ¢, we conclude
that the following formula holds with high probability on Qy, for all k < ng — 1,

P = [ frwidp; ) 19)
Using the Helffer—Sjostrand formula, we may represent fi(w) as

filx +iy)

=, (7.10)
w—x —1y

1
ﬂMZT/MM
T JR2
where

Jelx +iy) = iyf )X ) +i(fi@) +iyfLNX' (), (x,yeR), (711
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with x > 0 a smooth test function satisfying

e}

, (7.12)

I, ifye[-£ & /
x(y)=[ Myel=&2 <

0, ifye[-2&, 28]

where we have set £ := N~ 1/(b+D,
Combining (7.9) with (7.10), we obtain the following representation for |uy(j)|,
withk € [1,n9 — 1], j € [1, N],

o SR
P =5 [ dvdy F+ingite +iv

1 ~ ) .
+ —/ dxdy fi(x +1y)G2 (x +1y), (7.13)
2 R2 J

which holds with high probability on Qy. The first term on the right side of (7.13)
can be computed explicitly as

A2 =22 fee +iy)  A2-a%
2722 Jre o — (x +iy) A2

1 ~
7 / dxdy fi(x+iy)g5(x+iy) = JieQej).
T JR2

(7.14)

Recalling (7.7), we conclude by Proposition 4.5 that, for j, k < nog — 1, with high
probability on Qy,

2 2

SR (7.15)

1 ~ oL
E/dedyfk(xﬂy)g,-(xﬂy): e

To complete the proof of (2.20), it hence suffices to show that the second term
on the right side of (7.13) is negligible compared to (7.15), provided ¢’ > ¢. For
concreteness we set €’ = 2¢ in the following.

Lemma 7.4 Let fk be defined as in (7.11) and set € = 2¢. Then there are constants
C and c such that, for j, k <ng — 1,

‘/ drdy fi(x +i0) G + iy)' < Clpn) (N7 g ymmse),
R
(7.16)

with (§, v)-high probability on Qy.
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Proof We set n := ﬁ Using G%(2) = G%(2), (z € CT), we obtain,

Loyt ingiocin] =¢ far [T anawi e e +in
+C [ax [T ayy @I 01165 i)

n
+C’ / dx /0 dyf;!’(x)x(y)ylmej(x+iy)‘

—i—C’/dx/ dyf!'(x)x (y)yIm ij(x+iy)‘. (7.17)
n

The first term on the right side of (7.17) can be bounded by using (7.4): Bounding in
(7.4) k = Ky by k < N~1/O+D+€/2 3pq g5 by |g5(x +iy)| < Cy™", we obtain

00 C 2&
/dx/o dy|fk(x)||x/(y)||G]Aj(x+iy)| < E/dx|fk(x)|/g dylGjAj(X+iy)|

N1/t =€ .
< C((pN)zs = (NfZ/(bJrl) + N3 (Nfl/(b+1)+e/2)mm{b,2})
< Clpn)* (N*l/“”“*e'*f + N*wh*’”e), (7.18)

with high probability on Qy .
Similarly, we bound the second term on the right side of (7.17):

/dX/O dy y IO DMNG T (x +iy)] (7.19)

IA

C , 28 A )
E/dx|fk(x)|/€ dYY|ij(x+1y)|

Clpn)* ~2/(b+1) —1/243€ ~1/(b+1)+¢/2min(b,2}
= S llogé| (N TN + (N ymin(b. )
C(QDN)CE (N—l/(b+1)+e n N—wb+3e) . (7.20)

IA

To bound the third term on the right side of (7.17), we use that |y Im ij (x+iy)| <C,
for all y > 0, and we obtain

< Cn/dx | (x)| < CN~™vF<,
(7.21)

n
' / dx /O dyfy () x (»)yIm G (x + iy)
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To bound the fourth term in (7.17), we integrate by parts, first in x then in y to find
the bound

c ’ / dxf{(0)nRe G2 (x + in)‘ e ‘ / dx / Ay fL0x )y Re G (x +iy)
n
+C ’/dx/ dyf{@)x(y)Re G (x —i—iy)’. (7.22)
n

The first term in (7.22) can be bounded using (7.4): Since fk’(x) =0,if |x — ug| <
N~V ®+D=¢' e can bound | fi(0)g5(x +iy)l = C N/ ®+D+2¢ 4nd we obtain

'/dxfk’(x)n Re G%(x + in)’

, 1 N3€ (N—l/(b+1)+e/2)min{b,2})
< Clon)E N/ b+D+e + +
= Clen) N N2/6D, T N2, 7
< C(§0N)25 (N—l/(b+1)+e’+e + N—wb+e’+3e)’ (7.23)

with high probability on Qy .
Similarly for the second term in (7.22), using (7.4) we obtain

’ / dx / dyf,é<x)x’<y>yRerj<x+iy>’
n

< Clpn)® (N—l/ bD)+e'+e N—H’b+f’+36) . (7.24)

The third term in (7.22) can be bounded using (7.4) as

‘ / dx / dyf;é(x)x(y)Rerj(Hiy)'
n

. 2€ 1 N3 (N—l/(b+l)+e/2)min{b,2})
<C 2§N1/(b+1)+e/ d n n
=Clen) 0 Y N2/(b+Dy, N1/2y y
S C| ]0g77|(§0N)2§ (N*]/(b+1)+6,+6 + N*w’b+€/+3€) . (725)

Thus combining (7.18), (7.21), (7.23), (7.24) and (7.25), we obtain, upon choosing
€ =2e,

‘ [ dxar R+ 100G+ )| = Clowy® (WO o),

(7.26)

with high probability on Qy . O
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Proof of Theorem 2.7: Equation (2.20) Combining (7.13), (7.15) and (7.16), we
obtain, for j, k < ng— 1,

2 2
—A
|Mk(])|2 — )\'2 +8jk + O ((wN)CsN—l/(b+1)+3€ + (wN)CfN—ZD'b+5€) , (727)
with high probability on Qy. Choosing k = j, Eq. (2.20) follows. O

7.3 Proof of Theorem 2.10: inequality (2.21)

In this subsection we prove the second part of Theorem 2.10. To prove (2.21), we
follow the traditional path of [20-22]. Presumably, the same result can be obtained by
a more detailed analysis of G*. than the one carried out in the previous subsection.

Recall that we have set 19 := N~ 1/27€,

Lemma 7.5 There is a constant C, such that fork € [1,no—1], j € [1, N], (k # j),

Im G (g +1ino) < ()\,l)j——)\.l}]()zN_l/2+36’ (7.28)
with (&, v)-high probability, on Qy.
Proof For z € D., we have
(Gjj(@) " = v —z —diife(2) + O(NV/2H2€), (7.29)

with high probability on Qy; see Lemma 5.1. Next, recall from Proposition 4.3, we
have with high probability on Qy that

Wi + Reﬁfc('u,k —+ 1)70) p— )\Uk + O(N_l/2+36),

Also recall the high probability estimate Imm(z) < i\;—zﬁe, for z € ’Dé, on Qy; see

Lemma 5.5. Thus, choosing z = uy + ing, with k € [1,n9 — 1] and k # j, in (7.29)
we obtain

(G (i +ino) ™" = avj — i — ino — i e (i +ino) + O(N~1/2H2€)
= Avj — Avg + O(N /2136,

with high probability on Qy. Since [v; — vg| > CN=VOFD=€ i £k on Qy, we
obtain

Im G jj (i + ino) N~1/243€ (7.30)

< - - @
T (A — Avg)?

with high probability on Q2y, for some constant C. O
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Proof of Theorem 2.10: Inequality (2.21) From the spectral decomposition of the
resolvent of H, we obtain

. Y Jua ()P0 Lo
Im G (i +1ino) = Z m > %|Mk(])| ,

a=1

thus, using the bound (7.28), we conclude that

2 o —1/243€ 1 —142¢
u <C———— <C——N
(DI = (Avg — Avj)? T (g — Avj)?

’

with high probability on Qy, fork € [1,no—1], j € [1, N], (j # k). This completes
the proof of Theorem 2.10. O
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Appendix A

In this appendix, we estimate the probabilities for the events 1.-3. in the definition of
Qy; see Definition 3.5. Recall the definition of the constants € in (3.20) and kq in (3.23).
In the following, we denote, unlike in the rest of the paper, by (v,-)lN: | (unordered)
sample points distributed according to the measure u, (with b > 1). We denote by
(v(;y) the order statistics of (v;) with the convention v(;y > v2) > -+ > V).
Lemma 8.1 Let (v(;)) be the order statistics of sample points (v;) under the probability

distribution u withb > 1. Let no > 10 be a fixed positive integer independent of N.
Then, for any k € [1, no — 1] and for any sufficiently small € > 0, we have

P (N ko < |vay — v(jl < (log N)ko,Vj # k) = 1 — C(log N)' TN~ (8.1)
In addition, for k = 1, we have
P (N ko < |1 — vyl < (log N)kg) > 1 — CN—<C®FHD, (8.2)

Proof Consider the following claims:

(1) There exists a constant C > 0 such that

P (|1 — vyl > N k) = 1 — CN—<®HD,
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(2) There exists a constant ¢ > 0 such that
P (11 = vgu)| > (log N)ig) < e~cloeM™™
(3) There exists a constant C > 0 such that, for any k € [1, ng — 1],
P (lvgky — vatnl < N ko) < C(log NPy —e,

Assuming the claims (1)—(3), it is easy to see that the desired lemma holds.
For a random variables v with law w as in (2.9), we have for any x > 0,

CIxM <Pl — v < x) < CxPH (8.3)
for some constant C > 1. Thus, we obtain for the first order statistics of (v;) that
e e N
P(1 — vyl >N"kp) = (l —P(l—-v<N Ko))
3(1 - CN—€<b+1>N—1)N > 1 — CN—€b+D, (8.4)

proving claim (1).
Similarly, we have

P (11 = vy | > (og N)ko) < (’7) (1 =P (1 —wv < (log N)p))N "
0

< NMo (1 — ¢ (log N)b+1N—1)N*”° < CNM—clog N _ —c/(log N1
(8.5)
for some constant ¢, ¢’ > 0, proving claim (2).

To prove claim (3), we assume that N ko < |1 — vy < |1 — v < (og N)ko,
which holds with probability higher than 1 — CN~¢®+D Let

I :==[1—=(G+ DN ko, 1= (j — DN ko], (j €[l (log N)N]).

Then, it can easily be seen that if vy — v41)| > N~ ko, then v, vy1) € 1; for
some j € [1, (log N)N€]. Letting p; :=P(v € I;), we have that

P({i e [1,N] :v; € [;}| =0) = (1 — pp~,
P({i € [LLN]: v € I}l = 1) = Np;(1 = pp"~H,

hence,

Pow), vie+1y € 1) < P({i € [1, N] 1 vi € I;}| =2)
<1—0-ppN =Np;aA—pp"~" < N?p. (86
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Since
pj < CN ko ((log N)ig)® = C(log N)’N ™',
we have

P(lvgy — varnl SN ko) < D N?pj < C(logN)' "N~ (8.7)
Jje[l.(log N)N<]
This proves the third part of the claim and completes the proof of the lemma. O

Next, we estimate the probability of condition (2) in Definition 3.5 to hold.

Lemma 8.2 Assume the conditions in Lemma 8.1. Recall the definition of D¢ in (3.21).
Then, for any fixed £ > 0, there exists a constant Cy (independent of N ) such that

lz 1 _/ du(v)
N “~ i —z—my(2) A —z—mye(2)

i=1

pU[

26D,

N3€/2 ,
> <C/yN".
VN ||~

Proof Fix z € D¢. Fori € [1, N], let X; = X;(z) be the random variable

1 1 du(v)
Xi=m ————————— —mye(z) = - ,
Avp —z —mpe(2) A —z —mype(2) A —zZ—mygc(2)

By definition, EX; = 0. Moreover, we have

du(v) _ Immyc((2)

= <1, (zeCh),
M —z—mys(2?  n4+Immpe(z) ( )

E|X;|? <

and, for any positive integer p > 2,
1
]ElX,'|p < ﬁE|Xl|2 < N(1/2+€)(P—2) , (z€D,).
n

We now consider

1 N 1 N p 2p
E NZX,- =55 > E[]x; X, (8.9)
i=1 i1i2,emizp=1  j=1 k=p+1
For fixed i1, iz, .. ., i2p, define
2p
di =) 1(; =1i),
j=1
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fori € [1, NJ.
We first estimate the summand in the right side of (8.9) whend; > dp > --- >
d > landdy) = dryp = --- = dy = 0, for some r € [1,2p]. Since (X;) are

independent and centered, we have

if d; = 1, for some i, which shows that we may assume r < p and d, > 2. When
d, > 2, we obtain that

p 2p r r
E H Xij H Xik S E H |Xk|dk S H N(1/2+E)(dk72) S N(1/2+€)(2p727')'
j=1 k=p+1 k=1 k=1

Next, using the estimate obtained above, we can bound

P P
- Zr!(N)N(l/Z-i—E)(Zp—Zr) < p! S NTNUHOCPD) < (4 INP NP,
r=I1

(8.10)

Hence, by Markov’s inequality, we obtain that

3¢/2 —2p
( N €/ )S(%N?aeﬂ) NPE

To obtain the uniform bound on D, we choose a lattice £ in D, such that for any
z € D, there exists 7' € L satisfying |z — z/| < N~2. Since, for z € D¢ and 7’ € L,

2p
<4P(p+ 1)IN~P,

N

%

i=1

R

8.11)

1 1

1
_ C_Z_Z/ ECN—H—ZG’
‘)»v —z—mpe(2) A —7 —myp(2) 7| |

Mo
we find that
N e
EH ;m (@) >W}

< |L47(p + DIN™
< CN*4P(p + 1)IN~°P.
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Setting p = (£ 4+ 4) /e, we obtain the desired lemma. O

To estimate the probability for the third condition in Definition 3.5, we need the
following two auxiliary lemmas. Recall the definition of R; in (4.1).

Lemma 8.3 /f0 < C‘ln <Immyg.(z) < Cn, z= E+in, for some constant C > 1,
then we have

C
<R < —. 8.12
irc =P =1¢ (.12
Proof Since
Imz+Immgc(z
Imm se(z) = 7D 4 w),

Av—z—myse(2)]?

we have that

-1 Imm s.(z) _ C

Imz+Immys(z) = 1+C’

Trcr=00=

The imaginary part of m 7.(z) can be estimated using the following lemma.

Lemma 8.4 Assume that | ¢ has support [L_, L] and there exists a constant C > 1
such that
C'® < pye(z) < Ck®, (8.13)

forany O <« < L. Then,

(1) forz =Ly —k+inwith) <k < Li and 0 < n < 3, there exists a constant
C > 1 such that

C P+ ) <Immpe(z) < C® 4 n); (8.14)
) forz =Li+k+inwith0) <k < 1land 0 < n < 3, there exists a constant
C > 1 such that
C 'y <Immye(z) < Cn. (8.15)
Remark 8.5 Lemma 8.4 shows that there exists a constant C,, > 1 such that

Cy'n <Immye(z) < Con, (8.16)

for all z € D, satisfying L, — Rez < N€ky.

Assuming Lemma 8.4, we have the following estimate. Recall that D, is defined
in (3.21).
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Lemma 8.6 Assume the conditions in Lemma 8.1. Then, there exist constants ¢ < 1
and C > 0, independent of N, such that, for any 7 = E + in € D satisfying

‘ Iillﬂ]lv]] Re (z +mpe(2)) — Avi| = [Re (2 +m e (2)) — Avls (8.17)
i€,

for some k € [1, ng — 1], we have

N

1 1
— <c|>1-ClogN)'t?PNe, (8.18)
N ié“k vy — 2 —mpe(2))? g

Proof Without loss of generality, we only prove the case k = 1; the general case
can easily be shown by using the same argument. In the following, we assume that
N~"¢ko < |1 — vyl < (log N)ko, and |v(1y — vyl > N~ ko.

Recall the definition of R, in (4.1). Fori € [1, N], let ¥; = Y;(z) be the random
variable

1
[Avi —z —mgc(2)

Yi(2) := (zeCh,

2’

and observe that EY; = R, < 1, (z € C*). Moreover, combining Lemmas 8.3 and
8.4, we find that there exists a constant ¢ < 1, independent of N, such that R>(z) < ¢
uniformly for all z € D, satisfying (8.17). Since Im (z + m r.(z)) > n, we also have
that Y; (z) < n2.

We first consider the special choice £ = L. Let Y; be the truncated random
variable defined by

= |r if ¥; < N2k, 2,
Y = 2¢, -2 ey 2e¢,.—2
Ny =, ifY; = Nk, ~.

Notice that, using the estimate (8.3), we have for z = L4 + in € D, that
P(Y; # 1) < CN~I-0+De,

Let

Then,

P(Sy # Sy) < CN~®+De, (8.19)
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We now estimate the mean and variance of 17, From the trivial estimate P(Y; >
x) <P(Y; #7;) forx > N2€K0—2’ we find that

’7_2

EY; — EY; 5/ P(Y; # Y;)dx < ¢'N~®=De (8.20)

N2y
for some C’ > 0. Hence, we get
EY? < N*k,*EY; < N*ky*EY; < N*k, 2. (8.21)

We thus obtain that

s § _ ~
IP’( z\lfv‘ —EY;| > C'N~®De 4 N—f) S]P’( WN —EY;| > N‘€)+IP’(SN 7 SN)
2emy2
<t ;I,Eyi +CN~OFDE < o TR e o oy 2mhte (8.22)

hence, for a constant ¢ satisfying Ry + C'N~®=De L N=€ < ¢ < 1,

—N—EY,‘

1 & 1 S
P —z 5 <¢ Zl—IP’(
N =~ |hv; —z —myf(2)] N

i=1

>C/N~0-De N‘e)
> 1 — CN"2mvtde,
This proves the desired lemma for £ = L.
Before we extend the result to general z € D,, we estimate the probabilities for
some typical events we want to assume. Consider the set
Ze = (v 1 |1 = vi| = N*ko,
and the event
Qe 1= {|Be| < N3Oy,
Since we have from the estimate (8.3) that
Pl —vi| = N*ko) < CN~IH30+De,
we find, using a Chernoff bound, that
P(2%) < exp (—Ce (log N)N3€N3(b+1)€) ,
for some constant C. Notice that we have, for v; ¢ X,

Ly +Rempe(Ly +in) — rvi > N>k > 0+ Imm o(Ly + in), (8.23)
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where we used Lemma 4.1, ie., |[Ly +in +mys.(Ly +in) — A] = O(n), and that
A > 1. We now assume that 2, holds and that

1
N

1

<c<l.

al 1

“ |Avi — (L +in) —mge(Ly +in)|?

Further, we recall that the condition (8.17) implies

Re (z +me(2)) = AV(ng)s
which yields, together with Lemmas 4.1 and 8.1, that E > L — Nk with probability
higher than 1 — C(log N)!T2° N €. We therefore assume in the following that E >

L+ - NGK().
Consider the following two choices for such energies E:

(1) When Ly — N€xg < E < L4 + N2k, we have that
|hvi =z — mpe(2)| = [Av; — (Ly +1in) — m re(Ly +in)| + O(N*ko),

where we used Lemma 4.1. Hence, using (8.23), we obtain for v; ¢ X, that

1 1
<
v —z—mpe(2)> T [ — (Ly +in) —mype(Ly +in)|?
N N26K0
|Avi — (Ly +in) —myge(Ly +in)?
1 —€
< e . s24
[Avi — (Ly +1n) —m (L4 +1n)]
We thus have that
1 i 1
N & [h) — 2= mye(2)?
- N3€(b+2) 1 N 1 Z 1+CN—€
- N (N~“kp)? N |Avi — (Ly +in) —mge(Ly +in)|?

i ¢,

1+CN™€

N

1
N+ — E - - <c<l, 8.25
N = i = (Ly i) —mpe(Ly + in)|? 825

IA

where we also used the assumption that |v2) — v(1)| = N~ ko.
(2) When E > L, + N%*kg, we have

(E — Ly) + (Rem po(E +in) — Rem ge(Ly + i) > 1+ Imm e (E + in),
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where we again used Lemma 4.1, hence, from (8.23) we obtain that
[Avi =z —mype(2)| = [Av; — (Ly +in) —mygc(Ly +in)|.
We may now proceed as in (1) to find that

1 N

N2 P

i=1

1 > 1
N “~ |rv; — (Ly +in) —mse(Ly +in)|?

i=1

<N ¢+ <c<1. (8.26)

Since we proved in Lemma 8.1 that the assumptions N~ kg < |1 — vy| <
(log N)xo and |vy — vyl > N~ €ko hold with probability higher than 1 —
C(log N)'*t2° N~¢_ we find that the desired lemma holds for any z € D.. O

To conclude this appendix, we prove Lemma 8.4.

Proof of Lemma 8.4 We start with the claim (1): Notice that

¢ du re
Immfc(z)zlm/ ad A0} (x) /(x—Lf{i—(;))2+n2' (8.27)

When n > 1/2, we may use the trivial bound

dpfe(x) _
Imme(Z)’\’n/z—;:n 1~1~(/cb—i—77).

When « > 1/2, we can easily see from (8.27) that Imm g.(z) ~ 1 ~ (k® + n). Thus,
in the following, we only consider the case x, n < 1/2.
To prove the lower bound, we notice that

Li—k—n

dﬂfc(x)
Imm re(z) > 77/
e Li—x—2 (x =Ly +1)2+n?

Ly=k=n (4 4+ n)bdx
zCn/ %zC(K+n)bchcb.
L+7K*27) n

We also have that

1 d 1

Mfc(x) /
Imm¢.(2) > / >C dx > Cn.
se@ 2 0 (¥ =Ly +x)?+n? " Jo 1

Thus, we find that Imm ¢.(z) > C(k®+n).
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For the upper bound, we first consider the case ¥ > 1, where we have

Li—rk=n (1, — x)Pdx L=rtn (4 n)Pdx
2o [ e[ ot
L_ (x — L+ + ) Li—k—n n
LC /L+ Pdx
1 e
Li—i4n (X =Ly +x)?

b

L, —L_—« +K bd €y
SCn/ M+C(K+n)b+0n/ Sy
y y
n n

<Ck+m*+Cn

< C(k®+1).
Here, we used that (y + /c)b < C(yb + /cb). The calculation for the case k < 7 is
similar, in fact, easier.

We now prove the claim (2). As in the proof of the statement (1), we only consider
the case «, n < 1/2. We have, for the lower bound, that

1 d 1
/‘Lfc(x) /

Imm¢.(z) > / >C dx > Cn,

el z o G—Ly—02+n2 ="y !

and, for the upper bound,

Ly (L+ _ x)bdx Ly —L _+«k yb
Imm (z)an/ —SCn/ —dy=Cn
e L =Ly =) ; =
This completes proof of the desired lemma. O

Appendix B

In this appendix, we prove Lemmas 6.4 and 6.5.

Proof of Lemma 6.4 Setfor(,!’” € [0, p] and for A = [ng, NJ,

D@ =T =max{|ECT @) a,b e A, ab, T, T CA, T|<I, |T'| <I'}.
9.1)
For simplicity we drop the z-dependence from the notation and always work on Qy . We

first consider I'; o, i.e., we set T" = @. Recalling that 1 (E)| F 5 (2)| < (pN)E N~ NE,
we obtain p g0 < P(on)EN~™vH « 1 on E. From (6.5), we get, forc € A,

(Te,¥y _ (T, %) T,%) ~(T.%)
Fy, " =F,, " —FGPF, Y, 9.2)
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and we obtain on E,

Ti10 < o+ T, (9.3)
Iterating (9.3), we obtain
!
2
Tii1.0 < Too+ D T7o < Too+ UTL0)Tri10. 94
i=0

Thus as long as I[T'g 9 < 1/4, we obtain by induction on [, I'j11,0 < 2I9,9, on &,
proving (6.21) for the special case T = @. To prove the claim for T" # @, we fix
[ = |T| and observe that (6.5), together with the assumption I'; y < 1, implies

Cippr =T + CFZ,,, 9.5)
for some numerical constant C. Iterating, we find
l/
Tript <Tio+C Y T7u< Ty + CIT Ty 9.6)
i'=0

Thus as long as Cl/Fl,l/ < 1/4, we obtain on E that I'; ;1 < 2I'; 0 < 4@'¢,0, where
we used that I'; o < 2I'g o(< N~7®). This proves (6.21).
To prove (6.22), we define, for/ € [1, p],

@.a)

:a,beA,a;éb,TCA,agé']I‘,|T|§l]. 9.7)

Note that Ty < (pNn)E N~1/242¢ on E. From (6.7), we have on E
T < Ty + CIT?, 9.8)
for a numerical constant C. Iterating as above, we find

[ l
Ty <To+C Y IIY; <To+8CTj, > T (9.9)
i=0 i=0

Since 8C1F3’0 < 1/4,o0n B, we obtain Fl+1 < ZFO, on E. Upon using (6.21) to bound

|F¢52’a) - Fg/’w)l, this proves (6.22).
The proof of (6.23) is similar to the proof of (6.22) but easier. O

Proof of Lemma 6.5 First, we observe that for a random variables X = X'(H),

EY0,Xx|1? = EY|x —E X |P <277 BV x )P + 2P 'EV By x)P. (9.10)
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From Jensen’s inequality for the partial expectation [E;, we hence obtain
EY|QpX|? < 2PEY | X|P. (9.11)

Next, let h; := 2(12%5],1' € [1, p]. One checks that Zip=1 hi_1 <1,2<h; <2p+4
and h;(d; + 1) < 2p + 4. Thus Holder’s inequality gives

w ! - ! w n ) a w n\ "
E"TTex TT e =2 [T (=%1ar) " IT (BYierm) ™,

i=1 i=q+1 i=1 i=q+1

where we used (9.11). By assumption, we have

EW [|Xi|hi]l(sc)]S(EWVG'ZM)I/Z]P;(EC)I/Z < N2Khii+Dp geyl/2 <<efc(10gN)é.
(9.13)

Observing that hL > 1;—;", we thus get

1+d;

e~ (log N)¢

E" X" a @)

IA

IA

(e—c(logN)S/Z)”df « N~

where we used that p~! > (log N)~§13/2_ In a similar way, one establishes
EYVMLENDN < N7

Together with the estimates (6.24), valid on the event E, we obtain

q P
EV[T it [] @] < (o) N-Ziad=Dem/2=a n2pe (9 14)
i=1 i=gq+1

Recalling that we have set Z?:] di — 1 = s, the claim follows. O
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