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Abstract This paper is devoted the study of the mean field limit for many-particle
systems undergoing jump, drift or diffusion processes, as well as combinations of
them. The main results are quantitative estimates on the decay of fluctuations around
the deterministic limit and of correlations between particles, as the number of particles
goes to infinity. To this end we introduce a general functional framework which reduces
this question to the one of proving a purely functional estimate on some abstract
generator operators (consistency estimate) together with fine stability estimates on
the flow of the limiting nonlinear equation (stability estimates). Then we apply this
method to a Boltzmann collision jump process (for Maxwell molecules), to a McKean—
Vlasov drift-diffusion process and to an inelastic Boltzmann collision jump process
with (stochastic) thermal bath. To our knowledge, our approach yields the first such
quantitative results for a combination of jump and diffusion processes.
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1 Introduction

Fundamental in Boltzmann’s deduction of the equation bearing his name is the
“stosszahlansatz”, or chaos assumption. Vaguely expressed this assumption means
that when two particles collide, they are statistically uncorrelated just before the colli-
sion. After the collision they are not, of course, because, for example, the knowledge
of the position and velocity of one particle that just collided gives some information on
the position of the collision partner. And while the correlations created by collisions
decrease with time, they never vanish in a system of finitely many particles, and hence
the Boltzmann assumption could only be true in the limit of infinitely many particles.

A mathematical framework for studying this limit is the so-called BBGKY hierar-
chy (see Grad [17], Cercignani [9] and the book [11] by Cercignani et al), which con-
sists of a family of Liouville equations, each describing the evolution of an N-particle
system (deterministic, in this case), and whose solutions are densities in the space of N-
particle configurations in phase space. The BBGKY hierarchy describes in a systematic
way the evolution of marginal distributions. Formally, and under appropriate assump-
tions, most notably the chaos assumption, the one-particle marginal of solutions to the
N-particle Liouville equation, converges to solutions of the Boltzmann equation.

It would take until 1974 before a mathematically rigorous proof of this statement
was given by Lanford [27]. While this is a remarkable result, it only proves that the
Boltzmann equation is a limit of the N -particle systems for a fraction of the mean free
time between collisions, and this is essentially where the problem stands today (see
however [22] for a large time limit in a near to the vacuum framework; it is worth
emphasizing that in such a framework no more collisions occur than in Lanford’s
framework).

In order to avoid some of the difficulties related to the deterministic evolution of a
real particle system, Kac [23] invented a Markov process for a particular N-particle
system, and gave a mathematically rigorous definition of propagation of chaos. He
then proved that this holds for his Markov system, and thus obtained a mathematically
rigorous derivation of a simplified (spatially homogeneous) Boltzmann equation in
this case, usually called the Kac equation.
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A new approach to quantitative propagation 3

Kac’s work provides the framework of this paper, and we will now describe our
main results. We let E be the state space of one particle (usually Rd, but metric, sep-
arable and locally compact is fine). A sequence of probability measures (fV )7\,0:0,
where each fV e P(EV) is symmetric in the sense that it is invariant under per-
mutation of the coordinates, is said to be f-chaotic for some probability measure
f € P(E) if for each k > 1 and functions ¢; € Cp(E), j = 1, ..., k, (continuous
bounded),

mQ/H@@M<mw.wM—H/@@ﬂw (L0

v =1 =1g

We next consider a family of time dependent probability measures ( f;¥ )10\,020, being the
distributions of the states of Markov processes in E”V. The Markov process is said to
propagate chaos if given an initial family of N-particle distributions ( fllr\[ )?ZO, that is
fin-chaotic, there is a time dependent distribution f; such that ( ftN );’vo:l is fr-chaotic.
In this paper we are interested in specific equations that govern the evolution of f;; but
it is important to bear in mind that they are in general nonlinear, and it may be difficult
to prove well-posedness in function spaces relevant for proving the propagation of
chaos.
The main results of this paper are abstract. We consider:

o the family of N-particle systems represented by a Markov processes (ZtN )i>0 in
some product space E N with Z,N = (Z14,..., 2ZN,1), and the corresponding
probability distributions (¥ )7\,0: |» solving Kolmogorov’s backward equations’,
and where the distributions f;" belong to a suitable subspace of P(E™),

e a (nonlinear) equation defined on a subspace of P(E), which is the formal limit of
the equations governing one-particle marginals of ftN :

d
5,1 =202Un, fin € P(E). (1.2)

Then we:

e provide conditions on the processes and related function spaces that guarantee that
(f/v);,o:l is f;-chaotic for ¢ > 0,

e give explicit estimates of the rate of convergence in (1.1): more precisely, for any
T >0, eNand¢; € F C Cp(E)(j =1,...,0), there is a constant €(N)
converging to zero as N — oo such that

sup /H@@Ummw.@m—ﬂ/@@ﬁquw>aa

te[0,T] 1
J=LE

1 As we will see in the following section, the formalism also works if Z,N satisfies a deterministic evolution,
in which case Liouville’s equations replace Kolmogorov’s backward equation.
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4 S. Mischler et al.

which holds for N > 2¢ and a suitably chosen space F; if F is dense in Cp(E),
this implies in particular the propagation of chaos.

To this end, our starting point is a technique that goes back at least to Griinbaum
[21], which consists in representing an N-particle configuration Z as a sum of Dirac
measures,

N
1
2V =@ 2nn) o nly =5 D 0z, € PE)
j=1

and proving that, in a weak sense, Mg,” converges to le . In fact, because Z,N is
random, /LZ v is a random measure in P(E), which has a probability distribution
t

WN ¢ P(P(E)). Proving the propagation of chaos is here equivalent to proving that
\IJtN — 68, in P(P(E)) when N — oo. The error €(N) is dominated by, on the one
hand, how well the initial measure fi, can be approximated by a sum of N Dirac
measures, and, on the other hand, estimates comparing the equations for ftN and
fi- These estimates depend on rather technical assumptions, and although the abstract
main theorem is stated in Sect. 2, the assumptions are stated in full detail only in Sect. 4.

With the main theorem of this paper in hand, proving the propagation of chaos for
a particular N-particle system is reduced to proving:

(i) a purely functional estimate on the dual generator G of the N-particle dynamics
which establishes and quantifies that, at first order, GV is linked to the mean field
limit generator Q (consistency estimate);

(i) some fine stability estimates on the flow of the mean field limit equation involving
the differential of the semigroup with respect to the initial data (stability estimates).

Point (i) of our method is largely inspired from the “duality viewpoint” of Griin-
baum’s paper [21] where he considered the propagation of the chaos issue for the
Boltzmann equation associated to hard-spheres (unbounded) kernel. As he confessed
himself the proof in [21] was incomplete due to the lake of suitable stability estimates,
i.e. precisely the point (ii) of our method.

It is worth emphasizing that after we had finished writing our paper, we were
told about the recent book [26] by Kolokoltsov and his series of papers on non-
linear Markov processes and kinetic equations. These interesting works focus on
fluctuation estimates of LLN and CLT types in the general framework of nonlin-
ear Markov processes, and in some sense they generalise to several other kinetic
models the Griinbaum’s duality viewpoint (although Kolokoltsov seems to not be
aware of that earlier work). However we were not able to extract from these works
a full proof in the cases when the generator is an unbounded operator and weak dis-
tances have to be used. While the comparison of generators for the many-particle
and the limit semigroup present in both [21] and [26] is reminiscent of our work, we
believe that the main novelty of the present paper is to achieve, for the first time, both
the fine stabilities estimates in point (ii) and the consistency estimate in point (i) in
appropriate spaces (with weak topologies), in such a way that they may be combined
and they lead to the already mentioned propagation of chaos result with quantitative
estimates.
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A new approach to quantitative propagation 5

We illustrate the method by proving the propagation of chaos for three different
well known examples:

(a) We first consider the Boltzmann equation for Maxellian molecules with angular
cutoff. For such abounded kernel case the result is well-known since the pioneering
works of Kac [23,24] and McKean [29] (who prove the propagation of chaos
without any rate) and from the works by Graham and Méléard [18-20,30] (where
the authors establish the propagation of chaos with optimal rate O(1/N)). In these
papers, the cornerstone of the proof is a combinatorial argument applied to the
equation on the law (Wild sum expansion) or to the stochastic flow (stochastic
tree). These approaches are restricted to a constant (or at least bounded) collision
rate.

(b) The second example is the McKean—Viasov model. For such a model again, prop-
agation of chaos is well-known and has been extensively studied. One of the most
popular and efficient approaches to deal with this model is the so-called “cou-
pling method” introduced in the 1970s, which yields the optimal convergence rate
O(1/+/N) (note that the difference between these two optimal rates in (a) and
(b) comes from the fact that they are not measured with the same distance). We
refer to the lecture notes [30,36] as well as to the references therein for a detailed
discussion of that method. We also refer to [5] and the references therein for recent
developments on the subject.

(c) Thethird example is a mixed collision—diffusion equation which arises from granu-
lar gas modeling. For such a model, it seems that both the “combinatorics method”
and the “coupling method” fail while our present method is robust enough to apply
and yield quantitative chaos estimates. Let us also emphasize that the BBGKY
method and the nonlinear martingale method (see again [30,36] or [1,31]) may
also apply but would give a propagation of chaos without any rate since they are
based on compactness arguments.

Let us emphasize that it is not difficult to write a uniform in time version of Theorem
2.1: in short, if the assumptions (A1) to (AS5) are satisfied with 7" = 400, then the
conclusion of the main abstract Theorem 2.1 holds with 7 = +o00 and the proof is
unchanged. But such an abstract theorem does not readily apply to the examples (a),
(b) and (c) discussed above. More precisely, it is indeed possible to prove quantitative
uniform in time propagation of chaos by our method (for the elastic Boltzmann model
for instance), but the price to pay is a significant modification to the set of assumptions
(A1) to (AS). This issue is addressed in our companion paper [32] where the abstract
method is developed in a more general framework in order to (1) apply it to Boltz-
mann collision models associated to unbounded collisions rates, (2) develop a theory
of uniform in time propagation of chaos estimates. We shall consider the question
of uniform in time chaoticity estimates for the McKean—Vlasov equation in future
works.

These three examples illustrate the generality of the method that we study: the same
abstract framework can be used to prove propagation of chaos for N-particle systems
that have not yet been analysed as well as for models that have been studied before
but with conceptually different methods. But we chose to emphasize generality over
optimality of the result. By optimizing the method of proof for a specific problem one

@ Springer



6 S. Mischler et al.

can certainly obtain sharper results, for example in terms of the rate of convergence as
a function of N or in the choice of topologies for which convergence can be proven.
We did not pursue this goal in this paper.

Also, in applying the abstract theorem to a concrete model, one is faced with
the challenge of finding functional spaces that satisfy the conditions of our abstract
convergence theorem and are adapted to the model. In many cases, like for the three
examples presented here, existing theory for the N -particle systems and for the limiting
equations may give a strong hint on what choices to make, but in other cases this could
present serious difficulties. Another guiding principle is the consistency estimates
between the generators of the N-particle system and the limit equation which constrain
the norms or metrics that can be used and hint at the losses on the norms or metrics at
the basis of the scale of spaces used in the stability estimates.

In spite of a cost of technicality, the original approach proposed by Grunbaum, even
if originally incomplete, seems to us intuitively very attractive, and with Theorems 2.1,
5.1, 6.2 and 7.1 we make this approach into a mathematically rigorous theory.

The plan of the paper is as follows. In Sect. 2, we present the method in an abstract
framework, by first setting up a functional framework that is appropriate for comparing
the N-particle dynamics with the limiting dynamics, and we establish the abstract
quantitative propagation of chaos (Theorem 2.1). The main steps of the proof are
given as well, but these rely on some technical assumptions and lemmas which are
postponed to Sect. 4. The functional framework is developed with the necessary details
in Sect. 3, where we also develop a differential calculus for functions on P(E), as
needed for studying the nonlinear semigroup. In Sect. 5, we apply the method to the
Boltzmann equation associated to the Maxwell molecules collision kernel with Grad’s
cut-off. In Sect. 6, we apply the method to the McKean—Vlasov equation, and finally, in
Sect. 7, itis applied to some mixed jump and diffusion equations motivated by granular
gases.

2 Propagation of chaos for abstract N-particle systems

In this section we introduce the mathematical notation used in the paper, make precise
statements of the results, and describe the main steps of the proof, leaving the details
of the proofs to the next sections.

2.1 The N-particle system

The phase space of the N-particle system is> EV/Sy. Here E is assumed to be a
locally compact, separable metric space, and Gy denotes the symmetric group of
order N. This means that we identify all points in the N-particle phase space that can
be obtained by permutation of the particles, so that if Z = (z1,...,zny) € E i /SN
we have (z1,...,2n8) ~ (2Zoy, ..., 20y), Where (o1, ..., oy) is any permutation of

2 The phase space of a realistic N-particle system may be a subspace of the N-fold product, determined
e.g. by energy constraints or by the fact that particles of finite size may not overlap. However, in the limit
N — 00, all of E should be accessible for any given particle.

@ Springer



A new approach to quantitative propagation 7
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Fig. 1 A summary of spaces and their relations. Semigroups are in most cases given together with their
generators, as in StN {A

{1,..., N}. The evolution in phase space may be a stochastic Markov process or the
solution to an Hamiltonian system of equations. In both cases, we denote by (Z,N )i=0
the flow of the process.

Figure 1 illustrates the relation between the different objects that we consider.
The N-particle system is represented in the upper left corner of Fig. 1. The different
mathematical objects in this diagram are explained along the following subsections.

2.2 Master equations, Liouville’s equations and their duals

Let Psym (E N') denote the probability measures on EV that are invariant under permu-
tation of the indices in Z = (z,...,2zN) € EN . The flow ZIN induces a semigroup
of operators S}¥ on Psym(E") defined through the formula

V£ € Pym(EY), ¢ € C(EN),
(s¥ e} =E(0(2)) = [ B2 (o (2Y)) i¥@zm. D

EN
where the bracket denotes the duality bracket between P(E Ny and Cp(EN):

(f.¢) = /</>(Z)f(dZ),
EN

and Ez, denotes the conditional expectation with respect to the initial condition Zi’r\ll =
Zin. This semigroup is the solution to Kolmogorov’s forward equation in the case where
(Z,N )r>0 is arandom process (this equation is often called the master equation), and of
the Liouville equation in the Hamiltonian case. We always assume that S preserves
the symmetry under permutation, and therefore restricts to an evolution semigroup on
Psym(E NY. There is a dual semigroup of S N that acts on Cp(EY), the set of bounded
continuous functions on EV. We write this semigroup TtN , and denote its generator
by GV. The two semigroups are related by

(£, 1 0) = (s ™. ). 22)

@ Springer



3 S. Mischler et al.

Markov processes such that (1) TtN is a contraction in Co(E™N), the set of continuous
functions that vanish at infinity, and (2) ¢ +— TtN ¢ is continuous for any ¢ € Co(E Ny,
are known as Feller processes.

Hence the upper part of the diagram represents a (random) process, and its distrib-
utions. The lower part of the diagram essentially shows the same thing as induced by
the map Mg , as we shall now see.

2.3 The limiting dynamics
The components (z1, ..., zy) of Z € EN /Gy represent the positions (in generalized

sense, i.e. in the phase space E) of the N particles. These N particles can also be
uniquely? represented as an empirical measure, that is a sum of Dirac measures:

N
1
Z=(1,....2n) > ,u§=ﬁ > 5., (2.3)
j=1

The resulting measure is normalized so as to give a probability measure, which is
obviously independent of any permutation of the indices. The set of such empirical
measures is denoted by Py (E). Probability measures on E are denoted by P(E), so
that Py (E) C P(E).

When the number of particles go to infinity, we may have u§ — f € P(E),
where now f is a distribution of particles in £. We call a “limiting equation for the
N -particle systems” the (usually nonlinear) equation of the form (1.2) that is satisfied
by the probability distribution f; obtained as the limit of Mg , and we write its solution
in the form of a nonlinear semigroup S™-:

fo=SM(fin)
is the solution of
o fr =01,  fo= fin-

The main result of this paper can be seen as a perturbation result: given a solution
to the limiting equation, we consider a sequence of measures ,ug_ € Pn(E) such that

M%n — fin
and prove that for all # in some interval 0 <t < T,
1y = SN (fin).

The convergence is established in the weak topology for the law of the random empir-
ical measures, as will be explained next.

3 The equivalence of particle configurations under permutation is used here.
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A new approach to quantitative propagation 9

2.4 N-particle dynamics of random measures and weak solutions of the limiting
equation

A random point Z € EVN with law fV e Psym (E N can be identified with a random
measure, denoted by ,ug € Pn(E), whose law is induced from f N 'We denote this law
ng fN e P(P(E)). Note that since E is a separable metric space, then so is P(E) by
Prokhorov’s Theorem, and we may define the space P(P(E)) of probability measures
on P(E), as well as the set of continuous bounded functions, denoted Cp(P(E)),
which is the dual of P(P(E)). In Sect. 3 we will discuss how the choice of topology
on P(E) influences C,(P(E)).

The nonlinear dynamics given by the semigroup is deterministic and defines a
semigroup of operators on Cp(P(E)), in a way that is reminiscent of the Egs. (2.1)—
(2.2) but now using the duality structure between Cp, (P (E)) and P(P(E)). We define,
for any fin € P(E) and ® € Cp(P(E)),

NL
Sl‘

TR0 (fin) = (SN (fin)) -

The semigroup 7, is called the pullback semigroup of SM-. As we shall see, it plays
a similar role for the deterministic limiting flow StNL associated with the Eq. (1.2)
(lower half of the diagram), as the one the semigroup TtN plays for the flow ZtN at
the level of the N -particle system (upper half of the diagram): in both cases these are
the dual statistical flows. Note that for making sense of the pullback semigroup 7,>°
on Cp(P(E)), one needs the map fi, — S,NL( fin) to be continuous, and this will be
a major issue when all arguments are made precise.

To connect the N-particle dynamics with the limiting dynamics, we also need
mappings between Cyp(EN) and C,(P(E)). On the one hand

N [cb(P(E)H Cy(EY)
o= ¢

is dual to the map P(E) 3 VN nng € P(P(E)), and is defined by
VZeEN, ¢2)= (nNcb) (Z) = @ (Mg) ,
where the empirical measure ug is defined through (2.3). On the other hand

RN . [ Ch(EN) = Cy(P(E)) o

> D

is defined in the following way: for each ¢ € C,(E™), RV [¢] is evaluated at the point
f e P(E) as

£ RIS = RY (f) = /¢(m, aw) fzn) . fdzy), (25)
EN
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10 S. Mischler et al.

which can be interpreted, as we shall see later, as a real valued polynomial taking
probability measures as arguments.

2.5 The abstract theorem

We are now ready to give a more precise version of the main abstract theorem. The
exact statement involves rather technical definitions, and its validity depends on five
assumptions, (A1) to (A5) which are properly stated in Sect. 4. The first assumption
is the requirement of symmetry under permutations that has already been stated. The
remaining conditions are (1) estimates on the regularity and stability of the nonlinear
semigroup, and (2) consistency estimates that quantifies that the N-particle systems
and the limiting semigroup are compatible.

Theorem 2.1 (Fluctuation estimate) Consider a process (Z,N )i=0 in EN /SN, and
the related semigroups StN and TIN as defined above. Let f;, € P(E), and consider a
hierarchy of N-particle solutions ftN = StN(fi%N), and a solution f; = StNL (fin) of
the limit equation. We assume that (A1) to (AS) hold.

Then there is an absolute constant C > 0 and, for any T € (0, 00), there are
constants C, Cr > 0 (depending on T) such that for any N, € € N*, with N > 24,
and for any

P=01® @ @ eF®, ¢ieF, lpillr<l,

we have
sup <(S,N (Fi™) = (S;NL(fin))@N) 9 ® 1H>
[0.7)
e 2 ~ g3
=Cy*+cCrt e(N) + Cr QG (fin), (2.6)
with
QF (fin) = / distg, (Mg , fm) 12N (dz). 2.7

EN
The space F C Cp(E) and the distance distg, are defined later in Sect. 4.

We have used the notation ¢ = ¢ ® - - - ® ¢y to denote

©(z1, ..., 20) = 01(21)92(22) - . . e(ze),

and ¢ ® 1V~¢ to denote
@11, ) = e1De(22) - pe(z0).
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A new approach to quantitative propagation 11

We first note that the left hand side of (2.6) is the same as the left hand side of (1.3),
the only difference being that the initial data to the N-particle system are assumed
to factorize: fllﬂv = f-f’N , where fj, is also the initial data to the limiting nonlinear
equation. This is a stronger hypothesis than merely requiring the initial data to be
chaotic (where the initial data to the N-particle system may factorize only in the limit
of infinitely many particles). This restriction simplifies the proof, but it can easily be
relaxed at the cost of some additional error terms.

The restriction to test functions of the form ¢ ® - - - @ ¢ ® 19V=0 i e functions
depending only on the first ¢ variables, corresponds to analysing £-particle marginals.
Hence the theorem implies the propagation of chaos as soon as F is dense in C,(E)
in the topology of uniform convergence on compact sets. This condition is satisfied in
all examples given below.

2.6 Main steps of the proof

The proof begins by splitting the quantity we want to estimate,

<(S[N i) = (sﬁL(ﬁa)@N) 9® 1N€> ,

in three parts, each one corresponding to one of the error terms in the right hand side
of the Eq. (2.6):

KS,N (2N - (S,NL<fm>)®N P ® 1®N“>
< [[sM 2. 0 @ 19V ) (¥ (1), Rlg1 0 )
(7Y, TN RU 010 1)) — (FEV. TR gD 0 1))

{72V, R e 0 i)~ (SN DB p)| = T+ T+ T (28)

Then each of these terms is estimated separately:

(1) The first term, 77, is bounded by C¢?/N, as proven in Lemma 4.2. From the
definitions of R and ;LIZV , it follows that R’Z [l Z) is a sum of terms of the form

¢(zj,-..,2j,), where each index ji, ..., j¢ is taken from the set {I,..., N}.
The error is then due to the fraction of terms for which two or more of the indices
Jji, ..., je are the same. Hence the estimate of 77 is of purely combinatorial

nature, and only depends on the symmetry under permutation, i.e. the assumption
(A1).

(2) The estimate of the second term, 75, relies on the convergence of the N-particle
semigroups 7,V to the limiting semigroup 7,>°. This is where the N-particle
dynamics and the limiting dynamics are compared. The estimate can be found
in Lemma 4.3, which depends on the consistency assumption (A3) on the gen-
erators and the stability assumption (A4) on the limiting dynamics. While the
generator GV of T,V can be defined in a straightforward manner, defining and
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12 S. Mischler et al.

estimating the generator G* of 7,° requires a more detailed analysis. It indeed
involves derivatives of functions acting on P(E), and the required differential
structure depends on the topology and metric structure chosen on P(E). The
generator G*° is characterized in Lemma 4.1. The assumption (A4) is proved
by establishing refined stability estimates on the limiting semigroup, showing
their differentiability according to the initial data in a metric compatible with the
previous steps.
(3) For the last term 73, we note that

TR el = RG] (S (1)) = (M@ o).

which means that the nonlinear limiting equation is solved taking a sum of Dirac
masses as initial data, and an £-fold product of the solution is integrated against
@. The resulting function of Z = (z1, ..., zy) is then integrated against fifN s
which amounts to taking an average over all initial data such that the position of
the N particles are independently taken at random from the law f;,. When N is
large, the random empirical measures Mg are close to fip,i.e. fDV ( fif?N ) = 8f,1in
P(P(E)). This implies that the term 73 vanish in the limit when N goes to infinity.
However the rate of this convergence sensitively depends on the regularity of the
test function ¢ and on the continuity properties of SV*. In all cases considered
here, the error 73 dominates the other error terms, and effectively determines the
rate of convergence in the propagation of chaos. The precise result, together with
the required assumptions, is given in Lemma 4.5.

3 Metrics on P(E) and differentiability of functions on P (E)

This section contains the technical details concerning the space of probability measures
on P(E) and its dual, that is the space of continuous functions acting on P(E).

3.1 The metric issue

‘P(E) is our fundamental “state space”, where we compare the marginals of the N-
particle density f;" and the chaotic infinite-particle dynamics f; through their observ-
ables, i.e. the evolution of continuous bounded functions on EV and P(E) respectively
under the dual dynamics 7, and 7,%°.

There are two canonical choices of topology on the space of probabilities, which
determine two different sets Cp(P(E)).

On the one hand, for a given locally compact and separable metric space &, the
space M ! (&) of finite Borel measures on & is a Banach space when endowed with the
total variation norm:

VieM' &), Ifllrv:i=frE+ (&)
= sup  (f, ) = sup (. o),

$eCp(2), [9llo=1 $eCo(E), dllo=1
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where f = f* — f~ stands for the Hahn decomposition and the equality between
the two last terms comes from the fact that £ is locally compact and separable.

We recall that fi v, f (strong topology) when (fi) and f belongs to M'(£) and
I fx — fllrv — 0 when k — oo, and that f; — f (weak topology), if

Vo eCp(2) (f @)= lim (fi.0).

The associated topology is denoted by o (M L&), Cp(E)). However, the weak con-
vergence can be associated with different, non-equivalent metrics, and the choice of
metric plays an important role as soon as one wants to perform differential calculus
on P(&).

In the sequel, we will denote by C, (P (E), w) the space of continuous and bounded
functions on P(E) endowed with the weak topology, and C,(P(E), T V) the space of
continuous and bounded functions on P(E) endowed with the total variation norm.

It is clear that Cp,(P(E), w) C Cp(P(E), TV) since fi KA f implies fy — f.

However, the supremum norm ||®||zp(g)) does not depend on the choice of
topology on P(E), and endows the two previous sets with a Banach space topology.
The transformations 7 and RV satisfy:

770, = 19lepae) and IRV ey < Wiy (GD)

The transformation 77 is well defined from Cj,(P(E), w) to C»(E™N), but it does
not map Cp(P(E), TV) into Cp(EN).

In the other way round, the transformation RY is well defined from C,(E™N)
to Cp(P(E), w), and therefore also from C,(EN) to Cp(P(E), TV): for any ¢ €
Cy(EN) and for any sequence f; so that the weak convergence f; — f holds, we
have £ — &N and then RN [¢1(fr) — RV[1(f).

The different metric structures associated with the weak topology are not seen at
the level of Cp (P(E), w). However any norm (or semi-norm) “more regular” than the
uniform norm on C,(P(E)) (in the sense of controlling some modulus of continuity
or some differential) strongly depends on this choice, as is illustrated by the abstract
Lipschitz spaces defined below.

Definition 3.1 Let mg : E — R, be given. Then we define the following weighted
subspace of probability measures

Pg(E) :={f € P(E); (f,mg) < o0},
together with a corresponding space of “increments”,
IPG(E) :={f1— f25 fi. f» € Pg(E)}.

If moreover there is a vector space G (with norm denoted by || - ||g) which contains
IPg(E), we then define the following distance on Pg(E)
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14 S. Mischler et al.

Y fi, fa € Pg(E), disig(fi. f2) = Ilfi — fallg.
Remark 3.2 Note carefully that the space of increments ZPg (E) is not a vector space
in general.
Now we can define a precised notion of equivalence of metrics:

Definition 3.3 We say that Pg (E) has a bounded diameter if there exits Kg > 0 such
that

Y f e Pg(E), distg(f, g) < Kg

for some given fixed g € Pg(E).

Two metrics dy and d; on Pg(E) are said to be Holder uniformly equivalent on
bounded sets if there exists k € (0, 00) and for any a € (0, co) there exists C, €
(0, o0) such that

1
Y fi, f» € BPg,, ol [da(f1, 2)1° <di(f1, f2) < Cqlda(f1, f2)I°
where

BPgq:={f € Pg(E); (f.mg) <a}.
Finally, we say that two normed spaces Gy and G| are Hdolder uniformly equivalent
(on bounded sets) if this is the case for the corresponding metrics.

We also define the vector space UC(Pg(E); R) of uniformly continuous and
bounded function ¥ : Pg(E) — R, where the continuity is related the metric topol-
ogy on Pg(E) defined by distg above. Observe that this is a Banach space when
endowed with the supremum norm.

Example 3.4 With the choice mg := 1, || - llg := || - l[rv we obtain Pg(E)(E) =
(P(E), TV) endowed with the total variation norm.

3.2 Examples of distances on measures when E = R
There are many ways to define distances on P(E) which are topologically equivalent
to the weak topology of measures, see for instance [6,34].
We list below some well-known distances on P(Rd) or on its subsets
PyRY) = {f € PR?Y); M,(f) <00}, ¢q >0,
where the moment M, (f) of order g of a probability measure is defined as

My(f) = (f, ), =1+

These distances are all Holder uniformly equivalent to the weak topology o (P(E),
Cp(E)) on the bounded subsets
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A new approach to quantitative propagation 15

BPo(E) = {f € Py, My(f) = a

for any a € (0, oo) and for ¢ large enough. For more informations we refer to [12].

Example 3.5 (Dual-Holder, or Zolotarev’s, distances) Denote by distg a distance on
E and fix z9 € E (e.g. zo = 0 when E = R in the sequel). Denote by Lipg(E) the
set of Lipschitz functions on E vanishing at one arbitrary point zg € E endowed with
the norm

[l =[] ==  sup lp(2) — @2
’ sieE, 12z distp(z,2)

We then define the dual norm: take mg := 1 and endow Pg(E) with

Vf gePg(E), [g— fli:= sup M (3.2)
peLipoE) Lol

Example 3.6 (Monge—Kantorovich—Wasserstein distances) For q € [1, 00), define
Pg(E) = Py(E) = {f e P(E); (f.mg) := (f, dist(-, vo)q) < oo}

and the Monge-Kantorovich—Wasserstein (MKW) distance W, by

Vg €Py(E), Wi(f g := inf / distg(z,2)? p(dz,dz),  (3.3)
pel'l(f,g)E .
X

where IT1(f, g) denote the set of probability measures p € P(E x E) with marginals
f andg (p(Ax E) = f(A), p(E x A) = g(A) for any Borel set A C E). Note that
for Z, Z € EN and any ¢ € [1, c0), one has

1/q
Wy (MZ,M~) —dzq(EN/GN)(Z Z) = 12111 ( ZdlStE(Zz,Za(z))q) s
oeBy

(3.4)

and that

VfigeP(E), Wi(f.e)=[f-gli= sup (f—g.¢) (3.5)
$<Lipo(E)

as well as
Vg ell, ), Yf, gePy(RY, Wi(f,g) < Wy(f. 2. (3.6)

We refer to [40] and the references therein for more details on the Monge—
Kantorovich—Wasserstein distances and for a proof of these claims.
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16 S. Mischler et al.

Example 3.7 (Fourier-based norms) For E = R, mg =1, let

VfeTPgE), lflg=Ifls:= sup |f(i)|’
SERd <‘5;:>

We denote by H™* (which includes ZPg(FE) for s large enough) the Banach space
associated to the norm | - |s. Such norms first appeared in connection with kinetic
theory in [16].

Example 3.8 (Negative Sobolev norms) For E = R?, mg =1, let

f@©

— , §>0.
(&)

L2(R4)

VfeTPg(E), Ifllg=I1flg-swa) = ”

We denote by H™* (which includes ZPg(E) for s large enough) the Hilbert space
associated to the norm || - || g-s.
For E = Rd, mg = 1, and some integers k, £ > 0, we also define

VIeTPGE), flg=Iflly+ga = Jup (e,
ol =

where

oty = 3 [ 100 @ dz.

|| <k

Rd

We denote by H:é‘ (Rd) (which includes ZPg (E) for k large enough) the Hilbert space
associated to the norm || - || ;& R4y
—t

3.3 Differential calculus for functions of probability measures

We start with a definition of Lipschitz regularity, for which a mere metric structure is
sufficient.

Definition 3.9 For metric spaces g1 and Qz we denote by cY 1(Q 1 Qz) the space of

functions from G 1 to gz with Lipschitz regularity, i.e. the set of functions W : G 1 — 92
such that there exists a constant C > 0 so that

Vfge g], dlst (\If(g) v(f) < Cdzst (g . 3.7

We then define the semi-norm [']COJ(Q].GZ) on COJ(G], g}) as the infimum of the
constants C > 0 such that (3.7) holds.
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A new approach to quantitative propagation 17

The next step consists in defining a higher order differential calculus; this is where
the assumption that metrics are inherited from a normed vector space structure plays
arole.

Definition 3.10 Let G; and G, be normed spaces, and let g1 and gz be two metric
spaces such that Gi —G; C G;.Fork € N, we define Ck: 1(g1 Qz) to be the set of
bounded continuous functions ¥ : Q1 — gz such that there exists D/ W : gl —
B’ (G, G2) continuous and bounded, where B/ (G, G») is the space of bounded j-
multilinear applications from G; to G» (endowed with its canonical norm) for j =
1,...,k, and some constants C; > 0, j =0,...,k,sothatforany j =0, ...,k

J
Vigel |w@ - (pwin.e-n®)| =cilg-s15" 68
i=0 G

(with the convention D°W = W), o
We also define the following seminorms on C k.1 (G1, Gr)

W]io:= su HD/ ‘ . L =1,k
(V.0 p f) BiGLGy
7€
with
L1l = sup L(hy,....h; ,
B/ (G1,G2) e hillg, <1, 1=i<) ” ( J) ”gz
and

[v(e) - S0 g = H®)

[‘If]jyl = Ssup I
.86 lg = FIGF

Finally we combine these semi-norms into the norm

¥l kg, .g = 2 1W1j0 + [l
j=1

Remark 3.11 Observe that for any j > 1 the LHS of (3.8) makes sense since
j

V@) = > (D). g - H®)

i=0

=[w-wn]- i(Dl’\D(f), =) e

i=1
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18 S. Mischler et al.

since W(g) — W(f) € G, — G C Gy and D'W(f) € B/(Gy, Gp). Then note that our
definition is very close to the usual Fréchet definition of differentiability in Banach
spaces for the function # +— W (f + h) with h = g — f € G|, except that the domain
and range are restricted to subsets that have no vectorial structures and are not open
within G| and G,. We also only consider Lipschitz differentiability.

The following lemma confirms that this differential calculus is well-behaved for
composition, which seems to be a minimal requirement for further applications.

Lemma 3.12 Consider U € C* l(gl gz) and V € Ck 1(g2 Q3) Then the composi-
tion W :=Y olU belongs to C* 1(G1, G3). Moreover the following chain rule holds at
first order k =1

VfeG, DW[f]l=DVIU(f)]o DULf], (3.9)

with the estimates

[Wo.1 < Wlo.a Uo.1s
[W]io < [WVliolUUl o,
(W11 < Vo Uy + DV U5

At second order k = 2 one also has the chain rule

VfeG, D*W[fl=D VU)o (DULFI1® DULFD)+DVIU(f)] o DULf].
(3.10)

Proof of Lemma 3.12 1t is straightforward by writing and compounding the expan-
sions of U and V provided by Definition 3.10. O

3.4 The subalgebra of polynomials in C,(P(E))

In Sect. 2 we defined a map RY: C(EY) — Cu(P(E)), which may be used to define
a subalgebra of polyomials in Cp, (P(E)). We first define the monomials:

Definition 3.13 A monomial in C,(P(E)) of degree ¢ is a function R*[¢] with ¢ =
01 Q- Q@p, i € Cp(E) and £ € N. Explicitly

R'[p)(f) = /go(zl, sz d Nz, 20)

EZ
= H / 0} @ df (),
j= lE

which is well-defined for all f € P(E).

The product of two monomials is defined in a natural way by R [p] R‘ZZ[xp] =
RY*2[¢ ® 4], and the polynomial functions are linear combinations of monomials.
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These form a subalgebra of C;, (P (E)) that contains the constants and separates points
in P(E), and hence the Stone-Weierstrass Theorem implies that this subalgebra is
dense in Cp(P(E)), where the meaning of “dense” depends on the topology chosen
on P(E).

While the polynomials in R always are differentiable, the smoothness of the poly-
nomials depends on the metric structure. We need first some preliminary definitions.

Definition 3.14 e Duality of type 1: We say that a pair (F, G) of normed vector
spaces such that 7 C Cp(E) and P(E) — P(E) C G satisfies a duality inequality
if

VIgePE), YoeF, (f-8.o)l=Clf—glglelr  G.1D

e Duality of type 2: More generally we say that a pair (F, Pg(E)) of a normed
vector space F C Cp(E) endowed with the norm || - || £ and a probability space
Pg(E) C P(E) endowed with a metric dg satisfies a duality inequality if

V.8 ePg(E), VoeF, |(g—[fo)l=Cdsig(f g lellr  (3.12)

Lemma 3.15 If ¢ € F and the pair (F, G) satisfy a duality of type 1, the polynomial
function R[] is of class C*! (Pg(E),R) for any k > 0. In the more general case
where the pair (F, Pg(E)) satisfies a duality of type 2, the polynomial function R'[¢]
is at least of class C%! (Pg(E), R).

Proof 1t is clearly enough to prove the lemma for monomials, and the proof then
mainly follows from the multilinearity of R. In the case of duality of type 2, then the
conclusion follows from

14

Rl = Rl =D | 1 o 2 ) teis =) | T tors 1)

i=1 \ l<k<i i<k<t
In the case of duality of type 1, we define

14

G—>R, h> DRI =D | ]t £) ] (@i ),

i=1 \j#i

and we write

R91(f2) — R [91(f1) — DR [01(f1)(f2 — f1)

= 2 | Il w2 ) o o=y | T te. 1)

l<j<i<t \ 1<k<j j<k<i

<(oi, =) | [T (ews 1)

i<k<t
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20 S. Mischler et al.

We deduce then

R 191(2) = R0 = 9l poy- 1£2 = fillg,
DRUGIAY®] < ol Fowey- Ihlg.

‘R‘Z[w](fz)—RE[w](ﬁ) — DR [p1(f)(f2 — ﬁ)] <l w2 L2 = fillg,

where
lol progey—r = > lealr leillz [T Nl
{ir,....it}C{1,....4} FElinsenit)
U@l oo, Ferooy -1 fork =1,
< —
B T ||<P||oo,]:2®(LDC)e-z for k =2,
and we have defined
1#lloo, Fre Loy 3=~ max iz - Nlgill 7 H o llLoo(E)
{ir, o ibc{l,.... 0} o .
JEin ik}
< llgll Fet,

since || - [| ooy < || - || 7. This proves that R[¢] € Cl’l(Pg(E), R). The cases k > 2
are proved similarly. O

4 Assumptions and technical lemmas

In this section we collect the lemmas used in the proof of Theorem 2.1, and the technical
assumptions that are needed.

The first assumption is simply the statement that the N-particle dynamics is well
defined and invariant under permutation of the particles.

(A1) N-particle semigroup. The family 7;" consists of strongly continu-
ous Markov semigroups on Cj,(E™V) that are invariant under permuta-
tions of indices. We denote their generator by GV and we denote by
S,N the dual semigroup on the N-particle distributions.

4.1 The generator of the pullback semigroup

While the definition of TIN and its generator is rather standard, it takes more care when
defining the pullback of the nonlinear semigroup and the corresponding generator. The
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A new approach to quantitative propagation 21

second assumption that we need to impose on the system is related to this, and relates
to our definition of a differential calculus of functions on P(E).

(A2) Nonlinear semigroup. Consider a probability space Pg, (E) (defined
in Definition 3.1) associated to a weight function mg, , endowed with
the metric induced from a normed space G, and with bounded diam-
eter. Assume that for any T > 0 we have:

(i) The Eq. 1.2 generates a continuous semigroup S on Pg, (E)
which is uniformly Lipschitz continuous: there exists C; > 0
such that

Vf.gePg (E)., sup distg, (S{VL 1, StNLg) < C, distg, (f. g).

tel0,7]

(ii) There exists § € (0, 1] such that the (possibly nonlinear)
generator Q (introduced in Eq. 1.2) is bounded and §-Holder
continuous from Pg, (E) into G in the following sense: there
exist L, K > 0 so that for any f, g € Pg, (E)

Io(Hlig, < K, 10()) = Q@lg < LIIf - gllg,-

This assumption is sufficient for defining the generator of 7,°:

Lemma 4.1 Under assumption (A2) the pullback semigroup T is a contrac-
tion semigroup on the Banach space UC(Pg,(E); R) and its generator G* is an
unbounded linear operator on UC(Pg, (E); R) with domain Dom(G®™) containing
C“(PgI (E); R). It is defined by

Vo e Chl(Pg (E);R), V f € Pg(E), (G®®)(f)=(DDIf], Q(f). (4.1)

Proof The proof is split into several steps.

Step 1 We claim that for any fi, € Pg,(E) and T > 0 the map
S(fin) 110, 7) = Pg,(E), 1> S (fin)

is right-differentiable at t = 0" with S(f£in)'(0) = Q(fin).
Denote f; := SN fi,. First, since Q(f;) is bounded in G; uniformly on 7 € [0, 7]
from (A2)-(ii), we have, uniformly on fi, € Pg, (E),

!
Ife — finllg, = / O(fy)ds| =<Kt, 4.2)
0 Gi
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22 S. Mischler et al.

and then using (A2)-(ii) and the inequality (4.2) we obtain

Ife = fin —1 Q(finllg, = /(Q(fs) — Q(fin)) ds
0

G
t
= [ £~ fully o
0
| (146
S _ S
§L/(Ks) ds =LK ,
1+6

0

which implies the claim.

Step 2. We claim that (7,°°) is a Cp-semigroup of linear and bounded (in fact contrac-
tion) operators on UC (Pg, (E); R). Indeed, first for any ® € UC(Pg,(E); R) and
denoting by w¢ the modulus of continuity of ®, we have
(T2 (8) = (T2®) ()] = |05 () — P(S™(9))|
= wo (distg, (5 (). M)
< wg (C; distg, (f, 8))

so that T,°°® € UC(Pg, (E); R) for any ¢ > 0. Next, we have

1T = sup |70 = sup  sup |S(SN(| <1,
I®l=1 Iell=l fePg, (E)

@l = sup |®(h).
héPQI(E)

Finally, from (4.2), for any ® € UC(Pg, (E); R), we have

|7°® — @] = sup ’QJ(S,NL(f))—CD(f) <we(Kt) >0 ast— 0.
1€Pg, (E)

As a consequence, Hille—Yosida Theorem (see for instance [33, Theorem 3.1]) implies
that (7,°°) is associated to a closed generator G*° with dense domain dom(G*°) C
UC(Pg,(E); R).

Step 3. A candidate for this generator is defined as follows. Let G be defined by
Vo e CH (PG (E);R), V f € Pg,(E), (GXO)(f):=(DPDLf], Q).
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The RHS is well defined since D®(f) € B(G1, R) = G} and Q(f) € G by assump-
tion. Moreover, since both f +— D®[f]and f — Q(f) are uniformly continuous
so is the map f = (G ®)(f). Ityields G*P € UC(Pg, (E); R).

Step 4. Finally, by composition,
VfePg(E), t TXo(f)=®o0SMN(f)

is right-differentiable at ¢ = 0" and

d d
SIEO)(li=0 = (@0 SN0
d
= <D<I>(8(f)(0)), ES(f)(O)>
= (DOLf1, 0(N) = (6%@) (/).

which implies ® € Dom(G*°) and (4.1). O

4.2 Estimates in the proof of Theorem 2.1

The proof of Theorem 2.1 relies on the three following lemmas, together with their
assumptions.

4.2.1 Estimate of T

The first error term is estimated by the following combinatorial argument.

Lemma 4.2 Let SIN, ,u%/ and R'[¢] as defined in Sect. 2 (see Fig. 1), and let ¢ €
Cp(EY). For anyt > 0andany N > 2¢

: 202 gl it
Tii= (SN (2™ 0 @ 19V ) = (Y (2Y), Rl o || < —— 52

(4.3)

Proof Since StN ( fi%N ) is a symmetric probability measure, estimate (4.3) is a direct
consequence of the following estimate: For any ¢ € C;(E®) andany N > 2¢ we have

202 x
‘(w ® 1®N—@) - val[<p]‘ < 20y (4.4)
sym N
Here the symmetrized version of a function ¢ € Cp(E Ny is defined as
fym = — >0 4.5)
N " '

O'EGN
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As a consequence for any symmetric measure fV e Psym(E Ny we have

207 ||l oo
[, R — (Y, 0] = =

4.6)
To establish the inequality (4.4), we let £ < N /2 and introduce

Ay = [(il,...,ig) ell,.. . N} : VEk£K, iy ;éik/} and By = AS .

Since there are N(N — 1) ... (N — £ 4 1) ways of choosing ¢ distinct indices among
{1,..., N} we get

| B 1 -1 - i
o (i-—) .. (1-==)=1- (11—~
N ( N) ( N) e"f’(;“ N
-1 . 2
¢
<t-exp( 2> <)<=,
ZN)=N

where we have used

(=}

Vxe€[0,1/2], In(l—x)>—-2x and VxeR, e *>1—x.
Then we compute
N

RUplny) = 5 D0 0@ 2i)

i1y..ig=1

1 1
:W Z QO(Z[l,-..,Ziz)"f_W Z (p(zil""’zié)

(i1.eig)EAN ¢ (i1,....ig)E€BN ¢
1 1 e
=N Z ©(Zo(1)s -1 20) + O (ﬁ |I<p|IL°<>)
" 0eBy
1 202
=3 Z ©(Zo(1), -5 Z0) + O (T ||<P||L°°)
T oeBy

and the proof of (4.4) is complete. Next for any fV € P(EY) we have

<fN, <p> _ <fN, (90 ® 1®N€)sym>’
and (4.6) follows from (4.4). m]
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4.2.2 Estimate of T,

The second error term is estimated thanks to a consistency result for the generators of
the N particle system and the limiting dynamics, and stability estimates on the limiting
dynamics. To proceed we need to introduce the two corresponding assumptions.

(A3) Convergence of the generators. Let Pg, (E) be the probability space
endowed with a metric considered in (A2). For k = 1 or 2 there is a
function &(N) with limy_ ~ €(N) = 0 such that for all N € N: and all
[ONS Ck’l(”Pgl (E); R), the generators GV satisfy

HGN o @) — 7V G (o) HLOO(EN) < &) @l ki pg, gy (47)

where Q is the nonlinear operator involved in Eq. 1.2, and G () =
(Q, D®) is the generator of the pullback semigroup 7°°.

(A4) Differential stability of the limiting semigroup. We assume that the
flow StNL is Ck1 (Pg, (E), Pg,(E)) in the sense that there exists C7 > 0

such that
/T
0

where Pg, (E) is the same subset of probabilities as Pg, (E), endowed
with the norm associated to a normed space G, D G possibly larger than
G and where £ is the same integer as above.

NL
s/ ‘

dr <Cr 4.8)
Ck1(Pg, (E),Pg, (E))

Lemma 4.3 Suppose that the assumptions (A1) to (A4) are satisfied, and let T, be as
defined in Eq. (2.8). Then

T o= (9 TV RLolo i) = (£ON, (TR oD 0 i)} 49)
< Ck 0 Cr e(V) 9] gyt

for an explicitly given constant C(k, £) depending only on k and £.

Proof We start from the following identity

0
T}NJTN—JTNTZOO:—/—(]}]XSJINTSOO) ds
s
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which we evaluate on ® = R? [¢] € Cp(P(E)). From assumption (A3) we have for
any t € [0, T]

£V, 77 R ) - 2V T2 R g |
t

_ /<S,N_S( ). [V V6] @R D) ds
0

< /T [[6¥a" — V6] @ R1e) |
0

T
se(N)/)
0

Since T°(R‘[¢]) = R'[p] o SN with SN e CKY(Pg, (E), Pg,(E)) thanks to
assumption (A4) and R*[¢] € ckl (Pg,(E), R) because ¢ f?z (see Sect. 3.4), we
obtain with the help of Lemma 3.12 that 7,°(R*[¢]) € C*!(Pg, (E)) with uniform
bound. We hence conclude that

T
0
where C(k, £) < €2 since k = 1 or k = 2.

Going back to the computation (4.10), and plugging (4.11) we deduce (4.9). O

L>®(EN)

(4.10)

TR g

Ck1(Pg, (E))

T2 (R 9|

ds < C(k,0)Cr | R" 4.11
iy ey 85 = €K r | R 4.11)

Ck.l(sz) ?

4.2.3 Estimate of T3

The error term 73 from Eq. (2.8) depends on estimating how well the initial data for
the nonlinear equation f;, can be approximated by an empirical measure, and how
well this error is then propagated along the semigroup. To this purpose we need to
make a stability assumption for the limiting semigroup.

(AS) Weak stability of the limiting semigroup. There is probability space
Pg, (E) (corresponding to a weight function mg, and metric distg,) such
that every T > 0 there exists a constant C7 > 0 such that

V fi, fo € Pg,(E), %up) distg, (S,NL(fl), SZVL(fz)) (4.12)
[0, T

< Crdistg, (f1. f2).

Remark 4.4 Observe that when Pg, (E) = Pg, (E) = Pg, (E) with the same weights
and distances, the assumption (A5) is included in (A4). However it is crucial to have
the flexibility to play with different metric structures in these assumptions.
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Lemma 4.5 Assume that the limiting semigroup S,NL satisfies assumption (AS) for
some probability space Pg,(E). Let F3 satisfy a duality inequality with Pg,(E) as
defined in Definition 3.14. Let ¢ € Cp(E").

Then for any fin € P(E),t > 0and N > 2¢ we have

<fi§N’ (TIOORZ[(p]) o M§> - <(SINL(fin))®k : w>‘

< €Cr QF (fin) 101l Fgp ooy (4.13)

VERES

where Q%S (fin) is defined in (2.7) and ¢l g, (1001 is defined in the proof of
Lemma 3.15.

Proof We split 73 in two terms, the first one being
Ty o= (9N, (TR 9) 0 )
= [ R11 (S (1)) Stz ... indz)
EN
¢
= /(Hai@)) finz1) .. findzn),
EN i=1
with

Vi=1,...,0 a =a(Z) :=/<p,-(w)s,NL(MJZV)(dw).
E

Similarly, we write for the second term

¢ V4
Tis =<(S,NL(fin))® ,¢>= /( bl-) fin(dz1) ... fin(dzy),
i=1

EN
with
Vi=1,...,4, b;j:= /(p,'(w) SNE(fin) (dw).
E
Using the identity
¢ ¢ ¢
Hai - Hbi = Zal c..ai—1(a;i —bi)biyy1... by,
i=1 i=1 i=1
we get

i=1 \ j#i

T=<> | []leille=w /|a,»<Z>—bi|ﬁn<dz1>...ﬁn<dzm. (4.14)
EN
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Then by using the duality bracket together with assumption (AS) we have

la;(Z) — b;l :

[t (52 araw) = 5 aw)

E
< llgil 7 distg, (8™ (fi). SN (3))

Crligilz distg, (fins 13 4.15)

IA

Therefore combining (4.14) and (4.15) (for any 1 < i < ¢), we conclude that (4.13)
holds. =

In order to use Lemma 4.5 we need an estimate on the term Q% (fin)- This infor-
mation is provided by the following quantitative version of the law of large number for
empirical measures taken from [34]. We refer to [32] for a more detailed discussion
of this issue.

Lemma 4.6 Forany fin € Pi+s (R?) and any N > 2 there exists a constant C which
only depends on d and M;5( fin) so that

w2 _2
Q¥ (fu) = / Wa(ul, fin)? £EN(dZ) < € N7,
RAN

4.3 A remark on assumption (A4)

In this section we briefly explain how our key estimate (A4) can be obtained in the
case of a nonlinear operator O which splits into a linear part and a bilinear part:

VfePE), Q)= Qi1(f)+ Qa2(f. f) (4.16)

with Q1 linear and Q> bilinear symmetric.
For two initial data fi, and gj, in a space Pg(E) of probability measures, and some
initial data hj, € G we introduce the following evolution equations,

%8 =0(8) = Q1(g) + 02(8.8):  81=0 = &in;
alsz(f)le(f)+Q2(fsf)v f|t=0=fim
dh = DO[f1(h) = Q1(h) +2 Qa2(f, h), hji=0 = hin
In the third equation the solution %, depends linearly on 4;;, (but also nonlinearly on
fin): it is formally the first-order variation of the semigroup, i.e. DSZNL fin(hin) = hy.

We now want to write a second-order variation of the semigroup. To this purpose
we consider 4, and h; two solutions to the third equation above and write

1 ~ ~
Or = DQ[f](r)+§D2Q(f)(h, h) = Q1(r) +2 02(f, )+ Qa2(h, h), 1= =0.
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In this fourth equation r; depends bilinearly on /4, and h; which are two solutions
to the third equation, and therefore bilinearly on Ajpy, ﬁin (it also depends nonlin-
early on fj, again): it is formally the second-order derivative of the semigroup
D2S,NL[ finl(Bin, fzin) = r;. Observe that the initial data ry, are always zero for this
second variation problem since the map (f;);>0 > fin is linear.

Consider now hj, = fzin = gin — fin (Which implies h; = fz,). Let us define
s=f+gd=g—fo:=g—f—h,¥:=g— f—h—r, for which we get the
following evolution equations

9d = 01(d) + Q2(s,d), dji=0 =din = gin — fin,
0w = Q1(®) + 02(8, w) + Q2(h,d), w;=0 =0,
Y = Q1(Y) + 02(8,¥) + Q2(h, ) + Qa(r,d), Y=o =0.

Now we can translate the regularity estimates on S,NL in terms of estimates on these
solutions on some given time interval [0, T']:

sup [Idillg, < Crlidinllg, = SN e C*!(Pg, (E), Pg,(E))
te[0,T]

[ SNE e %1 (Pg, (E), Pg,(E))
sup,cro.r) Ihellg, < Crllhinllg, § = SI'° € CV1(Pg, (E), Pg,(E))
[ sup;eo.7y llexllg, = CT||din||2gl
SN e CH1(Pg, (E), Pg,(E))
sup,ero.r) Irillgy < Crllhmlig Ihinllg, | = SNE € C31(Pg,(E), Pg,(E)).
sup;eo,77 1¥ellg, < CT||din||3gl

Such estimates are typically obtained by energy estimates for the equations satisfied
by d, r, w and ¥, for a well chosen “cascade” of norms connecting || - llg, to | - llg,
(see later in the applications).

5 Maxwell molecule collisions with cut-off

5.1 The model

In this section we assume that E = R?,d > 2, and we consider an N -particle
system undergoing a space homogeneous random Boltzmann collisions according to
a collision kernel » € L'([—1, 1]) only depending on the deviation angle and locally

integrable. This is usually called Maxwellian molecules with Grad’s angular cut-off,
as introduced in [23,24,29]. We make the normalization hypothesis

bl = / b(oy)do = 1.

Sd-1
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Let us now describe the stochastic process. Since the phase space EV corresponds
to the velocities of the particles, we shall denote Z = V in this section. Given a
pre-collisional N-system of velocity particles V = (v1, ..., vy) € EN = (RN, the
stochastic runs as follows:

(i) foranyi’ # j’, we draw randomly for the pair of particles (v;/, v;s) arandom time
T, jr of collision according to an exponential law of parameter 1, and then choose
the collision time 77 and the colliding pair (v;, v;) (which is a.s. well-defined)
in such a way that

Th=T,;:= min Ty
1<i’#j'<N

(i) we then choose o € S9! at random according to the law b(cos 6;;) where we
define the angular deviation 6;; by cos0;; = o - (v; —v;)/|v; — vil;
(iii) the new state after collision at time 77 becomes

* * * %
\%4 =Vij:R,-j,gV=(vl,...,vi,....,vj,...,vN),

where the rotation R;; » on the (i, j) pair with vector o is defined by

k
==L+, vi=—L-2 (5.1
with

wij = v +vj, u;-*j = |u,-j|a, Ujj = vj — vj.

Scaling the time by a factor 1/N and repeating the above construction lead to the
definition of a Markov process (V) on R4V Tt is associated to a Feller semigroup
(T,N) with generator GV . Moreover the master equation on the law £}V is given in
dual form by

d
o e =", 6% (5.2)
with
1 N
o) =+ Z / b(cos ;) [<p;‘<j —(p] do (5.3)
I<i<j<Ngg-1

where <pi*j = (p(Vl.’j‘.) and g = (V) € Cp(RN?). Finally, the flow flflv — f,N defines a
semigroup S,N for the N-particle distributions which is nothing but the dual semigroup
of TN.

@ Springer



A new approach to quantitative propagation 31

Note that the collision process is invariant under permutation of the velocities, and
satisfies the microscopic conservations of momentum and energy at any collision time

N
Va=1,....d. D vjy=D vk VP =IV]7:=D |ul®
k k k=1

We write V = (vi)1<i<n = (V1,...,Un) € EN andv = (Vo) 1<a<d € R4, so that
V = (vig) € RN with v;y € R.

As aconsequence, for any symmetric initial law fi‘?N € Psym (RN?) the law density
fN remains a symmetric probability and conserves momentum and energy

Va=1,...,d, fRdN ( Z]](vzl vk(x) ftN(dU) = fRdN (Z]](vzl Uk(x) fi(?N(dU),
VO Ry - Ry, fpan 00V fN(dv) = fpan 00V £32Y (o).

The formal limit of this N-particle system is the nonlinear homogeneous Boltzmann
equation on P(R?) defined by

a
5 fr =0 f0) (5.4

where the quadratic Boltzmann collision operator Q is defined by

QU o) = / b(©®) (¢ (w3) — ¢(w2))do f(dwy) f(dwz)  (5.5)

R2d Sd—1
for ¢ € Cp(RY) and f € P(R?), with

«  wWitwy |wy— wil «  wWitwy |wy—wil
wl = g, w2 = - o
2 2 2 2

(5.6)

and cosf = o - (v — w)/|v — w|. Equations (5.4)—(5.5) is the space homogeneous
Boltzmann equation for elastic collisions associated to the Maxwell molecules cross
section with Grad’s cutoff. We refer to the textbooks [10] and [39] and the numer-
ous references therein for both the physical background and the mathematical theory
of the Boltzmann equation. This equation generates a nonlinear semigroup StNL on
P(R?) defined by StNL fin 1= f; forany fi, € P(R?), which satisfies conservation of
momentum and energy:

Vi>0, /vf,<dv)=/vfm<dv), /|v|2ﬁ<dv>=/|v|2ﬁn<dv>.
R4 R4

R4 R4
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5.2 Statement of the result

On the one hand, it is well known that for the collision kernel that we have chosen
the N-particle Markov process (V}) described above is well defined for any initial
velocity Vév , and in particular, for any given initial law iflv € Psym((Rd)N ) there
exists a unique solution £V € Pyym ((RY)N) to Egs. (5.2)~(5.3) so that the N-particle
semigroup S,N is well defined, see [24,25,30,37]. On the other hand, it is also well
known that for any fi, € P, (RY), g > 0thenonlinear Boltzmann equation (5.4)—(5.5)
has a unique solution f; € P, (R?). This solution conserves momentum and energy
as soon as g > 2, see for instance [14,37-39].
Our mean field limit result then states as follows.

Theorem 5.1 (The Boltzmann equation for Maxwell molecules with Grad’s cut-off)
Consider an initial distribution f;, € Py (RY), g > 2, the hierarchy of N-particle dis-
tributions fN = SN (f2V) following (5.2), and the solution f; = SN ( fin) following
(5.4).

Then there is a constant C > 0 and, forany T > 0, there are constants Ct, Ct > 0
such that for any

P=p1® - ® g€ F, F:=CpRY) NLipRY), |gjllr <1,

we have for N > 24:

<(S;N () - (S,NL(ﬁn))M) ,¢>

< C—E2 +C —52 +Cr QY (fin)
su .
[O’p] =ty TN T 3éy"Uin

(5.7)

where Q}f,/z was defined in (2.7) and W» is the quadratic MKW distance defined in
(3.3).
As a consequence of (5.7) and Lemma 4.6, this implies propagation of chaos
1
with rate e(N) < C(, T, fin) N~ @+ for any initial data fin € Pgys (R, where
C, T, fin) is an explicitly computable constant.

For the Boltzmann equation with bounded kernel, propagation of chaos has been
established by McKean in [29], where he adapted the method introduced by Kac in
[24] based on the Wild sum representation of the solutions to the Boltzmann equation.
Griinbaum in [21] gave an alternative proof based on the same ‘“duality viewpoint”
as developed in the present paper. Sznitman in [35] also gave a proof of propagation
of chaos based on a nonlinear martingale approach. In all these works, propagation
of chaos is proved but without any rate of convergence (as the number of particles
goes to infinity). Graham and Méléard in [18,19,30] were then able to prove the
propagation of the chaos with the sharp rate C(¢, T)/N. Their proof is based on
the construction of a stochastic tree associated to the process V¥ which is specific
to the Boltzmann equation with bounded kernel. More recently Kolokoltsov in [26]
proved a fluctuation estimate for similar processes using a “duality view point” like
the one developed by Griinbaum and used also in our work. His fluctuation estimate
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is similar to our Lemma 4.9 (and of the same order), but pays less attention to the
remaining terms of our estimate. Fournier and Godinho [15] prove the propagation
of chaos for a one-dimensional caricature of the Boltzmann equation using a cou-
pling method in the spirit of [36,37]. Their chaoticity estimate is of the same rate as
ours.

5.3 Proof of Theorem 5.1

The assumptions (A1)-(A2)-(A3)—(A4)—(A5) needed to apply Theorem 2.1 will be
verified step by step. In this proof we fix F; = F» = Co(R?) and F3 = Lip(R?)
and define Pg, (E) = Pg,(E) = P(RY) endowed with the total variation norm
I -llrv, Pg(E) :=="P> (R?) endowed with the quadratic MKW distance W». Notice
that (G1, F1) and (Ga, ) satisfy a duality inequality of type 1, and (Pg,, F3) satisfy
a duality of type 2 (see Definition 3.13).

Proof of (A1) The symmetry assumption is satisfied because of the well-known prop-
erties of the Boltzmann-Kac N-particle system, and we refer to the previous works
[18,19,21,29,30] for details.

Proof of (A3) We claim that there exists C; € R, such that for all ® €
Ct1(Pg, (E).R)

[6¥@ o)~ (0w, wh. Dot )] = Hllcrpgm: 68)

Loo(EN)

which is nothing but (A3) withk =5 = 1 and e(N) = C; N1
Take ® € C“(Pg1 (E),R),set ¢ = Dd>[u/‘\,’] and compute

1
Moout)=5 3 [ v [ed - ewh]
l§i<j§NS[,v,1 N

1
¥ /b(e,-,-)w%—u%wda (= N(V)

1§i<j§NS g

v > [o (|<I>||cu Hu%—u@”“iv) do (= (V).

1<l<J<N g1

On the one hand, we have

h= 5 5 [ 065 [pd) + 0w - o) — o0 o

i,j= ]Sd 1
1
- 5// / b(®) [p(v) + P (w*) — p() — ()] 1Y (dv) ) (dw) do
]Rd Rd Sd*l

(0w, ). 0).
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On the other hand, we have

- 4\2
h(V) =5 2. / O(Hq)”CH (ﬁ) )do

N
”q)”CLl 1 ||q)||cl,1
g > — <8 lb]
N vz =8lel—y

IA

ij=1

Collecting these two terms we have proved that (5.8) holds.
Proof of (A4) Here we prove that for any f, h € P(R?) and for any 7 >0

sup [SNV(e) =M (N —LSFL e = N = I g = fIy, (5:9)

tel0,T]

where £S7°[ f] is the linearization of StNL at f. As a consequence, this implies that
(A4) holds with k = n = 1 and the previous definitions of Pg, (E) and Pg, (E). We
denote by f7, g;, h; the solutions to the following equations:

3tft = Q(ft, ft)a f\t:O = fim
018 = Qggn 81)s 8t=0 = &in>
0chy =20(f1, he) == O(fis he) + Q(he, f1),  hji=0 = hin,

where Q denotes the symmetrized form of the bilinear collision operator. The third
equation corresponds to the first-order variation of the semigroup: LS°[ f1(hin) = h;
solution to this equation.

Standard Gronwall arguments show the existence and uniqueness of such solutions,
which moreover satisfy, uniformly on [0, T']

2T 2T
lacdlry < e Nhinllrv, g — filltv < e ligin — finllTv.

Next, writing r; := g; — f; — hy, we find that this expression satisfies the equation

01y = Q(fl"i‘gtart)‘i‘é(gt_ft»ht)’ in = 0.

Introducing y; := ||r;||7v, we have
1 - ~
y < 3 1O(ft + g r)liTv + 198 — fr, h)llTv
< Wylloo ISt + &llrv lIrellry + Clige — fillrv Ihellry
<Cy+Ce|h—fl}y,

from which we deduce
Viel0,T], y <e*T |h—fliFy.

This concludes the proof of (5.9).
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Proof of (A2) Assumption (A2)-(i) is clearly a consequence of (A4). For (A2)-(ii) we
write

llpll o<1

1Q(f. f) = Q. &llrv = sup /(Q(f, f)=0(g.8)¢dv
E

llpll oo <1

= sup /(ff*—gg*)/b(qo/—(p)dadvdv*
ExE §d—1
<4bllip I f —glrv,

so that the function f + Q(f, f) is Lipshitz from Pg, (E) to M (RY).

Proof of (A5) It is known since the seminal work of Tanaka [37] that the nonlinear
Boltzmann flow associated to Maxwellian molecules is a contraction for the quadratic
MLW distance W>: for any fin, gin € P1 (Rd) the solutions f;, g; to the Boltzmann
Eq. (5.4) satisfy

Sup WZ(ft, fgt) E Wz(ﬁnr gin)-
[0,7]

That immediately implies (AS5) in the space Pg,(E) defined above. O

6 Vlasov and McKean-Vlasov equations
6.1 The model

In this section we assume that £ = R™ (where m = d or m = 2d with d the
physical space dimension, see later) and we consider an N-particle system which
undergoes McKean—Vlasov type stochastic dynamics, i.e. a drift deterministic force
field combined with diffusion. We refer to the lecture notes [30,36] and the references
therein for more details on the model, and among many references, we highlight
the recent paper [5] for recent results and references (using the so-called “coupling”
method). The method we shall present here does not rely on any of these references.
The results in this section are mostly not new but compare to the latest results of mean
field limit on this equation as far as we know. Indeed we shall make strong smoothness
assumptions on the coefficients of the evolution equation in order to avoid technical
difficulties and our goal is to advocate for our new method and show its power and
ability to deal with very different models.

We assume that the N particles ZtN = (214, ..., 2n,) satisfies the stochastic
differential equation

A2, =0i(Z2i) A% + T Zi,dt + FN(ZM)dt  1<i<N, (6.1

where the o (z;) are the diffusion m x m-matrices, the %; ; are independent standard
Wiener processes valued in R”, .7 is an m x m-matrix and the FiN : R™ — R™ are
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the force fields acting on each particle. Because of indistinguishability we assume

FN(z):=F" (z,,uﬁv 1)

with ZV := (z1, ..., 2i-1, Zi41, ..., zv) and FY 1 R™ x P(R™) — R™. (Note that
here and below the Latin letters “i, j, ...” label the particles, whereas the Greek letters
“a, B, ...” label the coordinates).

We assume that F" is uniformly bounded and Lipschitz in both variables (when
endowing P(R™) with a distance inherited from a negative Sobolev norm). More
precisely, we assume that for any k > m /2 there exists Crx > 0 such that for any
2 ZeR™ f, f e PR

VN eN*, |FN(@, f)—-FNG, f)] <Cry [|z —Z+If- f||H-k]. (6.2)

It is also natural for the limit to exist to assume that there exists a function F :
R™ x P(R™) — R™ such that F¥ — F, in the sense that there is a constant
CF.1im > 0 such that

VN e N*, Vz e R", V f € P(R™), (FN(Z f)—FG, f)( < Crtim 63
A simple example which satisfies these assumptions is
Bz ) = NP (2 PV (a2) = Z% -2
i ’ Zi N _ 1 Ls L) L l L l J
(6.4)

for a smooth vector field 7 : R — R™, so that F(z, f) = (% * )(2).

Under the smoothness assumptions (6.2) on the N-particle force fields, for any
N > 1 there exists a Markov process (Z/¥),~0 which solves the system of stochastic
differential equations (6.1), see [30,36].

The time-dependent law ftN of the process Z,N satisfies the following linear master
equation corresponding to (6.1), given in dual form by

Vo e DR™), 8 <ftN, ¢> = <f,N, GV (p> (6.5)
where GV is defined by
N N
VZeR™, (GVp)(2) =D AG):Vie+ D (Tu)-Vig

i=1 i=1
N
+ZF (Zzuu'ly l)vlw

i=1
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The nonnegative diffusion matrix A, the gradient V; and the Hessian matrix Vi2 asso-
ciated to the variable z; = (z; 1, . .., Zi,m) € R™ corresponding to the i-th particle are
given by

d

1

A= 5‘7‘7* = (Aasﬂ)lga,ﬂgm » Aap = zaa,y OBy»
y=1

and

2 2
Vigp = (azi,aq))lfafm , Vi Q= (azl.yazl.ﬁgo)lw B<m .

We also introduce the nonlinear mean field McKean—Vlasov equation on P(R™):

a
S F =00, fi=o=fn in PR"), (6.6)
with
Q) =D 0245 (Aup f) = D 0al(T)afl =D du (Falz. £) ).
o,f=1 a=1 a=1

There is an important literature on this class of nonlinear partial differential equa-
tions. See fore example [8] and [28] where more details and more references can be
found.

In the sequel, we make the following strong structure, smoothness and boundedness
assumptions on the coefficients:

(A=0,k:=0) or (A>«kld, k>0, AeW-®®RM)), (6.7)

as well as

VZeR" ¥V feP®R", F@ f)= / U (z—3) f(d3) (6.8)
Rm xRm

where % € Hgk(R’") forsome k € N, k > m/2 + 3.

When the diffusion matrix A = 0 is zero,m = 2d, z = (x,v) € Rz‘i, our assump-
tions cover the case of the mean-field Vlasov equation. Indeed the classical Vlasov
equation reads

Wf+v-Vef + (V¥ xp[fD)-Vof =0, f=f(t,x,v), x,veR’

with

pLF1t ) =/f(r,x,v>dv,
Rd
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and it falls into our structural assumptions with z = (x,v) € R? x R?, % (z) =
U (x) = (0, Vet (x)) with Vo is H4H6+0 and

0 Id
(7 — XX XV .
(va Ovy )
Then F = (Fy, Fy) defined by (6.8) is given by

Fr(x,v) =0, Fy(x,v) = Vah * p[f]

for the limiting system, and, with X € RHN and V e (RY)N, we have for the
N-particle system .7 defined as above and FV = (F}, F. \],V ) given by

N
1
FY =0, (F)) = ﬁvaw(Xi—X,-), i=1,...,N.
J#i

Observe in particular that it does not allow for the Coulomb or Newton interactions
in this Vlasov setting due to the smoothness assumption on .

6.2 Statement of the result

Our main result in the section is a quantitative propagation of chaos result for the
class of equations described above. We state two separate results respectively for the
McKean—Vlasov case (possibly non-zero diffusion matrix) and the Vlasov case (zero
diffusion matrix).

Theorem 6.1 (The McKean—Vlasov equation) Consider an initial distribution fi, €
Py (R™), g > 2, the hierarchy of N-particle distributions fN =sN (fi?N)following
(6.5) and the nonlinear evolution f; = SINL (fin) following (6.6). Assume that (6.7)
and (6.8) hold.

Then there is k € N and a constant C > 0 and, for any T > 0, there are constants
Cr, C~’T > 0 such that for any

P=¢1®---® ¢ € F®, F:=H®R™ NLp@®R™), lgilr <1,

we have for N > 2¢:

<(S,N (M) - (S,NL(fin>)®N) , <p>

Su 1 .
[O’P] =N 1 N ESZN in

(6.9)

As a consequence of (6.9) and Lemma 4.6, this implies the propagation of chaos
1
with rate e(N) < C(€, T, fin) N~ m+% for any initial data fin € Ppys(R™).
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Now we consider the case of the Vlasov equation. As will be clear from the proof,
when A = 0 and % (0) = 0, the error £(N) = 0 vanishes in assumption (A3). This
leads to the following improved result.

Theorem 6.2 (The Vlasov equation) Suppose, in addition to the assumptions for The-
orem 6.1, that A E~O and % (0) = 0. Then there is a constant C > 0 and, for any
T > 0, a constant Cp > 0 such that for any ¢ € Lip(R") and any N > £:

®N Y2 -
sup <(S,N (f2N) - (S;NL(fm)) )<p> < CIVglm  + Cr 2y (fin)

[0.7]

(6.10)

(observe the replacement of Wy by W1 in the last term) which in turn implies

1 N C  Cru(fn)
sup Wi ((S,N ™. (SZVL(fm)) ) <ot +f
Remark 6.3 Note that the coupling method introduced in [36] leads to arate of chaotic-
ity of order O(1/+/N) for the normalized Wasserstein distance W, between the law
of Z,N and the tensor product f,®N . This is better than our estimate, which is limited
by the estimate in Lemma 4.6. However, the coupling method is usually limited to the
quadratic interaction given by (6.4).

6.3 Proof of Theorem 6.1

As in the proof of Theorem 5.1 we prove that Theorem 6.1 is a consequence of
Theorem 2.1, by verifying that assumptions (A1)-(A2)-(A3)-(A4)—(AS) hold. How-
ever, in the present model we cannot, as in Sect. 5, use the total variation norm for
the key consistency estimate (A3) and differential stability estimate (A4). The rea-
son is that GN ¥ @ involves derivatives of Z > CIJ(d)g ), and hence of Z +— Mg
which is not differentiable from RV to P(R™) when P(R™) is endowed with the
total variation norm. We therefore make the following choice of functional spaces:
E := R™ with

Gr:=H,'R"), Fi=H,'®R"), 51>%+2
Gy :=H_(R™), Fp=HZ[R"), s3:=s1+2,
and the weight mg, (z) = mg,(z) = 1, and 73 = Lip(R™) and Pg, (E) := P>(R™)

endowed with the quadratic MKW distance W>.

Proof of assumption (A1) The symmetry assumption is a consequence of the fact that
first (6.5) is well posed for any me € Psym (R™N so that £V is a probability measure
for any ¢ > 0, and second the generator GV commutes with the permutations.
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Proof of assumption (A3) We claim that for any 51 > m/2 + 1 there exists a constant
Cs, such that for all ® € C>!(Pg, (E), R)

[6¥@ o)~ (0w, powdl)| = Sl . 610

LX(EN)
which is nothing but (A3) withk =2, 7 = 1 and e(N) = C5, N~
Proof of 6.11 First, the map

R™ — H'R™), Z+> uy
is C? with

1 1
811104“? = N aa(SZi’ 82 Z,“ﬂ/’bg = m aozzﬁazr

Zias

Take @ € C;"' (Pg, (E)). Then the map
R™ > R, Z+> d(ud)

is C7. Indeed, denoting ¢ = ¢z (-) = D®[u)] € (H2;'(R™))' = H,' (R™), we can
write:

9 CD(MN) — ch[,ﬂ] L 8. ) = ~ Badbz (01)
Zi,a Z Z | N aOz; N o i

1
2 N N 2
02 ,.,® (1)) = <D¢[MZ] N az,»,a,z,-,,;5z,->
2 N 1 1
+D qDI:liziI N az,~,a51,~v ﬁ azi,ﬁazi

1 1
= N 83:,/3‘152(21') + N2 D2¢’[Mlg] (az,',a‘szl-s 3Zi,,351i)
and both a
m/2 + 2.
As a consequence, we compute

Zi,a

.. and 32 _ 8. belong to H_3'(R™) thanks to the condition s; >
i ZiosZi,p % g 2

(GNnNCD) 2) = GN dud)

= i/uz,-) V2 (o))
i=1
SR (@(u?))+i FY (zon ™) Vi (o))
i=1 i=1

=: 1 (Z)+ I(Z)
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with

=

m

1(Z) := Z Aa.p(2) 03 52 (2i)

i i a,sz,)a,g¢z(zl)+— ZZF (zl,uz) oz (2i)
i=1a,p=1 i=1 a=I
and
h(Z) := Lz ﬁ: i Aa,ﬁ(Zi)DZ‘D[Mg] (azi,QSZi’ az,',;sazt')
i=1a,p=1
LS S R () - ()] D[] o).

Il
—-

i=la

On the one hand, using that

2 C
N—1 N
HMZL - I’LZ H Vl (Rm) < N Sup HSZt H—S1 (Rm) S N
as well as (6.2) and (6.3), we deduce that
2 2
|(2)] = N 5 [ Alloo 1D ®lloo ||815II - @m
Co

Cr
+Nm | — N [ DPloo 1916l

N H3'Rm = N

On the other hand, we recognize

m
L(Z) = <u§ C D Aap a§,ﬁ¢z>

a,B=1

+<u§, > (T aa¢z> + <u§, A aa¢z>

a=1

= (0w}, ¢2) = (o). DOWY)) = (nNG°°<I>) @),

thanks to the calculation of the limit dual generator made in Sect. 4.1. O

Proof of assumption (A4) We need here to perform a second-order expansion of the
limit semigroup.
We consider

e for any two given initial data fin, gin € P(R"™) the corresponding solutions f; and
g: to the nonlinear McKean—Vlasov (or Vlasov) Eq. (6.6),
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e for any given initial data hj, € P(R™) the solution /; to the following equation,
which is the linearization around f;:

oh = V2 (AR =V (D)) =V - [ * )+ f (X 1), hi=o = hin,
(6.12)

e 1, the solution to the following second variation equation around f;

8,r=Vf:(Ar)—V~((9z)1r)—V~[r(%*f)—i—f(%*r)]
—EV-[h (%*h)] - 5v.[h (%*h)], (6.13)

Fli=0 = ¥in =0

for two solutions £, h of the first variation equation.

Then we shall prove the following a priori estimates.

Lemma 6.4 Foranys; € N,s; >m/2+ 1,€ € {1, 2,3} and for any T > 0, there
exists Ct such that

sup [lg: — fill =51 gy < C1 18in — Sfinll =51 uny» (6.14)
(0.7] H_,' R™) n milaZ Rm)

sup ||l =51 gy < C1 [hinll =51 gy » (6.15)
(0.7] H_ ' @®Rm) iy~ ®m)

sup 7ol .~ < C7 Mhinll =51 oms 1Binll =51 omss 6.16
[OJP] || t||H7§ I+l)(Rm) = T ” m||H721(R ) ” m||H721(R ) ( )

and when Ein = hin = gin — fin we have

— f — 2
Sup g1 = fi =il -1+ gy < €7 Ngin = il gy (617
N INTE
Sup llgr = fi = he = il 652 gy < €7 Ngin = fnlly g (618)

[0.7] -6
This shows that the nonlinear semigroup S,NL associated to the nonlinear McKean—
Viasov equation (6.6) is Ci’l(Pg1 (E), Pg, (E)).
Proof of Lemma 6.4 The proof is carried out in several steps.

Step 1. We will several times consider the equation

e =V2:(A0) =V - (TD&) = V- (1 & +uz (% %)) (6.19)
with given initial data ¢;, and with an R"™-valued function u| and an R-valued measure
uy to be specified [chosen in order to “match” equations (6.6), (6.12) and (6.13)]. We
claim that forany k e N,k >m/2 +1,£ € {1,2,3}and any T > O,

Vi e0. 7] 16l kg < Ndinll - gy €710 T (6.20)
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with

Ck(%, ui, uz) = C(k) sup [ ”M] ”Wkoo(]Rm) + ”%”H(k(Rm) ||M2||TV(R»1)}.
tel0,T]

We argue by duality and we consider a smooth solution 6 to the following linear
equation (which is the dual equation of (6.19))

30 = LI6 + L0,
Li0:= A: V%0 +(T2) Ve, (6.21)
L3O :=uy - VO + U % (2 VO),

with % (x) := % (—x).

For a given multi-index v € N™ with |v| = k' < k, we compute
d 20, \2t
— [ |36 d
i / | | (z)7"dz
Rm
= /(8”L’1‘0) 3V0 (z)%¢ dz + /(a”L;G) 30 (2)%¢dz =: L1 + Lo.
R™ R™

By integrations by parts, we get

2
£rs = [ 1900 @0zt € (17w + VAT yiciamqem) 1010
2
Rm

and (using Sobolev embedding inequalities for the last term)

2
< ’ m ’

which shows that

(7
vVt el0,T], Hef”H@k(R’”) < Hein”Hlf‘(Rm) O urun) T

Denoting by U; the linear semigroup associated to (6.19), the associated dual semi-
group U} is generated by (6.21). As a consequence, for any i, € H K(R™), we have

(&1, Oin) = (;inv U,*Qin> = ”{in”H:(k(Rm) ||Ut*9in||Hé‘(Rm)
LT gy,

IA

”H:[k(]Rm) ||6in||Hé€(Rm)v

which concludes the proof of the claim (6.20).
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Step 2. Proof of (6.14). The equation satisfied by the difference d; = g; — f; is

{atdt =V2:(Ad) =V -(T2)d) = V- (A (% * )+ (U =), (6.22)

dlt:() = din = &in — fin»
which fits in the form (6.19) with u1 := % * f and up = g. Now, since

|7 D] o = |72 % 7] e, =

=|v|

we conclude that
Ce(U, U * f,8) <C ”%”Héfmwk,oo(Rm)
and that (6.14) holds. Proceeding in the same way for the function & we end up with

sup [12ell st gy = C1 il =51 un» (6.23)
oy e B T

forany sy € N, s > m/2 + 1.
Step 3. Inequalities for products and convolutions in Sobolev spaces. We define the
weighted L°°-based Sobolev spaces as usual:

. —_ . _z
FETORS S S
L R4 kK
||f||Wff°(R"’) = Z H<> J fHLw(RM)'
0<k'<k

We have the three following inequalities on functions S, ¥ in the appropriate spaces:
and more generally
”S * 02/ ”WZ?O(RW) = ”% ”H[M(Rm) ”S”H:;(R’”)
and finally

forany k, £ € N, and some constant Cy ¢ > 0. The proofs are elementary and we omit
them for the sake of conciseness.
Step 4. Proof of (6.17). Let w; := g; — f; — hy = d; — h;, which satisfies the equation

dw=Lw+ 3%, wy==owpn=0, (6.24)
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with

[Lw:=v2:(Aw)—v-((yz)w,)—v-(w(@/*f)Jrf(%*w)),
Z,:V(dt(@/*dt))

Denoting by ®; ;w the unique solution of the linear, non-autonomous equation
B,wt = Lw;, Wy =W,

the Duhamel formula for Eq. (6.24) yields

t

[OF =/®s,t Es ds.
0

Therefore we obtain, using (6.20) and the estimates established in the Step 3, that for
anyt € [0, T]

t
Jorh 4 = Cr [ 19 @ (2 Ay oy
0
t
< Cri [ 198y 1 5 elyige oy 0
0
t
4 [ 1l g1+ (V) e 8

0

t
< Cr N sy [ 1l 1 oy
0

which together with (6.14) for the control of the norms of d; implies (6.17).
Step 5. Proof of (6.16) and (6.18). The second variation r satisfies the equation

3,r=Lr+R,, r|[:0:O,

with L as above and

R, = %v : (fzt v *ht)) n %v : (h, U * fz,)) .

We proceed as in Step 4, taking advantage of the bound (6.23), and we obtain

sup 1721l y—t oy < C1 Rinll == moms 1in || 1y —G=1) o 6.25
[O,IP] l t”H,i(R y= L1 I 1n||H72(k DR )” 1n||H72(k D (®m) ( )
which is nothing but (6.16).
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Finally we introduce ¥, := g, — f;y — hy —r; = d; — hy — ry = w; — ry, with the
initial data hi, = hin = gin — fin. It satisfies the equation

Yy =Ly +W,:, Y= =0, (6.26)

V; = V(o (% *dy) + hy (U * wy)) '
Therefore, we deduce

13
Vi 0T Wil g = | [ O bids
0 H =g (R™)
t
<Cr / (150 gy + 105 =60 gy ) Nl k) gy 5,
0

which together with (6.14)—(6.15) and (6.17) implies (6.18). O

Proof of (A2) The first property (A2)-(i) is a consequence of (6.14) in Lemma 6.4. we
have

I Q(fl) ”H:é((Rm) = C%,]

oI H2@®m) = Cu (6.27)
1/5

10(f2) = QU -t @m < Car2 12 = filly s -

We write

Q(f) = Q1(f) + Qa2(f)
with

QI(NH=V(AN)=V-(Tf). Quf) ==V (%[
The linear term Q satisfies the first part of (6.27) (first equation) by direct inspection

combined with the use of Sobolev embeddings. In order to see that O also satisfies
the second part of (6.27) (on the difference), we write

1Q1(f2) = Q1 (Dl -4y = NAlwe-200®m) 12 = fill =02 gy
T Moo 112 = fill =1 gem
and we conclude by using interpolation and Sobolev embeddings (noticing that k —
2 —1/2 > m/2 allows for the Sobolev embedding in the first term).

Concerning the quadratic term Q», using estimates proved in Step 3 of the proof
of (A4), on the one hand we get
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1Q2( N =t omy = N Q2N Nk my < WU * fllwi=r.00@omy 1f Il =60 emy

< Ck 1% |l =) qrmy ”f”?_[—(k—])(Rm) < Ce 1% || oo qgem)

where we have used P(R™) ¢ H~*~1D/2(R™) with continuous embedding. On the
other hand, we have withd := f, — f;

102(£2) = Q2 (Dl g amy = 1% % &) () ooy | f2ll -0 oy
+||% k f‘] ”Wk—],oo(Rm) ||d||H:2(k71)(Rm)

In order to estimate the first term in the above inequality, we remark that

(@O * D@ < ()2 NY (2 =) (e oy 1D ) 72 v ey
<C ||3a02/||H£<(Rm) ”d“H:f(]R'")

uniformly for any z € R™. All together, we have for the quadratic term
/
1920/2) = Q2(fll g4 @my = Co 2 12 = fill =60 gy »

and we conclude the proof of (A2)-(ii) by using interpolation and Sobolev embeddings
again.

Proof of (A5) We use the well known following estimate (see [36]): for any g >
L, fin, &n € Py (R?) and T > 0 there exists C7 such that

sup Wy (SME(fin), SN (gin)) < C1 Wy (fin, gin)s

t>0

that we use with g = 2. Alternatively, estimate (6.14) precisely says that assumption
(AS5) holds in Pg, (E).

7 Inelastic collisions with thermal bath

7.1 The model

In this section we assume that E = R?,d > 1, and we are interested in the fol-
lowing Boltzmann equation for diffusively excited granular media on the distribution

f@t,v)>0,ve R4 of particles:

0
Um0, fio= fin in PE, (.1)

with

Q(f) = Qu(fi H+VvA S
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for some v > 0, and where the quadratic Boltzmann collision kernel Q,, is defined by
the following dual formulation

(Qa(f, 1), 9) = / b(cos8) (¢ (w3) — ¢ (w2)) do f(dwy) f(dwr) (7.2)
R2d 5 Sd—1

for any ¢ € Co(RY), f € P(RY), and with cos = o - (wr — wy)/|wr — wq| and
similarly as in Egs. (5.1) and (5.6)

wy +wy u*

Mgt

but with

l—«o 1+«
u*:( 3 )(wl—wz)—i-(—z )Iwz—wllo,

for some a € (0, 1). (Note that the case « = 1 and v = 0 would correspond to the
elastic Boltzmann kernel considered in Sect. 5.) This corresponds to a situation where
particles lose energy when they collide. We refer to [3,7] for a physical motivation to
these equations. The mathematical theory is treated in e.g. [2—4], where, for example, it
is proven that this equation generates a nonlinear semigroup StN L fin := f;forany fi, €
Py (R?), ¢ > 2. Notice that unlike the classical Boltzmann equation the kinetic energy
is not conserved. For the sake of simplicity we make the normalization assumptions

”b”Ll(Sd*I) = / b(Gl)dG = 1, v=1.
Sd-1

One of these quantities, say the first, can be set to one just by a rescaling of time but
the two cannot be changed independently. However, the result would be the same for
any value of v. Note that due to the normalization ||b] ;1 (se-1) = 1 and the fact that

f € P(RY), the bilinear operator Q,, splits into a quadratic part and a linear part
0(f) = Qg (f, )= [+ Af,

where Q7 is defined through the positive part of the expression (7.2).

We now want to introduce a N-particle system associated to the above Boltzmann
equation for diffusively excited granular media by mimicking the Kac’s construction.
We consider the velocities process (V}Y) with values in R4V, of mixed jump and
diffusion nature, defined through the stochastic differential equations

! N
VN =)+ 2 Tijo WDy, oo NV (ds, dov i, i do) + V2 5.
0 gd-1 i,j=1

Here %,N is a R4 valued standard Brownian motions, NV (ds,do, i, j, dz) is a Pois-
son measure on [0, 00) x S~ x {1,..., N}* x R4 with intensity
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N

1 -
ds do N ./Z/:] li/#j’a(i/,j’)(l’ ]) du
U, ] =

independent of %, and the two functions I';, jo RN — RN and #;, i RN

S?~1 are a.e. defined through the following expressions: for any V = (v1, ..., vy) €
RN we set

. Wi

u; j(V):= 4 Uij '=v; — U

|uijl
and
Lijo(V):=Vi-V,

where

‘/[7 = (U], s Ui, U;k’ Vidtlyoens vj—ls Ujf’ Uj—‘rlv LK UN)
and, as in Eq. (5.1),
but here with

" l -« l4+a
wij = Vi +vj, uj; = > ujj + T |uij|a.

The associated forward Kolmogorov equation on the probability law ftN of (VtN )
in R? reads

W fN. o) = (N, GNo) (7.4)

with generator GV = Giv + GY, where G{V is associated to an inelastic Boltzmann
collision process whose collision kernel only depends on the deviation angle as in
Sect. 5

1 N
Grow =5 ¥ [ beostp [ovp o] o, 79

inj=lgi

withcos0;; = o - (v; —v;)/|v; —v;| and Vl}k defined in (7.3), and Gév is the generator
associated to the Brownian motion

N
(GYp)(V) =D Aig, (7.6)
i=1
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where v; := (v; 1, ..., Vi,¢) and A; denotes the Laplacian in R4 associated to the i-th
particle:

d
o 2
A= Z 3viva’v’_’a.
a=1

It is classical to prove that V" is a Feller process and we refer to the textbooks [13,33]
where the theory is set up with full details (one can also refer to [15,30,36] where
similar processes are considered).

7.2 Statement of the result

The main result in this section is a quantitative estimate of propagation of chaos for
the mixed collision and diffusion model introduced above.

Theorem 7.1 Consider an initial distribution fi, € P, (RY), g > 2, the hierarchy
of N-particle distributions f,N = StN ( fi‘l?N ) following the evolution (7.4), and the
nonlinear semigroup f; = StNL (fin) following the evolution (7.1).

Then there is a constant C > 0 and, for any T > 0, there are constants Cr, C T E
(0, 00) only depending T € (0, 00) such that for any

=1 ® - ® g e F, Fi=W"RHNWIRRY, Jgjlr <1,

we have for N > 24:
N/ N NL N 62 KZ ~ Wa
sup |[ (SN () = (S (n) ) o] = €5+ Cr 5+ Cr e (fin.
[0,T]

(7.7)

As a consequence of (7.7) and Lemma 4.6, this shows the quantitative propagation of
1
chaos with rate e(N) < C({, T, fin) N~ @+ for any initial data fi, € Pd+5(Rd).

We are not aware of any result of propagation of chaos in this setting. A conceivable
alternative approach would be to use the general nonlinear martingale approach, but
that would most likely not provide any quantitative rate of propagation of chaos. The
techniques developed recently in [15] for the elastic Kac equation without cut-off is
yet another alternative technique that could be tried on this model, but we have not
made any attempts in this direction, and, would it work, it is not clear as to what kind
of convergence rate one could hope to achieve.

7.3 Proof of Theorem 7.1
We shall prove that Theorem 7.1 is a consequence of Theorem 2.1 by proving that the

assumptions (A1)-(A2)—(A3)-(A4)-(A5). We consider the phase space E = R and
the following choice of functional spaces
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G = H ' (RY), 51 :=3,

Gy = H_Sz(]Rd), s2:=3s1 =9,
Fi=WrIRY,

Fr = Wl(RY,

where the Fourier based space H~* (R?) and the norms | - |5 are defined in Example 3.7,
and the corresponding spaces Pg, (E) and Pg, (E) (without weight). We finally define
F3 = Lip(Rd ) and Pg,(E) =P, (R%) endowed with the quadratic MKW distance
Ws.

Proof of (Al) The well-posedness of Eqs. (7.4)—(7.5) is a variation on the well-
posedness result for Eq. (7.1) as obtained in [2,4]. We also refer to [13,15,30,36]
for a proof of the fact that t Z/V is a Feller process.

Proof of (A2) First we prove (A2)-(i), and more precisely we prove that

SN e ¢™V(Pg, (E), Pg, (E)),

which is a consequence of the following result:

Lemma 7.2 For any fi, g&n € P(RY) and any final time T > 0, the associated
solutions f; and g; to the diffusive inelastic Boltzmann equation (7.1) satisfy for any
s>0

sup 1fi — gils < €T | fin — ginly - (7.8)
t€[0,T]

Proof of Lemma 7.2 We recall Bobylev’s identity for Maxwellian inelastic collision
kernel (see for instance [2])

A 1 ~
FOLU9)©) = 0X(FG@ =5 [ b(c-8) 1FT 6™+ F GMao
Sd—1

with F = f,G = §, F¥ = F(§%), G* = G(¢%) and

3—« 1+« _ 1+«
) E+T|§|U, § = )

£ = & —1&lo).

A

Denoting D =g — f,S=¢g+ f , the following equation holds

+ ¢ — ¢t
a,D:/b(g.é) [D S PS i|do—D—|§|2D. (1.9)

2 2
S2
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Using that ||S]|sc < 2 and then |£%| < |&|, we deduce in distributional sense

d D) D) [ o [<s+>f e )
o= el b(o - d
ar & 5(;55 <s>s) SR R

o 12
= sup ——,
cepd (E)°

from which we conclude that (7.8) holds. O
Next we prove (A2)-(ii), as a consequence of the following result:
Lemma 7.3 Forany f, g € P(RY) and s > 0, we have

[Qa(f, Iy <2 (7.10)

and
1Qa(f+8& f—&)s =31f —&ls- (7.11)
Moreover for any s > 2 there exists § € (0, 1) such that
|Af — Dgly <21f — gl (7.12)
Proof of Lemma 7.2 We prove the second inequalities (7.11). We write in Fourier:

F(Qulf +g. f—8) = 0u(D,S)

1 A
=3 / bo-§) (SENDE)+SEHDE) -2D®) do

§d-1

where Q, is the Fourier transform of the symmetric version of the collision operator
Q, which yields

10D, 5)|

G ST+T+T

with

1 n
T = / b(o -§) SEY) DE) do

2(g)°
S§d—1
L SED| |DED)| )
b(o - d Dj;.
Sgd/l (06 o e o < 1D
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Similar estimates hold for the two other terms 7, and 73. The proof of the
first inequality (7.10) is similar (and simpler): we use the Fourier representation of
Qu(f, f)andthe bound || f|| L < 1. We finally prove the last inequality. We compute

|F — G| s (IF =G\’
Af — Agly = 2 F—G|! 5( )
IAf — Agl, ;:ﬂgd &1 & S:;&(' | &y )

with § := (s — 2)/s. O

Proof of (A3) We claim that for any s; > 3 there exists C; € Ry such that for all
® € C>1(Pg, (E),R)

Cy
N N N N N
|6 @ouH—{ow. uh). pou)| . < T IRlcaiy, . (13)

which is (A3) with k =2, = 1 and e(N) = C; N1,

We begin with a technical lemma which shows that the norm | - | is well-adapted
for obtaining differentiability of the empirical measures. It is worth emphasizing that
the choice of s = 3 (in fact we only need 51 > 2 by modifying slightly the arguments)
comes from the requirement that the function V > & (,u]%’ ) be C2.

Lemma 7.4 The map RN — Pg,(E), V ug is C* and

1 -
Qe (1) = 7 0aBuis By, s (12) = N7 0580

Proof of Lemma 7.2 For v, w € R4, we have

|e_,' v-E e—i wé’| || Vve_i vé “L"O(R‘vj)
[8y — Swls = sup —————— < |v—w]| sup
sent &) £eRe )
1§

<Jv—w| sup < [v—uwl
cora (€)

which shows that v — 8, is C%!. For the sake of simplicity we present the proof of
differentiability when d = 1, the case d > 1 being similar. For v € R and & € R*, we
have

< |h?,

—iEh _ - —ivE 2
|5v+h—8v—h8;)|szsup|(e L+ishe }fsupM
£cR &) ter (8)°
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from which we deduce that v — 8, is C!>!. Similarly we can go to second order:

h2
8v+h—8v—h8;+?55
N
e_ish—l—l—i h—E2p2 e—ivs ]’13
:sup’( ; s ) ’SSUP@—|S|h|37

£eR (&)* gcr (6)°

and we easily conclude that v > 8, is C>!. When the dimension d is greater than 1,
one can perform the same argument for the partial derivatives of the Dirac mass. O

We come back to the proof of (7.13). Take ® € Cz’l(’Pg1 (E), R) and compute
separately the contributions of GlN ,i = 1,2. Proceeding as in the proof of (A3) in
Theorem 5.1 we have

GY (@ ond) = (0o (nY. 1Y), DOWH)+ (V)
with

2
do

51

A

1 N
1L = 5 Z /b(COS(Gij))”(D”CZl

N N
I'Lvij‘_ — MUz
ij=lgi1

IA

N ”(D”CZJ(PQ] (E),R)»

since for any i # j

8,}!{ + (31)} — &y, — 31,_/.

i

1
s N

1
<
- N
On the other hand, as in the proof of assumption (A3) in Sect. 6, the map RN —

R,V CD(,u%/) is C>! thanks to Lemma 7.4 and denoting ¢; = DCD[M%/] €
(H*1(R?)), we compute

51

Sy

v
ilsg

+ |8y

4
ol + Lol + ol ) =+

N
GY (@) =D Adud)
i=1

N d
=> [% (A¢2) (vi) + % > D2 il ] (s, Mvﬂ]
i=1

a=l1

1@l c21¢ps. (B)R
=<Au§,¢z>+0( jvgl( e
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We conclude the proof by combining the previous estimates. O

Proof of (A4) For fin, gin € P(RY), we define the associated solutions f: and g; to
the nonlinear Boltzmann equation; we define /; := L[ fin]1(gin — fin) the solution
of the linearized Boltzmann equation around f;; and we define r;, the solution to the
“second variation” equation around f;. More precisely, we define

o fr = Qa(fr, f) + A fiy fii=0 = fin

08t = Qul(gr, &)+ Ag, &11=0 = &in

Orhy = Qa(frs he) + Qu(he, f1) + Ahey hjt=0 = hin,

Ori = Qu(fior)) + Qulre, fi) + Ary + 5 Qalhs, i) + 5 Qu(hy hy).  ry—o =0

where in the last equation (second-order variation) i, and fzt are two solutions to the
third equation (first-order variation).
We then define when hi, = hin = gin — fin the following error terms

=8 — i
wr =g — fi — he = SN (gin) — SN (fin) — LV finl(8in — fin)
Y=g — fr —ht — 1.

Lemma 7.5 Fixs > 0and T € (0, 00). There exists Ct such that for any fin, gin €
PRY), the following estimates hold

Viel[0,T], |hls =Cr |hinls (7.14)
Vt € [0’ T]7 |rt|2x S CT |hin|s |hin|s» (715)

and when hi, = fzin = gin — fin we have furthermore

Vi e[0,T], loly < Cr |fin— ginl?, (7.16)
Vi e[0, T, |¥ils; < Cr | fin — ginl3 - (7.17)

This proves that SNt € C*1(Pg, (E), Pg,(E)).

Proof of Lemma 7.5 We skip the proof of (7.14) since it is similar to the proof of
(7.8). We then deal with each term successwely We work in Fourier variable and
we introduce the notations F = f D = d H=hH= (h),2 = &, R = F and
v=.

Step 1. The evolution equation satisfied by €2 is

3= 04(Q, F)+ Qu(F, Q) — |E]*>Q2 — 04(D, D). (7.18)

We deduce in distributional sense

die@l _
dr (&) ~

7_i+7_é7
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where

T = / b(o-¢) (‘Q(&*)F(s)‘ ‘Q(&)F(&*)
1 = sup % +
£cR (&) 2 2

Sd-1

—F(§)2(0) — F(O)Q(é)) do

A (|QED] ENE |QED] ¢
b .
/ (=) ( ENE ©F e @

< sup

d
feR §d—1

)] 1G]
_— QO —==)d
ey TR0 <s>2s) ?

< C sup 1$2(5)] +1200)] sup |F (&)l

= e (87 cope (6P

for some constant C > 0, and

i Do 8)
To=t sup / —— 2 [DEY DE) + DE) DED)| do
235 ) e

1 N\ [(IDED]IDET)|  |DED)? |D(s—>|2)
—_ b . d
: ;55/ (v i5)( ey e e ey )Y

§d-1

2 2
< |l = Cr | fin — &inly »

A

using the estimates (7.8). We then conclude thanks to a Gronwall lemma.

Step 2. The evolution equation satisfied by R is

%R = Qu(F,R) + Qu(R, F) — |E|*R
1 - 1~ -

Equation (7.19) being similar to Eq. (7.18), with the same computations as in Step 1
we deduce that (7.15) holds.

Step 3. Choosing now hj, = ﬁin = dj,, the equation satisfied by W is
QW = Qu(F, W) + Qu(W, F) — |E7 W — 00 (R, H) — Qu(D, Q), W9 = 0.

Observe thatA by conservation of mass \¥; (O)A = 0 for all times, and with these choices of
initial data Qo (2, H) = O} (2, H) and Q4 (D, Q) = QF (D, Q). Then we perform
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similar computations as in Step 1, and we deduce in distributional sense

Ghe ST+
where
7= s | Qul(F, wz;)rsséa(w, Pl _ o = |;1;§§)|
e s 1O <o (s ) (e

Finally we then conclude the proof of (7.17) using the already established estimates
(7.8), (7.14), (7.16), and the Gronwall lemma. O

Proof of (A5) We use the following result proved in [4] (see also [2] for a similar result)

sup WZ(SzNLfin’ S;NLgin) < Wa(fin, &in)»

>0
which concludes the proof.
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