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Abstract In the first part of this article (Bourgade et al. arXiv:1206.1449, 2012), we
proved a local version of the circular law up to the finest scale N~'/2*¢ for non-
Hermitian random matrices at any point z € C with ||z] — 1| > ¢ for any ¢ > 0
independent of the size of the matrix. Under the main assumption that the first three
moments of the matrix elements match those of a standard Gaussian random variable
after proper rescaling, we extend this result to include the edge case |z|] — 1 = o(1).
Without the vanishing third moment assumption, we prove that the circular law is valid
near the spectral edge |z| — 1 = o(1) up to scale N~ ate,
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1 Introduction

The circular law in random matrix theory describes the macroscopic limiting spectral
measure of normalized non-Hermitian matrices with independent entries. Its origin
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620 P. Bourgade et al.

goes beck to the work of Ginibre [16], who found the joint density of the eigenvalues
of such Gaussian matrices. More precisely, for an N x N matrix with independent
entries \/Lﬁzi j such that z;; is identically distributed according to the measure ug =

#e’msz(z) (dA denotes the Lebesgue measure on C), its eigenvalues w1, ..., Uy
have a probability density proportional to
[t = e NS an
i<j

with respect to the Lebesgue measure on CV . These random spectral measures define
a determinantal point process with the explicit kernel (see [16])

N-—1 —\/

N N i2i..p2 (Nz1z2)
K , — 7 (2117 +z21%) 1.2
~N(z1,22) ¢ ;_0 1 (1.2)

with respect to the Lebesgue measure on C. This integrability property allowed Ginibre
to derive the circular law for the eigenvalues, i.e., %pr) converges to the uniform

measure on the unit circle,
1
;]l|z|<1dA(Z). (1-3)

This limiting law also holds for real Gaussian entries [12], for which a more detailed
analysis was performed in [7,15,26].

For non-Gaussian entries, Girko [17] argued that the macroscopic limiting spectrum
is still given by (1.3). His main insight is commonly known as the Hermitization
technique, which converts the convergence of complex empirical measures into the
convergence of logarithmic transforms of a family of Hermitian matrices. If we denote
the original non-Hermitian matrix by X and the eigenvalues of X by u ;, then for any
C? function F we have the identity

1 N 1 . .
N/Z:;F(“f) = m/AF(Z) Trlog(X* — z)(X — 2)dA(2). (1.4)

Due to the logarithmic singularity at 0, it is clear that the small eigenvalues of the
Hermitian matrix (X* — z*)(X — z) play a special role. A key question is to estimate
the small eigenvalues of (X* —z*)(X — z), or in other words, the small singular values
of (X — 7). This problem was not treated in [17], but the gap was remedied in a series
of papers. First Bai [3] was able to treat the logarithmic singularity assuming bounded
density and bounded high moments for the entries of the matrix (see also [4]). Lower
bounds on the smallest singular values were given in Rudelson and Vershynin [24,25],
and subsequently Tao and Vu [28], Pan and Zhou [21] and G6tze and Tikhomirov
[18] weakened the moments and smoothness assumptions for the circular law, till the
optimal L? assumption, under which the circular law was proved in [29].

In the previous article [8], we proved a local version of the circular law, up to the
optimal scale N ~!/2%¢_in the bulk of the spectrum. More precisely, we considered an
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The local circular law II: the edge case 621

N x N matrix X with independent real! centered entries with variance N~ Let 1,
J € [1, N] denote the eigenvalues of X. To state the local circular law, we first define
the notion of stochastic domination.

Definition 1.1 Let W = (Wy)y>1 be family a random variables and ¥ = (Wy)y>1
be deterministic parameters. We say that W is stochastically dominated by W if for
any o0 > 0 and D > 0 we have

P[|Wn| > Nwy] < NP
for sufficiently large N. We denote this stochastic domination property by
W < W, or W=0,(V).

In this paper, as in [8], we assume that the probability distributions of the matrix
elements satisfy the following uniform subexponential decay property:

sup IP(|\/NX,~,J~| > )\) <ol (1.5)
(i,j)E[[l,N]]z

for some constant ¢ > 0 independent of N. This condition can of course be weakened
to an hypothesis of boundedness on sufficiently high moments, but the error estimates
in the following Theorem would be weakened as well.

Let f : C — R be a fixed smooth compactly supported function, and f;,(n) =
N2 f(N*(u — z0)), where zg depends on N and ||zo| — 1| > 7 for some T > 0
independent of N, and a is a fixed scaling parameter in (0, 1/2]. Theorem 2.2 of [8]
asserts that the following estimate holds:

1
NﬁlZfzo(Mj)— ;/sz(Z)dA(z) < N-l+2a (1.6)
J

This implies that the circular law holds after zooming, in the bulk, up to scale N —1/2+e
In particular, there are neither clusters of eigenvalues nor holes in the spectrum at such
scales.

We aim at understanding the circular law close to the edge of the spectrum, i.e.,
|zo] — 1 = o(1). The following is our main result.

Theorem 1.2 Let X be an N x N matrix with independent centered entries of vari-
ances 1/N and vanishing third moments. Suppose that the distributions of the matrix
elements satisfy the subexponential decay property (1.5). Let f, be defined as pre-
viously and D denote the unit disk. Then for any a € (0, 1/2] and any z9 € C, we
have

! For the sake of notational simplicity we do not consider complex entries in this paper, but the statements
and proofs are similar.
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622 P. Bourgade et al.

1
N7 Frole) = — / fo0(@dAR) | < NI (1.7)
J D

Notice that the main assertion of (1.7) is for |zo| — 1 = o(1) since the other cases
were proved in [8], stated in (1.6).

Without the third moment vanishing assumption, we have the following weaker
estimate. This estimate does not imply the local law up to the finest scale N ~1/2+¢

but it asserts that the circular law near the spectral edge holds at least up to scale
N~ 1/44¢ .

Theorem 1.3 Suppose that X is an N x N matrix with independent centered entries,
variance 1/ N, satisfying the subexponential decay property (1.5). Let f, be defined
as previously, with |zo| < C, and D denote the unit disk. Then for any a € (0, 1/4]
and any zy € C, we have

1
NS Sy - = [ fa@aae) | < N (1.8)
J D

Shortly after the preprint [8] appeared, a version of local circular law was proved
by Tao and Vu [30] under the assumption that the first three moments matching a
Gaussian distribution both in the bulk and near the edge. Both the assumptions and
conclusions of Theorem 20 [30], when restricted to near the edge, are thus very similar
to Theorem 1.2. On the other hand, in the bulk case the assumption of vanishing third
moments were not needed in [8]. Our proof in this paper follows the approach of the
companion article [8], except that for small eigenvalues we will use the Green function
comparison theorem [13]. On the other hand, the method in [30] relies on Jensen’s
formula for determinants.

A main tool in the proof of the local circular law in [8] was a detailed analysis of
the self-consistent equations of the Green functions

Gij(w) = [(X* = 2)(X — 2) — wl;;.

We were able to control G;; (E +1in) for the energy parameter E in any compact set and
for sufficiently small 5 so as to use the formula (1.4) for functions F' at scales N —1/24e
We proved that, in particular, the Stieltjes transform m = N~!>" G;; converges to
mc(w, z), a fixed point of the self-consistent equation

1 4+ wm(l +m)?
g(m) = —— T
|z]> =1

(1.9
when ||z| — 1| = t > 0. In this region of z, the fixed point equation is stable.
However, for |z] — 1 = o(1), (1.9) becomes unstable when |w| is small. In this paper,
we will show that m is still close to the fix point of this equation under the additional
condition that the third moments of the matrix entries vanish. With this condition,
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The local circular law II: the edge case 623

we can compare m of our model with the corresponding quantity for the Gaussian
ensemble. In order to carry out this comparison, we prove a local circular law for
the Ginibre ensemble near the edge |z| — I = o(l) in Sect. 4. We now outline the
proof of the main result, Theorem 1.2. Step 1: we use the Hermitization technique to
convert the Theorem 1.2 into the problem on the distribution of the eigenvalues A;’s
of (X —2)*(X — z). Step 2: for the eigenvalues of order 1, i.e. A; > ¢ for some ¢ > 0,
we will control D" log(%;) via an analysis of the self-consistent equations of the Green
functions

Gij(w) = [(X* = (X —2) —w];".

Step 3: for the eigenvalues of order o(1), we will show that D log(%;) of our model
has the same asymptotic distribution as the Ginibre ensemble, via the Green function
comparison method first used in [13]. The local circular law for the Ginibre ensemble
is proved in Appendix 4. Step 4: combining the previous steps, we conclude the proof
of the local circular law on the edge.

2 Proof of Theorems 1.2 and 1.3
2.1 Hermitization
In the following, we will use the notation

Y.=X—1z1
where [ is the identity operator. Let A ; (z) be the jth eigenvalue (in the increasing order-
ing) of Y*Y,. We will generally omit the z—dependence in these notations. Thanks to
the Hermitization technique of Girko [17], the first step in proving the local circular

law is to understand the local statistics of eigenvalues of Y*Y;. More precisely, (1.4)
yields

1
N7 fnj) = N7 / (AE) D loghj@dAE), (2.1
J J

where
z=2z0+ NY. (2.2)

Roughly speaking, for any fixed ¢ > 0, the sum N~! ZM >¢ 10g 2 (z) will approach
fx>£(logx)pc(x)dx, where p. is the limiting spectral density of Y'Y,. To esti-
mate the error term in this convergence, we need to know some properties of o
(Sect. 2.2) and, most importantly, the strong local Green function estimates of Sect. 2.3.
The A; < & part will be studied with the Green function comparison method in
Sect. 3.
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624 P. Bourgade et al.

2.2 Properties of m and p

Define the Green function of Y'Y, and its trace by

Gw) :=G(w,z) = (YZ*YZ — w)_l, m(w) :=m(w, z) = %Tr G(w, 2)
! Z w=E+i
Iy (z)—w’ R
j=1

We will also need the following version of the Green function later on:
Gw) :=G(w,z) = (.Y —w)~",

As we will see, for some regions of (w, z), with high probability m (w, z) converges
to m.(w, z) pointwise, as N — oo where m.(w, z) is the unique solution of

m' = —w(l 4+ me) + 2P0 +me) ! (23)

with positive imaginary part (see Sect. 3 in [18] for the existence and uniqueness of
such a solution). The limit m.(w, z) is the Stieltjes transform of a density p.(x, z) and
we have

metwz) = [ 25D 2.4)
X —w
R
whenever n > 0. The function p.(x, z) is the limiting eigenvalue density of the matrix

Y'Y, (cf. Lemmas 4.2 and 4.3 in [3]). This measure is compactly supported and
satisfies the following bounds. Let

+3)3
At i=Ai(2) 1= ;la—:l:)l)’ a = +/1+8|z|% (2.5)

Note that A_ has the same sign as |z| — 1. It is well-known that the density p.(x, z)
can be obtained from its Stieltjes transform m(x + in, z) via

1 . . 1 . .
pc(x,z) = —Im lim mc(x +1n, 2) = —Lremax(0,a_}, 2,1 Im lim mc(x +1in, 2).
g n—0t g n—0t

The propositions and lemmas in this subsection summarize the properties of p. and
m. that we will need in this paper. They contain slight extensions (to the case |z| =
1 4 o(1)) of the analogous statements [8]. We omit the proof, strictly similar to the
calculation mentioned in [8].

In the following, we use the notation A ~ B when cB < A < ¢~ 1B, where ¢ > 0
is independent of N Fig. 1.
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The local circular law II: the edge case 625

lzl=1

lzI=1.2

0 5 10 15

Fig. 1 The limiting eigenvalues density pc(x, z) forz = 1.5,1.3,1.2,1,0.4

Proposition 2.1 The limiting density p. is compactly supported and the following
properties hold.

(i) The support of pc(x, z) is [max{0, A_}, A,].

(il) Asx — Ay from below, the behavior of p.(x, z) is given by pc(x, 7) ~ /Ay — X.

(iii) For any fixed ¢ > 0, if max{0, A_} + & < x < Ay — ¢, then pc(x,z) ~ 1.

(iv) Near max{0, A_}, if z is allowed to change with N such that |z| = 1 + ey (with
en = 0(1)), then A_ = o(1) and the behavior of p.(x, z) depends on & . We will
not need this detailed property and will only need the following upper bound:
for any 8 > O there is C > 0 such that for any |z| < 8!, x € [0, 8], we have

pe(x,2) < C//x.

From this proposition, we obtain the following bound regarding the Stieltjes trans-
form of p. (see (2.4)).

Proposition 2.2 Uniformly in 7 and w in any compact set, the Stieltjes transform of
pc is bounded by

me(w, z) = O(Jw|~1/?). (2.6)

1

Moreover; for any fixed ¢ > 0, uniformly in ¢ < |w| < ¢!, |z| < ¢!, we have

me ~ 1.

We now collect some technical properties of m. used in this paper. Define « :=
k(w, 7) as the distance from E to {Ay, A_}:

k =min{|E — A_|, |E — Ayq]}. 2.7)
For |z| < 1, we have A_ < 0, so in this case we define ¥ := |E — A4|.

The following two lemmas, concerning the case ¢ < |w| < ¢7L, are analogous
to Lemma 4.1-4.3 of [8], and the proofs are essentially the same. Notice that the
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626 P. Bourgade et al.

properties of p.(x) usedin [8] when ¢ < |w]| < ¢! can be summarized as follows: (1)

Pe(x) ~ Ay —xif0<c<x < Ap. (2) foo(l) pc(x) = o(1). From Proposition 2.1,
these two estimates hold uniformly for all |z] < C, including |z] — 1 = o(1). We
therefore can use the proofs in [8] to obtain the following two Lemmas.

Lemma 2.3 There exists tg > 0 such that for any t < 10, if ||z] — 1] < T and
T < |w| <t then the following properties concerning m. hold (all constants in
the following estimates depending on t). Notice that by (2.5), we have in this case

_2\3
ho = & = 0(lzl - 1) = O(2).

Case 1: E > Ay and|w — Ay| > t. We have
1
|[Remc| ~ 1, O}Remc>—§, Imm ~ n. (2.8)

Case 2: |w — A4| < t. We have

L 2 [8(1 + )3 B 12 B
me(w, z) = 3+oe+ a(3+a)5(w Ap) 7T+ 00y —w), 2.9)

and

% ifk >nand E > Ay,
Imm, ~ (2.10)

V1o ifk <norE < g

Case 3: |w — Ay| = t and E < My (notice that E is allowed to be smaller than A_).
We have

Ime| ~ 1, Imme ~ 1. @2.11)

Lemma 2.4 There exists tg > O such that forany v < 1 if the conditions ||z]—1| < t
and v < |w| < t~! hold, then we have the following three bounds concerning m. (all
constants in the following estimates depend on t):

lme + 1] ~ [me| ~ Jw|~2, (2.12)

< CImme, (2.13)

‘Im—
w(l +me)
4120 (= 535) (ne-525)

‘ e 34« e 3—«a

2.3 The Strong Green function estimates

=
+
. =

>C

(2.14)

lwl

We now state precisely the estimate regarding the convergence of m to m.. Since the
matrix Y'Y, is symmetric, we will follow the approach of [14]. We will use extensively
the following definition of high probability events.
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The local circular law II: the edge case 627

Definition 2.5 (High probability events) Define
¢ = (log N)losloeN (2.15)

Let ¢ > 0. We say that an N-dependent event €2 holds with ¢ -high probability if there
is some constant C such that

P(29) < N exp(—¢°)
for large enough N.
For o > 0, define the z-dependent set
S(e) :={w € C: max(A_/5,0) < E < 5r4, ¢*N ' me|~! < < 10},

where ¢ is defined in (2.15). Here we have suppressed the explicit z-dependence.

Theorem 2.6 (Strong local Green function estimates). Let ¢ > 0 be given. Suppose
that z is bounded in C, uniformly in N. Then for any ¢ > 0, there exists C; > 0 such
that the following event holds with ¢ -high probability:

1
N m(w) — me(w)| < go‘sz—]. (2.16)
weS(Co).lw|>e g

Moreover, the individual matrix elements of the Green function satisfy, with {-high
probability,

ﬂ max |G; — medij| < ImmCJrL (2.17)
ij ij clij| x NT) N?’] . .

weS(Cy),lw|>e

Proof The proof mimics the one of Theorem 3.4 in [8], in the case of general z but
restricted to |w| > ¢. Indeed, in the special case |w| > &, Theorem 3.4 in [8] (which
is stated for ||z| — 1| > 0) actually also applies for |z| = 1: its proof only needs
some properties of m in this case, which are Lemmas 4.1 and 4.2 in [8], and have as
analogues (even for |z| = 1) Lemmas 2.3 and 2.4 from the previous subsection. O

2.4 Conclusion

Following the Hermitization explained in the previous section, in order to prove The-
orem 1.2, we need to properly bound (2.1). Now log A j (z) needs to be evaluated even
for z close to the edge, and for this we first define a proper approximation of the
logarithm, with a cutoff at scale N ~21¢.

Definition 2.7 Let i(x) be a smooth increasing function supported on [1, 400] with
h(x) = 1forx > 2and h(x) = 0 for x < 1. For any ¢ > 0, define ¢ on R} by
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628 P. Bourgade et al.

d(X) = de(x) = h(N2~%x) (log x) (1 —h (L)) . (2.18)
2y

We now prove that ¢ is a proper approximation for log in the sense that
Tr (log(Y*Y) — ¢(Y*Y)) < N¢¢ (2.19)
uniformly in z in any compact set, where C is an absolute constant independent of N.
For this purpose, we first bound the number of small eigenvalues of Y*Y. This is

the aim of the following lemma, proved in Sect. 3.2.

Lemma 2.8 Suppose that \w| + |z| < M for some constant M independent of N.
Under the same assumptions as Theorem 1.3, for any ¢ > 0, there exists C; such that

if
n > N w2 (2.20)
then we have

Im(w, z)| < (log N)|w|~!/? (2.21)

with ¢ -high probability (notice that if we take n ~ |w| then the restriction is |\w| >
N72¢2C; )

Using
[{j:xj €[E—n, E+nl}| < Cnlmm(E +in) (2.22)

and Lemma 2.8 with £ = 0 and n = N~>12¢, we obtain

1
U <N < (2.23)

Moreover, we have the following lower bound on the smallest eigenvalue.

Lemma 2.9 Under the same assumptions as Theorem 1.3,
[logAi(z)| <1

holds uniformly for z in any fixed compact set.

Proof This lemma follows from [25] or Theorem 2.1 of [28], which gives the required
estimate uniformly in z. Note that the typical size of A1 is N ~2 [25], and we need amuch
weaker bound of type P(A1(z) < e_Nfg) < N=€ for any ¢, C > 0. This estimate is
very simple to prove if, for example, the entries of X have a density bounded by N€,
which was discussed in Lemma 5.2 of [8]. O
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The local circular law II: the edge case 629

The preceding lemma together with (2.23) implies
Tr (log(Y*Y) - ¢3(Y*Y)) < NCe, (2.24)

where ¢(x) = h(N 2’zgx)(log x). The proof of (2.19) is then complete thanks to the
following easy lemma bounding the contribution of exceptionally large eigenvalues.

Lemma 2.10 Under the same assumptions as Theorem 1.3, for any ¢ > 0,

Tr (¢(Y*Y) _ qE(Y*Y)) <1 (2.25)

holds uniformly for z in any fixed compact set.

Proof Notice first that, for any c¢p > 0, there is a constant C > 0 such that, uniformly
in|z| < co, Ay < NC (this is for example an elementary consequence of the inequality
AN < Tr(Y*Y)). The proof of the lemma will therefore be complete if

i :Ai 2204} < 1. (2.26)
Let ()L,(f))ke [1.~] be the increasing eigenvalues of YO y® whereY® = X —(1-8)z.
By the Weyl inequality for the singular values, for any § > 0

1/2 5 1/2
<A@ s, (2.27)

Moreover, as |(1 — §)z| < 1, we are in the context of Lemma 5.1 in [8], which yields,
for any ¢ > 0, the existence of C; > 0 such that

®) ®)
Mol e SAY (2.28)

with ¢-high probability. Equations (2.27) and (2.28) give

® ORI
hy_gc SAY+28007 7 46

Together with AS’_S) — Ay as § — 0 (uniformly in |z] < c¢p), this concludes the proof
of (2.26) by choosing § small enough. O

Remark 2.11 With some more technical efforts, the techniques used in this paper
allow to prove the stronger result Ay — A < N ~2/3. This rigidity on the edge could
be proved similarly to the rigidity of the largest eigenvalues of X*X, for non-square
matrices [22].

It is known, by Lemma 4.4 of [3], that

/ (log X) A oo (x, 2)dx = 4xp (2). (229)
0
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630 P. Bourgade et al.

By definition of ¢ and p.

' / b (x) pe(x)dx — / log(x) pe (x)dx | < N71TC* (2.30)

Then from equations (2.1) and (2.19), Theorem 1.2 follows if we can prove estimate

‘/Af(&) (Trq)(Y*Y)—N/qS(x)pC(x)dx) dedg| < NC. (2.3

We first evaluate Tr ¢ (Y*Y) in the following lemma.

Lemma 2.12 Let x be a smooth cutoff function supported in [—1, 1] with bounded
derivatives and x (y) = 1 for |y| < 1/2. For the same ¢ presented in the definition of
@5, we define the domain in C

I= {N’”g\/f <, wl < e} . (2.32)

There is some C > 0 such that for any ¢ > 0, (recall: ¢ := ¢ from Def. 2.7)

N
Tr¢(Y*Y) — N/d)(X)Pc(X)dx - / x(M¢'(E)Re (m(w) — me(w)) dEdn| < N
1
(2.33)

uniformly in z in any compact set.

Proof Suppose that (2.33) holds with the integration range [ replaced by I where
[ = {N_H'E«/E < 77}.

Define the notation Am = m —m.. One can easily check thatif w € I and ¢'(E) #0,
thenn > N~1+¢|w|!/2 (if y < E this last equation exactly means o € I and ifn > Eit
is equivalent to n > N ~272¢ which is true because n > N~ '*¢\/E and E > N~>+%
when ¢'(E) # 0).

Using Proposition 2.2 and Theorem 2.6, we therefore have Re (Am(w)) =
O(¢C /(Nn)) on I/1, 50

/ X (' (E) Re (Am(w)) dEdy < / dEdn i)
NEn

/1 e<|w|<C, N1+ VE<n<C

Hence (2.33) holds with integration range given by /.

@ Springer



The local circular law II: the edge case 631

We now prove (2.33) with I replaced by I. The Helffer—Sjostrand functional cal-
culus (see e.g. [11]), gives for any smooth function g : R — R,

40 = L/ iyg"(C)x () +i(g(x) +iyg ())x (y)dxdy.
2 A—x—1iy
R2

Asa consequence,

N
Tré(Y*Y) = - / (ing” (E)x () +ip(E)x' ()

n>0
—n¢'(E)x'(n)) m(E + in)dEdn, (2.34)
N
N/d)(x),oc(x)dx == / (ing" (E)x () +ip (E)x'(n)
n>0
—n¢'(E)x'(n)) mc(E + in)dEdn. (2.35)

By definition, x'(n) # 0 only if |n| € [1/2, 1]. Using (2.16), we have

N
> [ (0@ - 0B o) am(E + inaay < 1.
n>0

hence the difference between (2.34) and (2.35) is

N
Tr¢p(Y*¥) — N / B ()p)dx = / i (E)x (n)Am(E + in)dE dy
n>0
+0.().

Since the left side of the equation, x and ¢ are all real, this can be rewritten as

N
Tro (YY) — N/q&(x),oc(x)dx == / n¢" (E)x () Im Am(E + in)d Edn
n>0
+0.(1).

Furthermore, for n < N~'*¢/E and E > N~2t2¢ we have nImm(E + in) <
N~! because n — nImm(E +in) is increasing, and at g = N~1+2/E the result its
true thanks to (2.21) (n < N™'"/E and E > N=272¢ imply that n > N~1+¢|w|!/2
as we saw previously). Together with the easy bound |¢” (E)| < C(1+|log(E))E~2,
the above estimate yields

N/n¢>”(E)X(n)Imm(w)dEdn < / CN~"WC ET32dE < N©°.

I N-2<E<O(1)
(2.36)
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632 P. Bourgade et al.

The same inequality holds when replacing m with m, hence

N/ n¢" (E)x () Im(Am(w))dEdn < N,
Ic
To estimate N [ n¢” (E) x (7)) Im(Am (w))d Edn, we integrate this term by parts first

in E, then in 1 (and use the Cauchy—Riemann equation % Im(Am) = — % Re(Am))
so that

N / 16" () x Gr) Im(Am (w))d Edn
I
_N / X (' (N2 0%) Tm(Am (N>~ 1 + im))dn

+N/N_l+8«/f¢’(E)X(N_1+sﬁ) Re(Am(E +iN~ " VE))dE

—N/x(n)rb'(E) Re(Am(w))dEdn

I

—N / nx'(m¢'(E)Re(Am(w))dEdn. (2.37)
i

The last term is nonzero only if 5| € [1/2, 1]. By (2.16), this term is of order O« (1).

Concerning the first two terms, they can be bounded in the following way: as
we already saw, if w € [ and $(E) # 0, then n > N~'T¢|w|/2; one can
therefore use (2.21): |m| + |m.| < (log N)|w|~Y2. This together with [¢'(E)| <
c(+ |log(E)|)E’1 proves that the first two terms are O (N€%), completing the
proof: only the third term remains. O

To complete the proof of Theorem 1.2, we estimate the third term in (2.37) under
the additional assumption that the third moments of the matrix entries vanish. The
following lemma provides such an estimate whose proof will be postponed to Sect. 3.3.
To state this lemma, we introduce the following notation,

Z§ =N / Ag(&) / X (D¢’ (E) Re(my (w) — ma(w))dEdndA(€),
1

for any given smooth function g and initial random matrices X, X», with associated
* k

matrices Yz(l) Yz(l), Y, 1(2) Y, Z(Z) having respective Stieltjes transforms m and m, (the

parameter z and & are related by (2.2)). Moreover, we will write

zP = N/Ag(é)/x(n)W(E)Re(m(w) — me(w))dEdndA(E).
1

Notice that Z%?, x, and ng) depend on ¢ through the definition of ¢ in Def. 2.7.

,C
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Lemma 2.13 Under the assumptions of Theorem 1.2, there exists a constant C > 0
such that for any small enough ¢ > 0, we have

ngf g < N%¢ £
where c ¢ is a constant depending only on the function f.

Combining this lemma with (2.33), we obtain (2.31) and complete the proof of
Theorem 1.2.

To prove Theorem 1.3, instead of Lemma 2.13, we only need to prove the following
lemma which does not assume the vanishing third moment condition. This lemma will
be proved at the end of Sect. 3. This concludes the proof of Theorem 1.3.

Lemma 2.14 Under the assumptions of Theorem 1.3, for some fixed C > 0, for any
small enough ¢ > 0, we have

2 < W,

where ¢y is a constant depending only on the function f.

3 Proof of Lemmas 2.8 and 2.13
3.1 Preliminary lemmas

This subsection summarizes some elementary results from [8], based on large deviation
estimates. Note that all the inequalities in this subsection hold uniformly for bounded
Z, no matter its distance to the unit circle. We first introduce some notations.

Definition 3.1 Let T, U C [[1, N]. Then we define ¥ (T-U) as the (N — |U|) x (N —|T|)
matrix obtained by removing all columns of Y indexed by i € T and all rows of Y
indexed by i € U. Notice that we keep the labels of indices of ¥ when defining ¥ T-1),

Let y; be the ith column of ¥ and yES) be the vector obtained by removing y; (/)
for all j € S. Similarly we define y; be the ith row of Y. Define

GTU _ [(Y(TI‘,IU))*Y(T,IU) 3 w]—l’ mT0 _ %TIG(’]T,U)’

—1 1
gL _ [Y(’JT,U)(Y(’IF,U))* _ w] ’ (gT ) _ = T g™,

By definition, m??) = m. Since the eigenvalues of Y*Y and Y Y* are the same except
the zero eigenvalue, it is easy to check that

U T
(TU)(w) (’JI‘U)+| | —IT| G.1)
Nw
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634 P. Bourgade et al.

For |U| = |T|, we define

T.U T.U
m T = m(G ) = m(g ) (3.2)

Lemma 3.2 (Relation between G, G T and GPD) Fori, j # k (i = j is allowed)

we have
(k.9) GikGyj @.k) GikGxj
GV =Gjj — ——, - 33
ij ij Gkk g glj gkk ( )
G0 — g4 GNGO o wi _ (GPDy®) (yiGP1) (3.4)
l—yGyf = 1+y,G@Dyr 7 '
and
g(l"Q)) G+ Gyi) (Y;kg) L g= g(i’@) _ (g(i’@)Yi) (Yz:*g(i’@)) .
1 —y;Gyi 1+y;G@Dy;

Furthermore, the following crude bound on the difference between m and m(GU’T)

holds: for U, T C [[1, N] we have

lm —

T m, _ U +IT|
mg )+ lm = mG D] < . (3.5)

Nn

Definition 3.3 In the following, Ex means the integration with respect to the random
variable X. For any T C [1, N], we introduce the notations

ZZ(T) - ( ]E )y(T)G(Tl) (T)*
and
T T i T
Zi( ) — (1 _Ey,)yl( )*g(l,T)yg ).

Recall by our convention thaty; isa N x 1 column vector and y; isa 1 x N row vector.
For simplicity we will write

zi=2", z=2".

Lemma 3.4 (Identities for G, G, Z and Z) For any T C [1, N], we have

. . —1
GP" = —w [14mfD + 122600 + 2] (3.6)

9w,T 9, T i, T T ij T . .
G0 = —wG PGP (g Uy D) i, (G.7)
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where, by definition, Ql.(l.i - ifi € T. Similar results hold for G:
1 .
0 R (PP T
(T.9) (T.9) 5(T,i) ((T) ~(T,ij), (T)* ; :
G = —wgFOGTD (yOGT I i g (39)

Lemma 3.5 (Large deviation estimate) For any ¢ > 0, there exists Q; > 0 such that
forT C [1, N], |T| < N/2 the following estimates hold with ¢ -high probability:

(T,i) 2 (T,i)
. Immg" +|z|*Im G;
T T T
|Zi( )| = ‘(1 —Ey,) (y,( )G(T’I)Y,( )*) < <PQ§/2\/

)

N7
(i,T) 2 i, T)
) Imm +|z[*Im G;;
T T T
1201 = | =By (v g Dy ™) | < g2 <
n
(3.10)
Furthermore, fori # j, we have
T ii). (T
‘(1 - EYin) (y,( )G(T’U)YE' )*)
5 Im (T l])+|Z|2ImG(TU)+|Z|21mG(T JiJ)
< @/ . GaD
Nn
T T
‘(1_Ey,-yj)( (T G/ Ty € ))‘
Immgj’T) + |z|2Im g.‘?j’T) +1zI2Im Q(.ij’T)
< g%/ ) g, (3.12)
Nn
where
Eyy, (y7GEDy D) = fPGT, By, (3700 Dy D) = PG,
(3.13)

3.2 Proof of Lemma 2.8

By (3.10) and (3.5), with ¢-high probability, we have for some large constant C

. (1)
120) < o€ [ImD o Ly o [mml
Nn Nn Nn
1 | Tm m |
3C
SN Goen© (3.14)
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where we have used the Cauchy—Schwarz inequality in the last step. Moreover, choos-
ing T = {i} in (3.8), we have

Cq—1 y ;
[g;;ﬁ»] = _w (1 +mlD 4 z}”) . (3.15)
If
L L (3.16)
Ny (log N)C - '

then by (3.15) and (3.5) we have

m|

-1 - : 2 1
N ,
(gi(; >’ >|w|)1+mg’)+z§’) >§|w|‘m——( > Slwllm| - (3.17)

log N)©

Similarly, with ¢-high probability, we can bound Z; by

D 12 Im G0D 21 G0
|Z,-|<¢Cf\/lmmg HePImGE” 1 ImmtPIm g

< 3.18
Nn N7 (log N)€ @.18)

If (2.21) is violated, i.e., [m| > (log N)|w|~ Y2, then (3.16) is implied by the assump-
tion (2.20). Hence (3.17) holds. By (3.6),

wGiil ™ =1+ mE” + 127657 + 21| > Iml/2 = € — [w|7'/?

and we conclude that |G;;| < |w|’1/2 with ¢ -high probability, forany 1 < i < N.This
contradicts the assumption |m| > (log N)|w|~!/? and we have thus proved (2.21).

3.3 Proof of Lemma 2.13

We begin with the following estimates on the elements of the Green function, weaker
than those in Theorem 2.6 but valid for any w and z.

Lemma 3.6 Suppose |w| + |z| < C. For any { > 0, there exists C; such that if the
assumption (2.20) holds then the following estimates hold:

max |G| < 2(log N)|w|~"/2, (3.19)
1
i,9) 4
max [w]|Giil |G < (log N)*, (3.20)
max |Gj;| < C(log N)*|w| /2, (3.21)
ij

with ¢-high probability. Furthermore, for eigenvectors uy of Y*Y are delocalized:
with ¢-high probability
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max [Jual|3, < ¢CNT". (3.22)

Proof From equations (6.37) and (6.38) of [8], the following estimate holds?:

; 1
where
@2 1
_ 1 y , IZ7 1"+ w2
= (6" =m+ 2] +o0 I;)Ill n z(nl? = 0w

I - 1
g [mmetim=—me 17} (3.24)
Nn Nn

By using (2.16)—(2.17), (3.23), (3.24) and (2.12), for |w| > ¢, one can be easily prove:
1Gi;| + 1657 < |w|~"/2, which implies (3.19)~(3.21). Moreover, if |z] < 1/2,
(2.16)—(2.17) still hold without the restriction |w| < & (see Theorem 3.4 in [8]). It
implies (3.19)—(3.21) in the case |z| < 1/2. From now on, we therefore assume that
for some small enough ¢ > 0,

lwl <e, |z[ = 1/2.

From (3.6), (3.5) and (3.8), we have

_ _ Clw|
1 1
‘Gii -Gy ‘ < Vi + Wij + wlZi| + w|Z;],
where
Wiy =122 (1 +m@? + 207 = @ +md D+ 207 (325

If '/4w/=12 < |m| < (log N)|lw|~"/2 then by (3.14) we have |Z”| <
(log N )~C€|m| due to the restriction of 7 in (2.20). Thus we can estimate W; j by

Wil < 122 [1Z01 4121+ 7 ] @m0 4 20711 D 4 20
(3.26)
< CleP+ml 2120141251+ (v 1] < Gog Nyl 2 327)

2 Although these bounds in [8] are stated under the assumption ||z| — 1| > 7, the same argument holds
also for z close to the unit circle, under the extra assumption |w| > €.
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Under the assumption |w| is small enoughand e '/4|w| =12 <|m| < (log N)|w|~1/2,
the condition (3.16) is satisfied and, from (3.18), we have

120 < | w2 (3.28)
Nn ~ (log N)¢

Thus we have in this case the estimate

Gii —m| < N7' D" |Gii — Gjj| < 1GiG )l ‘Gi_il B G;fl‘
j

161G | —— 4+ — | w2 (3.29)
S LNG T og N)E '

Define the parameter
y (2, w) = max |G lJw] '/

Then (3.29) and the assumption £'/4|w|~1/2 < |m| < (log N)|w|~'/? imply that

Y (2, w)?
y(z,w) < ClogN + (log N)C
By continuity (in ) method, we have proved y (z, w) < Clog N (i.e.,(3.19)) assuming
that £'/4|w|~1/2 < |m| < (log N)|w|~'/? holds. Since |m| < (log N)|w|~'/? holds
with ¢-high probability by (2.21), to prove (3.19), we only have to consider the last
case |[m| < e'/*w|~1/2.
By (3.15) and (3.14), we have

1G5 = w7+ m @D 4 2017 > e A w122
Thus

. . B _ B 1 B _
mG" + 1P > e T2 e )TV S e 1

By (3.18) and the notation mg,@) + |z|2gl.(f’“) = A; +1B;, A;, B; € R, we have, for
n satisfies (2.20), that

(log N)©

1Zi| < Qog N)™!|Bj| + ——— (3.30)
Nn
From (3.6), we have
1 .

— > |w|[|1 + A; +iB;| — | Z;]]

|Giil
1+ A; +iB;

> Jul [H—;" - (logN>C} > e w28 (331)

We have thus proved (3.19).
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We now prove (3.20). From (3.6), we have
WG~ +1+mE” = —[122617 + 2] (332)
By the triangle inequality, we have
w2 GGy | < [wGillzl PG + 21 + [wGii Zi| (3.33)

Together with (3.32) and using (3.18) to bound Z;, with (2.20) we have

@.9) 2 @i,9)
) . Imm + |z|*Im G
w2 Gii G| < w6l +mG" | + 1 +¢Cf|wGi,-|\/ g T

) Im||lwGii| —1\/—(',0)
< |wGl-,-[1+mgl ]|+1+(10g—N)C+¢ lwz2Gii G |

(3.34)

Then with (2.21) and (3.19) on m and G;;, we obtain (3.20).
For any eigenfunction with eigenvalues |, — E| < 71, we have

2

Uy (1
e < IIm Gyl < (Gl
—

and thus
lug (D)]* < 27|Gii| < SN,

where we used (3.19) for n = ¢€¢ N~!|w|!/2. Since this bound holds for all energy
E, we have proved (3.22) (notice that the proof of (3.22) for w > ¢ follows by the
same argument).

We now prove (3.21). By the Cauchy—Schwarz inequality, we have

|ha — Ellug(i)]? Iha — Ellua(j)I?
Gii| < ImG;; +ImG;;
| ’JI Z(AQ—E)2+772 +Z ()»a—E)2+772 + i JJ

o o

(3.35)

The imaginary parts, Im G;; + Im G, can be bounded by (3.19). The first term on
the right hand side is bounded by

e — Ellug (D) ha — E)ua i)
Z%gz > %HRMHI (3.36)
(o — E)* 41 wiasp Fe T EY H0

o

The real part, Re G;; is bounded again by (3.19). Let E; = E + (2K — 1)n and
nx = 2=, From (3.19), we have
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. ClogN .
Ao — E 2 o) 2
Z (; E)|Za(l)|2 < Z z 77k|ua(zl)| . <C10gN|w|71/2
wra>E (e — E)* 41 k=0 o:Ex<ha<Epit (Ao = E)= + 1
(3.37)
This concludes the proof of (3.21) and Lemma 3.6. O

Lemma 3.7 Suppose that |w| + |z| = O(1). For any ¢ > O, there exists C; such that
if (2.20) holds then we have

IlYG @l + |[GY*()],,] < Clog N)? (3.38)
and
[¥GY*(2)],, — 8u| < Clog N)*|w|'/? (3.39)
and
C(log N)?
max 1621y | < max |16 < CREN 0 (3.40)
ij ’ ij n
and
C(log N)?
max’[YGz],-j < ClogN)” (3.41)
ij n
and
C(log N)?
max v @2y | < SR 72 (3.42)
ij n

with ¢-high probability.

Proof We first prove (3.38) and (3.39). From the general identity
AA*A —w) TA* = 1+ w(AA* —w) 7!,
we have
(YGY™)ij = 8ij + wG;;
This proves (3.39) with (3.19). To prove (3.38), we notice first the identity
YG=GY, GY*=Y*G.

Recall the rank one perturbation formula
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_(ATvyeaTh

A * —1 :A—l
(A+vV) I+ vA-Tvs

and Lemma 3.2. We have

gDy,

Gy, = ——2 3
YT T i gy,

Together with the equation
[Gil™ = —w —wy[ Gy,

(see Equation (6.18) in [8] for a derivation) and the definition of y; as the ith column
of Y, we have

Gy))j = —wGi( Gy = —wzGi G —wGi > %" X (3.43)
k

From the large deviation lemma, we can bound

(i) c i) ¢ [mGi” Wn , ¢°
£ ) -1 .92 ii i Rl
;gjk Xii| <9 N Zk]g,-k P <oty =gy SmGi" +
(3.44)
with high probability. Hence
(GY) il = Gy j| < Linj|wzGiiGS;" | + Cllog N)* (3.45)

where we have used (3.19), (3.20) and (2.20). Now we estimate g;’;'”), with (3.6),
(3.11), (3.13), we have

(@i,ij) 2 @,if)
Nn

wGigl"| < o€ |GG gl (3.46)

Then using wGiigl.(ii’w) < (log N)* and wgﬁ-;’i)Gy]Tij) < (log N)* (see (3.20)), we
obtain it is less than (log N )2. This proves (3.38).
By the Cauchy—Schwarz inequality, we have

ImG;; [ImGj;
IGI}; </2|Gik|2/2|c,»k|2 <‘/T”‘/T“,
k k

which implies (3.40). Using |w| > Im w = n, (3.21) and (3.40), we have
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I(YG?Y)ij| = |Gij + wgizjl < Clw|™ 2 + Cclw|~ 7t < Clw|~ V!

This proves (3.42). Notice that we claimed that all estimates proved for G are valid
for G as well. This is because that we can write YY* in G as A*A where A = Y*.
Hence all estimates hold for G will hold for G.

By the Cauchy—Schwarz inequality, we have

I(YGH)ijl < < I(YGG*Y )i |1(G*G)il.

> (YGikGy;
k

Together (3.40) and (3.42), we have proved (3.41). O

Remark 3.8 The previous lemmas 3.6 and 3.7 also hold if one entry of X is supposed
to vanish (this will be useful for us in the following of this subsection). Indeed, we just
used the following facts: the independence of the entries, the subexponential decay,
EX., = 0, and E|X,5|> = 1/N. We notice that only this last condition is changed,
and it was are only (3.6) and (3.8). Furthermore, for (3.6), this affects the case i = a
as

1 -1
Gﬁ“:—w*P+m8”—ﬁ@$”+m@£”+zfq

T)

The difference is therefore just %Q%’T) which is of order 1/N of m(g“ , so the proof

holds for such matrices with a vanishing entry.

The following lemma is not useful for the proof of Theorem 2.13, but it helps to
understand how the Green’s function comparison method works at here. Furthermore,
some by-products are very useful for the whole proof of Theorem 2.13.

Lemma 3.9 Suppose that |w| + |z| < c for some fixed ¢ > 0, and that n satisfies
(2.20). Assume that we have two ensembles X1, X», both of them satisfying (1.5), and
with matrix elements moments matching up to order 3. Then we have

c

Ex (m(w, 2)) — Eyo (m(w, 2))| < ]‘f]—n (3.47)
Proof For k € [0, N 2]}, define the following matrix Xj interpolating between X M
and X@:

Xe i) xDa, jy if k<NG—-1D+]

i,j)= .

ST x@6 ) it k= NG+

Note that XV = X and X® = X ~2- A sufficient condition for (3.47) is that for any
k>1

e

N_3n (3.48)

|]Eka(w, Z) - IEXk_lm(w’ Z)| <
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We are going to compare the Stieltjes transforms corresponding to Xy and Xj_; witha
third one, corresponding to the matrix Q hereafter with deterministic kth entry: noting
k=aN +b(a €[0,N —1],b € [1, N]) we define the following N x N matrices
(hereafter, Yy = Xy — z[):

v = vareas = XV(a, b)eys, (3.49)
u = ugpear = XP(a, b)eqp, (3.50)
O=Y—1—v=Yr—u, (3.51)
R=(0*0—wh™! (3.52)
R=(Q0*—wn™!

S = Vi1 —wl)™! (3.53)
T =Y —wh™! (3.54)

Then (3.48) holds if we can prove that

TrR —E,, TrS = F 4 (log N) O(N 271,

c » (3.55)
TTR—-E, ,TrT = F 4 (logN)- ON""n~ ),

holds with ¢-high probability where E, , (resp. [E, ) means an integration only with
respect to the random variable v, (resp. uyp), and F is arandom variable, identical for
both equations. We prove the first equation, the proof of the other one being obviously
the same. For this, we want to compare S and R. Denoting

U=(0+RO*v) 'R(I+v'OR)!,
we first compare Tr U and Tr R, and then Tr S and Tr U (S and U are related by the

simple formula (3.58) hereafter, with the notation (3.57)). For this first comparison,
we introducing the notations

P = RO pavap, q = (QR)avaa,

appearing in the following identity obtained by expansion?:

TrU = Tr(1+v*QR)"'(1 + RO*v) 'R = Z (=¥ Tr ((v*QR)k(RQ*v)lR>

>0
=TrR+ > (~DFTr ((v*QR)kR) + > (D Tr ((RQ*u)lR)
k=1 I>1

3 Allthe expansions considered here converge with high probability. Anyways, they aim at proving identities
between rational functions, which just need to be checked for small values of the perturbation.
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+ > DT ((v*QR)k(RQ*v)ZR)

ki1
(QR*ap  (R*Q*)pavab | (QR*Q")aalvap|* Rep
14+4¢ 1+p O+pA+9q)

U*
TrU = TrR — 22

(3.56)

For this last equality, we extensively used that if v;; # O then (i, j) = (a, b).
To compare now Tr S and Tr U, we introduce the notation

Q=v*(QRO* — v. (3.57)
A routine calculation yields X;:le —1—w=U —1 _ Q. hence
S=1-Uu)~'v. (3.58)
As QRQ* — I = wR, we have Q;; = r8;,8j, where
r = lva|*wRaa-
Consequently, expanding (3.58) we get
Sij = Uij + UiprUpj + Uipr Uppr Upj + Uipr Uppr Uppr Up;j - - -
so after summation overi = j,
TrS =TrU + [Upp r(1 — Uppr) ™" (3.59)
An argument similar to the one leading to (3.56) yields that, for any matrix M,

Mpp,

1+ RO*) "M +v*OR) pp = ——2
[(1+RQ%) +v"OR)" 1 T+ pdta)

which yields, in our context,

. Rpp r I+ pd+gq)

S A+ pU+q) 1=Uwpr (+p)(1+q)—rRy’

(R(L+v*QR)'(1+ RQ*)'R),,
1+ p)d+q) '

Upp

(U =

The numerator of this last expression is also, by the same reasoning leading to (3.56),

 Ropvp, (QRMab — (R*Q")pavapRep  (QR*Q%)aalvas|* R},
I+gq I+p (I+pd+q)

(R%)pp
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Substituting the above expressions in (3.59) and combining it with (3.56), we get

r(R?)pp (1+p)d+q)
A+p)d+qg)—rRy (I1+p)A+q)—rRp
X(_vza<QR2)ab (R0t (QRZQ*>aa|vab|2Rbb) .60
1+g¢ 1+p +pA+gq)

TrS—TrR =

In the above formula, v, only appears through p, g (in a linear way) and » (in a
quadratic way). All other terms can be bounded thanks to the estimates for S from
Lemmas 3.6 and 3.7, which also holds for R, as stated in Remark 3.8. More precisely,
the following bounds hold with ¢ -high probability, for any choice of a and b (including
possibly a = b), and under the assumption (2.20):

I(RO*)pal, 1(QR)ap|< (log N)© by (3.38),

|Rpb|, |Raal< (log N)E|w|~1/2 by (3.19),
[(R?)pp|< (log N)C|w|~12n~1 by (3.40), (3.61)

I(QR?)ap|< (log N)Ep~! by (3.41),

[(QR?>Q")aal< (log N)Cw|'2n~1 by (3.42).

Therefore, if we make an expansion of (3.60) with respect to v,j, we get for example
for the first term of the sum in (3.60) with ¢-high probability (remember that v,
satisfies the subexponential decay property)

r(R®)pp
I+ p)(1+q) —rRpp

= £ +0 (R Raalvasl* max (RO}, (O wRsRaa) )
C

_ L2

—/rO (Nzn)

where f is a polynomial of degree 3 in v . A calculation shows that the same estimate,

C,
of type g+ 0O (1“\)/—2;) with g of degree 3 in v,p, holds when expanding the second term
of the sum (3.60). This finishes the proof of (3.55). O

Proof of Lemma 2.13 First since Theorem 1.2 holds in the Gaussian case (cf. Theo-
rem 4.4), then with (2.23), the estimate on the smallest eigenvalues (Lemma 2.9) and
the largest eigenvalue (Lemma 2.10), the estimate (2.31) holds in the case of cen-
tered and reduced complex Gaussian entries. Furthermore, using (2.33), we deduce
that Lemma 2.13 holds in the Gaussian case. We will therefore use the same method
as in the proof of Lemma 3.9, replacing the matrix elements one by one to extrap-
olate from the Ginibre ensemble to the general setting. We assume that X(' = X,
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646 P. Bourgade et al.

is the Gaussian case and X = X is the ensemble for which we want to prove
Lemma 2.13. We know that Z'/)

X ¢
p > 0,E(] Z;Q) C|" ) < NC®P (Theorem 4.4 is proved by bounding the moments). We

will prove that, for any fixed p € 2N and N sufficiently large,

< N, and we even know that, for any fixed

‘E«fﬁ Vﬂg(%N@ﬂ (3.62)

XNz,C

for some C > C independent of N and p. This is sufficient for our purpose, by the
Markov inequality.

From X and X;_1, we defined the matrices R, S, T, in (3.52), (3.53), (3.54), From
equation (3.60), one can write

TrS —Tr R = Py ;. 0(Vap) + Bu o 502,

where Py, ; ¢ is a degree 3 polynomial whose coefficients depend only on Q. More-
over, a careful analysis of (3.60), using the estimates (3.61), proves that the coefficients
of P are O (n‘l), and that B is also O<(n_1). Note that v;‘b = O<(N~?), hence we

obtain (hereafter, Q =Xp_1—v=Xr—u

zy) .~ 24 = / INIG / X (@' (E) O~ (™' N™2)dEdndédE
1

+/Af($)/x(n)¢>/(E)Re(Pw,z,Q(vab) — Py,,0(0)) dEdndédé
1

Noting that |¢/(E)| < (1 + log E)E7114A+>E>Ne—2, the first term in the above sum
is

0. N_Z/IAf(E)I / n'E'dEdndedE | = O (N_2|Af|L])

IN{4r.>E>Ne—2}
o)

where we omit the dependence in f in the previous and next estimates, as f does not
depend on N. Concerning the second term, it is of type Re Py, g (vap), where P has
degree 3, vanishes at 0, with coefficients of order O (1) being independent of v, and
uyp. We therefore have

7

Xk—1,¢

Z;(]:C),c = Z(Qf,i + Ay, A = Pf,Q(Mab) + O<(N_2)

= Z(Qf)C + Ak—1, Akt =Py oWap) + O (N7,
X (3.63)
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We can decompose

p—1
() o)) p Ui AP~ p=J
Ao - Al =X () et sl
Jj=0

Since P has no constant term and the first three moments of v,; and u,p coincide, we
get

(2, 07) - (o) < pil B[z o)
j=0
< N2 (o<(1) +E ((ngc)l’)) . (3.64)

Jj/p
‘ and

where we used that p is even, E ‘(Z(Qf)c)j‘ <E ‘(Z(Qf)c)p

‘.i/

3 14 3 P
E ‘(zg)c)i’ N <E ‘(Z(Qf)c)p‘ + N, (3.65)

by Young’s inequality (remember that j € [0, p — 1]) Moreover, from (3.63),
) () - (/ o Ll ,
E ((ZQ’C)I’) <E ((ZXk,l,c)p) + Z (p)E (‘ZXkl,C |Ak1|])
Jj=1

p .
<B(A,07)+ X (D2

£ (240r) < (0-0 5 (40).

el i
) " E(1Ak—1lP) 7,

where we used Holder’s inequality and the trivial bound A;z_; = O (1) in the last
equation. Using the last bound and (3.64), we obtain for any § > 0

(g or)-E(zLor)| = v (W +E (2, 07))
It implies
E(zf0r)+ N <a+ 82 (B(z), 0r)+ ) (3.66)

As E ((Zg;)’c)l’) < N€®P and we obtain (3.62) by iterating (3.66). It completes the
proof of Lemma 2.13. O

Proof of Lemma 2.14 Notice that in the previous proof, the third moment condition
was first used in (3.64). So all equations up to and including (3.63) are still valid.
Introducing the notation Y = Z/ /N, we have, instead of (3.64), the following bound
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B (042.0) - k)] < Sl oo

< N2 (o<(1) +E ((Ygz)l’)) . (36D

Following the rest of the argument in the proof of Lemma 2.13, we have proved that

vy) < NSy, (3.68)
and this completes the proof of Lemma 2.14. O

4 The local circular law for the Ginibre ensemble

In this section, we derive the local circular law on the edge for the Ginibre ensemble
(1.1). This is required in the proof of Lemma 2.13, which proceeds by comparison with
the Gaussian case. Along the proof, we will need the following partition of C, with
distinct asymptotics of the correlation function K y for each domain (in the following
we will always take ey = ogN)

Q1 ={|z] < 1 — ey}, the bulk,
Q = {lz| > 1 +en},
Q3 =C— (21 URQ)), the edge.

We first consider the case when the test function is supported in €2 (this step is
required even for the circular law on the edge, as the support of the test functions
overlaps the bulk), then when it can overlap €23. The first case is directly adapted from
[1], the second one requires some more work.

In the following, we note ey (z) = Z?J:o % for the partial sums of the exponential
function.

4.1 The bulk case

We prove the following local circular law for the Ginibre ensemble, with some more
precision: the local convergence towards the Gaussian free field holds in the bulk,
generalizing the global convergence result obtained in [23].

Theorem 4.1 Let 0 < a < 1/2, f be a smooth non-negative function with compact
support, and z( be such that f, is supported in 1. Let 1, . .., un be distributed as
the eigenvalues of a Ginibre random matrix (1.1). Then the local circular law (1.6)
holds.

More generally, if f additionally may depend on N, suchthat || f o < C, || f/llco <
NE, the local circular law holds when at distance at least en from the unit circle in the
following sense. Define f™")(z) = f(N(z — 20)), for zo (depending on N) such that
N is supported on Q1. Denote cumy (£) the £th cumulant ofX(N) > Fak (j)—
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The local circular law II: the edge case 649

N'=2aL [ f(2)dzdZ, and denote* sy = N34=2 Vol (supp(V £F DI |1lo. Then as
N — oo, fort > 1,

L [IVf@PdAGR) +0@6y) ift=2,

“.1)
O (n) if € # 2.

cumy (£) = H

In particular, noting ot = 4]_7: f |Vf(z)|2dA(z), if oy K o2, the linear statistics
%X }N) converge in law to a reduced centered Gaussian random variable.
As a first step in the proof, we need the following elementary estimate.

Lemma 4.2 Let

N _
fv(an, ) = e BTl (42)

There is some ¢ > 0 such that uniformly in |2172] < 1 — ey we have

Kn(z1,22) = kn (21, 22) + O(e~¢loeN?)

where Ky is the Ginibre kernel (1.2).

Proof This is elementary from the following calculation, for any |z1z2| < 1:

N _n 2 2 — (NZIZ)K
Kn(z1,22) = ;e > (a2l [ Nuz _ Z L
(>N :

=N
_N 1z R+1zo2 INZ122] _
ky(z1,22) + O [ Ne™ 211z N E lz1, 22|
’ m>=0

=ky(z1,22) + O (Ne—N((Im2+|zz|2)/2—1—10gZ|zz|) ! )
1 —|z122]

1
Kn(z1,22) = kn(z1.22) + O (Ne—’z”l—'m“z—) 4.3)
1 —|z122]

where we used Stirling’s formula and the fact that (|z1]> + |z2/%)/2 — 1 —log |z122| >
2122 — 1 = log |z122] > 3(1 — [z122)% O

The next following estimate about K will be used to bound it for any distant z;
and z».

Lemma 4.3 There is a constant ¢ > 0 such that for any N € N* and any z1, z2 in C,

—_— 21 12+l 2
_y ol 2122V ! —1"(7l . —1)
e +

|Kn(z1,22)] < cN 2 e
1++/N|1—-2z122

1 Moo == max(ll £/ 1126, I ool f " loos £ P llso)-
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Proof In the case |z122 — 1| < 1/+/N, by case (i) in Lemma 4.9, we get
N ol vz (1 — ~172
KyGiz) = —em 7 M2 Serfe(VNr(@m) + ONT) ).

121 —zzl2

As erfc is uniformly bounded in C, we get | Ky (z1, z2)| = O(e™V ).

In the case JN < |z122 — 1] < 4, for é fixed and small enough, the estimate was
obtained in [2] (cf. the proof of Lemma 8.10 there, based on Lemma 4.9 here). Finally,
in the case |z1Z2 — 1] > 8, an elementary calculation from Lemma 4.11 implies that
the result holds, no matter that 71z isin D — U or D¢ — U. O

Proof of Theorem 4.1 Proving equation (4.1) is sufficient: this convergence of the
cumulants is well-known to imply the weak convergence to the Gaussian distribution,
and it also yields the local circular law (1.6): if my (£) denotes the £th moment of

X }N), one can write

my(@ = D Ay cumy(i)...cumy (i)
i14-Fig=L

for some universal constants A;,

.....

i¢’s, where the i;’s are in N*. Hence writing & =

(0% + 81\/)]/2 we get my (£) = O (®F). Consequently, for any & > 0,
]P’(|X§,N)| > N®) < my(ON~ ok = O(N~),

which concludes the proof of the local circular law by choosing ¢ large enough.

To prove (4.1), first note that from 4.2 evaluated on the diagonal z; = z2,
cumy (1) = O(ecUogN )2), so we consider now cumulants of order £ > 2. Due
to a peculiar integrability structure of determinantal point processes, the cumulants
have an easy form for the Gaussian matrix ensembles, as observed first by Costin and
Lebowitz [10], and used later by Soshnikov [27]. For our purpose, in the context of
the Ginibre ensemble, we will use the following very useful expression (4.5) due to
Ameur et al. [1], which requires first the following notations. The usual differential
operators are noted 0 = %(ax —1idy), 9= %(8x+i8y), Ap = 0101 +- - -+ 3pdp, we will
also make use of the length-£ vectors z1, = (z, ..., 2), h = (hy, ..., hy), and the fol-
lowing function often appearing in the combinatorics of cumulants for determinantal
point processes:

! 1)11 o e
Fe(z1,....2¢) = ; z an (Zm)™™.

kittk =€k, k=1 m=1
Then the ¢th cumulant of X }N) is then
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The local circular law II: the edge case 651

CumN(z)=/Fe(21,-~.,Zz)KN(Zl,Zz)KN(Zz,Z3)-~-KN(Zz,21)dA(Zl,..-,zz),

ct
4.4

Remarkably, some combinatorics can prove that Fy(z1,) = 0: it vanishes on the
diagonal. Moreover, the following approximations of Fy close to the diagonal will be
useful:

wip h*h?

Felg+h) = D Tj(z. h), where Tj(z,h) = > (20 FoEL)

P>l la+Bl=J

We will also need the third error term after second order approximation, r (A, h) =
Fy(zle+h) —Ti(z, h) — Ta(z, h). The last notation we will need from [1]is Z,(z) =
s (3;0; F¢) (z1¢), and the area measure in C* will be noted dA(z, /1y, ..., h¢) =

dA(z) dA(hy) ...dA(hy), where dA(z) = d?z. Then, as proved in [1], for £ > 2
cumy (£) = An(6) + BN (€) + Cn(€) + Dn(6) + En(£) (4.5)
where
AN(€)=/W (Z(Biajﬂz)(zﬂz)hlhz) Ky (z, z4+h) Ky (z+h1, 2+h2) Ky (z+h2, 2) dA(z, by, h)
o \i#

By(6) = % /Z(aﬂFw(zne)h%KN(z, 2+ h)KN @ +hy,2) dAG, hy)

2
Cy() = 2/3{ (Zg(z)hll'_lz) Kn(@, z+h)Kn(@z+hy, 2+ h)Kn(z+ ho,2)dA(z, hy, ho)

(C3

Dy(0) = /(Am(zne»hnzm@,z+h1>KN<z t hi.2)dAG. )
CZ

En(0) = /r(z,h>KN(z,z+h1>KN(z+h1,z+hz>...KN<z+hz,z)dA(z,h1 ..... he).
CiZ+l

Remember that the support of fV) is at distance & from the unit circle, so each one
of the above integrands vanishes if z is out of the disk with radius 1 — ex. Therefore,
by using Lemma 4.3 to restrict the domain, and then Lemma 4.2 to approximate the
kernel strictly inside the unit disk, one easily gets that

cumy (€) = Ay () + By (0) + Cn(0) + Dy (€) + En () + O(e 0Ny

for some ¢ > 0, where

[y
X kn(z+h2, 2) dA(z, hy, h2)

Ay(t) = / x <Z(3i3sz)(Zﬂz)h1h2) ky(z, z+hDkn(z+N1, z+h2)
C3flihllco<en}
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652 P. Bourgade et al.

By(6) =0t / D @ F)lohiky (2, 2+ h)ky (2 + ki, 2) dAG, h)

C20{[|klloc<en}
Cn() =2 / R (Ze@hha) ky (z, z+h)kn (z+h1, 2+h2)ky (z+h2, 2) dA(z, By, o)

C3n{lirllco<en}

Dy(6) = / (AeFo)(zLo) i Pk (2, 2 + h)kn (2 + hi, 2) dAG, )

C2N{llhlloc<en}
En() = / r(z, Wkn(z, z4+h))ky (z+hy, 2+h2) . ky(z+he, 2) dA(zZ, by, .o, hy).

ctHNMlco <)

Following closely the proof in [1], integrating the h;’s for fixed z, the terms
An(0), By (0), Cn(0) are O(e=¢12N)*) Moreover, [1] proved that, for £ > 3, Ay F
vanishes on the diagonal, and that Ay F>(21, 22) |;,=z=:= %|Vf(N)(z)|2. Conse-
quently, Dy (¢) = 0if £ > 3 and

~ 1 N2
Dn@) =3 / VM @RI =5 M aA G, ) + O EN)
C2

1
T / VM (@)]? dA(z) + O(e e M)
TT
C

1
= IV /I3 + 00N,
4

To finish the proof, we need to bound the error term E ~ (£). We divide the set of possible
(z, h) in two parts. Following [1], define Y, ¢ = {(z, h) € CH1: z e supp(V fM)).
On the complement of Y, ¢, 2 & supp(V ™)), and then r(z, k) = 0. On Yoo, r(z, h)
is of order O(|| F¢® || [12113,) = O(N3| flloce3,), €ach ky is O(N), and the domain
of integration has size O (Vol(supp(V f™))ef), so

En(®) = 0 ((log N)* N**~ 3] fllos Vol supp(V £ ™)),

concluding the proof. O

4.2 The edge case
In the edge case, i.e. |z0| € 23, we have the following theorem for the Ginibre
ensemble.

Theorem 4.4 Let 11, ..., un be distributed as the eigenvalues of a Ginibre random
matrix (1.1), and zo € Q3. Suppose that f is smooth and compactly supported, and
let f7,(z) = N4 f(N*(z — z0)). Then for any 0 < a < 1/2, the estimate (1.7) holds.

We begin with the proper bound on the first cumulant, noting as previously
FM@) = FN @ =20, and X7 =3 FIN(j —200) = & [, N (2) dAG).
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Lemma 4.5 With the previous notations, for any ¢ > 0, ]E(X;N)) = O(N_%"‘E) as
N — oo.

Proof From the definition of the 1-point correlation function,

1
E(xXM) = N/f(N)(Z) (NKN(Z,E) - XL;(Z))dZdZ-
C

From Lemma 4.2, as f is bounded,

1 1 1 1
N / M) (—KN<z, 25— —) dzdz = N / M@ (—/w(z, 2) - —) dzdz
N T N T
Q Q)
10 (e—c(log N)Z) -0 (e—c(log N)2)

where ky is defined in (4.2). On ;, by Lemma 4.3, Ky(z,2) = O(e_”(logN)z).
Consequently,

/ SO @Ky, Ddzdz = O (el 7).
2

Without loss of generality, we consider the case |z9| = 1 for simplicity of notations.
On 23, we now use Lemma 4.10 which yields that, uniformly on —ey < ¢ < ey,

N (o LB R N
KN(1+8,1+8)—7T (ﬂg<o+ﬁt_1 erfc(vV N lu(t))(1+0(ﬁ))),

(4.6)

where t = %(1 + ¢)2. Take any smooth function of type g(1 + ¢) = G(N%¢). By

polar integration, we just need to prove that the following quantity is O(N “_%“):

/ (I+e)gl+e) (KN(I +e 1+e)— %) de
.

eN
= [ aroaro-gm) (KN<1 +el4e) - ﬁ) de +0 (ee0e M)
2w
S

4.7

where in the last equality we used the simple yet useful facts that [~ Ky (z, 2) dA(z) =
pley C
— 2
land |[Ky(z,2) — %]l\z|<l | = O(e—¢1°2 M)y yniformly out of ©23. We now can write
g(1 +¢) — g(1) = N*G'(0)e + O(N?*¢?), and use (4.6) to approximate Ky (1 +
e, 14+¢e)— % Using the fact that u(z) = % + O((z — 1)?) for z close to 1, still
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denoting t = %(1 +¢)2, we have u(t) = V2e+ 0O(g2+ N1, so the integral term
in (4.7) can be written

N 7 , 2a 2 (] —1
;/(1+0(8))(N”G(0)8+O(N ‘) (5 +0t + N
s

erfc(V2N |e| + O(N~12 £ N1/262)) (1 + O(N—1/2>) de

One can easily check by bounding with absolute values that all terms involving O’s ,

. . . 1 .
except the one in the erfc function, contribute to O(N%~27¢), so we just need to prove
that

EN
N / s erfe(v2N|e| + O(N V2 4+ N'/26%))de = O(N " 2).

—&N

As erf¢’ = O(1) uniformly, this is the same as proving N ffg’N eerfc(v/2N|e|)de =
O(N~1/2+8) which is obvious as it vanishes by parity. O

We now prove the convergence of the second moment.

Lemma 4.6 Under the hypothesis of Theorem 4.4, as N — o0,
1 2 1 2
cumy (2) = e IV f(2)"1:eadA(2) + EHfT”Hl/Z +o(1)

where we use the notation A = {z | N(zZo) < 0}, fr(z) = f(z0z) and ||g||%11/2 =
2
ﬁfRZ (W) dxdy.

Proof Note that by polarization of formula (4.4),

1
cumy (2) = - / (FM ) — M @) KN (21, 22)1* dA(z1, 22)
(C2

% / PV =N @)Ky e 2)P dAGr, 22)+0 (7N,

2 2
Que}

the contributions of the domains C x €2, and ©2; x Q3 being easily bounded by
Lemma 4.3. For the Q% term, one can easily reproduce the method employed in the
bulk, in the previous subsection, approximating Ky by kx thanks to Lemma 4.2, to
obtain that the contribution of the above integral on the domain Q7 is 7=/ xaV £ 3 +
o(1).

The most tricky part consists in evaluating the Q% term. To calculate it, we will
need the following notations, where 61 = arg(z;), 6> = arg(z2):
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M) =3 fu (N D) = FM @) 1K @1, 22) P dAG1 22),
(i) =3 [o(f M @)= FM(22) KN (21, 22) > dA(z1, 22), where Q= ({(z1, 22) €

Q% 161 —62] > N_%J“s}), where ¢ > 01is fixed and will be chosen small enough,
(i) = 3 [o(fM () — FM(2))2| Ky (21, 22) > dA(z1, 22),

X (N) (o101 y_ £(N) (pifr )2 2 2

(iv) = %2% Jo ¥t (Teie])_£92|2(e V- =N (a1 P+ 02N |71 25 2N dA (21, 22),
_ 1 SN (1) — f V) (61%2))2

V) = g7 S mny T d6,d6s,

. 2 _ £ 2
(vi) = &TszW —(fT(;;l)_sz)(Z’Z)) drdrs.

We will prove successively that the six above terms differ by o(1) a N — oo. This will

conclude the proof as the last one is exactly %H fr ”12-11 12 First, the difference between
(1) because (ii) is o(1): it can be bounded by

en NI flI%, sup / lz1 — 22121 K n (21, 22)|* dA(22),

71€Q3 X
lza—z1|<N 2%

where N ~“gy corresponds to the position of z; such that [0 — 6] < N ~1+¢ and
I fM(z1) — fM(z2)| # 0, and N2¢|| f'||%, comes from the Lipschitz property for
£ Moreover, lemmas 4.9 and 4.11 easily yield

N
K , =0|———, 4.8
|Kn (21, 22)] (1 N Z2|) (4.8)

uniformly in C2. Hence the difference between (1) and (ii) is bounded by (we choose

e<3(3-a)

a 2 3 N : _ a ar2e 2 _
enNIf [ (Tm) dr =0 (en NN £1%,) = o(1).

1
0<r<N"27¢

Moreover, noting A = N ({f({v)(zl) £ 0}U{f M (z,)| # 0}) and doing an order
1 approximation around ¢! and ¢'%2, (ii)—(iii) is of order at most

!
en ™ ool F M oo / Ky (1, 2P dAG1, 22)

A
N2
< SNN“/ : . dA(z1, 22)
., (14 VNlel — ¢i02])2
dr 3
caw [ cawi
N (A+Nr2 Y
r>N—1/2+e

where the derivatives are radial ones, so (ii)—(iii) = o(1).
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For the difference between (iii) and (iv), we want to get a good approximation for
Kn(z1,22). Note that, as |9; — 65| > N~1/2¢ > 2¢y, one easily has that on €,
|arg(z1z2 — D] ~ % uniformly, in particular the formula (ii) in Lemma 4.9 provides
a good approximation for ey _1(Nz122): together with the asymptotics erfc(z) |z\:oo

2 -
e ¢ 3 . / _ 1221
N for | arg z| < 7, and noting that u'(z) we get

T 2u@nz’

_ 1 _
en—1(Nz1z2) ~ Nz,

N=oo V21 N(z122 — 1)

so in particular

N 1 2 2
K i 2 . =N (lz11"+z21%) 2N
Ky (21 22" ~ 2 2l — 1P = 2° |z122]
N 1 ~N(ziPHz2P-2), 2N
N oo ?2n|ei91 — €i92|26 212217
the last equivalence relying still on the fact that, on €2, |61 —62| > |z1 —ei? [, Izz—ei92 |
This proves that (iv)—(iii) = o((iii)).
To obtain (v)—(iv) = o((iv)), just note that |z{|> — 1 — log(|z1|*) = %(Izl 12— 12+
O(l|z1]* = 1]%), so by a simple saddle point expansion we get

1+en 1+en [e®]
a2 N2 2 1 N2 T
xe NXHN NGy ~ xe 207Dy o~ = e 2%Wdu = [—
N—o0 N—oo 2 2N

l—en l—en —00

By integrating (iv) along the radial parts of z, z2, we therefore get (v), up to the domain
where |61 — 62| < N —3+e , which can be shown to have a negligible contribution, as

previously.
Finally, (v) converges to (vi), by a simple change of variables and dominated con-
vergence. O

For all cumulants of order £ > 3, we begin with the following very crude bound.

Lemma 4.7 Under the conditions of Theorem D.4, for any fixed function f, ¢ > 0,
and ¢ > 3, we have (as N — o0)

cumy (£) = O(NY).

Proof In the decomposition (4.5), it is obvious that the terms Ay (£), By (£), Cy(£),
Dy (¢) are O(N?), just by bounding Ky by N in ©; U €23 and using lemma 4.3 if one
point of Ky is in €2,. Concerning the term Ey (£), by reproducing the argument in
the proof of Theorem 4.1 we just need to prove that it is O(N?) when all points in the
integrand are restricted to €23, i.e. it would be sufficient to prove that
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/ |Kn(z0, 21)Kn (2, 21) - .. KN (2e, 20)| dA (20, - . ., 2¢) = O(N?).
Q:l;+l

using the estimate (4.8) and integrating along the width of w3, we just need to prove
that for some ¢ > 0,

(25} 1 1
N2 d
1+ Nlxg — x1] 1+~ Nixe — xo|

(_1’1)€+1

x0...dxg = O(N379).

4.9)
A simple calculation yields, forany —1 <a < b < 1,
/ 1 1 d o (log N ) 1
u = ,
1 14+ +/Nla—u| 14+ ~Nlu —b| VN ] 14++/Nla—b|
-1,
so by integrating successively the variables x», ..., x; in (4.9), we therefore obtain

. .. . 1 _ 3—g . .
that a sufficient condition is Nf(ilvl)z —(1+Jﬁ|xo—x1\)2dx0dxl = O(N°7%), which is

obvious. O

Relying on the Marcinkiewicz theorem, the above initial bounds on the cumulants
can be widely improved.

Lemma 4.8 Under the conditions of Theorem D.4, for any fixed function f, ¢ > 0,
and { > 3, we have (as N — o0)

cumy (£) = O(N?).

Proof Let Y(N) = N_SX}N). Let cimy (£) be the £th cumulant of YY) cimy (£) =

N~ cump (£). Hence, as a consequence of Lemma 4.7, there is a rank £( such that
for any £ > £g, cimy (£) — 0 as N — oco. We wish to prove that

sup cumy() — 0O (4.10)
ee[3.00] N—00

as well. Assume the contrary. We therefore can find § > 0 independent of N, an index
J1 € [3, £o] and a subsequence (Ny) such that

leimy, ()| > 8, leimy, GOI'' = sup {ledmy, ()]}
Ce[3,40]

Consider now the random variable Z® = y®o) /leump, (j1)l /it Then all the cumu-
lants of Z® go to 0 except the jith one, equal to 1, and eventually some other cumulants
with indexes in [[3, €o], which are all uniformly bounded. Let u be the distribution of
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Z®  As the first and second cumulants of = Z® are uniformly bounded, E(Z ®)2)
is uniformly bounded so the sequence (k)i >0 is tight.

We therefore can choose a subsequence of (jux), called (u;,), which converges
weakly to a measure v, and we can moreover assume that all of its cumulants (which
are uniformly bounded) with indexes in [3, £o] converge. Let Z be a random variable
with distribution v. As p;, has any given cumulant uniformly bounded, it has any
given moment uniformly bounded, so by the Corollary of Theorem 25.12 in [5], Z
has moments of all orders, and those of Z ) converge to those of Z. Hence Z has
cumulants of all orders and those of Z%) converge to those of Z. Hence v has all of
its cumulants equal to O for £ > £y, and its cumulant of order j; € [3, £o] equal to 1.
From the Marcinkiewicz theorem (cf. the Corollary to Theorem 7.3.2 in [20]), such a
distribution v does not exist, a contradiction.

Equation (4.10) therefore holds, so we proved that for any arbitrary ¢ > 0 and any
£ > 1, cumy(®) = O(Ngs). For fixed ¢, by choosing & small enough, we get the
result. O

Finally, we note that the previous bounds on all cumulants of X}N), each of
order at most N¢, allow to conclude the proof of Theorem 4.4, by the Markov
inequality. The explicit asymptotic form of the second cumulant (Lemma 4.6)
is more than what we need, we made the calculus explicit as one expects that
X }N) converges to a Gaussian centered random variable with asymptotic variance

1= [ IVF@P1LeadA@) + 51 frlif.-

4.3 Estimates on the partial exponential function

For the following lemma we need the function erfc(z) = f f oo _“’ dw.

Lemma 4.9 (Bleher and Mallison [6]). For § > 0 small enough, let u(z) =

7z —logz — 1, be uniquely defined as analytic in D(1, ) and u(l + x) > 0 for
0 < x < & Then forany M > 1, as N — oo, e Nen(Nz) has the following
asymptotics:

() gerfe(VNu() +OWN"2) if |z = 1] < I

N’
(i) 55 erfe(VNu(@) (140 () ) i 25 < 12— 1] < 6 and | arg(z -
Dli< %-
(i) 1 — 375t erfe(— J—M(z))(1+o((z - )) if & < 2= 1] < 8 and

larg(z — 1) — 7| < T
In case of real z, the above estimates can be gathered as follows.

Lemma 4.10 (Wimp [9]). Uniformly fort > 0,

1 1
e eN(Nt)_110<,<1+f2’t‘() erfe(v/N (1)) (HO(«/N))’

where 1(t) = 4/t —logt — 1 is defined to be positive for all t, contrary to Lemma 4.9.
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Note that in the above lemma, the asymptotics are coherent at ¢t = 1 because

I ()t - ast — 1~

—_— .
V2t—1 ast — 1T

Pl— NI—

Lemma 4.11 (Kriecherbauer, Kuijlaars, McLaughlin, Miller [19]). For0 < a < 1/2,
let U = {|z — 1| < N™9}. Then there exists polynomials h ; of degree 2 j such that for
all r € N* we have

eN? (1—eNzNe_NZFN(z)) forze D—-U,

en—-1(Nz) =
eNZNFy(2) forz € D¢ — U,
where
1 i@ 1
FyG) = —— [ 1+ ++O(—)
) V2 N(1 —z) ;N-’(Z—l)zf NT|1 —z|?r

uniformly in C — U.
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