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Abstract A serious gap in the Proof of Pakes’s paper on the convolution equivalence
of infinitely divisible distributions on the line is completely closed. It completes the
real analytic approach to Sgibnev’s theorem. Then the convolution equivalence of
random sums of IID random variables is discussed. Some of the results are applied to
random walks and Lévy processes. In particular, results of Bertoin and Doney and of
Korshunov on the distribution tail of the supremum of a random walk are improved.
Finally, an extension of Rogozin’s theorem is proved.
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1 Introduction

The subexponentiality of one-sided infinitely divisible distributions was completely
characterized by Embrechts et al. [10]. See Theorem A below. Following this, the study
on the convolution equivalence of those distributions was started by Embrechts and
Goldie [8,9]. To complete their real analytic approach, they tried to solve the problem
on the closedness of convolution roots in the class of one-sided convolution equiva-
lent distributions. They conjectured that the class is closed under convolution roots.
However, it is a difficult problem and is not yet completely solved. See Remark 5.3
below. Later, Sgibnev [32] gave an assertion on the convolution equivalence of
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368 T. Watanabe

two-sided infinitely divisible distributions. See Theorem B below. His Proof uses
Banach algebraic arguments and contains a slightly obscure part in the Proof that (1)
implies (2) in Theorem B. Indeed, the assertions on line S to 11 on p. 117 are not clear
at least to the author. Recently, Pakes [23] asserted in Theorem 3.1 that he proved the
same theorem. His “Proof” employs real analytic methods without depending on the
closedness problem of convolution roots. However, unfortunately, there is a serious
gap in his “Proof” that (1) implies (2) in Theorem B. Specifically, there are two points
in the gap. The first point is that, in p. 416, he wrongly used Corollary 2.14 of Cline [4]
in a stronger sense than the original statement. See Remark 1.2 below. The second point
is that this corollary of Cline is incomplete, as was later pointed out in Remark 4.2 of
Shimura and Watanabe [34]. Pakes [23] is cited by many papers without noticing the
critical gap. Just in the middle of the review of the present paper, Pakes [24] and Wang
et al. [38] tried to rescue Pakes’s “Proof™ of [23]. After all their efforts, they overcame
the second point, but they did not notice the first point in the gap. In this paper, we
definitely restore Pakes’s “Proof” of [23] and complete the real analytic approach to
Theorem B. It should be noted that Cline [4] is an interesting paper but contains many
wrong or doubtful results; their influences to papers of other people are not small. It is
also explained in the introductions of [24,38]. We gave in Remark 4.2 of [34] a coun-
terexample for (iv) of Lemma 2.1 and pointed out that in its influence there are many
doubtful results in [4] and in the subsequent papers. Among them, it can be shown
that (iii) of Lemma 3.1, (i) of Corollary 3.2, and Theorem 3.4 of [4] are erroneous. On
the other hand, Corollary 2.14 of [4] was proved to be true under condition (i) or (ii)
there by [38] or [24], respectively. Thus Corollary 3.3, Theorem 4.1, and Corollary
4.2 of [17] are recovered, although the original Proofs depended on Corollary 2.14 of
[4]. Simultaneously, Theorem 1.1 of [37] is rescued, although Corollary 3.3 of [17]
was used in the Proof. However, there still remain doubtful results in [4] other than
those mentioned above. Some of them are explained in Remarks 1.4 and 5.1 below.

In what follows, we denote by R the real line and by R the half line [0, c0).
We denote by 8,(dx) the delta measure at @ € R. Let n and p be probability
measures on R. We denote the convolution of 1 and p by n * p and denote nth
convolution power of p by p™* with the understanding that p%(dx) = 8o(dx).
The right-tail of a measure £ on R is denoted by £(x), that is, £(x) := &(x, 00)
for x € R. Let y > 0. The y-exponential moment of & is denoted by g(y), na-
mely, ?(y) = ffooo e”*&(dx). For positive measurable functions f(x) and g(x) on
R, we define the relation f(x) ~ g(x) by lim,_ f(x)/g(x) = 1 and the rela-
tion f(x) < g(x) by 0 < liminf, . f(x)/g(x) < limsup,_, , f(x)/g(x) < oo.
A distribution p on R is said to belong to the class L(y) if p(x) > 0 for every x € R
and if

plx+a)~e Vp(x) forevery a€R. (1.1)
A distribution p on R is said to belong to the class S(y) if p € L(y) and if

pEp(x) ~ 2p(y)p(x). (1.2)
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Convolution equivalence and distributions of random sums 369

Distributions which belong to S(y) for some y > 0 are called convolution equivalent.
Among them distributions in S(0) are called subexponential. Note that if y = 0 and
p is one-sided on R, then (1.2) implies (1.1). Concerning details and examples of
distributions in S(0); see [12]. Let u be an infinitely divisible distribution on R. Then
the characteristic function of y is represented as follows:

oo

/ exp(izx)u(dx) = exp(¥(2)), zeR (1.3)
with
i izx . . 1 2
Y(z) = / (e @w_ ] 1{‘x|<1}(x)lzx) v(dx)+iaz — Ebz , (1.4)

where a € R, b > 0 and v is a measure on R satisfying v({0}) = 0 and ffooo(l A
lx|?)v(dx) < oo. The number b and the measure v are called Gaussian variance
and Lévy measure of u, respectively. See [28]. For ¢ > 0, define the right-hand
normalization v, of v by

1
0 (dx) = ——1(e.00) ()V(d), (1.5)
v(c)
whenever v(c) > 0. Denote by u'* rth convolution power of 1 for ¢ > 0.

As an earlier result, Embrechts et al. [10] proved the following theorem by using
real analytic methods.

Theorem A Let u be an infinitely divisible distribution on Ry with Lévy measure v.
Then the following are equivalent.

(1) ueSO).
2) v e S().
3) px) ~vx).

Theorem A was extended by Embrechts and Goldie [9] to an assertion involving
S(y) for a class of infinitely divisible distributions on R .. Then, treating distributions
on R, Sgibnev [32] asserted that he extended the above theorem in the following way.

Theorem B Let y > 0. Let wu be an infinitely divisible distribution on R satisfying
(1.3) and (1.4). Then the following are equivalent.

1) nesSwy).
(2) vieSy).
() vi € L), 1i(y) < 00, and ji(x) ~ [(y)v(x).

Theorems A and B are important and useful in many applications for Lévy pro-
cesses and other processes related to infinite divisibility. In fact, Theorem B is used
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by [6,14,18,24,29,34]. See also [7]. Results analogous to Theorems A and B for O-
subexponentiality and the dominated variation of infinitely divisible distributions on
R are found in [34] and [39]. As mentioned above, in order to restore Pakes’s Proof
of Theorem B, it is enough to prove the first assertion of the following theorem.

Theorem 1.1 It is true that (1) implies (2) in Theorem B. Further (1) is equivalent to
the following statement.
@) vy € L(y) and u(x) ~ dv(x) with some d € (0, 00).

Remark 1.2 There are three papers [23,24,38] which claim to prove Theorem B by
using real analytic arguments. However their “Proofs” that (1) implies (2) have the
same serious mistake. They used Corollary 2.14 of [4] or its restoration by [24,38].
But the additional condition that vi € L(y) is assumed in the corollary. Thus what
they have exactly proved is that if v| € L(y) and u € S(y), then vi € S(y). In our
theorem above, such an additional assumption does not exist.

We can apply Theorem B to the distribution of a Lévy process {X(¢)} on R with
w being the distribution of X (1). Assertion (i) below with y = 0 is called in [10] a
conjecture of F. W. Steutel.

Corollary 1.3 Let y > 0. Let ¢ be an infinitely divisible distribution on R.
() Ifu'™ € S(y) for somet > 0, then u'™* € S(y) forallt > 0 and

W (x) ~ () " ax) forallt > 0. (1.6)
(i) Ifn e L(y)and
nw(x) ~ () " a(x) for somet € (0,1) U (1, 00), (1.7)

then i € S(y).

Next, to the end of this section, we discuss the convolution equivalence of the
distributions of random sums of IID random variables. In particular, the distributions
of random sums of IID random variables naturally appear in those of continuous
time random walks (CTRW, in short) introduced by [22]. A CTRW is a random walk
subordinated to a renewal process. It is also called a renewal model in insurance
theory; see [12]. A compound Poisson process is an instance of CTRW. Let {p,}3°
be anonnegative sequence satisfying >~ p, = 1 and po+p; < 1. Foradistribution
p on R, we define a compound distribution 1 on R by

o0
ni= P (1.8)
n=0

Let {X,};2; be IID random variables with distribution p on R and let T be a nonne-
gative integer-valued random variable independent of {X,}7 , with P(t = n) = p,.
Let {S,};2, be arandom walk on R defined by S := O and S, := >y Xgforn > 1.
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Convolution equivalence and distributions of random sums 371

Then n is the distribution of the random sum S;. Note that if the distribution
z;’,ozo Pndn(dx) of 7 is infinitely divisible, then 7 is also infinitely divisible; see [28,
E34.5] or [35, Proposition IV 3.1]. We define the convolution p ® p of p = {p, } with
itself by (p ® p)u == > 4o Pn—kPk- Then n** = >°° ((p ® p)np™*. We consider
the following problem.

Problem 1 Let y > 0 and let p and 5 be as above. Are the following statements
equivalent ?

@ neSwy).
() peSy).
©) peLy),py) <oo,and ij(x) ~ 30 np, p(y)" ! 5(x).

The following theorem gives a partial but substantial answer to the problem above
except whether (a) implies (b). In Theorem 1.5 below we present a negative answer
to the problem whether (a) implies (b). But, under what condition (a) implies (b) is an
unsolved problem even in the case of assuming p € L(y).

Theorem C Let y > 0 and let the distribution n and the assertions (a), (b), and (c)
be the same as those in Problem 1. Assume that there is ¢ > 0 such that

]

> ((By) +e) v )" < oo (1.9)

n=1
Then (b) and (c) are equivalent, and moreover, (b) implies (a).

Remark 1.4 Itis obvious from Lemma 2.6 in the next section that (a) implies (b) under
the assumption that p € L(y) and 1(x) = O(p(x)). This assertion is also found
in [24,38]. Theorem 5.1 of Pakes [23] asserted a two-sided extension of Theorem
2.13 of [4]. Theorem C is the correct part of Theorem 5.1 of [23]. In Theorem 5.1
of [23], it is stated that (a) implies (b) under the assumption that p € L(y) and
p(x) # o(n(x)). However the Proof of this statement contains a gap since it depends
on the yet unjustified part of Theorem 2.13 of [4]. So far, the statement is neither
proved nor denied even in the case y = 0.

Itis not easy to solve Problem 1 completely. However, we can introduce a new idea
for this problem and give a counterexample for the assertion that (a) implies (b). The
following theorem (Theorem 1.5 below) is quite a bit more general than Theorem 1.2
of [38] as is seen from Remark 1.6 below. The subexponential case (that is, the case
y = 0) in assertion (ii) in Theorem 1.5 below was already given in [31] in a more
general assertion by using the class I'.

Theorem 1.5 Let y > 0 and let the assertions (a) and (b) be the same as those in
Problem 1. Assume that p,, is positive for all sufficiently large n.

(1) Assume that p € L(y) and satisfies either

liminf P &P

n—oo pn

2i(y), (1.10)
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(i)

or

5 (P @ pn
msup —— <

n—oo n

20(y). (1.11)

Then (a) implies (b).
Assume that, for some 0 < r < 1, it holds that 0 < d = Zsio r""p, <00
and

Pr+l (P ® pn

lim =rand lim =2d. (1.12)
n—oo pl’l n—o0 pn
Ifr =d =1 and p is one-sided on R with
(n+1)x
lim p x) =00 forevery n>1, (1.13)

=00 ()

thenn € S(0) on Ry. If 0 < r < 1, then, for any y > 0, there is p such
that n € S(y) withd = 7(y), but p € L(y + 8) for some § > 0 and hence
p ¢Sy

Remark 1.6 (i) If lim,— o pp+1/pn = 0, then lim,—,oc(p ® p)n/pn = 00 and

(ii)

(iii)

(iv)

hence (1.10) holds.

Let p, = a,r" with0 < r < 1,a, > 0, and lim,,— o ay+1/a, = 1. Then
it is obvious from liminf, - (p ® p)n/pn = 2 Z;’;O a, that the condition
>l an > 1(y) implies (1.10).

The compound Poisson and negative binomial cases are, respectively, typical
examples of (i) and (ii) above. Namely lim,_, oo (p ® p),/pn = o0 provided
that

pn=e “— withc > 0, (1.14)
or that

a+n—1 ayn .
Pn = 1 (1 —21)%x with O <A <landa > 0. (1.15)
o —

If p, > O for all sufficiently large n and

1
limsup 2L o (1.16)

n—oo  Pn 1162

then (1.10) holds. Thus Theorem 1.5 contains Theorem 1.2 of [38], which is
a corrected and two-sided version of Corollary 2.14 of [4] under condition (i)
there.
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(v) Inthe case (1.12) withd = 7j(y), we do not know whether there is a distribution
pon R suchthat p € L(y) \ S(y)butn € S(y). If p € L(y + §) for some
8 > 0and n € S(y), then p does not satisfy (1.9).

We present a corrected and two-sided version of Corollary 2.14 of [4] under condi-
tion (ii) as follows. The one-sided case was already found in Lemma 3.4 of [24].

Proposition 1.7 Let y > 0 and let p and n be the same as in (1.8). Assume that
p € L(y)andn € S(y). Letr :=> 2| pu(pl0, 00))" L. If, for some & > 0,

ipn ((r‘lﬁ(y) +e) v 1)” < 00, (1.17)
n=1

then p € S(y) and (1.9) holds. In particular, if po = 0, y = 0, and p is one-sided on
Ry, then (1.17) is the same as (1.9).

Finally, we obtain the following application of Theorem 1.1 to compound negative
binomial distributions on R. Thus the statements (a)—(c) in Problem 1 are equivalent
in the compound Poisson case by virtue of Theorem B and in the compound negative
binomial case by virtue of Theorem 1.8 below. Note that (a) implies (b) without
assuming p € L(y) in these cases. Theorem 4.1 of [24] states an analogous result, but
the additional condition p € L(y) is needed when (a) implies (b). See [10] for y =0
and o = 1. We define a function ¢, (s) on (—1/x, 1/X) for0 < A < 1 and ¢ > O by

_[1=2 a_oo a+n—1 agnn
wa(s).—[l_ks] _Z( v )(1 A)EA S (1.18)

n=0

Denote by ¢/, (s) the derivative of ¢y (s).

Theorem 1.8 Let 0 < A < 1, « > 0, and y > 0. Let p be a distribution on R
satisfying Ap(y) < 1. Define a distribution ny on R by

 fa+n—1

N ::Z( _1 )(1 — A)YA " (1.19)
n=0 o

Then the following are equivalent.

(@) ny € S(y) for some, equivalently for all, « > 0.
(b) peSy).
(©) p € Ly)andija(x) ~ @, (0(¥)) px).

We define a distribution p; on R for the distribution p on R satisfying fooo xp(dx)
< 00 as

. px)
p1(dx) = T @0 xp(dx)dx. (1.20)

@ Springer



374 T. Watanabe

Note that

. py)—1
S — 1.21
Pr(y) y fooo o) (L.21)

The following corollary is an extension of Corollary 4.2 of [17].

Corollary 1.9 Let 0 < A < 1, @ > 0, and y > 0. Let p be a distribution on R
satisfying fooo xp(dx) < oo and Ap;(y) < 1. Define a distribution n, on Ry by

N ::Z(‘Hn_ 1)(1 — LI ol (1.22)

a—1
n=0

Then the following are equivalent.

(@) ng € S(y) for some, equivalently for all, & > 0.

(®) peSy).

(©) preSy).

@ p e L(y)and i) ~ ¢}, Bi () 50/ (v 5 xp(dx)) .

Theorem 1.8 and Corollary 1.9 with @ = 1 are frequently used in queueing theory,
ruin theory, and branching processes. In the above we have given statements of our
main results.

In Sect. 2, we collect preliminaries for the Proofs of the above results. In Sect. 3,
we prove our main results. In Sect. 4, we give an application of Theorem 1.8 to the
supremum of a random walk. Namely, Theorem 1 of [1] and Theorem 2 of [20] are
improved. We also give an application of our results to a compounding of a random
walk. In Sect. 5, we present some future problems to be solved. In Sect. 6, we add an
extension of Rogozin’s theorem. In a separate paper, we shall discuss local subexpo-
nentiality and random sums of IID random variables.

2 Properties of the classes £(y) and S(y)

In this section, we give several lemmas which were extended to two-sided case by [23]
and add new preliminary results on £(y) and S(y). Proposition 2.7 below is of interest
from the viewpoint of the distributions of random walks. It plays a key role in the Proof
of Theorem 1.5 and Proposition 1.7. Throughout this section, we define ;4 on R
for a distribution 1 on R by p4 (dx) := 1{0,00) (x) p(dx) 4+ p(—00, 0)do(dx). If 11 is
the distribution of a random variable X, then w4 is that of X v 0. Let ¢ := [0, 00).
Define p(dx) := g~ 110,00)(*)u(dx) in case ¢ > 0 and p := 0 in case ¢ = 0, and
o(dx) = (1 — q)_ll(_oo,o)(x),u(dx) incase g < 1 and o := 0 in case ¢ = 1. Then
u(dx) = qp(dx) + (1 — g)o(dx) and 4 (dx) = gp(dx) + (1 — g)do(dx).

Lemma 2.1 (Lemma 2.4 and Corollary 2.1 of [23]) Let y > 0. Let u, 1, and o
be distributions on R. If u; € S(y) and pa(x) ~ cfiy(x) with ¢ € (0, 00), then
w2 € S(y). In particular, i € S(y) if and only if uy € S(y).
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The following lemma is a nice and useful result of Pakes [23], which is crucial in
the Proofs of Theorem 1.1 and Corollary 1.3. He used Bingham—Teugels’s Tauberian
theorem in the Proof. See Theorem 4.9.1 of [2]. In [23], the condition that 111 (8) < oo
for some B > 0 was missing in assertion (i) below.

Lemma 2.2 (Lemma 2.5 of [23]) Let u, (11, and o be distributions on R satisfying
W= 1 * L2

(i) Assume that p € L(0), and that 11 (x) = o((x)) and [£1(B) < oo for some
B > 0. Then we have

(x) ~ m2(x). 2.1

(ii) Lety > 0 and let 1 and o be distributions on R. Assume that u € L(y),
and that 11(B) < oo for some B > y and

o0

/ exp((y +iz)x)u2(dx) #0, forevery ze€R. (2.2)

Then we have
(x) ~ iy (y)ma(x). (2.3)

Moreover, if u € S(y), then uy € S(y).

Lemma 2.3 (Lemmas 5.2 and 5.3 of [23]) Let y > 0. Suppose that u € S(y). Then
the following hold.

(i) Foranyn > 1, u"™ € S(y) and
W) ~ na(y)" ). (24)
(i) For any € > 0, there exists K > 0 such that
W (x) < K(((y) +&) v D)"i(x) forevery x e Randn > 1. (2.5)
Lemma 2.4 (Lemma 2.1 of [23]) Let y > 0 and let © € L(y) on R. Assume that
a distribution o satisfies 6 (x) = o(ji(x)) and 5 (B) < oo for some B > y. Then
wxo € L(>y).

The following lemma shows that the class £(y) is closed under convolution on R.
On the other hand, the class S(y) is not closed under convolution even on R.. See
[19,21].

Lemma 2.5 Lety > Oandlet uj € L(y) onR for j = 1,2. Then ju1 * 1 € L(y).
In particular, if i € L(y), then u* € L(y) forn > 1.
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Proof We show only the first assertion. For j = 1, 2, define g}, p;, and o; for u;
similarly to ¢, p, and o for p. Then obviously p; € L(y) for j = 1,2, 57(x) =
o(p2(x)), 02(x) = o(pr(x)), and ?fj (B) < oo forsome 8 > y and j = 1, 2. Thus we
have, by Lemma 2.4, p; x 03 € L(y), and pr x 01 € L(y). Note that p; * p» € L(y)
by Theorem 3 of [8], o1 * 02(x) = 0 for x > 0 and that

1k u2 = (qro1 + (1 —g)or) * (q2p2 + (1 — g2)02). (2.6)
It follows that w1 * ur € L(y). O

Lemma 2.6 Let y > 0. Let u; be distributions on R for j = 1,2. If u1 € S(y),
w2 € L(y), and [i2(x) < [11(x), then puy € S(y).

Proof Suppose that | € S(y), ua € L(y), and 12 (x) =< wi(x). Then we see from
Lemma 2.1 that (iu1)4 € S, (u2)4 € L), and (12)3(x) =< (i1)3(x). Thus we
find from Theorem 2.1 of [16] that (u2)+ € S(y) and again from Lemma 2.1 that
uz € S(y). o

The following proposition is a two-sided extension of Theorem 2.10 of [9] and
Theorem 2 of [10]. Assertion (i) states that the class S(y) on R is closed under
convolution roots in the class £(y) on R for y > 0, which is due to Theorem 5.1 of
[24]. Assertion (ii) states that the class S(0) on R is closed under convolution roots
without any additional assumptions. In Theorem 5.1 of [24], an additional condition
that u € £(0) on R is assumed. The class L(y) is not closed under convolution roots
for y > 0. See [33]. Note from Theorem B that the class S(y) on R is closed under
convolution roots in the class of infinitely divisible distributions on R.

Proposition 2.7 (i) (Theorem 5.1 of [24]) Let y > 0 and let © € L(y) on R. If
W e S(y) for somen > 2, then u € S(y).
@Gi) If W™ € S(0) for some n > 2, then u € S(0).

Proof of (ii) Suppose that * € S(0). Note that 0/*(x) = 0 for x > 0. We have for
x>0

n—1
()™ (x) — W™ (x) = > (Z)q"(l —q)"
k=1
0—
/ (PP (x) — oF(x — oD% dy) = 0. (27)

Thus we see that

s
iminf A

oo ™ (x)

(2.8)
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Let A > 0. Then, noting that p"*(x) — p"*(x — A) < 0, we find that for x > A

n—1

()™ (x) — @™ (x — A) < D (Z)q"(l —q)"
k=1
0—

/ (k" (x) — pk*(x — A — y))o "% (dy)

n—1
=2 (Z)q"(l — )" P () "I (—o0, —A]
k=1

< p"™(x)o"™*(—00, —Al. (2.9
Note that
Tk
PO forx = 0. (2.10)
u*(x)

As A — 00, we obtain from (2.9) and u** € L(0) that

i ()" (x) N w(x — A)
imsup ——— < lim limsup ——
x—oo  W(x) A—>00 x50 w*(x)
+¢7" lim ¢"*(—o0, —A] = 1. (2.11)
A—o00

We see from (2.8) and (2.11) that

()™ () ~ W (). (2.12)

Thus we conclude from Lemma 2.1 that (u4)"™ € S(0) and by Theorem 2 of [10]
that 4 € S(0), equivalently, u € S(0). O

Finally we give an interesting result due to [36]. The definition of p; is similar to
(1.20).

Lemma 2.8 (Lemma 3.1 0f [36]) Let y > 0. Let i be a distributions on R satisfying
(x) > 0on (0, 00) and fooo xu(dx) < oo. Then the following are equivalent.

(@) neLly).
(b) limyooo A(x)/ [~ pw)du = y.
(©) nr e Ly).

3 Proof of main results

In this section, we prove the main results given in Sect. 1.
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Proof of Theorem 1.1 1f y = 0, then Pakes’s Proof does not depend on Cline’s lemma
and it is correct. Let y > 0. For a fixed ¢ > 1, we decompose u satisfying (1.3) and
(1.4) as the convolution of two infinitely divisible distributions w1 and w2 in such a
way that u, is a compound Poisson distribution with Lévy measure 1 (¢ o0) (X)v(dx).
Note from Theorem 26.8 of [28] that 7 (x) = o(m(x)) and 111 (B) < oo forall B > y.
The characteristic functions of 1 and u, are expressed as, for j = 1, 2,

/ exp(izx)uj(dx) =exp(yj(z)), z€R 3.1
with
c+ |
Yi1(2) = /(eizx — 1 =1y ®izx)v(dx) +iaz — Ebzz, 3.2)
and

V2(z) = /(ei” — Dv(dx). (3.3)
c+

Suppose that u € S(y). We prove that v, € S(y) by developing the argument used in
the Proof of Theorem 4.2 of [9]. Here v is defined by (1.5). Since w7 is an infinitely
divisible distribution with Lévy measure 1. o) (x)v(dx), we see from Theorem 25.17
of [28] that (2.2) is always satisfied. Thus we see from Lemma 2.2 (ii) that

f(x) ~ L1 (y)i2(x) and o € S(y). 34

Let § := v(c). Since § — 0 and p, converges weakly to §o(dx) as ¢ — 0o, we can
take sufficiently large ¢ such that ¢® — 1 is close to 0 and

0<dly)+e —2<1. (3.5)

The distribution p> is a compound Poisson on R and thus represented as

oo

- 8"
pa=e">" —u". (3.6)
n=0 """
Define a probability measure o on R by
I~ 8"
o= (e‘S — 1)_ Z mvf* (3.7
n=1 """
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Since s € S(y) and 5 (x) = (1 —e %)~!

Noting that 0 < €% — 1 < 1, we see that

2(x), we have, by Lemma 2.1,0 € S(y).

© (1 _ S
v, = _Z%o"*. (3.8)

n=1

Since 0 € S(y), it follows from Lemma 2.3 that, for any ¢ € (0, 1), there exists
K > 0 such that

o (x)

o(x)

<K@(y)+e)" forevery x >0andn > 1. (3.9)

Noting that o' (y) = (e°1t2 () — 1) / (¢ — 1), we find from (3.5) that, foreach x > 0,

e—l)

3 @) e
n

o(x)

| /\

@) +e)"

n=1

(E@ha(y) — 1 +e@ —1)" <oo. (3.10)

:I»—

i

Thus, thanks to the dominated convergence theorem, we have by Lemma 2.3

fim e _ > (1-¢)'am !

X—00 U(X) =

_l—e_‘s

C a(y)

> 0. (3.11)

Hence, by Lemma 2.1, v, € S(y) and thereby v; € S(y). Next we prove the second
assertion. It is enough to show (4) implies (3) of Theorem B. Suppose that (4) holds.
Then we see from Lemma 2.2 that

d
T2 (x) ~ =——(x). (3.12)
w1 (y)

Since w; is a distribution on R, we obtain from Theorem 1.2 of [34] thatd /&1 (y) =
a(y) < oo, thatis, d = ji(y) < 0o. Thus (3) holds. O

Proof of Corollary 1.3 Assertion (i) is clear from Theorem B.
Next we prove assertion (ii). Without loss of generality we can assume ¢ > 1.
Suppose that € L(y) and

W (x) ~ t(y) "' a(x) forsomer > 1. (3.13)
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Then obviously u'* € L£(y). We use the decomposition (& = 1 * 12 as in the Proof
of the above Theorem again. We see from Lemma 2.2 for u, u'™* € L(y) that

15 () ~ (i ()~ @), (3.14)
We can represent p, and ,utz* as (3.6) and

o0

8t n 'n*
uht =" ©OnTve” )n:’° (3.15)
n=0 ’
with § = §(c) := v(c). We shall show that
o _
. (8" v"* (x)
lim 1 - =0. 3.16
A0 lfli‘ip; 1187 (%) (3.16)

Suppose that, forany N > 0, therearec = cy > N, {xx} = {xx(c)} and 81 = §1(¢c) >
0 and an absolute constant §, > 0 such that limy_, oo Xy = 00 and

0]

D (81)" v (xk)

lim —
n!éve(xy)

k—o00
n=2

=81(c) > 8. (3.17)

Note that lim,_ o, §(c) = 0 and lim._» 2(y) = 1. Thus we can take sufficiently
large ¢ = ¢y such that

4—5G-1) t(t* + 8»1)

()~ < s, (3.18)
Define I (k) and J (k) for k > 1 as
1(k) == i @ (3.19)
n=2 ’
and
J(k) == i ((St)”v;ﬂ (3.20)
n=2 ’

Thus noting that J (k) > 121 (k), we obtain from (3.17) and (3.18) that for sufficiently
large ¢ = cn
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[*
My (k)
ta(y) ™! = lim
k— 00 Mz(Xk)

:eﬂs(,,]) lim Stve(xx) + J (k)
k—oo 8Vq(xg) + I (k)
T L OV C e
k—oo 1+ I(k)/(8vc(xk))
IR R e s A GOVACIZA G0))
- k—oo 1 + J(k)/(tzév_c(xk))
S o= r(r + 1)
12 +8;

>tz (y)' . (3.21)

Here the last inequality is due to (3.18). This is a contradiction. Thus we have proved
(3.16). It follows from Lemma 2.2 and (3.16) that

-y )‘

(x) . 2(x)
— =y )‘ = lim hmsup MI(V)S_L( )

v(x)

lim sup
X—>00

IA

lim ( e () = B)| + T (r)e ™

00 __
sn—1ymn*
limsup > FTVEW N . (3.22)
x—o00 1 nlvg(x)
Thus we conclude from u € L£(y) and Theorem B that & € S(y). O

Proof of Theorem 1.5 First we prove (i) only in the case (1.10). The Proof of the other
case is similar. We shall show that there is an integer N > 2 such that

V()
lim inf —
xX—00 r}(_x)

> 0. (3.23)

On the contrary, suppose that for every integer N > 2

V()
lim inf —
xX—00 n(x)

=0. (3.24)

We see from (1.10) that there are § > 0 and an integer Ny > 2 such that, for every
k> No+1,

(p® P
Dk

> 27(y) + 8. (3.25)

@ Springer



382 T. Watanabe

Further, we find that there is a sequence {x, }7°

lim,,—, 5 X, = 00 and that

o such that x;, is strictly increasing with

No*
Jim P Cn) (3.26)
n—>00  1(xy)
Since (p[0, oo))N"_lW(x) < pNox(x) for 1 < k < Ny, we have
W(xn)
lim 22" — 0 for 1 <k < Np. (3.27)
n— 00 n(xn
Define Ij(n) and J;(n) for j = 1,2 as
No -
Lin) =" prp™ (), (3.28)
k=0
o —
L)y = D" pro* (), (329)
k=No+1
No -
Jin) =" (p ® pkp™ (xn), (3.30)
k=0
and
0 —
hm)y= D (p® phpt*x,). (3.31)
k=No+1
Then we see from (3.27) that
I J
fim A0 g 0 (3.32)
n—00 7(xy) n—00 7(xy)
Noting that n>* = Secolp® )i p**, we obtain from (3.25) and (3.32) that
2%
20(r) = lim U0
n—>00 77(xy)
— lim (J1(n) + J2(n)) /1 (xn)
n—o00 (I1(n) + Ir(n))/M(xy)
. Ja(n) ~
= lim AT > 2n(y) + 6. (3.33)

This is a contradiction. Thus we have proved (3.23) for some integer N > 2 and hence

for all sufficiently large integer N. Since pV*(x) < (pny)~'7(x) with py > 0 for
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sufficiently large integers N, it follows that
pN*(x) = 7(x). (3.34)

Note from Lemma 2.5 that p € L(y) implies p¥* € L£(y). Thus we conclude from
Lemma 2.6 that p™V* € S(y) and thereby from Proposition 2.7 that p € S(y).

Next we prove (ii). Suppose that (1.12) holds. First we show that if (1.13) holds,
then

)
im — =
xX—00 r)(x)

2d. (3.35)

In fact, define /;(x) and J;(x) for j =1,2and N > 1 as

N-—1

Lx) =D pept (), (3.36)
k=0

Lx) = pep™(x), (3.37)
k=N
N—-1 -

Ji) = D (p® phpt*(x), (3.38)
k=0

and

h(x) =" (p® plpk* (). (3.39)

k=N

Then we see from (1.13) that

s @) _ (J1(x) + J2(x))/pN*(x)
im sup — = lim sup —
xmoo TX) xmoo (I1(x) 4 L(x)/pV*(x)
. . Jr(x)
yim fim sup 77 = 2d (3.40)
and by the same way
2%
fimint - = 24, (3.41)
x—00 7(x)

Thus we obtain (3.35) and the first assertion of (ii) is clear since d = 1 and p is
one-sided. Next we fix p(dx) := ae”**dx on R for some a > 0 and define
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. anxn—l Cux
fa) = o e

g(x) == ZPnfn(x), and
n=1

2100) 1= D pusi fu(x). (3.42)

n=1

Note that p satisfies (1.13) and g(x) is the density of n(dx) — podo(dx). Suppose that
r = d = 1. By the argument similar to the Proof of (3.35), we can prove from the
first equation of (1.12) that limy_, ~ g1(x)/g(x) = 1. Then we find that |g’(x)/g(x)]
is bounded for x > 1 and that

5 g . algix) —gx)
m — = lim ————————= =

0. 3.43
00 g(r) | weo g(x) G4

Hence we see that

c

/
lim M = lim exp /Mdu =1 foreveryc e R. (3.44)
x—>00  g(x) X—>00 gx +u)

0

Next suppose that 0 < r < 1 withd = 372, r " p,. Then define ¢, := d'r"p,
and h(x) := d~'e?1="%g(x). Thus, replacing a, p,, and g(x) by ar, g,, and h(x),
we see as in (3.44) that

h(x +c¢)

X—00 h(x)

=1 foreveryc € R. (3.45)

Therefore, n € L(a(1 —r)) withd = 7(a(1 —r)). Hence, by (3.35), n € S(a(1 —r)).
Thus we have the conclusion of the second assertion of (ii) with y = a(1 —r), which
can be an arbitrarily positive value by taking appropriate a. O

Proof of Remark 1.6 We prove only (iv). The others are obvious. Suppose that

1
lim sup Pntl < (3.46)

n—oo  Pn /6\()/)'

There is an integer N > 1 and a number § > 0 such that
Pm—i = By +8 pn for m=2n>N and 0<k<n. (347)

Thus we have, form > 2n > N,

n

n
(P® P =2 pePmk = 2pm D pk(B(y) + )F. (3.48)
k=0 k=0
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Thus we see that

o0
. (p® _ _
limint L2 P 2> Pk (B) + 5k > 27(). (3.49)
n—00 pn k:O
Hence (1.10) holds true. m]

Proof of Proposition 1.7 The idea of the Proof is similar to that of Theorem 1.5. The
Proof of Lemma 3.4 of [24] used a corrected version of Lemma 2.1 of [4], whereas
we apply Proposition 2.7. Let g := p[0, 00). Thenr = > 72 | Png™~!. Suppose that
for some ¢ > 0

ipn ((r‘lﬁ(y) + s) v 1)" < 0. (3.50)
n=1

Since p™*(x) > p(x)g" ! for n > 1, note that r~'7j(x) > p(x) and r " n"*(x) >
p"*(x) for n > 1. Thus it is clear from »~!77(x) > p(x) that (1.9) holds. Obviously,
there is an integer N > 1 such that py > 0 and

o0
Z r ()" < 1. (3.51)
n=N+1
Suppose that
N
imint 2= % o, (3.52)
x—>00 7 X)

Then there is a strictly increasing sequence {x,} with lim,_, 5, x,, = 0o such that

—
lim P ) (3.53)
n—00  7(xp)
Since qN_IW(x) < W(x) for1 <k < N, we have
pr
fim 2% 0 for1 <k < N (3.54)

n—00 ﬁ(xn

Thanks to (3.51), we can use the dominated convergence theorem and see from
Lemma 2.3 and (3.54) that
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- SR
= dim 200 gy S, )
n—00 7)(xy) n%ook—N—H n(x,)

k*(x )
i, > ple)

k=N+1 1(Xn)
o0
—kp o~ k=1
= > ;) <1
et (3.55)

This is a contradiction. Thus, noting pN*(x) < (pN)_lﬁ(x) with py > 0, we have

7(x) = pV*(x). (3.56)

Since p € L(y) and thus pV* € L(y), we find from Lemma 2.6 that pV* € S(y)
and hence, by Proposition 2.7, p € S(y). O

Proof of Theorem 1.8 Thanks to Theorem C, it is enough to prove that (a) implies (b).
Define § := —log(1 — 1) and

1A
= — — p"*, 3.57
v aén’) (3.57)

By considering characteristic functions instead of Laplace transforms, we obtain the
following as in the Proof of Corollary 3 of [10]. That is, we see that 1y is a com-
pound Poisson distribution with Lévy measure §avy and the distributions 7, and p
are represented as

o0
8 n
PETEDY %vé’* (3.58)
n=0 ’
and
o0
-5 n
o=—2"" Z ( m) veE. (3.59)
n=1 ’

Suppose that 5, € S(y) for some, or equivalently by Theorem B for all, @ > 0. Then
we find from Theorem 1.1 that vgp € S(y). Thus, by using the dominated convergence
theorem, we obtain from Lemma 2.3 that

p P 8 _
im — = —exp(—8vp(y)) >0 (3.60)
x—00 Vy(x) A

and thereby from Lemma 2.1 that p € S(y). O

Proof of Corollary 1.9 The Proof of the corollary is clear from Lemma 2.8 and Theo-
rem 1.8. O
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4 Some applications

In this section, we add two applications of our results, which are useful in ruin theory.
First we give an example of application of our results to a special case of a com-
pound Poisson process. Second we prove an extension of theorems of [1,20] on the
tail of the distribution of the supremum of a transient random walk. Let {X,}° | be
IID random variables with p being the distribution of X{. We define a random walk
{Sn}f,O:o as So:=0and §, ;= ZZZI Xy forn > 1. Let {N(#)};>0 be a non-negative
integer-valued subordinator independent of {S,}. The distribution of N (¢) is denoted
by Z;o:o pn(t)8,(dx). In particular, denote p, := p,(1). We consider the process
{S(t)}i>0 defined by S(¢) := Sn(). Then {S(¢)} is a compound Poisson process. De-
note the Lévy measure of the process { N (t)} by ZZ‘;I gndn(dx). Then the distribution
n; of S(¢) is represented as

=Y. pa(t)p". 4.1

n=0

The Lévy measure v of the process {S(#)} is given by
oo
V= Z gnp"™. 4.2)
n=1

Denote 1 := 1. Then obviously n; = n'*. The process {S(¢)} is called a compounding
of {S,} by {N(¢)}. See [28, E34.5]. The process of this type appears in a generalized
Cramér-Lundberg model in ruin theory and in some applications to finance. See [12,
30]. The following is a direct application of Theorems 1.1, C, and 1.5 together with
Theorem 25.17 of [28].

Theorem 4.1 Let y > 0. Assume that p € L(y) on R and (1.9) holds. Further,
assume that, for some t > 0, either

2t - . 2t .
lim inf Pn(20) > 27(y)" or limsup Pn(21) < 20(y)’ (4.3)
n—>o0  pu(t) n—oo Pn(t)
or assume that either
n n
lim inf M > 20(y) or limsup M <20(y). (4.4
n— 00 qn N 00 n

Then the following statements are equivalent.

(1) ny € S(y) for somet > 0, equivalently for all, t > 0.

(2) peSy).

(3) p(y) < ocandii(x) ~ D02 nps P~ B(x) for some t > 0, equivalently
forall, t > 0.

@) ply) <ooandv(x) ~ 302 ng,p(y)" "' p(x).
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Proof First we note from Theorem 25.17 of [28] that (1.9) is equivalent to

ZPn(f)((f?(J/) +e)Vv1)' <oo forallt >0 4.5)
n=1
and also to
> an((Bly) +2) v 1)" < oo. (4.6)
n=1

The equivalence of (2)—(4) and the fact that (2) implies (1) are due to Theorem C. We
can prove that (1) implies (2) by using Theorem 1.5 under the assumption (4.3). We see
from Theorem 1.1 that (1) implies v; € S(y). Thus, under another assumption (4.4),
we can prove that (1) implies (2) by an argument similar to the Proof of Theorem 1.5.

O

Next we show a second application. An analogous problem for Lévy processes
is discussed in [18]. Define yp := sup{e > 0 : p(e) < oo}. We shall assume that
0 < Y < ooand p(yy) < 1, whichis called the intermediate case. See [13,20]. Define
rasi:=1—eBwith B:=3°% n"'P(S, > 0) < co. Let ZT be the first strictly
ascending ladder height in the random walk {S, } and denote the defective distribution
of ZT by Au. This p is a distribution on R, . Let ¢ be the distribution of the supremum
M of Sy, thatis, M := sup,~q S,. It is well known that { = Zfiio(l — M)A ™. The
tail of the distribution ¢ is known as the ruin probability in classical ruin theory. See
[13]. Bertoin and Doney [1] showed the following.

Lemma 4.2 (Theorem 1 and Lemma 1 of [1]) Suppose that 0 < yg < 0o and p(yp) < 1.
Then At (yo) < 1 and the following hold:

(i) w € L(yo) ifand only if p € L(yo). If p € L(y0), then

A1 =p(n)) _

F(x) ~ L , 4.7
PO~ o S @7

(i) Ifp € S(y), then ¢ € S(yo) and

11—
(I = (o) (1 = A1t (y0))

C(x) ~ p(x). (4.8)

Later, Korshunov [20] proved the following.

Lemma 4.3 (Theorem 2 of [20]) Suppose that 0 < yy < 0o and ﬁ(_yo) < 1. Assume
that p € L(yp). Then p € S(yp) is equivalent to (4.8) and also to £ (x) ~ cp(x) for
some ¢ € (0, 00).

We improve the above results as follows. Its Proof is clear from the above lemmas
and Theorem 1.8 with « = 1. The part that (1) implies (2) is new.
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Theorem 4.4 Suppose that 0 < yy < oo and p(yy) < 1. Then the following are
equivalent.

(1) ¢ €S

(2 peSko.

B) p € L), Ai(yo) < 1 and (4.8) holds.

@) pe L), and E(x) ~ cp(x) for some c € (0, 00).

5 Remarks and problems

There is an important theorem on the constant in the definition of the convolution
equivalence.

Theorem D Letry > 0. If u € L(y) on Ry and
ﬁ(x) ~ 2dp(x) with some d < o0, 5.1

thend = ju(y) and u € S(y).

In this section, we present several fascinating problems in the following remarks.
All these problems are concerned with the constants in the asymptotic relations of
convolution tails as in Theorem D.

Remark 5.1 Chover et al. [3] and Cline [4] proved the above theorem. Later, Rogozin
[25] also proved the same result and pointed out a gap in each Proof in [3,4]. Rogozin
and Sgibnev [26] also explained a gap in the Proof in [3] and, by employing the results
of [3], proved Theorem D in the case y > 0. By using the above result of [4], Pakes
[23] proved the same result for the distribution ¢ on R. In [34], we claimed that Cline’s
Proof is correct because the gap pointed out by [25] can be closed. However, there is
another gap in Lemma 2.3 (ii) of [4], which was used in the Proof of Theorem D. This
gap was pointed out to Cline privately by E. Omey, and also recently mentioned by
[15]. Cline [5] wrote a corrigendum for this gap. But it contains a serious mistake again
on line 12 on p. 152. He claimed that, in (1.8), if p € L(y), thenn € L(y) fory > 0,
but, in the case y > 0, the statement is not true by virtue of the second assertion of
Theorem 1.5 (ii) in the present paper. Thus we may call Theorem D Rogozin’s theorem.
Foss and Korshunov [15] proved a remarkable extension of Rogozin’s theorem, which
was expected by [9]. That is, Theorem 3 of [15] states that if we define y := sup{e >
0 : i(e) < oo} for w on Ry and if (5.1) holds, then y < oo and d = u(y) < oo.
Further there is the following open problem on the random sums.

Problem 2 Let y; := sup{e > 0 : p(e) < oo}. If 7(x) ~ cp(x) for n in
(1.8) with some ¢ € (0, 00), then is it true that y; < o0, p(y1) < oo and ¢ =

S npap ()12

Remark 5.2 Inrelation to Corollary 1.3, we have the following two unsolved problems.
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Problem 3 Let y > 0 and let u be an infinitely divisible distribution on R. If
w € L(y) and

w(x) ~cm(x) forsome e (0,1)U(l,00) and c € (0,00), (5.2)

then is it true that 7i(y) < oo and ¢ = t7i(y) ~! ?

Problem 4 Let y > 0 and let u be a distribution on R. If u© € £(y) and, for some
distinct positive integers m and n,

W (x) ~ cu™* (x) for some ¢ € (0, 00), (5.3)

then is it true that f2(y) < oo, ¢ = Z7(y)" ™ and n € S(y) ?

Remark 5.3 1t is shown by [33] that, for every y > 0, the class £(y) is not closed
under convolution roots, which denies the conjecture of [8,9]. Thus Proposition 2.7
with y > 0does not answer the following problem, which is difficult and not yet solved
even in the one-sided case. Nevertheless, it is plausible that the answer is positive.

Problem 5 Let y > 0. Is the class S(y) on R closed under convolution roots? In
other words, if ©* € S(y) for some n > 2, then is it true that

W (x) ~ c(x) for some ¢ € (0, 00)? (5.4)

Remark 5.4 Let y > 0. Denote aZ = {0, +a, +2a, ...} for a > 0. A distribution p
on R is said to belong to the class Lp(y) if, for some a > 0, w is a distribution on aZ
and

o+ Da) _

55
n—oo  p({na}) 6
A distribution p on R is said to belong to the class Sp(y) if u € Lp(y) and
p*(na))
—— =2u(y), (5.6)

n—>o0 p({na})

where @ > 0 is such that u is a distribution on aZ. Denote the class of all infinitely
divisible distributions on R by ZD. Define the classes WS and WZS of distributions
on R by

WS = {u: ﬁ(x) ~ ci(x) for some ¢ € (0, 00)}, 5.7
WIS :={u €ID:j(x)~ cv(x) forsomec e (0,00)}. (5.8)

Then there are three mysterious problems. Foss and Korshunov [15] also give a conjec-

ture similar to Problem 6. Recall that, in the one-sided case, we gave some conjectures
on the classes WS and WZS in [34], but we did not take Sp(y) into account.
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Problem 6 Is WS = UyzO(S(V) USp(y))?
Problem 7 Is WIS = UVZO(S()/) USp(y)NID?
Problem 8 Is WIS = WS NID?

For example, we showed the following in the Proof of Theorem 1.5. If, for some
0 <d < oo, limy00(p ® p)n/pn = 2d and (1.13) holds in (1.8), then n € WS
with ¢ = 2d. But, we do not know whether n € UVZQ(S()/) U Sp(y)). We see from
Theorem 1.1 and the two-sided extension of Theorem D that the answers to the above
three problems are all “yes” in the class L£(y), but we do not know the answers in the
class Lp(y). See [3,11].

6 An extension of Rogozin’s Theorem
We prove the following extension of Rogozin’s Theorem (thus called in Remark 5.1),
namely Theorem D.
Theorem 6.1 Let y > 0. Let n and p be distributions as in (1.8). Assume further that
>l Pnx™ < oo forevery x > 0. If p € L(y) on R and

n(x) ~cp(x) forsome c € (0, 00), 6.1)

then ¢ = 302 | npap ()" "V and p € S(y). In particular, if p € L(y) on R and, for
somen > 2,

PE(x) ~ cp(x) for some c € (0, o0) (6.2)

then ¢ = np(y)" ' and p € S(y).

Remark 6.2 The condition that )"~ ) p,x" < oo for every x > 0 implies that either
limsup,,_, . (p ® p)n/pn = o0 or p, = 0 for infinitely many n > 1. See the Proof of
Propositions 2.1 and 2.2 of [34].

For a distributin i on R, let ;4 be the same as defined in Sect. 2. A distribution i
on R is said to belong to the class OS if (x) > 0 for every x > 0 and

2% x)

£*(10) = lim sup (6.3)

x—oo  (X)

Distributions which belong to the class OS are called O-subexponential. The class
OS was introduced and studied in detail by [34]. It includes the classes Uyzo Sy)u
Sp(y)) and WS. Let y > 0. Let u be a distribution on R with fi(y) < oco. We define
the exponential tilt (or y-transform) ¥ on R of u by

1
w’ (dx) .= ——e"  u(dx). (6.4)
w(y)
Note that the exponential tilt preserves convolutions, that is, (u x 7)Y = u? * n¥.
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Lemma 6.3 Let u be a distribution on R with g := u[0, 0o).
(1) weOSifandonlyif uy € OS.
(1) Ifu € OS onR, then for every ¢ > 0O there is ¢| > 0 such that

W (x) < e ((E*(w) — qg+e)vD)'(x) forevery x €R and n > 1.
(6.5)

Proof Define0(dx) := q’l l[o,oo)(x)u(dx)andzr(dx)::(l—q)’1 1 (—00,0) (X) e (dx)
for 0 < g < 1. For the Proof of (i), see for 0 < ¢ < 1 and x > 0 that

) (r) )
) () ()

1240 —q) o
_‘W((Q*a(x)—é(x))’

2 o0
s_—/m(x—y)— 1 udy) <201 — g).
/L(X)X+ (6.6)

This is suggested by the equalities in the Proof of Lemma 2.2 of [23]. The Proof of
(ii) is similar to that of Proposition 2.4 of [34] and is omitted. O

Lemma 6.4 Lety > 0. Let u be a distribution on R.
(1) Ifu € L(y) with i(y) < oo, then u¥ € L(0) and

oo

W) ~ —— [ Twye du. 6.7)
u(y) J

(i) Ifu € OS N L(~y), then i(y) < oo and u¥ € OS N L(0).

Proof Assertion (i) and the fact that ft(y) < oo in assertion (ii) are proved as in the
Proof of Theorem 1.2 of [34]. The other part in assertion (ii) is clear from (i). m]

From now on, let p and n be the same as those in (1.8). Define ¢ := p[0, co) > 0,
p1(dx) := g 110,00 () p(dx), and pa(dx) 1= (1 =) (o0 (X)p(dx) forg < 1
and pp ;= 0 forg = 1. Let ¢y := fi);o e’ or(dy), r =g+ (1 —q)cg < 1 and
s := > 2, r" py. Define distributions & and ¢ on R4 by

§(dx) :=r~!(gp1(dx) + (1 — g)codo(dx)) and £(dx) := 5" D r" pu§™ (dx).
n=0
(6.8)
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Lemma 6.5 Let y > 0. Let n and p be distributions as in (1.8). Assume further that
> 22 o Pnx" < 0o forevery x > 0. If p € OS N L(y), then we have

fim (1) _sE@Y _ (6.9)
X—>00 p(x) r&(x)

Proof We find from Lemma 6.3 that p; € OSN L(y) and hence p1, & € OSNL(y).
Note from Lemma 6.3 that there are ¢; and R; for j = 1, 2 such that for every k > 1
and every x > 0

e e
PO RE and ) Rk, (6.10)
&§(x)

p(x)

Thus, for any ¢ > 0, there is an integer N > 0 such that
o0
> pu(ciR} + 2RY) < e 6.11)
n=N-+1

We find from Lemma 6.3 that

ke

lim sup — )<oo forl <k<n-1. (6.12)

x—oo PI(X

We see that

Ny Ny
Mfl and limwze”

—— fory < 0. (6.13)
P () T P

Noting that p7*(x) = 0 for x > 0, we obtain that for x > 0

P )

ﬁ(x) g(x)
n—1
— Y ko n—kL T b, hx -
= é(k)q (1—¢q) 50 (,01 * 0y (x) — pf*(x)c] )
n—1 W 0— W B
! RN RN

(6.14)
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with the understanding that 22=1 = 0. Thus we see from (6.12)—(6.14) that

) rE ()
p(x) £(x)

lim
X—>0Q

—0. (6.15)

Therefore we have by (6.10) and (6.11)

= ry N Py n—1gmx
lim sup z(x) — SE(X) < lim suprn '0_ ) ! _é} x)
x—>o0 | (X)) ré(x) x—o00 = p(x) §(x)
0 onk n—lgnx
+ lim sup Z Pn '0_ ) + r _S ) <e.
x—oo T p(x) §(x)
(6.16)
Since ¢ > 0 is arbitrary, we have proved (6.9). O

Lemma 6.6 Letnand p be distributions as in (1.8). Assume further that Z;)OIO pnx" <
oo for every x > 0. Then 7(x) < p(x) if and only if p € OS.

Proof Suppose that 7(x) =< p(x). There is m > 2 such that p,, > 0. Thus we have

2—m

P2 (x) < g (x) < T—R(x) =< B(x). (6.17)

m
That is, p € OS. Next suppose that p € OS. We have

1—-m

B) < g () < ). (6.18)

m

We see from Lemma 6.3 that with some ¢ > 0 and R > 0 we have

o0
7(x) < p(x) > pucR" forx > 0. (6.19)
n=1
Thus we have established 77(x) =< 0(x). O

The following proposition is essentially due to Proposition 3.3 of [34], for which
results of [27] were crucial. See also Theorem 1 of [15].

Proposition 6.7 Let n and p be distributions as in (1.8). Assume further that y .-
pnx™ < 0o forevery x > 0.If p € OS N L(0) on R, then

9]

. (x)
liminf — = E npy. (6.20)
X—>00 p(x) o p
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Proof Suppose that p € OSN L(0) on R. Then, by Lemma 6.3,& = p4 € OSNL(0)
on R with r = s = 1. Thanks to Proposition 3.3 of [34], we have

o0

Z(x)
liminf =—— npy. 6.21
minf = Z:;, Pn (6.21)
Thus we see from Lemma 6.5 that (6.20) holds. O

Proof of Theorem 6.1 Supposethat p € L(y)and (6.1)holds. We see from Lemma 6.6
that p € OS N L(y). Let y = 0. Then we find from Proposition 6.7 that

¢ =lim 1nf

— o0
Z 6.22)
X—00 p x —

Thus, by Theorem C, we have p € §(0). Next let y > 0. Denote the exponential tilts
of p and n by p and 7”. Then we obtain from Lemma 6.4 (ii) that p(y) < oo and

A(y) = >0 pup(y)" < 0o, and

W) = = )anp(y)"(ph"* (6.23)

Moreover, p¥, n” € OS N L(0) and

o
pY (x) ~ ﬁ puye’du, (6.24)
and
(0.¢]
7 (x) ~ ﬁ nw)e’ du. (6.25)
Thus we see from Proposition 6.7 that
nv
LD i X Z npa ()" (6.26)

ny) 1= pr(x) n(y)

Thatis,c = > oo, npap(y)" L. Thus, by Theorem C, we have p € S(y). O
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