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Abstract In this paper, one investigates the transportation-information 7./
inequalities: o (7. (v, n)) < I(v|u) for all probability measures v on a metric space
(X, d), where p is a given probability measure, 7. (v, u) is the transportation cost
from v to pu with respect to the cost function c(x,y) on & 2 I(v|p) is the
Fisher—Donsker—Varadhan information of v with respect to © and « : [0, 00) —
[0, oo] is a left continuous increasing function. Using large deviation techniques, it
is shown that 7,/ is equivalent to some concentration inequality for the occupation
measure of a p-reversible ergodic Markov process related to 7 (-| ). The tensorization
property of 7./ and comparisons of 7./ with Poincaré and log-Sobolev inequalities
are investigated. Several easy-to-check sufficient conditions are provided for special
important cases of 7,.I and several examples are worked out.
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670 A. Guillin et al.

1 Introduction

Let M{(X) be the space of all probability measures on a complete separable metric
space (X, d) and consider the cost function c(x, y) : X2 = [0, +oo] withe(x, x) =0
(for all x € X), which is lower semicontinuous on X2. Given u,v € M;(X), the
transportation cost T, (v, u) from v to u with respect to the cost function c is defined
by

Te(v, ) = inf //C(x,y)ﬂ(dx,dy) (1.1)
TeM(X2)my=v,m1=1
XZ
where mo(dx) = n(dx x X), m1(dy) = n(X x dy) are the marginal distributions
of 7. When c(x,y) = dP(x,y) where p > 1, (T.(v, u)/P = W,(v, ) is the
L?- Wasserstein distance between v and .
The relative entropy (or Kullback information) of v with respect to p is given by

/flogfdu, if v« and f;=j—;
X

HWlp) = (1.2)

+00, otherwise.

The usual transportation inequalities for a given p € M;(X), introduced by Marton
[32] and Talagrand [38], compare the Wasserstein metric W, (v, u) with the relative
entropy H (v|u). The following extension of these inequalities:

a(Te(v, ) = Hwp), Vv e M(X), (TcH)

has recently been proposed and developed by Gozlan and Léonard [22]. Here
a : [0, 00) — [0, +00] is some left continuous and increasing function with @ (0) = 0.

Let us denote
a®() = sup(hr — a(r)) (1.3)

r>0

the monotone conjugate of «. With « as above, one sees that a® is the restriction to
[0, 00) of the usual convex conjugate &* (L) = sup, g (Ar —a(r)) of & (r) = 1,>00(r),
r € R. We also denote i (v) := [ vdp.

As an extension of the Bobkov and Goétze criterion [4], we have

Theorem 1.1 (Gozlan and Léonard [22]) Let (X,),eN be a sequence of X valuedi.i.d.
random variables with common law | and o be moreover convex. Then the following
properties are equivalent:

(a) The transportation inequality T, H holds;

(b) For any couple of bounded and measurable functions u,v : X — R such that
u(x) —v(y) <c(x,y) over X2 log fX Mdu < ap@) +a®R), YA > 0;

(¢) Forall n>1 and r >0 and for any couple of bounded and measurable func-
tions u,v : X — R such that u(x) — v(y) < c(x, y) over X2, the following
concentration inequality holds P (}l Do u(Xp) = p(v) + r) < e naln),
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Transportation-information inequalities 671

The main purpose of this paper. In this paper, instead of the transportation-entropy
inequality 7. H, one investigates the following transportation-information inequality

a(Te(v, ) = I(vlp), Vv e Mi(X) (T.I)

for some given probability measure . Here 7 (v|w) is the Fisher—Donsker—Varadhan
information of v with respect to p

EWF N ifv=fu, JfeDE) (1.4)
.¢]

I(v =
wlr) {—F otherwise

associated with the Dirichlet form £ on L? (i) with domain D(E).

Notation. In the special case where c(x, y) = d”(x, y), we use the notation W[
instead of Tyy 1. In particular, Wy I stands for T;1.

Organization of the paper. This paper is organized as follows. In the next section
we characterize 7./ by means of concentration inequalities for the empirical means
L;(n) = % fé u(Xy) ds of observables u, extending Theorem 1.1 from i.i.d.sequences
to time-continuous Markov processes. The method of proof is borrowed from [22]
who proved Theorem 1.1 by means of large deviations of the empirical measure of
an i.i.d. sequence. Here, it relies on the large deviations of the occupation measure of
(X;). The tensorization of 7,1 is proved, and the relations between W> I, Poincaré and
log-Sobolev are exhibited with the help of [34].

In Sect. 3, W1 is proved for the trivial metric d(x, y) = 1,4, with the sharp con-
stant in terms of the spectral gap as well as a sharp Hoeffding concentration inequality
for Markov processes.

For a general metric, using Lyons—Meyer—Zheng forward—backward martingale
decomposition, we obtain in Sect. 4 a sharp W; [ inequality under the spectral gap
existence of the Markov diffusion process in the space of Lipschitz functions.

Finally in Sect. 5 we propose a practical Lyapunov condition for W;/ (or a more
general Tg I') which, although not providing the sharp constant, yields a good order.

About the literature. Let us give some historical notes on the usual transporta-
tion inequality W, H. Marton [31] first noticed that Wi H implies the concentration
inequality for u by a very elementary and neat argument, and she established W1 H for
the law of a Dobrushin-contractive Markov chain in [32]. Talagrand [38] established
Wy H for the Gaussian measure p with «(r) = r/2C and provided the sharp constant
C (this particular case of 7. H is often called Talagrand’s transportation inequality).
Bobkov and Gotze [4] obtained the characterization of W, H in Theorem 1.1 with
[p = 1, o quadratic] and [p = 2, « linear]. Otto and Villani [34] proved that the
log-Sobolev inequality is stronger than Talagrand’s transportation inequality and pre-
sented a differential geometrical point of view on M1 (X') equipped with the W;-metric.
Bobkov et al. [3] shed light on a profound relation between Talagrand’s transporta-
tion inequality, log-Sobolev inequality, inf-convolution and some Hamilton—Jacobi
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672 A. Guillin et al.

equation. Djellout et al. [13] obtained a necessary and sufficient condition for Wi H
with a quadratic « by means of the Gaussian integrability of d(x, x¢) under x, and
gave a direct proof of Talagrand’s transportation inequality for the law of a diffusion
process by means of Girsanov’s formula, without appealing to log-Sobolev inequal-
ity. See Fernique [17], Feyel and Ustunel [18], Bogachev and Kolesnikov [5] for the
approach of Girsanov’s transform to optimal mass transportation and 7. H.

Bolley and Villani [6] and later Gozlan and Léonard [22] refined the result of
[13] under a Gaussian integrability condition. Cattiaux and Guillin [9] constructed
the first example for which Talagrand’s transportation inequality holds but not log-
Sobolev inequality, and Gozlan [21] found a necessary and sufficient condition for
Talagrand’s transportation inequality with u(dx) = e V®dx on R when the
Bakry—Emery curvature V" is lower bounded. Otto-Villani’s differential geometrical
point of view on M1 (X’) equipped with the Wh-metric is very fruitful, as developed
by the recent works of [30,36,37]. The reader is referred to the textbooks by Ledoux
[27] and Villani [39,40] for further references pertaining to this very active field.

The transportation-information inequalities 7./ are new objects.

Convention and notation. Throughout this paper (X, d) is a complete separable
metric space with the associated Borel o-field 5.

— The space of all real bounded and B-measurable functions is denoted by b13.

— The functions to be considered later are assumed to be measurable without warning.

— For p,v e Mi(X), lv— pllty := sup,., < fud(v — ) is the total variation
norm.

— A cost function c is a non-negative lower semicontinuous function on X2 such that
c(x,x)=0forall x € X.

2 General results on 7.1

2.1 Markov processes, Fisher—Donsker—Varadhan information and Feynman—Kac
semigroup

The main probabilistic object to be considered in this paper is an X valued time-
continuous Markov process (€2, F, (X;)s>0, (Px)xex) with an invariant probability
measure 4. The transition semigroup is denoted (P;);>0-

Assumption: Ergodicity. It is assumed that the invariant probability measure u is
ergodic: if f € bB satisfies P, f = f, u-a.e. for all t > 0, then f is constant u-a.e.
Denoting Pg(+) := f x Px(-) B(dx) for any initial probability measure 3, the previous
condition on p amounts to stating that ((X;);>0, IP,) is a stationary ergodic process.

Assumption: Closability of the symmetrized Dirichlet form. It is assumed that (P;)

is strongly continuous on L*(u) := L*(X, B, ). Let £ be its generator with domain
D»(L) on L%(w). It is also assumed that

E(g,8) =(—Lg gy gehi(L)
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Transportation-information inequalities 673

is closable in L? (). Its closure which is denoted by (£, D(E)) is a Dirichlet form: the
symmetrized Dirichlet form associated with the Markov process (X;) (or (P;)). Notice
that (£, D(E)) corresponds to a self-adjoint generator £° (formally L7 = (L+L*)/2),
and P7 = ¢ L% is the symmetrized Markov semigroup of (P;). When P; is symmetric
on L%(1), the above closability assumption is always satisfied and the domain D(&)
of the Dirichlet form coincides with the domain D, (+/—L) in L?().

These above assumptions of ergodicity and closability of the Dirichlet form prevail
for the whole paper.

Fisher—Donsker—Varadhan information. The following definition is motivated by
standard large deviation results.

Definition 2.1 Given the Dirichlet form £ with domain D(E) on L2(w), the
Fisher—Donsker—Varadhan information of v with respect to u is defined by

Lol [E(JT, V. it v=fu VT eDE) o

+o00, otherwise.

Remarks 2.2 (I as rate function) When (P;) is p-symmetric, v — I (v|u) is exactly
the Donsker—Varadhan entropy i.e. the rate function governing the large deviation
principle of the empirical measure L; := % fot dx,ds for large time ¢. This was proved
by Donsker and Varadhan [15] under some conditions of absolute continuity and
regularity of P;(x, dy), and established in full generality by Wu [43, Corollary B.11].

Remarks 2.3 (Framework of Riemannian manifold) When i = e~V dx / Z (Z is the
normalization constant) with V € C! on a complete connected Riemannian manifold
X = M, the diffusion (X;) generated by L = A — VV - V (A, V are, respectively,
the Laplacian and the gradient on M) is u-reversible and the corresponding Dirichlet
form is given by

E4(g. 9) =/|Vg|2du, g eDE) = H' (X, 0
M

where H' (X, n) is the closure of C° (M) (the space of infinitely differentiable func-
tions f on M with |V" | bounded for all n) with respect to the norm /i (|g|% + |Vg|?).
It also matches with the space of these g € L2(M) such that Vg € L*(M - TM, w)
in distribution. In this case, if v = fu with0 < f € C'(M), then

1 [|Vf]? 1
om =/|Vﬁ|2du= Z/l ){' dp = JIr (1) 22)
X x

where Ir(f|w) is the classical Fisher information of the probability density f.

Feynman—Kac semigroup. The derivation of the large deviation results for L; as ¢
tends to infinity is intimately related to the Feynman—Kac semigroup
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674 A. Guillin et al.

t

Pl'g(x) :=E"g(X;) exp /u(XS)ds . 2.3)
0

When u is bounded, (P}) is a strongly continuous semigroup of bounded operators
on L%(1) whose generator is given by L"g = Lg + ug, forall g € Dy (L") = Do (L).
It is no surprise that this semigroup also plays a role in the present investigation.

2.2 Characterizations of T,/

Recall that Kantorovich’s duality theorem (see [40]) states that for any v, u € M7 (X)
so that T, (v, u) < 400,

T.(v, ) = sup /udv—/vdu 2.4

(u,v)ed,

where @, := {(u, v) € (bB)? : u(x)—v(y) < c(x, y), Y(x, y) € X2}. This motivates
us to introduce as in [22]

To(v, nu) = sup /udv—/vdu 2.5)

(u,v)ed

where ® C (bB)? (non-empty) satisfies

(Al) u <vforall (u,v) € ®;
(A2) Forallvy, vy € M (X), thereexists (u, v) € ® suchthat [udvi— [vdvy > 0.

Note that for (Al) and (A2) to be satisfied when ® = &, it is enough that

c(x, x) =0 for all x. The main result of this section is the following generalization
of Theorem 1.1.
Theorem 2.4 Let ((X;)i>0,Py) be a stationary ergodic Markov process with the
symmetrized Dirichlet form (£,D(E)), ® be as above and o : [0, 00) — [0, 00]
be a left continuous increasing function such that «(0) = 0. Consider the following
propetrties:

(a) The following transportation inequality holds
a(To(v, ) = I(|w), Vv e M(X) (To1)
(b) Forall (u,v) €e ®andallx,t >0
1P 2y < e/t )] 26)
where Pt)‘“ is the Feynman—Kac semigroup (2.3) and a® is defined at (1.3).
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Transportation-information inequalities 675

b)) Forall (u,v) € ®andallx >0

t

1
limsupglog]E,Lexp A/M(Xs)ds < @) +a®O)
—00
0

(c) For any initial measure B < p with dBjdu € L*(w) and for all (u, v) € ® and
r,t >0,

t
Py % / u(Xg)ds = p) +r | < H% e @.7)
0

(¢") Forall (u,v) € ® and for any r > 0, there exists B € M{(X) such that 8 <K i,
dpld € L (1) and lim sup,_ o, + log Py (; Jru(Xy)ds > p(v) +r) < —a(r)

We have

1. (a) = (b) = b)) and (a) = (c) = ().
2. Ifais convex, then (a) < (D).
3. If (Py) is symmetric on L*> (1), then (a) < (c) < (¢)).
If furthermore o is convex, (a), (b), (b), (¢) and (c') are equivalent.

Its proof is postponed to the end of the paper. From Theorem 2.4 we derive easily

Corollary 2.5 (The inequalities W1 (c) and W»>1(c)) Let ¢ > 0 and let (X;) be a
w-reversible and ergodic Markov process such that f d?*(x, x0) dp(x) < +o0.

1. The statements below are equivalent:
(a) The following W11 (c) inequality holds true:

Wi, p) < 4c* I(v|p), Vv e Mi(X); (W1i1(c))

(b)  For all Lipschitz function u on X with |lu|lLip < 1 and all »,t > 0,

1Pl 20 < oxp (1o +22%1)

(c) For all Lipschitz function u on X with |ullLip < 1, u(u) =0andall A > 0,

t

1
lim sup — log E,, exp X/u(XS)ds < a2
—>+00 t 0

(d) For all Lipschitz function u on X, r > 0 and B € Mi(X)such that

dpfdp € L*(w),
dp exp tr?
2 4c2||ullg;, )

1
1
Pg| - [ uXs)ds = u(u)+r | < ||—
t 2
0
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676 A. Guillin et al.

2. The statements below are equivalent:
(a) The following W11 (c) inequality holds true:

Wi, 1) < 4c* 1 (vlw), Vv e M(X); (Wal(c))

1
— Qv _t_
(b) Foranyv € bB, [P |2, < €™, Vi > 0 where
Qv(x) = ingf{v(y) +d? (x, y)} is the so-called “inf-convolution” of v;
ye
L

ou L (S

(c) Foranyu € bB, | P* 22 < e u), vVt > 0 where

Su(y) = sup{u(y) — d*(x, y)} is the so-called “sup-convolution” of u.
xeX

Notation. The best constants ¢ > 0in W11 (c) and W> 1 (c) will be denoted, respec-
tively, by cw, 7 (i) and cw,1(n).

Remarks 2.6 (i) The best constants cw, () and cw,1(1) depend on the metric d
and the Dirichlet form £. Of course cw, 1 (1) < cw,1(u).
(i) The above corollary may be seen as the counterpart of Bobkov—-Gotze’s
characterizations of W, H (p = 1, 2) for Markov processes.

The following simple example illustrates difference between W1 and W, 1.

Example 2.7 (Bernoulli distribution). Let u be the Bernoulli distribution on
X = {0,1} with u({1}) = p € (0, 1). Consider the Dirichlet form £(g, g) =
(g(1) — g(0))%. By Theorem 3.1-(a) in Sect. 3, we see that

Wi (v, 1) < pgl (v]w)

where W is built with the trivial metric. The constant pgq is sharp. However u does
not satisfy any W»1(c) as is easily seen with v = u, = (1 + eg) .

Remarks 2.8

In all concentration inequalities of L,(u) in this paper, ||[dB/du]|> is used (which
may become very big if B = 8, and X is discrete); however in the study of the
relaxation time 7, = inf{¢; |BP; — ulltv < e~'}, one can control it in terms of
H (B|n) by assuming the log-Sobolev inequality (see the course of [35] and references
therein). We believe that the main reason for this difference resides in the nature of
our problem: the empirical measure L;(u) = % fol u(Xy)ds contains the whole sample
path X, 0 < s < ¢ (unlike the relaxation problem). To avoid the term ||dB/d |2 in
our estimates, one can combine the relaxation time idea with ours in the following
ways. Consider instead of L;(u), L;(u) 007 = % TT+Z u(Xy)ds (where O is the shift
such that X; o 7 = X74,). We have

1
Pp(Li(u) o0 € ) =Pppy (Li(u) € ) = SlvPr — pllry + Ppu(Liu) €)
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Transportation-information inequalities 677

where the first term at the r.h.s. can be controlled as in [35] and the last term by
those in this work. A slightly different way is to use the following relaxation time
T := inf{r > 0; ||d(BP;)/dull2 < e}, which can be estimated by the hypercon-
tractity and the entropy H (8|u), and then apply our result to Pg(L;(u) o 07 € -) =
Psp; (% fot u(Xs)ds € -).Considering L;(u)o07 is very natural: before T', the process
is too far from the equilibrium measure .

2.3 Relations between W31, Poincaré and log-Sobolev inequalities

In the rest of the paper we are interested in two particular cases of T.1: Wi (c) and
W11 (c) introduced at Corollary 2.5.

Notation (Spectral gap). As usual, one says that p satisfies a Poincaré inequality if

Var, (g) <c&(g,8), Vg eD(L) (2.8)

for some finite ¢ > 0. We denote cp(ut) the best constant ¢ in the above Poincaré
inequality. It is the inverse of the spectral gap of L.
The following result is just a reformulation of the work of [34].

Proposition 2.9 In the framework of Riemannian manifold in Remarks 2.3, the fol-
lowings hold.

(a) Ifthe log-Sobolev inequality below
HW|p) <2cl(vlp), Vv

is satisfied, then wu satisfies W> 1 (c).
(b) Wal(c) implies the Poincaré inequality with constant c, i.e., cw,1(1t) > cp(lL).
(c) Assume that the Bakry—Emery curvature Ric + HessV is bounded from below
by K € R, where Ric is the Ricci curvature and HessV is the Hessian of V.
If Wal(c) holds with cK < 1 (this is possible by Part (a) and Bakry—Emery’s
criterion in the case K > 0), then we have the following log-Sobolev inequality

Hw|w) <2Q2c—c*K) I(v|w), Vv

Proof Before the proof, let us remind the reader that / = Ig/4 where Ig is [ in
Otto—Villani’s paper [34].

e (a). The proof is direct, as by Otto and Villani [34] or Bobkov et al. [3] a logarith-
mic Sobolev inequality implies the W> H (sometimes called 7>) inequality so that
Wa (v, ) < /2cH(v[p) < 2c+/T(v[p) which is the announced conclusion.

e (b). The proof follows from the usual linearization procedure. Set u, = (1 +eg)u
for some smooth and compactly supported g with [ gdu = 0, we easily get

limg_q (e |,u)/s2 = %Ev (g, g) and by Otto and Villani [34, p. 394], there exists

r such that fg2 dp < JVév(g, g)%g’“) + gW%(ug, w). Using now Wa1(c) we
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678 A. Guillin et al.

get

T(pelp)  4re?
/gde,SZC\/EV(g,g) Mz'u +TI(M5|N-)-

&€
Letting & — 0 gives the result.

e (c)is adirect application of the HWI inequality [34, Theorem 3] in the Euclidean
case and [3] for a general Riemannian manifold: H (v|u) < 2Wa(v, w)/1(v|pn) —
K72
bl W2 (Us M) . O

2.4 Tensorization of T.1

Assume that u; € M (AX;) satisfies
o (Te; (v, i) < Li(vlpi), Vv e Mi(X) (2.9)

where I; (v|u;) is the Fisher—Donsker—Varadhan information related to the Dirichlet

form (&;, D(E;)), and «; is moreover convex. On the product space X := I, &

equipped with the product measure u := ®!_, u;, consider the sum-cost function

n
@ici(x,y) = D clxi,yi), ¥x,yex™ (2.10)
i=1
and the inf-convolution of («;)
n n
o0 - -Ooy(r) := inf [Za(r,-); ri >0, Zrl- = r] . (2.11)
i=1 i=1

It also shares the following properties of every «; : it is increasing, left continuous and
convex on R* with a(0) = 0 (see [22]). Define the sum-Dirichlet form of ®;&; by

D(@:&):=18€L*(w) : g € D(&), for p-ae. £ and /Z&(gi,gi)du<+oo

o =1
n
& 0= [ e edu ¢eDE) 2.12)
X i=1
where g; (x;) := g(X1, ..., Xi, ..., Xy) With X; := (X1, ..., Xi—1, Xi+1, - .., X) fixed.
Theorem 2.10 Assume (2.9) for eachi = 1, ..., n with a; moreover convex. Define

¢, a, &, respectively, by (2.10)~(2.12). Let I, £,(v|10) be the Fisher—-Donsker—Varadhan
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Transportation-information inequalities 679

information associated with (®;&;, D(®;&;)). Then
Ol]l:l e DOln(T@Ci(U, M)) = IGB,'(‘:,' (Ulu)v Vv e Ml (X(n)) : (213)

This result is similar to [22, Corollary 5], but the proof will be different. It is based
on the following sub-additivity result for the transportation cost of a product measure,
which is different from Marton’s original result [31] where an ordering of sites is
required.

Lemma 2.11 Let n = ®_, ;. Given a probability measure v on [[}_, Xj, let v; be
the regular conditional distribution of x; knowing X;. Then with the cost function c¢
given at (2.10), Tge, (i, v) < [ >0 Te, (i, vi)dv.

Proof Let (Z; = (X;,Y:))i=1,..n be a sequence of random variables valued in
]_[l’-l:l Xl.z defined on some probability space (€2, F, P), realizing Tg, (1, v), i.€.,
the law of X = (X;)i=1,..nis t = ®;’:1,u,~, the law of ¥ = (¥;)j=1 .. is v and
E>ci(Xi, Yi) = Tae, (1, v).

For each i fixed, construct a couple of r.v. (f( i Y, i) so that its conditional law given
(Z)ji is a coupling of (u;(dx;), v;(dx;|Y;, j # i) and P-a.s.,

.....

Elci(Xi, YDIZ;, j # il = Ty (Wi, viClYj, j #0)).

Obviously (X, j # i; X i)and (Y;, j #1; 17,-) (more precisely their joint law) consti-
tute a coupling of (11, ). Thus B> ¢ (X, ¥)) < E[X . ¢;(Xj, Y)) +ci(Xi, ¥)]
or Ec; (X;, ¥;) < Ee;(X;, ¥i) = BT, (i, vi (Y}, j # i)). Consequently

n n
Toe, (10, v) =B T (Xi, Yi) E D T (uis vi (1Y), j # 1))
i=1 i=1

n
- /z TC,‘(Miv vi)dv'
i=1

O

The following additivity property of the Fisher information will be needed. It holds
even in the dependent case.

Lemma 2.12 Let v, u be probability measures on [ [_, X; such that I (v|) < +o0,
let i, v; be the regular conditional distributions of x; knowing X; under i, v. Then

Igg; Wlw) =B D Li(vil ). (2.14)

Proof Let f =dvidu. Thendvidu; = f/iui(f) = fi/wi(fi), v-a.s. (recalling that f;
is the function f of x; with x; fixed). For v-a.e. X; fixed,
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680 A. Guillin et al.

N e fi fi \_ v o o o7
liilp) = & (\/ wi () m(ﬁ)) m(ﬁ)‘f’(ﬁ’ Vi

(for w; (f;) is constant with x; fixed). We obtain

E’ Zl(v,m,)—E”fZ (f ,<ﬁ,f)—E“ZE(ﬁ,f)
=ea,-&~(f, V) = I, 0lw),

which completes the proof. O

The above additivity is different from the super-additivity of the Fisher information
for product measure obtained by Carlen [7].

Proof of Theorem 2.10 Without loss of generality we may assume that  (v|u) < +o0.
For simplicity write « = a1+ - - U,,. By Lemma 2.11, Jensen’s inequality and the
definition of «,

a(TEBC,- v, n) <« (EU z Tc,' i, Wi ) <E'« (Z Tc, i, Wi )

i=1

<E¥ Zal(Tc,(Vlv wi)) < E” Zl (vilpi).
i=1
The last quantity is equal to Igg, (v|u), by Lemma 2.12. O

As an example of application, let (Xf),zo, i = 1,...,n be n Markov processes
with the same transition semigroup (P;) and the same symmetrized Dirichlet
form £ on Lz(u), and conditionally independent once (Xf)),-zl,w,, is fixed. Then

=(X ,1, ..., X}") is a Markov process with the symmetrized Dirichlet form given
by

n
®.8(8.9) = [ 2 £ g nidn) - uidx)
i=1
which is the n-fold sum-Dirichlet form of £.
Corollary 2.13 Assume that  satisfies T.I on X with a convex. Then u®" satisfies

( T@,lc(l)v :u®n)
noey ——

) < Ig, e W), Vv € Mi(A™). (2.15)
n

In particular for all (u,v) € ®, for all initial measure B on X" with dfjdu®"
L% (u®") and for any t,r > 0,

dap
dlu@n )

e el (2.16)

'
11 :
Pg ZZ;/M(XD‘{SZM(U)-’_r <
i=1 0
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Proof As ot (r) = na(r/n), (2.15) follows from Theorem 2.10. Noting that for
u,v € O, Oy ulx;), >'_ v(x;)) as a couple of functions on X" belongs to
®g, ., we obtain (2.16) by Theorem 2.4. O

The tensorization of W)/ in the dependent Gibbs measure case is carried out in
[19].
3 Poincaré inequality implies Hoeffding’s deviation inequality
The purpose of this section is to establish
Theorem 3.1 Let ((X;), P,) be a stationary ergodic Markov process.
(a) The Poincaré inequality

Var, (g) < cp&(g,8), Vg € Da(L) (3.1

implies
v — lldy < dep I(vlp), Vv e Mi(X) (3.2)

and for u € bB so that |ulleo < 1, u(u) =0,

/ud(v —w < \/4CPI(v|pL) (Varﬂ(u) + a/CpI(v|,u)/2). (3.3)

In particular for every initial probability measure f < w with df/du € L ()
and for all u € bB with j1(u) = 0 and Var, (1) = o2 t,r,e>0,

t

Py %/uomds >r oY
0
|
du|l,
i i4(+2) H#—l
eXp| — o, Max | 5z deete 2e(e+02)?|lull%,
(3.5)

where §(u) 1= sup, yex lu(x) —u(y)| is the oscillation of u.
(b) Conversely, assume that (P;) is symmetric on L*(u). If there is some
left-continuous and increasing o : RY — RY with a(1) > 0 such that

a(llv—pulrv) = 1(vln), Yve M(X), (3.6)

then the Poincaré inequality (3.1) holds with cp < 1/a(1).
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Remarks 3.2 (1) Letd(x, y) =1,y (the trivial metric) and ® = {(u, u); 6(u) < 1}.
Then %Hv —ullrv = Wi(v, n) = Te(v, ). Hence (3.2) is exactly the inequal-
ity T I or W11 (c) with 4¢% = cp. In the symmetric case, ,/cp/4 < cw, (1) <
Jcp/2 by (b).

(i) Lezaud [28] proved a better deviation inequality using the asymptotic variance
V) = limy_ o %Var]pﬂ ( fé u(Xs)ds) in the central limit theorem instead
of Var, (1), which is sharp in the moderate deviation scale (r very small),
nevertheless his proof involves Kato’s theory of perturbation of operators and
difficult combinatorial techniques. Our result (3.3) is similar to [8].

Proof of Theorem 3.1 e (a). Equation (3.4) follows by (3.2) and (3.3) by Theorem
2.4. We first prove the transportation inequality (3.2). To this end recall the fol-
lowing known inequality in statistics (see [20]) %Hv — ,u||%v < d%{(v, w2 —
d%, (v, )] where d3, (v, p) = 3 [(1 — /P?dp = 1 — u(J/F) is the square
of the Hellinger distance between v = fu and u. The above right-hand side is
exactly 1 —[1(y/f)1? = Var, (v/f). Inother words we have for every j1-probability

density f,i.e. f > 0and u(f) =1,

I fu — wlldy < 4Var, (/). (3.7)

Now for every probability density f so that ./f € D(£), we have by (3.7) and

the assumed Poincaré inequality, é—ltllv — uldy < Var,(VF) < €T VF) =

cpl (v|) which is (3.2).

For (3.3) it is enough to prove that if |[u]|oo < 1, u(u?) < o>(< 1), then for every
probability density f

/u(fd,u —dp) < \/4Var#(\/?) (02 + \/Varﬂ(\/?)/Z) (3.8)

Indeed by Cauchy—Schwarz inequality

/ u(fdp — dp) < / / W/F — 2 / W27 + D2y

= /4Varﬂ(ﬁ) / w2 (Vf 4+ D2dp/ul(/f + 1?2

which gives us (3.7) (again). By the fact that § (u?) < 1, [u?d(v—p) < |lv—pllTv/2,
we get by (3.7)

/ W D2/ ul(V+D < p@w?) +\/Varu (/ F 4+ D2 ul(/f+12] )
<o 4/ Var,(\/f)/2

which yields (3.8).
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e (b). This converse part is based on the following well known fact ([11]): 1/cp >
inf peB.u(py<1/2 Ao(D), where Ag(D) = inf £(g, g) with the inf taken for all
g € D(E) such that ||gll> = 1 and g = 0 a.e. on D€, is the Dirichlet eigen-
value restricted in D. For any such domain D and g, letting v := g%u, by the
assumed Ty I and the fact that ||[v — u|ltv > [v(D) — w(D)| 4+ |v(D) — u(D°)| =
2(u (D) — v(D¢) > 1 we have

E(g,8) = Egls Igh = Twlw) = a(lv — ulltv) > a(l)
where it follows Ag(D) > «(1) and then cp < 1/a(1). m]

Note that W I for the trivial metric implies W1 I for any bounded metric. So our next
purpose is to obtain W11 for unbounded metrics. Our study is naturally separated into
two sections. Next Sect. 4 is concerned with estimating sharply cw, ; under Lyapunov
spectral gap condition. In Sect. 5, Lyapunov function conditions for Wi/ or more
general Tg [ are taken into consideration.

4 Spectral gap in the space of Lipschitz functions implies W; I for diffusion
processes

Let ((X;),P,) be a reversible ergodic Markov process with generator £, Dirichlet
form (£, D(€)) and with continuous sample paths valued in some separable complete
metric space (X, d) (called Markov diffusion). We assume that (£, D(£)) is given
by the carré-du-champs I' : D(E) x D(E) — L'(u) (symmetric, bilinear definite
non-negative form):

E(h, h) =/F(h,h)du, Vh € D(E). 4.1)
X
The continuity of sample paths of (X;) implies that I is a differentiation (cf. Bakry
[11), that is: for all (hx)1<k<n C ID(E), g € D(E) and F € C}l (R™),

n
C(F(hy,...,hn),8) = ZB,-F(hl, cooshp)l(hi, 8).
i=1

Theorem 4.1 Assume that fX d*(x, xo) du(x) < +oo and for any g € CLip(X, d)
bounded with u(g) = 0, then g € D(E) and

I'(g.8) <oligllLip, w-as. 4.2)
and there is some h € D, (L) such that —Lh = g (u-a.e.) and a w-continuous version

h of h satisfying ~
IAllLip = CligllLip 4.3)
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where o, C > 0 are fixed constants. Then for any g € CLip(X,d) and any convex

function ¢ on R,
13

Eﬂ(b /g(Xs)dS < EH¢(3262C2||g||%ipl) (44)
0

where B is a standard Brownian Motion. In particular

t
d
Eg exp )»/g(Xs)ds < ||d—’3||2ekz("c)2”g“iip‘, VAER, t>0. (45
W
0

and p satisfies WiI(oC) on (X,d). Furthermore let V(g) = lim;_ %Varpu
(fotg(Xs)ds) and cp = cp() < C, we have for all . € R,t > 0, p > 1
(and 1/p+ 1/g = 1),

t

dp 22 2, 4y 4
Egexp | A | g(Xs)ds Sllallzexp t 7PV(g)+ZP qep(@C)lIgllisp | ) -

0
(4.6)

Remarks 4.2 (i) Let C&p be the Banach space of those g € CL;p with u(g) = 0,
equipped with || - ||Lip. Hence the best constant C in (4.3) is exactly

=0 o, -
By the spectral decomposition we always have (cf. [45, Lemma 5.4])
C= ||(—E)_1||C&p = ||(_£)_1”LZ(;L)ﬂ{geLz(u);u(g)ZO} = cp(i).

But the converse is false: the symmetric exponential measure ;& = %e“”dx on
R satisfies the Poincaré inequality but the associated Dirichlet form
E(g,g) = f]R g 2du does not have spectral gap in C&p w.r.t. the Euclidean
metric.

(ii)) The concentration inequality (4.5) and its equivalent Wi (o C) are sharp, as
seen for one-dimensional Ornstein—Uhlenbeck process. The estimate (4.6) for
p close to 1 is sharp in the moderate deviation scale (A very small) and extends
the result of [28] to unbounded g.

(iii)) Kleinetal. [26] developed convex concentration inequality (4.4) for semimartin-
gales instead of S;(g), by means of a forward-backward martingale calculus,
but their result cannot be applied directly here.

(iv) In [25], Joulin obtained a similar result for Markov processes with jumps.

Proof of Theorem 4.1 Let ® = {(g, g); llgllLip < 1, g bounded}. Then Wi (v, u) =
To (v, 1) by Kantorovich-Rubinstein’s theorem. Let us verify that (b) of Theorem 2.4
holds.
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For any g € Cpjp with || gllLip < 1,1let h € CLyp (D2(L) such that —Lh = g.

Hence
t

M, (h) = h(X,)—h(Xo)+/g(Xs)ds and

0
t

M?(h) = h(Xo) — h(Xy) +/g<xs)ds
0

have the same law under P, by the reversibility of ((X;), P,). Consequently from
Lyons—Meyer—Zheng’s forward—backward martingale decomposition

t

1
Si(g) = / 8(Xy)ds = Z(My(h) + M (), 4.7
0

it follows that for any convex function ¢ on R, E,¢(S;(g)) < %Eﬂ[d)(M, (h) +
oM (h)] = E,¢M;(h)). As M;(h) is a (forward) continuous martingale,
M;(h) = B, where (B;) is some Brownian motion with respect to another time-
changed filtration (.7:",), andt; = (M(h));isa (ﬁ,)—stopping time (a well known result).
Since by our conditions (4.2) and (4.3), (M (h)); = Zf(; C(h, h)(X,)ds < 2(cC)?t,
by Jensen’s inequality we obtain for all convex function ¢ on R that E,¢(S;(g)) <
E¢(Br,) = E@(El[By )| Fr) < Ed(Byscy2,), Which is (4.4). Applying this to
d(x) = ™, we get (4.5) for B = . Hence Theorem 2.4-(b') holds with & =
{(g,8); llglLip < 1, g bounded} and a(r) = r?/(4(cC)?), and Theorem 2.4 also
gives us (4.5) for B.

For (4.6), it is enough to show it for § = u by Theorem 2.4 and for g with
llglliLip = 1. By Holder’s inequality,

22 p2 1/p 22 1/q
B, e*S®) < B, oMM < (EM exp (ApM, - T”<M>t)) (IEM exp ( 2 <M>t))

2.2
where M; = M;(h). Since exp (ApM, — AT"’(M),) is an exponential martingale,

its expectation is 1. To estimate the last term above we use the analogue of (3.2) at
Theorem 3.1, given by Theorem 2.4(b). Noting §(I" (%, h)) < ||[T'(h, h)|lco < (ch)2
and 2u(I"(h, h)) = V(g), this provides us with

) t
A" pq _ 2
E, exp (M)i ) =Eyexp | A°pq [ T'(h, h)(Xs)ds
0
22 14202
< exp (r [7qu(g) +=—LL. cp(acr‘D
where (4.6) follows. O
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Remarks Using results from [14], one can be even more precise in the one dimensional
case. Using the metric induced by the carré-du-champ operator of the diffusion, and
conditions on Feller’s scale and speed functions, we get sharp constant on the spectral
gap for Lipschitz functions. It will be developed in [23].

5 Lyapunov function conditions
5.1 Main result

We will use in this section general conditions on the generator of the process, known
as Lyapunov function conditions, for deriving Wi/ or more generally 7o/ where
D = {(u, u); lu| < ¢} with ¢ unbounded. To state properly the Lyapunov function
condition, it is necessary to enlarge the domain of the generator. In this section, the
Markov process ((X;), IP,,) is reversible and its sample paths are IP;,-cadlag (possibly
with jumps).

A continuous function 4 is said to be in the u-extended domain D, (L) of the
generator of the Markov process ((X;), IP,) if there is some measurable function g
such that fot lgl(Xs)ds < 400, P,-a.s.and

1
M;(h) := h(X;) — h(Xo) — /g(Xs)dS
0

isalocal P,.-martingale. Itis obvious that g is uniquely determined up to p-equivalence.
In such case one writes & € D, (L) and Lh = g.
The Lyapunov condition can now be stated:

(H) There exist a continuous function U : X — [1, 400) in D, (L), a non-negative
function ¢ and a constant b > 0 such that

When the process is irreducible and the constant b is replaced by b1¢ for some “small
set” C, then it is well-known that the existence of a positive bounded ¢ such that
inf x\c ¢ > 0in (H) is equivalent to Poincar€ inequality (see [2], for instance).

Lyapunov conditions are widely used to study the speed of convergence of Markov
chains [33] or Markov processes [16], large or moderate deviations and essential spec-
tral radii [44,45]. More recently, they have been used to study functional inequalities
as weak Poincaré inequality [2] or super-Poincaré inequality [10]. See Wang [41] on
weak and super Poincaré inequalities.

Theorem 5.1 Assume that | satisfies a Poincaré inequality with best constant cp < 00
and that the Lyapunov condition (H) holds. Suppose moreover that ¢ € L*(i1), that
is |$ll2 := (J ¢* dw)!/? < oo. Then for any p € [1, +00), we have

apr (16770 = lirv) = Tolw), ¥ (5.1)
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1/p
_nl 3 —
where R = 21/4 (CP+6b+2«/§||¢||2) , 1/p+1/qg =1and

| /(R*ep), O <r <R
pR(r) = irp/(RpcP), ifr > R. (5-2)

In particular, if moreover d(x, xo) < C¢1/”, Vx € X for some xo € X, then

ap R(W1 (v, )/ C) < T(v|p). (5.3)

Remarks 5.2 Since ||¢p(v — p)llTv = SUP,.ju < fud(v — 1), the inequality (5.1) in
this theorem may be regarded as To/ in Theorem 2.4 with ® = {(u, u);u € bB,
lu| < ¢'/P}. Since

o= s [ fdv—pl < inf dCaoe = w6
fillfliLip=<1 x0eX

one sees that the W1/ inequality (5.3) is a direct consequence of (5.1).

An important feature of this resultis: (1/7) fot u(Xy)ds has different concentration
behaviors according to different p so that |u| < C plP, by (5.1).

The explicit constants in the inequalities of this theorem, produced by the Lyapunov
function condition (H), are in general far from being optimal, but are sharp in order,
as will be seen for the Ornstein—Uhlenbeck process at Example 5.5.

Example 5.3 (M/M/oo queue). In this example X = N, p is the Poisson measure with
mean A > 0 and the Dirichlet form is

Eh.h) =D (hn+ 1) — h(m)*1(n)
neN

The associated generator is
Lh(n) =A(h(n +1) — h(n)) +n(h(n — 1) — h(n)), ¥Yn >0
(with the convention that 4(—1) = h(0)). Let U (n) = " where ¢ > 0. We have

—EFU(n) =n(l—e ¢ — (e —1).

Thus condition (H) is satisfied with ¢ (n) ;= (n + 1)(1 —e ) and b = e + e ¢ — 2,
and it is well known that cp(u) = A. Noting [[¢ll2 = (1 — e )V/AZ+ 31+ 1, we
have by Theorem 5.1 that for the distance d(m, n) := |/m — \/n|,

Wi (v, )% < KT (), VYveM(N),e>0
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where K (¢) = 2= [3 (142(¢° + e = 2)2) + 2v/2(1 — =)W + 35 + u].
By Theorem 2.4, this gives the Gaussian deviation inequality for any observable u so

that [u(n + 1) —u()| < C|lvn+2 — /n+ 1] or |u(n)| < C+/1 + n. Furthermore
if lu(n)| < C[(1 — e )(1 4+ n)]"/P, we have by (5.2) and Theorem 2.4

K2

t
1
Pg ?/M(Xs)ds >puw)+r| < exp (—totp,R(Cr)), vt,r > 0.
0

See Joulin [24] and Liu and Ma [29] for previous studies on deviation inequali-
ties of this model. Note that they only obtain Poisson tail for observable u so that

lun+1) —un)| < Clvn+2—+/n+1]|.

Corollary 5.4 Let i = e~Vdx/Z be a probability measure where V.€ C*®(X) is
bounded from below and |VV|*> € L*>(). Let L = A — VV -V be the generator of
the diffusion (X;) on the non-compact connected complete Riemannian manifold X.

Assume that AV
y = limsup & 1 5.5
d(x,x0)— 00 |VV| (x)

and for some p > 1, d(x,x9) < C(1 + |VV|2(x))1/”, Vx € X. Then for every
6 € (0, — y)2 /4), the Lyapunov function condition (H) is satisfied with
¢ =81+ |VV|2(x)) and some b = b(8) > 0, and cp = cp(p) < +00. If moreover
¢ isin L2(,u), then w.r.t. the Riemannian metric d,

ap RWi(v, )/ C) = I(viw), Vv e M(X). (5.6)

where o g is given in (5.2). In particular for every Lipschitz function u with
lullLip < 1 and any initial law B with d/du € L*(w),

exp (—toep,R(Cr)) , Yt,r >0. (5.7)
123 1]

t
1
Pg ;/M(Xs)ds >upuw)+r| <
0

Proof Forany 0 < 8§ < (1 —y)?/4lete € (0,1 —y)sothat s = (1 —y —¢)?/4
(ory+4e¢e = 1—2\/3).Choosek = /S wehave A — 22 = (y+e)A+45.ForU = e,
we have

LU
—Tz—,\ﬁv MIVVPE =0 =2 VVP = AAV > 8(1+|VV]P) — b

where b := § + \/gsupX (AV - (- 2\/§)|VV|2) is finite under our assumption

(5.5). Thus (H) is satisfied with¢p = 6 (14+|VV |2) whichisin L2(,u). On the other hand
our assumptions imply that ¢ tends to infinity at infinity. Hence (1 — £)~! is compact
on L2() and cp(p) < oo. The statement now follows directly from Theorem 5.1. O
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In the example below the constant C may change from one place to other.

Example 5.5 Let X = R", V(x) = a|x|? where 8 > 1,a > 0. Then (5.5) is verified
with y = 0 and then (H) is satisfied with ¢ = 8(1 + |[VV|?) ~ C|x|*#~D when |x]|
large (though V is not C2 at x = 0, one can choose U = ¢*V where V € C%(R") and
V(x) = V(x) for |x| > 1 in the proof of Corollary 5.4), where 0 < § < 1/4.

(i) IfB = 3/2,thentheconditionin Corollary 5.4is verified with p = 2(8—1) > 1,
so we have (5.7) for Lipschitz observable u with p = 2(8 — 1) [we can prove
that (5.7) is false once p > 2(8 — 1)]. Then we have Gaussian behavior for
small , and even a super-Gaussian tail for large r whenever > 2.

(i) LetB € (1,3/2). Then for v = (1 + Ix)A~!, we have by Theorem 5.1(5.1),
KN ACEN)] ||’2rv < CI(v|wn). Then the Gaussian deviation inequality holds true
for the observable u satisfying |u| < C(1 + lxA-1.

(iii)) Let 8 = 2 (Ornstein—Uhlenbeck process). (5.1) holds with ¢ (x) = §(1 + |x|2)
and so does (5.3) with p = 2. They are both correct in order. Indeed for any
p € [1, +00) fixed, if ¥ (x) > |x|*/P ~ Cp'/P at infinity with u() < +o0,
one cannot hope that

ap RV (v — wlltv) = I(W[w), Vv

for some R > 0, since by Theorem 2.4, this would imply that

1
P /w(Xs)dS >u) +r | <e k) v =0
0

which is impossible for large 7.

For this example and for the empirical mean with unbounded u, only Gaussian
concentration inequality is known and that is only in the case 8 = 2 (cf. Djellout
etal. [13]).

5.2 Proof of Theorem 5.1
The starting point is the following large deviation result.

Lemma 5.6 For every continuous function U > 1 in D.(L) such that —LU/U is
u-a.e. lower bounded,

LU
/ — 8 dn < £, 8), Vg eDE). (5.8)
When U is bounded, this is contained in [12, Lemme 4.2.35].
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Proof For any initial law 8,

t

LU
N; =U(X;)exp —/T(Xs)ds
0

is alocal Pg-martingale. Indeed, denoting A; := exp (— fot %(Xs)ds),ltc‘)’s formula
is dN; = A; [dM;(U) + LU(X;)dt] — ETU(X,)AIU(Xt)dt = A;dM;(U) where
MU) is a local Pg-martingale. As (N;) is non-negative, it is also a
Pg-supermartingale. Choosing B := U'u/Z with0 < Z = n(U™") < 1, one
sees that forall ¢ > 0

t
LU
Eg exp —/ T(Xs)ds <EgN, < BlU)=1/Z < +o0.
0

Let u,, := min{—LU/U, n}. The previous estimation implies that

t

1
F(u,) :=1lim sup;logIE,g exp /u,,(XS)ds <0.
—00
0

On the other hand by the lower bound of large deviation in [43, Theorem B.1, Corollary
B.11] and Laplace—Varadhan principle, as in the proof of (¢’) = (@) in Theorem 2.4,
F(uy) = sup{v(u,) — I(vin); v € Mi(E)}. Thus fundv < I(v|w), which yields
(by letting n — 0o and monotone convergence)

/—LFU dv < I(vln), VYve M|(E). 5.9

This is equivalent to (5.8) by the fact that £(|i|, |h]|) < E(h, h) forall h € D(E).
Note that one was allowed to apply the large deviation lower bound [43, Theorem
B.1] under IPg since f is absolutely continuous with respect to pt. In addition, in the
symmetric case, [43, Corollary B.11] states that the large deviation rate function is
I(-|p); it does not depend on B under the underlying assumption that P, is ergodic.
As this lower bound holds for the topology of probability measures weakened by all
bounded measurable test functions (sometimes called t-topology), one can apply the
Laplace—Varadhan principle to the continuous bounded function v — v(uy). O

Lemma 5.7 In the framework of Theorem 5.1, for alla > 2 and v € M(X),

1
lo(v —wlltv < (1 + 2bcp) Z i [Tl +av2(|pllav/cp I(w|w).  (5.10)
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Proof We may assume that v = fu with \/f € D(E) (trivial otherwise). For any
a > 2,define h : R — RT by

0 if t <1;
h(t) =1/t —1) if t €[1,al;
V2 —1 if t>a.

It is easy to see that ||h]|Lip < % Decompose

16w — Wiy =/¢|f— 1|du=/¢h2(ﬁ>du+/¢[|f— 1= (/).

First consider the last term. Since 12 — 1 — h%(t) < a(t — 1) for ¢ € [1, a], and = 0
fort >a>2, [¢[lf — 1| —hA(/Pldp = [$llir<y(1— )+ 1< pegya(VT —
Dldp < a[¢|l — /fldn which is not greater than all¢|2lll — /fll2 =

allpllav/2y/1 — n(VF) < allpllay/2Var, (VF) < av2cplglla/TOIR).

We turn now to bound the crucial first term by means of (5.8):

/ 61> (J/ Prdu < / (—%U + b) 2/ Frdu

< ERMW .G ) +blIRIE, / Wf—-Ddu

< IR E /T F) + 26111, Var, (/)

a—+1
a

< (1 + 2bcp) I I).

Substituting these two estimates into our previous decomposition, we obtain (5.10).
O

Proof of Theorem 5.1 As noticed in Remarks 5.2, (5.3) follows directly from (5.1).
Note that if p = 1, (5.1) is a direct consequence of Lemma 5.7 (5.10) witha = 2. It
remains to show (5.1) inthe case p > 1. Noting that [ | f—1|du <2min{l, /cpI (v[p)}
by Theorem 3.1, we have by Holder’s inequality and (5.10) with a = 2,

1/q 1/p
l6'/P v = ity < (/ If - lldu) (/¢|f - 1|du)

< 21/4 min {1, \/CPI(UW)U({}
1/
x (301 +2bep) 101w + 2V 208 l2Ver T 0110))

which entails immediately the desired (5.1). O
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6 Proof of Theorem 2.4

The proof of this result is similar to [22, Theorems 2 and 15]’s ones. It takes advantage
of large deviation results previously obtained by Wu. Namely,

— the identification of the rate function in the symmetric case and the large deviation
lower bound are taken from [43] and

— the non-asymptotic Cramér’s upper bounds which are used in [22] are replaced by
the following result.

Lemma 6.1 (Wu [42]) For any u € bB and any t > 0, the following statements hold
true.

(1) Denoting

A(u) := sup [/Mgzdu —£(g.8); 8 € D), n(gh) =1, u(g*lul) < +oof,
6.1)

one has
1Pl 2y < ™ (6.2)

and the equality holds in the symmetric case;
(2) Forallr >0,

dp
dp

t
Pg l/M(Xs)ds — ) >r| < exp (—tlim L(u(u) +r — 5))
! ) 510
0
(6.3)
where I,(r) ;= inf {I(v|u); v € M (X),v(u) =r}, r e R.

It is proved in [42,43] that in the symmetric case, I, (r) is exactly the rate function
governing the large deviation principle of % fot u(Xy) ds for bounded u. In these papers
no mixing assumptions are required, this is in contrast with the usual assumptions
for the large deviation principle as discovered by Donsker and Varadhan [15] and
reconsidered by Deuschel and Stroock [12]. This relaxation of the usual assumptions
is allowed by the assumed restriction that the initial law is absolutely continuous with
respect to the ergodic measure .

Proof of Theorem 2.4 Part (1). As v — I(v|u) is convex on M(X), so is
I, : R — [0, +o0]. Since I,,(;(u)) = 0, I, is increasing on [ (u), +00). For all
(u,v) € ® and all A > 0, we have

AQGu) = 1F(0) (6.4)
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where " is the convex conjugate of [,,. Indeed for A > 0, by (6.1)

A(Au) = sup [A/ug2 du—E(g,8): g € DE), n(gh) = 1]
= sup [/\/ug2 dp—E(g,8);0< g eDE), ngh = 1]

= sup [A/udv —I(lp);v e Ml(X)] = sup{ra — I,,(a)}
aeR

where the second equality follows from the fact that £(|g], |g]) < E(g, g) for all
g € D(E). Note also that Tg I implies that for any (u, v) € P,

Li(u@)+r)>a(r), VreR (6.5)

where a(r) = a(r) for r > 0 and = O for r < 0. Indeed it is trivial for » < 0 and for
any r > 0 and v € M{(X) such that v(u) = w(v) + r, Te I implies that

T(w|p) = a(To(v, n) = a() — n)) =alr).
e (a) = (b): Putting together (6.4) and (6.5) leads us to

AQu) = sup [Aa — I, (a)] < sup [A((v) + 1) —a(r)]} = () + a®(r)
acR reR

for all A > 0. Statement (b) now follows from inequality (6.2).

e (a) = (c): This follows from (6.3) and (6.5), noting that by (A1), u(u) < u(v)
for all (u, v) € .

e (b) = (b) and (¢) = (c): These implications are trivial.

Part (2). (b) = (a) in the case where « is convex. By (2.6), we have for (4, v) € &
fixed and for any g € Dy(L), (PMg, PMg), < eXGn+a®() g oy  Differ-
entiating at time zero we obtain 2(g, £g + Aug), = 20 (g?u) — E(g, g) <
200 (v) + a®(h))p(g?). Then for all g € Da(L), Mu(g?u) — pw)p(g”)] —
a®M)u(g?) < E(g, g). Itcan be extended to g € D(E). Now for any v € M{(X)

such that I (v|u) < +oo, applying the above inequality to g = /j—l‘i, we get

Av@w) — n)] — a®() < I(v|w). Taking the supremum over all A € R, as «
assumed to be convex and «® = &* on [0, 00) (see the remark below (1.3)), we get

a() — ) = 1w
and taking the supremum over all (u, v) € ® leads to the desired result.

Part (3). Let us assume from now on that the semigroup (P;) is symmetric in L? ().

e (¢') = (a) : By the large deviation lower bound in [43, Theorem B.1] and the
identification of the rate function in the symmetric case in [43, Corollary B.11],
we have for any initial probability measure 8 < u,
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t

1 1
litmiorgf;log]P’ﬂ ;/u(XS)ds > ) +r| > —inf{I(w|w); v(u)>u) +r}.
0

This together with (¢”) implies that for any r > 0, inf {1 (v|u); v(u) > () +r} >
a(r). Fix now v such that ro = Te (v, 1) > 0 (otherwise Tg ! is obviously true.)
Choosing a sequence (i, v,) € © so that v(u,) — u(v,) > ro— 1/n, for all large
enough n,

a(ro—1/n) < I(v|p)

where T I follows by letting n — oo and by the left-continuity of «.

a is convex and (P;) is symmetric. (b") = (c¢’) with 8 = u: The proof is standard
and consists in optimizing exponential upper bounds. So doing, one obtains by
means of (b) the asymptotic upper bound (¢’) with the convex envelope of & in-
stead of &. As « is assumed to be convex, (¢) is proved. This completes the proof
of the theorem. O
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