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Abstract We prove that the variance of the passage time from the origin to a point
x in first-passage percolation on Z¢ is sublinear in the distance to x when d > 2,
obeying the bound C||x||/log ||x||, under minimal assumptions on the edge-weight
distribution. The proof applies equally to absolutely continuous, discrete and singular
continuous distributions and mixtures thereof, and requires only 2 + log moments.
The main result extends work of Benjamini—Kalai—Schramm (Ann Prob 31, 2003)
and Benaim—Rossignol (Ann Inst Henri Poincaré Prob Stat 3, 2008).
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1 Introduction
1.1 Background

In addition to its rich stochastic geometric structure, first-passage percolation on Z¢
provides a model for the study of fluctuations of a non-linear function of a large number
of independent random variables. For recent surveys, see [5,15,17].

In this paper, we are concerned with the variance of the passage time 7 (0, x) from
0tox € Z?. The passage time is the random variable defined as

7(0,x) = inf te, 1.1
(0.x) = inf Zy) ‘ (LD
where the infimum is taken over all lattices paths y = (vg = 0, eg, V1, ..., enN, Uy =

x) joining O to x. The collection (#,),cga consists of nonnegative independent random
variables with common distribution x and £ is the set of nearest-neighbor edges.

When d = 1, (1.1) is simply a sum over i.i.d. random variables for each x, and the
variance of t(0, x) is of order ||x||{. In contrast, when d > 2, (1.1) is a minimum over
a collection of correlated sums of i.i.d. random variables. This correlation structure
has led physicists to conjecture a sublinear scaling of the form ||x||{, @ < 1 for the
fluctuations. In the case d = 2, the model is expected to have KPZ scaling [19], with
o = %, and the recentered passage time approximately follows the Tracy—Widom
distribution. Except for Johansson’s work [18] on a related exactly solvable model,
there has been little success in rigorously confirming these predictions.

In [21], Kesten showed that the variance of (0, x) is at most linear in the distance
of x to the origin:

Var (0, x) < Cllx||1,

for some constant C. Kesten also showed that if u has exponential moments:
/e‘”‘ u(dx) < oo forsomed > 0, (1.2)

then the passage time is exponentially concentrated around its mean:

P(|7(0, x) = Et(0, x)| = »/llx]1) < Ce™ ™, (1.3)

for \ < CJx||;. Talagrand improved this result to Gausssian concentration on the
scale +/||x||1: see [31, Proposition 8.3]. These results have been used to derive con-
centration of the mean of the passage time around the “time constant.” Some relevant
papers include [1,27,33]. In the other direction, lower bounds have been given for the
variance of the passage time, but the strongest results are dimension-dependent; see
[3,21,25,34].

In a remarkable paper [4], Benjamini et al. used an inequality due to Talagrand [32]
to prove that if the edge-weight distribution is uniform on a set of two positive values,
the variance is sublinear in the distance:
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Sublinear variance in first-passage percolation 225

llx1l1

Var 7(0,x) < C(a,b)———, >
log [|x |1

for0 <a < band P(t, = a) = P(t, = b) = % Benaim and Rossignol [6] intro-
duced their “modified Poincaré inequality,” itself based on an inequality of Falik and
Samorodnitsky (a corresponding inequality appears in Rossignol [28, Equations (11)—
(14)]), to extend the variance estimate to a class of continuous distributions which they
termed “nearly gamma.” Nearly gamma distributions satisfy an entropy bound analo-
gous to the logarithmic Sobolev inequality for the gamma distribution, which explains
their name; for a nearly gamma p and, for simplicity, f smooth,

2
Ent, 2 /f (x)logf fg (dx) < C/(ﬁf/(x))z w(dx). (1.4

Benaim and Rossignol also show exponential concentration at scale /||x |1/ log ||x||1
for nearly gamma distributions with exponential moments: if p satisfies (1.4) and
(1.2), then

Py (|7(0, x) = Eut(0,x)| = ny/lxlli/log |x][1) < Ce ™. (1.5)

The nearly gamma condition excludes many natural distributions, including all
power law distributions and distributions with infinite support which decay too quickly,
mixtures of continuous and discrete distributions, singular continuous distributions,
and continuous distributions with disconnected support, or whose density has zeros
on its support.

1.2 Main result

The purpose of the present work is to extend the sublinear variance results mentioned
above to general distributions with 2 4+ log moments. We make two assumptions:

/xz(logx)+ w(dx) < oo, (1.6)
n({0}) < pc(d), (L.7)

where p.(d) is the critical parameter for bond percolation on Z¢.
Our main result is the following:

Theorem 1.1 Let u be a Borel probability measure supported on [0, 00) satisfying
(1.6) and (1.7). In i.i.d. first-passage percolation on (Z%, £%), d > 2, with edge-weight
distribution ., there exists a constant C = C(u, d) such that

Var 7(0,x) < Cﬁ forall x € 74,

log [[x||1
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226 M. Damron et al.

Remark 1.2 When (1.7) fails, the passage time is known to be bounded by C/||x||{ for
any €. See [9,35] for more details. O

Remark 1.3 The moment condition I[i‘]te2 (logt.)+ < oo may be able to be weakened,
perhaps as low as Etéz/ D¥e 5 for some a > 0 by tensorizing entropy over small
blocks, as in [12, Lemma 2.6]. The main reason is that, due to [10, Lemma 3.1],

Var 7(x,y) < oo for all x, y under the condition ]Ete(l/d)ﬂ < oo forsomea > 0. O

Our method of proof may be of independent interest. Following [6], we use a
martingale difference decomposition and the inequality of Falik and Samorodnitsky to
control the variance of an averaged version of 7 (0, x) by the entropy timesa 1/ log ||x |
factor. Instead of representing the measure pu as the pushfoward of a Gaussian by an
invertible transformation and using the Gaussian logarithmic Sobolev inequality, we
represent u as the image of an infinite sequence of uniform Bernoulli variables, and use
Bonami and Gross’s [7,16] two-point entropy inequality (the “discrete log-Sobolev
inequality”) to control the entropy. A central part of the argument is then to estimate
the discrete derivatives of (0, x) with respect to variations of the Bernoulli variables.

1.3 Outline of the paper

The plan of the paper is as follows: in Sect. 2, we review some basic properties of the
entropy functional with respect to a probability measure, and present the inequality
of Falik and Samorodnitsky which we will use. In Sect. 3, we apply this inequality to
first-passage percolation, using the martingale decomposition introduced in [6]. We
then briefly explain Benaim and Rossignol’s approach based on the Gaussian log-
Sobolev inequality (LSI) in Sect. 4, and show that a modification of their method
using positive association already allows one to deal with a larger class of continuous
distributions than the ones handled in [6]. The purpose of Sect. 4 is only to clarify the
role of conditions appearing in [6]. This section is independent of the derivation of
our main result.

In Sect. 5, we provide a lower bound for the quantity > oo | (E|Vk [)? appearing in
the variance bound, which will give the logarithmic factor in the final inequality. Next,
in Sect. 6 we represent the passage time variables through a Bernoulli encoding and,
after applying Bonami’s inequality, bound a sum of discrete derivatives with the help
of estimates on greedy lattice animals.

1.4 Notation and preliminary results

We will work on the space £2 = [0, oo)gd and let i be a Borel probability measure on
[0, 00). The product measure [ [, gca 1 will be denoted by P. A realization of passage
times (edge-weights) w € £2 will be written as w = (#,) with point-to-point passage
time t(x, y) given by (1.1). Throughout the paper, the letter / will refer to the infimum
of the support of u: writing

F(x) = pn((—o0, x]) (1.8)
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Sublinear variance in first-passage percolation 227

for the distribution function of u, set
I =inf{x : F(x) > 0}. (1.9)

A fundamental object in first-passage percolation is a geodesic, and we spend some
time here giving some basic properties of geodesics. Any path y from x to y with
passage time t(y) = dey t, satisfying t(y) = t(x, y) will be called a geodesic
from x to y. From the shape theorem of Cox—Durrett [10] and the fact that under (1.7),
the limiting shape for the model is bounded [20, Theorem 6.1], assumptions (1.6) and
(1.7) ensure the existence of geodesics:

P(forall x, y € 7% there exists a geodesic from x to y) = 1. (1.10)

There is almost surely a unique geodesic between x and y if and only if 1 is continuous,
so this need not be true in general. For any x, y € Z¢ we then use the notation

Geo(x,y) ={e € &lee y for all geodesics y from x to y}. (1.11)

Central to the current proofs of variance bounds for the passage time are estimates
on the length of geodesics. The key theorem is due to Kesten [21, (2.25)] and is listed
below. We will need to derive two generalizations of this result. The firstis Lemma 5.1
and concerns the number of intersections of Geo(0, x) with arbitrary edge sets. The
second, Theorem 6.6, gives a bound on the number of edges of Geo(0, x) whose
weight lies in a given Borel set.

Theorem 1.4 (Kesten) Assume Et, < oo and (1.7). There exists Cy such that for all
X,

E#Geo(0, x) < Cy|lx]l;.

The second tool we shall need is [20, Propsition 5.8] and shows that under assump-
tion (1.7), it is unlikely that long paths have small passage time.

Theorem 1.5 (Kesten) Assuming (1.7), there exist constants a, Co > 0 such that for
alln € N,

IP’(EI self-avoiding y starting at O with #y >n but with t(y) < an) <exp(—Csn).

1.5 Proof sketch

The setup Our argument begins with the setup of Benaim and Rossignol: to bound the
variance, we use the inequality of Falik—Samorodnitsky. That is, if T = 7 (0, x) is the
passage time, then we enumerate the edges of the lattice as {eq, €2, ...} and perform
a martingale decomposition
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228 M. Damron et al.

o0
T—ET => Vi,
k=1

where Vi, = E[T | Fx] — E[T | Fx—1] and Fy is the sigma-algebra generated by the
edge weights #,,, ..., f¢,. Then one has

Var T log | =T 1 oS pprvd),
o Og[zk 1<E|vk|>2] Z v

(See Lemma 3.3.) If Var 7 < ||x||”/8, then the required bound holds; otherwise, one
has Var 7 > ||x||”/® and the bound is

[lx 773

Var T IOg [m] ZEnt(Vk)
1

By working with an averaged version F,, of T (similar to that used in [4], but a different
definition that simplifies the analysis and requires a new argument) one can ensure that
the sum in the denominator on the left is at most order ||x|*>/*. (See Proposition 5.3.)
Thus we begin our analysis with

log o ZEm(Vk) (1.12)

Step 1 Bernoulli encoding. If one knows a LSI of the form Ent f2 < CE||V f||3, then
the argument of Benaim—Rossignol would give Z,‘:il Ent (sz) < CE|VT ||% and the
method of Kesten can give an upper bound on this term by C||x||;. Combining with
(1.12) gives the sub-linear variance bound.

Unfortunately very few distributions satisfy a LSI of the above type. Benaim—
Rossignol deal with this by exhibiting certain edge-weight distributions (those in the
“nearly gamma” class) as images of Gaussian random variables and using the Gaussian
LSI. This does not work for all distributions, so our main idea is to encode general
edge-weights using infinite sequences of Bernoulli variables and use the Bernoulli
(two-point) LSI.

For simplicity, assume that the edge-weights #, are uniformly distributed on [0, 1],
so that we can encode their values using the binary expansion and i.i.d. Bernoulli (1/2)
sequences

o0
te= Y 27", where (we.1, 2. ...)is iid. Bernoulli(1/2).

(For general distributions, we compose with the right-continuous inverse of the dis-
tribution function of #,.) Then using the Bernoulli LST and the argument of Benaim—
Rossignol,
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Sublinear variance in first-passage percolation 229

o oo o0

S Ent(v) <2 S E(AgiT)’ (1.13)
k=1 k=1 i=1

where A, ; is the discrete derivative of T relative to flipping the i-th bit in the binary

expansion of 7, . This is done in Lemma 6.3.

Step 2 The bulk of the paper is devoted to bounding these discrete derivatives: giving

the inequality

[o. e ¢]

S S E(AiT) < Clixli.

k=1i=1

This is not a priori clear because flipping bits in the binary expansion can have a
large change on . if there are gaps in the support of the edge-weight distribution. We
deal with this by considering this influence “on average.” That is, letting E_; be the

expectation over the binary variables w,, 1, ..., @, i—1, one has
2 1
Eoi (AeiT)” = 5T > (T 1) = T(e.0))7,
o€{0,1}i—1

where we have indicated dependence of 7" only on the first i binary variables. Because
the weights are bounded in [0, 1], the differences above are at most 1 (and nonzero
only when ¢ is in a geodesic from 0 to x for some value of 7,), so we can telescope
them, obtaining the upper bound

1
l{ekeGeo(O,x) for some value of tey } 21__1 Z (T(O‘, l) - T(O‘, O))
oel0,1)i-!
1

= i1 l{ekeGeo(O,x) for some value of 7, }*

Pretending for the moment that the indicator is actually of the event that e¢; €
Geo(0, x), we can sum over i to give the bound 21 eGeo(0,x)}» and sum over k,
using Theorem 1.4, to obtain

o0
D Ent(V}) < C D Plex € Geo(0,x)) < Clix|ls.
k=1 k

Step 3 General case. We are not using only uniform [0, 1] edge weights, so several com-
plications arise, due both to large edge-weights and to edge-weights near the infimum
of the support. The first problem forces the moment condition Etez (logt,)+ < oo and
the second is related to the change from 1{ccGeo(0,x) for some 7.} 10 L{eeGeo(0,x)}- HOW-
ever, careful bounding (for example, keeping track of the value D, , of the edge-weight
above which the edge leaves the geodesic—see Lemma 5.2) leads to the inequality in
Proposition 6.4:

o
D Ent(V}) < CED (1 —log F(te))ljecGeo(0.x)- (1.14)
k=1 e
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where F (t,) is the distribution function of the weight 7,. Note that this is large when
t, is near its infimum. In a sense, (1.14) is our version of an LSI, with the penalties
due to the fact that we do not have a traditional LSI.

For certain distributions, we can bound (1 — log F'(#,)) < C and sum as above. In
particular, this is possible when there is an atom at the infimum of the support. But
for general distributions, we must analyze the number of edges in the geodesic which
have weight near the infimum. For this we use the theory of greedy lattice animals.
Theorem 6.6 shows that without such an atom, for any € > 0, the expected number of
edges in Geo(0, x) with weight within € of the infimum of the support / satisfies

E#{e € Geo(0,x) : 1, € [I, I + €]} < C|x|18(e),
where f(e) — 0 as € — 0. Combining this with another dyadic partition of the

interval [/, 0o) (see Sect. 6.2.4) provides the required control on (1 — log F (¢,)) and
allows the bound

E > (1 —log F(te)leeGeo.1) < Clixlh-
e
Along with (1.14), we obtain Z,fi 1 E nt(sz) < C||x|| and complete the proof.

2 Entropy

Recall the definition of entropy with respect to a probability measure j:

Definition 2.1 Let (£2, F, 1v) be a probability space and X € LY(£2, ) be nonnega-
tive. Then

Ent, X =E,XlogX —E,XIlogE, X.
Note that by Jensen’s inequality, Ent, X > 0. We will make use of the variational
characterization of entropy (see [23, Section 5.2]):
Proposition 2.2 If X is nonnegative, then

Ent,(X) = sup{E, XY : E e’ < 1}.

This characterization will let us prove the “tensorization” of entropy.

Theorem 2.3 Let X be a non-negative L* random variable on a product probability
space

o0 o0
(Hﬂi,f,u = Hm),
i=1 i=1

where F = \/fil G; and each triple (§2;, G;, ;) is probability space. Then

o0
Ent, X < ZEMEnt,-X, (2.1
k=1
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Sublinear variance in first-passage percolation 231

where Ent; X is the entropy of X (w) = X (w1, ..., wj, ...)) with respect to W;, as a
Sfunction of the i-th coordinate (with all other values fixed).

Proof We use a telescoping argument: write F; for the sigma algebra generated by
G1 U -+ U Gy (with Fy trivial) and compute for any n

Ent, X =E, X [logX —logE, X]|
n
=D E,X [logE,[X | Fil — log E,[X | Fi1]]
k=1

+E. X [log X —logE,[X | Faul]

n
= > EuEy, X [logEu[X | Fil —logEy[X | Fi1]]
k=1
+E. X [log X —logE,[X | Ful].

Here E,, is expectation with respect to the coordinate wy. Because for almost all
realizations of {(w;) : i # k},

By, exp (log Eu[X | Fil —logEL[X | Froi]) =1,
we use Proposition 2.2 to get the bound
n
Ent,X <> E, EntX +E,Xlog X — B, X logE,[X | 7.
k=1
Putting X, = E,[X | F,], one has
E,XIlogE,[X | Ful = E, X, log X,,.

By martingale convergence (since X € L!), one has X,, — X almost surely. Further-
more, since X € L2, the sequence (X, log X,,) is uniformly integrable. Therefore

E,XlogX —E, XlogE,[X | F,]— 0
and the proof is complete. O

We end this section with the lower bound from Falik and Samorodnitsky [13,
Lemma 2.3].

Proposition 2.4 (Falik—Samorodnitsky) If X > 0 almost surely,

n (0] PR
H - " g (E“X)
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232 M. Damron et al.

Proof First assume X > 0 almost surely and define Y = X/|| X||>. Then

Ent,(Y*) =E,Y*log¥? —E,Y?logE,Y* = E,Y?log ¥?
= —2E,Y?log(1/Y).

Apply Jensen to the measure E(-) = E, (- ¥ 2) and the function — log to obtain

E(1/Y) E V10 E,Y?
"

Ent,(Y?) > —2E,Y?1 = K
M) 2 =2 loe g ®E.Y)?

proving the proposition for Y. Now for X,

E,Y? E
Ent, (X?) = || X|3Ent, (Y?) > [ X|3E, Y log —£—— =E, X log —*—
(ELY)? “

If X = 0 with positive probability, we can conclude by a limiting argument applied
to X,, = max{1/n, X}. m]

3 Variance bound for 7 (0, x)

The mechanism for sublinear behavior of the variance which was identified in [4] can
be understood as follows. Since a geodesic from the origin to x is “one-dimensional,”
one expects that most edges in the lattice have small probability to lie in it: the edges
have small influence. This is not true of edges very close to the origin. To circumvent
this difficulty, Benjamini et al. considered an averaged version of the passage time (see
[4, Lemma 3]), which they subsequently compare to the actual passage time from O to
x. It was brought to our attention by Sodin (see [29, Section 3]) that their argument can
be replaced by a geometric average. This observation was made earlier by Alexander
and Zygouras in [2] for polymer models. Let x € Z? and B,, be a box of the form
[—m, m]? for m = [||x||;7"/%. Define

1
Fn = >tz +x). (3.1)

m
z€By

Note that by (1.6), Var F,,, < oo.

3.1 Approximating t(0, x) by F,

Because of the choice of m, the variance of F,, closely approximates that of t:

Proposition 3.1 Assume Et? < oo. Then there exists C3 > 0 such that

| Var 7(0, x) — Var F,,| < Cs|x[|}*  forall x.
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Sublinear variance in first-passage percolation 233

Proof By subadditivity, foreachz € By, |t (0, x)—t(zlz+x)| < 7(0, 2)+7(x, z4x).
Therefore, writing My = max{r(0,z) : z € By} and X = X — EX,

| Var 7(0, x) — Var Fy| < (II£(0, )l + | Ew I2) 170, x) — Epll2.
Using || Fll2 < [1£(0, x)|l2, we get the bound
21120, ) 2(1T(0, x) — Fpll2 + El2(0, x) — Fpl) < 4[1£(0, x)||2[| My |2

Since we assume (1.6), [21, Theorem 1] gives || 7(0, x)|l2 < C4||x||}/2. On the other
hand, we can bound M, using the following lemma.

Lemma 3.2 [f Etez < 090, there exists Cs such that for all finite subsets S of 7¢,
2
E |:max T(x, y)i| < Cs(diam S)2.
x,yeS

Proof We start with the argument of [20, Lemma 3.5]. Given x, y € S, we can build
2d disjoint (deterministic) paths from x to y of length at most Cg||x — y||; for some
integer Cg. This means that 7 (y, z) is bounded above by the minimum of 2d variables
T1, ..., Tog4, the collection being i.i.d. and each variable distributed as the sum of
Cgdiam(S) i.i.d. variables 7,, so

2d

P(r(x,y) =0 < [[P(T =) < [

i=1

Cediam(S) Var ¢, 2d
(n —Cediam(S)Et,)?

Therefore if we fix some xg € S, for M = [2CgEt, ],

o0 o0
> amaxP(r(x.y) = %) < (4Cediam(S) Var 1,)* > 17
n=Mdam(s) r=Mdiam(S)

= Cy(diam §)>2¢.

Last, by subadditivity,

2 2
E |:max 7(x, y)i| <4E [ma;c 7(xo, y):|
Y€

x,yeS

< 4(Mdiam S)?
oo

+8(diam $) D" amaxP(r(xo,y) = W)
r=Mdiam(S) es
< Cg(diam ).

O
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Using the lemma, we find || M, [|» < Codiam(B,,) < Cyollx|l}’*. This means

172 1/4 3/4
| Var 7(0, x) — Var F,,| < 4C4Ciollx |1}/ *[1x 11" = Ciy1x ]}/,

O
3.2 Bounding the variance by the entropy
Enumerate the edges of &4 as e1, €2, .... We will bound the variance of F;, using the
martingale decomposition
o
Fn—EFy =Y Vi,
k=1
where
Vie = E[Fy | Fil — E[Fpn | Fi-1l, (3.2)
and we have written 7 for the sigma-algebra generated by the weights #.,, ..., ¢,
(with Fy trivial). In particular if X € L'(£2,P), we have
E[X | Fil = / X ((t)eega) [ m(dee,). (3.3)

i>k+1

The idea now is to compare the variance of F, to Z,fil Ent (sz). The lower bound
comes from the proof of [13, Theorem 2.2].

Lemma 3.3 (Falik—Samorodnitsky) We have the lower bound

i Ent(V2) > Var F, log[ var Fy, ] (3.4)
n > — . )
= S S HNCIAE

Proof For M € N, define I:"Ln = E[F,, | Fm]. We first use Proposition 2.4 and the
fact that 3"} | EV2 = Var F,:

M

M M 2 2 2
EV, . EV, E|Vi])
2 Ent(Vz)ZE EVZlog| —*— | = — Var F, 2 k1o )
pay et 2| ®vin? " & Var Fy, | TEV?

. . . . EV2
Next use Jensen’s inequality with the function — log and sum Z/I{W: | ﬁ(.) to get
m
the lower bound

M 2 2
- EV, ElV,
— Var F, log |:Z k. (E] k2|) :| ,
iy Var F,  EVp
which gives the lemma, after a limiting argument to pass to a countable sum. O
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Sublinear variance in first-passage percolation 235

4 Benaim and Rossignol’s approach

In this section, we explain how the argument developed in [6] can be extended, isolating
amore general condition than the “nearly gamma” condition. It includes, for example,
all power law distributions with 2 + € moments. We emphasize that the content of this
section is independent of the derivation of our main result. In [6], the authors assume
that the distribution

i = h(x)dx, h continuous

is an absolutely continuous measure such that
(supph)® :={x : h(x) > 0} C (0, 00)
is an interval. Denoting by G(x) the distribution function of the standard normal
distribution, H (x) = ff oo B(#)dr, and X an N (0, 1) variable, the random variable
Y =T(X), 4.1
with T = H™! o G, has distribution w. Recall the Gaussian logarithmic Sobolev
inequality [14,16,30]: for any smooth f : R — R

12X
Ef2(X)

Ef2(X)log < 2E(f'(X))*. (4.2)

Combining (4.1) and (4.2), a calculation yields

Ent, (f(Y)?* <2E,((¥ - fH(¥))?, (4.3)
where

_ (8oG o H)(Y)
- h(Y)

v(Y)

for any f in a suitable Sobolev space.
Benaim and Rossignol apply this inequality to the passage time, using inequality
(3.4). It is shown in [6], along the same lines as the proof of Lemma 6.3 that (4.3)

implies
S En (V) <23 E [(1// (te;) O, Fm)z] , (4.4)
k=1 j=1

with F, as in (3.1). The derivative with respect to the edge weight can be expressed
as

8te‘/. Fy = l{e_/eGeo(z,z-i-x)}- (4-5)

ﬁBm z€B,,

Observe that the right side of (4.5) is a decreasing function of the edge weight 7.
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236 M. Damron et al.

The following simple asymptotics appear in [6, Lemma 5.2]:

Lemma 4.1

goG ' (y) ~ yy/—2logy, y—0, (4.6)
go G (y) ~ (1 —y)y/=2log(l —y), y— 1. (4.7)

That is, in each case the ratio of the left to the right side tends to 1.

Suppose that there is a constant Cj» > 0 such that

H()y/=Togi _

W <Cpn2 4.8)

forallt with I <t < I+4§,with§ > 0and [ the left endpoint of the interval (supp /)°
[as in (1.9)]. The condition (4.8) holds, for example, if the density % is monotone near

T orif h(t) < (t — I1)* for some (integrable) power «. The latter condition appears in
[6, Lemma 5.3].
For M > 0 such that F(M) < 1, the expectation in (4.4) can be computed as

E [(w (te;) B, Fm)2:| — EE,, [(1/; (te;) O, Fm)2:|
=EEy; I:(l/f (tej) atej Fm)2 iley = Mi|
2
+EE,, [(w (te)) the, Fn) 51y > M} . @)

Forz.; < M, (4.6) implies that the first term in (4.9) is bounded by

2 2
(max[Clz, sup h(t)_l}) ‘Ey; (B,E,Fm) .
s<t<M !

The maximum is finite by assumption, and we have, by Cauchy—Schwarz,
2 1
E (3re/. Fm) < ﬂ?ng E (1{ej€Geo(z,Z+x)})-

From there, one can conclude the argument as in Sects. 6.2.4 and 6.3.
As for the second term in (4.9), assume first that

¥ (te)) < Cray/te;. (4.10)
This is the “nearly gamma” condition of Benaim and Rossignol. The right side of

(4.10) is increasing in le;- Using this in (4.9) together with the Chebyshev association
inequality [8, Theorem 2.14], we find
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2 , 5
BB, [(1// (re;) 3, Fm) slej > M} = CiEE,, (\/E u Fm)
2

= C%3]E (tej-) 'E(atej Fm) . 4.11)

The previous argument shows that the condition (4.10) is not necessary: it is sufficient
that ¢ be bounded by some increasing, square integrable function of 7, ;. Suppose for
example that r +— h(¢) is decreasing for > M. In this case, by (4.6), we have

(g0 G "o H) (1)

v (tej) l{tej>M} = h (fej) l{tej>M}
(1 H (1)) - 2108 (1~ H ()
<Cus p (fe,«) l{tej>M}' 4.12)

Let us denote by K (z,;) the expression in (4.12). For t > M, we have

o0 o0
l—H(t):/ h(s)ds:/ s2/3teg=23=€p(5) ds
t

t

00 1/3 00 2/3
< ( / s2t3e h(s)ds) ( / s—1—3€/2h(s)ds)
t t

< Cyi5h(t)*,

assuming h(s) is decreasing for s > M and that the distribution posesses 2 + 3¢
moments. We have used the L> — L3/? Holder inequality. This gives

K(t) < C1aCish(t)"*/=2log(1 — H(1)) - 1= m).-

Thus K (¢) is bounded by a quantity which is increasing in ¢. Using the Chebyshev
association inequality as in (4.11), we find

EEM;‘ |:(1// (tej) a[gj Fm)2 s tej > M:|
2
< (C]4C15)2]E (h_1/3 (tgj) \/—2 log (1 — H (tej)))

xE (a,ej Fm)z.

We are left with the task of estimating the first expectation, which is
/h(s)—2/3(—2 log(1 — H(s))h(s)ds = /h(s)1/3(—2 log(1 — H(s))ds.
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We again use polynomial weights and L3 — L3/?:

/h(s)1/3(—2log(1 — H(s)))ds = /s_2/3_6s2/3+€h(s)1/3(—2log(l — H(s)))ds

2/3
= (/s—l—3e/2 ds)

1/3
x (/ s2H3€(—21og(1 — H(s)))3h(s)ds) .

A further application of Holder’s inequality allows one to control the logarithm, at the
cost of an arbitrarily small increase in the moment assumption. It follows that

E (1 (1)), Fu) < CiE (3, Fu)

if the distribution u has 2 + ¢ moments. In conclusion, Benaim and Rossignol’s
argument extends to the case of distributions with 2 4+ € moments whose densities are
positive and eventually decreasing.

One can derive many variants of the above, the key point being the application of
positive association in (4.11).

5 The lower bound

In this section we derive the first generalization of Kesten’s geodesic length estimate
and show how it is used to bound the sum Z,fil (E| Vi |)2 appearing in (3.4). Let G be
the set of all finite self-avoiding geodesics.

Lemma 5.1 Assuming (1.6) and (1.7), there exists C17 > 0 such that for all x and
all finite E C &9,

Emax#(E Ny) < Crydiam(E).
reg

Proof Choose a, C; > 0 from Theorem 1.5. If #(E N y) > )\ for some y € G, then
we may find the first and last intersections (say y and z respectively) of y with V, the
set of endpoints of edges in E. The portion of y from y to z is then a geodesic with at
least ) edges. This means

PH#HENy) > forsomey € G) < #V)exp(—Con) +P (ma)‘c/ t(y,2) >a )\) .
€

y,Z
Therefore
o
Emax#(ENy) < diam(E) + > (#V)exp(~Ca2)
vey r=diam(E)

+ Z P(max (y, 2) Zax).

eV
r=diam(E) V¢
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By the inequality diam(E) > Cis#V)4 for some universal C;g, the middle term is
bounded uniformly in E, so we get the upper bound

1
Ciodiam(E) + —E max 7(y, z).
a yzeV

By Lemma 3.2, this is bounded by Cygdiam(FE). O

We will now apply Lemma 5.1 to get an upper bound on 21211(]E|Vk|)2- To do
so, we use a simple lemma, a variant of which is already found in various places,
including the work of Benaim—Rossignol [6, Lemma 5.9]. For its statement, we write
an arbitrary element w € §2 as (f,c, t.), where t,c = (¢ : f # e). Further, set

S := supsupp(u) = sup{x : F(x) < 1} e RU {oo}.
We use the following short-hand:
T, =1(2, 2+ x).
Lemma 5.2 Fore € £ and z € 74, the random variable
D, . := sup{r < S : e isin a geodesic from z to z 4+ x in (tec, 1)}

has the following properties almost surely.

1. D;, < o0.
2. Fors <t <,

Ty (tee, 1) — To(tee, s) = min{t — s, (D7, — $)+}.

3. Fors < D;,, e € Geo(z, 2+ x) in (te, 5).

Proof Part 1 is clear if S < oo. Otherwise choose any path y not including e. Then
for r larger than the passage time of this path, e cannot be in a geodesic in (t.c, r),
giving D, , < oo.

If e is in a geodesic y in (fec, t) and ¢t > s then the passage time of y decreases by
t — s in (t.c, s). Since the passage time of no other path decreases by more than 7 — s,
y is still a geodesic in (Z.c, s). This shows that

1{¢ is in a geodesic from z to z+x} 1S @ non-increasing function of 7. 5.1

Therefore if t < D, ,, e is in a geodesic in (Z.c, t) and by the above argument, for any
s < t, part 2 holds. We can then extend to s < ¢ < D, , by continuity.

If D, <s < ttheneisnotina geodesic from z to 7 4 x in (e, s). By (1.10), we
can almost surely find a geodesic y in (f.c, s) not containing e and this path has the
same passage time in (Z.c, r). However all other paths have no smaller passage time,
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SO T (tec, 1) — Tz (tee, s) = (D7 — 5)4 almost surely, proving part 2 in this case. We
can then extend the result to D; . < s < ¢ by continuity and for s < D, , <t write

Ty (tec, 1) — To(fee, 8) = T(tec, 1) — To(fec, Dze) + To(fec, Do) — Tz (tec, 5),
and use the other cases to complete the proof.
s+D; ¢

Forpart 3, lets < D, ,, so that by (5.1), e is in a geodesic y; in (fec, —5=<) from z
to x + z. Assume for a contradiction that e is not in every geodesic from z to x + z in

(tec, s), and choose y» as one that does not contain e. Because % > s, y1 is still
a geodesic in (f.c, s) and therefore has the same passage time in this configuration as
y>. But then in (¢, S+2D”) it has strictly larger passage time, contradicting the fact
that it is a geodesic. O

Proposition 5.3 Assuming (1.6) and (1.7), there exists Cy1 such that

ad s-d
SEViD? < Catllxll,* forall x.

k=1

Proof Using the definition of Vj,

1
EIVil = 5 |E ZB) v | Fi| - E ZB % | Fiet
1
<— > EE[w|A]-E[x | F]l (5.2)
#Bm ZE€By

Write a configuration w as (f<, fe, . =k ), where
tek = (te; 1 j <k) and g =(te;:j > k).
The summand in (5.2) becomes
/‘/ T (t<k, t, tp)P(dtog) _/Tz(t<k, s, ts ) p(ds)P(drs ) | m(de)P(dr )

< / / (Tt £y 1k) = ot 5 12| 1 (ds)(dD).
t>s

By Lemma 5.2 and E¢, < oo, this equals

IE// min{r — s, (Dz,ek — s)+}u(ds)u(dt)
t>s

<2 / t /  u@9n@n = CuF (D7)
5<Dz¢
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Using part 3 of the same lemma, EF (D;ek) < P(ex € Geo(z, z + x)). Therefore

1
E| Vil < szﬁ Z P(ex € Geo(z, 7+ x)).

m
Z€By

By translation invariance, the above probability equals P(ex + z € Geo(0, x)), so we
get the bound #CTZ;E# [Geo(0, x) N{er + z : z € By}]. Lemma 5.1 provides Cp3 such

m

that this is no bigger than Cp3 %. Hence

B

1-d
E|Vk| < Cogllx|l;* .

This leads to
o] 1-d [ee]
D UEViD? < Cuallxl T D EIVi]
k=1 k=1

1=d ] ad
< Cosllxlly* > D Ple € Geolz. 2+ x))

m

z€B, k=1
< Cosllxll;* .
In the last inequality we have used Theorem 1.4. O

6 Sublinear variance for general distributions

Combining the results from the previous sections, we have shown so far that if (1.6)
and (1.7) hold then

Var F, T

Var 7(0, x) < Var Fp+Cs[lx* < CaJlx 4+ log | =2 > Ent (VD).
llxll,* k=1

6.1

Our goal now is to bound the sum by C|x];. We will do this using a Bernoulli

encoding.

6.1 Bernoulli encoding

We will now view our edge variables as the push-forward of a Bernoulli sequence.
Specifically, for each edge e, let 2, be a copy of {0, 1} with the product sigma-
algebra. We will construct a measurable map 7, : 2, — R using the distribution
function F. To do this, we create a sequence of partitions of the support of 1. Recalling
I : =inf supp(p) = inf{x : F(x) > 0}, set
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ap,j =1 and ai,jzmin<x:F(x)z zl—j] forj>1land1 <i<2/ —1.
Note that by right continuity of F, the minimum above is attained; that is,
F(al,,)z% forj>1 and 0<i<2/ —1. (6.2)
Let us note two properties of the sequence.

For j > 1, ag,j =dapj = =dyj_y - (6.3)

Fori:O,...,Zj—l, X > a; j if and only if F'(x) > %andx > ap,j. (6.4)

Each w € £2, gives us an “address” for a point in the support of u. Given v =
(w1, w3, ...) and j > 1, we associate a number T (w) by

J
Tj(®) = Giw.j).j. Wherei(w, j) = > 2/ w.
=1

i(w, j) is just the number between 0 and 2/ — 1 that corresponds to the binary number
w1 - - - w;. It will be important to note that if w; < @; foralli > 1 (written w < @),
then i (w, j) < i(®, j) forall j > 1. This, combined with the monotonicity statement
(6.3), implies

w<®=Tj(w) <Tj(@®) forallj=>1. (6.5)

It is well-known that one can represent Lebesgue measure on [0, 1] using binary
expansions and Bernoulli sequences. One way to view the encoding 7" in Lemma 6.1
is a composition of this representation with the right-continuous inverse of the distri-
bution function F'. The function 7; instead uses an inverse approximated by simple
functions taking dyadic values.

Lemma 6.1 For each w, the numbers (T;(w)) form a non-decreasing sequence and
have a limit T (w). This map T : 2, — R U {oo} is measurable and has the following
properties.

1. (Monotonicity) If o < @ then T (w) < T(®). _
2. (Nesting) Forany w € 2, and j > 1, ifi(w, j) <2/ — 1 then

IA

Ai(w,j),j < T(0) < diw, j)+1,;-

3. If wx = 0 for some k > 1 then T () < o0.
4. Letting m be the product measure H, eN 71, with each 7y uniform on {0, 1}, we have

rroT_lz,u.

By part 3, T is w-almost surely finite.
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Proof The functions T are each measurable since their ranges are finite and the pre-
image of each point is a cylinder in §2,. If we show that 7; — T pointwise then T
will also be measurable. Given w € 2., we have

Jj+1

i(w, ]) -t ! _i(w,j—i—l)
5 2,22 @ = Zz wz<22 @ =TT
Therefore if x is such that F(x) > “”;;{:D then also F(x) > ’(‘5—1’) This means that

ifi(w, j) >0,

i(w,j+1)

Tj(a))zmin[x:F(x)z §min[x:F(x)zT] =Tjt1(w).

i(w, ))
57
Otherwise if i(w, j) = 0 then Tj11(®) > ap,j+1 = ao,j = Tj(w). In either case,
(Tj(w)) is monotone and has a limit 7' (w).

For part 1, we simply take limits in (6.5). To prove part 2, we note the lower bound
follows from monotonicity. For the upper bound, take w € §2, and let k > j. Then

ok Zz w,<22 PO S L P R el

J 2J
I=j+1

If w is the zero sequence then T'(w) = I and T'(w) < aj(w, j)+1,;- Otherwise we can
find k > j such that i (, k) # 0. For this k, F(x) > "L implies F(x) > 144,
giving
Ti(®) = Gj(w,k)k < Gi(w,j)+1,)-
Taking the limit in k gives the result.
In part 3, we assume that w; = 0 for some k > 1. Theni(w,k + 1) < 2kl
and therefore by part 2,
T(®) < di(w,k+1)+1,j < Aok+1_1 j < 0.
Last we must show that 7 o T7~! = y. The first step is to show that for each x € R,
7o T]fl((—oo, x]) = 7o T~ ((—o00, x]).
Consider the sets
Six) ={we 2, :Tj(w) <x}.
IfT;1(w) < xthenTj(w) < Tjy1(w) < x,sothese sets are decreasing. If w is in their

intersection then 7' (w) < x for all j. Since T (w) — T (w) this means T (w) < x and
thus w € S(x) = {w € 2, : T (w) < x}. Conversely, if v € S(x) then T'(w) < x and
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soTj(w) < T(w) < x forall j, meaning w € N;S;(x). Therefore 7 o Tj*] ((—o0, x])

converges to o T~ ((—o0, x]).
Next we claim that

x>ag;=moT; " ((—oo,x]) =27/ max [i +1:F(x) > 2’—]] : (6.6)

The left side of the equality is 7 ({w : Tj(w) < x}). The function 7 is constant on
sets of w with the same first j entries. By definition, if w has first j entries w1 - - - w;
then Tj(w) = Tj(w1 - - - 0}) = Gj(w, j),j- SO

wo T (=00, x]) =27 {(@1, ..., ®))  Giw ). j < X}
Also, since x > ay, j, (6.4) gives
, j
7ol ((—oo,xl) =27 { (w1,...,0)) : F(x) = D 27y
=1

This is exactly the right side of (6.6).
By (6.6), |7 o Tj_l((—oo, x]) — F(x)| <2/ andsom oTj_l((—oo, x]) = F(x),
completing the proof of part 4. O

6.2 Bound on discrete derivatives

In this section we prove the result:

Theorem 6.2 Assume (1.6) and (1.7). There exists Co7 such that
o
> Ent(V}) < Cylix]s.
k=1

The proof will be broken into subsections. In the first we apply Bonami’s inequality
to the Bernoulli encoding of F, to get a sum involving discrete derivatives. The next
subsection uses the quantities D, , from Lemma 5.2 to control the sum of derivatives.
In the third subsection, we give a lemma based on the theory of greedy lattice animals
and in the final subsection, we use this lemma to achieve the bound Cy7||x]||;.

6.2.1 Application of Bonami’s inequality

We will view F;, as a function of sequences of Bernoulli variables, so define
25 =[]%
e
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where 2, is, as in the last section, a copy of {0, 1}N . The measure on £2, is 7., a
product of the form [] j=1Te,j with 7, ; uniform on {0, 1} and the measure on §2p is
7 := [], 7.. Here as usual we use the product sigma-algebra. A typical element of
£2p is denoted wp and we list the collection of individual Bernoulli variables as

wp = {a)e,j:eeé'd, Jj > 1}.

Last, calling 7, the map from Lemma 6.1 on §2,, the product map T := [], T.: 25 —
£2 is defined

T(wp) = (Te(a)e):e € gd) .

It is measurable and, by Lemma 6.1, pushes the measure = forward to P, our original
product measure on £2.

We consider F;, as a function on £2p; that is, we set G = Fy, o T. The goal is
to estimate the derivative of G, so define the derivative relative to w,, ; of a function
f:2p —> Ras

(Aejf) (@) = f (we‘j’+) —f (we’j’*) :

where @ /++ agrees with w except possibly at w,. j» where it is 1, and )~ agrees
with w except possibly at w, j, where itis 0. Then the following analogue of [6, Eq. (3)]
holds.

Lemma 6.3 We have the following inequality:

o oo

Z Ent(V}) < Z Z Ey (A, jG)?.
Proof Define a filtration of 25 by enumerating the edges of &9 as {e1, e, ...} as
before and setting Gy as the sigma-algebra generated by {weh jir<k,jeN } Also

define Wy = Ex [G | Gkl —Ex [G | Gx—1]. Itis straightforward to verify that, because
P=noT !,

E[F,, | Fxl(T (wp)) = E;[G | Gx](wp) for w-almost every wp € 25.

Therefore E nt(VkZ) = Ent; (Wk2) for each k. Using tensorization of entropy (Theo-
rem 2.3),

) 00 0
Z Entz(W}) < ZEH ZZ Entq, ;W{.
k=1 k=1 j=1

e l'_

For this to be true, we need to check the condition sz € L2, or that Vi € L*. Since
Vi is a difference of martingale sequence terms, it suffices to show that 7(0, x) is in
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L*. But this follows from [10, Lemma 3.1]: if ¥ = min{z{, . .., f24} is a minimum of
2d i.i.d. variables distributed as f,, then 7(0, x) € L* if and only if EY* < co. By
Chebyshev’s inequality,

o0 o
EY® = 06/0 Y IP@e > y)* dy < C/O YoM dy,

which is finite if &« < 4d. In particular, since d > 2, one has sz e L2
Recall the Bonami—Gross inequality [7,16], which says thatif f : {0, 1} — R and
v is uniform on {0, 1} then

Ent, f2 < (1/2)(f(1) — f(O)>.

Therefore we get the upper bound 332, >, 32° Ex (A, jWi)?. For fixed
e=¢;and j,

(=)

ifk <i
Ao, jWi = 1 Ex[A, ;G | Gkl ifk=i.
Ex[Ae,jG | Gkl — Ex[AejG | Gr—1] ifk>i
The first follows because when k < i then Wy does not depend on we, ;, as this
variable is integrated out. A similar idea works for the second, noting that A, ;E;[G |

Gk—1] = 0. The third is straightforward. Using orthogonality of martingale differences,
z,fil Ex (A, Wi)? = I[‘Z;T(Ae,jG)2 and this completes the proof. m]

6.2.2 Control by edges in geodesics

The first major step is to bound the sum of discrete derivatives by a weighted average
of edge-weights in geodesics. The bound we give is analogous to what would appear
if we had a LSI for u (see the approach in Benaim—Rossignol [6]); however, we get a
logarithmic singularity as z, | I.

Proposition 6.4 There exists Cag such that for all x,

> Z]E (A, jG)* < CxuE Z(l — log F(te))LieeGeo(0.x))-
e ] 1

Proof We begin by using convexity of the square function to get
pI)ILHISHC LD 3D 3 SN B

e j=1 zeBmejl

where t, = 1(z, z + x). Write E.c for expectation relative to || fe 70 and for any
i > 1, let . >; be the measure Hk> ; e k- Further, for j > 1 write

wB = (wee, We,<j, We,j, U)e,>j)a
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where w, is the configuration wp projected on the coordinates (wyrx : f #e, k > 1),
we, < j is wp projected on the coordinates (we k : k < j) and w, -~ ; is wp projected on
the coordinates (we  : k > j).

The expectation in (6.7) is now

2
BBy By [Brey (Be70)]
1 2
= Ee |57 2 |Bns (Aeme.oon00-0)] | 68)
oe{0,1}i-1
and the innermost term is
2

Ene,zj (Tz (@ec, 0, 1, e > j) — To(@Wee, 0, 0, a)e,>j)) (6.9)

Because of Lemma 5.2, we can rewrite (6.9) as

Er, . min {(To(0, 1, 00, )) = 10,0, 00, ), (Do = To(0, 0, 02 )%}

(6.10)
Note that this allows us to assume D, , > I:

2
IEJ'[(Ae,sz)2 = Eec Z I:Eﬂe'Zj (Ae,jfz(weﬁvo‘, we,j7w8,>j)) ] 1{I<Dz,e}

271 ,
o€{0,1}-1
(6.11)
To simplify notation in the case j > 2, we write the values ay ;_1, ..., Apj-1_1 j—1
asaj,...,ay-1_y and for a fixed o € {0, 1}, ay for ai((6.0.0,.- ).j—1).j—1 (note

that this does not depend on the configuration outside of o). Also we write a;, for
the element of the partition that follows a, (when there is one; that is, when ¢ is not
(1,..., 1)). Last, we abbreviate T, (0, ¢, w,, > ) by T, (o, c) for ¢ = 0, 1. With this
notation, we claim the inequalities

ady < T, j(0,0) < T, j(0,1) <a, wheno #(1,...,1) and j>2.

The first and third inequalities follow from the nesting part of Lemma 6.1. The second
holds because of the monotonicity part. Therefore we can give an upper bound for
(6.10) when j > 2 of

0 if Dze<as

E”e,zj min{D; ¢ — ag, Tp, j(0, 1) — aa}zl{Te,‘,‘(U,O)<Dz,e} if o#{,...,1)andas < Dz, < a{,
or o=(1,...,1)

(al, — ag)? if al <D,

[Here and above we have strict inequality in the condition of the indicator function
since when T, (0,0, w, ~;) = D;., (6.10) is zero.] With this, when j > 2, the
integrand of E.c in (6.11) is no bigger than
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1 2 2
5T (a1 —ap)” +---+(as —as-1)

+Er, ., min{D; — a5, Te,j(0(Dze), 1) — as}ZI{Te,,<a(Dz,e>,<>><Dz,e}}1{1<Dz,e}~
(6.12)

Here we have written s for the largest index i such thata; < D, , and o (D, ) for the
configuration such that a,(p, ,) = a,. In the case j = 1, we have the similar upper
bound

Er, .; min{D. o — I, To 1 (1) = IV 1z, ,0) <D, ) 1{1<D...)- (6.13)
Either way, writing 1; (respectively 0;) for the configuration (1, ..., 1) (respectively
@, ...,0)) of length j,

Er, (Ac,jT)? < 2,1—_11&1 [min(Dee, Tej (Uit DUz, 0,002 | LD,

(6.14)
Note that min{D_, Te j(1;_1, 1)2} is an increasing function of we,>j (with all other
variables fixed), whereas 17, ;0,_,,0)<D. .} i decreasing (here we use monotonicity
of T,). Therefore we can apply the Harris-FKG inequality [8, Theorem 2.15] and sum
over j for the upper bound

o0 o0
I .
Er, > (Bejr) < D 557 By min{Dee. Toj (Lot DY e (T 0,1.0)
j=1 j=1

< Do) | 1y<p. - (6.15)

The goal is now to give a useful bound for this sum. To do this, we consider two
types of values of j. Note that F(D_,) > 0 and therefore for some j, F(D_,) > 27/.
So define

J(Dze) = min{j > 2 : F(D;e) > 27(j71)}.

Note that
I —log, F(D_,) < J(D;e) <2—log, F(D,,). (6.16)

We will estimate the term 7, > (7, ;j(0;-1,0) < D, ) only when j < J(D,,).
By definition, it is

[Tmex | fe: Te0. ... 0, 0 j11...) < D:.})
k>

=n.({we : T, (0, ..., 0, We j+15 - D)< Dz,e})-
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The event in §2, listed on the right depends only on w, j for k > j, soitis independent
(under m,) of the state of the first j coordinates. Thus the above equals

2 e (T(0, ..., 0, e j41,--) < Dyey @ets.nns @ej =0)
<2/7(Te(we) < Do) =2/ F(D_,).

Using this inequality for j < J(D;,.), (6.15) becomes

00 J(Dze)—1
Br, D (Ao jT2)? < 2F(D])Ex, ., Toa (D <, ) +2F(DZ,) > D Ayp.,y (6.17)
j=1 j=2
ad 1
+ > 5T |:Em’.2j min{D_ ., T, ; (1,1, 1)}2} L7<p,.)- (6.18)

J=J(Dze)

The second term on the right of (6.17) is bounded by noting that when this sum is
nonempty (that is, J(D; ) > 2), it follows that F(D_,) < 1/2andso D;, < ay 1.
Using this with (6.16) we obtain

J(Dz,e)—1

2F(DZ,) D D2.y<p.. < 2F(D7)(1 —logy F(DZ )ai 11i1<p, .-
j=2
(6.19)
We next bound Enm Te, i (11, 1)2. Because T, j(1;_1, 1) only depends on w,
through w, - ;,

Er,Tej(Lj—1, 1)* = 2B, T j(1j 1, ) e, _j=1,) = 2/ Br, T/ N0, _ =1}
Thus in (6.17),
2F(D; )Ex, ., Ten (D 1(1<p, ) < 4F (D )E, 121 <p. (6.20)
and
o0
(6.18) <2 Z []Enemin{Dz,e,Te}zl{we,g,-:l,-}] Li<p, .
j:J(Dz,e)

We now consider two cases. If D; ., < aj 1 then we use (6.16) to obtain the upper
bound

o0 o0
(6.18) < 2a7 | Z Te(we,<j = 1))1{1<p, ) = 2ai | Z 27 y<p,
jzl(Dz,e) j=J(Dz,e)

<4a7 277 P01 p, )

= Zalz,l F(Dz_,e)l{[<Dz,e}'
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On the other hand, if D, , > a1 then we use the bound
(6.18) <2 [EﬂeTezN] 1(/<p..;. where N = max{j > 1 : wp < = 1,}.

This is bounded by the variational characterization of entropy, Proposition 2.2. The
expectation is no larger than

2 Entyt? 4 2K, 12 log B, eV/2.

Because N has a geometric distribution, this is bounded by Cy9 independently of e.
As D; . > ay 1, one has F(D;,) > 1/2 and so we obtain

(6.18) < 4C29F(Dz_,e)1{1<Dz.e}'
Combined with the case D, , < aj,1, our final bound is
(6.18) < (4Cy9 + 2a12’1)F(DZ_’e)1{1<DZ_€}. (6.21)

Putting together the pieces, (6.20) with (6.19) and (6.21),

o
Er, D (Acjt2)* < C3oF (D )1<p.,) — C31 F(D_,) log F(D; ){i<p,.).
j=1

(6.22)
To bound terms of the second form we use a lemma.
Lemma 6.5 Foranyy > I, we have
—~Fy ) log F(y™) < — / log F(a) e(da). (6.23)
[1,y)

Proof Let e > 0. The function log F'(x) is increasing on (/, co). The usual Lebesgue
construction gives a measure v on (/, co) such that

v(a,b] =log F(b) —log F(a) >0
fora,b € (I, 00). Fix x € (I 4 €, 00), and consider the square
O=U+4+e,x]x{U+e,x].
It has two parts:

{(a,b) : I +€ <a <b <x}, (6.24)
{(a,b): I +€ <b <a<x}. (6.25)
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Thus,

(1 x v)(O) = // (11 x v)(dadb) +// (11 x v)(dadb).
(6.24) (6.25)

By Fubini’s theorem, the double integrals may be computed as iterated integrals

// (1 x v)(dadb) =/ n((I + €, b))v(db)
(6.24) (I+€,x]

= / (F(b™) — F(I +¢€))log F(db) (6.26)
(I+€,x]

// (10 x v)(dadb) :/ v((I + €, al)u(da)
(6.25) (I+€,x]

= / (log F(a) —log F(I + €))F(da).  (6.27)
(I+€,x]

By definition of the product measure,
(nxv)) = (Fx)— F( +¢) - (og F(x) —log F(I +¢)).

This gives the equality:
(F(x) = F(I 4+¢€))-(logF(x)—logF(I +¢)) = / F(b™)log F(db)
(I+€,x]

+/ log F(a)F(da) — F(I + €)(log F(x) —log F(I +€))
(I+e€,x]
—log F(I + €)(F(x) — F(I +¢)).

After performing cancellations, we obtain

F(x)logF(x)—F(I+6)10gF(I+e)=/ F(b™)log F(db)
(I+e,x]
+/ log F(a)F(da). (6.28)
(I+€,x]
Since F(b™) > 0, this implies the estimate
—/ log F(a) u(da) — F(I +e)log F(I +€) > —F(x) log F(x).
(I+e€,x]
Taking € | 0 and using the right continuity of F,

—/ log F(a) u(da) — F(I)log F(I) = —F(x) log F (x),
(1,x]
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where the second term is interpreted as 0 if F (/) = 0. Since F (1) = u({I1}),
—F(x)log F(x) < —/ log F(a)p(da).
[1,x]
Taking x 1 y, (6.23) is proved. O

Apply the last lemma in (6.22) with y = D, ,:

oo
S > (Al sCa Y Ee [ (-logF@) nda)
e j:l e [IsDz,e)

= CyE ) (1 —log Fte) i<, <D..)-
e

By Lemma 5.2, if t, < D, then e is in Geo(z, z + x), so this is bounded above by

C3E D (1 — log F(t))ljecGeo(z = +2))-
e

Translating back from z to 0 and putting this in (6.7) proves the proposition. O
6.2.3 Lattice animals

To bound the right side of the inequality in Proposition 6.4 we need finer control than
what is given by Kesten’s geodesic length estimates, due to the possible singularity of
log F(t,) ast, | I.The idea will be that very few edges e on a geodesic have ¢, close
to 1. To bound the precise number, we give the main result of this section:

Theorem 6.6 Assume (1.7) and EY® < oo for some a > 1, where Y is the minimum
of 2d i.i.d. variables distributed as t,. There exists C33 such that for all x € 7% and
any Borel set B C R,

E#{e € Geo(0,x) : 1o € B) < Casllx |1 u(B) 7 .

The proof will require an excursion into the theory of greedy lattice animals. We
say that a finite set of vertices o € Z is a lattice animal if it is connected (under graph
connectedness on Z?). One fundamental result on lattice animals is the following,
taken from [11, Lemma 1], which describes how a lattice animal may be covered by
boxes. We set the notation B() = [—1, []%.

Lemma 6.7 (Cox—Gandolfi-Griffin—Kesten) Let « be a lattice animal with 0 € «

and #a = n, and let 1 <1 < n. There exists a sequence xo, X1, ..., Xy € 74 where
r = |2n/1], such that xo = 0,

o C U(lx,- + BQl)), (6.29)
=0
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and
lxiy1 — xilloo <1, 0<i<r-—1.

We will use the above theorem in a similar setting to the original model for which
it is proved. Let E, denote the set of all self-avoiding paths

y:(O:UO’elvvlv"'senvvn)

which begin at the origin and contain n edges. Denote by V (y) the vertex set of y.
Assume that we have an edge-indexed set of i.i.d. variables {X,},, where X, = 1
with probability p and O otherwise, and denote the joint distribution of {X.} by Pj,;
we denote expectation under this measure by E,,. If y € &, for some n, we define
X(y) = 2 eey Xe- Last, let

N, = ;I;@:X X(y). (6.30)

The following lemma (and the proof thereof) is an adaptation of Martin’s [24, Prop.
2.2] extension of a theorem of Lee [22].

Lemma 6.8 There is a constant Cq < 00 depending only on the dimension d such
that, for all p € (0, 1] and alln € N,

E,N,

o < Cy. 6.31)

Proof Let p € (0, 1] be arbitrary. We first consider the case that np'/? < 1. In this
case, we have

E,N, 1 2d2n + 1)?p dne 1fdnde] . adil
wpld = i > EpXe s — o <2460 <37,

ee[—n,n]d

In the case that np'/? > 1, we set [ = [p~'/97. Note that for any y € &,, V(y)isa
lattice animal with n 4 1 vertices. In particular, it can by covered using the results of
Theorem 6.7. So for any s > 0,

N 1/d
Pp (np_l/d ZS) =P, (}{réasﬁx()/) > npl/ S)

<P, | max Z Xe > npl/ds

e={x,y}
x,yeUf=0(1xi+B(21))

<> P > X, =npis |, (632

X0 eees Xr e={x,y}
x,yeU_y (lxi+B(2D)
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where the outer sum is over all connected subsets of Z? of cardinality r + 1 =
1+ [2(n + 1)/1] < 5np'/? which contain the origin.
The expression in (6.32) is bounded above by

Z exp(—npl/ds)]Ep exp z X

XOseenXp e={x,y}
x,yeuf=0(lx,~+8(21))

< > exp(—np"/s) [E, exp(xo) |t izl BEMY

XOseees X

(6.33)

Now, note that

o E,exp(X,) =1—p+ pe;
e The number of vertices in B(2/) is (4 + 1)?, so

#le = {x,y} 1 x,y € Up(lx; + BQD)} < (r + DAY + 1)? < Caa(dynp'4".
e The number of terms in the sum (6.33) is at most 390+ < 35dnp!/?

Putting the above into (6.33), we have

PP (% > S) < eXp(_npl/ds)35dnpl/d [1 —p + pe]C34(d)n[71/d’l
npl/

Cay(dynp'/d
_ exp(_npl/ds)35dnpl/d ([1 R pe]l/p)

1/d
< CXp(—npl/ds)35dnpl/d I:ee_l]CM(d)np
::exp(—npl/ds +C35npl/d), 634

/d

where Css = C35(d) again does not depend on p or n. Then we have, for npl > 1,

Nn Nn e Nn
e (i) = s+ [t ] =coe [ 70 (i =2) o

o0
=< Css +/C exp (—npl/d(s - C35)) ds
35

o0
< Css +/C exp (—(s — C35))ds < C3¢
35

for some Czg = C36(d). m|
We are now ready to prove the theorem.

Proof of Theorem 6.6 Consider any deterministic ordering of all finite self-avoiding
lattice paths and denote by m(x, y) the first geodesic from x to y in this ordering.
Writing Y (0, x) for the number of edges in 7 (x, y) with weight in B, note that it

@ Springer



Sublinear variance in first-passage percolation 255

suffices to give the bound for EY 5 (0, x). Define a set of edge weights X, as a function
of t.:

1 ift, € B
Xe = .
0 otherwise
and build the random variables N,, for these weights as in (6.30).
On the event {#7(0, x) < i}, we have Yg(0, x) < N;. Therefore, for all x € 74
and x € N,

EYp(0,x) < ENgjy, +E [#JT(O, x)l{#n(o,x)>K||xn1}]

o0
= EN¢|x| +/ P@#m(0,x) > s)ds
K

lIx1

o0
< Carllx (B4 +/ P (#7(0, x) > s)ds.

K llxllt

To bound the integral above, we use the technique of Kesten (see Eq. (2.26)—(2.27)
in [21]). For b, j > 0, denote by D(J, b, x) the event that there exists a self-avoiding
path r starting at the origin of at least j||x||; steps but t(r) < jb|x]|1. Then for any
b >0,

P #m(0,x) > jlxll) =P (20, x) = bjllxl) + P(D(j, b, x)). (6.35)

By our assumption EY* < oo, [10, Lemma 3.1] implies that there exists C37 such
that for all x, Ez (0, x)* < Cs7|x||{. Thus for arbitrary x € 74,

P (0, x) = bjllxll1) = C37/(B))*.

Due to assumption (1.7), we may use Theorem 1.5 to see that, for b smaller than
some by > 0 (which depends on d and p), the probability of D(j, b, x) is bounded
above uniformly in j and x by exp(—Csgj||x||1). Inserting this bound into (6.35), we
see that for b small enough,

P #m(0.x) > jlxll1) < (Z?;a

+exp(—Csgjllxll1).

In particular, setting r = s/||x||1,

[ee] C3
EYg(0, x) < Caxllx|lip(B)4 +||x]I; / ( ] +6XP(—C38VIIXII1)> dr

«  \(br)®
Csollx|ls
< Cakllxlhu(B) + ===
for some constant C39. Choosing x = [u(B)~!/ (@d)y completes the proof. O
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6.2.4 Finishing the proof of Theorem 6.2

We use Theorem 6.6, with a dyadic partition of [/, co): let
xo=o00 and x, =min{x: F(x)>2""} forneN.

Note that for any edge e, #, almost surely lies in one of the intervals [x;, x;_) for
i > 1. Thisis clearif I < t,. Otherwise we must have u({/}) > 0 and we simply take
i to be minimal such that 27 < u({I}).

Now the right side of the inequality in Proposition 6.4 can be rewritten as

o
Cas D D E[(1 —log F(t)ljecGeotz.c ) Lireelxi i 1)]

i=1 e

o
< Cys > (1 —log F(x;)E#{e € Geo(z, 2+ x) : t € [, x; 1)),
i=1

By Theorem 6.6 with o = 2, this is bounded by

o0
CasCasllxlli D (1 —log F(xi)) F(x;_ )"/ @9
i=1

< CCaslixll Y, 570 = Collh.
i=1

6.3 Proof of Theorem 1.1

For x € Z4, if Var F,, < ||x||Z/ 8 then by Proposition 3.1, we are done. Otherwise,
under assumptions (1.6) and (1.7) we can use (6.1) to find for some C;3

Var 7(0, %) = Callx[}"* + [log | |x||1/8]] ZEnt(Vk)

By Theorem 6.2, 322 | Ent(V?) < Callx]l1, so

34, 8Corllxllt _ Caollxlh
I+ <

\V; 0,x) <C '
ar 7(0,x) < C3lx log xlli ~ log [lxIh
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