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Abstract Consider an n x n Hermitian random matrix with, above the diagonal,
independent entries with a-stable symmetric distribution and 0 < o < 2. We establish
new bounds on the rate of convergence of the empirical spectral distribution of this
random matrix as n goes to infinity. When 1 < o < 2 and p > 2, we give vanishing
bounds on the L”-norm of the eigenvectors normalized to have unit LZ?-norm. On the
contrary, when 0 < a < 2/3, we prove that these eigenvectors are localized.
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1 Introduction
We consider an array (X;;)1<i<; of i.i.d. real random variables and set, for i >

J» Xij = Xj;. Then, for each integer n > 1, we may define the random symmetric
matrix:

X = Xij<i,j<n-
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886 C. Bordenave, A. Guionnet

The eigenvalues of the matrix X are real and are denoted by A, (X) < --- < A1 (X).
In the large n limit, the spectral properties of this matrix are now well understood
as soon as X;; has at least two finite moments see e.g. [3-5,8,15,28] for reviews, or
[20,21,23,27,29] for recent results on universality. The starting point of this analysis is
the Wigner’s semi-circular law, which asserts that if the variance of X;; is normalized
to 1, then the empirical spectral measure

1 n
- Zl: 8300/
=

converges almost surely for the weak convergence topology to the semi-circular law o
with support [—2, 2] and density f>(x) = %«/4 — x2. As already advertised, many
more properties of the spectrum are known. For example, if the entries are centered
and have a subexponential tail, then, see [18,19], for any p > 2 and ¢ > O,

max {||v|l, : v eigenvector of X with |Jv]> = 1}

1
is O(n'/P=1/2+e) where lvll, = (Z?:l |vi|p) » . This implies that the eigenvectors
are strongly delocalized.
When the second moment is no longer finite, much less is known and the picture
is different. Let 0 < o < 2 and assume for simplicity that

P(X11]l = 1) ~soo t 7. (D)

Then, we are not anymore in the basin of attraction of Wigner’s semi-circular law:
now the empirical spectral measure

1 n

— 8. a

" Z 3 (X) /'
i=1

converges a.s. for the weak convergence topology to a new limit law 4, see [7] and
also [6,10]. It is known that u, is symmetric, has full support, a bounded density
f« which is analytic outside a finite set of points. Moreover, f,(0) has an explicit
expression and as x goes to 00, fy(x) ~ (a/2)|x|7@ 1. Finally, as o goes to 2, g
converges for the weak convergence topology to w». One of the difficulty of this type
of random matrices is the lack of an exactly solvable model as in the Gaussian Unitary
Ensemble or the Gaussian Orthogonal Ensemble in the finite variance case.

In the present paper, we give a rate of local convergence to u, and investigate the
behavior of the eigenvectors of X. In a fascinating article [12], Bouchaud and Cizeau
have made some prediction for the eigenvectors of X. They argue that the situation
is different for 0 < @ < 1 and 1 < o < 2. They quantify the localized nature of a
vector v with [|v]l2 = 1 by two scalars: ||v]|4 and |[v];. If ||v]la = o(1) the vector is
said to be delocalized, if ||v|l4 # o(1) but ||v||; > 1 then v is weakly delocalized (we
might also say weakly localized), while if ||v|[; = O(1) then the vector is localized.
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Localization and delocalization of eigenvectors for heavy-tailed random matrices 887

Now suppose that v is an eigenvector of n~ /¢ X associated to an eigenvalue A. For
1 < @ < 2, we have proved that all but o(n) of the eigenvectors are delocalized (this
disproved the prediction of [12]). Our result is in fact stronger as we can show that the
L*° norm of these vectors goes to zero, which insures that the L” norm goes to zero
for all p > 2 and to infinity for all p < 2 by duality.

For0 < @ < 1, Bouchaud and Cizeau predict that with high probability, if |A| < E
then v is weakly delocalized, whileif |A| > E, vislocalized. Itis reasonable to predict
that E, goes to 0 as « | 0 and goes to infinity as « 1 2. It is not clear whether this
threshold E,, depends on the choices of the norms L! and L* to quantify localization
and delocalization. We are far from proving the existence of such a threshold within
the spectrum. Nevertheless, for0 < o < 2/3, we have proved that there exists £, > 0
such that if |A| > E, then a localization occurs : the mass of v is carried by at most
n' % entries, for some 8, > 0.

This heavy-tailed matrix model is in some sense similar to the adjacency matrix of
Erd6s-Rényi graphs with parameter p/n since its entries are of order one only with
probability of order 1/n. In the regime where p is going to infinity faster than n2/3, this
adjacency matrices were shown to belong to the university class of Wigner random
matrices [16,17]. If pn/(log n)¢ goes to infinity for some constant ¢, the delocalization
of eigenvectors was also proved in these articles. In the related model of the adjacency
matrix of uniformly sampled d-regular graphs on n vertices, the delocalization of
eigenvectors has been studied in Dumitriu and Pal [14] and Tran et al. [30]. It was also
conjectured by Sarnak that as soon as d > 3, this model also belongs to the university
class of Wigner random matrices.

1.1 Main results

Let us now be more precise. Throughout the paper, the array (X;;)1<;<; will be real
i.i.d. symmetric a-stable random variable such that for all r € R,

Eexp(itX11) = exp(—wq|t|%),

for some 0 < o < 2 and w, = 7/(sin(wo/2)T" («)). With this choice, the random
variables (X;;) are normalized in the sense that (1) holds. The assumption that the
random variables follow an «-stable law should not be crucial for our results, it will
however simplify substantially some proofs. We define the hermitian matrix

Anza,le with a, =n'/?.

The eigenvalues of the matrix A are denoted by A,(A) < --- < A1(A). The empirical
spectral measure of A is defined as

1 n 1 n
A = ; Z(S}Li(A) = ;Z(SAI,(X)/"]/&.
i=1 i=1
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888 C. Bordenave, A. Guionnet

The resolvent of A will be denoted by
R@=MA-27",

where z € C4 = {z € C : Im(z) > 0}. The Cauchy-Stieltjes transform of w4 is
easily recovered from the resolvent:

1 1
g, (2) = / 1A (dx) = St(R(2)). ®)
X —Z n

From [7,10], for any fixed interval / C R, a.s. asn — o0,

ra ) paD @)
7] 7]

where |I| denotes the length of the interval /. As in [20,21], the opening move for

proving statements about the eigenvectors of A is to reinforce the convergence (3)

for small intervals whose length vanishes with n. We will express our main results in

terms of a scalar p depending on «:

if $<a<2

— : 8
P=133,; fl<a<z

ﬁ if 0<a<l.
The scalar p depends continuously on « and is non-decreasing. Roughly speaking we
are able to prove that the convergence (3) holds for all intervals of size larger than
n—PToW A precise statement is the following.

Theorem 1.1 (Local convergence of the empirical spectral distribution) Let 0 < o <
2. There exists a finite set &, C R such that if K C R\&y is a compact set and § > 0,
the following holds. There are constants cq, c1 > 0 such that for all integers n > 1, if
I C K is an interval of length |I| > cin~? (log n)2, then

lmal) — pa (DI = 8|11,

with probability at least 1 — 2 exp (—c0n82|1|2).

In the forthcoming Theorem 3.5, we will give a slightly stronger form of Theorem 1.1:
we will allow the parameter § to depend explicitly on n and |/| and the logarithmic
correction in front of n =" will be reinforced. The proof of Theorem 1.1 will be based
on estimates of the diagonal coefficients of the resolvent matrix R(z) asz = E +in
gets close to the real axis with n = n~?+°()_ For technical reasons, we have only been
able to establish (3) for intervals outside the finite set £, which contains 0. The same
type of result should hold for all sufficiently large intervals. In Proposition 2.1, we
will give an upper bound on 4 (I) (i.e. a Wegner’s estimate) which will be valid for
all intervals of size larger than n~(©+2/4 The threshold p < % may be optimal, even
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Localization and delocalization of eigenvectors for heavy-tailed random matrices 889

though for Wigner’s matrices it is simply one, since the spectral measure of heavy
tails random matrices fluctuates like O (n~'/2) rather than like O (n~") for Wigner’s
matrices (see [9,26]).

Theorem 1.1 will have the following corollary on the delocalization of the eigen-
vectors.

Theorem 1.2 (Delocalization of eigenvectors) Let 1 < o < 2. There exist a finite set
&« C Rand a constant ¢ > 0 such that if K C R\&, is a compact set, with probability
tending to 1,

max{[|vglloo : 1 < k < 1,24 (A) € K} < n= 1@ (logn)", )

where v1, ..., vy, is an orthogonal basis of eigenvectors of A associated to the eigen-
values L1 (A), ..., A, (A).

Notice that for p > 2, [|[v]|, < [[v]3’”|lv]|x*”. Hence, Theorem 1.2 implies that
the LP-norm of any eigenvector associated to an eigenvalue in K goes in probability
to 0 as soon as p > 2. Similarly, from ||v||§ < |lv[l1]lv]lco, We have a lower bound of

order n? 1=+ on the L' -norm of the eigenvectors. Note that our estimate becomes
trivial as & | 1 and give upper bound of order n=1/4+°() as & 4 2. For any x > 0,
in the proof of Theorem 1.2, we will see that by increasing suitably c, the probability
that the event (4) holds is at least 1 — n~%.

We now present our result on localization of eigenvectors. We are not able to prove
localization for all eigenvectors but only for “typical” eigenvectors associated to an
eigenvalue in a small interval. More precisely, we consider vy, ..., v, an orthogonal
basis of eigenvectors of A associated to the eigenvalues A1(A), ..., A, (A).If I is an
interval of R, we define A; as the set of eigenvectors whose eigenvalues are in /.
Then, if A is not empty, for 1 < k < n, set

__n 2
Wi(k) = m (v, er)”,

veA]

where, throughout this paper,
[Arl =npa(l) = Ny )

is the cardinal of A;.Wj(k)/n is the average amplitude of the k-th coordinate of
eigenvectors in A;. By construction, the average amplitude of Wy is 1:

1 n
=D Wi = 1.
n

k=1

If the eigenvectors in Ay are localized and I contains few eigenvalues, then we might
expect that for some i, Wj (k) > 1, while for most of the others W; (k) = o(1). More
quantitatively, fix 0 < § < 1 and assume that for some 0 <k < land0 < ¢ < 1
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1 n
- E Wi(k)* <,
n

k=1

then, setting J = {k : W;(k) > (8_18)_ﬁ}, we find

lZw,(k)zl—a.
n

keJ

In particular, all but a proportion § of the mass of Wj is carried by a set J of cardinal at

1 . . . . . .
most |J| < n(8~le)T+.If ¢ goes to 0 with n, this indicates a localization phenomenon.
With this in mind, we can state our result.

Theorem 1.3 (Localization of eigenvectors) Let 0 < o < 2/3,0 < k < «a/2 and p
be as above. There exists Eq  such that for any compact K C [—Eq , Eq ], there
are constants cg, c1 > 0 and for all integers n > 1, if I C K is an interval of length
[I] = n="(logn)?,

1 n
= > Wik <l
n

k=1

with probability at least 1 — 2 exp (—con|I|4).

This result is interesting when I = [E — n= Pt E 4 p=r+oD] s a small
neighborhood around some large E. Then it shows that for any 0 < « < «/2, the
mass of the eigenvectors corresponding to eigenvalues around E is concentrated around
order n!=2P%/2=) entries as long as | E| is large enough. The proof of Theorem 1.3
will be done by showing that

1 - o
=D (mR(E +in)? (6)
k=1

vanishes if = n~?T°() even though that

l n
- ZImR(E + ik
k=1

stays bounded away from 0. This phenomenon will have an interpretation in terms of
a random self-adjoint operator introduced in [10] which is, in some sense, the limit
of the matrices A. We will prove that the imaginary part of its resolvent vanishes at
E + in, with n = o(1) and |E| large enough, while its expectation does not, see
Theorem 5.1. Note that if 0 < n < n~!, then we necessarily have that for almost all
E,ImR(E + in); converges to 0. The fact that our estimate |/| > n™" gets worse
as o goes to 0 is an artifact of the proof : our rate of convergence of R(E + in)kk to
its limit gets worse as « gets small. It is however intuitively clear that the localization
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Localization and delocalization of eigenvectors for heavy-tailed random matrices 891

should be stronger when « is smaller. However, in the forthcoming Theorem 5.9, we
will prove that, for any 0 < o < 2/3, the expression (6) goes to 0 if n = ns. Finally,
it is worth to notice that computing the fractional moments of the resolvent matrix as
a way to prove localization is already present in the literature on random Schrodinger
operators, see e.g. [2].

The remainder of the paper is organized as follows. In Sect. 2 we establish general
upper bounds on N; defined by (5). Section 3 contains the proof of Theorem 1.1.
Section 4 is devoted to the proof of Theorem 1.2. The arguments developed in these
two sections are based on ideas from the seminal work of Erdss, Schlein, Yau (see
e.g. [18-20]) concerning Wigner’s matrices with enough moments, as well as on the
analytic approach of heavy tailed matrices as initiated in [6,7]. However, there was a
technical gap due to the lack of concentration inequalities, as well as of simple loop
equations, that hold for finite second moment Wigner matrices. A few of the required
new estimates due to the specific nature of heavy tailed matrices are contained in the
appendix on concentration inequalities and stable laws. In Sect. 5 we prove Theorem
1.3, which is based on the representation of the asymptotic spectral measure given
in [10] and a new fixed point argument which allows to prove the vanishing of the
imaginary part of the resolvent in the regime « € (0, 2/3).

The whole article is quite technical, but hopefully shall be useful for further local
study of the spectrum of random matrices which do not belong to the universality class
of Wigner’s semi-circle law.

2 Upper bound on the spectral counting measure

Forn > 0and £ € R, weset I = [E — n, E + n]. The goal of this section is to
provide a rough upper bound on N; when 7 is large enough, where N; was defined

by (5). Let
(1, 1\ ;
y_(§+;) : )

Proposition 2.1 (Upper bound on counting measure) Let 0 < « < 2. There exist
¢, c’ > 0depending only on « such that if n > n*aTH, then, for all integers n, for all

t=>c,
P (N; = tnn”) < cexp(—c’tﬁ) +2n exp(—c/tﬁ).

This bound will later be refined in the forthcoming Proposition 3.6. The upper
bound on the eigenvalues counting measure implies an upper bound for the trace of
the resolvent.

Corollary 2.2 (Trace of resolvent) Let 0 < « < 2 and z = E +in € C4. There
exists ¢ > 0 depending only on a such that if n > n_aTﬂ, then, for all integers n,
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892 C. Bordenave, A. Guionnet

EtrR(z)R*(2) < c(logn) 5" ny~ e,

Proof By the spectral theorem
n
rR(R* @) = D 1%;(A) —z| 2.
j=1

Let n be the imaginary part of z. Define Ip = [E — n, E + n] and for integer k >
0, lys1 = [E—=2F 1y, E42KIn\[E —2Fn, E+2Fn]. By construction, if A (A) € Iy
then |A;(A) — z|72 < 272kF1y=2 Therefore, if N, = nua(ly) is the number of
eigenvalues in Iy, then

trR(z)R*(2) < ZZkaHn*ZNIk. 8)
k>0
We write [, = I;UIk_,Where I,;JE = R4 N1;. Toestimate E[lei] we apply Proposition

2.1. Namely it yields that for each interval I of length n > n’aTH, forany 7 > ¢

[e¢]

/P(let)dt

0

E[N/]

o0
nn’ + nny/]P’ (N; = tnn?) dt

T
oo

nn? r+/(exp(—c’tﬁ)+2nexp(—c/t2%a)) dt
T

4
conn” (r +n exp(—c/rm)),

IA

IA

IA

. . 24a
for some finite constant ¢y > 0 and T > 1. Therefore, taking t of order (logn) 4 ,
we deduce that there exists some finite constant ¢; > 0 such that

E[N/] < e1(logn) 5y
Therefore, we deduce from (8) that
* L 2k =2 ok Lo -
EtrR(z)R*(z) <2c1(logn) 5 > 277720 (n2") <2ci(logn) ™4 my~ 7 » 27 2%,
k>0 k>0
The rest of this section is devoted to the proof of Proposition 2.1.

@ Springer



Localization and delocalization of eigenvectors for heavy-tailed random matrices 893

2.1 A geometric upper bound

In this paragraph, we recall a general upper bound for Ny that is due to Erd6s—Schlein—
Yau [20], namely if we let A% be the principal minor matrix of A where the k-th row
and column have been removed, W ) be the vector space generated by the eigenvectors
of A® corresponding to eigenvalues at distance greater than 1 from E, we have

n
N <4n*ay D dist(X, W92, )
k=1

Let us prove (9). We start with the resolvent formula,
—1 -2 (k) -1
Rk = — (z —a, X +a, (Xg, R Xk)) , (10)

where X; = (Xk1, ..y Xih—1, Xikt1s - -+ Xkn) € R*Land RO = (A0 — 5)~1,
Identifying the real and imaginary part, we get, using the fact that z and the eigen-
values of R® are in C .,

—1
ImR(2)kx < (Im (z —a; X+ a, 2 (Xx, R(k)Xk)))

< a? (X, ImR® x;) 71,

Let (Agk)) 1<i<n—1 and (ugk))lfifn_ 1 be the eigenvalues and eigenvectors of A®
Choosing z = E + in, we have the spectral decomposition

n—1

mR n (k) (k)*
k i i
i1 ()»E)—E)z—i—n2

1t 2" — E| < n, then > 1/(21). Therefore, we deduce

o
Gi—Ey+n® =

n—1 -1

k
ImR(2)ik < Znaﬁ (Z 1|A§k)—E|<77<Xk’ ul( )>2)
i=1 N
We rewrite the above expression as
MR (2)ix < 2nazdist > (Xg, W), (11)
where
w® =Vect{u§k) l<i<n-— l,)ugk) ¢ [E—n,E+n]}.

Since I = [E — 7, E + ], the inequalities (11) and
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894 C. Bordenave, A. Guionnet

Ny

Ui Ui
trImR(z) = n/ mMA(d)») = n/ mﬂA(d)\) = Z
1

give (9). We set
NY=ji<i<n—1:2P eni=n—-1-dimW®) = (n - DH,w ).
From Weyl interlacement theorem, we have

Ni—1<NP =n—1—dimw®) < Ny +1. (12)

2.2 Proof of Proposition 2.1

We note that up to increasing the constant ¢ and 1/¢’, it is sufficient to prove the

proposition only for all n > cln’% for some ¢y (indeed, Ny < Ny if I’ C I and if
N; < tn|I|Y then Ny < tn|I'|/Y ({T1)/|T'])Y).
In the sequel we denote in short dist;y = dist(Xy, W(k)). From (9)-(12), we write

n
y 2.2 f g2
Ni < 1y, <ngrtnn” + 4n7a, kEIdIStk 1N1(k>>wn“. (13)

We have dist,% = (Xk, PrXk), where Py is the orthogonal projection onto w®  We
note that X; is independent of W®). From Lemma 7.1, there exists a positive a/2-
stable random variable S; and a standard Gaussian vector Gy, independent from Sg,
such that

dist{ = || PcGr |12 k.
at2 . 2y 2y .
Note that n > cn™ 4 is equivalent to nn« > c« . By Corollary 6.2 (applied to
A = P;), there exists universal constants C, § so that if N}k) > tc ’npY > tn'=3
for t > Cc?, with probability at least
2y 4

1 —2exp(=dn(tn)« /2) > 1 — 2exp(—cot Z+e) (14)

we have,

1
I PkGilla = 8 (tnn?)=.

Hence, if F;, denotes the event that N; > [tnn? | and forallk, || PxGg|le = § (tnn)’)é,
we have from (9) and (13)

n
N]lpn < 47’)28_2 (Z‘T]y)_% ZSI:I
k=1
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With our choice of y, 2 — 2y /o = y, hence, with ¢; = 45~2 we deduce

2 1<
Nilp <cinnp¥t e | — s
i zemif (332

The variables (Sk)1<k<n have the same distribution but are correlated. Nevertheless,
note that the function x +— exp(x‘s) is convex on [bg, +00) with bs = 0if § > 1, and
bs =(1/6 — 1)1/ 8 if 0 < § < 1. Hence from the Jensen inequality, we deduce

8 8
l— l— | « _
exp(; Zsk 1) < exp(; ZSk Ly b(g) < ” Zexp(s1 LRV bg).
k=1 k=1 k=1

In particular for every ¢ > 0,

1<\ —
E -> 5 <aE S )
exp cz(ng k ) <c3 exp[cz( 1 )]

where ¢3 = exp(czbz;g:gg). By Lemma 7.3, for ¢, small enough, the above is finite.

Thus, from the Markov inequality, for some constants c4, cs > 0,
I 1.2 2
P (N/1p, > tny?’) <P| - E Sy >yt ) < cpexp(—cstT).
n
k=1

Therefore, by (14), we deduce

IP’(NI > tnny) < ]P’({NI >tn’}nN F,j) —HP’(NIIF,, > tnny)

4 2
< 2nexp(—cot 27+« ) + cq exp(—cs5t 2-«)

which completes the proof of the proposition.

3 Local convergence of the spectral measure

To prove the local convergence of the spectral measure, we shall prove that an observ-
able of the resolvent satisfies nearly a fixed point equation, which also entails an
approximate equation for the resolvent. Such an equation was already derived in [6,7]
but the error terms are here carefully estimated. This step will be crucial to obtain,
in the second part of this section, a rate of convergence of the Stieltjes transform of
the spectral measure toward its limit. The range of convergence will be first derived
roughly, and then improved for o > 1 thanks to bootstraps arguments.
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896 C. Bordenave, A. Guionnet

3.1 Approximate fixed point equation
The observables we shall be interested in will be

Y(z) :=E[(—iR(2)11)?] and X(z) := E[-iR()1]. (15)
(For 1 < k, £ < n, we will write indifferently Ry¢(z) or R(z)x¢). For g € [0, 2], we

define Kg = {z € C : |arg(z)| < %}. By construction —i R11(z) € Ky for z € Cy,
so that Y (z) € Ky/2 and X (z) € K. On K42, we may define the entire functions

9]
1 [°3 N o %
Ya:(0) = ) /ﬁ—le”ze—“l—f)’“dz (16)
2 0
and
oo
st = [ e -9, an
0

For further use, we define, with the notation of (10),

1
My (@) = —Eir {R“>(z)(R<1>(z))*}. (18)
n—
Note that, writing explicitly the dependence in n, R,gl) = (Af,l) —z)"land a:—lefll)

has the same distribution than A, _;. We may thus apply Corollary 2.2 to RV (it can

be checked the difference between a,, and a,,_; is harmless). For some constant ¢ > 0,
we therefore have the upper bound forall z = E +inandn > n~ %

2w _ 4
M,(z) < c(logn) 4 n e, (19)

The main result of this paragraph is the following approximate fixed point equations.

Proposition 3.1 (Approximate fixed pointequation) Let0 < o < 2andz = E+in €
Cy, E # 0. There exists c = ¢c(E) > 0, ¢(E) < const.|E|~% v |E|~%/2, such that if

n %2§n§1and

e — nfa/\lnfalTl n (logn)1y—
nn

1Aa
_1 [ Mu(z
+(n Ny n()) (1+ Gogn)licuzeys + ogmlocuzi).  (20)

then, for any integer n > 1,

Y(2) — ¢a:(Y(@) <cn Fe+cnin %,
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and

&R

X (2) = Ya (Y ()] = CI77]8 + cnf%n* .

We note that we could use the bound (19) to get an explicit upper bound on ¢. In
the forthcoming Proposition 3.6 we will however improve this bound for some range
of n.

In the first step of the proof, we compare Y (z) with an expression which gets rid of
the off-diagonal terms of R in (10). More precisely, with the notation of (10), we
define

" -3
I(z):=E ((—m +a,2> X%k<—iR£§2)) € K2, @n
k=2
and similarly,
n —1
J(@z):=E ((—iz) +a,2 > X%k(—iR,E,?)) €Ki (22)
k=2

We shall prove that

Lemma 3.2 (Diagonal approximation) Let 0 < « <2 and z = E +in € CL. There
exists ¢ > 0 such that if ¢ is given by (20) then

1Y(2) —I(@)| <cn”%e and |X(z) — J(2)| < cenle.

We start with a technical lemma.

Lemma 3.3 (Off-diagonal terms) Let B be an hermitian matrix with resolvent G =
(B—2)"'. Forany 0 < a < 2, there exists a constant ¢ = c(a) > 0 such that for
n=2,

[tr(GG*
P an_z Z X1k X10Gre| > %t <ct™¥log(n (2Vvit))log (2 V1),

2<k#£l<n

andif 1l <a <2,

- tr(GG)
Ela,> D> XuXuGr| <c —a (1 +11<q<as3logn).

2<k#L<n
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898 C. Bordenave, A. Guionnet

Proof Let0 < o < 1. We use a decoupling technique: from [13, Theorem 3.4.1] there
exists a universal constant ¢ > 0 such that

]P(an_z Z XieX1eGre| =t Sc]P(a;z Z X1k X1,Gre zt/c>

2<k#0<n 2<k#0<n

<cP|la,® D XuXjRe(Gu)|=t/2
2<ks#l<n

+eP (e, D XuX)Im(Gr)|=1/2c |,
2<k#{<n
(23)

where X is an independent copy of X. From the stable property of X|, we deduce
that

1
o [*3

d
> XuXyReGro) = Xiy [ 20D XuReGro)| | (24)

2<k#l=n 0 |kt

and similarly for the imaginary part. From the stable property of X1,

S>> XikRe(Gre) a 31D IRe(Gro) I, (25)
4

€ |k#C k£t

where (X ¢)¢ 1s a random vector whose marginal distribution is again the law of X
(note however that the entries of (Xy)¢ are correlated). Let p, = Zk# IRe(Gye)|*

and p = >, p¢. For s > 2 to be chosen later, we define ¥, = )?gl(p%d < say,) and
Y| = X, 1(IX],| < s). Itis straightforward to check that

ElY,|* < clog(s“n) and E|Y{|* < clog(s).

Hence, from (24)-(25)

1

1 1
P |X’11|(Z|>?u“m) >t| <P IY{I(ZIYeI“m) >1
l

12
+P (m?x 1Xel > san) +P (|f(’“| > s)

log(s%n)1
<eso 4 P og(sn) og(s)7

= P
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where we have used the Markov inequality and the union bound

P(max |X¢| > san) < nP(IX11| > say) < es™%.

We choose s =2V (t/p'/%), we find that

1
) z log((2 v 1)) log(2 Vv 1)
/ 1/ clog
P lX“l(Ee |X£|a,0€) >1p/% ) < o .

The same statement holds for Im(G). To sum up, we deduce from (23) that
Plla,® D XuXuGre| = a, p"/"t | <ct™log(n 2V 1)log 2V 1).
2<ks£0<n

Then, the first statement of the lemma follows Holder’s inequality which asserts that

1 1
2 “ 2 ? tr(GG*)
a,;p!/* <n”@ (ZZIGMI“) Sn_“(ZZIszlz) nal= =,
Lk t  k
(26)

where we used that Gy = G .
Now, assume o > 1. By integrating the above bound, we find easily

oo
E an_2 Z X1k X1eGre =/JP’ a,,_2 Z X1 X1¢Gpe| >t ] dt
2<k#t<n 0 2<k#t<n

[tr(GG*
<c r(—z)logn.
n

(In fact, with slightly more care, we may replace logn by (log n)é log(logn)). It
remains to check that we can remove the term logn for o > 4/3. It will come easily
from the bound

NS

-2
Pla,® D XuXuGu|>t SC( 272

2<k#0<n

Lets > 1 to be chosen later. We now set Yy = X1x1(| X 1| < say)/a,. We write

2

D NYeGr| = D Y Yo YuYu,Ghe Gl
2<k#0<n ki17#Ly, ko #Lo
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The variables Y} are iid and by symmetry EY; = EY13 = 0. Hence, since Gy = Gy,
taking expectation we obtain

2

E| > %YiGu| =2 EIYPGuGj, < 2BV PrGG*.
2<k#L<n k#e

It is routine to check that, for p > a, E[|Y1|”] < c(p)s?~*n~!. Hence, arguing as
above, we find

s22- 4 GG*

P an_2 Z X1k X1¢Gre| >t ch +cs¢.
2<k#l<n
We conclude by choosing s = 1V (n%t?/trGG*)!/¢=®), O

We now can turn to the proof of Lemma 3.2

Proof of Lemma 3.2 Define

_ _ 1
TG =—a;'Xii+a;> > XuXuRy. (28)
2<k#L<n

We notice that for any, z, z € C4 and @ > 0,

G2)™ = ()7 = 51z = Z|(m@) A Im() =",

With the notation of (10), we also note that Im(>%_, X2 R(})) > 0 and
Im(—an_an + (X1, R(I)Xl)) > (. Hence, from (10), for any event €2,

1Y(2) = I(2)| = %n_z 'EIlIT (2)[1a] + 1~ TP(Q°). (29)

Applying the same argument with X (z), J(z), we get

Y(z) = 1(2)| < %nf%D(Z), 1X(2) = J@| <0 'D()
with
D(z) = 0~ 'E[|T (2)[1g] + P(Q°). (30)

We may bound D(z) by using that by Lemma 3.3. Indeed, since R!) is independent
of XM it gives
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M, (z)

_ 1
P |a? Z X1kX12R;Eg)(Z) 2
2<k#L=<n

t) <ct™@log(n(2vi))log(2 V).
(1)
andforl < o < 2,
_ M, (2)
Ela,? > XuXuRy )| < e == (1 Licasapslogn).  (32)
2<k#€<n

e Let us first assume that 1 < a < 2, then taking Q¢ = @ in (29) and using (32), it
shows that for some constant ¢ > 0,

M, ()

D) <cn”! (n_cl' S (1+ 1jcq<a3 10g”))~

o Assume that 0 < a < 1, we take in (30)

- - 1
Q={a,'IXnl<t:a,7| D] XuX1Ry ()| <1
1<k#t<n

Then, we have

t 1

BIT@al< [ P (o iz dvt [P (o2 3 xuxirl)e)=y) .
0 0 I1<k#l=<n

Assume that 1/n <t < 1. Then, using (31), we find that E[|T (z)|1g] is bounded
up to multiplicative constant (depending on «) by

= M, 3
4 loem, 4 (—”(Z)) (logn)* 1'%,
n n n

(using (20) we may safely bound the terms log(zn/M,,) by logn). Witht = n we
find

Lo (1 M, (2)\?

D(Z) S cn—an—l +C Ol—l(ogn) +C( n(zz)) (logn)2
nn nn

This yields the claimed bounds. O

We next relate 7 (z) and J(z) with the functions ¢, ; and v, defined in (16)—(17) by
using the well known identities
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o0
1
x8 =—/ “le™dt and 1% = —— /—5 T —e™*dt (33)
r'e 1“(1—6)
0

valid for x in the interior of k1,5 > 0 and 0 < § < 1 respectively. We get

o0
1 . .
1(z) = G /ﬂ‘lEexp [it(z +a,,‘22kaR,§,l{)(z))] dt
2 k=2
0

We may apply Corollary 7.2 to take the expectation over X and get

o0
. 1 < §
1(z) = /ﬁ*l ”ZEeXpI “(2t)2—2(—iR,£,1()(Z))2 ngl"}dl
0

(2
2 k=2

_ I om S el
—E[%"Z(n > (-1Ri'©) E[|gk|“]):|

k=2

where w, > 0 was defined in the introduction and (g;);>1 are iid standard gaussian
variables. Similarly, we find that

T P $
J@) = / e"ZEexpi—wg%zt)z;Z (iR @) |gk|“] . (34)

0 k=2

- 1< RY P _lal”
_E [WZ(” > (ir{ @) Engua]ﬂ | .

k=2

The next lemma due to Belinschi et al. [6] will be crucial in the sequel. Recall that
the functions ¢, ; and v, , were defined in (16)—(17).

Lemma 3.4 ([6, Lemma 3.6]) For any z € C_, the functions ¢y, and v ; are
Lipschitz with constant ¢ = c(a)|z|™% and ¢ = c(a)|z|~*/? on Kaj2. Moreover ¢q ;
maps Kq 2 into K2 and Yo, maps Ky o into K.

Proof The first statement follows from [6, Lemma 3.6] by a change of variable. For
the second, we note that if x € Ky /s then x = (—iw)*/? with w € C4 and from
(33) go.(x) = E@iz + iwS)~%/% where S is a non-negative /2 stable law with
Laplace transform, for y > 0, Eexp(—yS) = exp(—I'(1 — a/2)y*/?). Similarly,
Yoo (x) =E@iz+ iwS)~!. In particular, Qa7 (x) € Koz and Yy o (x) € Ky /2. O

We are now able to prove Proposition 3.1.

Proof of Proposition 3.1 We recall that I (z) and J(z) were defined by (21)—(22). The
point is that the Lipschitz constant in Lemma 3.4 depends on |z| and not only Im(z).

Hence since p := (—i R,E,lc) (z)) ‘e K« /2, using exchangeability, we deduce that with

¢ = c(a)|z]~*/?* as in Lemma 3.4,
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l < M, 2 lgkl®
. [¢ (; > (-iky'®) E[ngl"‘])}

k=2

1< , §
~ a: (m IZ;,E[(—:R,EQ @)’ 1)}

1 1 <
— 2 okl —E—— > pulgil”

k=2 k=2
c (E

1 n ] n
—— > ol = —— > oElgil®
n—lk:2 n—lk:2
+E

N E[mzu)
n

|1(2) = ¢, Ep2)| =

cE

IA

n cE[|p2[]
n

IA

n

R .
mképk— mZPk

k=2

By the Cauchy—Schwarz inequality and Lemma 8.4, we obtain

|I(Z)_(pa,z(]E,02)’ fcn_l

E [Zm@w !

k=2

By applying the Jensen inequality, we also notice that since 0 < o < 2,

BRI S TURTY B B R TP P
E[n_lk;mu}—E[ﬂ_lzmkk(zn}

k=2
< E;n RY ()2 g<(IE !
< [n_léuk P < [n_

Hence we obtain an error of

o

ot {R(l)(z)R“)*(z)}D2 =M,(z)?.

i (36)

1 a a a
1(2) = pa:(Bo2)| < en™2My(2)¥ +cn™ ' My(2)2 +en”2n
In the forthcoming computations, we shall always consider 7 so that £ of (20) is smaller

than one so that n=' M, (z)% vanishes and is neglectable compared to n’%Mn (z)%.
However Ep> and Y (z) are close. More precisely, by equation (97) (in Appendix)
applied with f(x) = (—ix)2 we find that

n

> CiRa@f -3 (<iRP @) + inf

i=1 i=2

<2n(nn)~2.

Taking the expectation, we get
[Epy = Y(2)] < cnn) 2.
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904 C. Bordenave, A. Guionnet

By Lemma 3.4, the function ¢, is Lipschitz for some constant ¢ = c(«, |z]) on Ky /2.
We deduce from (36) that

1 a a a a
(@) = 0o (Y(2)| < cn™2Mu(2)* +en”2n" % +c(nn) ™2

;a1 a2+ta) _a
<c'n zen"2(logn) 16 +2cn 2n

aQ
Py
9

where we used the upper bound on M, (z) given by (19). We note finally that the first
term is always smaller for n large enough and n < 1 than the second term. We have

thus proved that there exists ¢ > 0, such that for all n_# < n <1 and all integers,

1(2) = pu(Y(@)] < en”Fn7 5
The statement of Proposition 3.1 on Y (z) follows by applying Lemma 3.2: we find
|Y(2) = (Y @)| < en™ 307 % + ¥ () - 1)
Finally, we observe that the bound on X (z) follows similarly from (35):
X (@) = Y (Y(@)] < en” 275 +1X(@) — J Q).

We now use Lemma 3.2 and Proposition 3.1 is proved.n O

3.2 Rate of convergence of the resolvent

We will now use Proposition 3.1 as the stepping stone to obtain a quantitative rate of
convergence of the spectral measure 14 toward its limit.

By Lemma 3.4, if z = E 4 in and |z| is large enough, say Eo, then ¢, ; and v ;
are Lipschitz with constant L < 1 and in particular, it has a unique fixed point

¥(@) = ¢o,:(¥(), y(@) € Kq. (37

Existence and uniqueness of such a fixed point extends to all z except on a finite set
by the implicit function theorem (see [6]).

From [7, Theorem 1.4], the empirical measure (14 converges a.s. to a probability
measure i, (for the topology of weak convergence). The Cauchy—Stieltjes transform
of the limit measure w, is equal to

odx)
8o (2) = / BaldX) _ i ().
X —Z

The above identity characterizes the probability measure (i .

Theorem 3.5 (Convergence of Stieltjes transform) For all 0 < « < 2, there exists a
finite set £, C R such that if K is a compact set with K N &y, = O the following holds
for some constant ¢ = c(«, K).
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() Ifl <o < 2: foranyintegern > 1,z = E+inwith E € I,c lo:f" v
o 2a
(n™ 7% (1 4+ Licamapllogm =) <y < 1,
B8y, () — 8uy ()] < 8, (38)
where § = n_%n_% + n’%n_%(l + 1jcq<4/3logn) + n~exp(—nn?).

(i) If0 < o < 1, the same statement holds with cn_ﬁ(log n)ﬁ <n<1and
8= n_%n_% + n_#n_%(logn)z.
Moreover for any interval I C K of length |I| > n (1 Vv §| log(8)|’1),

[Epall) — pa (D] < cd|I].

This result implies Theorem 1.1. Indeed the presence of the expectation of w4 (1)
instead of w4 (1) does not pose a problem due to Lemma 8.1 in Appendix. We start
the proof of Theorem 3.5 with a weaker statement.

Proposition 3.6 (Convergence of Stieltjes transform : weak form) Statement (ii) of
Theorem 3.5 holds and

@) If1 <« < 2and cn™' (1 +11<a§%(logn)%) < n < 1 then (38) holds with
§ = n—%n_% + 7 2pm12 (1 + 11<a<% logn).

Proof Assume first that z = E + in with |E| > Ep and n < 1. If we apply Lemma
3.4 to ¢, we find

1Y(2) = y(@)I =< 1Y(2) = @a,z (Y (2))].

1-L

Also, by exchangeability Eg,,, (z) = EG11(z) =i X (z). Hence applying Lemma 3.4
to Yy, -, we deduce

L
B84 (2) = 8uo (D) = 1X (@) = Yo e V@) + = 1¥(2) = ¢ (Y (@) (39)

Also, the Cauchy—Weyl interlacing theorem implies that the same type of bounds holds
for the minor A" instead of A. Indeed applying Lemma 8.2 to f(x) = (x —z)~', we
have

1804 () = 8,y @I < 200~

We recall that 1, has a bounded density (see [7,6,10]). Hence Im(g,, (z)) is uniformly
bounded. We get for any z = E +in, |E| > Eo,n > n_aTﬁ,

BIM (81,1, (2) 18, (2)+ Byt ) (D) =80, ()] = e [Big 1 ()=, )]
(40)
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On the other hand, the spectral theorem implies the important identity

1

M,(2) = —Eur RV QR @)} = 17 Elm(gye,, 2))-

Then, by (39) and (40),

L
NMy(2) <2~ + ¢+ 1X(2) = Ve (Y (@) + T Y@ = Y Q).

We first consider the case 1 < « < 2. Then, by Proposition 3.1, we obtain for
n>n12 > =172,

5 M, (z
MM, (z) < c+en? ()

(1 + 11<a§% logn).

By monotonicity, we find that nM,,(z) is upper bounded by x* where x* is the unique
fixed point of

x= c—i—cn*%n*% (1 + 11<a5% logn) Vx.

It is easy to check that the unique fixed point of x = a + bxP, with a, b > 0 and
1

0 < B < lisupperbounded by «(B)a ifa > bT-F. We deduce that, for some constant

c1 > Oandall n~ /3 (1 + 11<a5%(logn)%) <<l

nMy(z) <cy.

So finally, from Proposition 3.1, we find that for all n~!/3 (1 + 11<a§%(log n)%)
=n=1

o o 1 5 1
IEgu,(2) — 8u, (D < con™ Zn™ 4 + con?nTe + capT2nT2 (1 + 11<a5% logn).

We notice that the middle term is negligible compared to the last for our range of 7.
Assume finally that 0 < o < 1, then arguing as above for n > n~ V2> p=1/2e

M, (2)\?
M, () <c+en”! ( nn(f))z (logn)”. (41)

o 4
We deduce that, for some ¢; > 0 and all n~ 23« (logn) 23« <n < 1,nM, < c1. We

find that for all n_ﬁ(logn)ﬁ <n<l,

(1 + (logn)1g=1)

+ czn*%n*% (log n)2.

[Egu,(2) — gua (D) < con™2n™ % +con~

Again the middle term is negligible compared to the first for our range of 7.
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We have proven the proposition if z = E + in and |E| > Ey is large enough. It
remains to prove the statement for all £ outside of a finite set. It is proven in [6] that
$a,z(¥) = z-“g(y) where g is an analytic function on Ky/2\{0} (which depends on
a). Let y(z) be the fixed point defined in (37). It follows that the set of z € C such
that <p{x’ .(¥(z)) = 1 is finite (for details see [6, §5.3]). We define &, as the set of real
E such that there exists 0 < n < Eo+ 1 with @&,EJFm(y(E +1in)) = 1. We set finally
&« = {0} U &) This set is finite. Let K be a compact interval which does not intersect
&y From the inverse function theorem, ¢, ; is invertible in a neighborhood of y with
inverse with locally bounded derivative. Hence, there exist 7, ¢y > 0 such that for
t>0,0<n<Eyp+1,E €K,

if|ly—y(E+in)| <tand|y — @y e1in(y)| <t then|y — y(E +in)| < cot. (42)

Therefore, we may use Lemma 3.4 and an alternative version of (39) : for any z =
E+inwithE € Kand0 <n < Ey+ 1,if |Y(z) — y(z)| < 7 then

coc(a)
3
|z] 2

Egua (@) = 8uo (D] = 1X(2) — Yo, (Y ()| + 1Y(2) = ¢a,: (Y (2))]. (43)

To apply Proposition 3.1, we shall use an inductive argument to insure that the
hypothesis |Y(z) — y(z)| < t is satisfied. We set for integer £,n9 = 1, N+ =
ne + %(1 A mg)2 and zy = E + ing. As ng goes to infinity as k goes to infinity when
no # 0, there exists k such that Eg < nx < Eo + 7. Then ¢, ;, is a contraction and
the above argument proves that

Egu, (2k) — ue @) < ¢ and  [Y(zx) — y(zp)| < 6,

(note that ¢ is a pessimistic bound since Im(zy) is bounded away from 0). We notice
that it is sufficient to prove the statement of the proposition in the range, for 1 < o <

2, kn~ /3 (1 +1
where x > 0 is any fixed constant. Hence, up to increasing x, we may assume that
sc§ < t/3, where s > 1 is large number that will be chosen later on.

To obtain a priori bounds for Y (z) — y(z) and |Eg,, , (z) — g, (z)| at z = zx—1 from
those at z = z; observe that for any probability measure won Rand 0 < 8 < 1,

1<a<%(logn)%) <n<landfor0 <a < l,lcn_ﬁ(logn)ﬁ,

. : 1ne — net1l
18u(E +in0)? — gu(E +ines)’| = =5 <
n

14

¢ 44
3 44)

Using the above control with p = >}, (v, el)z(hk so that g,(z) = Ri1(2) we
deduce by applying (44) with 8 = «/2 that

[(—iR11(E 4+ in¢)? — (=i Ri1(E +inep1)?| <

[SSERC

and thus |Y (zx—1)—y(zk—1)| < 7. We getasimilar control for Eg,, , (zx—1) by applying
(44) with 8 = 1 so that
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_ T _ _
My (zx—1) <1 1(5 +c6+sup1mgua<Ze)) <n 'z +supImg, (z¢) = cin” .
L )4

Therefore, using Proposition 3.1, we find for some constant ¢’ > 0.

1Y (zk=1) = Pazpy Y@=V [X (2k=1) — Y,z (Y (z—1))| < 8.

From what precedes, it implies that |Y (zx—1) — y(zk—1)| < coc’S. We choose s large
enough so that ¢’cy < sc, so that we have ¢’cpd < 7/3. Also, we may use (43). We
find for some new constant ¢”,

IEgun (z1) — 8o (i) < 8.
Finally, if s was also chosen large enough so that ¢” < sc, then ¢”’§ < t/3, and we
may repeat the above argument down to £ = 0. O

When « € (1, 2), a bootstrap argument allows to improve significantly Proposition
3.6. The idea is, in the spirit of [20], that if the imaginary part of (X, R X) is a priori
bounded below by something going to zero more slowly than 7, then we can improve
the result of the key Lemma 3.2. Before moving to the proof, we state a classical
deconvolution lemma.

Lemma 3.7 (From Stieltjes transform to counting measure) Ler L > 0,0 < e < 1, K
be an interval of R and n be a probability measure on R. We assume that for some
n > 0andall E € K, either

Imgu(E+in) <L or w([E—3.E+]) < Ln.

Then, there exists a universal constant c such that for any interval I C K of size at
least n and such that dist(I, K¢) > g, we have

1 I
M(I)——/ImgM(E—i-ir))dE fC(L\/e‘_l)nlog (1+u)
T n

I

Proof Let us prove the first statement. We observe that

1 = L n _
(g, -+ i) = ) = Py 5 ),
R

where P, is the Cauchy law with parameter n. We thus need to perform a classical
deconvolution. We may for example adapt Tao and Vu [29, Lemma 64] (see also e.g.
[22, p. 15]). Define

_ ! n — P
1
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In particular

1
M(I)—;/Imgu(EJrin)dE = ‘M(I)—/F(y)ﬂ(dy)‘-
1

Now, the Cauchy law has density, P, () = %# It follows that for {y € I}, {y €
I¢, dist(y,I) < |I|} and {y € I¢ dist(y, 1) > |I|} we may use respectively the

bounds
1= : ROIE ¢
= Ttdist(y, 1991 TN = T dist(y, D!
clIln
Fly) < 21
FOI= Gso, 12

|F(y) — and

We write if I = [a,b], [y = I°N[a—|I|,b+ |I[INKand I, = I°N[a — |I|,b +
[I]]°NK,

1
wt) = - [ mg, (& + inde| < | )
1

1

c
1 4 dist(y, I)n

C
- d
+/ T+ dist(y, =14
I

clIn
— u(d
+/ disty, 12
I

c
—u(dy).
+/ T+ dist(y, =14
K(‘
However, by assumption if J = [E — n/2, E 4+ n/2] is an interval of size n with
E ek,

) 3
L= tmg,(E+ i) = [ Dt = L),
R

We deduce that u(J) < “TLn. Now, consider a partition P of R into intervals of size
n. We get from this last upper bound

cp(J)
—udy) < > . —
LS 1+ dist(J, I€)n

C
/ 1 +dist(y, 1¢)n
1

[ln~ ¢'Lny
" —1
< ; g =< Lntog(l+ 1117,

The other terms are bounded similarly. O
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Proof of Theorem 3.5 In view of Proposition 3.6 and Lemma 3.7 applied to Eu 4 and
g, it remains to prove statement (i) of Theorem 3.5. We thus assume in the sequel that
1 < a < 2. The proof is divided into five steps. Throughout the proof, we assume that
n > 3 (without loss of generality) and we denote by E;[-] and P; () the conditional
expectation and probability given i, the o -algebra generated by the random variables
(Xij)izj=2-

Step one: Lower bound on the Stieltjes transform Let K = [a, b] be an interval
which does not intersect the finite set &y, defined in Proposition 3.6. The limit spectral
measure [, has a positive density on R. In particular, there exists a constant ¢y =
co(Kp, @) > Osuchthatforall0 <n <1landx € K,

Img,, (x +in) > co.

Consequently, if there exists 0 < n < 1 such that for all x € K,

. . 0
[Egu,(x +in) — gu, (x +in)] < > (45)
then
. 0
EImg,, (x +in) > > (46)

Note that Proposition 3.6 already proves that (45) holds if n > ng is large enough
and

no=n"°¢,

for some ¢ > 0. By an inductive argument, we aim at proving that (45) holds for the

same constants ng but for some n < 1p.
For some constant § > 0 to be defined later on, we set for 1 < o < 2,

logn _ 2a
oo = e V (175 (1 4+ 1y cgzagalogm) ¥59) ).
28n

Note that oo > n=“F forall n large enough (say again ny).

Step two: Start of the induction We assume that (45) holds for some 1 € [n_aT+2 , Mol

and that

1Y (x +in) =y +in)| < (47)

T
3 9
where t was defined in (42). Let 0 < t’ < 7 to be chosen later on. We are going to
prove that (45)—(47) hold also for

YRS [771 —t'ni, 771]- (48)

@ Springer



Localization and delocalization of eigenvectors for heavy-tailed random matrices 911

provided that n; > tnso, n > ng and t large enough. As in the proof of Proposition
3.6, cf. (44), if 7/ is small enough, we note that (47) implies that

2
. . — M . .
IY(erzn)—y(erln)l52—“7 2”' +1Y(x+im) —y(x+im)| <7. (49)

n

First, by Weyl’s interlacing property (45) holds for A1) with ¢y/2 replaced by co/4
(n1 > n~1). Also it follows by Jensen’s inequality that for z = x + in, with x € K,

o n—1 %
(imr ) = (z S B ek>2)

= oM -0 2

—1 5 «
n 60 2 _ (1 2
= Z((Afl) —x)2 + nz) Wit e = ((ImR (Z)) )kk

L« n 1 _a 1
S e, 60

where we have used the fact [n/(()»l(l) — )2+ )1/ > pl=22 for o € [0, 2].
Note also that from (44) and (48)

/

=<
1—17

| 1 . ln — il T
ImRy, (z) — ImRy (E + inp)| < ——

Hence, if 7’ is chosen small enough so that the above is less than ¢(/8, we deduce
from (46) and (50) that with ¢; = ¢o/16,

1 n—1 o Y 1 n—1
(1 2 1-¢ )
IEn = Z (ImRkk (z)) > ZEn — ZImR (@Dkk
k=1 k=1
> 2C17)1_%. (5D

Now, for bounding from below

n—1

1 5 1
— > (mRP@)" = ——w {amRO @), (52)
k=1
we observe by Lemma 8.1, since x%/2 has total variation on [0, n_l] equal to r]_"‘/ 2,

that for r > 0,

P (n i o {(ImR(l)(Z))“/z} ~E

2.0
< exp (_w) ,

! 1t1r {(ImR(l)(z))a/z} < —r)

2
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912 C. Bordenave, A. Guionnet

Applying the above with r = c1n' =7 shows with (51) that for some § > 0,
P(A()) < e,

where

A(z) := In i 1tr [(ImR(l)(z))%] > cml_g] .

Note that this probabilistic bound is non trivial only if 7 > n_% > n_# (recall that
1l <a<?2).

Step three: Gaussian concentration for quadratic forms For any z = x +in € C,,
we may bound from below the imaginary part of

n
- 1
() =a,” Z Ry ()X,
k=2

on the event A(z) € Fi. Indeed, as the ImR,E}C), 1 <k <n — 1, are non negative, we

can use Lemma 7.1 to see that conditionally on Fi,

n

2
ImQ(z) < (ﬁ > (ImR,E,?(z)Gﬁ)z) S =L()S, (53)

k=2

where the equality holds in law and S is a positive «/2-stable law whereas the Gy
are independent standard Gaussian variables, independent from S. Moreover, if A (z)
holds then from (52)

n

Z (ImR,(C}C) (Z))

k=2

wIR
IR

> e1(n = Dn' ™% = e1(n = 1y max (ImR,ﬁ}j(z)) .

Hence, if A(z) holds and if n > cn~ %, we may apply Corollary 6.2 to p = @ and A

the diagonal matrix with diagonal entries ,/ ImR,E,l() (2),2 < k < n. Wededuce that for
some universal constants ¢ > 0,0 < § < 1, if A(z) € F; holds, then

n 1 ) .

h ((Z| ImRzgzlc)(Z)lea)a <8((n— l)nl—Z)l/a) < e dmn@
k=2

Taking the square, this yields to

2
o

Pi (L@ =oni™") <P (L@ = 82p5) <7 (54)
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Finally, we observe similarly that by Lemma 7.1,

Im(Q(z) + T(2)) = (X1, ImRVX ) £ L(2)3,

where T (z) was defined by (28) and, conditionally on F, S is a positive a/2-stable law,
independent of L (z). Also, L(z) = [ AG |2, where A = (ImR™M)"* and G € R~ is
a standard Gaussian vector. If A (z) holds, we may again apply Corollary 6.2 to p = «
and A, we find that if n > cn_%, the random variable I:(z) satisfies if A(z) holds, the
probabilistic bound

~ 2
Py (L(z) < 3175_1) < eome,

We may thus summarize the last two steps by stating that if n~'/2 < 5; < 1 holds
then

P (I1(2)°) < 3exp(—dnn?).
where z = x +in,x € K and
M(z) = A(x) N {L(z) > an%—l} n {Z(z) > 577%—1} .

(recall that 1 < o < 2).

Step four: Improved convergence estimates We nextimprove the results of Proposition
3.1 for our choice of z = x 4+ in, x € K. We write instead of (29)

2

Y@ = 1) = 360 Y IE[SAHTIT @I + 0 T R@@). 55)
X@ = I @] = Gns Y PE[S A H AT @] + 0~ PO, (56)

Then from Lemma 3.3 and (27), there exists p > 1 (depending on «) such that

Mn(Z)
n

1 1
EIT@)I")7r < C(n_ty + (I +1ica<as3 logn)).

From Holder’s inequality and Lemma 7.3, we deduce that for some new constant
c >0,

E[SASH T = c(n—i + @(1 + 1) c=ag3 logn)).
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914 C. Bordenave, A. Guionnet

From (56)—(56), it follows that for nl2 < n1 < 1 and some new constant ¢ > 0,

1Y (2) = I(2)| v |X(2) = J(2)]

a2 _1 M,(z _
< e 2(5-D (n x4 ;;( )(1+11<a<4/310gn))+377 1exp(—8n772).

1
Note that 772GV~ < 1ifn > n 0 > n=1/2 while 5~ exp(—snn?) < 1 if
(28n/logn)~'/? < 1 . Note also that this last expression improves upon Lemma 3.2
and then Proposition 3.1 can be improved into

Y (@) = ¢o: (Y @)| V |X (@) = Yoz (Y (2)]
=< Cniz(%il) (n; + M(l +11<a§4/3 logn))
n

+en~ 20T 4+ en~exp(—snn?). (57)

Then, by (49) we may use the bound (43). From (40), we thus obtain, for
(26n/logn)~ % <y < 1,

a2y [ My(2)
My (2) < c+cn2ED ”T<1+11<a§4/3logn)

= cton BT /M@ (1 + 1icgeayslogn).
We deduce that, for some constant ¢ > 0, if noo <11 <1,
nMn(z) < c.
So finally, from (43)—(57), we find that for noc < n; <1,
g1 (2) — 8o (2)]
< C3n*%n*% + C3n*%n*%(l + 1i<o<4/3logn) + C3n71 exp(—6nn2). (58)

Step five: End of the induction From (42)—(58), we deduce that if 19,0 < n; < 1 and
t large enough, then

Egun(@) =81, @I =5 and Y@=y = 5.
We have thus proved that (45)—(47) holds also for our choice of 5.

The argument is completed as follow. Let K = [a, b] be a compact interval that
does not intersect &, . Starting for no = n~¢, by applying m times the induction, we
deduce that (45) holds for n,, = n,,—1 — 1’ nfnfl. Since this sequence vanishes as m
goes to infinity, and, for some m, we have 1, < 1, < 211s0. We deduce that for all
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Localization and delocalization of eigenvectors for heavy-tailed random matrices 915

n large enough (say ng), (58) holds for z = x +in, withtnso < n < land K = [a, b].
The statement follows. |

4 Weak delocalization of eigenvectors

Following Erdés—Schlein—Yau [20], from local convergence of the empirical spectral
distribution (Theorem 3.5), it is possible to deduce the delocalization of eigenvectors.
Using the union bound, Theorem 1.2 follows from the next proposition.

Proposition 4.1 (Delocalization of the eigenvectors) For any 1 < a < 2, there exist
8, ¢ > 0 and a finite set &, C R such that if I is a compact interval with I N E, = 0,
then for any unit eigenvector v with eigenvalue A € I and any 1 <i <n,

(v, ei)] <o ZnP1=%) (log n)°,

where p is as in Theorem 1.1 and Z is a non-negative random variable whose law
depends on (o, 1) and which satisfies

E exp(Z‘S) < 00.

Proof Let &, be as in Theorem 1.1. The density of (i, is uniformly lower bounded on
I by say 4¢ > 0. We set

logn e o
n=a p Vv (n 83« (1+11<a<4/3(10gn)873a)) ,

where the constant ¢; is large enough to guarantee that for any interval J of length
at least n in / we have |Eua(J) — nq(J)| < 2e|J|. Then, we partition the interval
I = Ugly into c;n~! intervals of length 1. From what precedes we have for any
1<t <cm ' Eually) > 2ell.

Now, by Lemma 8.1, the event F, that forall 1 < /¢ < czn_l,

walle) > Epalle) —elle| > e|le], (59)

1f37il3(—’1826§772/2) >1-— cexp(—cn‘s) for some

has probability at least 1 — cpn™
constants ¢, § > 0.
Let v be a unit eigenvector and A € I such that Av = Av. Set v; = (v, ¢;). We

recall the formula
vi = (1 +a, %X, (AD = 0n72x )7

with X1 = (X12,..., X1n) € R and AD is the principal minor matrix of A where
the first row and column have been removed. We may now argue as in the proof of
Proposition 2.1 : for some 1 < £ < czn_l, A € Iy, and it follows
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916 C. Bordenave, A. Guionnet

-1

2 2.2 2 \2
v] sanc:in Z (Xlaul( )) )

i:)\,(»l)ell

where ()\gl), u?l)), 1 <i < n — 1 denotes the eigenvalues and an eigenvectors basis
of A1), We rewrite the above expression as

v} < a2cdndist2(X1, W) = acdn? (X1, P1X1) ", (60)

where W = vect [u?l) l<i<n-—1, A;l) ¢ ](} , and Pj is the orthogonal pro-
jection onto the orthogonal of W), The rank of P is equal to

NV =lt<i<n—1:" en)=n—1-dimw).
From Weyl interlacement theorem, we get
npa(l) =1 < Ny <npale) + 1. 61)

From Lemma 7.1, there exists a positive «/2-stable random variable S and a standard
Gaussian vector G such that

dist?(x;, wy £ IPIG|2S.

By Corollary 6.2 and (12), if n is large enough, on the event F;,, see (59), with proba-
bility at least

2
1 —2exp (—8%) >1-— Zexp(—cn‘s)
na-
the lower bound
1
1P1Glle = & (ec3nn)«

holds. Let us denote this enlarged event by F,,. Hence, for some ¢ > 0, on F),, we have
from (60)

v% < epp=le g=1,
In summary, we have shown that

|v1| S Cnl—l/a’s—l/Z + 11:“’;’

where F,f has probability at most ¢ exp(—cn?®), for some ¢ > 1. For 0 < &' < 1, it
yields,
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ol )\ 8’72 | 81 Ja—1)

/ —
< VEe2s g g

Y /
< \/Eezs 5/2(1 + o2’ /zce_cna),

where we have used that 7 > 1/n and @ < 2. Using, Lemma 7.3, if §' is small enough,
the above is uniformly bounded in 7. This gives our statement for any 8" < §’. O

5 Analysis of the limit recursive equation

We next turn to the analysis of the limiting equation describing the resolvent, in
case @ < 1. Let H be the set of analytic functions & : C; — C such that for all
z € Cy, |h(z)| < Im(z)~". We also consider the subset  of functions of 7 such that
forallz € C4, h(—2) = —ﬁ(z). Forevery n and 1 < k < n, the function z — R(2)kx
is in H. It is proved in [10] that Ry, converges weakly for the finite dimensional
convergence to the random variable Ry in Ho which is the unique solution of the
recursive distributional equation for all z € C,

-1

Ro@) £~ 2+ D &R | . (62)

k>1

where {£; }x>1 is a Poisson process on Ry of intensity measure 5 x 514y, independent
of (Ri)k>1, a sequence of independent copies of Rp. In [10], Ro(z) is shown to be the
resolvent at a vector of a random self-adjoint operator defined associated to Aldous’
Poisson Weighted Infinite Tree. We define C4 = {z € C : Im(z) > 0} = C; UR. In
the following statement, we establish a new property of this resolvent.

Theorem 5.1 (Unicity for the resolvent recursive equation) Let 0 < o < 2/3. There
exists Eq > 0 such that for any z € @+ with |z| > E,, there is a unique random
variable Ry(z) on @+ which satisfies the distributional equation (62) and E| Ry (2)| 5 <
+o00. Moreover, for any 0 < k < «/2, there exist Ey > Eq and ¢ > 0, such that for
any z € Cy with |z| > Egy .,

EImRy(z)? < c¢Im(2)~.

In particular, if Im(z) = 0, Ro(2) is a real random variable.

The main part of this section is devoted to the proof of Theorem 5.1. We will then
analyze its consequence on our random matrix and prove Theorem 1.3 in Sect. 5.4.
As usual, it is based on a fixed point argument. However, as Ry is complex-valued,
it is not enough to get a fixed point argument for the moments of Ry as was done
previously in [7,6]. Instead, we prove that moments of linear combinations of Ry and
its conjugate satisfy a fixed point equation. We then show that this new fixed point
equation is well defined and for sufficiently large z, has a unique solution.
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918 C. Bordenave, A. Guionnet

5.1 Proof of Theorem 5.1

We shall give the proof of Theorem 5.1 in this section, but postpone the proofs of
technical lemmas to the next subsection. By construction H(z) = —iRo(z) € K1
as well as H(z) = iRo(z) € Ky (recall that for 8 € [0,2] , Kg = {z € C :
|arg(z)| < %}). For ease of notation, we define the bilinear form %.u for 4 € C and
ue IC;r = K1 N C, given by

h.at = Re(u)h + Im@)h.

For example, |i.u| = |Re(u) — Im(u)|. Note also thatif 2 € Ky and u € ICT, then
h.u € Ki. We set

y:w) = T(1 = DEH@ 0T € Kap.

We let C,, (resp. C,,) denote the set of continuous functions g from ICfr to Ko 2 (resp.
C) such that g(Au) = A%/?>g(u), for all A > 0. Then, for «/2 < B < 1, we introduce
the norm

lglpg = ma)l( lg(u)| + max M (Ji.u| A |i.v|)‘9_%

uesy u;ﬁveSl lu — U|/S

where S}r ={ue ICT, |u| = 1}. We then define Hpg (resp. H:g) as the set of functions
g in Cy (resp. C,,) such that ||g||g is finite. Note that ||g|lg contains two parts : the
infinite norm and a weighted B-Ho6lder norm which get worse as the argument of « or
v gets close to 7 /4. Notice also that H}, is a real vector space and Hg is a cone.

The starting point of our analysis is that y, belongs to Hg.

Lemma 5.2 (Regularity of fractional moments) Let 0 < « < 2 and z € Cy,

— Let Ry(z) be a solution of (62) such thatIE|Ro(z)|% < 4o00. Then forall0 < B <
1, all z € C1\{0}, E[Ro(2)|? < c[Re(z)|~? for some constant ¢ = c(a, B).

— Let H be a random variable in K| such that E|H |2 is finite. If we define for u €
ICT, yw) =E(H.u)2, theny € Hg foralla/2 < B < 1and |lyllg < cE|H|2
for some universal constant ¢ > 0.

Let h € K1 and g € Hg. We define formally the function given for allu € S Jlr by

A
e ¢]

A = [aoein2tt [ayy 5

0 0

00
<1 _rhet? S o (0i0 h S o(oi0
dr 2=l The e g’y _ e yrhau =1 g(e'"+yu) )

We next see that F_; is closely related to a fixed point equation satisfied by y,.
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Lemma 5.3 (Fixed point equation for fractional moments) Let z € C4,0 < « < 2
and Ry(z) solution of (62) such that E|Ry(z)|2 < 400. Then for allu € ICT,

v () = co F_iz () (1),

where

o

v = —3 and u =in =Im(u) + iRe(u).
25T (/22T (1 — a/2)

To prove this lemma, we will properly define and study the function F, on Hg, at
least for some values of (k, o, 8). We shall prove that

Lemma 5.4 (Domain of definition of Fj) Leth € ICy with |h| > 1,0 <o < 1 and B
such that

o g <1 o
—<B<1l—-=
2 2

Then Fy, defines a map from Hg to H/’g, and there exists a constant ¢ = c(«) such that

1Fn(2)llp < clhl 2 (llglls + 1.

We could not prove unfortunately that Fj, is a contraction for ||. || but for a weaker
and less appealing norm on H/’B which is given for ¢ > 0 by:

. lgw) —g)| . .
Igllp.e = max [gQo)lliul® + max =z (li.u| A liv)P*e.
ues! uzvest  |u—vl

It turns out that the map F}, is Lipschitz for this new norm if « is small enough.

Lemma 5.5 (Contraction property of Fp) Let h € K| with |h] > 1,0 < a <
2/3,0/2 < B <1 —0a/f2and 0 < ¢ < (1 —3a/2) A (B — «/2). Then there
exists a finite constant ¢ = c(a, B, €) such that, for all f, g € Hg,

IFn(f) = Fr(@lpe < clh™* A+ 11 flig + Iglplf — glige-

We can now turn to the proof of Theorem 5.1. To this end define the map G, which
maps g € Hg to the function

G.(g)w) = coF—iz(g)(), u € S., (63)

where ¢, and i are given by Lemma 5.3. Then by Lemma 5.4, if |z| is large enough,
any fixed point g of G, satisfies ||g|lg < co/2 for some constant ¢9 = co(c, 8). By
Lemma 5.5, forany 0 < ¢ < 1 —3w/2,if |z] > E, . is large enough, G, satisfies

L+ 1Fls + Dels o

1G-(f) = Gz(p.e = % 20

g”ﬂ,a-
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Thus, by Lemma 5.3, y; is the unique solution in Hg of the fixed point equation
y. = G;(y;). However, by Lemma 5.7 below, the law of Ry(z) which satisfies (62)
is uniquely characterized by its fractional moments y,. Therefore, there is a unique
solution to this recursive distributional equation.

To prove the estimate on E[Im R (z)%/?], we start by proving that Im R ( E) vanishes
almost surely. Indeed, we first note that when z = E # 0O isreal, there is a real solution
of the fixed point equation y, = G,(y;). Let us seek for a probability distribution
Pr in R such that (62) holds. We recall that if y; are non-negative i.i.d. random

variables, independent of {£;}r>1, then > yk& is equal in law to (Eyf)% Dbk
and S = >, & is a non-negative «/2-stable law. Thus, using the Poisson thinning
property, by definition Pg has to be the law of

—(E+a?s - 172/0‘5’)71

if S and S are independent o /2-stable positive laws and @ = [ max(x, 0)%/%2d Pg (x),
b= f max(—x, 0)%/2d Pg(x). We find the system of equations

/2
4 =E ((E Fa?les - bz/“S/)_l)a ,
2
=T ((E tales - b2/“s’)—1)a ,
+

(where we have used the notation (x); = max(x, 0), (x)— = max(—x, 0)). Notice
that a>/*S — b*/* S’ is an o /2-stable variable, it has a bounded density. Hence, for any
0 <a <2, |E+a*?s — b*/?5'|7*/2 is perfectly integrable. Thus, by construction
ye(w) =T — %) f(—iu.x)%dPE(x) belongs to Hg and it is a fixed point of G .
This insures the existence of @, b > 0 and also the fact that Pg is the law of Ry(E) as
soon as E is large enough so that G g is a contraction.

To consider y, with small imaginary part, we need the additional following lemma.

Lemma 5.6 (Continuity of the maps Fj,) Let0 <o <2/3,0/2 < B <1—-a/2,0 <
e<pB— % and 0 < k < «a/2. There exists a constant ¢ = c(«, B, k) > 0, such that
forany h,k € Ky, |h|, |k| > 1, and g € Hg

1Fi(g) = Fi(@llp.e < (bl AN |k —kI“(1+ igllp)-

Setz = E +in with |[E| > E, . and let 0 < k < «/2. Then, by Lemma 5.6, we
have

GEWE) =G (¥II=IIGEWVE) =G (YE)pe HI1G2(YE) =G (¥ ll.e

_a_ 1
cE™2 K(1+6‘0)77K+5|IVE — V:lig.e-

”VE_Vz”ﬁ,s

IA

Hence, for some ¢’ = ¢(«, B, k), we deduce from Lemma 5.3 thatif z = E +in

lve — y:llg.e < 0.
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Then, since yg (ei%) = 0 as yg isreal, for any u € st

o o x .
M (1=3)EmRo@)? = y:(e®) = ye(e' )|

1y ) =y () +|yE (€ T —ye@)| + |y, () — ye )]
clu—e%|2 +lly: — velpeliul =

INIA

T« 4
C//|M—elx|7 +C//77K|M_elZ|_€.

IA

LT 2K
Choosing u such that |u — e' 7| is of order ne+2z, we deduce that forall z = E + in
with |E| > Eg4, EImRO(z)% is bounded by n«+2 up to a multiplicative constant.
Since ¢ > 0 can be arbitrarily small, this concludes the proof of Theorem 5.1.

5.2 Proofs of technical lemmas

We collect in this part the proofs of a few technical results used in the proof of
Theorem 5.1.

5.2.1 Proof of Lemma 5.2 (Regularity of fractional moments)

If Re(z) = E,
|Ro()| < |E =D &Re(Ri(2)] ™"

where > &Re(Ri(z)) is equal in law to aS — bS’ for two non-negative constants
a, b and two independent stable laws S, S’. Assume for example that £ > 0. By
conditioning on §" and integrating over S, we deduce from Lemma 7.4 that there
exists a finite constant C = c(«, B) so that

E|Ro(2)|f <E|E —aS+bS'|# < CEIE +bS'| # < C2E~F.

In particular, as n goes to 0, any limit point Ry(E) of Ryo(E + in), solution of (62),
satisfies the above inequality. The conclusion of the first point follows.

To prove the second point, we notice that it is straightforward that y belongs to C,.
Moreover, for any 8 € [%, 1], there exists a constant ¢ = c¢(«, B) such that for any
x, yin Ky,

2 —y2 <eclx =yl (xl Aly)2 7P, (64)
Also, we have, foru € ICT and h € Ky,
li.ullh] < [hu| < ~/2[u]|h]. (65)
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Indeed, if u = s +it,s,t > 0, then |h.u|?> = Re(h)?(s + )% + Im(h)?(s — t)2. This

last expression is bounded from below by |h|2((s +0)EAG =03 = |h|2(s - =

|i.u|?|h|?. While it is bounded from above by |k|>((s + £)> + (s — 1)) = 2|h|*|u|?.
Now, using Jensen inequality and (65), we find

(.0} < (V2luDSEH|S,

<E ‘(H.u)%

whereas (64) and (65) imply for g € [5, 1],

‘E(H.u)% —E(H.v)?

<E )(H.u)% —(Huv)%

< cE|H.(u —v)|? (|Hu| A |Ho)ZF
<25 u—vlf (iu| Aliv) S PEIH|S.

. . & B a
This completes the proof with ||y | g < (ﬁz + c27) E|H|2.

5.2.2 Proof of Lemma 5.3 (Fixed point equation for fractional moments)

Write u = uy 4+ iup and —iz = h € K. By definition, we have

2
o Ui up
uw)=T(1-=)E + = -
& ( 2) (h+2k§ka h+ZkEka)
h.ii i\’
-2y )
2 |h + > & Hy|
We use the formulas (33) : forall w € Ky, 8 > 0,

|w|—25 — (lz))_s(lU)_S — F(a)—z / dxdyxﬁ—ly(s—lg—xi)—yw

[0,00)2
3 00
= 1“(3)‘221‘5/d9 sin(20)°~! /dr 281 —rei®w
0 0
andfor0 < 6§ < 1,
o
wd = sl — 8)_1/dxx_‘3—1(1 ey,
0
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Formally, we find that y, () is equal to

T

2 o0
ca/(ié’sin(29)%_l/dx)c_%_1
0 0

00
> /dr rozflE (efre"g.hfzk grel Hy ef(re"0+x12).hfzk Sk(rei9+xﬁ).Hk) )
0

If we perform the change of variable x = ry and apply Levy-Kintchine formula, we
obtain the stated formula. The exchange of expectation and integrals is then justified
by invoking Lemmas 5.2 and 5.4. We next prove Lemma 5.4.

5.3 Properties of the map F

Proof of Lemma 5.4 We start by proving that for all u € S forh e Ky, |h| > 1,

|Fi()@)| < clhl"2(lIgllp + D). (66)
By Lemma 9.1, for & € K, the map on IC% given by

o0
<y rhr3
xt— [ drr2" e e,

0

is bounded by c|k|~%/? and Lipschitz with constant ¢|k|™%. Let T > 0 to be chosen
later on. From (65) and (100), for 6 € [0, %] andh € Ki,u € Sf', g: K1 — IC%, we
have

o o
—-2-1 g1 —rhe® [ —r3g(el®) —yrha—r 3 g(el® +yu)
dyy 2 drr2 e g e 8 _ e yrhu, g y
T 0
o oS
_2_1 a_q —rh.em —r% (eié))
< [dyy 2 drri” e e "8
T 0

00
. o .
+ /dr r%f]efrh.(e’eeru)efrZg(e'0+yu)

0
o e ° 2
_e_ —e
Sc/dy%—i—c/dy = y' a
2 |h|2i.e'?]2 ’ |h|2i.(e! 4 yu)|2

T73, (67)
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924 C. Bordenave, A. Guionnet

where we have used the fact that
|i.ei0| = |cosH —sinb| = \/§| sin(@ — w/4)| > ¢l — /4],

and the control, for any real #,§, 7 > 0,any y; < y» < 1, y1 #0, (here y» = —y1 =
a/2)7

—1
yyl

—  d ) Yi—»2 t -V
gy = 8
T

< xyl_l
—daX
I £ 1)72
)|

18]
C(Tyl|8|_y21y1<0+ |8|yl_y2|t|_ylly1>0)s (68)

IA

where the sign depends on whether or not ¢, § have a different sign.
For the integration over y in the interval [0, T'], we find similarly by (101) that

T [}
—2_] 21 —rh.et? 7r%g(ei9) *r%g(€i0+yl¢)
A= [ y 2 drrz” e " e —e
0 0

_e_q

y 2 . .
< C/dy W@(@le) — g +yu)l.

Recalling that g(z) = |z| 3 g(é—‘) (by definition of C, and thus H g) and using (64)—(65)
we find that there exist finite constants C, C’ so that for all z, 7/ € K,
1g(z) — g(2)

B N
(2 [:4 . < . 2
< ||g||ﬁ({|z|z -121? ("'E' A "'_|z/|') )

< Cligls (Uzl ADE + izl Al NEF) 12 — 1P

< Clgllgizl AliZ D2 Plz = 2/1P. (69)

z 7/

o
+ (lzZl A 122 -
lz| Iz

Using the fact that | + yu| > 1 asu, ¢’ € S}, y > 0, we find with (65) that
. ’ yﬁ_%_l ’ yﬁ_%_l
A < clh|™i.e1lIglg /dy —_— +/dy —
) li.(ef? + yu)|P~2 li.ei®)p—2

4 a a
= 70 = S 172 gl TP, (70)
where we have used that § € («/2, 1] to obtain a convergent integral.
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In the integration over y on the interval [0, T'], we have left aside the term
T 00
. o .
/dyy—%—l /drrg—le—rh.e’ge—rTg(e’e-&-yu) (1 _ e—yrh.u) )
0 0

We shall use this time the third statement (102) of Lemma 9.1 with k = 1. We choose
T = |i.e’0|/2 so that for all y € [0, T'] from (65)

. . 1 .
ho(€ + yu)| > |h|li.e?| — V2|h|T > (1 — —)|h|]i.].
| yu)| > |hl| | | ﬂlll |

For this choice of T, we get

T e}
-4-1 L1 —rh.e? —r%g(ei9+)ru) —yrh.u
dyy 2 drr2 e " e (l—e )
0 0

T o
2 a T ! a
sc/ﬁy—vlfﬁr—sdmrfe——\Q 1%, (1)
|h|2|i.eif|2 ] 4
0
Finally, using our choice of T, we deduce from (67), (70), (71) that
o0 o
/dy y‘%—l /dr p3lerhe’ (e_rzg(eie) — e‘yrh'”e_’28(6i9+yu))
0 0
is bounded by c|h|_% |6 — %|_"‘(1 + llgllg) for |h] > 1. We obtain (66) since
‘9 T (sin20)5 !
4
is integrable over [0, 7 /2].
The proof of the lemma will be complete if we prove that for all u, v € S},
|Fn(@) () = Fi(@) )| < clu— vl (il Alivh) 2L+ llgliglhl 2. (72)

To do so, we fix 8 € [0, 7/2] and assume for example that |i.(ei€ + yu)| < |i.(ei9 +
yv)|. We first use the Lipschitz bound (101), together with (69), and write

o0

. o . o .
/dy y—% /dr r%—le—rh.e’e (e—yrhiue—rfg(elg-‘ryu) _ e—yrh.ue—rfg(e’9+yv))
0 0

o]

.|
y 2 . .
Sc/dyMPUQM+ymWw@”+ym—gwﬂ+yw|
0
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926 C. Bordenave, A. Guionnet

]

e Pyl
<clhl™u —v| IIgII,s/dy
0

M
(e + yu) P+
_ 2 RN
= M= vl lgllp |0 = F| il A lio) TP, 73)

where we have used (68) with y; = 8 —«/2 > 0and y» =k > y;.
Now, in our control of

o o0
/dy y 2! /dr pi-le=rhe” (eyrh“er%g(emﬂ*u) - eyrh-ve’%g@"%yv))
0 0
we have so far left aside
o0 o0
/dy y—%—l /drr%—1e—rh.(ei9+yu)g—rTg(ei9+yv) (1 _ e—yrh.(v—u))
0 0
where [i.(e’ 4+ yu)| < |i.(¢!? + yv)|. By (102) applied to k = B,

oo
/dr P51 g=rh (@ +yu) ,—r 2 g(e+yv) (1 _ e—yrh»(v—u))
0

is bounded up to multiplicative constant by
Ih172 7 Plie + yu) 72 P VP — )P

Using again (68) with0 < y1 = 8 — /2 < y» = B + «/2 yields

o o
/dy y~3-1 /drr%—le—rh.(e"9+yu)e—r%g(ef9+yv> (1 _e—yrh.<v—u>)
0 0

< clh| "2 P — vlP 181 il 2P + Jiv] TP (74)

We may conclude the proof of (72) by noticing that the bounds given by (73)—(74)
and multiplied by (sin 20)2~! are uniformly integrable on [0, 77/2]. O

We can now build upon the proof of Lemma 5.4 to get proofs for Lemmas 5.5 and 5.6.
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Proof of Lemma 5.5 We shall now use the norm ||. || g, for which we have the following
analogue of (69):if0 <e < B — %, forall 7,7 € KT,

2 21
F @I = 1Fllpe o (75)
li.z]
g te
@) = FE)] < Cllflpe— DT e, (76)

(li.z] v |i.Z/[)B+e
We start by showing that for any u € S1,
|Fr(g) () — Fu(H@)| < clhl™* A+ 1 fllg + gl f — gligeliul™. (77)

The proofis similar to the argument in Lemma 5.4. We notice that Fj, (g) (1) — Fp, (f) (u)
is equal to

7 [o’e] o0
/d@(sinZ@)%’l /dy y*%*‘/drr%*‘Z(r,y,é),
0 0 0

where, with g, = g(¢'? + yu), f, = f(€ + yu), hy, = h.(e!? + yu),

o o o a
7 = efrh() (erzg() _ erzf()) _ e*rhu (erzgu _ erzfu)
a a
= (77t — o) (e—rzgu _ e—eru)

a a a o
+€_rh0 (e—r7g0 _ e_rzf() _ e_rjgu + e_rjfu) .

We set § = —i.e!? and r = i.u. On the integration interval [T, o0) of y we use the first
form of Z and treat the two terms separately. As in Lemma 5.4, we use (101) and (75)
to find

o0 o0
/dyy’%"/drr%’l |Z(r, y,0)|
T 0

oo o 1 oo o 1 ll_,’_s 1
-2 — -2 2 V —
SC/dyy I f g||/3,e+c/dyy y lf—gllg.e
|h|*|§|*te |[n|*|ty — §|*te
T T

< AT = gllp.e(T™ 26757 4671 7F).

The above computation requires the hypothesis € > 0 to insure that the control of the
integrals hold following (68) with y; # 0.
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928 C. Bordenave, A. Guionnet

For the integration interval [0, T') of y we use the second form of Z and choose
T =i.e'?|/2 = |8]/2. We use (104), (75) and k = a/2 + &, we find

T 00
/dy y‘%—l /dr pol (e_rho — e_’h“) (e—ngu — e_rzf“)
0 0

T

k—=5—1 _
<C/dyy If—gllg.e

|h|a+/< |6|a+x+8

_ 3o _3a
< TSI TENS — glipe-
Similarly, by (103) and (75), (76) and (69), our choice of T gives

T

o0
_e_ ey _pno [ =% 3 3 —r3
dyy™2 drri=temmho (7?80 _omr?fo _ omr28u o2 u
0

0
N - s|—e—F
C/d.y I f—gllg.eldl
|R]*]8]*

=<

0
T B2 1( )8 «_g 1€
e . . _
+C/dyy 115+ 111015~ 1f = gl 13
) 1% 18 %

PR PR N =22 o —3—¢
=l 2 NS = gllpe e lhlT 21812 (L f llp + glpILS — gllp.e-

Since 3a/2 4+ ¢ < 1, we may integrate our bounds over 6 and obtain (77).
The proof of the lemma will be complete if we show that for any u # v € S, with
liu| < i,

| F(g) (W) — Fi(f)(u) — Fr(g)(v) + Fr(f) ()]
<clh™* U+ flg + gl f — glipeliul P~ |u — v|f. (78)

The proof is simpler than in the previous case as we do not need to consider separately
the cases where y is small or large. We set § = —i.e’? 1t = ju, 1’ = iv, |t] < |t'].
Using (104) with « = g and (75), we find

[o)e] [o)e]
/dy y‘%—l /dr ra-1 (e_rh” — e_rh“) (e_rzg” — e_rzf“)
0 0

Cy— _3a _ a_ _ _B_
<™ Plu — vl f — gllpe (18172 51t 27F 41872 P7F).
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Moreover, using again (103), (75), (76) and (69) we find

o0 o
/dy y 2 [drri—lemh (e*rjg“—e”jfv —e”jg”—i-e*’jf“)
0
T B B N vy S+e 1€
2 Nu—v)Plry—5|2~ + VY3t |ty —8|
—|—c/dyy | [Pty —3| (||f||ﬂ ||g||ﬁ)||f gllge(1vyzT)|ty—3|
0 |h| Sty — 5|

< A u—v B A+ Fllp+ Il F —gllpe(18]™F 1) 578 18]7%|e| ).

Now, by assumption, 3¢¢/2 + ¢ < 1 and we may integrate our bounds over 6 and
obtain (78). O

Proof of Lemma 5.6 The proof is very close to the previous one, and we simply outline
it. We assume for example 4| < |k|. By Lemma 5.4, we can also assume that |z — k| <
|h| and in particular |k| < 2|h|. We first prove that for any u € st

|Fi(®) () — Fi(2))| < clh|™ 27|k — kI (1 + ligllp)- (79

The expression Fy,(g)(u) — Fi(g)(u) is equal to

s

2 [o,0] o0
/de(sinze)%—l/dy y‘%‘l/drr%“z(r,y,e),
0 0 0

where, with g, = g(em + yu), h, = h.(ef + yu), k, = k(e + yu),

a a
7 = e—r2g0 (e—rho _ e—rko) _ e—r2gu (e—rhu _ e—rku)

a a @
— (er 2 go _e T 2 gu> (efrho _efrko) _’_efr 2 gy (efrho _efrko _efrh,, _’_efrku) )

Let T > 0. We set § = —i.e'? and t = i.u. On the integration interval [T, co) for y,
we use the first form of Z. Then, from (102) in Lemma 9.1, we find

oo o0
a a
/ 2 /dr r? 1 ( —r2go (efrh() _ efrk()) _ efrzgu (e*rhu _ erku))
(0.¢]

o0
2 — k| “IN 1V ) h — k|
C/dyy | |+C/dyy a( y)la |
T

J |h|2 %82 |27ty — 8|2+

< ChITE T = RS TR 87 E T,

IA
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where we have used that k < /2. On the integration interval [0, T') for y, we use the
second form of Z. We choose T = |i.¢/?|/2 = |8|/2. For the first term, by (104) in
Lemma 9.1,

T oo
o o a
/ /dr rf_l (g_rng _ e—ﬂg,,) (e—rho _ e—rko)

T
eV T e
C/dyy | 11812 "llgllp
0
c|h|

|h|a+f(|8|a+f<
|78 h — k1" llg g

The second term is easily bounded by (105) with k| = « and x» = 0. Integrating our
bounds over 6, we obtain (79). The proof that for all u # v € Sfr, with |i.u| < |i.v].

| Fr(g)(u) — Fi(g)(u) — Fi(g)(v) + Fr(g)()]
< clu—vPliul27P7A + lIgllp) A7 2 |h — k[ (80)

is easier as it does not require to consider separately small and large y; we leave it to
the reader. O

5.3.1 Computation of characteristic function

With the notation of proof of Theorem 5.1, we define for z € @+, ue ler,

Xz(u) = Eexp(—u.H(2)).

We note that the distribution of Ry(z) is characterized by the value of x, on any open
neighborhood in ICT. The next lemma asserts that the distribution of Ry(z) is also
characterized by the value of y; on IC;r (thatison § 41_ by homogeneity).

Lemma 5.7 (From fractional moment to characteristic function) Let z € ([_3+, 0 <
o < 2 and Ro(z) solution of (62) such that E|Ry(z)|2 < 4o00. Forallu = uy+iup €
K,

_ (=igs? @22 (‘“—-&-ii)
Xz(u)=/J1(S)J1(t)e fup Ao A T A ) dedt
R}
7 Cins? gy, (s2 7 @D o 2
—/J](s)e_ LT (_2)’/‘"(4"1)615—/]1(06_ duy o TU=D7lam) gy g g
0 0

where J1(x) = 5 Zk>0 k'(kfll)' is a Bessel function of the first kind.
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Proof We use the formulas for w € Ky,

e¢]

— ll).fz
e v =/Jl(s)e_Tds

0
(see [1]) and for z, 7 € C,
el =(l—e )l —eH—(l-—eH—(l—e)+1.

Then, it follows from (62) that

—u H—uH

I~

e

uy uy
exp| —— - — _
( —iz+ 2 1 & He lZ+Zk>1Eka)

2
_ins_@p -3 sk(H’;j H’;f )
=/J1(s)J1(t)e d e TN TR ) gy
2

o0 52 00 o 52
_aort Hyt”

/J1 (e~ T e T g /J1 (t)e” e ZHE A gy oy,

0 0

Since J; is bounded on R4, we may safely take expectation. The conclusion follows
from Levy-Khintchine formula. O

5.4 Proof of Theorem 1.3

We start with a simple lemma which relates W; (i) to the diagonal of resolvent.

Lemma 5.8 (From eigenvectors to diagonal of resolvent) Let @ > 0 and I = [E —
n, E 4+ n] be an interval. Setting 7 = E + in € Cy, we have

2 1 - o
—ZWz(k)’ (u’:"l) =D (mR@w)? -

k=1
Proof From the spectral theorem, we have
n{vi, ex)? 1 2 _ Al
MRk = Y = > (e’ = = Wik,
vien, QilA) — E)S 4= = 2n 2nn
It remains to sum the above inequality. O

At this stage, it should be clear that the proof of Theorem 1.3 will rely on Theorem
5.1 and on an extension of the previous fixed point argument to finite n system. The
bottleneck in the proof will be on the lower bound of |A;|/nn which in particular
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requires according to Lemma 3.7 that w4 (/) < L|I|. This last control is difficult
when o < 1 as in this case n=! >7_; (ImR(2)kx)*/? goes to zero like n*/? so that
arguments such as those used in the proof of Theorem 3.5 do not hold. It will be
responsible for the restrictive condition n > n=P1ToM) in the statement of Theorem
1.3. For completeness we will also prove in this subsection a vanishing upper bound on

1 < “
- E (ImR(2)kk) 2 ,
n

k=1

for n of order n=1/% for all @ > 0. More precisely, we have

Theorem 5.9 (Vanishing fractional moment for the resolvent) Let 0 < o < 2/3,0 <
2 — 2+ _ @+a)?
€ < 2o P = 101w M4 O = 16510y

such thatifn > 1,z = E +in € Cy, |z = c,n " (logn)® < n < 1,

There exist c; = c1(a),c = c(a,e) >0

a(3+a)

1 " o o o
E— > (ImR@w)? <cn” 7re n” 298 4 eni=e,
n k=1

Moreover, if n=° (log n)ﬁ <n =<1,
1 n
E— > (ImR@)i)? <cn? ™,
n k=1

Theorem 1.3 is a consequence of the second statement of Theorem 5.9 together
with Theorem 3.5, Lemma 5.8 and Lemma 8.4 which asserts that

1 < . 1< Y . .
P =D mR@w? = E— > AmR@w)? + 103~ ) < exp(—nn* =< 1),
= "=

We consider for u € ICT,

| — p p
Yy =T (1 — %)IE [; k;(—iR(z)kk.u)2i| —rd - %)]E [(—iR(z)n.u)f] .

Lemma 5.10 (Bound on fractional moments of the resolvent) Ler 0 < o/2 < 8 <
2a/(4 — a) and p’, ¢y as in Theorem 5.9. There exists ¢ > 0 such that ifn > 1,z =
E+ineCy, |zl = 1,n>n"" (logn), then

vl <c. 1)
The proof of Theorem 5.9 provides also the local convergence of the fractional

moments ! for the norm ||. | < g Indeed it is based again on an approximate fixed
point argument for these quantities.
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Lemma 5.11 (Approximate fixed point for fractional moments of the resolvent) Let
0 < a < 2/3and p’,co as in Theorem 5.9 and G, as in (63). Forall 0 < ¢ <
2(2‘—;), there exists ¢ = c(a, &) > 0 such thatifn > 1,z = E +in € Cp,|z| >

c, n_p/(logn)c0 <n<l,

n n _aBta) o«
”VZ - GZ(VZ )||%+6‘,8 =cn e n 4.

4
Moreover, if n="(logn)>« <pn <1,

Sa

1! = Gy g e <0 405,
We now check that the above two lemmas imply Theorem 5.9. Note in the proof
below that they also imply the convergence of y/' to y, for n > n™" (log n)“°.

Proof of Theorem 5.9 We prove the first statement. Let 0 < ¢ < Z(Xt—jc() and 6 =

_aB4e) _a . .
n 2 n 7. Now since ||yZ”||%+8 and ||yz||%+£ are uniformly bounded, we have by

Lemma 5.5 and Lemma 5.11,

”Vzn - Vz||%+s,s = C|Z|_a”)’zn - yz“%+e,e +cé (82)

as long as |z| > ¢ with imaginary part nr (logn)®® < n < 1. Hence, if |z] is large
enough, c|z|™¢ is less than 2 and it follows that

172 = Vellg e < 205. (83)

Now, we may argue as in the proof of Theorem 5.1. By Theorem 5.1, for |z| large
enough, |y, (e'%)| < ¢'n2~¢, for some constant ¢/ > 0. Then, for any u € S, using
Lemma 5.10, Lemma 5.2 and (83),

o g ST

ra- E)EImR(Z)ﬁ = |y, (e')]

<1y = W]+ Iy @) = vz + vz’ ) = v )] + lyz(¢' )]

<= FNT 4 Nlye = Y lajaeeliul ™ + v )]

<cu—- ei%|% +c"8|lu — e"%|_"3 + c’n%_‘g.

. T 2

Choosing u such that |u — ¢'#| is of order §«+2: , we deduce that forall z = E + in
with |E| > E, ¢, EImR(z)? is bounded up to a multiplicative constant, by

_aB4e)
n e n

$+0() _i_n%fs.
Since ¢ > 0 can be arbitrarily small, this concludes the proof for the case

n_p/(log n)® < n < 1. The proof for n=" (log n)ﬁ < n < 1 is identical: we
find, by using the second part of Lemma 5.11 in (82)
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1 " o S5a o o
E- Z (ImR(Dw)2 < cp~ 4n 410@ 4 op2—e,
n k=1

It remains to notice that for ¢ small enough, in our range of 7, the second term dominates
the first term. O

Proof of Lemma 5.10 As in the proof of Lemma 5.2, it is sufficient to check that for
some constant ¢ = c(«, ),

E[R\(E +in)lf < c|E|7P. (84)

As usual, from (10), we have
—1
[R(2)11] = ’(Z —a; X1 +ay2(Xy, R(I)Xl))‘

We first get rid of the non-diagonal term in the scalar product (X1, RIDX ). We
perform this as in the proof of Lemma 3.2. Using the definition (28) and (64) with
a/2 = B, we find

-8

EIR(E +innl? —E < en PEIT(2)IP

n
-2 (1) y2
z+a, ZRkk Xlk
k=2

In particular, since lzI7# < |Re(2)|#, we find

-B
n
E+a;> Y Re(RyHXY|  +en PEIT(0)

k=2

EIR(E +imnl? <E

Now, we decompose the sum into a positive and a negative part

n n n
1 1 1
S Re(ROXT =D (Re(R,Ek))) X5=> (Re(R,Ek))) X2,
k=2 k=2 + k=2 B
Note that, conditioned on R(l), the two sums are independent. We invoke Lemma 7.1
n
;2> Re(RY)X3, £ aS — bs',

k=2

where, conditionedon R, a, b, S, S’ are independent non-negative random variables,
S, S’ being «/2-stable random variables. Hence from what precedes, we have

EIR(E +imul? <E|E+aS—bS'|" +en PEIT)P.
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Assume for example that E > 0. Let F be the filtration generated by (RMW a, b, S)
and E' = E[-|F]. Using Lemma 7.4 conditionally to F yields that for some constants
c=C*>0,

E|E+aS—bS| " =E[E|E+aS—bS| "] <CEIE +aSI™F < cE7P,

If E < 0, we repeat the same argument with the filtration generated by (R", a, b, §").
Now, if 0 < 8 < 2a/(4 — @), using the tail bound (27), we find

B
E|T () < c(n—ﬁ + (%) 2). (85)

We now use the bound given by (19) on M,, which is valid for all > n_uTH,

_ohpg_28 _B B2+a)
1 PEIT @) <en ™ Ten"Z(logn)"® .

, 2+a)?
This concludes the proof of the lemma, since for n > n~" (logn) 163+ | the above
expression is uniformly bounded. O

Note that in the proof of Lemma 5.10 we have used the bound (19) instead of the
bound M,, < cn~! given by the proof of Proposition 3.6 because it is valid for a wider
range of n.

Proof of Lemma 5.11 Seth = —iz € K1, Hi(h) = —i RV (ih) and define

n -1\ 2
I'u) =T (1 — %) E (h +a? Zx%ka) u
k=2

e
2

_r (1 oz) E hoii+a; > >} X3 Hy(h).ii
‘h tay? S, X2 Hy ‘2

where we recall that iz = Im(u) + iRe(u).

Step one: Diagonal approximation. In this first step, we generalize Lemma 3.2. We

will upper bound the expression || y};, — I}/ || g,e. Using the definition (28), we find that

for any u € S;", with n = Re(h) > 0,

vl ) — I'w)| < en "ET(2)] 7],

where we have used (64) with g = % Using (85) for 8 = «/2, we deduce that
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936 C. Bordenave, A. Guionnet

Whereas using (19) to bound M,,, we find for n_¥ <n <1 that

a(24a)

_a _aB+a)
¥, ) = ) < en™ ™ 55 logn)TE (86)
To bound
Ay (u,v) = |y, W) — v ) = I () + I (v)|

we first observe that for xy, x3, y1, y2 € K1, by using the standard interpolation trick,
for k1, k2, B € [0, 1], we have if N = |x1| A [x2] A|y1] A |y2], and k1 + k2 > /2

o a

o a o a_
xf — x5 =y + ¥, | S N2 — yi[V(Ixr — x2? + [y1 — »2?)

+NTPlx) =0 — 31 + wlP
We use this inequality with

Chii4 a2 Y X (W)t —i(j — DT (2).4

)Cj = B
htay* Y0 X2 He —i(j — DT (h)

’

and in y;, v replaces u. For j € {I, 2}, one can check that, with D; = (h + an_z
Sha Xt He—i(j— DT @),

|xi — yil < |Dillu—v|, |x1—x2|V Iyt — y2| < |D1lID2||T (2)l,
and
|x1 —x2 — y1 + y2| < |D1l|D2|lu — v||T (2)].

Moreover, using (65), we find N > (|i.u| Ali.v])(|D1|A|D2|). Recall finally that | D1 |
and | D| are bounded by n~!. Hence, choosing k| = B, k2 = 5 + & (with & small

enough so that 5 + ¢ < fT"‘a) we deduce that,

AT, v) < P2 (liul Ao TP — v PENT ()1 24 1402 2 [u—o PR T () ).

We naturally choose g = § + ¢ < fT"‘a. From (27), T(z) € LP and

B

M\ 2 B
BT < on +o (M) < (rrfontogm )
n

where we have finally assumed that n_z# < n < 1 and used (19). This gives for

_24a
n~ 4 <n=<l

_pe_ 26 B B+a)
1vih =I5l gtee < cm F=2=%an~"2(logn)"
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. _ 24 7/3777& B _aB+4a)
Now it easy to check that for n > n 2@+ we have n 2T HapT2 < Heon

It follows for n—*' < n < 1 and a new constant ¢ > 0, depending on ¢, that

a
4.

n n _a@B+a)
”yih - Ih ”%—&-g,a <cn **n

i (87)

If instead we assume that n =" (log n)ﬁ < n < 1, then, from the proof of Propo-
sition 3.6, we may use the stronger bound M, < c¢n~! if |z| large enough. We then
find

3B «

—=k= _ = — (4 —

”Vi’;l - I;l:”nge,e <cn 27In 2 =<cn 4n
2

W
EIS

(88)

(where, for the last inequality, we have used the fact that n > n~!/3 for n=°
4
(logn)23« < n < 1 and n large enough).

Step two. approximate fixed point equation Next, we extend the proof of Proposition
3.1. We denote by E[-] and [P;(-) the conditional expectation and probability given
F1, the o-algebra generated by the random variables (X;;);>;j>2. We assume that
a/2 < B <1l—a/2and0 < ¢ < 1 —3a/2. We first remark that by arguments similar
to the proof of Lemma 5.3 and by Corollary 7.2, we have

Iy () = E[G(Zy) (W),

where, conditioned on F1, Z, (u) = % ZZZZ(Hk.u)% |gk|%, gk are i.i.d standard nor-
mal variables and k = I'(1 — «/2)/E|g1|%. Note that, from Lemma 5.2, | Z,|lg <

% Do | Hil 5 |gx|* which belongs to L? forany p > 0. Therefore, we can use Lemma
5.5 and the Holder inequality to insure that,

1/
1 = Go(ylipe < clhl™ [T+l llp +E [(g Z |Hk|‘z'|gk|°‘)p} p
k=2

A (89)

where 1/p +1/g = 1 and
Ellly} = Zal} 1 < BUEIZA] = Zull§ 1V + Iy} = ElZallpe -

From the triangle inequality,
E[IBIZ,] — Zull} 17 < EIIBIZ,] = B1[Za1115 19 + ELNEL[Z0] = Zallh 117,
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But, using Lemma 8.5 from the Appendix,

q

n

C a

- E (Hi.w)? (1gkl® — Elgkl®)
=2

E[IEi[Z,] = Zall} ) < E

B.e
< c(q)(logn) (n®n)~%.

Similarly, by Lemma 8.5,

q
ElIE[Z,] — Ei[Z,]1} ] < ¢“E

1< PR “
E— Hiyu)? — — Heou)2
né(m nk;(ku)

< c(q)(logn) T (Pn) "% .

B.e

Whereas using (97) as we did in the proof of Proposition 3.1, we have, with ¢y =
2r(1 - %),

ly! —BZullp.e < conm™ 2.
Hence, there exists a new constant ¢(g) such that
n q /4 N
Elly! =zl ] = c@aogmoPm .

Similarly, using the triangle inequality at the first line, (97) at the second line and the
Jensen inequality at the third,

12 pl/p
E[{= H, |7 |2 |%
Kng' AEIrA )}

|2 pl/p |
sE[(—ZWkﬁmgm) } +E[
I’lk:2 n

= > IHel 2 (1gkl* — Elgil*)
k=2

1/p
1 - a g _a _1
=l [(—me” + o) ™3 +c(p) P (n*n) 2
”k:2

1):|1/17

1/p
1 < pa _a _1
5E|g1|“(;§ E|Ry| ) +eonm) "2 +e(p)P("n) 2.
k=2

We choose p > 1 such that pa/2 < 20/(4 — @) and we finally use (84) and Lemma
5.10. Then, for our range of n, the right hand side of the above inequality is of order
1. Putting these estimates in (89), we find finally that for any «/2 < 8 < 2a/(4 — @),
any 0 < ¢ <1 —3w/2 and n—* (logn)® < n < 1, there exists a constant c(«, 8, €)
such that
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I = G.(yMllp.e < clz|™*(logn) ¥ (n*n)~ 5.

Putting this together with (87), this conclude our proof (the above term is negligible
compared to the right hand side of (87) or (88)). O
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Appendix A: Concentration of Gaussian measure

In this paragraph, we recall a well-known concentration phenomenon of the Gaussian
measure. The following classical result is contained in Ledoux [24]. Itis a consequence
of the Logarithmic Sobolev inequality for the Gaussian measure and the Herbst argu-
ment.

Theorem 6.1 (Concentration of Gaussian measure) Let F be a 1-Lipschitz function
on the Euclidean space R" and G be a standard Gaussian vector in R", then for every
r=0,

[S)

r

P(F(G)—E[F(G)]>r)<e 7.
For p, g > 0, we define for x € R"
1
n »
el = D 1xil? )
i=1

and for a matrix A

||A||p%q= sup ||Ax||q~
HX”,,:]

(this is a norm for p, g > 1) The usual operator norm is denoted by

Al = |All2—2 = sup [si
1

where the s;’s are the singular values of A. Recall thatif 0 < p <2,

S =
D=

[1nll2—p =n

Corollary 6.2 Let A be an x n non-negative matrix, 0 < p < 2 and G be a standard

Gaussian vector in R" N (0, I). There exist positive constants c, 8 > O depending only
1 1 1

on p, such that if (trAP)? > c||A|ln?" 2 then

IAG|, > 5 (trAP)z%,
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1
trAP)»

|~ exp _5(0_31)
|Allnr 2

Proof We first consider the case 1 < p < 2. We define F(x) = ||Ax||,. From the
triangle inequality (valid for all p > 1)

with probability at least

2

|[F(x) = F)I = Flx —y) = [Ax = Vlp < lIx = yll2llAll2— p-

Since ||All2— p < [|All2—2l1xll2— p, we deduce that F is Lipschitz with constant

1_1
o= |Allnr 2.

It follows by Theorem 6.1 that for every r > 0,
2

r 2

P(|AGI, —E|AG|l, <r) <e Mi=p < ¢ 2arZi T (90)

The corollary will follow by applying the above inequality to » = E||AG]||,/2 and by
showing that, for some constant ¢y > 0,

E||AG]l, = co (trA”)% . (C2))
From (90), for some ¢; > 0,
E[IAG, = EIAG|,|" < (c10)”.
Hence
EIAGI, = (EIAGI})? —cio. ©2)

Now, let (Ak, ux)1<k<n be the eigenvalues and normalized eigenvectors of A. We note
that

n
d
(AG); = D" M(ux. i) Gi.
k=1

In particular, (AG); has distribution N (0, >, k,%(uk, e;)?) and for some ¢, > 0,

)4

p n n 2
=czz(zxz<uk,el~>2) .
i=1 \k=1

n

n
E|AG|) =D E

i=1

A (g, €;)Gg
1

k=

For0 < p <2and >} _, (ux, e;)> = 1foralli € {1,...,n}, we may use the Jensen
inequality to deduce from the above inequality that
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n n
EIAGI) = 2 DD 2k (uk, ei)> = cotr AP, (93)
i=1 k=1

Then, from (92) and the value of o', we deduce that (91) holds with co = ch/” /2 if ¢

is chosen large enough so that c;/ Pe>2¢.

We next consider the case 0 < p < 1. We denote, for R = (%trAp)l/p with some
positive constant « to be chosen later, ¢ (x) = |x|” A (RP~!|x|). Then ¢ has Lipschitz
constant equal to R?~!. In particular, the R” — R, function x > > p(x) is
Lipschitz with constant bounded by /nRP~!. It follows that the R” — R function
F(x) = > ; #((Ax);) is Lipschitz with constant bounded by |All«/nRP~!. Hence,
by Theorem 6.1, for any r > 0,

n n 2
P(Z $((AG,ei) ~ED $(AG. &) < —r) < e HAPWRP,

i=1 i=1

Now, we observe that as ¢ is upper bounded by |x|?,

IAGIH = D" ¢ ((AG. e)).

i=1

whereas, since ¢ (x) > |x|” — R?, by the choice of R,

E $((AG, &) = E|AG|}, — ktr(AP).

i=1

Therefore from (93), if we choose k¥ < ¢ /4,

EY $(1AG,e) = “2u(A?)

i=1

Finally, we set r = catr(A”)/4 and conclude that

n Y

P(14GI} < Zu(an) < P(Z¢((AG, e)) < %Ztr(AP)) < Gfm)"
i=1

O

Remark 6.3 Consider the special case where A is the projector on a vector space W
of dimension d. Then A? = A for all p > 0. Corollary 6.2 gives a lower bound for

1
IAGI||, of order d» whend > cPn'=P/2 However, if (uy, ..., ug) is an orthonormal
basis of W such that (uy, e;)> > &2 /n thenfor p < 1 we have alower bound for IAG] p

1 1
of order en? ~2d? which can be significantly larger. Hence, we expect that Corollary
6.2 is sharp if W has a localized basis and not sharp if W has a delocalized basis.
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Appendix B: Stable distributions

In this paragraph, we give some properties of stable distributions.
Leto > 0,0 <o < 2and B € [—1, 1]. A real random variable X has «-stable
distribution Staby, (8, o) if its Fourier transform is given for all # € R, by

Eexp(itX) = exp[—o®|t|* (1—if sgn(t)uy) | (94)
where sgn(¢) is the sign of # and uy, = tan(wa/2) for all o except « = 1 in which
case u; = —(2/m)log |t|.

If0 < ¢ < 1and B = 1, the distribution Staby (1, ') has support R and its
Laplace transform is conveniently given for all € R4, by

Eexp(—tX) = exp [—a"‘t“va ] (95)

with vy = 2 sin (Z2) ['(1 — ) ().

Lemma 7.1 (Decomposition of quadratic form) Let X = (X;)1<i<n be iid symmetric
a-stable random variables with distribution Staby (0, o). Let A be a n X n positive
definite matrix, then

d 1/2 ~112
(X, AX) = |AV2G| %S,

where G is a standard gaussian vector N (0, I) independent of S, a positive a /2-stable

_2
Stabe (1, 202v, ).
2 2
Proof We use the identity, for y € R”,

2
exp(—%w, ) = Eexplit(y. g)).

Applied to y = A2X we get, fort > 0,
Eexp(—t(X, AX)) = Eexp(iv2: (A% X, G)) = Eexp(iv2:(X, AY?G)).

Then, since X is stable vector, (X, A/2G) has distribution Staby (0, o ||AY2G||4).
From (94), it follows

Eexp(—t(X, AX)) = Eexp(—(2)20“[|AY2G|%).

Then, we conclude by applying (95). O

Corollary 7.2 (Sum of weighted squares) Let X = (X)i1<k<n be iid symmetric
a-stable random variables with distribution Staby (0, o) and let (wi)1<k<n € Cl.
Then
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n n
E exp (i Z ka,%) = Eexp (—(—21’)%0“ Z w,f |gk|°’),
k=1

k=1

where G = (g1, ..., &) is a standard gaussian vector N (0, I).

Proof We set py = —iwy, we shall prove that

n n
Eexp(—Zpkxli) = Eexp(—z%“Zp,ﬂgm). (96)
k=1 k=1

We write pr = i(ax — br) + ck, where ay, by are the negative and positive parts
of Re(wy) and ¢y = Im(wy) > 0. We set px(t,s) = tax + sby +cx, D = {7 €
C:Re(z) >0} = —iCy and D, = {z € C : Re(z) > —e¢, |Im(z)| < 2}, where
2¢ = min(cg/(ar + by)). Then, the DS2 — D function (7, s) — > j_; px(t, s)X,% is
analytic in each of its coordinates. Since the function z — exp(—z) is analytic and
bounded on D, from Montel’s Theorem, we deduce that the Dg — C function

p:(t,s)— Eexp(—z,ok(t, s)X,%)
k=1

is analytic in each of its coordinates in D,. However, for s, € R, we notice that
pr(s,t) € Ry. Hence by Lemma 7.1 applied to a diagonal matrix, we have

n
¢(,5) = Eexp (—2%“ > s 0)? |gk|“).

k=1
The D — D function z — z%/? is analytic. We may thus again apply Montel theorem
and deduce that the right hand side of the above identity is analytic in (s, f) on Dg. So
finally, the above equality holds true for all (s, 1) € Dg. Applied to (s, t) = (i, —i),
we obtain precisely (96). O

The next lemma looks at the behavior of a positive stable random variable near 0.
Lemma 7.3 (Tail of inverse positive stable variable) Letro > 0,0 < o < 1 and S
be a positive a-stable Staby, (1, o) random variable. There exists a positive constant
co(a) such that for all 0 < ¢ < o =2 co(),

Eexp(cS_ﬁ) < 00,

o
while the above is infinite for ¢ > o 7=« co(a).

Proof From the identity, for m > 0, x > 0,

00
xMm = ;/tm_le_Xtdt
I'(m) ’
0
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we deduce that, for p > 0,

k

00
-py — ¢ /tkp—l —xt g
exp(cx™ %) Z—F(kp)l"(k—i— 0 e t.
0

k>0

1/a

In particular, from (95), with 6 = o vy’ ", and Fubini’s theorem,

oo
k
& asa
E §S7P) = — [kl gy
xS k%r(kp)r(km/ ‘

N L L)
= Ckp)T(k+ 1)

The conclusion follows easily from Stirling’s formula, I'(x) ~x_ o 27” (f)x O

Lemma 7.4 (Negative fractional moments of smooth random variable) Let o« > 0 and
S be a real-valued random variable with law which has a uniformly bounded density
on [—1, 11 and is bounded by c|x|~*~" on [—1, 11¢ for some finite positive constant
c. Then, for any 0 < B < 1, there exists a finite constant C so that for any x € R, any
o > 0, we have

Ellx —oS| "1 < Clx|7F.

Proof Let us first assume that o > 2|x|. If C is a bound on the density of the law of
Son[—1,1],for T > (2/o)”,

o0
1
Ellx —oS|P1<T —|—/IP’ (|x — 0S| < t—l/ﬂ) di <T+C(—p)~'T Fo1.
T

Choosing T = /o) < |x|7# provides the desired estimate. In the case o < 2|x|
and 1~ 1/F < |x]/2, we have

—a—1
P (|x — o8| < z—l/ﬁ) <cC (f) P!
o
Therefore if o < 2|x| and T = (2/|x|)?,

1
Ellx — oS P1 < T+ Cox 11 = B 'T"7F < C'|x|# + Clo®x| %P
< C'(+2%)x| 77,

which completes the proof of the lemma. O

@ Springer



Localization and delocalization of eigenvectors for heavy-tailed random matrices 945

Appendix C: Concentration of random matrices with independent rows

The total variation norm of f : R — Ris

£y = sup D 1f (arn) — £ )l

keZ

where the supremum runs over all sequences (xi)rez such that xx1 > x; for any
ke Z.If f =1(_o,) for some real s then || /||ty = 1, while if f has a derivative in
LI(R), we get

I £l =/|f’(t)|dt.

Lemma 8.1 (Concentration for spectral measures [11]) Let A be an n X n random
Hermitian matrix. Let us assume that the vectors (A;)1<i<n, where A; := (Ajj)1<j<i €
C!, areindependent. Thenforany f : R — Csuchthat || f||tv < 1 andE| [ fdual <
oo, and every t > 0,

2
P(/fd/m —E/fdMA > t) < exp (—%)

The next lemma is an easy consequence of Cauchy—Weyl interlacing Theorem. It
is an ingredient of the proof of Lemma 8.1.

Lemma 8.2 (Interlacing of eigenvalues) Let A be an n x n hermitian matrix and
B a principal minor of A. Then for any f : R — C such that ||fllry < 1 and
limm_)oo f(x) = 0,

n n—1
ST raiA) =D F (B < 1.
i=1 i=1
The Lipschitz norm of f : C — Cis

Ll = sup L = £
xX#£y |x _yl

Lemma 8.3 (Concentration for the diagonal of the resolvent) Let A be ann xn random
Hermitian matrix and consider its resolvent matrix R(z) = (A—z)"', z € C4. Let us
assume that the vectors (A;)1<i<n, Where A; = (A;jj)1<j<i € C!, are independent.
Then for any f : C — Rsuch that || f||L <1, and everyt > 0,

Im(z)%2
> t) < 2exp (—%) .
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Proof The proof is close to the proof of Lemma 8.1 as done in [11] and relies on
the method of bounded martingale difference. We start by showing that for every
n x n deterministic Hermitian matrices B and C and any measurable function f with

Iflle =1,

<2 (nlm(z)) "' rank(B — C), (97)

1 « 1 «
=2 T(Rp@u) =~ > f(Re(@w)
k=1 k=1

where Rp = (B —z)~ ! and Rc = (C — z)~! are their resolvent matrices. Indeed, by
assumption

n n

> FRe@u) — D, f(Re (@)

k=1 k=1

< D IRk — Re (@l -
k=1

The resolvent identity asserts that
M = RB — RC = RB(C — B)Rc.

It follows that r = rank(M) < rank(B — C). We notice also that | M| < 2Im(z)~ L.
Hence, in the singular value decomposition of M = UDYV, at most r entries of
D = diag(sy, ..., s,) are non zero and they are bounded by ||M|. We denote by
ui,...,u, and vy, ..., v, the associated orthonormal vectors so that

,

*

M = E Siuiv;,
i=1

and

<MD i, el vi, ex)]-

i=1

Zsi (ui, ex)(vi, ex)

i=1

|RB(Dik — Rc (k| = IMyk| =

We obtain from Cauchy—Schwarz,

1]1 r 1]1 1}’1
~ D IRs @ — Re@uel < 1M1 Y ;];uui,ekw =2 IGvi, en) 2

k=1 i=1 k=1
—1
=r|Ml|n".

Equation (97) is thus proved.

Next, for any x = (x1,...,%,) € X 1= {(x))1<i<n : Xi € C'71 x R}, let B(x)
be the n x n Hermitian matrix given by B(x);; = x; j for1 < j < i < n and
R.(z) = (B(x) — z)~!. We thus have R(z) = Ra,,...A,)(2). For all x € X and

,,,,,
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xl e Ci—! x R, the matrix
B(X1, .y Xiz1, Xiy Xig1, -+ Xn) — B(x1, .. .,xi_l,xl{,xi_,_l, ey Xp)
has only the ith row and column possibly different from 0, and thus
rank (B(xl,...,xi_l,xi,xi_,_],...,xn) — B(x1, ...,Xi_],xl{,X[+],...,.xn)) < 2.

Therefore from (97), we obtain, for every f : R — R with || f||L < 1,

1 - I —
=D S Resy i i) Q) = = D T Rexy i) @)

=1 k=1
< 4(nIm(z))"".

The desired result follows now from the Azuma—Hoeffding inequality, see e.g. [25,
Lemma 1.2]. O

Lemma 8.4 (Concentration for the diagonal of the resolvent) Let A be ann xn random
Hermitian matrix and consider its resolvent matrix R(z) = (A—7)"1, z € C4. Let us
assume that the vectors (A;)1<i<n, Wwhere A; = (A;jj)1<j<i € Ci, are independent.
Then for any y € [0, 1], there exists a positive constant ¢ so that for every t > 0,

1 < 1 <
P(‘; 2 RO —E~ > (R@u)"

k=1 k=1

> t) <2exp (—cnIm(z)zt%). (98)

Proof Let € be a positive real number and ¢, : C — C be equal to one on |z| > 2¢,
vanishing on |z| < & and growing linearly with the modulus in between. Thus, ¢; is
Lipschitz with constant bounded by 1/¢. We decompose xV as

XV =xV e (x) + xV (1 — ¢ ().

By definition, x” (1 — ¢.(x)) has modulus uniformly bounded above by (2¢)” so that
if we choose ¢ > 0 so that (2¢)Y = ¢ /4 then with f(x) = x” ¢.(x) we have

)

1< <
- > FR@u) — Lo > F(R@w)
k=1 k=1

1 - 1 <
P(‘ =2 (R@w)” —E— > (R@w)"

k=1 k=1

=«

zt/z).
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2 1
On the other hand, f is Lipschitz with constant bounded by 2s¥~! = 27 Vi

Hence, Lemma 8.3 yields

1 < 1 — nlm(z)%1?
Pl |- R Y —E- R Vi>r)<2 -
(‘nZ( @) —E~ > (R@u)| = )_ exp( pyEET

m(z)%17

ty
< Zexp _% .

84y 7

k=1 k=1
This concludes the proof. O

We conclude this Appendix by deviations inequalities for the norm || - || g,¢ intro-
duced in Sect. 5.

Lemma8.5 LertO <a <1, >0,a/2 < B < 1and assume thatx/2 + +¢ < 1.
Let (gr), 1 < k < n, be iid standard Gaussian variables and (hy),1 <k <n € K
with |hy| < n~L. Define, y (u) = %Zzzl(hk.u)%ﬂgu“ — E|gk|%). Then there exists
constant c, c1, such that forallt > 1, alln > 2,

1t 2 2
Priylige = T | = cine exp(—cor”).

(n“n)2
Similarly, let A be an n x n random Hermitian matrix and consider its resolvent

matrix R(z) = (A — z)’l, z=E+ine Cy. Let H, = —i Rk (2) be as above and
Y =130 (Hew? —ELS 0 (Hew)?, forallt > 1, alln > 2,

t
P (Hy/”ﬂ,s = W) <cin exp(_00t4/ot)‘

Proof Set L = % Doy llgkl® — E|gk|*|. We first use a net argument. For any u, v €
S _li_, from (64), for some constant ¢ = c(«).

ly () — y(v)]

PR (iu| Aliv))P~% <cLn 3.

In particular, choosing 8 = «/2 and setting, for integer m and 1 < k < m,uy =
e27k/m e find

[y ()] < eLmm) ™% + max |y ).
Notice also that if |u — v| < 4/m, then, with B’ = a/2 + B +¢c <1,

b () —y (v)] Ly~ T lu—vl? (iu| Aliv)T=F

lu — vl

(Ji.u| A liv)PTe < (Ji.u| A liv])PHe

lu —v|#
< 4¢L(mn)~2.
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While if |u — v| > 4/m, we denote by u, and vy, the element of {uy : 1 < k < m}
at distance at most 1/m of u and v and with |i.u,| > |i.ul, |i.vs] > |i.v]. We get
|lu — v| > 2|uy — v4| and

ly @) =y ()| L™ % lu—u, P (fiu| Aiv):—F

lu —v|?

(liul A Jiv)PTe <

(liu| A liv)PTe
lu—vl?
< L(my)~3.

We deduce that, for some constant co > 1,

e ly (ug) — v (ue)l . 4w

Iy llp.e <coL(mn) ™2 +comax |y (ug)|+co max ~—————=(|i.ug| Ali.ug))?~2.
k kAC |ug — uglP

(99)

On the other hand, since 0 < o < 1, the random variable |gx|* is sub-gaussian. It
follows from Hoeffding’s inequality, that for any s > 0,
P(L>EL+s) < exp(—cnsz),

and for any u, v € st

P (|y ()| > s) < 2exp(—cns*n®) and

P (—”’(”) mRACIVTPNTI IS s) < 2exp(—cns™n®).
lu —vlP

From the union bound, we get from (99),

P(Ilyllﬂ,g > CO( ! -+ ([EL + s)(mn)_g)) < exp(—cns?) + m* exp(—ct?).
(n*n)?2

We take m = [n'/*((EL 4 5))*/*t=%/*] and s = ¢, we find for all > 2/co,

2cot
P(lylg. > —20 ) < 'n? exp(—er?).
(n%n)2

This prove the first statement. For the second statement, the proof is similar. First, the
above net argument gives that (99) holds for y’ with L = 1. Also the proof of Lemma
8.4 implies that for any u, v € S 1

P (ly )| > 5) < 2exp(—cnn’s#) and
P (IV’(u) —y'(v)]

lu — vl

IS

(Ji.u| A |i.v|)’3_% > s) < 26xp(—cnn2s ).
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From the union bound, we deduce that for all s > 0,

4
o

P (||y’”ﬂ’s > ¢ (s - (mn)_%)) < m?exp(—cnn’se).

Taking s = t/(nzn)% and m = /nt=%/*(2cq)*/0, this concludes the proof. O

Appendix D: Key bounds on relevant integrals

The next lemma is used repeatedly in the proofs of Sect. 5.

Lemma 9.1 (Consequences of [6, Lemma 3.6]) Let0 <o <2,y > 0and 0 < k <
1, there exists a constant ¢ = c(«, y) > 0 such that forall h € K| and x € IC%,

o
/ry_le_rhe_rjxdr <clh|7". (100)
0

Forallh,k € Kiand x,y € IC%,

o0
/ry_le_’h (e_’jx - e_ﬂy) dr| < c|h|_y_a7|x —yl, (101)
0

and

o0
/rV—le—m (e—’h — e—’k) dr| < c(lh| A KDY 7 |h — k<. (102)
0

Forall x1, x2, y1, y2 € Kg,

00

a @ @ a
/ry—le—rh ((e—r2x1 _ e—rlyl) _ (e—r2x2 _ e—r2y2)) dr
0

< (I F % = x2 = y1 4 yal + A7 7 (o = 2]
+lyr — y2D(x; —Y1|+IX2—yz|)). (103)
Moreover, forall h,k € K1, x,y € IC%,forO <k <1, we have

00
1 - _ 3 5y
/ry 1(6 rh_e rk)(e rZx _ = "')d}’

0
< c(hl A DT T2 b — k[ |x — yl, (104)
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and finally, for all 0 < k1, k2 < 1, hy, k1, ho, ko € K1, with N = |hy| A k1| A |ho| A
k2|,

le'e]
o
— — — — — —r2
/ry l(e rhl_erhz_erk1+e rkz)erxdr
0

SNV Ny —hy — ki + koY + eNTVTRTEN (b — ho| + |k — ko)
(lh1 — k1| + |h2 — ka])!. (105)

Proof The bound (100) is [6, Lemma 3.6]. The bound (101) follows from (100) by
taking derivative and using the convexity of IC%. For (102), assume for example that
|h| < |k|. We may assume that | — k| < |h|/2 since otherwise we get the estimate
by bounding independently both terms of the difference and using (100). Then taking
derivative, we find

o0

a
/r”_le_rzx (e_rh - e_rk) dr| <eN77 "N h =k,
0

where N = min{|th + (1 —t)k| : 0 <t < 1}. Since |h — k| < |h|/2 then N > |h|/2
and

o
/rV—le—r” (e—”l - e‘”‘) dr| < clh) " — k| < clh| 77K | — kI
0

To prove (103), (104) and (105), we need to take derivatives and use the first inequal-
ities. Namely, for (103), we define the function on [0, 1],

o
(1) = /r”_le_’h (e_’%x(’) - e_r%y(t)) dr,
0

with x(#) = tx1 + (1 — t)xp and y(¢t) = ty; + (1 — 1) y2. We are looking for an upper
bound on |¢(1) — ¢(0)]. A straightforward computation yields

o0

¢'(1) = /r”+7_le_"' ((x1 —x)e”" O — (y) - yz)e"”(”) dr
0
o
= (x] —xz)/ry+%_le_’h (e_’jx(’) - e_ﬂy(t)) dr
0

oo
+(x1 —x2—y1 + yz)/ry+%_le_’he_’7y(’)dr.
0
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By convexity, we note that x(¢), y(¢) are in IC%. Hence using (100) and (101), we may
upper bound |¢'(£)|, up to a multiplicative constant, by

IR 7Y% |x1 — x2|[x () — y(O)] + [h] 77 "2 |x; — x2 — y1 + y2
< 7Y% X = xallxr — y1l V x2 — yol + [R]7Y 2 |xp — x2 — y1 + y2l.

This completes the proof of (103). For (104), we first first notice that splitting 4 and
k and arguing as for the proof of (102), it is sufficient to prove the statement for
|h —k| < (|h| Alk])/2 and « = 1. Then, with h(t) = th 4+ (1 — t)k, we consider this
time the function

o]

Y(t) = /r”*le*rh(t) (er%x - ergy) dr,

0

and take the derivative. We find that it is proportional to (2 — k) (¢ (1) — ¢(0)) with
the previous function ¢ with y replaced by y + 1 and x; = x» = x, y = y; = y». The
bound is therefore clear. The proof is identical for the third statement forx; = x2 = 1.
As above, we then generalize it to any 0 < k1, k2 < 1 by using the rough bound given
by (102). O
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