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Abstract We prove Edgeworth type expansions for distribution functions of sums
of free random variables under minimal moment conditions. The proofs are based on
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1 Introduction

In recent years a number of papers are devoted to limit theorems for the free convolu-
tions of probability measures. Free convolutions were introduced by Voiculescu [42,
43]. The key concept is the notion of freeness, which can be interpreted as a kind
of independence for noncommutative random variables. As in the classical probabi-
lity where the concept of independence gives rise to the classical convolution, the con-
cept of freeness leads to a binary operation on the probability measures, the free
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108 G. P. Chistyakov, F. Gotze

convolution. Many classical results in the theory of addition of independent random
variables have their counterparts in Free Probability, such as the Law of Large Num-
bers, the Central Limit Theorem, the Lévy—Khintchine formula and others. We refer
to Voiculescu et al. [44] and Hiai and Petz [27] for an introduction to these top-
ics. Bercovici and Pata [11] established the distributional behavior of sums of free
identically distributed random variables and described explicitly the correspondence
between limit laws for free and classical additive convolution. Using subordination
functions for the definition of the additive free convolution, Chistyakov and Gotze
[22] generalized the results of Bercovici and Pata to the case of free non-identically
distributed random variables. It was shown that the parallelism found by Bercovici and
Pata holds in the general case of free non-identically distributed random variables (see
[13] as well). This approach allowed us to obtain estimates of the rate of convergence
of distribution functions of free sums. An analog of the Berry—Esseen inequality was
proved for the semicircle approximation in [22]. For related results see [28].

In this paper we obtain an analogue of Edgeworth expansion in the Central Limit
Theorem (CLT for short) for free identically distributed random variables, based on
the method of subordination functions. In addition we shall give a bound for the
remainder term in this expansion. In order to deduce this expansion we establish an
approximation of distribution of normalized sums of free random variables by the free
Meixner distributions. In classical probability asymptotic expansions have a different
form for lattice and non-lattice distributions. An interesting feature of our expansions
is that they have the same form for all distributions.

The paper is organized as follows. In Sect. 2 we formulate and discuss the main
results of the paper. In Sect. 3 and 4 we formulate auxiliary results. In Sect. 5 we
describe a formal expansion in the Free CLT and in Sects. 6 and 7 we prove Edgeworth’s
expansion in the CLT for free identically distributed random variables. Since the
proofs of Theorem 2.1 and Theorem 2.3 (see Sect. 2) are similar, we give a proof
of Theorem 2.3 in details in Sect. 5 and an outline of the proof of Theorem 2.1 in
Appendix.

2 Results

Denote by M the family of all Borel probability measures defined on the real line R.
Define on M the compositions laws denoted * and H as follows. For ., v € M, let uxv
denote the classical convolution of  and v. In probabilistic terms, uxv = L(X +7Y),
where X and Y are independent random variables with u = £(X) and v = L(Y),
respectively. Let ;o BH v be the free (additive) convolution of 1 and v introduced by
Voiculescu [42] for compactly supported measures. Free convolution was extended by
Maassen [32] to measures with finite variance and by Bercovici and Voiculescu [9] to
the class M. Thus, uBv = L(X +Y), where X and Y are free random variables such
that u = £(X) and v = L(Y). There are free analogues of multiplicative convolutions
as well; these were first studied in Voiculescu [43].

Henceforth X, X1, X», ... stands for a sequence of identically distributed random
variables with distribution u = £(X). Define
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Edgeworth expansions in free probability theory 109

mp :=/u’<u,(du) and B, :=/|u|’1 w(du),
R

where k =0,1,... andg > 0.

The classical CLT says that if X, X», ... are independent and identically distrib-
uted random variables with a probability distribution i such thatm| = Oandm, = 1,
then the distribution function F;, (x) of

Xi+Xo+--+ X,
Y, = NG

2.1

tends to the standard Gaussian law @ (x) as n — oo uniformly in x.

A free analogue of this classical result was proved by Voiculescu [41] for bounded
free random variables and later generalized by Maassen [32] to unbounded ran-
dom variables. Other generalizations can be found in [10,11,22,28-30,37,47,48].
When the assumption of independence is replaced by the freeness of the non-
commutative random variables X, X5, ..., X,,, the limit distribution function of
(2.1) is the semicircle law w(x), i.e., the distribution function with the density
Puw(x) = %\/(4 —x2)4, x € R, where a; := max{a, 0} for a € R. Denote by
Wy the probability measure with the distribution function w(x).

Write ¢(x) = \/;2—716_)62/2 and denote by H,,(x) = (—1)"’(3)‘2/2%%,1,,e‘"z/2 the
Hermite polynomial of degree m.

Assume that the random variables X ; are independent and have moments of all
orders. For the distribution function F, (x) of ¥, there exists a formal expansion in a
power series in 1/./n (see [26,38]):

B = 000 +o0 Y 20, 22)
p=1

where

m Kin
Ql,(x) ZHp+2y 1(x) l—[ ko '(( y_:;)’)

and y;, is the cumulant of order m of random variable X. In the last equality the
summation on the right-hand side is carried out over all nonnegative integer solutions
(k1, ..., kp) of the equations

ki +2ky+---+pk,=p and s=k 4+ +kp. 2.3)
Note that Q(x) = —m3H(x)/6.
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110 G. P. Chistyakov, F. Gotze

In terms of characteristic functions (2.2) has the form

o0 o0
/ AR, ) =e P> Z’fn—%)e—’z/z, (2.4)
—00 m=1
where
o0
/ ¢ dQy(x) = Py(n)e™ 2.
—00

Esseen [25] proved that if the random variables X ; are independent, non-lattice
distributed and B3 < oo, then F; (x) admits the following asymptotic expansion

Fp(x) = ®(x) — ;%Hz(xwx) +o(1//n) 2.5)

which holds uniformly in x.

If the random variables X ; are independent and are lattice distributed, that is they
take values in an arithmetic progression {a + kh; k = 0, &1, . .. } (h being maximal),
and 3 < oo, then

_ 1 ms3 x/n  an
Fa () = @) + =) (= 2 Ha(0) + T (55 = T5)) + o1 /v, 26)

uniformly in x, where T'(x) := [x] —x + 1/2.

If absolute moments B of order k£ > 3 exist, then generalizations of the asymp-
totic expansions (2.5) and (2.6) hold under additional conditions on the characteristic
function of X [38].

An analytical approach using subordination functions allowed us to give explicit
estimates for the rate of convergence of distribution functions of Y, in the case of free
random variables. We demonstrated this (see [22]) by proving a semicircle approxima-
tion theorem (an analogue of the Berry—Esseen inequality [38, p. 111]). In this paper
we shall establish Edgeworth expansion in the semicircle approximation theorem and
a complete analogue of the Berry—Esseen inequality for identically distributed free
random variables.

We now formulate the main results of the paper. As before we denote by F;, (x)
the distribution function of Y, where X; are free random variables with the same
distribution . Assume as well that X ; have moments of arbitrary order and m; =
0, my = 1. We denote by u,, the distribution of Y,,. Denote by U,, (x) the Chebyshev
polynomial of the second kind of degree m, i. e.,

sin(m + 1)6
Unx) =Uy(cosp) = ———, m=1,2,....
sin 6

It is easy to see Uj(x) = 2x, Ux(x) = 4x2 — 1, Us(x) = 4)c(2x2 —1).
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Edgeworth expansions in free probability theory 111

It turns out that there exists an analogue of the formal expansion (2.4) for F,,(x). To
formulate it we need the following notation. Define the Cauchy transform of u € M
by

Gﬂ(z)=/“(dx), zeCt, 2.7)

=X
R

where C™ denotes the open upper half of the complex plane. The formal expansion
has the form

By (G, (2))
Gu,(2) = Gy, (2) + Z — (2.8)
where
B < 2.9
7) = Copm—— .
k(2) Z p.m (1/Z —m (2.9)
with real coefficients ¢ ,, which depend on the free cumulants a3, .. ., ox 42 and do

not depend on n. The free cumulants will be defined in Sect. 3, (3.8). Here we note
that o3 = m3 and o4 = m4 — 2. The summation on the right-hand side of (2.9) is
taken over a finite set of non-negative integer pairs (p, m). The coefficients ¢, can
be calculated explicitly. For the cases k = 1, 2 we have

3

Z
B = e
and
4 5 2
— _ .2 = 2 z Z
B0 = (e — o) {7 +a3((1/z T Z)3). (2.10)
Note that
11
Bi(Gp, (2)) = %Giw(z) = —a3/ Z—xd(gUz(x/Z)pw(x)), zeCt.
o -
@.11)
If a3 = 0, then
o4 4 ; 1 1 4
Ba(Gu 2)) = TG, ) = e [ a(zusermpaw). zec.
o -

(2.12)
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112 G. P. Chistyakov, F. Gotze

Now we can formulate a counterpart of Edgeworth expansion in the Free CLT. We
obtain this counterpart from the following results in which we establish an approxima-
tion of the measures p, by the free Meixner measures. Consider the three-parameter
family of probability measures {i, 5.4 : a € R,b < 1,d < 1} with the reciprocal
Cauchy transform

—a+ %((1 +b)(z—a) +v (1 —b)2(z—a)? -4 —d)), z€C,
(2.13)

Grgpa(2)

which we will call the free centered Meixner measures (i.e. with mean zero). In this
formula we choose the branch of the square root determined by the condition Jz >
0 implies 3(1/Gy,, ,(z)) > 0. These measures are counterparts of the classical
measures discovered by Meixner [36]. The free Meixner type measures occurred in
many places in the literature, see [3,17-19,31,35,39].

Assume that mgq < oo, m| = 0, mr» = 1 and denote

ms3 m4—m§—1 m4—m§

ap :=—, by:=——"——, dy:=——, nel (2.14)

Jn n n
In the sequel we will use the free Meixner measures of the form 110,0,0 = w, a,,0,0
ifﬂ3 < oo, mp = 0, ny = 1 and May, b, ,d, ifm4 <oo,mp = 0, ny = landn > my.

Recall that a probability measure u is HB-infinitely divisible if for every n € N there
exists v, € M such that u = v, Hv, BH---HBv, (n times).

Using the results of Saitoh and Yoshida [39], we will show in Sect. 4 that under
the assumptions 83 < oo and n > m% the free Meixner measure [t4,,0,0 is absolute
continuous with a density of the form (4.1), where a = a,,b =0,d =0, and 1,00
is H-infinitely divisible. Under the assumptions m4 < oo and n > 3my4 the free
Meixner measure (i, p,.d, 15 absolute continuous with a density of the form (4.1),
where a = a,,b = b,,d = d,, and g, », 4, is B-infinitely divisible.

We now introduce some further notations. Assume that 8, < oo for some g > 2.
Introduce the Lyapunov fractions

B
Lgn ::71(11——(12)/2 and let pg(u, 1) == / lul? w(du), t > 0. (2.15)

|u|>1
Write
q1 :=min{q, 3}, ¢2 :=min{q, 4}, ¢3:= min{q,5}.
Then denote, forn € N,

s+2—qs + qu (,LL, Sﬁ) 87(15
Pa,

n) = inf €), where g):=¢
Ngs(n) 0<enlo-1/2 8qns (&) 8qns (&)

(2.16)
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provided that 8, < 00, ¢ > s + 1, for s = 1, 2, 3, respectively. It is easy to see that
0 < ngs(n) < 10152 1 fors +1 < gs < s + 2 and ngs(n) — 0 monotonically as
n—ooifs+1=<gs; <s+2andng(n) >1, neN,ifg =s5+2.

By agreement the symbols c, c1, ¢2, ... and c(u), c1 (), c2(u), ... shall denote
absolute positive constants and positive constants depending on u only, respectively.
By c and c¢(1t) we denote generic constants in different (or even in the same) formulae.
The symbols c1, ¢3, ... and c1 (i), c2(u), ... are applied for explicit constants.

Theorem 2.1 Assume that X, j = 1,..., are free, B, < 0o with some q > 2 and
my =0, my = 1. Then, forn € N,

sup | Fy(x) —w(x)| < ¢ (2.17)

Ng1(m)Lgn +n7l i By <00,2<qg<3
xeR

L3n7 l.f ﬂ(] < 00, q Z 3

In the case my < oo, Theorem 2.1 yields a type of Free CLT with the error bound

sup | £ (x) = w()| < ¢(ngim) +n~"), neN.
xeR

Since ng1(n) < 1032 + 1, n € N, in the case By < 00, 2 < g < 3, we obtain from
(2.17) the complete analogue of the Berry—Esseen inequality as well.

Corollary 2.2 Assume that X, j =1, ..., are free, B; < cowith2 < q < 3 and
my =0, my = 1. Then, forn € N,

sup | F (x) — w(x)| < ¢ Lyn. (2.18)

xeR

In the case 83 < oo the inequality (2.18) has the form

sup |F,(x) —w(x)| <cL3,, neN (2.19)
xeR

The upper bound (2.19) sharpens previous results obtained by the authors [22] and
Kargin [28].

Theorem 2.1 and Corollary 2.2 are free analogues of Esseen’s inequality in classical
probability theory (see [38, pp. 112-120]).

Theorem 2.3 Assume that X;, j = 1,..., are free, B; < 0o with some q > 3 and
my1 =0, my = 1. Then, forn € N,

sup | Fy(x) — Man,O,O((_OQ NI <c

an(”)an + L%n if ﬂq <00,3<qg<4
xeR

Ly, if By <o0,q=>4.
(2.20)
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114 G. P. Chistyakov, F. Gotze

Corollary 2.4 Under the assumptions of Theorem 2.3 the following expansion holds

1
Fu(x) = wx) = 3a, U2 (x/2) pu(x) + pn1 (x), x € R, (2.21)

where the remainder term p,1(x) admits the bound, for x € R, n € N,

»()Lgn + L2 + |an|?/? i <00,3<qg<4
om0 < e P lan"= 4 P 7 (2.22)
Ly + |ay] if By <00, q=4
Note that in the case 3 < oo the estimate (2.22) yields the bound
1u @)1 = e(ng20) + Lan + lan]'?) Lan, (2.23)

where 142(n) — 0 as n — o0, and we obtain an analogue of Edgeworth expansion.
Since ng2(n) < 101, 3 < g < 4,n € N, the results (2.21) and (2.22) again yield
the free Berry—Esseen inequality (2.19) as well.
In addition we obtain from Theorem 2.3 the following bounds.

Corollary 2.5 Under the assumptions of Theorem 2.3

sup [Fn(x) — ta,.0,0((—00, X)) <cLgn for neN if By <o00,3<q <4
xeR

(2.24)

Before formulating the next result, denote by ¢,, n > my4, a signed measure with
the density

Doy (X) 1= (€2(x — an)? — Dpy(en(x —ay)), x €R, (2.25)

where e, := (1 — b,)/+/1 — d,. Denote by k,, n > mq, the signed measure k, :=
Hay by.dy + %gn. It is easy to see from results of Sect. 4 that «,, is a probability measure
for n > my/c with some sufficiently small c.

Theorem 2.6 Assume that X;, j = 1,..., are free random variables, that B, < 0o
with some q > 4 and that m1 = 0, my = 1. Then, for n > my,

32 .
Ng3 (M Lgn + L3 if By <00, 4<q <5

Ls, if By <o0,q>5.

sup | F (x) — kp((—00, x))| < C[
xeR

(2.26)

Corollary 2.7 Assume that the assumptions of Theorem 2.6 are satisfied. Then

Fu(x+ay) = w(x)

2 n b, — ,2l —1
(=204 26 -va0/2) - =B s ) pu) 4 (),

(2.27)
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for all real x, where

32 .
L L .4 < 5

lon2(X)| < ¢ g3 (D Lgn 7+ Ly lf Pa <00 d=a< for xeR, neNlN.

Ls, if Bg<00,9=5

(2.28)
If mz = 0 this formula has the following simple form
mg — 2
Fp(x) = w(x) — o Us(x/2) pw(x) + pn3(x), (2.29)

where p,3(x) admits the bound (2.28).

If m3 # 0, we obtain from (2.27) the following expansion for Fj,(x):

1
Fa(x) = w(x) = 2anU2(x/2) pu (x)

a,%U ) bn—af—l/nU )
+H(Zuie/) - U3 (x/2) ) pu )

+Ql(xsan)+Q2(-x1anvbnv1/n)+pn4(-x)v X GR,

where

Q1(x,a,) = wx —ay) — w(x) + a, py(x)
+%(3 — Us(x/2)) (P (x — ap) — pu(x)).

2 by —a?—1/n

Q2(x, an. by, 1/n) = (%”qu/z) - :
X(pwx —an) — pwx))

Us(x/2))

and the function p,4(x) admits the bound (2.28). The function Q(x, a,) is a function
of bounded variation and it is not difficult to verify that

1
;|an|3/2 < sup |Q1(x, ay)| < clay*’* and

| el (2.30)
“lan¥? < 11010 anliry < clanl?,
with some ¢ > 1. This means that Q1(x, a,) is actually of order n—3/4. We shall
see that Q1(x, a,) can not be cast by Taylor expansion around x into an expan-
sion in powers of n~!/2 like (2.27) in terms of p,,(x) and the Chebyshev polynomi-
als which is continuous up to the boundary £2 with finite total variation. Moreover
[Q2(x, an, bp, 1/n)| < cLap~/lanl, x € R.

Indeed from the formal expansion of u, in (2.8) and (2.11) it follows that the first
two summands on the right-hand side of (2.8) are Cauchy transforms of the finite
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signed measure on the right-hand side of (2.21). Moreover, in the case m3 = 0 the first
three summands on the right-hand side of (2.8) are Cauchy transforms of the finite
signed measure on the right-hand side of (2.29). But in the case m3 # 0 the third
summand on the right-hand side of (2.8) can not be a Cauchy transform of a signed
measure ¢ which is finite on every bounded interval and fR [Cdu)|/(1 + |u]) < oo.
This will be proved in Sect. 4. Therefore, taking into account the formal expansion
(2.8), we can not expect an expansion of type (2.27) for the function F,(x) without
shift.

Remark 2.8 The methods used in the proof of Theorems 2.3 and 2.6 still do not yield
a free analogue of Edgeworth asymptotic expansions under the assumption 8; <
00, q > 5, with a remainder term of order 0(n‘3/ 2_V) with y > 0. This problem
remains open.

Remark 2.9 Itisknown, see for example [10,21], that there is semigroup u; € M, t >
1, such that ¢, (z) = t¢,, (z), where ¢, (z) are Voiculesku transforms of the prob-
ability measures u;. For the definition of Voiculesku’s transform, see in Sect. 3. As
before let m; = 0 and m, = 1. Define a probability measure i, in the following way:
[ ((—00, x)) = n((—00, x+/1)), x € R. Theorems 2.1, 2.3, 2.6 and their Corollaries
remain valid for /i, if the integers n are replaced by ¢ > 1. One can prove these results
exactly by the same proof.

Remark 2.10 Recall that, if the random variable X has density f, then the classical
entropy of a distribution of X is defined as h(X) = — fR f(x)log f(x)dx, provided
the positive part of the integral is finite. Thus we have 2 (X) € [—o0, 00).

A much stronger statement than the classical CLT—the entropic central limit
theorem—indicates that, if for some ng, or equivalently, for all n > ng, Y, from
(2.1) have absolutely continuous distributions with finite entropies 4 (Y;), then there
is convergence of the entropies, h(Y,) — h(Y), as n — oo, where Y is a standard
Gaussian random variable. This theorem is due to Barron [4]. Recently Bobkov et
al. [16] found the rate of convergence in the classical entropic CLT.

Let v be a probability measure on R. The quantity

3 1
x(v) =/ / log|x — ylv(dx)v(dy) + 1 + Eloan,
RxR

called free entropy of v, was introduced by Voiculescu in [45]. Free entropy x behaves
like the classical entropy 4. In particular, the free entropy is maximized by the standard
semicircle measure w,, with the value x(uy) = %log 2me among all probability
measures with variance one, see [27,46]. Wang [48] has proved the free analogue of
Barron’s result.

It was proved in [5] that if the distribution p of X is not a Dirac measure, then F, (x)
is Lebesgue absolutely continuous when n > ¢ (w) is sufficiently large. Denote by
pn(x) the density of F;,(x). Our method allows to obtain an expansion for the density
pn(x) and yields an expansion in the entropic free CLT, see [23], Theorem 2.10 and
Corollaries 2.11-2.13, and [24], Theorem 2.1 and Corollaries 2.2-2.4. These results
will be published elsewhere.

@ Springer



Edgeworth expansions in free probability theory 117

3 Auxiliary results

We need results about some classes of analytic functions (see [1], Section 3, and [2],
Section 6, §59).

The class N (Nevanlinna, R.) is the class of analytic functions f(z) : C* — {z:
Jz > 0}. For such functions there is the integral representation

1
f(Z)=6l+bz+/ +uZt(du)
u—=z
R
_ 1 u 2 +
_a—i-bz—l—/(u_z m)(1+u)r(du), zeCt, (3.0
R

where b > 0, a € R, and 7 is a nonnegative finite measure. Moreover, a = N f (i) and
T(R) = I3 f (i) — b. From this formula it follows that

f@=0B+o)z (3.2)
for z € CT such that |9z|/3Jz stays bounded as |z| tends to infinity (in other words
z — oo nontangentially to R). Hence if b # 0, then f has a right inverse f(1
defined on the region

Fopi={ze C*:|Mz| < alz, 3z > B)

for any « > 0 and some positive 8 = B(f, o).
A function f € N admits the representation

Fo) = / olduw) ¢t (33)
u—=z

R

where o is a finite nonnegative measure, if and only if sup - ; [yf (iy)| < oo.
For u € M, consider its Cauchy transform G, (z) (see (2.7)). The measure y can
be recovered from G, (z) as the weak limit of the measures

1
my(dx) = —=3G,(x +iy)dx, x€R, y>0,
b4

as y | 0. If the function 3G, (z) is continuous at x € R, then the probability distri-
bution function D, (t) = pu((—oo, t)) is differentiable at x and its derivative is given
by

D;L(x) =G, (x)/m. 3.4)

This inversion formula allows to extract the density function of the measure u from
its Cauchy transform.
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118 G. P. Chistyakov, F. Gotze

Following Maassen [32] and Bercovici and Voiculescu [9], we shall consider in the
following the reciprocal Cauchy transform

FM(Z) =

. 3.5
) (3.5)

The corresponding class of reciprocal Cauchy transforms of all © € M will be denoted

by F. This class coincides with the subclass of Nevanlinna functions f for which

f(z)/z — 1 as z — oo nontangentially to R. Indeed, reciprocal Cauchy transforms

of probability measures have obviously such property. Let f € A and f(z)/z — 1as

z — oo nontangentially to R. Then, by (3.2), f admits the representation (3.1) with

b =1.By (3.2) and (3.3), —1/f(z) admits the representation (3.3) with o € M.
The functions f of the class F satisfy the inequality

Sf(z) = 3z, zeCt. (3.6)

The function ¢, (z) = F,ﬂ_l)(z) — z is called the Voiculescu transform of © and
¢,.(z) is an analytic function on I'y g with the property J¢,,(z) < 0 for z € T'y g,
where ¢,,(z) is defined. On the domain I'y, g, where the functions ¢, (z), ¢, (z), and
&0, By, (2) are defined, we have

¢;/,1EE|;L2 (Z) = ¢/L1 (Z) + ¢M2 (Z) (37)

This relation for the distribution w1 H @y of X + Y, where X and Y are free random
variables, is due to Voiculescu [42] for the case of compactly supported measures.
The result was extended by Maassen [32] to measures with finite variance; the general
case was proved by Bercovici and Voiculescu [9].

Assume that 8; < oo for some k € N. Then

G _1 mi mg 1 r
M(Z)_E+Z_2+...+F+O(F), Z—> 00, z€lg1.

It follows from this relation (see for example [29]) that

[0%) (0774 1
$u(2) = +7+"'+F+O(F)’ 2> 00, z€Tg1.  (3.8)
We call the coefficients «;,, m = 1,..., k, the free cumulants of the probability
measure . Itiseasytoseethatay = my, oy = mz—m%, az() = m3—3m1m2+2m%.
Inthecasem; =0andmy = 1 wehavea; =0, ap = 1, a3 = m3 and a4 = my — 2.

If © € M has moments of any order, that is 8; < oo for any k € N, then there

exist cumulants «,,,, m = 1, ..., and we can consider the formal power series
S
m
bu(2) = T (3.9)
m=1
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In addition ¢, (z) satisfies (3.8) for any fixed k € N. If 1« has a bounded support, ¢, ()
is an analytic function on the domain |z| > R with some R > 0 and the series (3.9)
converges absolutely and uniformly for such z.

Voiculescu [45] showed for compactly supported probability measures that there
exist unique functions Zj,Z; € F such that G, m,,(z) = G, (Z1(z)) =
G,(Z2(2)) forall z € C*. Using Speicher’s combinatorial approach [40] to freeness,
Biane [15] proved this result in the general case.

Chistyakov and Gétze [21], Bercovici and Belinschi [6], Belinschi [7], proved,
using complex analytic methods, that there exist unique functions Z;(z) and Z»(z) in
the class F such that, for z € C,

2=21(2) + Z2(2) — Fy,(Z1(2)) and F,,(Z1(2)) = Fu,(Z2(2)). (3.10)

The function F,, (Z1(z)) belongs again to the class 7 and there exists u € M such that
F,,,(Z1(2)) = Fu.(z), where F,,(z) = 1/G(z) and G ,(z) is the Cauchy transform as
in (2.7). We can define the additive free convolution in the following way w1 By, = w.
The measure p depends on w1 and o only. The relation (3.7) follows immediately
from (3.10) and we see that this definition coincides with the Voiculescu, Bercovici,
Maassen definition. Hence we have the equivalence of a “characteristic function”
approach and a probabilistic approach to the definition of the additive free convolution.

Specializing to u; = pup = -+ = pu, = pwrite uy H---BHp, = ,u"EE. The
relation (3.10) admits the following consequence (see for example [21]).

Proposition 3.1 Let u € M. There exists a unique function Z € F such that
z=nZ() — (n— DF,(Z(z)), zeC", (3.11)

and F,m(z) = Fj,(Z(2)).
The next lemma was proved in [21].

Lemma 3.2 Let g : CT™ — C~ be analytic with

iminf £ _
y—+00 y

0. (3.12)

Then the function f : Ct — C defined via 7 — 7 + g(2) takes every value in C*
precisely once. The inverse fV : Ct — C* thus defined is in the class F.

This lemma generalizes a result of Maassen [32] (see Lemma 2.3). Maassen proved
Lemma 3.2 under the additional restriction |g(z)| < c(g)/3z for z € CT, where c(g)
is a constant depending on g.

Using the representation (3.1) for F,(z) we obtain

+ uz) t(du)

Fu(2) = 2+ NF,(0) +/ a eCT, (3.13)
R

u—=z
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where 7 is a nonnegative measure such that T(R) = JF, (i) — 1. Denote z = x + iy,
where x, y € R. We see that, for 3z > 0,

S(nz = 1= DF.@) =3(1 = 0 = DI, ),

(1 + u?) t(du)

where [, (x,y) == w—x)2 1y
R

For every real fixed x, consider the equation

y(l — (0 — DI (x, y)) -0, y>0. (3.14)

Since y > I,,(x,y), ¥y > 0, is positive and monotone, and decreases to 0 as y — oo,
itis clear that the Eq. (3.14) has at most one positive solution. If such a solution exists,
denote it by y, (x). Note that (3.14) does not have a solution y > 0 for any givenx € R
ifand onlyif I,,(x,0) < 1/(n—1). Considertheset § := {x e R: [,(x,0) < 1/(n—
1)}. We put y, (x) = Oforx € S.By Fatou’s lemma, /,,(xp, 0) < liminf,_, v, 1,(x, 0)
for any given xp € R, hence the set S is closed. Therefore R \ S is the union of finitely
or countably many intervals (x, Xx+1), Xk < Xx+1. The function y, (x) is continuous
on the interval (xx, xg+1). Since the set {z € C* : nJz — (n — 1)IF,(z) > 0} is
open, we see that y,(x) — 0if x | xx and x 1 xx41. Hence the curve y;,, given by the
equation z = x + iy, (x), x € R, is continuous and simple.
Consider the open domain D, :={z =x +iy, x,y € R:y > y,(x)}.

Lemma 3.3 Let Z € F be the solution of the equation (3.11). The function Z(z)
maps C* conformally onto D,,. Moreover the function Z(z), z € C¥, is continuous
up to the real axis and it establishes a homeomorphism between the real axis and the
curve yy.

Proof We obtain from (3.11) the formula
Z0V (@) =nz—(n — DEF,(2) (3.15)

for z € 'y g with some o, 8 > 0. By this formula we may continue the func-
tion Z-D(z) as an analytic function to CT. Using the representation (3.13) for
the function F,(z), we note that ZEV() = 24 g(), z € Ct, where g(z) is
analytic on C* and satisfies the assumptions of Lemma 3.2. By Lemma 3.2, we
conclude that the function Z(~V(z) takes every value in C* precisely once. More-
over, as it is easy to see, zCEU(p,) = Ct and RZED(x + iyp(x)) — Z£oo as
x — Zoo. The inverse Z(z) gives us the conformal mapping of C* onto D,. By
the well-known results of the theory of analytic functions on boundary behavior of
conformal mapping (see [34], Section 2, no. 8, pp. 66-77), Z(z) is continuous up
to the real axis and it establishes a homeomorphism between the real axis and the
curve yy.
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Lemma 3.4 Let u be a probability measure such that m; = 0, my = 1. Assume that

p2(, /(n — 1)/8) < 1/10 for some positive integer n > 10°. Then the following
inequality holds

1Z()| =/ (n— 1)/8, zeCt, (3.16)

where Z € F is the solution of the Eq. (3.11).

Proof 1t is enough to prove that if [RZ(z)| < +/(n —1)/8 then it follows that
ISZ(z)| = +/(n — 1)/8. Since the values of Z(z) lay in the domain D,,, it is enough
to prove the corresponding statement for the solutions of (3.14).

Write

_ 2
Fu(z) = (é + %) 1, ze€Ct where r(z):= / %(duu) (3.17)
R

It is obvious that |r(z)| < 1/y, z € CT. Rewrite (3.14) in the form
1
y(l +n— 1)(1 _ ;\sFﬂ(z))) —0.

Let us show that

yp(x) >+/(m—1)/8 for |x| <y (m—1)/8. (3.18)

In order to prove this inequality we shall establish that
1
n — 1)(1 — —%FM(Z)) <1 (3.19)
y
for |z] = % (n — 1) and |x| < 4/(n — 1)/8. Indeed, since the function

1
—I,(x,y) =0 — 1)(1 — ;SFM(z)), y >0,

is negative and monotone, and increases to 0 as y — 0o, (3.18) follows from (3.19).
We have, for the z considered above, F,(z) = z —r(z) +r1(z), where r1(z) admits
the upper bound |r(z)| < 2(|z|y*) ™" < 32/(n — 1)3/2.
Using the previous formula, we easily obtain the relation, for the same z,

B Sr(z) _ u? u(du)
1) = = DD ) =~ - I)R/m 1),

(3.20)
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where r3(z) admits the upper bound |12 (z)| < 3248 /(n — 1) < 1/6. Hence we have,
for the same z,

Le.y) < —(n—1) / CRAD
—L,(x,y) < —(n— ————+r
iy w—x2+y2  ° ¢
[=y.y1
n—1
<~ U= p(u.y) + 1)
3|z|
n—1
< _W(l = p2(p, /(n = 1)/8)) +ra2(z)
6 n 1 !
< 5 6 <
and (3.19) is proved.
The assertion of the lemma follows immediately from (3.18). O

Denote by A(x’, k") the Kolmogorov distance between the finite signed measures
k" and k" such that ¥’ ((—o0, x)) — 0 and k" ((—o00, x)) — 0 as x — —o0, i.e.,

A’ k") == sup |k ((—00, x)) — k" ((—00, X))]|.
xeR

We need the following result of Bercovici—Voiculescu [9].
Proposition 3.5 If u, ', v and V' are probability measures, then
A(pBv, )/ BY) < A(p, 1) + A, V).

In addition the following proposition holds (see [38, p. 139]).

Proposition 3.6 If3 < m <k, then the Lyapunov fractions L, and Ly, satisfy the

inequality: L,ln/,fm_z) < L,i,/z(k_z).

4 Properties of free Meixner measures

Saitoh and Yoshida [39] have proved that the absolutely continuous part of the free
Meixner measure i, 54,0 € R,b < 1,d < 1, is given by

Va1 =d) — (1 = b)2(x —a)?
27 f (x)

, 4.1)

whena — 21 —d/(1 —b) <x <a+2J/T—d/(1 —b), where
fx):=bx>+a(l —b)x+1—d;

the measure may have a discrete part 1 p in the following cases:
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1. if f(x) has two real roots y; # y», then
UD = A1y, + A28y, 4.2

where

1 1—d
kj = 2 2 ( :
Va2?(1 = b)2 —4b(1 —d) \ 1yjl

—lyl) =2 @3

2. if b =0and a # 0, then

1-d
a2

1—-d
a

wp = (1 - )+3y, where y 1= — (4.4)

Recall that §, with y € R is a Dirac measure concentrated at the point y.

Saitoh and Yoshida proved as well that for 0 < b < 1 the (centered) free
Meixner measure ji, 5.4 is B-infinitely divisible. Note (see Bozejko and Bryc [17])
that (g p.a = pw ifa = b =d = 0; g p.q4 1s the free Poisson type measure, which is
also known as Marchenko—Pastur measure [33],if b =d = 0and a # 0, and (14,04
with a # 0, d # 0 is the shifted free Poisson type measure ; i, 5 4 is the free Pascal
(negative binomial) type measure if » > 0 and a*(1 —b)? > 4b(1 —d); Ma,p.d 18 the
free gamma type measure if » > 0 and a?(1 = b)? = 4b(1 — d); Wa.b.d 1s the pure
free Meixner type measure if » > 0 and a*(1 — b)? < 4b(1 — d).

Now assume that mg < 0o, m; = 0,mr = 1 and n > 3mg4. By the well-known
moment inequality

1 mp my
myp mp m3| >0
mo ms3 my

(see [1]), we conclude that mg4 — 1 — m% > 0. Therefore the lower bounds b,, > 0 and
d,, > 0hold. In addition we have |a,| < l/\/§, b, < 1/3and d, < 1/3. Consider the
measures (i, p,.d,- 1hese measures may be the free Pascal, the free gamma and the
pure free Meixner type measures.

Let b, > 0. Note that the polynomial f,(x) = bpx? + a,(1 — by)x + 1 — d, has
two real roots yi, and yj, in the case a,zl(l — b,,)2 —4b, (1 — d,;) > 0 and these roots
have the same sign. By the relation

L1 ald=b) V3

— = YT,

il Iyl 1=dy T 2

one can deduce the inequalities |y;,| > 1, j = 1, 2. Using (4.2) and (4.3) we see that
the discrete part of (g, 5,4, 15 €qual to zero. Let b, = 0 and a, # 0. We see from
(4.4) that in this case the discrete part of (4, 5, 4, 1S €qual to zero as well.

Thus, in the considered case it follows from Saitoh and Yoshida’s results that the
probability measure (i, 5,.4, 1S H-infinitely divisible and it is absolutely continuous
with a density of the form (4.1) where @ = a,, b = b,, d = d,.
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Assume that 83 < oco,m; = 0,my = 1 andn > m%, i.e., |a,| < 1. In this case
the probability measure (i, 0,0 is absolute continuous with a density of the form (4.1)
where a = a,, b = 0,d = 0. In addition, by Saitoh and Yoshida’s results, 144, ,0,0 1S
H-infinitely divisible.

5 Formal asymptotic expansion in the free CLT

In this section we deduce formula (2.8).
By Proposition 3.1, there exists Z(z) € F such that (3.11) holds, and Fu"EE () =

F,(Z(z)). Hence F,,(z) = F,(/nSy(2))//n, z € C*, where S,(z) := Z(/nz)
/+/n. Using the Voiculescu transform ¢ (z) (see (3.7), this relation implies that

S$u(2) = Fu, (2) + b (VnFy, (2))/V/n
for z € I'y, g with some «, B > 0. On the other hand we conclude from (3.11) that

z n—1
S"(Z):;+TFMn(Z)’ zeCt.

The last two equations give us

Fu,(2) + Vneu(VnF, (2) =z, z€Tqp. (5.1)

Consider the function f(z) := z + /n¢.(V/nz), z € Tg p with some g’ > B, and
define the function

g(2) = %(f(z) +4/ f2(2) —4), z€Tqp, (5.2)

where we choose the branch of the square root by the condition Jg(z) > 0 for
z € I'y pr. It is easy to see that g(z) = z(1 + o(1)) as z — oo nontangentially to R.
In addition, by (5.1), g(z) satisfies the relation

g(Fy, () + =f(F, @)=z, z€Tlqp. (5.3)

8(Fy, (2)
We deduce from (5.3) that

§(Fp,(2) = %(z +V22 - 4) =F,, (). z€Tqp.
Recall that we denote by ., the semicircle measure.

Since the function g(z) has a right inverse g~V (z) in [y g with some g” > B,
we have

Fu,(2) = gV (F,, (), z€T4pr, where " >p" (54)
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Let i € M such that all moments of p exist. In addition let m; = 0 and m, = 1.
Consider the formal power series in z

o0
Q41
ﬁ(}bu(\/ﬁz) = Z m, (5.5)
k=1
where o, k = 1,2, ..., are free cumulants of the measure p and the formal power
series of g:
00 a,
8(2) =Z+Zz_k' (5.6)
k=0

Inourcase oy = 0,02 = 1,03 = m3 and g = my4 — 2. Using (5.3) and (5.5), (5.6)
we obtain the following relation for the considered formal power series

+
Z+sz+z - Zk+1+( Zk+1) T _Z+Zn(k D/2k"

It follows from this relation that ag = 0, a; = 0 and

k=3

k41
ac— a2+ ) asag—g3— -+ (=D lag™! =-G—np k=23
s=0

5.7

We have from (5.7) the relations a; = «o3/+/n, a3 = a4/n. In addition we obtain
from (5.7) by induction that

o3

a (s — (s —2) a3 1
% S o)

+O( 3/2) and axe = 5

azs =

asn —oofors =2,....
Now consider the formal power series for the right inverse g (z)

g @ =2+ Z =

:O

Rewrite the relation g(g(~"(z)) = z in the form

b ad ai
m
Z+Zz—m+z AR
m:O :2 (1+Zm 0Z771+1)
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Using the formula

1 k—1+s
_ _1 S S’
(I 4wk é( ) ( k—1 )
we finally get
o0 '] 00 00 5
by, ay fk—1+s by,

Sesaser( ) (S ) -
m=0 k=2 s=0 m=0

We obtain from this equality that bg = by = 0, b, = —ay and

m—1 m—k k—1+s
bm+am+]§akzl(_l)s( k—1 )
= s=

x > By - b, =0, m=3,.... (5.9)

my+-tms=m—k—s

Moreover it is easy to deduce from (5.8) and (5.9) that

1 o3 1
o) <o) G
and
m—2 1
bom—1 = —ayy—1 +2 Z saxsbym—2-2s + O(M)
s=1
o m—2)(m+1 o? 1
= —74 - %er O(W)’ m=2,.... (511
form = 2, .... It remains to note that

2
1 1 1 +(i by )
—1 - bk - kT kT B
V@ z+32, * z k=0 © k=0 ©

and we can write the formal power series in 1//n

o0

1 1 By (1/z2)
> .

D) 2 nk/2

k=1

Taking into account the relations (5.10) and (5.11), we easily conclude that
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o
1
B ]Z:O{ —_— = =
1(1/z) 3m§=2Z2m S RV

z
and
00 o] 0 2
1 2 m—-2y(m+1) 1 1
BU/=a) ota XS mmta| X
m=2 m=2 m:l
Since

1 )/ _ 1 L 1
22 -1 P2 -D 2@ -DY

M2
NI\)
§:§

I

|
N | =
R
M
NI\)|._;
s
S~—

|
plig

m=2 m=2
i m 1 i m\ 1 R S :
ot z2m+1 ) o z2m - 23(22 -1 Z(ZZ _ 1)2 (22 _ 1)3 ’

we finally obtain

31—(—2)1 e S :
2(1/2) = (o4 — @3 & —1/z a3(z_5.m Z_zm)

In view of (5.7) and (5.9), we see as well that B (z) are functions of the form

1 1
Bi(1/2) = Com———
k( / ) Z p,mzp (Z—l/Z)m
with real coefficients ¢ ,, which depend on the free cumulants @3, .. ., oy 2 and do

not depend on n. The summation is carried out over a finite set of non-negative integer
pairs (p, m). The coefficients ¢ , can be calculated explicitly in the way described
above for the coefficients c, ;,, of the functions By(1/z) and B>(1/z).

Hence we deduce from (5.4) the formal expansion

Bi(G
G, (2) = G,m(z)+z 4 ,f‘/g(Z)). (5.12)

Using integration by parts, it is not difficult to verify that

2
_ 3 o3 x(x2—3) dx
BiGu(0) = =G, ) = E/W o
-2
; 1 1
= —a3/Txd(§U2(x/2)pw(x)), zeC™.
o}

(5.13)
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On the other hand we see thatif a3 # 0 then the function B> (G, (z)) is not the Cauchy
transform of some signed measure. Indeed, it is easy to see, using direct calculations,
that

2

93 +
Zz_—4)3/2+g(z), ze€CT, (5.14)

By(Gy,, (2)) = (

where the function g(z) is analytic on C* and there exists finite limit, for every
—00 <l <t < —+00,

n
lim/%g(x +iy)dx. (5.15)
0
1
In addition we note that
; 1
li 3 dx = oo. 5.16
‘m/“((x+iy>2—4>3/2 e 10

0
3/2

Assume now that B>(G,,, (2)) is a Cauchy transform of a real-valued function w (x)
of bounded variation on every bounded interval and such that

o0
ldw(x)]
— <
1+ |x|
—00

Then, by Stieltjes—Perron’s inversion formula [1], we have

w(tr +0) —w(tp —0) B w(t; +0) —w(tg —0)
2 2
7
= —lim — [ IB2(Gp, (x +iy))dx. (5.17)

yl0 1T
|

Assuming in (5.17) #; := 3/2 and #, := 2, and taking into account (5.14)—(5.16), we
arrive at a contradiction. If a3 () = 0, then

2
oy x*—4x2 4+ 2 dx

By(G iy (2)) = —me G () =
' 2—4 " 2z ) 4—x2 z-—x
; 1 1
= —014/—d(—U3(x/2)Pw(X)), zeCt.
Z—X 4
-2

(5.18)
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6 Edgeworth expansion in the free CLT (the case 8, < o0, ¢ > 3)

In this section we prove Theorem 2.3 and Corollary 2.4.

Proof of Theorem 2.3 Recall that we denote by u,, the distribution of Y, in (2.1) for
the free random variables X ;. Our first step is to reduce the problem to the case of
bounded free random variables.

6.1 Passage to measures with bounded supports

Letn e N. Letg, € (0, 107121 be a point at which infimum of the function g,,2(¢)
from (2.16) is attained. This means that

4mgy . Pgr (s En/M) _
nga(n) =g, ¥+ %Sn .
q2

Without loss of generality we assume that
7](12(”)14(1211 + L3, < cy, 6.1)

where c¢; > 0 is a sufficiently small absolute constant. By Lyapunov’s inequality
B3 > mg/ 2 1, we obtain from (6.1) that n in this case has to be sufficiently large,
ie.,n > cfz,B% > cfz.

Consider free random variables X, X 1 )N(z, ... with distribution i = E(f()
such that fi([—e,+/n, eny/n]) = 1 and i(B) = w(B) for all Borel sets B C
[—~8nﬁ7 8nﬁ] \ {0}. Denote by fi, distribution of the random variable Y, :=
(X1 + -+ X,;)/+/n. In addition introduce random variables

X*-:X_A” X*.:Xl_An *_z)fz—An and Y*:w
. Cn 9 1- Cn 5 2 - Cn g e e n- ﬁ 5
where
A, = — / upu(du) and C,:=|1-— / uzu(du)
|u|>5nﬁ |u|>en/n
2\ 1/2
- / u p(du)
lul>en /1

Denote by 1™ and 1)) the distributions of the random variables X * and Y7, respectively.
We denote by mj and ., k =0, 1, ..., the moments and by B and B, k=0,1, ...,
the absolute moments of the distributions p* and fi, respectively. It is obvious that
m} = 0 and m} = 1. Using (6.1) we note that
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— _1 _ _
|An] < &, P70 @ D2 (1, e0/n) < —nqz(n)qun (6.2)

7

and

1 2
0= = — 122020 env/m) + Ap) = 3020 L. (6.3)

n

By (6.1)—(6.3), we obtain
1
Crl(enn/n + |An)) < 5\/E. (6.4)

It follows from (6.4) that the support of p* is contained in [—%\/ﬁ , %\/ﬁ]
By (6.1)—(6.3), we easily deduce as well that

Im} —ms3| < C, s — m3|+(C,° = Dms|+C, 7 BlA,lma+3A7 i |+ A, )
4
3~
Cn |m3_m3|+4|m3|77q2(n)qun+ﬁﬂq2(”)Lq2n
3 1
< G I ) (sl ) L
= zﬁnq2(n)Lq2ns (6.5)

and, using similar arguments,

. 4 s
By < C3Bs + —=ng2(M)Lgyn, mi < Cytiig + 5L3ung2(M)Lygyn.  (6.6)

Jn
Let T be a random variable with distribution 14, 0,0. Denote by fi4, 0,0 the distri-

bution of C, T + \/nA,.
By the triangle inequality, we have

Ay Hay,0,0) < A(n, fin) + Alfin, fa,,0,0) + A(fla,,0,05 Hap,0,0).  (6.7)

First we establish with the help of Proposition 3.5

A, fin) < 1A, 1) < np({lul > ea/n)) < &, P20~ @D2p, (1, e43/n)
= nq2(n)qun- (6.8)

Recalling the definition of 14, 0,0 (see (2.13) and (4.1), (4.4)), we note that 114, 0,0

is an absolutely continuous measure with the support on [a,, —2, a,, +2] and its density
has the form

V4 —(x —ap)?/Qr(1 +ayx)), when x € [a, —2,a,+2]. (6.9)
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This density does not exceed 1 on the set [a, — 2, a, + 2] and is equal to 0 outside of
this set, therefore we easily deduce the following upper bound, using (6.2) and (6.3),

VA,
C

n

- 1
A, 00 10,00 = ¢( 5 =1+ YZ) S enpLyn.  (610)
n

Finally we note that A(fiy, fla, 0,00 = A(K), ia,,0,0). Our next main aim is to
estimate this quantity.

By Proposition 3.1, G (z) = 1/Fy: (2), z € Ct, where Fy: (z) := Fy+(Z(y/n2))
/+/n. Here Z(z) € F is the solution of the Eq. (3.11) with u = u*.

Consider the functions

S@) = %(z +VZ-4). 5,0 = 26w/,
Sn1(2) = an‘i‘l(Z_an‘i‘m)v ZG(C+.

2

Note that1/S(z) = G, (z), where i, denotes the semicircle measure. Since S, € F,
we saw in Sect. 3 that there exists ft, € M such that 1/S,(z) = G, (z). In addition,
it is easy to see, that 1/5,1(z) = G, ,,(2)-

In order to estimate A(u), iq,,0,0) we will apply the Stieltjes—Perron inversion
formula to the measures p and g, 0,0. For this we need further estimates for
|Gz (2) = Gy, 00(2)] 0N c+.

6.2 The functional equation for the function S, (z)

Using (2.7) with i = u*, we write, for z € CT,

ZG e (Z(2) = 1 + o 4 ] /”3“*(‘1”)
e T 2@ ] 26 —u
1 m 1 u® W (du)
= . (61
1+Z2(Z)+Z3(z)+Z3(Z)R/Z(z)—u ©.11)

The Eq. (3.11) with & = u* may be rewritten as
G (2@)(2(@) = 2) = (1 = D = Z@Ge (Z@), z€C. (6.12)

By (6.11) and the definition of S,(z), we represent (6.12) in the form

1 n1(2) _on—11 m3 + ry2(2)
(1 + nS2(z) * ns,%(z)) @) =2 === Sn(2) (1 " 1Sy (2) )
(6.13)
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for z € Ct, where

_ [t du) _ [ et
I’nl(Z) = / m, rnZ(Z) = / m +I’I’l3 — ms. (614)
R R

By (6.1) and (6.4), we obtain from Lemma 3.4 for © = u* the bound

|Z(V/n2)| >/ (n—1)/8, zeCt. (6.15)

The functions 7, (z), j = 1, 2, are analytic on CT and with the help of the inequalities
(6.3)—(6.6) and (6.15) admit the estimates, for z € CT,

3 52
T B e (e

N2 Lgan) < S4Lan,

IIZ(fz)I—Iull_ N f «/_
lul<} v/
u® W (du) N 52mj
n S s, — < - — n
2@l / Izl — gl T Ji @
MES VA
53m
< f4 + 33/Ang2 (W) Lo (6.16)
We deduce from (6.13) the following relation
SP(2) — 282(2) + (1 + &1 (2)Sn(2) + €n2(z) =0, z e CH, (6.17)
where
1 m3
<9n1(Z) = _rnl(z) and 8n2(Z) =—+ Vn3(Z) =ay + l’n3(Z) (618)
n N
with
_ 1\ rn2(2) m3
7,13(Z) = (1—;)7_—(1+VHI(Z)) nﬁ

6.3 Estimates of £,1(z) and £,(z)

By (6.16), we obtain

537 L
3] < 2 4+ 3000 () Lggn + — 2l (1 + 54L3n) + ; e C*. (6.19)
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Note thatmy < B, (s,zln)(d'“ﬁ)/ 2. By (6.16), (6.19) and the last inequality, we have,
forze Dy :={zeCT:0<3Jz<3,|Nz| <4},

L 1
et (2)] < 542 < —, (6.20)
n 10

Bayng2(n) 2|zl + L3, 11

I3 (D)) < S3=EES 4 31020 Logn + ———— = 56102(1) Lgzn + —
(6.21)

and
1

len2(2)] < 5677q2(”)Lq2n +2L3, < W (6.22)

6.4 Roots of the functional equation for S, (z)
For every fixed z € C*, consider the cubic equation

P(z,w) i= w’ —zw® + (1 + &1 (@)w + £,2(2) = 0.
Denote roots of this equation by w; = w;(z), j =1, 2, 3.

We shall show that for z € Dy theequation P (z, w) = Ohas aroot, say w; = wi(z),
such that

w1 = —dp + rpa(2), (6.23)
where the quantity r,,4(z) admits the following bound
Irna(2)| < 10%r, where 7 := () Ly, + L3, (6.24)

In addition |w; + a,| > 10%r, j =2, 3.
Indeed, introduce the polynomials

Pi(w) :=w® —zw? and Pry(w) = (1 4 &1 (2)w + £n2(2)
=1+ e @)W + &23(2)),

where €,3(2) := €,2(2)/ (1 +€,1(2)). They admit the following estimates on the circle
lw + a,| = 10%r

IPLw)| < [w*(lw —z]) < 21w + an|* + a2 (w + an| + |z + ayl)
<2(10%2 + a)(r + 11/2) < 12(10*72 + a2) < 24r (6.25)
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and

|Py(w)| = |1+ &1 (@I + €232 = (1 — |£41(2)DI10%r — |£43(2) — anl|.
(6.26)

Since, by (6.20), 1 — |e,1(2)| = 9/10 and, by (6.20)-(6.22),
len3(2) — anl < [ru3(2)| + 2|en1 (D len2(2)| < 57,

we see from (6.26) that | P, (w)| > 36 r. This estimate and (6.25) gives us the inequality
|Pi(w)| < |P>(w)| on the circle |w + a,| = 10%r and the desired result follows from
Rouché’s theorem.

6.5 The remaining roots w, and ws of the Eq. (6.17)

Now we shall investigate the behavior of the roots w = w,(z) and w = w3(z). As
seen in Sect. 6.4 wy(z) # wi(z) and w3 (z) # wi(z) for z € Dy. We shall construct
aset Dy C D1 where wa(z) # w3(z), z € Dy. Since P(z, w) = P3(z, w)(w — wy),
where

Pi(z.w) :=w’ — @ —w)w + 1+ &1 () — wi(z — wy),
we see that wy = w3 for z € D such that

(z—w)® — 41+ £,1(x) — wi(z — w)) = 0. (6.27)

We conclude from this relation that z = £2,/1 + €,1(2) + w% — wj. Therefore, as
it is easy to see from (6.20) and (6.23), (6.24), the relation (6.27) does not hold for
ze€ Dy, where Dy :={z €C:0 <3z <3, [Nz —ay <2—h}andhy :=c; "%
Hence the roots wi(z), w2 (z) and w3(z) are distinct for z € D».
Now we see that the roots w; and w3 have the form

1 .
wj = E(z —wi+ (—1)1*‘,/g(z)), j=2.3, (6.28)

where g(z) = (z —w1)> —4—4¢e,1(z) + 4w (z—w) # 0 forz € D,. In this formula
we choose the branch of the square satisfying /g(i) € C*.
Using (6.23), we rewrite (6.28) in the following way

wj = %(z tan + (DTN @ an)? = 4= dan @+ an) +rus(@) ) - %m(z)

1 : 1
= ap + §<z —ap + (—1)’_1\/(Z —ap)? —4 —daj + rnS(Z)) = 57 (@),
(6.29)

@ Springer



Edgeworth expansions in free probability theory 135

j =1,2, where
Tu5(2) 1= —4en1(2) + 2z + 6a, — 3r34(2))1n4(2).
From (6.20) and (6.24) it follows that the following estimate holds, for z € Dy,

s ()| < 4len1(2)| 4 2lz] + 6lan| + 3[rna(2)DIrna(2)]

L
< 216=% 4+ (10 + 6L3, + 300r)10%r < 11007 (6.30)
n
Using (6.30) we obtain
4a2 — rps(2) 1104 r 16 1
< <1104 < —, Ds. 6.31
C—an?—4l= p - T Sy f572 (631

1/2

By power series expansion of (1 +z)'/<, |z] < 1, we obtain, for z € D>,

n6(2)

V (Z_an)z _4’

where |r,,6(z)| < 1004r. By this relation, we see that, for z € D>,

JGE—a? —4— 402 £ 15 = Ve —a? — 4+

wj = a5 (G = a0 + (-1 G an? —4)

2
_1)i-l
g Y s (2)

2 2 Je—a?-4

Let us show that S, (z) = w3(z) for z € D,. By (6.1), (6.23) and (6.24), we see
that |wy(z)] < 1/6 for z € D,. Since S,(z) satisfies the Eq. (6.17) and, by (6.15),
|S,(z)| > 1/3 forall z € C*, we have S, (z) = wa(z) or S,(z) = w3(z) for z € D>.

First assume that, for every zg € Dj, there exists ro = ro(zo) > 0 such that
Su(z) = w;(z) forall z € Dy N {|z — zo| < ro}, where j = 2 or j = 3. From
this assumption it follows that S,,(z) = w;(z) forall z € D;, where j =2 or j = 3.
Furthermore, it is not difficult to see that the roots w; (z) and w3 (z) admit the estimates:
lwa(z)| < 4/3 for z € Dy, and |w3(z)| > 3/2 for z € D, and Iz > 2. The analytic
function S, (z) € F, by (3.6), satisfies the inequality IS, (z) > Jz. Hence, under the
above assumption S,,(z) = w3(z) forall z € D».

Now assume that the above assumption does not hold. Then there exists a point
z0 € D, such that, for any ro > 0, there exist points 7/ € D, and z” € D5 in
the disc |z — zo| < 7o such that S, (z") = wa(z) and S,(z") = w3(z”). Let for
definiteness S, (z0) = w2(z0). By this assumption, there exists a sequence {z};Z; such
that zx — zo and S, (zx) = w3(zx). Therefore we have w;(z0) = limy, _, ;, w3(zx).
Using (6.32), rewrite this relation in the form

j=23. (6.32)
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1 1 n6(20)
M —ar - Vo —ar—4) - T L
a, + 7 (ZO ay (zo — an) 4) B (rn4(Z0)+ (20 — an)? — 4)

1 | I n6(2k)
LY S “ a2 —a) 4o __Mmelz) )
anct 5 (20 =tV = an? = 4) 43 lim (s -2 5)

(6.33)

From (6.33) we easily conclude with r as in (6.24)

TV < 1Vt =] < 1004 (V2T 1)

a contradiction for sufficiently small ¢; > 0. Hence, the first assumption holds only
and S, (z) = w3(2), z € Ds.

Denote by Bj the set [-2 + hy + a,, 2 — hy + a,]. Recall that b = cl_l/6r (see
the definition of the set D»).

6.6 Estimate of the integral fBl |G iy 00(x +i€) = Gux(x +ie)ldx for0 <e <1
We obtain an estimate of this integral, using the inequality

/ |G g, 00 +i8) = Gpur(x +ie)ldx < / |G g, 00 +ie) — Gy, (x +ie)ldx
B B

+/ |G, (x +ig) — Gpux(x +ie)|dx.

B
(6.34)
Therefore we need to evaluate the functions
G'uﬂn,oso (Z) - G/)«n (Z) and G,lln (Z) - G}LZ (Z) (635)
forz € D).
For z € D,, using the formula (6.29) with j = 3 for S, (z), we write
1 1 Sn1(z) — Sn(2)
G, (@) — Gy, 40 = - =
" Han 00 Si@)  Su@ Su(@)Se(2)
1
= —\r Z
285,1(2)5:(2) (@
N 4a? — rps(2) )
V@ —a)? =4+ /(z—an)? —4—4a2 +rys5(2)
(6.36)
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By (6.31), we have, for z € D>,

‘x/(z—an)2 —4+\/(z—an)2 —4—4al +rys5(2)

= ‘\/(z —an)? —HI1+/1 — (42 — a5/ (= — an)* - 4)’
> W(z )’ —4\. (6.37)

In addition, we see from (6.15) that |S,(z)| > 1/3 for z € CT. The same estimate
obviously holds for |S,1(z)].
Therefore we can conclude from (6.36) and (6.37) that

1 1
G ie) — G je)|dx = — d
/‘ i+ 18) “""'O'O(xﬂg)‘ * /Sn(x+ia) Sur(x +ie) |
B B
9 4q? -
E'/(lrn4<x+ie)|+ G s E 1) )dx (6.38)
2J Ve —ay +ie)> =4
1

forO <e < 1.
From (6.24) it follows at once that

/|rn4(x +ig)dx <4-10%, ee(0,1]. (6.39)

By

From (6.30) we conclude that, for the same &,

<4416r. (6.40)

/ 4a? + |rps(x +ie)

dx
dx < 1104r/—
IV (x —ay +ie)? — 4| J V- —an)?
1

It follows from (6.38)—(6.40) that

By

/ ‘Gﬂn(x +ie) = Gpy oolx + ie)‘ dx <3-10%, ee (0, 1. (641
By

Now we conclude from (6.11) that

77(2)

- + 6.42
s C<E (6.42)

Gu:(2) —Gp,(2) =

where

1 rn1(2)
nS2(z) nS(z)

m1(2) 1= 6.43)
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Since |S,(z)| > 1/3 for z € CT, we see from (6.16) that

9(1 + 54L3,)

lrn7(2)| < € D;. (6.44)

Therefore, we deduce from (6.42) and (6.44) the upper bound

[rp7(x +i8)| Iy < 2. 102

, €€ (0,1].
[Sh(x +ig)l ©1]

/ |Gz (x +ie) — Gy, (x +ig)|dx <
B By
(6.45)

From (6.34), (6.41) and (6.45) we finally obtain

/|G,lan,0,0(x +ig) = Gur(x +ie)ldx <4-10%r, € (0,1].  (6.46)

By

6.7 Application of the Stieltjes—Perron inversion formula

By (6.9), we have the relation

V4 —( _an)z
/ + / ——dx

dx =1—
/Pﬂan,o,o(x) X 27 (1 + a,x)

B [2—hi+an,2+an]  [-2+ay,—2+h1+ay]
> 11— (6.47)

From (6.46) and (6.47) we conclude, using the Stieltjes—Perron inversion formula,

wiB) = 1= @ 10% + o7 A = 1= @10t ) r
>1—@4-10°+Dr (6.48)

Finally we deduce from (6.46)—(6.48) and the Stieltjes—Perron inversion formula that

A ay00) < 01 = (n2 ) Lagn + L3,). (6.49)

6.8 Completion of the proof of Theorem 2.3

The statement of the theorem follows immediately from (6.7), (6.8), (6.10) and (6.49).
O
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Proof of Corollary 2.4 ltis easy to see that the assertion of Corollary 2.4 follows from
Theorem 2.3 and from the following simple formula, for x € R and n € N,

(00.)) — (=00, 1) = — 2 (22 = 1)y ) e (721)

—00, X)) — —00,x)) = ———=(x" — X))+ | — .
Ma,,0,0 Hw 3«/ﬁ Pw «/ﬁ

Proof of Corollary 2.5 The assertion of Corollary 2.5 follows immediately from
(2.20) and Proposition 3.6. O

7 Edgeworth expansion in free CLT (the case 8, < o0, ¢ > 4)

In this section we prove Theorem 2.6 and Corollary 2.7. The proof of the theorem
is similar to the proof of Theorem 2.3 but with some essential technical differences.
Therefore we describe in detail those arguments which differ from the proof of The-
orem 2.3 and omit arguments which directly repeat the arguments of Sect. 6. We
preserve all notations of Sect. 6. Denote as well

Sp2(z) :=an+%((1 + by)(z — an)+\/(1 — bn)z(z —ap)? —4(1 - d,,)), zeCt,

where a,,, b, and d, are defined in Sect. 2. The function Sy,»(z) € F and 1/S,2(z) =
G 1oy b.an (2)> Where g, b, 4, 1s the free Meixner measure with the parameters a,, by,
and d,,, see (2.14).

The proof of Theorem 2.6 will be given in Sections 7.1-7.9. First we proceed to
study the following:

7.1 The passage to measures with bounded supports

Letn € N.Lete, € (0,107'/2] be a point at which the infimum of the function
8qn3(€) in (2.16) is attained. This means that

5—q3 + pq3(:u*a Sn\/ﬁ)s—%
—— &y .

Ng3(n) = &y (7.1)
Bas
Using this parameter &,, we define free random variables X, X, X5, ... and
X*, X7, X5, ... in the same way as in Sect. 6. We define probability measures
fn, ¥, in the same way as well.
Without loss of generality we assume that
77q3(n)Lq3n + Lap < c2, (7.2)

where ¢; > 0 is a sufficiently small absolute constant. From (7.2) it follows that n
is sufficiently large n > ¢, Iy > cy ! Here and in the sequel we use Lyapunov’s
inequality 1 = m;/z < ,331/3 < m}t/4.

Now we repeat the arguments of Sect. 6.1.
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Using (7.2) we note that
1) _—
|An] <&y @V @02, (s, /n) < fnqz(qu}n (1.3)

and

1
0< = = 1= 2ot env/n) + A7) < 30g3(1) Lgsn. (7.4)

n

By (7.3) and (7.4), we see that (6.4) holds and the support of u* is contained in
[—3/7, 3/n].
Recalling (6.5) and (6.6), we easily deduce, by (7.2)—(7.4), that

|m§ - m3| =< 2\/577(]3(”)[«]3/1,
ImZ — my|
Cy g — ma) + (C7% — Dma + C 4 (41 Ay i3]
+6A2 iy + 4l A, Pl | + A
4~ 5|m3| +1
=< Cn |4 — my| + 5m47]q3(n)Lq3n + T’?zﬂ(”)l‘q;n

(=AY (e 2
< Cn_48n (93 4)n (93 4)/2pq3(u, en/n) + 5m4(1 + ;)nq3(n)Lq3n
< 2nng3(n)Lysn (1.5)

and
BE < CyBs + 6Lanng3(n) Lysn. (7.6)
By the triangle inequality we have
A(pns kn) = A, fin) + Afn, Kn) + Alkn, kn), (1.7

where, for x € R,
1
Kn((—=00,x)) 1= lla,,,bn,dn((_oo, x)) + ’_lS:rl((_oo, x))
1
= Way by.d, (00, (X — \/ﬁAn)/Cn))"i';gn((_OO’ (x — V/nA,)/Cp)).

Note that A(fi,, Kn) = A(), kn).
First we establish with the help of Proposition 3.5

A, fin) < 1A, @) < np({lul > ea/n)) < e, Pn=B=D2p, (1, e4/n)
= 77q3(”)Lq3n~ (7.8)
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We saw in Sect. 4 that, for n > 3my, (14, p,.q4, 1S an absolutely continuous measure
with support on the set B, := [a, — 2/en, an + 2/e,] and density of the form

VA1 —dy) — (1 = by)2(x — ay)?
= , B>. 7.9
Pranman ) = o C e —boyx 41—y~ €52 (7.9)

This density does not exceed 1 on the set B> and is equal O outside of this set.

The signed measure g, has density p.,, see (2.25), which does not exceed 1 by
modulus on the set B, and is equal to zero outside of B,.

Therefore, in view of (7.2), a simple calculation shows that

- - | B 1 nA
A(ky, kp) < A(Man,bn,dnv Ha,,,b,,,d,,) + ;A(gnv Sn) < C(C_ -1+ \/; n)
n n
— _1 _ _
< cey PTG 00 (1, env/n) < g3 () L. (7.10)

Our next aim is to estimate the quantity A(u};, «,,). In order to estimate A(u}:, «,)
we need to apply the inversion formula to s and «;,. We shall now derive the necessary
estimates for |G .z (z) — G, (2)| on C*.

7.2 The functional equation for S, (z)
Using (2.7) with i = p*, we write, for z € CT,

/u%*(du)
Z3(2) Z4(Z) Z4(z) Z() —u’

(7.11)

*
1 m3

Z(2)Gu(Z(2)) = 1+ 2@ +

By (7.11) and the definition of S,,(z), the Eq. (3.11) with u = ©* may be rewritten as

(1+ nsn;@ i n3/;7_15'§2(z) mijs;;)&))(s”(@ -
=i ﬁné(z) i mzn:,%i;@) 71
for z € C*, where ¢,1(2) := [ %.
We deduce from (7.12) the following relation, for z € Cct,
550 =510 + 510 + 22280 + 2225, - P25 0. 713

where ,2(2) := m} — z//n, £,3(2)(2) 1= m} + L1 (z) — zm3//n and £,4(2)(z) =
m} + £,1(2). Note that the functions ¢,;(z), j = 1,2, 3, 4, are analytic on Cct.
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7.3 Estimates of the functions ¢,;(z), j = 1, 2, 3 on the set D

From (7.2) and (6.4) we deduce, using Lemma 3.4, that (6.15) holds. Therefore, in
view of (7.4) and (7.6), we arrive at the estimate

ul® pdu) _ 5285 Bs
1 (2)] < < <532 4312 Lo
m@ls [ S <2 e sy,

MENG
By (8%,1)(5—43)/2
<53 ——————— 4312 L
= \/ﬁ + fnq3(n) q3n
< 54nng3(n)Lysn, z€CT. (7.14)

For z € Dy, by (7.5) and (7.14), we get the bounds

'g”ff)' < 2Ly + 13 (M) Lgwn).

1$n3(2)] < mj + 1601 (2)] T 5|m§|
n - n n3/2
[£n4(2)| < mz + 1¢n1(2)]

n - n

< 2L4n + 56 n43(n) Lysn (7.15)

< L4y + 56 g3 (n)Lq3n-

7.4 The roots of the functional Eq. (7.13) for S, (z)

For every fixed z € CT consider the equation

§n2(z)w2 n Cn3(Z)w _ tna(2)z
N n n?

Denote the roots of the Eq. (7.16) by w; = w;(z), j = 1,...,5. Let us show
that for every fixed z € D; the equation Q(z, w) = 0 has three roots, say w; =
w;(z), j =1,2,3, such that

0(z, w) = w’ — zw* + w’ + =0. (7.16)

lwil <7’ :=15(Lay + ng3(m)Lgsn)"/?, j=1,2,3, (7.17)

two roots, say wj, Jj =4,5,such that [w;| > r" for j =4, 5. Recalling (7.2) we see

that the bound r’ < m holds.

Consider the polynomials

0@ o n @) §n4(2z)z
n

7 - and Or(w) := w’.

Q1(z, w) := w — zw* +

The following estimates hold on the circle |[w| = 7’ for z € Dy: |w|]® = (') |w]? <
107w, and |zw*| = |z|r'|w|® < 55|w[>. Since nr’ > 15,/mz > 15m; = 15 and,
by Proposition 3.6, r’ > 15L3,, we have as well, using (7.15),
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52@I 5 1@l 15w

ﬁ |w |_ ﬁ r/|w| S 5 )

L@ @] 1 5 4w]?
=l = el =

na (@] 160 @) 2] 4zl 5 4w
2 =0 (/)3||—15r|w|S 45

We see from the last five inequalities that | Q1 (z, w)| < §| 0> (w)| on the circle |w| =
r’. Therefore, by Rouché’s theorem, we obtain that the polynomial Q1 (z, w) + Q2 (w)
has only three roots which are less than r” in modulus, as claimed.

Represent Q(z, w) in the form

0(z, w) = (w? + s1w + 52)(w> + grw? + gow + g3),

where w3 4+ g1w2 +gow+ g3 = (w—wp)(w — w2)(w — w3). From this formula we
derive the relations

tn2(2)
si+gl=—2, Sotsigitge=1, g +sig+g="r",
Jn
£n3(2) Cna(2)2
5282 + 5183 = " , $283 = — n > (7.18)
n n
By Vieta’s formulae and (7.17), note that

g1l <3r', gl <302 g3l < (). (7.19)

Now we obtain from (7.18) and (7.19) the following bounds, for z € Dy,

1
Is1] <543r, |1 =8| <3r@r" +5) <16/ < X (7.20)
Then we conclude from (7.5), (7.15), (7.18)—(7.20) that, for the same z,
£na(2) t3(2) | Im3llzl 1] ls2 = 1] 18n3(2)]
g2 = 2L < oo — 22 1< gl + 2 R ()3
n n |s2] |s2]
< 11" + 80" + () = 20¢)°. (7.21)

Denote a;; := m}//n, py := L}, —1/n := (m} — 1)/n and p, := (m4 — 1)/n.
By (7.5), it is easy to see that

w  Im3—m3|
la, —a,| = T < 2n43(n)Ly;, and
. (7.22)
5| lma — my]|

lon — oy, < 2n43(n)Lyzn.

From the first three relations in (7.18) it follows that
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81+ 287 = an + puz + Lus(2), (7.23)

where

é“nl(z)z (g2 B {,,4_(z))
n

tns(2) 1= 72— 81 +2g182 — g3 — (an — a}) — (pn — p})z.

By (7.14), (7.19), (7.21) and (7.22), we get the following estimate, for z € Dy,

(@) = LI ], I ©)

(2)
2L el + letl + 2l 2] + Leal
+la, — Cl*| + lon — Pnl
< 274n43(0) Lgyn + 146(+)? < 8- 10° (nq3(n)qun T L3/2) (7.24)

Rewrite (7.23) in the form

tns(2)
14+ g1z

— 1) +ang1z +

1
g1l +ayz) = a, + ppz + (ay +/0nZ)(
1+ g1z

Taking into account (7.19), (7.24) and Proposition 3.6 this relation leads us to the
bound, for z € Dy,

lg1 — an — (pn — @)z

la3z?| |anonz?| lang?z?|
Tl 4anzl 1 +anzl |14 anzl|l + 812l
lpng12%| s (2)]

1 +anzlll + g1zl 1+ anz||l + g12|
< 50L3, + SOL3yLup + SO0L3,(+')2 + 150 Ly’ + 16 - 10° (nq3(n)LW, + L3/2)

<18-10 (nq3(n)Lq3n + L3 2). (7.25)

To find the roots w4 and ws, we need to solve the equation w? + sjw + 55 = 0.
Using (7.18), we have, for j =4, 5,

w; = %(—Sl + (—1)‘/\/S12_—432)
= %(z Fan+ (17 @+ g — 40+ G+ gng — g2))
= (et e+ e g 4 -4 - 02)) = 36600 +an
2 (0 4@ —an + D1 =0 @ =@ —4(1 ) + ),

(7.26)
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where

tn6(2) i= g1 — an — by(z — ay),
£n7(2) i= —=386(2) — 28u6(2) (4an + (1 + 3b,) (2 — ay))
+4(g2 — Lan) — 4by(z — ay)2ay + by (z — ap)). (7.27)

We choose the branch of the analytic square root according to the condition
Swy (i) > 0. Note that the roots w4(z) and ws(z) are continuous functions in D;.

7.5 Estimates of the functions ¢,6(z) and ¢,7(z) on the set Dy

We obtain, by (7.25),

A

160601 < 18+ 10° (g3 Lygn + L37) + lanbal

IA

(18 10° + 1) (ng3 (0 Lz + L)) (7.28)
By (7.14), (7.21) and (7.22), we have

182 = Lan| < 561143(0) Lgsn +200")° < 10°(ng3(m) Lgn + L3,)).  (7.29)
Then, using (7.2), (7.28) and (7.29), we easily deduce from (7.27)

1207 @)| < 3126217 + 212n6(2) | Alan| + (1 + 3by) (2] + |an])) + 4182 — Lan|

+4b, (I2] + lan ) 2lan| + ba (12| + lan]))

<3. 107(17q3(n)Lq3n + Li,/f). (7.30)

7.6 The roots w4 and ws

We saw in Sect. 7.4 that w4 (z) # w;(z), z € Dy, for j = 1, 2, 3. Returning to (7.26),
it follows from (7.30) that w4(z) # ws(z) for z € D3, where

2
D31={ZE(CZO<S‘ZS3,|§RZ_an|S__hZ]

€n

where ¢, := (1 — b,)/+/1 — d,, and hy := c2_1/6(nq3(n)Lq3n + Li/lz)

Since the constant ¢co > 0 is sufficiently small, we have, by (7.30), for z € D3,
15 @I/ 1((1 = b,)* (2 — an)® — 41 —dy)| < 4-107¢)/° <1072 (731)
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Therefore, using power series expansion of (1 + z)l/ 2 |z] < 1, we obtain, for the
same z,

VA= 5)2G = an)? — 41— dy) + £37(2) = V(1 = b)?(z — an)? — 4(1 — dy,)
+ CnS(Z)
VA = b2z —an)? —4(1 —dy)

where |,3(z)] < 4 - 107 (nq3 (n)Lgzn + Li/qz). By this relation, we see that

w;j(z) = an + %((1 +ba)@ = an) + (=D (1 = b) (e — an) — 4(1 — d,,))

(=1’ Zng(2)

2 A =b)2z—an)? —4(1—dy)
j=4,5, (7.32)

1
+§Cn6(z) +

for z € Dj.

Let us show that S,(z) = wa(z) for z € D3. By (7.2) and (7.17), we see that
|lw;(z)| < 1/6 for z € D3. Since, in view of (6.15), |S,(z)| > 1/3 forall z € CT, we
have S, (z) = wa(z) or S, (z) = ws(z) for z € Ds.

Assume that, for every zo € D3, there exists ro = ro(zo) > 0 such that S, (z) =
wj(z) forall z € D3 N {|z — zo| < r}, where j =4 or j = 5. From this assumption
it follows that S, (z) = w;(z) for all z € D3, where j = 4 or j = 5. By (3.6), we
have |S,,(2i)| > 1. In addition it follows from (7.17) and (7.26), (7.28), (7.30) that
|wg(2i)] > 1 and |w;(2i)| < 1, j =1,2,3,5. Hence in this case S,(z) = w4(z) for
z € Ds.

If the above assumption is not true, there exists a point zo € D3 such that, for any
ro > 0, there exist points z € D3 and z”” € Dj from the disc |z — zg| < rg such
that S, (z') = w4 (z’) and S, (z") = ws(z”). Let for definiteness S, (zg) = ws(zo). By
assumption there exists a sequence {zj },‘zil such that z; — zo and S, (zx) = w4 (zx).
Therefore we have ws(zo) = limg, , ;, w4(zx). Rewrite this relation, using (7.32),

an 5 (1450 Go = an) (1= 500 — an? —4(1 ~ i)

Zn8(20) )

VA= b)2(z0 — an)? — 4(1 — dy)

=a, + %((1 + by)(z0 — an) + \/(1 - b,,)z(zo —an)? —4(1 - d,,))
CnS(Zk)

VA = b))%z — an)? — 41 — dy)

1
+§(Cn6(Z0) -

1
S
+2 Zk1—r>nzo

(7.33)

(Cm(Zk) +

From (7.33) we easily conclude
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71/12

\/(1 —by)* (20 — an)? — 4(1 — d,)

<4107\ g3 ) Ly + L2 (e

3/2
\/nq3(”)Lq3n +L; / =

3/2
+\/77q3(n)Lq3n + L / ),

which leads to a contradiction for sufficiently small ¢, > 0. Hence our assumption
holds and S, (z) = w4(2), z e Ds.

Denote by Bj the set [ - = + hy + ay, e— hy + an]

7.7 Estimate of the integral fB3 |GM?§ (x+ie) = Gpuypa, & Hie) — %(G#an,hn,dn
(x +ie))|dxfor0 <e <1

We obtain an estimate of this integral, using the inequality

1
/ |Gz (x +ie) — Gy, 4 (X +i6) — ;(Guambm (x +ie))?| dx

Bj
< / G gy .0y (X +i8) — G, (x +ig)| dx
Bj3
1
+/ |G, (¥ +18) = Gy (x +i8) = ~ Gy, 0,0 + ie))*| dx.
B3

(7.34)

Therefore we need to evaluate the functions G, , , (z) — Gp,(z) and G, (z) —

G () — (G, (2)3 for z € D3,
For z € D3, using the formula (7.26) with j = 4 for S,,(z), we write

1 1
Sn2<z>sn<z)( REIS (Z)) = Si(2) = 51(2) = =5 L6 2)
_l §n7(z)
2/ =bp)2(z—an)? =41 —dp) +v (1 =bp)2(z—a)? — 4(1—dy) +L07(2)

(7.35)

Using (7.31) we get, for z € D3,

‘\/(1 - bn)2(Z - an)z -4 —d,) + \/(1 - bn)z(z - an)z —4(1 —dy) + Ln7(2)

= VA =5,)7G —a? =40 -4,

1+ 60@/((1 = b2 — an)? — 41 — )|
> V(1= b2z — an)? — 4(1 — dy)]. (7.36)
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It is easy to see that the bound |S,(z)| > 1/3, z € C™T, holds for S,»(z) as well.
Therefore in the same way as in the proof of (6.39) and (6.40) we conclude from
(7.28), (7.30) and (7.35) that

1 1
G; ie) — G )| dx = - d
/ ‘ MHn ('x + 18) Rap by dn ('x + 18)‘ X / S,,(x T 18) Sn2(x i 18) ‘ X
B3 B3
9 . +ie
= —/ (|§n6(X+18)| + 7 (x + i) )dx
2J V(1= b)2(x — ay +ie)> — 4(1 — d,)|
2
<c (nqa(n)qu + Li,/f). (7.37)

Now we deduce from (6.11) with the probability measure ©*, involving &, intro-
duced in (7.1), the relation

1 rn1(2)

= + 7.38
nS}z) nS}(z)’ < 739

Gup(2) = G, (2) —

where the function r,1(z) is defined in (6.14). Since (6.20) holds for r;,1(z), we see
that

[rn1(2)] L3,
< 1458 —, z € Ds. 7.39
n|S3 ()| n 3 (7-39)

Since, for the same z,

1 _ 1
Sp@)  Sh(z)

1 _ 1 ‘( 1 n 1 )
Sa(2) S INSh()I?  1Sp2(2)?
1 1
S Sn@)!

=2

< 36( (7.40)

we obtain, using (7.37)—(7.40) and Proposition 3.6, that, for 0 < ¢ < 1,

1
/ ‘Gm; (x +i8) = G, (x +18) = (Gl .0, + is))3‘ dx
Bj
1
< / ‘Gﬂz(x +ie)— Gy (x +ig) — —(Gp (x + is))3‘ dx
n
Bs
I
+— / ((Guun.bn,dn (+ie) — (G, (x + ie))3‘ dx

B3

<c (nq3(n)Lq3n + Lif,z). (7.41)
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From (7.34), (7.37) and (7.41) we finally get, for0 < ¢ < 1,

1
/ |G,L: (x +ie) — Gﬂan,bn,dn (x +ie) — ;(Gﬂan,l»n.d,, (x + ig))3| dx
Bj

3/2
=c (nq3(n)Lq3n + L4,/1 ) (7.42)

7.8 Application of the Stieltjes—Perron inversion formula

Using (7.9), we have the relation

/ Prtay gy () x = 1= 132, (7.43)
B3

where p,,, , , (x) denotes the density py, , , (x) of the measure 14, b, .q, It is not
difficult to verify that

e CH,
Z— X Z—X

G @) _/gnl(dx) _/Pgm(x)dx
ap by dn = ——=|

R

where

1
Pan @) i= (40 = dy) = (1 = b2 = @)D

3(A+by)x+ (1 - bn)an)2 + 1 - bn)z(x - an)z —4(1 —dy)
- Gux® + (1= by)agx + 1 — dy)?

forx € By and p.,, (x) = O forx ¢ B,. Therefore we easily deduce the obvious upper
bounds

/ Py (X) dx| < chy?, / Py () dx < chy? and Algu1, Gn)
B3 R\ B3

<c (|an| + L4n). (7.44)
From (7.42)—(7.44) and the Stieltjes—Perron inversion formula we conclude that
* 3/2
Hn(B3) = 1= ¢ (g3 Lgsn + L3)). (7.45)

We finally conclude from (7.42), (7.44), (7.45) and the Stieltjes—Perron inversion
formula that

A k) = ¢ (M3 Logn + L3)7). (7.46)
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7.9 Completion of the proof of Theorem 2.6

The statement of the theorem follows immediately from (7.7), (7.8), (7.10), (7.46) and
Proposition 3.6. O

Proof of Corollary 2.7 Recalling the definition of the density py,, , , (x) of the mea-
sure [La,.b,,d, forn > c2_1m4, we see that

pﬂan,bu.dy, ('x + an)

= iJ(4<1 —dp) = (1= b)?x2) 4 (1 + dy — by — anx — (by — ay) (x* = 1))
2

+cO(Lgy +a2)*?,  x eR.

In addition we have, for x € R,

1 X
5 [ Jaa ===y du

1 1
= (1= dy + b ((—00,)) + (5 = b) x5/ (4 =) + coL]”

and, for x € (<[, [,), where [,, := max{2, 2/e,},

‘\/(4(1 —dp) — (1 = by)°x%) 4 — \/(4 —x2),
< cLyy
a \/(4(1 —dy) — (1 —by)%x2), + \/(4 _ x2)+'

Using these formulae and the following obvious relations
1 1
/x\/4—x2 dx =—3(4—x2)3/2 and /(xz—l)\/4—x2 dx = —Jx(4 - x2)3/2,

we obtain from (2.26), using some simple calculations, the representation (2.27). 0O
Appendix 1: Proof of Theorem 2.1

In this Appendix we keep the notations of Sect. 6.

Passage to measures with bounded supports

Letn € N.Lete, € (0,107'/2] be a point at which the infimum of the function
gqn1(e) from (2.16) is attained. This means that
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3—qi pql(/"‘?n\/ﬁ)g—ql
D 2 TN ot

Ng1(n) == &,
Bar
Using this parameter &,, we define free random variables X , X 1 5(2, ... and
X*, X1, X3, ... in the same way as in Sect. 5. We define probability measures

fns o = [10,0,0, ¥, s in the same way as well.
Without loss of generality we assume that

Ng1(M)Lgn +1/n < c3, (8.1

where c3 > 0 is a sufficiently small absolute constant.
Using (8.1) we note that

1Ap] < e V=@, egn/R) < —=1141(1) Loyn (8.2)
f
and
1
0< C_ —-1< 2(,02(/1,, 8;1«/—) + A ) < 377111(”)[4(1111' (8.3)
n

By (8.1)—(8.3), we obtain that (6.4) holds and the support of p* is contained in
[—4/n, $4/n]. By (8.1)~(8.3), we easily deduce as well that

- 4
By <C 3B+ ﬁnm(n)Lq.n. (8.4)

By the triangle inequality, we have
Apns tw) = Aln, fin) + Alfn, fow) + Ay, fw)- (8.5

Furthermore, we have the following inequalities

A, fin) < &7 'n= =D 0. (11, £4/1) < 01 (W) Ly

(8.6)
~ —(q1—1)  —(g1—
ALy, hw) < c&y @ )}’l (@ 2)/2,0111 (1, En\/ﬁ) =< qul(n)qun-

Our next aim is to estimate A(fl,, fly) = A(U), L)
As in Sect. 6, let Z(z) € F be the solution of the equation (3.11) with u = p*.

Denote S, (z) := Z(y/nz)//n.
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The functional equation for S, (z)

Using the formula

u’ p* (du)

Z(z)—u’ ®.7)

1 1
Z()Gu+(Z(2) =1+ Z2(2) + Z2(2) /
R

and the Eq. (3.11) with u = wp* we arrive at the following functional equation for
Sn(2)

Sp(2) — 282 (@) + (1 + (@) Su (@) — (1 + Vn(Z))i =0, zeC", (88

where 1, (z) 1= fR %. From (8.1) and (6.4) we deduce, using Lemma 3.4, that

(6.15) holds. Therefore, in view of (8.4), we obtain

Irn(2)] < 20 - 53é + @n 1) Lgn = 541q1(0) Lygyn < =X (8.9)
— \/ﬁ - ﬁ n q qn — q a1 10

for z € C*. Note that we obtain the functional equation (8.8) from (6.17) replacing
€n1(z) by rn(z) and ex2(2) by —(1 + rn(2))z/n.

The roots of the functional equation for S, (z)

For every fixed z € CT consider the cubic equation
z
P(z,w) :=w® —zw? + (1 +ry(@)w — (1 + r,,(z)); =0.

As in Sect. 6 denote the roots of this equationby w; = w;(z), j =1, 2, 3. Repeating
the arguments of Sect. 6.4 we prove that

3

w1=f—l+fn(z), where [, (2)] < (8.10)

n2’
and lw; — z/n| > 10°/n%, j = 2,3, for z € Dy. Hence w; # w; for j = 2,3 and
z € Dq.

Asin Sect. 6.5 we obtainthat wy # w3 forz € Dy :={z € C:0 < Jz <3, |Nz| <
2 — h3}, where h3 = cgl/ﬁ(nql(n)qun + 1/n). Hence the roots wi(z), wa(z) and

w3(z) are distinct for z € D4. Moreover wi(z) satisfies, by (8.1) and (8.10), the
inequality

lwi(2)| <6/n, z¢€ Dy. (8.11)
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Using the arguments of Sect. 6.5 we deduce the formula (6.28) for z € D4 where
g(2) == (z — wi)?> —4 — 4r,(2) + 4w (z — wy) # 0, z € Dy. Then we rewrite the
formula (6.28) as follows

wj = %(z F (=i~ —4+F,1(z)) @, j=12 812

2

where 7, (z) 1= 2zw1(z) — 3w12(z) —4r,(z). By (8.9) and (8.11), this function admits
the bound, for z € Dy,

Fa(@)] = 101w1 @]+ 3[w1 @) + 417 ()] = 280 (mg1 () Lyy + 1/n). (8.13)

In the same way as in Sect. 6.5 we obtain that S,(z) = w3(z), z € D4. Denote
By :=[-2+ h3,2 — h3].

Estimate of the integral fB4 |G, (x +ie) = Gux(x +ie)ldxfor0 <e <1

We obtain an estimate of this integral, using the inequality

/lGMw(x—i—is)—G,L;(x—i—isﬂdx 5/|Gﬂw(x+i£)—G[Ln(x+is)|dx
By By
+/|G'an(x+i8)—Guz(x—i-ié‘ﬂdx.

By
(8.14)

Evaluating the function G, (z) — G, (z) for z € D4 in the same way as in Sect. 6.6,
we arrive at the bound

/ Gy (x +i8) — Gj (x +ig)|dx < ¢ (nql(n)qun 4 1/n). (8.15)
By

Now we conclude from (8.7) that

1+r,(2)

_ C*t. 8.16
nS3(z) c ( )

Gu(2) —Gp,(2) =

Since |S,(z)| > 1/3 for z € CT, we see from (8.9) and (8.16) that

1+ |rp(x +ie)]

G ie) — Gy je)|dx < _
[ 16 +i0) = G iolar = [ LICRE

By By

120
<—, e€(0,1] (8.17)
n
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From (8.14), (8.15) and (8.17) we finally obtain

/ |G iy (x + i) — Gz (x + i8)| dx < ¢ (nql(n)qun + 1/n), e (0,1].
By
(8.18)

Completion of the proof of Theorem 2.1

Note that

/pﬂw(x)dx >1-m (8.19)
By

From (8.18) and (8.19) we deduce, using the Stieltjes—Perron inversion formula,

1B = 1= (1) Lyyn + 1/n). (8.20)

Finally we deduce from (8.18)— (8.20) and the Stieltjes—Perron inversion formula that

A ) = € (N1 Ly +1/n). (8:21)

The statement of the theorem follows immediately from (8.5), (8.6) and (8.21). O

Proof of Corollary 2.2 The inequality (2.18) follows immediately from (2.17) and the
Lyapunov inequality 1 = m;/ 2 < /3,}/ “forq > 2. O
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