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1 Introduction and main results

The present paper deals with Gaussian random walks on R? perturbed by an attractive
force toward a subspace M of R?, especially under the critical situation that the rate
functional of the corresponding large deviation principle admits exactly two minimi-
zers. The macroscopic time, observed after scaling, runs over the interval D = [0, 1].
The starting point of the (macroscopically scaled) walks at t = 0 is always specified,
while we will or will not specify the arriving point at ¢t = 1. We thus consider four dif-
ferent cases, in addition to the conditions at # = 1, depending whether a wall is located
at the boundary of the upper half space of R? or not, and study how the macroscopic
scaling limits differ in these four cases.

1.1 Weakly pinned Gaussian random walks

In this subsection, we introduce (temporally inhomogeneous) Markov chains called the
weakly pinned Gaussian random walks. Let Dy = NDNZ = {0, 1,2, ..., N} be the
range of (microscopic) time for the Markov chains corresponding to the macroscopic
one D. The state spaces of the Markov chains are R? or the upper half space RY =
R4~! x R, according as we do not or do put a wall at 9R? , where Ry = [0, c0).
Let M be an m-dimensional subspace of R4 for 0 <m <d—1and let M+ be
its orthogonal complement. We consider the measure v(dy) = dyMsy(dy®) on
R? obtained by extending the surface measure dy") on M under the decomposition
y =W, y?) e R! = M x M*; in particular, if M = {0}, y = y® and v(dy) =
80(dy). The co-dimension of M will be denoted by r = codimM = d — m. We
assume M C 8Ri when the state space of the Markov chains is Ri.

Givena,b € R? (or € Ri), the starting point of the Markov chains ¢ = (¢;);epy
is always aN € R4 (or € Ri), while, for the arriving point at i = N, we consider
two cases: ¢ = bN (we call Dirichlet case) or without giving any condition on ¢y
(we call free case). The distributions of the Markov chains ¢ on (R?)¥*! or (RZ)N+!
with a strength ¢ > 0 of the pinning force toward M, imposing the Dirichlet or free
conditions at N and putting or without putting a wall at dR% , are described by the

following four probability measures ujl\),’s, uﬁ’e’Jr, ,uf,’s and M5’8’+, respectively:

1

D.e,(+) —H (+

p " A0) = e ™ Pangn) [ (e v@an+dof”) so o).
N i€DN\{0.N}

(1.1

1 _
M[I\"I,S,(‘F)(d(ﬁ) — oD e HN((p)BaN(d(pO) H (8 v(d¢l) —+ d¢z(+)) s (12)
ZN ieDy\{0}

where d¢i(+) denotes the Lebesgue measure on R4 (or on Ri), and Zf\,)’e’(Jr) and

Z f,’s’(ﬂ are the normalizing constants, respectively. The function Hy (¢) called the
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Hamiltonian is given by
| Nl
Hy(@) =5 2 19it1 — ¢il%,
i=0

in which | - | stands for the Euclidean norm of R4, Note that, if ¢ = 0 (i.e., without
.. F.0 . . . . . . . .
pinning), ¢ under u ;" is a d-dimensional Brownian motion viewed at integer times.

We sometimes denote the partition functions as Z 5" = 7425 ang 756 =

Z?V‘ Fe o clarify the specific conditions at i = 0 and N. The Markov chain ¢
satisfies the condition ¢9 = aN (a.s.) at i = 0 under these four measures. At i =

N, the Dirichlet condition ¢ = bN is satisfied under ug’g and Mg,s,-k, while the

free condition (i.e., no specific condition) is fulfilled under ,uf,’s and u§’8’+. The
superscripts D and F' are put to indicate the conditions ati = N. Both ,uﬁ’g and uﬁ’g
are probability measures on (R?)N+1 defined under the absence of wall, while u2’8’+

and u§’8’+ are those on (Ri)N +1 defined under the presence of a wall at B]Ri. The
following table exhibits the difference of these four measures in short:

ati = N Nowall ~ Wall at 9R?.
Dirichlet condition ]I\),’E m 2’8’+
Free condition uﬁ’g ,uf/’g’+

When d = 1 and m = 0, the Markov chain (¢; € R (or € Ry));cp, may be
interpreted as the heights of interfaces located in a plane measured from the position i
on a reference line (x-axis), so that the system is called (1 4 1)-dimensional interface
model with §-pinning at0, see [3,5,8, 15]. See [14] for arelation to the polymer models.

1.2 Scaling limits and large deviation rate functionals

We will sometimes drop the superscripts ¢ if there is no confusion.

Let hN = {h"N (1), t € D} be the macroscopic path of the Markov chain determined
from the microscopic one ¢ under a proper scaling, namely, it is defined through a
polygonal approximation of (hN (i/N)=¢;/N )l.e Dy SO that

[Nt]—Nt—i—lq5 Nt — [Nt]

W (1) =
(1) N [N7] N

ONi+1, t € D.

Then, the sample path large deviation principle holds for 2" under ,u][\),, Mﬁ’—h /Lf]
and ,uf,"“, respectively, on the space C = C([0, 1], RY) equipped with the uniform
topology as N — oo, see Theorem 4.1 in Sect. 4 (or Theorem 2.2 of [12] for ;1,2
whend = 1 and m = 0, and [4,16] when ¢ = 0). The speeds are always N and the
unnormalized rate functionals are given by £, £ 2%+ %F and £ FF, respectively,
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all of which are of the form:

X(h) = %/Il'z(t)|2dt —&|{t € D; h(t) € M}|, (1.3)
D

for h € H), (D) = {h € H'(D);h(0) = a,h(l) = b} in the Dirichlet case
respectively h € H;’F(D) = {h € H'(D); h(0) = a} in the free case with cer-
tain non-negative constants £, where | - | stands for the Lebesgue measure on D and
HY(D) = HY(D, R?) is the usual Sobolev space. We define X (h) = +oo for h’s
outside of these spaces, and also for & such that i (t) ¢ Ri for some ¢ € D under the
presence of a wall. The constants & differ depending on the absence or presence of a
wall as explained below.

We determine two non-negative constants £° = &¢ and £5F = & "+ by the ther-
modynamic limits:

=1 1 ?V”Of et = | 1 Z?V”O;S’Jr 14
L
and another two constants ££¢ and £7°57F by
0,F.e 0,F,e,+
ghe zz\}i_tnooﬁ]()g#’ ghet :zx}gnooﬁk)g —ZIE)\;%’JF , (1.5)

where the partition functions in the numerators are associated with the random walks
in R” with pinning at M’ = {0} C R" (i.e., m = 0) takinga = b = 0 € R’
in the Dirichlet case and a = 0 € R” in the free case, while the denominators

zZ ?\;f)r, Z %’OF’JF, Z,OVI; and Z%’f”’r are defined without pinning effect and equal to their

corresponding numerators with ¢ = 0. See (2.1) for Z?\,”Or’g, (2.13) for Z?V’i"s and
others. As we will state in Theorem 1.1, the constants & defined for two different cases
actually coincide with each other, i.e., £ = £/¢ and £5F = £5%7 hold.

The constants & in (1.3) are defined by & = égodim y for the functionals ¥ =
2P, 2F and & = £55 ,, for & = SP+ £F+ respectively, with the choice of
r = codim M.

The non-positive constants ¢ = —£¢ and 17 = —£&% are sometimes called
the pinning free energy and the wall (more precisely, wall+pinning or wetting) free
energy, respectively. Explicit formulae determining £¢ and £ are found in (2.4) and
(2.12). In particular, we will see that £5 > £5T > 0 for all ¢ > 0 unless &% = 0,
see Remark 2.1-(1). Furthermore, we have the following result on the phase transition
(localization/delocalization transition) in &, which is called pinning or wetting transi-
tions in the framework of the interface model under the absence or presence of a wall,
respectively.

Theorem 1.1 1. The limits in (1.4) and (1.5) exist for every ¢ > 0, and we have that
%‘8 — é_—F,a and §€’+ — EF,E,-F.
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2. (Absence of wall) If r > 3, there exists ¢, > 0 determined by (2.3) such that
E8 > 0ifand only ife > e. and € = 0 ifand only if 0 < & < e.. Ifr = 1 and 2,
the above statement holds with e, = 0.

3. (Presence of wall) Forallr > 1, there exists ¢ > 0 (infact, e > .) determined
by (2.11) such that €5+ > 0 if and only if ¢ > &} and €5+ = 0 if and only if
0<e<el

In short, the pinning transition occurs if r > 3, while the wetting transition occurs for
all dimensions. The Markov chain, being transient at ¢ = 0, turns to be recurrent when
the strength ¢ of the attractive force toward 0 increases and exceeds the critical value &,
or &; see [14] for random walks with discrete values. The asymptotic behavior of the
free energies £% and £5'7 for ¢ close to their critical values is studied in Appendix A.
This gives, in particular, the critical exponents for the free energies.

The large deviation principle (Theorem 4.1) immediately implies the concentration
properties for uy = uﬁ, Mﬁ’Jr, ;Llf, and ;Lf,’+:

lim py (distoo (RN, H) < 8) =1, (1.6)
N—o0

forevery 8 > 0, where H = {h*; minimizers of ¥} with ¥ = P =P+ nf nf+
respectively, and dist, denotes the distance on C under the uniform norm || - || oo. More
precisely, for any § > O there exists ¢ (§) > 0 such that

oy (distog (BN, H) > 8) < e @OV

for large enough N.

1.3 Minimizers of the rate functionals

By rotation, we may assume without loss of generality
M:{x:(x(l),O)eR’" XR’} CRY (1.7)

Under such coordinate of R, we decompose a = (a1, a®yand b = bV, b?P) e
M x M*.

There are at most two possible minimizers of £2. One is 2” defined by linearly
interpolating between a and b: hP(t) = (1 — t)a +tb, t € D. If |a®| + |p?P| <
V2EF (ie., 11 + 1 < 1 for 11 and t» defined below), we define 72 (= hP) by
AP (1) = (ﬁDiU(t), };D'(z)(z‘)), where A2 O (1) = (1 = Ha® + b,

) (n—na®/n,  1el0,n]
W@y = 1o, telt,l—nl, (1.8)
(t+16—DbP /1, te[l —mn, 1],
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and 11 = [a®|//2E% and 1, = |b®|//2EE. The last relation is sopetimes called
Young’s relation. Those for - are two functions 4?2 and h?-+ (= hP-¢1) defined
similarly to 2” with & replaced by & 8’*:.
In theAfree case,Aﬁrst for EAF, we set hF(Q =a,t e D,andif |a(2)| < /28¢% (i.e.,
f < D, hf @) = hFD@), hF D)) with hFD (1) = aD,
AP = (11 —1a®/t, tel0,n],
0, teln, 1],
where t] = |a<2)|/«/2§€ Those for ©F++ are if and A+ (= hF-#T) which is defined
similarly to A% with &¢ replaced by &5+

Then, the following lemma can be shown similarly to the case where d = 1 and
m = 0, cf. Sects. 6.3 and 6.4 of [8].

Lemma 1.2 The set of minimizers of £ is contained in {/’_l[_), ﬁ?}. Similarly, the sets
of minimizers of =P+ 2F and £FF are contained in {hP, hP-t}, (¥, h*} and
(W, hE-+), respectively.

The structure of the sets of minimizers is clarified in terms of @ and b in Appendix
B especially whend = 1 and m = 0.

1.4 Main results

We are concerned with the critical case where i and & are different and both are
simultaneously the minimizers of £? (or ©2-T), and similar situations for £ (or
»F:+); especially when d = 1 and m = 0, this is equivalent to £ = £° (or £57) > 0
and (a, b) € C; (see Proposition B.1) in the Dirichlet case and |a| = +/&/2 in the free
case. Otherwise, 4"V converges to the unique minimizer of ¥ as N — oo in probability,
recall (1.6). We therefore assume the following conditions in each situation:

(C)p e>¢e and TPHP)=3xPHP),
(C)p+ &>¢f and TPLHHP) = oPLAGP),
(C)r e>¢ and XF(0F)=3xFHhD),
(C)py e>¢f and SHTGRF) = FHGHP),

Note that the second condition in (C)p (or (C)p +) is equivalent to
1 2
S ) = -

while that in (C) ¢ (or (C)F. ) is equivalent to |a® | = &/2.
We are now in a position to state our main results. We say that the limit under uy
is h* if

lim pn (1Y —h*le < 8) =1
N—o0
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holds for every § > 0. We say that two functions h and h coexist in the limit under
un with probabilities A and A if A, A > 0, A +A = 1 and

lim gy (AN —hlloo < 8) = X,
N—oo

lim uy(IhY —hlleo < 8) = &
N—oco

hold for every 0 < 8 < |a®| A |b®)|; it is evident from Lemma 1.2 and (1.6) that one
has to check these properties only for arbitrary small § > 0.

Theoren} 1.3 (Dirichlet case) 1. (1_\10 wall) Under the condition (C)p, the _limit unc{er
uh® is AP if codim M = 1 and h? if codim M > 3. If codim M = 2, h” and h?
coexist in the limit under ;L][\),’g with probabilities .P-¢ and ADwe, respectively, given
by (3.16). N

2. (Wall at 8Ri)_Under the condition (C)p 4+, the limit lfnder u§’5’+ is hPF if
codimM = 1 and hP if codimM > 3. IfcodimM = 2, hP and hP-* coexist in
the limit under ,uﬁ’“‘ with probabilities )26+ and AP+ respectively, given by
(3.21).

Theorem 1.4 (Free case) 1. (No wall) Under the condition (C)p, ifcodim M = 1, ht
and h¥ coexist in the limit under ,uf,’s with probabilities JF-¢ and AFe respectively,
given by (3.27). If codim M > 2, the limit under 1% is h'.

2. (Wall at 9R%) Under the condition (C)F, ., if codim M = 1, h¥ and h**
coexist in the limit under uf,’g’Jr with probabilities \F*% and ARt respectively,
given by (3.28). If codim M > 2, the limit under uf,’g’Jr is ht.

The central limit theorem holds for the times when the Markov chains first or last
hit M. Set

ig =min{i € Dy; ¢,‘ GM},
ir =max{i € Dy; ¢ € M},

and consider them under a proper scaling:

Xzﬁ(ig—th) and Y:ﬁ(ir—(l—tz)N),

where we set min = N (in the Dirichlet case), = N + 1 (in the free case), max ¢ = 0,
and Y is considered only for the Dirichlet case.

Theorem 1.5 1. (Dirichlet case) Under u2’£ or u2’8’+, conditioned on the event
{ie < N—1}ifcodim M > 2, the pair of random variables (X, Y) weakly converges to
(U1, Uz) as N — 0o, where Uy = N (0, |a®|/(2£)3/%) and U = N (0, |b®|/(2£)3/?)
(with & = £¢ or £5) are mutually independent centered Gaussian random variables.

2. (Free case) Under [,Lg,’s or le,’s’+ conditioned on the event {i; < N}, X weakly
converges to U = N (0, |a®|/(26)3/%) as N — oo (with & = ¢ or £57).
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448 E. Bolthausen et al.

The conditioning on the event {i; < N — 1} is unnecessary when codim M = 1,
since the probability of such event converges to one as N — oo in this case.

The proof of Theorems 1.3 and 1.4, together with Theorem 1.5, will be given in
Sect. 3. The conditions (C)p—(C) .+ guarantee that the leading exponential decay
rates of the probabilities of the neighborhoods of the two different minimizers balance
with each other. This enforces us to study their precise asymptotics, which can be
obtained as an application of the renewal theory and discussed in Sect. 2. The proof of
Theorem 1.1 is also given in Sect. 2. Section 4 is for the sample path large deviation
principles. In Appendix A we study the critical exponents for the free energies, while
in Appendix B we clarify the structure of the set of minimizers of ¥ when d = 1 and
m = 0. It is straightforward to generalize our results to Hy (¢) of the form

N-1

1
Hy (@) = 5 2 (@ir1 = #) - Ali1 — )

i=0

with a positive symmetric d x d matrix A if M is an eigensubspace of A.

A dichotomy in concentrations on & or h is shown in the Dirichlet case for a
model with the Hamiltonians perturbed by weak self potentials, see [9]. The scaling
limits for the two-dimensional model (more precisely, a model with two-dimensional
time parameters) under the volume conservation law are studied by [1]. Some related
results are obtained by [17,18] for the one-dimensional discrete SOS model and the
two-dimensional Ising model, respectively. The corresponding fluctuation limits are
studied by [5] for general interaction potential and by [3, 15] for a discrete model under
the Dirichlet condition at r = 0 witha = 0.

2 Precise asymptotics for the partition functions

In this section, we will prove a number of results on the precise asymptotic behavior
of the ratios of partition functions associated with the Gaussian random walks in R”
with pinning at 0 € R” and starting at 0 € R” (and reaching O in the Dirichlet case),
which were mentioned in Sect. 1.2 to determine &’s. In particular, these will imply
the statements in Theorem 1.1. A similar method is used in [3,14]. We will omit the
subscript r of the partition functions, for example, Z %%8 is simply denoted by Z %0’8
in this section.

2.1 Dirichlet case without wall

We denote DS, := Dy \ {0, N}(= {1,2,..., N — 1}). The partition function Z"*
is given by

50 = / e VD 5odo) ] (edoddi) + dei) do(dgw), @1

(Rr)N+I ieDy,
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and ZN = Z0 0.0 , i.e., e =0. An explicit calculation shows that Z?VZO =Qn)"™N?y
QrN)"72.
Lemma 2.1 The renewal equation holds for Z0 06 N > 2 with ZO 0.e Z(l)’o =1:

ZOOa_ZOO+8 Z ZOOZOOS.
ieDy,

Proof Expand the product measure in (2.1) by specifying i, as

[T eotdei) + dgi)

: o
ieDy

=[] doi+ D ] do;-esotdp)- ] (edodg))+dg,)),

jeDy ieDy jeDy; _ JEDY i 4
WhereD°lf_{12 .,i— 1} and D}, ={i+1,i+2,...,N—1}.Theion
the right hand side represents the first i such that the factor &8 (d ¢;) appears in the
expansion, i.e., i = ig. If such i does not exist, we have the measure [ ; jeDs, d¢;. This
expansion immediately leads to the conclusion. O

Let us define the function

St n

g(x):ZQnXW’ 0<x<l. (2.2)
n=1

Note that g is increasing, g(0) =0, g(1) = g(1—-)) < ocoifr >3 and g(1—) = o0
if r =1,2. Set

_ | /eg) >0, r=3,
86‘[ 0, r=1,2. 23)

For each ¢ > &., we determine x = x® € (0, 1) as the unique solution of g(x) = 1/¢
and introduce two positive constants:

Ds (zn)r/Z
Egz—logxg and C g—m. (24)

Proposition 2.2 Foreach e > ¢., we have the precise asymptotics for the ratio of two
partition functions:

’ €
N NcD,&‘Nr/ZeNé ,

as N — 0o, where ~ means that the ratio of both sides tends to 1.
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Proof We setug = ap = by = 0 and, forn = 1,2, ..., uy = x"Z0%¢/(2m)™/2,
an = ex"Z0°/27)™/? and b, = x"Z0°/27)™/? = x"/27n)"/?, where x = x°.

Then, Lemma 2.1 shows that

n
up = by + Zaiunfi
—

for every n > 0. However, the definition of x = x® implies that

oo oo "

San=ed g =
/2

n=0 n=1 (27Tn)’

(2.5)

Thus, an application of the renewal theory (cf. Chapter XIII of [6]) shows that

lim,,— ~ u, = B/A, where
o0
B = an =g(x) = 1/e,
n=0
and
o o nxn
_ _ _ /
A= Znan =¢ Z —(27111)’/2 =exg (x).
n=0 n=1
We therefore obtain

x" 1
llm —_— 0,0,e = —_—
n=o0 (27)rn/2 " £2xg/ (x)

Finally, using Z%° = (277)"V/2 /(2 N)"/? again, the conclusion is shown by

Zy** Ny
Z?\;O 82x8g’(x8)

(x5)N = Do Nr/2oNE

2.2 Dirichlet case with wall

We recall that

200+ = / e~ D5oago) [T doy sotden),

(R;)N'Fl iED?V

@ Springer
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where dd);r is the Lebesgue measure on R/, = R"~! x R,, and this leads to a
representation of the ratio of two partition functions:

ZO,0,+ 01
gy = % = Py (B(i/N) >0 foralll <i <N —1), @2.7)
N

by means of a one- dlmensmnal Brownian bridge {B(t), t € [0, 1]} satisfying B(0) =
B(1) = 0 under Po 0 It is known (see (20) in [5]) that g is given by

qn = (2.8)

1
N
The partition function Z%%* ¥, given by (2.1) with (R")N*! replaced by (R”. )N+,
p N g y +
satisfies the renewal equation:

ZOOS+_ZOO++ ZZOO+ZOOE+’ (29)
ieDy,

for N > 2 with Z?’O’S’Jr = Z(l) 0% — 1. The proof of (2.9) is similar to Lemma 2.1.
With the function

n

o
gt => T 0=<x<l, (2.10)
n

— n(2mn)’/?
noting that g+(1) < oo forall r > 1, we define
el =1/gT(1) >0. (2.11)

We then determine, for each ¢ > 83’, x = x5 € (0,1) as the unique solution of

gt (x) = 1/¢ and introduce two positive constants:

27 r/2
g5+ — _logx®t and CPt % 2.12)
e=g(xT)
Proposition 2.3 We have the precise asymptotics

Z0907£y+
N N CD,€,+N1+r/ZeN§£'+

ZOyO,-'r
N

as N — oo foreach e > g7.

Proof Deﬁne three sequences u;,, an and b, as in the proof of Proposition 2.2 with x,

709%¢ and 22 replaced by x&+, Z9-%¢F and Z% resg)ectively. Then, we have the
relation (2.5) from (2.9) and also Zn —oan = 1 from Z, 0+ — Zg’o/n, recall (2.7)

@ Springer
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and (2.8). Thus, relying on the renewal theory again (and noting x(g%)'(x) = g(x)),
one obtains

0064 Qm)yNZ o
0t L T
xN o e2g(x)

0,0,+ = (2n)"™N/2/N (27 N)'/?, the conclusion is shown as

as N — oo. Since Zy
zZ30et _ NQ@aN)?

e+)"N _ oDt p14r/2 NESF
Z?v,o,+ e2g (x5 ) ( ) )

m}

Remark 2.1 1. Comparing (2.3), (2.11) with g(1) > g (1), wesee 0 < g. < aj. Set
X&) = land 5 = 0for0 < & < &' Then, since g(x) > g+ (x)for0 < x < 1,
we have x® < x®% and therefore £5F < & for every & > &.. Indeed, £+ defined

through the thermodynamic limit in Sect. 1.2 is equal to O for every 0 < ¢ < 8(+)
2. Propositions 2.2 and 2.3 combined with (2.7), (2.8) imply that

Z?V,O,S,-F CD,8,+
(¢pi € Ry forall i € Dy) = Z?V’O’g ~ CD=

0 0,¢ e NE—E5T)

as N — oo, if e > &}

2.3 Free case without wall

We now move to the case with the free condition at + = 1 (or microscopically at

= N), and denote Df\,’F = Dy \ {0}(= {1,2,..., N}). The partition function

0,F.e .. .
Zy~ " is given by

Z0Fe / e Dsodgo) [] (edodgi) +de),  (2.13)

(RV)N+1 iEDX}F
and we have ZN (=Z 0 F, O) 2m)N/2,

Lemma 2.4 The renewal equation holds for Z0 Fe N > 1 with Z0 Fe—1.

Z%F&_ZOF_’_(9 Z ZOOZOFS.

zEDN
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Proof The proof is concluded, similarly to Lemma 2.1, by expanding the product
measure in (2.13) as

[T esotagn +dgi

ieDS’

=[] doj+ > 1 d¢i-edo@dpi)- [ (ed0(de)) +do),

jeD;’V’F ieD;'\;F JeDy ; _ jeD}’\;,‘;+

where DG =1{i+1,i+2,.... N} O

Recall the function g defined by (2.2), the unique solution x =x° € (0, 1) of
g(x)=1/¢g and £€* = — log x® > 0 in (2.4) for each ¢ > ¢.. We then define a positive
constant:

che = : . (2.14)
exf(l — x%)g'(x?)

Proposition 2.5 We have the precise asymptotics

0,F.¢
Zy CFeNE*
~ e
ZO’F
N

as N — oo for each € > ¢..

Proof We setug = by = 1,a0 = O and, forn = 1,2, ..., uy = x"Z05¢ /2y /2,
a, = ex”Zg’O/Qn)r"/2 and b, = )C"Z,(,)’F/(2JT)”'/2 = x", where x = x®. Then,
Lemma 2.4 shows that (2.5) holds for every n > 0. However, the definition of x = x*
implies that > - ja, = 1. Thus, an application of the renewal theory shows that
lim,— ~ u, = B/A, where

00 00 1
B:an=2x”: =
n=0

n=0

and

o0
A= Znan =exg'(x).
n=0

We therefore obtain

n
X 0,F,¢ 1

lim —— =
nLHgO (27‘[)”1/2 " ex(l — x)g/(x)

Finally, using Z%" = (27)"N/2 again, the conclusion is shown by

ZO,F,a 1
N ~ (XE)—N — CF,EeNSS.
Z0F exf(l —x)g/(x*)

O
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454 E. Bolthausen et al.

2.4 Free case with wall

The partition function Z?V’F’E’Jr, given by (2.13) with (R")V*! replaced by (R7,)N 1,
satisfies the renewal equation:

0,F,e, 0,F, 0,0, 0,F,e,
Zy et =2y e > 2zt (2.15)

R
ieDy

for N > 1 with Zg’F’£’+ = 1. The proof of (2.15) is similar to Lemma 2.4. Recall
the function g™ (x) defined by (2.10), the unique solution x = x®T € (0, 1) of
g7 (x) = 1/e and €51 = —logx®" > 01in (2.12) for ¢ > &}. We then define a

positive constant:
&+
CcFe+ — Y

R — 2.16
8cF,+g(xs,+) ( )

where y& T = > (gL (x* )V, and ¢}, and CFT are determined by gf = 1 and

0,F,+
qy = =257 =Py (B(i/N) =0 foralll <i <N)~CFT/V/N, (217)
Z )
N
for N > 1 with a one-dimensional standard Brownian motion {B(¢),t € [0, 1]}
satisfying B(0) = 0 under Py. See (16) in [5] for the asymptotic behavior of qﬁ in
(2.17) as N — oo.

Proposition 2.6 We have the precise asymptotics

ZO,F,8,+
N ~ CF,€,+N1/26N$8’+
0,F,+

ZN

as N — oo foreach e > ¢7.

Proof Wesetug = by = 1,a9 = 0and, forn = 1,2, ..., u, = x"Z0 75+ j2m)ym/2,
an = ex"Z00F 12r)M/2 and b, = x"Z0 Tt /(27)/2, where x = x®7T. Then,
(2.15) shows that (2.5) holds for every n > 0. However, the definition of x = x&*
implies that > - a, = 1. Thus, relying on the renewal theory, one obtains that

2
0.Fet (zn)rN/ y8,+

Z .
N N eg(x)

Since Z?\;F’Jr ~ CF’+N_1/ZZ%F = CFHYN=1227)"N/2 we have

Z%F’g’Jr yor 12, e 4\—N Foet 7172 NEST
~ N/ 2xET)™ = CcHETN 2N,
Z?\;Fv‘f‘ SCF’+g(.X€’+) ( )
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3 Proof of Theorems 1.3, 1.4 and 1.5

We assume the conditions (C)p—(C)r + in this section and give the proof of
Theorems 1.3 and 1.4 together with Theorem 1.5. Our first immediate observation is
that, under the coordinates introduced in (1.7), the two components ¢>(1) = (¢i(1)) ieDy €
MY and 6@ = (@P)icpy € (MHNF! of the Markov chain ¢ = (¢; = (",
qbl.(z)))l-e Dy € (Rd)N +1 are independent. In fact, for instance in the Dirichlet case
without wall, the distribution of ¢ and its normalizing constant are decomposed into
the products:

a,b,e a®,pM 0 a® p® ¢ a,b,e a®,pM 0 a® p® ¢
KN = Wy, X Wy, and Zy™ =Zy . X Zy, . (3.

The subscripts m and r indicate that the objects are defined for R™ and R”, respectively.

We may assume without loss of generality d = r and m = 0. To see this, we
choose the norm ||]lc0c = max;cp |h(¢)| for h € C (= C([0, 1], R9)) with |h(t)| =
max{|A D (@)|, |h® (1)|} for h(t) = (WD (1), KD (t)) € R” x R", which is equivalent
to the Euclidean norm of /() in RY. As we are only concerned with the ratio of
probabilities of neighborhoods of h and h, the factor coming from the first component
¢ cancels. Thus, the proof can be reduced to the Markov chains on R” (or R/, ) with

pinning at M’ = {0}. We will omit the subscript r: u2¢ and Z2'¢ are simply denoted
N,r N.r

by y,ﬁ’g and ZII\?’S, respectively, and a@, b@ h® 7@ are denoted by a, b, i, h and
others.

3.1 Proof of Theorems 1.3-(1) and 1.5 for ,uf,’s

If0<j<k<N, we write ,uj,f for the measure on (RNHV-K ={¢ = (¢)j<i<k:
¢i € R’} without pinning, under the Dirichlet conditions ¢; = aN and ¢ = bN:

k—1
1 _ 4
pirde) = — e D5, dgy) [ dei v, (3:2)
Zik i=j+1
where Z?,’f = ZZ’_bj is the normalizing constant and H;  (¢) := % Zf:jl i1 — il

The corresponding measure with pinning is denoted by u?:,’f’g (d@). Clearly

N2 —p2
Z’c;,b —e N<la—b| /2nZ’(1),O,

0.0 _ (27T)rn/2
20 = G (3.3)

Under the measure M“.‘,l;, the macroscopic path determined from (¢;) j<; <x concen-
trates on the straight line between (j/N, a) and (k/N, b):
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Nt —j Nt —j
b _ J J
gy ) () = (1— - )a+

in particular, gfo’bl 1= h. More precisely

Lemma 3.1 Forany ' > 0, there exists ¢ (8') > 0 and Ny (8') € N such that for any
a,beR,0<j<k<N:

iy (I¢; max

ij<i<k

i a,b i / —c(8")N
§ ~mam ()| z01) e ®

for N = Ny (&').

Proof Thisis straightforward from the fact thatfor any i with j <i < k, ¢; isnormally
distributedunder,uf;”,i7 withmean (1 — (@ — j) / (k — j)) Na+((i — j)/ (k — j)) Nb,
and standard deviation bounded by const x \/ﬁ . O

We write
“bsy =l (|nd hyj )
Vi ©O) =i (| Ptjsn iy — b omy | =

where i = P @ in this subsection, and fu,v1 1s the restriction of a function f:

[0, 1] — R¥ to the subinterval [u, v] of [0, 1]. Also yj[f}(b’e (8) is the similarly defined

quantity with pinning. We sometimes also write Us (fz[u,v]) for the §-neighborhood

with respect to || - || in the space of functions on [u, v] of I;[u’v]; when the subscript

[u, v] is dropped, it is considered on [0, 1]. We similarly write Us(h) for h = h?@.
We remind the reader that it suffices to evaluate

b (o <1 (1)

lim i
W WBE (Y € Uy (3)

for arbitrarily small § > 0.
An expansion of the product measure [ [; eDs, (e80(d ;i) +d¢;) in (1.1) by specifying
0 < iy <i, < N givesrise to

ZD,E
PN = Z}Z’b Mﬁ’s (hN € Us (h))
N

=

—1

M

b — s N
= yen O+ D eBy 7 @) v ()

j=1

+Zaz

O<j<k<N

= Iy + 13+ 1y (3.4)

[1]

.0 0,0, 0.6
?V,j,ky(?,j ©)) Yik (8 YN ©))
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where 00,06 0D
a,0 -0,0,¢ -0,
e _ Zj Zk—j ZyZg 3.5)
SN,k T Za,b '
N

for0 < j <k < N. We set Zg,o,e = 1 to define BY ..

The first term / ]1, covers all paths without touching 0: iy = N, i, = 0 and I]%, is for
those touching 0 once: 0 < iy = i, (= j) < N, while I;, is for those touching 0 at
least twice: 0 < ig(= j) < i, (=k) < N.

If § is chosen small enough, then Ug(fz) N U(;(gﬁ)’ﬁ]) = ). Using Lemma 3.1, it
follows that / 1{, is exponentially small in N. Similarly, noting that Efv Y is bounded
in N, for 11%, one has that either Ug(fl[(),j/]v]) N Ua(g?d,()j/N]) = ) or UB(];[J'/N,I]) N
Us (g?]??N’]]) = () and it follows that I]%, is exponentially small, i.e., we have

I+ 15 <eN (3.6)

for N sufficiently large, where ¢ > 0.
By (3.3), the ratio of the partition functions in (3.5) can be rewritten for j < k as

0,0,e

_ z0
BN jx = jue VIO — L (3.7)
Zp"s
J
where s; = j/N,so = (N —k)/N,
- 1 (|al? b|?
fs1,82) === (u + Ll la — blz) ; (3.8)
2\ s 52
and
N r/2
ON,jk = - ;
! [<2n>2j<k - HWN —kJ

In the part 11%,, we decompose the j-k-summation into the part over

A={GRi 1= Nl =N, k=N -l = NBL 39)
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and over its complement. We always assume that N is large enough so that Nt; +
N3/5 < N (1 — 1) — N3/3. Using Proposition 2.2, we get

- ,0 0,0, 0,b

D BNV @Y @) vy )

(jk)gA
< D Sk
(. k)gA

<C Z aN,j,ke—Nf(“-”)(k — ) ek=i
(j.k)gA

=C Z ay /.k(k_j)r/ze*Nf(Slssz)’
(j.k)¢A

for some C > 0, where & = £¢ and

f(s1,52) = f(s1,82) — & — 51 — 52)
la|? 5 |b? 5
=5 (s1—1)" 4+ -5—(s2—1n)". (3.10)
2t1S1 2t2sz

In the second equation, we have used |[a —b|?/2 = (|a|*>/t1+|b|? /1) /2 —E(1 —t; — 1)
and |a|/t; = |b|/tr = /2& from Condition (C)p. On the complement A°, we have

Nf(s1,52) = CN'/5,

with some C > 0 and therefore

> oy se " G.11)

(J.gA

for some ¢ > 0, and large enough N.
For (j, k) € A, we can expand f(s1, 52):

jal? 2, 6P 2 —6/5
S1,8) = —=@1—t) "+ —=@62—1) "+ 0 (N .
f(s1,82) 2t13( 1= 1) 2t23(2 2) ( )

Furthermore, the straight lines gﬁ)‘%l] and g?l’lisz 1) are within distance §/2 to the

restrictions of fz[o,xl] and fz[l,n,l], respectively, if N is large enough, and therefore,
using Lemma 3.1 and Theorem 4.1 below (in fact, Proposition 4.3 is sufficient), we
get

— —cN — ,0 0,0, 0,b
> B (1=e) = D B @r O v ®
(j.k)eA (jk)eA

<Y = (3.12)

(j,k)eA
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for some ¢ > 0. It therefore suffices to estimate Z( ikeA EY ik By using Proposition
2.2 and substituting j —[Nt;]and k—[N (1 — #2)] into j and k, we have by a Riemann
sum approximation

g2 Z By i~ CIN "2 Z e C1U/VN)? Z e~ 2(k/V/N)?

(rhoeA j1<N33 k| <N/
o o0
~ Cller/Z / efc1x2 dx / efcz)c2 dx
—0o0 —0o0
Cimr
= —— NI71/2 (3.13)
NG

as N — oo, with C; = &2CP¢/2n) (111)"/? and ¢| = |al?/2t] = (2€)3/2/2]al,
cy = |b?/25 = (2£)*%/2|b|.

Summarizing, we get from (3.4), (3.6), (3.11) and (3.13), and for sufficiently large
N

C]T[ 1—r/2 —cN _ch/S —cN
pN = ——N (I—O(e ))+0(e )—i—O(e )
Jcieo

_ Gim N1-T/2.

3.14
e (3.14)

On the other hand, the definition (1.1) of Mll\),’g implies for every 0 < § < |a| A |b|
that

Zﬁ’g,ﬂf (h" e Us () =y (n" € Us () ~ 1
Zlav’b N ) My ) s

where i = h? . Comparing with (3.14), we have the conclusion of Theorem 1.3-(1)
by recalling that (1.6) implies

tim iR (nV e Us (i) +up (¥ e vs ()} =1 @13)

N—o0

In particular, if r = 2, the coexistence of & and h occurs in the limit with probabilities

GPe ey (o 2 ) (3.16)
1+C 14+C

where C; = e2CP¢ /{27(2a®|1pP|£5)1/2} (= C 7t/ J/eicz) > 0, and &€ and CP+
are the constants given in (2.4).
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Proof of Theorem 1.5 for ,u]?,’g For x; < x7 and y; < y7, let

A(xy, x23 Y1, y2)
={0. 0 € A VNx1 = j =N = VN, YNy sk = (=N = VN,

By the same computation as that leading to (3.13) and (3.14), we obtain

ZN° e, N ?
z47 KUy ((le,tr) € A(x1, x2; y1, y2), h™ € Us (h))
X2 y2
~ Cller/z/efc”‘2 dx/ef“zxzdx.
X1 v

Combining with (3.14), we obtain

lim ph ((ig, ir) € A(x1, x2; y1, yz)’hN € Us (fl>)

N—o0
y2

X2
Jcie 2 2
= ! 2/e7”x dx/e X dx.
T
X1

V1

On the other hand, by the estimates leading to (3.14), we also have
e (e vs ()} atie = v - 1y)

< ;ﬁb B+ (e <N =1\ {n" < Us (2) |)
N

for some ¢ > 0, where A denotes the symmetric difference, and where the estimate
of the second summand comes from the fact that if #" touches 0, but is not in Uj (fz),
then it is outside Us (fz) U Us(h). So by the large deviation estimate (cf. Theorem 4.1
below), the probability of the event that this happens is exponentially small. Therefore,
we can replace the conditioning on {h" € Us (}Az)} by that on {iy < N — 1}, and obtain

lim i (e i) € AGer 225 v, 92)fie < N = 1)
N—oo

2

X2 )
Jc1co 2 2
=Y—= [ Y dx | e dx,
T
X1

Y1

which proves the claim. Remark that the conditioning on {i; < N — 1} is not needed
forr =1,as uh* (ig <N —1) — 1. o
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3.2 Proof of Theorems 1.3-(2) and 1.5 for ,uD &t

Fora,b € Rl and 0 < j < k < N, let u“bJr be the measure on (R+) """ kY,
defined similarly to ,u k’ with the normahzmg constant Za bt — Za b T ie., the

measure defined by the formula (3.2) with Z¢' ik b and d i replaced by Z% j. k *andd ¢i+ ,

Dirichlet conditions ¢; = ¢ = 0 having the normalizing constant Z,?f)}.g’J“. Taking

h = hP+ D in this subsection, an expansion similar to (3.4) gives rise to

ZD,8,+

Py = (W eus (b)) =1yt + 137 + 1y
N

where I *+ are the terms corresponding to in (3.4) forx = 1,2, 3, in which we

a, b + 0,0, 0, 0 &,+ =&+
replace the measures //Lj k by [N by 0 ,and B uN ik by EN. ik defined
as
a,0,+ 50,0,e,+ 0,b,+
SNk T Za.b.+ )
N
0,0,e,+

for0 < j <k <N, where Zy = 1 as before. We prepare a lemma to find the
asymptotic behavior of & N i - We will denote the rth coordinates of a and b € R’ =
R~ xR, bya andb” € R+, respectively.

Lemma3.2 1. Ifa",b" >0 (ie,a,b e (R,)°), we have as N — o0

a,b,+
Zy .

a,b
ZN

2. Ifa" =0(ie,a € dR)andb"” > 0, we have

z;lvb+ B ) = [ Zp(b’ﬂ]

ZN

n=1

where p(x) = [ e 12dy /27

Proof 1. As we have observed in (2.7), the ratio of two partition functions has a
representation and a bound:

Za»b»+
1> %:waﬁbrﬁw(im) >0 foralll <i <N -—1)
z% :
N

v

PO (B) 2 — (@ (1) + D) VN foralls €[0,1]) — 1
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as N — oo. The equality in the first line is by the scaling law of a (one-
dimensional) Brownian bridge. The second line follows by noting that a Brownian
bridge B(t) satisfying B(0) = a”"+/N and B(1) = b" VN can be represented as
B(t) = B(t) + (a" (1 — t) + b"t) v/ N with another Brownian bridge B such that
B(0) = B(1) = 0.

2. Ifa" =0, we have

Za,b,+

N = Py (BG)+ i >0 foralll <i<N—1)=:c}®),

a,b
ZN

with a Brownian bridge B such that B(0) = B(N) = 0. Replacing B with the
standard Brownian motion B, one can prove that

ey = PS’N (B(i) +b"i>0foralll <i <N — 1) — B (b’) . (3.18)
In fact, Theorem 1 (p. 413) of [7] shows that

1

1 -
RO

o0 Sn
= E — Py(B(n) > b"n),
n
n=1

for T (s) = Zzozl (cn(P") — cp41(0")) s",0 < s < 1. This identity by taking
s = 1 implies (3.18), since 1 — t(1) = limy_,  cy(b") noting that the limit
exists by monotonicity. To complete the proof of (2), rewriting c?v (b") into

@'y = PO (B(i) - ZNB(N) +b'i > 0foralll <i<N-— 1) :

one can compare it with cy (b”) as
r 0,N 0 7 r 0,N
cN(b"=0)—Py" (B(N) > ON)<cy (") <en(D"+0)+ Py~ (B(N) <—0N),

for every 8 > 0. The conclusion is shown by letting N — oo and then 6 | 0.
O

The proof of Theorem 1.3-(2) can be given along the same line as Theorem 1.3-(1).
Indeed, by Lemma 3.2 and then by (2.7), (2.8) and Proposition 2.3, if ¢ > sj, we have

Zq,OZO,O,_e,JrZO,b
B~ B @) B ()

z%"
- 0,0,.s,+
=B (a’) B (br) OlN,j,ke_Nf(“’sZ) ) %
k=j

~ B (ar) B (br) aN’j,kCD’M‘(k — j)r/ze_Nf+(Sl,52)’
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as j, N —k, N and k — j — oo, where f*(s1, s) is the function f(s1, s2) in (3.10)
with & = €57, so that

2 |

la ’
18 = c5— (1 — 1) + 53— (2 — 1)°,
2t1S1 212S2

by the condition (C)p 4. If we define A as in (3.9), we get

2 et 1=r/2
e D> Eyli~ GNP
(j,k)eA

with C3 = €28 (a") B (") CP+r/Q2n) (111:)"/?/eica > 0, which is shown
similarly to (3.13) (just replace CP-¢ with B (a”) B (b") CP-*7), and this proves that

py ~ C3N'TT2, (3.19)
On the other hand, we have
ZD,6,+ B )
N D.e,+ (1N D0+ (LN
bt N ’ (h €Us (h)) =Wy (h € Us (h)) ~1, (3.20)
N

for0 < § < |a|Al|b|. The conclusion of Theorem 1.3-(2) follows from the combination
of (3.19) and (3.20). In particular, if r = 2, the coexistence of 4 and % occurs in the
limit with probabilities

s s 1 c
(Dot (Do) = ), (3.21)
1+C3 14+C3

where C3 = &2B(a") B (b") CP=+ /{2 (21a?|pP g5 )12} > 0, B(a") is in

Lemma 3.2-(2), and £%F and C?#7 are the constants given in (2.12).

The proof of Theorem 1.5 under MII\),’S’JF is parallel to that for Mﬁ’e and omitted.

3.3 Proof of Theorems 1.4-(1) and 1.5 for ,uf,’s

Let M‘;\}F (= Mf,’o) be the measure defined on (R")PV without pinning and having the
normalizing constant Z}; F= Zy F.0y.

1
uy" (dg) = —e Do,y dgo) ] dei. (3.22)
Zy ieny”

For 0 < j < k < N, one can define the measure ,uq‘kF‘s on (R’){j*""k} with
pinning, the condition ¢; = 0 at j, and the free condition (no specific condition)
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at k, having the normalizing constant Z; 0.-F:¢ The expansion of the product measure

HiEDo.F(ga()(dd)l) 4+ d¢;) in (1.2) by spec1fymg 0 <ig <N+ 1leadsto
N

ZF,E

pII\; = ;VFV“N (hN € Us (fl))
ZN

i (1 < 1)

~F, 0 N
+ D ey Sj(h[O//N]GUS(hOJ/N))

jeDNF
0,F, N ~
< (1w € Us ()
1 2
= Iyt Iyt (3.23)

where i = h+@ in this subsection and

a,0 0,F,¢
—F& _ Z ZN J
SN T a,F

ZN

for j € D;’\;F. Noting that Z& " = z0F = (27)/2 and recalling (3.3) for Z?’O, we
see that
~ 0,F,¢
= Quj)y e NI ZNZT

0.F °
Zn_j

where s; = j/N and f(s1) = |a|*/2s).
We put here

A= {jeDf’\}F; Ij—Nt1|§N3/5}

and arrive in the same way as in Sect. 3.1, using the large deviation estimate for ,ug’?

and ,u? f,g (cf. Theorem 4.1 below), to

ph=e> gk ( (e_CN)) +o (e—"N”S) o (e—“N) . 324

jeA

for some ¢ > 0. Furthermore, we get by Proposition 2.5,

SZ HFs - 8CF,6(27T)—}”/2 Z(Nsl)—r/Ze—NfF(sl),
JjeEA JjeA
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where fF (s) = f(s) —&(1—s) with & = £°. By the second condition of (C) r, being
equivalent to £° = 2|a|?, one can rewrite f* as

2lal?

) = —( - 1/2)%. (3.25)

This finally proves, recalling #{ = 1/2 and (3.24), that

o
EcF,sn,(l—r)/Z
P]I\:/ Nch,SjT—r/ZN(l—r)/Z / e—4|a|2x2 dx = TN(I—V)/Z. (326)
a
—0oQ

On the other hand, for every 0 < § < |a|, we have that

2y ui® (1 e Us (h) = ut® (¥ € Us () ~ 1
Z;JV’F N ) My ) >

where h = hF>® . Comparing this with (3.26), and recalling (1.6), the conclusmn of
Theorem 1.4-(1) is proved. In particular, if » = 1, the coexistence of # and h occurs
in the limit with probabilities

2
()_LF’S iF"S) — 2|a( )| sCcFe 327
’ ' eCFe 4+ 21a@|” eCFe +2|a@]| )’ ’

where CF¢ is the constant given in (2.14).

The proof of Theorem 1.5 under /rfj’s conditioned on the event {i; < N} is similar
based on the computation like in (3.26), note that the variance of the limiting Gaussian
distribution is 1/8|a® |> which is equal to |a®|/(2&)3/2.

3.4 Proof of Theorems 1.4-(2) and 1.5 for ,uF &t

aF, +(_ +) be the measure defined on (R, )P similarly

to u N F without pinning and havrng the normalizing constant Z” F, +( 7\,F 0. ),

i.e., the measure defined by (3.22) with Z“ Fandd i replaced by Z *and d ¢

For a e R+, let MN

respectively. For 0 < j < k < N, one can define the measure n; F & + on (Ri){f """ Ky
with pinning and the normalizing constant Z,?f;‘s . Taking h = h"+® and h =
h*>@) in this subsection, a similar expansion to (3.23) leads to

ZF,s,Jr . 5

F, F r JF, JF,
17NJr = iv—FJJ‘N‘ng (hN € Us (h)) =1y " + 1y -

Zy

where I“ F-t are the terms corresponding to Iy, F for « = 1,2, in which we
0,F,¢ a F.+ a0+ 0, F &,+

replace the measures u%; N , “0 j Y and Y, with ", o) and I , and the

@ Springer



466 E. Bolthausen et al.

~F,e .
constant & N with

a,0,+ ~0,F,e,+
e+ _ Zi ZNo
=N a,F,+ ’
Zy

respectively. The next lemma can be shown similarly to Lemma 3.2-(1).

Lemma 3.3 Ifa” > 0, we have

as N — oo.

Using Lemmas 3.2-(2), 3.3, and then (2.17) and Proposition 2.6, if ¢ > aj‘, we
have

a,00,F,e,+
=F.e+ r ZJ ZN*]'
SN, B (a") aF
Zy
ZO,F,8,+
—r/2 —NTf N—j
= Bl @uj)" PNV g —
ZN_;

~ B (ar) CF,+CF,8,+(27Tj)—r/26—NfF*+(s1)7

where fF is the function £ with & = £%7F, which can be rewritten as (3.25) by
the second condition of (C)F 4. Therefore, we obtain in the same way as in Sect. 3.3

p[l\‘;,+ ~ B (a") cFrcFeton)=—r/? z (NSI)—r/ze—NfH(sl)
[j—Nt|<N3/3
N ep (a") CF,+cF,s,+7T(1—r)/2 N(l—r)/2
2|al '

In particular, if » = 1, the coexistence of i and h occurs in the limit with probabilities

2la?| eBactrchet
eB(a")CFACF-e442a@|’ gf(a")CFHCFe442|a@]| )’
(3.28)
where 8 (a”) is in Lemma 3.2-(2), C>¢% isin (2.16) and C> is in (2.17), respecti-
vely; in fact, a® =a ifr =1.
The rest of the proof is essentially the same as Sect. 3.3.

()‘\F,a,—&- iF,aA—) ;:(
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4 Large deviation principle

This section is devoted to the sample path large deviation principle. Note that we do
not require the conditions (C)p—(C)F, +.

4.1 Formulation of results

Theorem 4.1 The large deviation principle (LDP) holds for h¥ = {h"N(t),t € D}
distributed under uy = ug’a, ug’s’Jr, uﬁ’g and MZ’S’JF on the spaces C or Ct =
C([0, 17, Ri) as N — oo with the speed N and the good rate functionals 1 =
[Pe P&+ [F8 gnd 1557 of the form:

Y(h) —infy X, ifh e H,

Ih) = +00, otherwise,

4.1

with & = nPe pPet wke gng 56+ given by (1.3), where H = Hulb(D),
H;”;(D) = Hal’b(D) nct, Hal’F(D) and H;,’;(D) = Hal’F(D) NCT, respectively.
Namely, for every open set O and closed set € of C or CT equipped with the uniform
topology, we have that

Jim inf 1 N e ) > — inf 1(h)
mmint — 10 S — 1n .
N—oo N EUN T heO®

1
limsupﬁloguN(hN €0) < —gfcl(h),

N—o00
in each of four situations.

The LDP for ,LLI?,’S is shown in [12], Theorem 2.2, when d = 1. Indeed, one can
give the proof of Theorem 4.1 essentially just by copying the proof stated in [12] line
by line. But, for completeness, we give another proof with slightly different flavor,
which might be simpler in some aspect.

4.2 Preliminaries
4.2.1 The case without pinning

We start with the LDP for the case without pinning, which is actually standard.

egs b b, N JF,
Proposition 4.2 The LDP holds for h™ under uy = p%;’, u% +, wy' and py +
on the spaces C or CT as N — 00 with the speed N and the unnormalized rate
functional

TP
Soh) = 5 / )2 d.
D

@ Springer



468 E. Bolthausen et al.

Proof We first discuss the situation without a wall. The assertion for ,u?v’F follows

by Schilder’s theorem (or Mogul’skii’s theorem [16], [4]), while for ,u,‘;v’b, we may
employ the contraction principle for the LDP in addition as in the proof of Lemma 6.1
of [12].

We now put a wall at B]Ri. Assuming a, b € Ri, let us denote ,ufv’b or ,uj'V’F by un
and py D+ or “7\] F.t by ,u;, correspondingly. Then, /L; is a conditional distribution
of x on the event Al = {¢i € ]Rd foralli € Dy}. First, we consider the case where

a,be (]R )°. Then, the LDP for py shown above proves that
li ! 1 (AT)=0 4.2)
im — =0. .
N—oo N O NN

Since a closed set € of CJr is closed in C, combined with (4 2), the LD upper bound
for sy implies that for n- The LD lower bound for wh  1s also easy, since O =
ON{h@) € (R )° for all t+ € D} is open in C for every open set O in CT and
un©ONCH) = un(O).

The case where a or/and b € 8Ri is more involved. The idea is to reduce the

a,F,+

proof of the LDP for such case to the case where a, b € (R )°. For uy" ", we have

~

a nice coupling (h"V-¢, BV: 'y for every pair of a and a’ € R realized on a common
probablhty space distributed under u% Fot a.F.+ (hN o~y Fot pN.d

u’;\, F.1y respectively, such that [|AV9 — AV-¢'|| o < |a — a'| a.s. (which is uniform
in N). In fact, we may apply Lemma 2.2 of [11] in one dimension componentwisely

noting that components {¢* = (¢{")icpy }g:] are mutually independent under . Ft
This coupling implies

and )y

u @ = 1y @) and 1O =l O

for every closed € and open O in Ct and y > 0, where a¥ = a + yed € (Ri)",

= (0,...,0, 1) is the dth unit vector, €V = {h € C*; B(h,y) N € # @}, OY =
{h; B(h,y) C O}and B(h,y) = {g;llg — hlloo < y}. Since €" and OV are closed
and open in CT, respectively, we have the LDP for ;L‘;V’F * with a € 9RZ from that

for u“ Ft witha? e (R4)° by noting that

lim inf Zg(h) = inf Zo(k d lim inf Zg(h) = inf Zo(h).
yli%hlen@ o(h) inf. o(h) an yli%hgby o(h) Jnf o(h)

Indeed, the first one is shown by the closedness of € and the lower semicontinuity of
%0, while the second is from the openness of O. The proof of the LDP for ,u’]zv’b’Jr with
aor/and b € aRi is similar. O
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4.2.2 Reduction to the case of m =0

As we have seen in (3.1), the probability measure ,u‘,lv’h’s is decomposed into the
product:

a,b,e a(l),b“),O a(z),b(z),s
Hn = BENm X KN
. a(z)’b(z)’g .. .
Once Theorem 4.1 is shown for the second component iy, ,. , combining with

Proposition 4.2 for the first component, Theorem 4.1 for %" is shown. In fact,

the LDP lower and upper bounds are shown first for products © = O; x O, and
¢ = € x &, of open and closed sets D1, & in C(D,R™) and D,, & in C(D,R"),
respectively; note that {t € D; h® (1) = 0} = {t € D;h(r) € M}. Then, these
estimates can be extended easily to general open set O in C(D, R?) and closet set
¢ in C(D,RY). Other three measures ,u‘;\;b’g’“L, M‘I’\;F’g and u?\}F’E’+ can be treated
similarly. We may thus assume that d = r and m = 0. In particular, M = {0} and,
therefore, the unnormalized rate functional should have the form

1 .
X(h) = 3 / |h(t)|*dt — &|{t € D; h(t) = 0}]. 4.3)
D

4.2.3 Estimates via stochastic domination

The proof of the lower bound in Theorem 4.1 will be reduced to the following estimates
for the measures with pinning starting at 0, see Sect. 4.3.1 below.

Proposition 4.3 For every § > 0, there exist C, ¢ > 0 such that

1w (1N oo > 8) < Ce™N

e _ 00e 00e+ 0F¢ 0.F.e+
Sfor Sy =yt T T and Tt

The idea of the proof of Proposition 4.3 is simple. We will apply a coupling
argument. For instance, under ,LL(I)\}F ¢ the Markov chains ¢¢ = (<;5f),-e py Occasio-
nally jump to the origin 0 € R¥. It is therefore natural to expect to have a coupling,
compared with the Markov chains ¢>0 = ((f)?)iE py Without pinning distributed under
u?\}F’O (i.e., & = 0), such that |¢7| < |¢>?|, i € Dy for Euclidean norms. This can be
shown based on the FKG inequality, see Remark 4.1-(1) below. Once such coupling
is established, the estimates stated in Proposition 4.3 are immediate from Proposition
4.2 for measures without pinning. We will actually establish the coupling not for the
Euclidean norms of the Markov chains but for one-dimensional chains obtained by
conditioning the original ones, in particular, to deal with the case with a wall.

Let X% and X%, 1 < o < d, be the sets of all Y = (wﬂ - (wf’)l-eDN)# c

o
(R4=1YDN respectively € (Ri_l)DN such that wiﬂ = 0 for all B # « if wiy =0

for some ¥ # « and i. Note that /L(])\}O’E(Xﬁ) = u?\}F’S(X;\",) =1forl <a <d,
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Wty = u ot @) = 1for 1 < @ < d — Land u§00 (X)) =
OEetd) = 1.
Forl <o <dand ¢ € Xl‘i‘,’(ﬂ satisfying 1Yo = ¥ = 0 in the Dirichlet case

—0; &,u . 0,0,¢, OOsa+ OFsoz
and ¥ = 0 in the free case, let VN (more precisely, vy v VN VN and

1(3,1;8 @ +) be the conditional distribution on the space Yy = RV (or yN = DN) of

the arth coordinate ¢* = (¢¥);ep, under %, (= ,u?vo e, pL(])VO . M?VF  and uo Fe+

respectively) under the condition that the other coordinates (qbﬁ = (¢. )ie DN)

BFa
satisfy ¢f = P for 1 < B # a < d. For instance, we set vl(:,owga(dx)

0 0.6 (¢* € dx|(¢P)pa = V) for x € Vy. For ¢ € XZ’(H satisfying the above
condltlons we define a probability measure vy 4 on Yy, which describes a Markov
chain in a random environment V, by

eiz’(\lzz)l(xi‘f-lixi)z/z H So(dx;) H dx;, “4.4)
iei(y) i€DN\i(Y)

fJN,w(dx) =
Ny

where i(y) = {i € Dy; ¥; = 0}. We will write vy _y in two ways: vNOW and vg,fl/ to

clarify which case we are discussing; in particular, i(y¥) D {0, N} ori(yr) D {0} in the
Dirichlet or free cases, respectively. These measures are independent of ¢ and «. These

probability measures restricted on ;))]J\; and renormalized properly are denoted by \72,’ 01’;
and vy 1//+, respectively. We also define the probability measures vl(z,o, E%F , ~2,0 +and

NF o by replacing i(1) on the right hand side of (4.4) with {0, N} in the Dirichlet
case and {0} in the free case, respectively; note that these measures are independent
of vr. In fact, these are the same as ,u(l)vo 0, ,u?vF 0, pa?\,o 0% and ,ug)\;F’O’+ (ie., ufy with
¢ =0)ind = 1, respectively.

The following lemma gives the conditional distributions va”aw of u:

Lemma 4.4 For ¢ > 0, we have that

0,0, 500 00, 0,F, ~0,F , O,F
Lovy =0y (uy -asy), ”Nwwz Nw( v oasy), l<e=d,
0,060, 20,0, 0,0, 0,F,s _0,F , O,F,
2 vy = oy O as), T = T sy, 1 <
aoidd_l’ 00 0,0, 0,F,ed, 0 0,
_ F, - F F.
3' N w& + — + ( g, +_as 1/[) VN 1//8 + + ( g, +_a.s‘w)‘

Proof Conditioned by the o-field Fo = o{¢; = 0,i € Dy} of Xy = (RY)Pv,
random variables ¢ and (¢ﬁ )p+a are mutually independent under u(l)\}o‘g. Thus, for
every F = F(¢%*) and G = G((¢ﬁ)ﬁ¢a), we have
0,0,e 0,0,e 0,0, 0,0,¢
EMN[FG] = EM [E“N [F|Fo] EMY [Glfo]]

-0,0
— EN |:EVN'(""S’»’3#“ [F]G] :
This completes the proof of the first identity in (1). The rest is similar. O
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The space y; is equipped with a natural partial order x <y forx = (x;)iepy, Y =
(yi)iepy € 3/;\7 defined by x; < y; for every i € Dy. For two probability measures
v; and vy on y;, we say that vy stochastically dominates v and write v; < vy if
EV'[F] < EY2[F] holds for all bounded non-decreasing (in the above partial order)
functions F on y;. Note that v; < v; is equivalent to the existence of two y;vr-valued
random variables X and Y, realized on a common probability space and distributed
under vy and vy (X ~ v, Y ~ 1), respectively, in such a manner that X < Y a.s.,
see [13,19]. Let R : Yy — y; be the mapping defined by Rx = (|x;|)iepy € y;
for x = (x;)iepy € YN-

Lemma 4.5 (Stochastic domination) For all ¢ > 0 and r, we have that

0,0 —1 71 0,F —1 ~0,F -1
vaoR <U O R vaoR <UN oR™,
-0,0,+ ~0,0,+ 0,F,+ ~0,F,+
Ny VN Uy =V

where v o R~ stands for the image measure of v under the mapping R.

Proof All four probability measures on the right hand side satisfy the FKG inequality.
In fact, since x = (x;);epy is a reflecting Brownian motion (i.e., one-dimensional

Bessel process) viewed at integer times under E%F o R~! and a pinned reflecting

Brownian motion under v}%o o R™!, the measures 171%'0 o R~ !and E%F o R~ satisfy

the FKG inequality; see Sect. 5.3 of [10] for the FKG inequality for Bessel processes.
On the other hand, the densities of 17 % and v](z,F fulfill the Holley’s condition on Yy
(since x is a Brownian motion or a pinned Brownian motion under these measures, see

[10,13]), and therefore their restrictions vO 0% and vg,F o satisfy the same condition

on yN This implies the FKG inequality for v?\,O *+and 95T
The four probability measures on the left hand side are given by the weak limits of
probability measures having non-increasing densities with respect to the corresponding

measures on the right hand side. For instance, we have

-0,0 -1 _ 1
v oR™ =limvg. Ny,
N, ¥ 010 0 N

where vg. vy (dx) = [1; iy fo(xi) By 0 R™1(dx)/ Zo. vy with a suitable normali-
zing constant Zg. v y and a non-negative non-increasing function fp on R such that
Jfo(x)dx weakly converges to §o(dx) as 6 | 0. Since the FKG inequality for 132;0 oR™!
implies the stochastic domination vy, y y < 172;0 o R~!, by taking the limit 6 | 0, we
have that v v w o R7! < vo 6 R=!. The other three stochastic dominations can be
shown s1mllarly O
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Proof of Proposition 4.3 The conclusion follows by

1w (1N > 8/4/d)

M~

wi (1A oo > 8) <
1

S
I

Il
M=

X5 [y (10w = 8/5/d| @) p2) |

R
Il

v (1A o = 8//d) < Ce™N

M=

<

S
I
_

where AV is the ath coordinate of AV € C, and Dy = f)%o, f)%o"'r, G%F and ﬁ%F’+

according as uf, = M({)\}O,s’ u?\}O’E’Jr, ;L(l)\}F‘E and M?\}F’g"'r, respectively. In the third
line, we have first used Lemmas 4.4 and 4.5, and then applied Proposition 4.2 with
a,b=0andd = 1. O

Remark 4.1 1. At least under the absence of a wall, one can show the stochastic
domination for the Euclidean norms of Markov chains:

u?\}o’g oR7! < /,L?\}O'O oR™' and /L?\}F’S oR7! < /L?V’F’O

oR7!, 45
where R : (RY)P¥ — Y is defined by Rp = (|¢i])iepy € YV for ¢ =
(¢i)ieDy € (Rd)DN. In fact, (|¢i|)iep, is a d-dimensional Bessel process viewed
at integer times under ,u,(l)\;F’O, and therefore ,u,(l)\;F‘O o R~!and ’u(])\}o,o oR7! (ie.,
e = 0) satisfy the FKG inequality, see Sect. 5.3 of [10]. Then, (4.5) is shown by
expressing u?\}o’g o R~! as a weak limit of a sequence of probability measures
having non-increasing densities with respect to M(])\}o,o o R™! as in the proof of
Lemma 4.5. The free case is similar.

2. Proposition 4.3 can be shown due to the renewal theory. This method is applicable
to the situation that the FKG inequality does not work.

3. What we needed in Sect. 3 are, in fact except (3.15), only the estimates given in
Proposition 4.3 rather than the full large deviation principle.

4.3 Proof of Theorem 4.1 for ,u]?,’s

We first note that, for the proof of Theorem 4.1 for ,uf,’g, it is enough to show the
following two estimates for every g € H [} »(D):

| D&y N D
lim inf = log uy " (Ih™ = glloo < 8) = =17 (g), (4.6)
for every § > 0, and

1
lim sup —— log nN AR = glloo < 8) < —1P%(g) + 0, 4.7)

N—o0
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for every & > 0 with some § > 0 (depending on 6), where 1% is defined by (4.1)
with ® = =P¢ and H = H, ! (D). This step of reduction is standard, for instance,
see (6.6) and the estimate ]ust above (6.11) in [12].

4.3.1 Lower bound

Let Jk, K > 1 be the family of all j = {j{, j; € N}/_, such that 0 < it <<
j12§j22<-~-<j1K§j2K<N.F0rjejK,Kzl,weset

e L a0 £ 0.0, pi 0,0 0.b
SN T Zﬁqez/f | 2t 1:[ Zipn_gp PNk
and
K

e . _ a0 N 0,0,e N
\IJN’j(g, §) = Mjll (”h _g”oo,[O,jll/N] <5) ’ M 7 (”h ”oo Ul /N. /N <5)

= 0,0 N

< T (Y =2l i <)
0,b

X 'uN—jZK(”hN - g||oo,[j2K/N,l] < 4),

where g € Ha1 »(D); note that g is not appearing in the second term of \l/f\, j(g; 8).
We say that a sequence jy = {jlp’N, jZP’N}II,{:1 € Jk is macroscopically t =
{t1 , }K | € Tg 1f11mN—>ong /N = tf hold forevery | < p < Kand?¢ =1, 2,

whereTK is a family of all t such that 0 < tll < t2] < tlz < t22 << th < t2K < 1.
We now assume that g € H ; (D) satisfies the condition:

K
{teDigt)=0}=|JIrf. 1] with teTx. (4.8)

Lemma 4.6 If a sequence jy is macroscopically t and if g € H, ! b (D) satisfies (4.8),
we have

L. limy_ o 7 log By =6 z[’le(zf — 1!y —So(a, b; 1}, t5) +inf 1 ) Z(h),
2. liminfy_ o0 o log W3y (& 8) = =To(g) + Zola, bi ], 1),

for every § > 0, where £ = £° and To(a, b t], tX) = {lal?/t] + |b?/(1 — t5)} /2.

Proof The first task for (1) is to calculate the limitas N — oo of ratio of two partition
functions Z ‘;,’b and Z ﬁ’s up to an exponential order. To this end, we recall the expansion

@ Springer



474 E. Bolthausen et al.

(3.4) which implies by letting 6 — oo

J— 25:*8
1+ZB“NJJ Z SNk

jeDy O<j<k<N

D

However, from (3.7) and Proposition 2.2, Ef, i and Ef\,] , behave as
o~ N (515D +NE(1=s51-52)

except algebra1c factors as N — oo, where s1 = j/N, s = (N — k)/N (we regard
k= jfor B uN ])andf(sl s57) is given by (3.8). LethYl n€C0<si<1l-s<1

be the function 72-@ defined by (1.8) with 7, 12, a®, b® replaced by s1, 2. a, b,
respectively. Then, since

Fs1,52) — &1 =51 — 52) = S(hy, 5) — So(hD),

and also by Lemma 1.2, we obtain that

(A
lim —log=Y¥_ = _|{0v  su {—2(}2‘ ‘)+20(BD)}
N—oo N g Zﬁ’s |: 0<s1§l];—)sz<l e
=—%oh?) + inf Z(h). (4.9)
)

a,b

The equality (1) follows from (4.9) and Proposition 2.2 recalling (3.3) (with r = d).
The inequality (2) is a consequence of Propositions 4.2 and 4.3 noting the condition
4.8). O

We are now in a position to conclude the proof of the LD lower bound (4.6) for
Mg,s. We may assume the condition (4.8) for g € Hal,b(D), cf. [12];if K =0 (i.e.,
g(t) # Oforall t € D), (4.6) follows from Proposition 4.2 and (4.9). Determine jy
from t in (4.8) by j{’N = [Ntf], 1 < p <K,t=1,2, which is macroscopically t.
Then, we have

uy SN = glloo < 8) = €285, W 5 (8:9), (4.10)

by noting that g = 0 on [tf’ , t2p ]. In fact, this follows by restricting the probability on
the left hand side on the event {qb/.,,,;v =0foralll < p <K,¢=1,2}N{¢; # 0 for
Je

alli e U;f:o[jzp’ ,leH N] N Z}, where jS’N = 0and leH’N = N. The LD lower

bound (4.6) is shown from Lemma 4.6 and (4.10) for g satisfying (4.8). The rest of
the proof is similar to [12], Proof of Theorem 2.2, Step 1.

Remark 4.2 'We have implicitly assumed that a # 0 and b # 0. The proof can be
easily modified when a = 0 or b = 0. Indeed, if a = 0, we take jl1 =0forje Jx
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and remove the first factors Z O from E 2 j and M"IO(HhN - g||oo’[0,j11/N] < §) from

lIJIEV’j (g; 8), respectively. The factor |a|? /t] does not appear in Xo(a, b; tll, tzK) in
Lemma 4.6. Similar modification is possible when b = 0, and the LD lower bound
can be shown whena =0 or b = 0.

4.3.2 Upper bound
Letge H al (D) be a function satisfying the condition:

for every y > 0 small enough,
K
{teD:ig®) <y)y=JUul". 87 1(= 1) with =" d7}K_ €Tk
p=1
(4.11)

Then, if 0 < § < y, since |g(¢)| > y implies on the event || — g|loo < & that
|hN ()| > y — 8 > 0 and therefore ¢; # 0 fori € N(I?)¢ N Z, we have

a,b

VA
(N = glloo < 8) < Zg,gu;’v"%nhN — glloo < &)
N

K
+O e DT BV @s+y). (412

k=1 jedi (V)

Here, fort € 7g and 1 <k < K,j = {]l s }k —1 € Jk(t) means that there exists

s = {sl,s2}p | € i such that s C tands1 < j PIN < J) P/IN < s for every
l<p=<k

We elaborate the results in Lemma 4.6 to some extent, i.e., we need uniform upper
bounds for E uNJ and \Iffvﬁj(g; 8). For y > 0, let 7; ; be the set of all t € 7; such that

t2 —tl >y(1<p<k)andz‘1 —tf ]>)7(1<p<k+1) Wheret§=0and

tf“ = 1. The function g € H (D) satisfying the condition (4.11) is fixed in the
next lemma.

Lemma 4.7 Foreveryy > 0and 6 > 0, there exist § > 0, No > 1 and n > 0 such
that

1. E?\/,j < exp {N (5 Zl;:l(tz _tl) To(a, b; tl ’ t2)+mel »(D) E(h)+9)}
2 W5 (88 = exp (N (=1 [ 180Pdr + Zota bi o] h) +0)],

hold forall N > Noand j € Ji, t € Ty 5, k > 1, satisfying |jlp/N—tf| < n for each
1 <p<kandl =1,2, where Il —Uk_l[tl,t 1.

Proof The bound (1) is shown by looking over each step of the proof of Lemma 4.6-(1)
attentively; we omit the details. To show the bound (2), since the second term (i.e., the
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0,0,¢
i3 =it
we may deal with other terms. Since those terms can be treated essentially in a same
way, we discuss only the first term denoting j 11 simply by j. Choose a sufficiently
small n > O (in particular, n < § A 1) in such a manner that |g(s) — g(¢)| < 6 holds
for |s — t| < n. Then, we have

product of probabilities under © ) of ‘-I-ffv’j (g; 8) is estimated by 1 from above,

1) = w4 Y = gllooo. vy < 8) = u° (H%hf ()¢ (%) H < 6) ,

where 1 (¢) on the left hand side is defined for ¢ € [0, j/N] while 4/ (¢) on the right
is for t € D = [0, 1], and this implies the following uniform estimate in j satisfying
lj/N —s| <nwiths =1t/

0 0,, i
WG URY = gllso.jo.j/n1 < 8) < u$ () € Ay),

where As = {h € C; ||h(-) — g(s+)/s|lco < ¢} for some ¢ > 0. Indeed, one can take
c = (25 +|Iglls) /(s — n) by estimating

I17() — g(s)/slloo < () — g(u)/ulloo + llg () — g(s) oo /u
+Hu ' =57 g lloos

foru = j/N. Since the event As is independent of j, from Proposition 4.2, this leads
to the uniform upper bound for / ]f, 6):

N
; I la|?
17.(8) < N|-= HPdt + — +6
~(8) <exp 2/Ig()l +2S+
0

for N large enough, § > 0 small enough and all j satisfying |j/N — s| < n. Thus,
repeating this procedure for other terms, we obtain the upper bound (2). O

The LD upper bound (4.7) follows from (4.12) and Lemma 4.7 for g € H ul »(D)
satisfying the condition (4.11) by choosing y > 0 sufficiently small. The rest of the
proof is similar to [12], Proof of Theorem 2.2, Step 2.

4.4 Proof of Theorem 4.1 for u2’5’+, /Lf,’s and u§’8’+

&

For ,uf,"g, we modify the definition of &Y . and W}, j(g; 8) by replacing their first/last

J

. F.e 0,F 0,F .
terms with 1/Z, € ZN—jZK and “ijzK(”hN — g||oo,[j21</N’l] < §), respectively. The

modification is also clear under the presence of a wall. Then, one can follow the steps

presented in Sect. 4.3 and obtain Theorem 4.1 for M2,5,+’ /Lf,’g and ;,LZ’E’+.
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Appendix A: Critical exponents for the free energies

Here we study the asymptotic behavior of the free energies & and &’ "+ near the
critical values &, = ¢, and & = 8;",, respectively. In general, when the physical
order parameter exhibits a power law behavior in ¢ close to its critical value, the power
is called the critical exponent. Our results give such critical exponents associated with
the free energies.

Recall that the free energies & and &’ + are defined by the thermodynamic limits
(1.4) and characterized by the equations: g, (e &) = g (e_E’H) = 1/¢. We put the
subscripts r for g, and g to indicate their dependence on r. These functions are
defined by (2.2) and (2.10), respectively, i.e., g-(x) = f; (x)/27)"/? and gh(x) =
fria(x)/(2) /%, where f, is the so-called polylogarithm given by the power series:

o n

=] n% (A.1)

n=1

for0<x <1 (orO < x < 1). Thecritical values ¢, , and 8+ are determined by €. , =
1/g-(1) and & or = 1/gF (1) asin (2.3) and (2.11), respectlvely Recall that e, =0
forr =1,2,6c, = 2m)"/?/¢(r/2) > Oforr > 3and e, = )2/t (r/2+1) > 0
for all » > 1, where ¢ is the Riemann’s ¢-function.

The results of this section are summarized in the following proposition.

Proposition A.1 1. (Absence of wall) As ¢ | &, we have that

Cr(e—ecr)?, r=1,3,
6—22'[/8 —

S:jw ’ r= ’

Cap(e —eca), 1=4,
Cr(e —é&cr), r>3,

where C1 = 1/2,C3 = 2712/5?,3, Cy = 47‘[2/83’4, C, = 2nsc,r_2/s§’rforr > 5 and
¢(x) = —x/logx for su]ﬁciently small x > 0.

2. (Presence of wall) As ¢ | ac - we have that

Cle—el ) r=1,
T~ G e —ely, r=2,
Chre—el), r=3,

where C} = (2m)2C; (: 1/2(531)4), CF = 2mCy (: 27‘[/(8:2)2) and CF =

27Criz (= 2mel, /(e forr =3
Remark A.1 Proposition A.1 indicates that the critical exponents «, and k" associated
with the free energies £ and 34 ’+, respectively, are given by k1 = 2, k» = 00, k3 = 2,

k4 = 14+ and k. = 1 forr > 5, while k" = 2, k)" = 1+ and k;" = 1 for r > 3. Here
k = oo means that the free energy vanishes faster than any power of €, and k = 1+
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means that the exponent is 1 with a logarithmic correction. The asymptotic behavior
of &7 is studied in [2].

Lemma A.2 We have that Zne:fr = &c.r42 and gf* = érzjrff foralle > 0andr > 1.
Proof The conclusion is immediate from the relation gj (x) =2mgr2(x). O

The following asymptotics for the functions f, as x 1+ 1 may be well-known, but
we give the proof for the completeness.

Lemma A.3 As x 1 1, we have that

i) ~ Jr(l—x)"12,

fr(x) = —log(1 — x),

A1) = f3(x) ~ 2wl —x)'2,

fa(D) = fa(x) ~ —(1 — x)log(1 — x),

fr() = frx) ~e(r/2=D(1—x), r>5.

Proof Theresult for f is a consequence of the Tauberian theorem, see [7], Theorem 5,
p. 447. When r = 2, (A.1) is nothing but the Taylor expansion of —log(l — x) at
x = 0. For r = 3 and 4, the relation x f;/(x) = fr—2(x) for 0 < x < 1 implies

1
(1) = frx) = / @dy,

and this combined with the results for f1 and f> shows the asymptotics for f3 and f4. If
r >3, fyisdifferentiableatx = 1fromtheleftand f/(1—) = fr—2(1) = {((r—2)/2).
This shows the last asymptotic formula. O

Proof of Proposition A.1 The assertion (1) follows from Lemma A.3 recalling that
fre &) = @2n)/?/e. Note that | — e~ ~ &% ase | e, and, if » > 3 in addition,
fr() = (2n)r/2/£c,r. Also note that ¥~ (x) ~ ¢(x) holds as x | 0 for the inverse
function ¥ ! of (&) = —& log & defined for small enough & > 0. The assertion (2)
follows from (1) combined with Lemma A.2. m]

Appendix B: Structure of minimizersind =1

In this section, we consider the case where d = 1 and m = 0 so that a, b € R, and
clarify the structure of the set of minimizers of ¥ = >P 0.+ sFand . Indeed,
for each £ > 0, the minimizers of £ (or ©2:%) are completely characterizable in
terms of (a,b) € R? (or (a,b) € R%r), and those of £ (or =F ") ina € R (or
a € R, ) as well. The result is summarized in the following proposition. In particular,
if @ and b have different signs, = (or ') admits a unique minimizer #*. We
simply write &, i and h omitting the superscripts D, F, ¢ and +.

@ Springer



Concentration under pinning 479

Proposition B.1 Assume that & > 0, namely, ¢ > 0 is arbitrary under the absence of
wall and & > & under the presence of wall.

1. (Dirichlet case) Let O be the bounded open region of R? surrounded by its boundary
C1 U C, where C1 = {/Ta]l + /0] = 2&)Y4 ab > 0} and C» = {|a| + |b| =
(2&)1/2, ab < 0}, which consists of four curves (see Fig. A). Then, the set HP of all
minimizers of ©.P (or 2Dty is given as Jollows: HP = {h} on O, HP? = {h} on
R?\ O, HP = {h, h} on Ci and HP = {h} on Ca. Note that h = h on C> U {(0, 0)}
and h #honC.

2. (Free case) Let HF be the set of all minimizers of F (or EF +) Then, HF = {h}
on{la| < VE/2}, HF = {h} on {la| > VEJ2} and HT = {h, h} on {|la| = VET2}.
Note thath = hata =0and h # h at |a| = JE]2.

Dirichlet case  a,b >0 a>0,b<0
hP hP hP hP
0 1 0 1 0 1 0 1

Free case
ZLF I F
0 1 0 1
Fig. A

Proof We first give the proof of (1) assuming a, b > 0. If a + b > /2§ in addition,
then & is the minimizer since it is the unique candidate in this case. If a + b < /2§,
noting that

2 2

. b
B =5 +5- 61 —t1—m) = VE@+b) ¢
A 2t
by Young’s relation, we have
2 {z(ﬁ) _ z(ﬁ)} — % —2a(b +26) + (b - \/E)z.

Therefore, we easily see that S (h) = Z(}Az) is equivalent to /a + Vb = (25)1/ 4
(noting that a + b < /2£) and the conclusion of (1) follows when a,b > 0. The
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case where a, b < 0 can be reduced to this case by symmetry. The case where a > 0
and b < 0 is also a simple computation. The minimizers of £ (or %) are easily
studied so that the proof of (2) is immediate. O
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