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elementary large deviation reasonings. Their dual characterization is proved;
this provides an extension of a well-known result of S. Bobkov and F. Gétze.
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236 N. Gozlan, C. Léonard

1 Introduction

In the whole paper, X is a Polish space equipped with its Borel o-field. We
denote P(X) the set of all probability measures on X'.

1.1 Transportation cost inequalities and concentration of measure

Let us first recall what transportation cost inequalites are and their well known
consequences in terms of concentration of measure.

Transportation cost Letc: X x X — [0,00) be a measurable function on
the product space X x X. For any couple of probability measures u and v on
X, the transportation cost (associated with the cost function c) of x on v is

Te(u.v) = inf / c(r,y) 7 (dxdy) € [0, oc]
XxX

where the inf is taken over all probability measures 7 on X x X with first
marginal 7 (dx x X) = u(dx) and second marginal 7 (X x dy) = v(dy).

T-inequalities  Popular cost functions are c(x,y) = d(x,y)’ where d is a
metric on X and p > 1. It is known that for some u € P(&X’) and p > 1 one can
prove the following transportation cost inequality

T (VP < J2CH | ), Vv € P(X) (1)

for some positive constant C, where H(v | u) is the relative entropy of v with

respect to u defined by
d
Hv | w) =/log (_v) dv
du
X

if v is absolutely continuous with respect to u and H(v | n) = oo otherwise. In
presence of the family of inequalities (1), one says that u satisfies 7),(C).

For instance, Csiszar—Kullback—Pinsker’s inequality, see (18), is 7(1) with
Hamming’s metric d(x,y) = 1y4, Csiszar-Kullback—Pinsker’s inequality is
often called Pinsker’s inequality, it will be refered later as CKP inequality.
It holds for any 1 € P(X). On the other hand, 7>-inequalities are much more
difficult to obtain. It is shown in the articles by Otto and Villani [19] and by Bob-
kov et al. [2], that if p satisfies the logarithmic Sobolev inequality, then it also
satisfies 7>. A standard example of probability measure u that satisfies 77 is the
normal law. In [22], Talagrand has given a proof of 7,(C) for the standard nor-
mal law not relying on any log-Sobolev inequality, for the sharp constant C = 1.

Concentration of measure As a consequence of T (C), Marton [16,17] has
obtained the following concentration inequality for u:
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A large deviation approach to some transportation cost inequalities 237

2
n({x;d(x,A) > r}) <exp |:— ( — ,/10g2) :| )

r
2C
for all measurable subset A such that u(A) > 1/2 and all r > /2Clog?2.

Marton’s concentration argument easily extends to more general situations. This
is of considerable importance and justifies the search for T4-inequalities.

Product of measures Suppose that 1, .., u, satisfy respectively 7,(Cy),
..., Tp(Cy). By means of a coupling argument which is also due to Marton [17]
(the so-called Marton’s coupling argument), one can check that when p = 1,
the product measure pq ® - -+ @ u, satisfies the inequality 77(C; + - - - + Cy)
(for the cost function > ; d(x;,y;)), while when p = 2, u1 ® - -+ ® u, satis-
fies T»(max(Cy,...,Cy)) (for the cost function > 7 ; d*(x;,y;)). In particular,
if pu satisfies Ty (C) then u®" satisfies T1(nC). This inequality deteriorates as
n grows. On the other hand, if u satisfies 72(C) then u®" also satisfies T5(C)
and so does the infinite product £®>. One says that T»-inequalities have the
dimension-free tensorization property. This property was first established by
Talagrand in [22].

By Jensen’s inequality, we have (T)? < T, so that T>(C) implies T4 (C). As
the standard normal law y satisfies 7>(1), it follows easily from the dimension-
free tensorization property that the standard normal law on R”, denoted by y”,
satisfies 72 (1) and therefore 77 (1) and the concentration inequality

2
y'({x;d(x,A) > r}) <exp |:— (é — \/logZ) :|

for all measurable subset A such that u(A) > 1/2 and all » > ,/21og2 where d
is the Euclidean distance on R”. This concentration result holds for all » and is
very close to the optimal concentration result obtained by means of isoperimet-
ric arguments which is: y"({x;d(x,A) > r}) < \/%Tz fr+°° e U /2 du, for all r > 0,
see Borell’s paper [6] or Ledoux’s monograph [13], p. 28. In view of (2) and of
this optimal concentration inequality, it now appears that with X = R", T7(C)
implies that u concentrates at least as a normal law with variance C. One may
say that u performs a Gaussian concentration when (2) holds for some C.

Criteria for T1 It has recently been proved by Djellout et al. in [10] that
satisfies T (C) for some C if and only if

/eaod(xmx)z /,L(dx) < 00 (3)
X
for some a, > 0 and some (and therefore all) x, in X. It follows that (3) is a

characterization of the Gaussian concentration. The proof of this result in [10]
relies on a dual characterization of 77 which has been obtained by Bobkov and
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238 N. Gozlan, C. Léonard

Gotze in [1]. This characterization is the following: 77 (C) holds if and only if

log/es«ﬁ—((p,u)) du < Cs?/2, 4)
X

for all s > 0 and all bounded Lipschitz function ¢ with [l¢|Lip < 1, where
(¢, u) will denote in the sequel the usual duality bracket between measures and
functions, that is (¢, 1) := [, ¢ du.

The criterion (3) has been recovered very recently by Bolley and Villani in
[5] where the relation between C and a,, is improved. This new proof relies on
a strengthening of CKP inequality where weights are allowed in the total varia-
tion norm. For a statement of this strengthened CKP inequality, see Corollary 3
below.

1.2 Presentation of the results

In this article, a larger class of transportation cost inequalities is investigated.
It appears that the transportation cost inequalities 7, defined by (1) enter the
following larger class of inequalities, which will also be called transportation
cost inequalities (T'CIs):

a(Te(u,v)) =HW | ), Vv ePX) 5)

where « : [0,00) — [0,00) is an increasing1 function which vanishes at 0. The

inequality (1) corresponds ¢ = dP with «(t) = */? /(2C),t > 0. Of course, one

should rigorously restrict (5) to those v € P(X) such that 7. (u, v) is well-defined.
The aim of this paper is threefold.

(i) One proves TCIs by means of large deviation reasonings. The authors
hope that this should provide a guideline for other functional inequali-
ties.

(i) One obtains deviation results by means of TCls.

(iii) One extends already existing results, especially in the area of
T1-inequalities.

One says that we have a Ty-inequality if
a(Zg(u,v)) = H | p), Vv e Py(X). (T1)

where d is a metric and P4(X) is the set of all probability measures which
integrate d(x,, x).

1 In the whole paper, by an increasing function it is meant a nondecreasing function which may be
constant on some intervals.
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A large deviation approach to some transportation cost inequalities 239

As regards item (i), it is no surprise that, because of the relative entropy
entering TCIs, Sanov theorem plays a crucial role in our approach. Let

1n
L, =— oy,
n n;X,

be the empirical measure of an n-iid sample (X;) of the law u € P(X). Sanov
theorem states that the sequence {L,},>1 obeys the large deviation principle
with rate function v — H(v | ). The main idea is to control the deviations
of the nonnegative random variables 7.(u, L,;) as n tends to infinity. An easy
heuristic description of this program is displayed at Sect. 2.2. We obtain the

Recipe 1 Any increasing function o such that «(0) = 0 and

1
lim sup — log P(7c (i, Ly) > 1) < —a(t)

n—oo N

forallt > 0, satisfies the TCI (5).

Rigorously, one will have to require that « is a left continuous function. This
result will be proved at Theorem 15 and a weak version of it (with « convex) is
proved at Proposition 4. Under certain hypotheses, one can show that the left
continuous version of the function

1
t — —limsup — log P(7;(i, Ly) > 1)

n—oo N

is optimal in (5), see Corollary 9 at Sect. 7.

Not only TCIs can be derived with this recipe but also another class of func-
tional inequalities which we call Norm-Entropy Inequalities (NEIs), see (11)
for their definition. Let us only emphasize in this introductory section that
Ty-inequalities are NEIs.

As regards item (ii), concentration inequalities for general measures and
deviation inequalities for empirical processes are derived by means of
T-inequalities at Sect. 6.

As regards item (iii), the main technical (easy) result is Theorem 2 which is
an extension of Bobkov and Go6tze’s characterization of T (C) stated at (4). It
gives a dual characterization of all convex TClIs: those TCIs with « convex and
increasing. Note that, up to the knowledge of the authors, all known TCIs are
convex. As a consequence among others, one recovers the results of [5] about
weighted CKP inequalities at Corollary 3.

Tensorization of convex TCls is also handled. The main result on this topic
is Theorem 5. It states that if «1(7Z¢ (u1,v1)) < H(vy | pp) for all v; and
a2(Te, (n2,v2)) < H(vz | o) for all vy, then oy Uon (7¢, g, (1 ® p2,v)) < H(v |
11 ® o) for all v probability measure on the product space, where o Loy is the
inf-convolution of «; and .
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240 N. Gozlan, C. Léonard

Integral criteria are investigated in Sect. 5. It emerges from our analysis via
large deviations, that integral criteria only control the behavior of « () in (5)
for t away from zero. As a consequence, complete results are only derived for
T1-inequalities. It is also proved that the function «(¢) of a T-inequality has
a quadratic behavior for ¢ near zero. The integral criterion for 77 is stated at
Theorem 7. It is the following:

Let d be alower semicontinuous metric. Suppose that a > O satisfies [ e (Xo,)
u(dx) < 2 for some x, € X and that y is an increasing convex function which
satisfies y (0) = 0 and [ e” &) 1 (dx) < B < oo for some x| € X, then

a(f) = max ((\/m T1-122y(t/2) - 2log B), (>0

satisfies (T1).

Note that (var + 1 —1)? = a*? /4+ 01-0(1%) is efficient for ¢ near zero, while
2y (t/2) — 2log B is efficient for t away from zero.

This theorem extends the integral criterion (3) of [10] and [5].

The last Sect. 7 is devoted to abstract results. In particular, the extended
version Recipe 2 of Recipe 1 is proved at Theorem 15. The authors hope that
the set of abstract results stated in this section could be the starting point of the
derivations of new functional inequalities.

2 Deriving 7 -inequalities by means of large deviations. Heuristics

The dual equality associated with the primal minimization problem leading to
Te(p,v) is

Te(u,v) = sup /wdu+/<pdv (6)
X

P)ED,
W)€ ¥

where @, is the set of all couples (¢, ¢) of Borel measurable bounded functions
on X such that ¢ (x) + ¢(y) < c(x,y) for all x,y € X. This result is known
as Kantorovich duality theorem and it holds true provided that c is lower
semicontinuous (a proof of this well known result can be found in Chap. 1 of
[23]). It still holds if @, is replaced by Cp, N @, which is the subset of all couples
(Y, ) € @, of continuous bounded functions. In the special case where ¢ = d
is a lower semicontinuous metric, the above dual equality also holds with @,
the set of all couples (¥, ¢) of measurable (or continuous as well) bounded
functions such that ¥ = —¢ and ¢ is a d-Lipschitz function with a Lipschitz
constant less than 1. In other words,

Ta(p,v) = sup /Wd(v — i@ € B, llglip =1t :=Ilv—puli, (7)
X
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A large deviation approach to some transportation cost inequalities 241

where the space of all Borel measurable bounded functions on X" is denoted
B(X) and |[l¢llLip = supyx, % is the usual Lipschitz seminorm. This
result, known as Kantorovich-Rubinstein’s theorem, identifies the transporta-

tion cost 7;(u,v) with the dual norm |jv — u||fip (for a proof, see Chap. 1 of

[23]).

2.1 A larger class of transportation cost inequalities: 7 -inequalities

After these considerations, it appears that the transportation cost inequality (1)
enters the following larger class of inequalities, which we call 7 -inequalities:

a(Tw) =HW |, YveN (8)

where « : [0,00) — [0, 00) is an increasing function which vanishes at 0, A" is a
subset of P(X') and 7 is defined by

T(v)= sup /wdu +/<pdv 9)
X

P)ED
(Y.p)e ¥

where @ is a class of couples of functions (i, ¢) with v integrable with respect
to u and ¢ integrable with respect to v. Note that (8) is a family of inequalities
where the value +oo is allowed with the convention that o (+00) = limy_s oo (7).

We are going to consider two cases which correspond to what will be called
transportation cost inequalities and norm-entropy inequalities.

Transportation cost inequalities 'We assume that ¢ is a nonnegative lower
semicontinuous cost function. The space of all continuous bounded functions
on X is denoted Cp(X). In the situation where @ is equal to

CoNDe = {(,9) € Cp(X) x Cp(X); ¥ (x) + 9(y) < c(x,y),Vx,y € X}

the family of inequalities (8) is called a transportation cost inequality (TCI).
Indeed, the Kantorovich dual equality (6) states that

T (v) = Te(u,v) € [0,00],
for all v € N' C P(X). In this situation, inequality (8) is
a(Te(u,v)) <HW | p), YvelN (10)
Suppose that there exists a nonnegative measurable function x on X such

that c(x,y) < x(x) + x () forallx,y € X and [, x du < co. A natural set V' is
the set of all probability measures v such that [, x dv < oc.
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242 N. Gozlan, C. Léonard

Norm-entropy inequalities Let U be a set of measurable functions on X
such that U = —U. Let us take & = &y with

Dy = {(—p,0);0 € U}

This gives

Tw) = sup/sod(v — ) = v — ully € [0, 0],
(peUX

In this case, inequality (8) is
a(lv—ply) <HW | p), YvePy (11)

where Py is the set of all v € P(X) such that fX lp|dv < oo for all ¢ € U. The
family of inequalities (11) is called a norm-entropy inequality (NEI).

As a typical example, let (F,| - ||) be a seminormed space of measurable
functions on X and U := {gp € F, [l¢| < 1} its unit ball. Then, [|[v — u||7; is the
dual norm of || - ||.

In the case where the cost function of a TCI is a lower semicontinuous metric
d, the Kantorovich—Rubinstein theorem (see (7)) states that

Ty(uv) = v =l
forall u,v € P(X),where @y is built with F the space of all bounded d-Lipschitz

functions on & endowed with the seminorm || - ||Lip. In this special important
case, TCI and NEI match.

2.2 Large deviations enter the game

At Sects. 3 and 7, 7 -inequalities will be proved by means of a large deviation
approach. A good reference for large deviations theory is the book of Dembo
and Zeitouni [9]. The integral functional H(- | n) will be interpreted as the rate

function of the large deviation principle (LDP) of the sequence of the empirical
measures

1
L, =-— Sx.

of an iid sample (X;) of the law u (3, stands for the Dirac measure at x). Indeed,
by Sanov’s theorem {L,} obeys the LDP in P(X) with the rate function

IW):=H@W|w), veN.
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A large deviation approach to some transportation cost inequalities 243

Roughly speaking, the sequence of random variables {L,} obeys the LDP in
N with the rate function I if one has the following collection of estimates

P(L, € A) < exp[—n inf I(v)]
veA

as n tends to infinity, for any A “good” subset of N. Let us introduce the
nonnegative random variables

T,=7TLy), n=>1.

Suppose that 7 is regular enough for the sets A, = {v e N, T (v) > 1}, > 0, to
be “good” sets. This means that for all r > 0,

P(Tn = 1) = P(Lp € As) < exp[—ni(1)]

with i(f) = inf{I(v),v € N,7T(v) > t} € [0,00]. Suppose that « is a deviation
function for the sequence {7} in the sense that it is an increasing nonnegative
function on [0, 00) such that for all > 0

1
lim sup — log (T}, > 1) < —a(?). (12)

n—oo N

We obtain «(¢) < i(¢) for all ¢ and in particular with ¢t = 7 (v), we obtain for all
v e N,a(T(v) < i(T(v)) < I(v). This is precisely the desired inequality (8).
We have just obtained the correct reformulation of Recipe 1:

Recipe 2 Any deviation function a of {T,} satisfies the T -inequality (8).

Because of the sup entering the definition of 7,, = supg ({¢, Ln) + (¥, 1)),
one may expect to get into troubles when trying to prove a full LDP for {7,,}.
Fortunately, only the subclass of “deviation sets” A; = {v e N/, 7 (v) > 1},¢ > 0,
will be really useful.

This line of reasoning will be put on a solid ground at Theorem 2, Proposi-
tion 4 and Theorem 15.

3 Convex 7 -inequalities. A dual characterization
In the rest of the paper (except Sect. 7) our attention is restricted to those

T -inequalities (8) where the function « is increasing and convex. In this case,
(8) is said to be a convex 7 -inequality.

3.1 Sanov’s theorem

This theorem will be central for the proof of the main result of this section
which is stated at Theorem 2.
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244 N. Gozlan, C. Léonard

Let the probability measure © on X be given. We consider a sequence of
independent X-valued random variables (X;);>1 identically distributed with
law p. For any n the empirical measure of this sample is

1 n
L, = - Z(Sx,- e P(X).

i=1

We introduce the function space

Fexp(t) = 19 : X — R; ¢ measurable, /exp(a|<p|) du < oo foralla >0
X

(13)
of all the functions which admit exponential moments of all orders with respect
to the measure w. We denote

Nexp(p) = {v € P(X);/ lp| dv < oo for all ¢ € Fexp(i)
X

the set of all probability measures which integrate every function of Fexp ().

The set Nexp(w) is furnished with the cylinder o-field generated by the func-
tions v — (@, ), ¢ € Fexp() and is endowed with the topology o (Nexp (1), Fexp
(1)), that is, the coarsest topology which makes the maps v — (¢, v) continuous
for all ¢ € Fexp(1n).

Theorem 1 (A version of Sanov’s theorem) The effective domain of H(- | w)
is included in ./\/'exp(,u) and the sequence {L,} obeys the large deviation prin-
ciple with rate function H(- | w) in Nexp(i) equipped with the weak topology
U(Nexp(ﬂ)7fexp(ﬂ))-

This means that for all measurable subset A of Nexp (1), we have

1
liminf —logP(L, € A) > — inf H(@|p) and
n—oo n veint A

1
limsup —logP(L, € A) < — inf H@Ww | )
vecl A

n—oo N
where int A and cl A are the interior and closure of A.
Proof The proof is a variation of the classical proof of Sanov’s theorem based
on projective limits of LD systems (see [9], Theorem 6.2.10). For two dis-

tinct detailed proofs of the present theorem, see ([11], Theorem 1.7) or ([15],
Corollary 3.3). For the original result by Sanov, see [21].
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A large deviation approach to some transportation cost inequalities 245

3.2 The class of functions C

The functions « to be considered are assumed to be convex. Since « is also left
continuous and increasing, we consider the following class of functions.

Definition 1 (of C) The class C consists of all the [0, 00]-valued functions a on
[0, 00) which are convex increasing, left continuous with «(0) = 0.

For any o belonging to the class C, denoting t, = sup{t > 0;a(f) < oo}, o is
continuous on [0, ;) and limq,, «(f) = a(t,). The only function o € C which is
not right continuous at 0 satisfies a(f) = oo for all ¢ > 0.

The convex conjugate of a function @ € C is replaced by the monotone
conjugate «® defined by

a®(s) = sup{st — a(t)},s > 0
t>0

where the supremum in taken on ¢ > 0 instead of ¢ € R. In fact, if « is extended
by

e ifr=0
"‘(”:{0 if1<0

then the usual convex conjugate of « is

a®@s) ifs>0

o
"‘(S)_[+oo its <0

As « is convex and lower semicontinuous, we have a** = a. From this, it is not
hard to deduce the following result.

Proposition 1 For any function o on [0,00), we have

(a) aeCswa®eC

(b) aeC=a®® =uq.

3.3 A convex criterion

Theorem 2 below is a criterion for a convex 7 -inequality to hold. It extends
two well-known results of Bobkov and Gotze ([1], Theorem 1.3 and statement

(1.7)).

Let F be a vector space of measurable functions ¢ on A" such that

/e‘pdu<oo, Vo € F. (14)
X
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246 N. Gozlan, C. Léonard

Let Pr be the set of all probability measures which integrate F :
Pr = ‘v GP(X);/|(p|dv < 00, Vo 6.7:].
X

Clearly, if the class @ entering the definition of 7 (v) satisfies
0,00 e @ Cc Fx F, (15)

the function 7 is a well defined [0, oo]-valued function on Pr.
Let Ay (s) be the log-Laplace transform of ¢ (X) 4+ Ev(X) where X admits p
as its law. We have for all real s,

Ap(s) = log/ expls(p(x) + (¥, u))] u(dx)
X

Theorem 2 We assume (14) and (15). Let us consider the following statements
where a is any function in C :

(@) a(T(w) <H®W|pn), YvePr.
(b) Ap(s) <a®(s), Vs>0,Vp € &.
(©) al) < A51),¥1=0,¥¢ € @.

(d) limsup, o +logP((¢,Ly) + (¥, ) = 1) < —a(t), V1>0,¥(y,¢) € ®.
(e) VYn=1,L10gP(p,Ly) + (Y1) = 1) < —a(t), Vt=0,Y(,¢) € .

Then, we have (a) < (b) < (¢) and (e) = (d) = (a).
If it is assumed in addition that for all (Y, ) € @,

/ (00 + ¥ (0) u(d) <0 (16)
X

then, we have (a) < (b) < (¢) & (d) < (e).

The most useful statement of this theorem is the criterion (b) = (a).
Clearly, the requirement (16) holds for all NEIs. It also holds for TCIs under
the assumption that c satisfies

c(x,x) =0, VxedX. (17)

When working with TClIs, this will be assumed in the sequel.

Example 1 (CKP inequality and Hoeffding’s inequality) Let @ := {(¢, —¢) :
¢ measurable such that |p(x)| < 1,Vx € X'}. The associated 7 (v) is the total
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A large deviation approach to some transportation cost inequalities 247

variation distance between v and u, that is
T() =llv—ulrv.

According to Hoeffding’s Lemma (see e.g. [18]),

2

Agp(s) = log/es«p(x)f(w,u))ﬂ(dx) < %,

X

for all ¢ € @ and s > 0. Letting «(¢) = %, one has a®(s) = % Thus, applying
Theorem 2, one gets

1
Slv = pliy < Hw | p), YvePX). (18)

This inequality is the celebrated CKP inequality.

Proof (of Theorem 2) Possibly considering the vector space F’ spanned by
F U Cp(X) instead of F, one can assume that F separates Pr. Indeed, the
assumptions (14) and (15) still hold with ' instead of F and we clearly have
Pr = Pr. Hence, we assume without loss of generality that F separates Pr.
As a consequence, the weak topology o (Pr, F) is Hausdorff: this is necessary
to derive LDPs away from compactness troubles.

Note that the assumption (14) is equivalent to F C Fexp(i). It follows that
under this assumption, Sanov’s Theorem 1 implies that {L,} obeys the LDP in
Pr equipped with o (P£, F) with H(- | n) as its rate function.

Consider, for any (¢,¢) :=¢ € ® andn > 1,

1 n
b _ B . :
Ty = (¢, Ln) + (Y, ) = " ;:1 (p(Xi) + Ey (X)) (19)

so that 7 (L) = supgeq Tf,’ . Cramér’s theorem states that {T,‘f } obeys the LDP
in R with

A;;(t) = suRgg{st —Ap(s)}, teR

se

as its rate function. In particular, for all real ¢

1
—inf A%(u) < liminf ~ logP(T}} > 1)
n—-oo n

u>t

1
< limsup — log P(T¢ > 1) < — inf A7 (u) (20)
u>

n—oo N
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248 N. Gozlan, C. Léonard

Because of assumption (15), the mapping fs : v € Pr — (p,v) + (¥, u) € R

is continuous for every (¢, ¢) € @. As Tﬁ = f¢(Ly), one can apply the contrac-
tion principle which gives us for all real ¢

A4 = inf(HO | ;v € Pr: (9,0) + (Y, 1) = 1). (21)

It is convenient to extend « on R by taking «(f) = 0, for all # < 0. Doing so,
one has : a®(s) = a*(s), for all s > 0 and a*(s) = +o0, for all s < 0, where o* is
the usual convex conjugate of «.

[(a@) & (O] :

(@) 4 a(szp((cﬂ,w + (w,u))) <H®Ww|w, YvePr

G o((p.v) + (Y. w) <HW | @), Vv ePr, Vped
Sat)<HWw|w), VteR, YVpe @, YvePr:{p,v)+{(Y,u)=t
S al) <inf(HW | ;v e Pr:(pv) + (You) =1}, VieR, Vo e

@afAf;
< (0)

The equivalence (i) follows from the definition (9) of 7, (ii) holds true because
« is increasing and left continuous while (iii) follows from (21).

[(B) & (o]
Letusprove (¢) = (b). Asa(t) = 0, for all < 0, statement (c) is equivalent to

a(t) < A4(t), VLeR, Vo e d. (22)

As, Ay is convex and lower semicontinuous, we have: Aj;* = Agy. Hence,
taking the convex conjugates on both sides of (22) one obtains that Ay < o*
which entails (b).

Letus prove (b) = (¢). As isinC, its extension (still denoted by «) is convex
and lower semicontinuous, so that «** = «. Therefore, taking the conjugate of
(b) leads to @ < A} which is (c).

The convexity of o has been used to obtain (b) = (c) and it won’t be used
anywhere else.

[(e) = (d) = (a)]. As (e) = (d)is obvious and (a) < (c), all we have to show
is (d) = (c).

Letm = EY = (¢ + ¥, ). For all t < m, we have infu>,Aj;(u) = inf,>,
Aj;(u) = 0. As A% is convex, it is continuous on (f_, ty) the interior of its effec-
tive domain. Therefore, we have for all ¢ # ¢;,inf,~; A(’;(u) = inf,>; A(’;(u).
Together with (20), this gives for all t # 74,

0, ift <m

_oaA®
Ay, ifr=m = Ag (0.

1
— lim —log ]P’(TZ) > f)=inf A;(u) = inf A;(u) = [
n—-oon u>t u=>t
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Consequently, considering I"(¢) = Af(z) if t =t and I'(t;) = 400 (if 14 < 00),
we have

(d) = at) §A¢®(t), Vi £ty
sa<TI
=lsa<lIsI'
:>a§Af

where Is « and Is I" are the lower semicontinuous envelopes of « and I", and
the last implication holds since « is lower semicontinuous and Is I" = Aff. As
Af < A(’;, we have the desired result.
[(@) & (b) & (¢) & (d) & (¢)]. Let us assume (16). To obtain the stated
series of equivalences, it remains to prove (c) = (e).

By (19), TS = % > Yiwith Y; = o(X;)+Ey (X;). The standard proof of the
upper bound of Cramér’s theorem is based on an optimization of a collection
of exponential Markov inequalities, as follows. For all real ¢, all n and all s > 0,

1 n n n
IP(; Zl: Y; > t) = ]P’(exp |:sz Y,-j| > emt) <e ™' Eexp |:s Zl Yi:|
= 1=

i=1
= exp[n(As(s) — st)]

Optimizing on s > 0, one obtains that
1
~logP(Th = 1) < —AP(®), VieR, Vped, ¥n>1.
n

But, assumption (16) implies that m < 0 so that Ag‘)(t) = A;",(t) forall t > 0. It
follows immediately that (¢) = (e). This completes the proof of the theorem.

3.4 Convex transportation cost inequalities

In the special case of TCIs, we have @ = &, = {(V,9);¥,0 € Cp(X) : ¥ &
¢ < c}. Optimal transportation theory (see [23]) indicates that &, may be
replaced with the smaller sets {(—¢,0%%);¢ € Cp(X)} or {(—¢,0%);¢
lower semicontinuous and bounded on X'} where

O%(y) = Xig)f({w(X) +cx,y)}, yek

without any change in the value of 7;. One easily proves that if (17) is satisfied:
c(x,x) = 0 for all x € X, then sup |Q]| < sup |p|. If ¢ is continuous, then Q¢
is measurable as an upper semicontinuous function. If ¢ is only assumed to be
lower semicontinuous, Q¢ is still measurable if ¢ is lower semicontinuous and
bounded (but the proof of this result is technical, see [14].) Anyway, Q¢ € B(X)
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(is a bounded measurable function) as soon as ¢ is lower semicontinuous and
bounded. In particular, assumptions (14) and (15) hold with 7 = B(X).
Now, as a corollary of Theorem 2, we have the following result.

Corollary 1 Whenever a € C, the transportation cost inequality (10) holds in
N = P(X) if and only if

log / P01y (dy) < a®(s)
X

foralls > 0and all p € Cp(X).
Ifin addition c is continuous, the same result holds when ¢ € Cp(X) is replaced
with ¢ € B(X) : the set of all measurable bounded functions on X.

3.5 Convex norm-entropy inequalities
In the special case of NEIs, we have @ = {(—¢,¢);¢ € U} and Theorem 2
specializes as follows.

Theorem 3 Suppose that U satisfies

/ea“ﬂldy,<oo, Yo € U, Va > 0.
X

Let a be in C. Then, the norm-entropy inequality (11)
allv—plyp) <HW | p), YvePy

holds if and only if

Ay (s) = log / SO0 1y (dx) < a®(s) (23)
X
foralls > 0andall p € U.

Specializing Theorem 3 by taking U to be the set of all 1-Lipschitz measur-
able bounded functions with respect to some measurable metric d, one obtains
the following characterization of convex 77-inequalities.

Theorem 4 (7-inequality) Let d be a lower semicontinuous metric on X and «
be in C. Then,

a(Zy(pu,v)) < H | p),
forall v € P(X) such that [ d(x,,x) v(dx) < oo if and only if

Ay(s) = log/es[‘”(x)_(“”“}] u(dx) < a®(s) (24)
X
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for all s > 0 and all measurable bounded Lipschitz function ¢ such that
lellLip < 1.

The following simple result asserts that the functions o of NEIs cannot grow
faster than ar? for ¢ near zero.

Proposition 2 Assuming that F contains functions which are not p-a.e. constant,
the function « of a convex norm-entropy inequality (11) satisfies

O<a(@)<a’’, YO<t<nt (25)

forsomea > 0andt; > 0.

Proof Let ¢, be a non constant function in U. Then, 03 = fX (e(x) — (@, 1u)>

du > 0 and for any 0 < 012 < o2 there exists s; > 0 such that A, (s) =
025%/2 4+ o(s*) > o}s?/2, for all 0 < s < sy. Let 0 (s) match with o7s%/2 on
[0,51] and be extended on [sy, 00) by the tangent affine function of s — o7s?/2
ats = s1. As A, is convex, we have 6;(s) < Ay, (s) for all s > 0.

Together with (23), we obtain #; < «®. Taking the monotone conjugates on
both sides of this inequality provides us with

?/(20?), it0<t<si0}
~+o00, ift > 51012

a(t) < 0°(0) = [
from which the desired result follows.

To explore some consequences of Theorem 3 (see Corollaries 2 and 3 below)
one needs the notion of Orlicz space associated with the exponential function.
It appears that the space Fexp(ut) introduced at (13) is the Orlicz space

¢ : X — R; measurable, /p(ago) du < oo foralla > 0
X

where p-almost equal functions are not identified and p is the Young function
o) =el =1, seR.

Its Orlicz norm is defined by

loll, := inf {b >0;/,0(—) du <1

= inf {b > 0;/el¢"/b du <2 (26)
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and considering the usual dual bracket (n,¢) = |, x N du, its topological dual
space is isomorphic to

Ly«(n) = {n: X — R; measurable, /,o*(an) du < oo forsomea > 0
X

n : X — R; measurable, /|n|log|n|d,u < 00
X

where p* is the convex conjugate of p :

v | ltllogle) =g+ 1, if | >1
"’(t)—[o, it <1

and p-almost equal functions are identified. Note that the effective domain of
H(- | n)isincluded in the set of all probability measures v which are absolutely
continuous with respect to © and such that 373 € Ly(n).

Let us state a useful technical lemma.

Lemma 1 (A Bernstein type inequality) For any measurable function ¢ such
that fX e®!?l dy < oo for some a, > 0, we have llell, < oo and

2 2
lgl? s

Ay(s) < YO0 <s<1/lgll,-
PR '

It follows that, if U is a uniformly || - || ,-bounded set of functions: sup,c; ll@ll, <
M < oo, then

M2s?
Ap(s) < 1= VO<s<1/M, Yo e U.

Proof By the definition of 8 := |l¢||,, we have 1 > [, p(¢/B) du = Zk21(|<p|k,
w)/(k'\B¥). Therefore, for all k > 1, (Jo|¥, u) < k!g¥. It follows that for all s > 0,

Ag(s) =log [ 1+ Mok, )kt | — ste. )

k>1
< > Mef ok <D Mol w k!
k>2 k>2
[ B2/ —Bs), if0<Bs<1
<29 :[+oo, if Bs > 1

k>2

The last statement holds since 8 Zkzz(ﬂs)k is an increasing function, for all
s > 0. This completes the proof of the lemma.
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We are now ready to prove some corollaries of Theorem 2. For any measur-
able function f in L,«(u), let

||f||;*) ‘= sup /fgo du; @ : measurable, |l¢|l, <1

= sup /f(p du; ¢ : measurable, /e""' du <2
X
be the dual norm of || - ||,.

Corollary 2 For any probablllty measure v which is absolutely continuous with
respect to p and such that L€ Ly+(n), we have

<2VH@ [w) +HW | .

)

Note that this is the NEI: al(ug—; — 1% < H | w), with o (t) = (V1 +1 = 1),

Proof Here U is the unit ball of Fexp(1) and thanks to Lemma 1 applied with
M =1, (23) holds as follows: A, (s) < a1®(s) := s /(1 —s). Taking the monotone
conjugate, we obtain a1 () = (Vt+1 — 1)2, which is the desired result.

The following corollary has already been obtained by Bolley and Villani in
[5] with other constants.

Corollary 3 (Weighted CKP inequalities) Let x be a nonnegative function such
that fX eXdu < oo for some a, > 0. Then, || x|l, < oo and for any proba-
bzlzty measure v which is absolutely continuous with respect to . and such that
du € Ly (), lx - (v — wlitv is well defined, finite and we have

- @ = witv < lxly (2VHO T +HE | )

Note that this is the NEL: a(lx - (v — wlltv) < H@v | w), with a(t) =
W/, +1— 12

Proof Here U = {xv;sup |¢| < 1}. As x may not be in Fexp () (if there exists
a; > Osuch that [, X du = 00), one must be careful. It happens that

lx - (w—wlTv =sup /xw d(v — w); ¥ : measurable, sup || <1

|
E
|
|

= sup /(pd(v — u); @ : measurable, |p| < x,sup |¢| < oo
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To show this, decompose v — p into its positive and negative parts, approximate
from below x ¥ [Isupp(v—p)+) and x|¥Lsupp(v—p)-) by pointwise converging
sequences of bounded functions, and conclude with the dominated convergence
theorem.

Therefore, U can be replaced with U’ = {¢; || < x,sup |¢| < 00} C Fexp(1h).
Assupycpy ll@ll, < lIxllp, thanks to Lemma 1 applied with M = || x| 5, (23) holds

as follows: A, (s) < aﬂ@l(s) = (Ms)2/(1 — Ms). Taking the monotone conjugate,
we obtain apy () = (Vt/M +1 — 1)2, which is the desired result.

Remark 1 1t follows from Corollaries 2 and 3, that
1
Iv—plrv = — (VHG T + Ho | w).
og?2

which of course is worse than CKP inequality (18) but has the same order of
growth +/H for vanishing entropies.

Let d be a metric on X. The associated dual Lipschitz norm of any signed
bounded measure & with zero mass is defined by

I€1ILip = sup |/<pd€;<p : measurable, [[¢[lLip < 1,sup|p| < oo
X

where [|¢]|Lip = sup,, %ﬁ)@)' is the usual Lipschitz seminorm.

Corollary 4 Suppose that there exist a, > 0 and x, € X such that [, eod(ox)
n(dx) < oo. Then, ||d|, e = inf{b > 0; fXXXed(x’y)/b u(dx)u(dy) <2} < oo
and

Iv =ty = Il 0 (2VHO T+ HO ), ¥v € P(X).

Note that this is the NEL a(|[v— I, )< HOv | ), witha(t)=(/t/]1d]l , ;2 +1-D.

Proof This is a corollary of Theorem 4. Here U = {¢ : |l¢llLip < 1,sup || <
00} C Fexp(i). Let us show that

sup lp — (@, i)l < Ildll, - 27)
pelU
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By Jensen’s inequality, for any 1-Lipschitz function ¢ and all s > 0,

exp | s o) — / o)y | | < / expls(p(0) — o)1 1(dy)
X X

< /exp[sd(x,y)] p(dy).
X

Hence, integrating with respect to w(dx), one obtains (27).
Thanks to Lemma 1 applied with M = ||d| , 2, (24) holds as follows: A, (s) <

aA(f)I(s) = (Ms)2/(1 — Ms). Taking the monotone conjugate, we obtain ay(f) =
(\/t/M + 1 — 1)2, which is the desired result.

4 Tensorization of convex TCIs
In this section only convex TCIs are considered. It is assumed that the appear-

ing state spaces are Polish and the appearing cost functions are nonnegative
continuous and satisfy (17).

4.1 Statement of the main result

Let wq, u2 be two probability measures on two Polish spaces X, X,, respec-
tively. The cost functions c1(x1,y1) and c2(x2,y2) on A x X7 and &2 x A, give
rise to the optimal transportation cost functions 7c, (11,v1),v1 € P(A]) and
e, (12,12),v2 € P(Ap).

On the product space X x A2, we now consider the product measure | ® u2
and the cost function

c1 @ ca((x1, 1), (12, ¥2)) = c1(x1,y1) + €2(x2,¥2), X1,y1 € X1, x2,)2 € Xs
which give rise to the so-called tensorized transportation cost function
Teioe, (1 ® u2,v), v e P(X] x Xp).

Recall that the inf-convolution of two functions «; and a» on [0, 00) is defined
by

aiOon () = inflag (1) + o)1, >0: 1+ =1}, t=0.

Lemma 2 Let o1 and oy belong to the class C. Then,

(a) «a10wp € Cand
(b) (nap)® = a1® + oegB
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Proof This simple exercise is left to the reader.
The main result of this section is the following theorem.

Theorem 5 (Tensorization) Let ¢y and ¢z be two continuous nonnegative cost
functions which satisfy (17). Suppose that the convex TCls

a1 (Te, (n1,v1)) < Hy | ny), Yy € P(A)
a2 (e, (n2,v2)) < H(va | n2), Vv € P(A2)

hold with ay,ap € C. Then, on X; x X, we have the convex TCI
a1002 (Te,@c, (1 ® p2,0)) < HW | g @ u2), Vv € P(X) x Ap)

This statement is known in some cases (see for instance [16,22,2].) In [10],
Djellout et al. have obtained a tensorization property for the classical T
inequality, which holds for non product measures.

There are two ways to prove tensorization properties for TClIs: a direct one,
due to Marton, which is based on a coupling argument, and an indirect one, due
to Ledoux, which makes use of the dual characterization of TCIs. The coupling
method is, to our opinion, much more intuitively appealing, but it has the disad-
vantage of raising difficult measurability questions. The interested reader can
consult the Chapter VI of [12], where this is discussed in details. The proof below
is based upon the indirect dual approach, making use of the characterization of
Corollary 1 and follows the line of proof of ([13], Proposition 1.19).

Proof (of Theorem 5) Recall that, provided that ¢ is continuous nonnegative
and satisfy (17), Q°p(x) = inf ,c x {¢(y) +c(y,x)} isin B(X) whenever ¢ € B(X).
We denote Q1 = O°!, O = Q% and Q = Q192

By Corollary 1, the convex TCIs “oq1(77) < Hy” and “ap(72) < H»” which
are supposed to hold are equivalent to

/ e dpy = exp(@®(s) + (01, 111), Vs> 0, Vo € B(Y)  (28)
X

/ Q%2 dyy = exp(ay () +5(02,12)), Vs >0, V6, € B(Xa)  (29)
X

As by Lemma 2 (a;0ap)® = afB + a? , thanks to Corollary 1 again, all we have
to prove is

/ e d(u ® p2) = exp(ar + a5 (s) + s(g, 111 ® p2)), (30)
X1><X2

foralls > 0, and ¢ € Cp(X] x X2).
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Let us take ¢ € Cp (&) x Xp). For all (x1,x3) € X} x A3,

Op(x1,x2) = inf  {o(y1,y2) + c1(y1,x1) + c2(y2,x2)}
y1eX|y2€Ys

= inf [ inf {p(y1,y2) +c2(y2,x2)} + c1(y1,%1)
y1eXy (y2€Y2

= inf {0, (1) +c1(y1,x1)} = Q16x, (x1)
y1€X)

where
bx, 1) = Q29y, (x2) = yig {1, y2) + c2(y2,x2)} (31)
2 2

with ¢y, (y2) := ¢(y1,y2). Hence, for all s > 0,

/ ¢ d(uy ® ) < / ( / e‘Qle-*z‘mm(dxl)) 12(dxz)
X x Xy X X
O [ o® () 4500y 1)
< [ e T s (dp)

X2

Q @ / exp(s / 20y, (x2) M](dy1)) 112(dx2)

o X1

Equality (a) is justified since ¢ being bounded, (x1,x2) = Q@ (x1,x2) = Q16%, (x1)
is jointly measurable.

Let us now prove the inequality (b). As ¢ and c are continuous, (x2,y1) —
Oy, (y1) is jointly upper semicontinuous as the infimum of a collection of contin-
uous functions. Since 6y, (y1) = Q2¢y, (x2) by (31), we have supy, v, 10x, V1) <
sup,, sup ¢y, | = sup |p| < oo. Therefore, (x2,y1) — 6y, (y1) is an upper semicon-
tinuous bounded function. Consequently, one is allowed to invoke (28) to obtain

le Q%) 1 (dxy) < 1 ©OF3Ox) for all x2. Also note that xp +> (6y,, 1)
is measurable since (x2,y1) — 6y, (y1) is jointly measurable and bounded.
The last equality (c) is simply (31).

Remark 2 1f c; is only assumed to be lower semicontinuous, the joint measur-
ability of (x2,y1) — 6y, (y1) which has been used to prove inequality (b) is far
from being clear. This is the reason why the cost functions are supposed to be
continuous.
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But for all x3,

/Qz‘Pyl(m)/u(dm) =/yzirel§/2{<00’1,y2) + c2(y2,x2)} i (dyr)
Xl Xl

< inf / ®(y1,y2) 1(dyr) + c2(y2,x2)
yeY2 2
1

= 029(x2)

where y, — @(y2) = | X ©(y1,y2) n1(dyq) is a continuous bounded function.
Gathering our partial results leads us, for all s > 0, to the inequality (a) below

@ @ - b)) e ® —
/ Q% d(u @ pa) < e (S)/eSsz dus < e (5) 0t () +s(@o112)
X]XX2 X2

— % )Fa5 ()+s(p.u ®u2)

Inequality (b) is a consequence of (29). This is (30) and concludes the proof of
the theorem.

4.2 Product of n spaces
The extension of Theorem 5 to the product of n spaces is as follows. Let
X1, ..., X, be n Polish spaces and 1, ..., u, be probability measures on each

of these spaces. On each space A; let ¢; be a cost function. The cost function on
the product space X} x --- x X}, is

D ® (1, %0), 15+, Yn) = 11, Y1) + -+ 4 ca(Xn, Yn)

Corollary 5 Let us assume that the cost functions c; are nonnegative continuous
and satisfy (17). Suppose that the convex transportation cost inequalities

oi(Te, (i v)) < H(i | wi), Yy e P(A), i=1,...,n

hold with oy, . ..,a, € C. Then, on the product space X; x --- x X, we have the
convex transportation cost inequality

- Dan(']&@m@cn(ul Q- Q Wn, V))
SH | @ - @ up), YveP(A x--- xAy)

where
a0 Oa, () =inf{og (¢)+ - - +antn)itr, .. =014+ +t, =1}, t>0
is the inf-convolution of oy, . .. ,ay.
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Proof It is a direct consequence of Theorem 5 which is proved by induction,
noting that w10 - - - Oy, = (01O - - - Oy, 1)Uexy, for all n.

In the special situation where the n TClIs are copies of a unique TCI on a
Polish space X we have the following important result.

Theorem 6 Let us assume that the cost function c is nonnegative continuous and
satisfy (17). Suppose that the convex transportation cost inequality

a(Te(u,v)) =HW | p), Vv eP(X)

holds with a € C. Then, on the product space X", we have the following convex
transportation cost inequality

n ®n
o (W) < H@E | u®Y, Ve P

where ¢ ((x1,...,Xn), (V1. --»Yn)) = c(x1,y1) + - -+ + ¢, Yn)-
Proof This is a direct application of Corollary 5, noting that o™ (r) = na/(t/n).

About dimension-free tensorized convex TCIs Let us say that a convex
transportation cost inequality

a (Te(p,v)) =H@ | @), VYvePX) (32)
has the dimension-free tensorization property, if the inequality
o (Teon (W™, 0)) < H(& | n®"), V¢ € P(X™)

holds for all n € N*.
Clearly, according to Theorem 6, if @ € C is of the form «(f) = at with a > 0,
then (32) has the dimension-free tensorization property.

Remark 3 Thanks to the same theorem, a seemingly weaker sufficient condi-
tion on « for (32) to be dimension-free is «(f) < inf,>1 na(t/n), t > 0. As «
is in C, a(¢)/t is an increasing function so that o’(0) := lim, o a(f)/t exists. It
follows that lim,_, na(t/n) = o'(0)t for all ¢ > 0. Therefore, the condition
a() < inf,syna(t/n), t > 0 is equivalent to «(f) < «’(0)t, t > 0. But since
a is convex, the converse inequality also holds, that is a(f) > «’(0)¢t, t > 0.
Consequently « is of the form «(f) = at with a > 0.

Dimension free tensorization is a phenomenon that can only happen when

dealing with non-metric cost functions. Indeed, we show in the following prop-
osition, that convex T7-inequalities having this property are all trivial.
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Proposition 3 Let (X, d) be a Polish space and u € P(X). The convex transpor-
tation cost inequality

a (Ta(u,v)) = H | ), Vv ePX), (33)

with o € C has the dimension free tensorization property if, and only if « = 0 or
wu is a Dirac mass.

Proof If « = 0, it is clear that (33) has the dimension free tensorization prop-
erty. If p is a Dirac mass, it is easy to see that (33) holds for every « € C.
Noting that a tensor product of Dirac measures is again a Dirac measure, the
dimension-free tensorization property is established in this special case.

Now, suppose that (33) has the dimension-free tensorization property, with
a # 0 and let us prove that u is a Dirac mass. According to Theorem 4, the
following inequality

log/es(rp(xl)+»--+<p<xn)—n<¢,u>) L (dxy - dry) < a®(s), Vs >0
X’l

holds for all bounded 1-Lipschitz ¢ and all n > 1. As a consequence, denoting
by A, the Log-Laplace of ¢(X) — (¢, u), X of law 11, one has A, < %o@, for all
n>1,andso A, < 0on dom a® (the effective domain of «®). But by Jensen
inequality, one obtains immediately A, > 0. Thus A, = Oondom a®. Asa # 0,
[0,a[Cc dom «®, for some a > 0. Considering —¢ instead of ¢ in the above
reasoning yields that A, = 0 on |—a, af. This easily implies that y, (the image
of n under the application ¢) is a Dirac mass. Now, let us take a point xg in the
support of u and consider the bounded 1-Lipschitz function ¢o(x) = d(x,xp) A1,
x € X. Asxg is in the support of i1, g, ([0,e]) = u(po < &) > Oforalle > 0. As
Mg, 1s @ Dirac mass, one thus has u(gpo < ¢) = 1 for all ¢ > 0. This easily implies
that i = éy,. This completes the proof of the proposition.

5 Integral criteria

Our aim in this section is to give integral criteria for a convex 7 -inequality to
hold.

Let us first note that when two 7 -inequalities ag(7 (v)) < Hv | n), Vv € N/
and a1 (7 (v)) < H(v | n),¥v € N hold, then we have the resulting new inequal-
ity (7 (v)) < Hw | p), Yv € N with

o = max(ag, o). (34)

This allows us to separate our investigation into two parts: obtaining «g and
o1 which control respectively the small (neighborhood of ¢ = 0) and large values
of t (the other ones). Let us go on with some vocabulary.
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5.1 Transportation functions and deviation functions

We introduce the following definitions. Recall that 7 is defined at (9).
Definition 2 (Transportation function) A left continuous increasing function
a : [0,00) — [0,00] is called a transportation function for T in N if

a(T(w) <H@ |, VYvel.

This means that the T -inequality (8) holds with «.

Definition 3 (Deviation function) A left continuous increasing function
a : [0,00) — [0, 00] is called a deviation function for 7T if

1
limsup — logP(7 (L) > ) < —a(t), Vt=>0.

n—oo N

These functions will be shortly called later transportation and deviation func-
tions, without any reference to 7 and V.

Remark 4 For 7 (L,) to be measurable, it is assumed that @ is a set of couples
of continuous functions. Indeed,

[x € X”;T(ig&q) < t] = ﬂ [xe X”;%Z¢(xl-)+ (Y ) < t]

pecd i=1

is a closed set.

Note that an increasing function is left continuous if and only if it is lower
semicontinuous. Clearly, the best transportation function is the left continuous
version of the increasing function

t— inf{H@W | n);v e N, T(v) >1}, t>0.

Similarly, the best deviation function is the left continuous version of the increas-
ing function

1
t— —limsup —logP(7(L,) >t) € [0,00], t>0.

n—oo N

Proposition 4 Under the assumptions of Theorem 2, any deviation function « in
the class C is a transportation function.

Proof Let o € C be a deviation function. Since 7 (L,) > T,? for all ¢ € @, we
clearly have P(7 (L,) > t) > }P’(Tf,> > ¢t) for all ¢t > 0 and n. Therefore, for all ¢,
nand £, limsup,_, o L1og P(T] > 1) < limsup,_, o, L log P(T (Ly) > 1) < —a ().
This implies the statement (d) of Theorem 2, which in turn is equivalent to the

statement (a) of Theorem 2, which is the desired result.
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5.2 Controlling the large values of ¢

In this subsection, it is assumed that the deviation and transportation functions
are in C and are supposed to be 0 on (—o0,0).

Proposition 5 The first statement is concerned with convex TCls and the second
one with convex T -inequalities.

(a) If B € C satisfies [ exp[B([y c(x,y) u(dy))] u(dx) < A < oo then
a(f) = max(0, B(t) —logA)), t>0

is a transportation function.
(b) Let us suppose that a € C is a transportation function which is extended by
a(t) =0 forallt <0, then for all (Y,p) € ®

1456
/exp (B () + )] () = 15 <00, MOS8 <1,
X

Remarks.

— In (a), because of Jensen’s inequality, one can take A > f y2€xp Blc(x,y))

p(dx)p(dy)
— About (a),if c = d < D < oo is a lower semicontinuous bounded metric,
one recovers that

) = 0, ift<D

“W=1400, ift>D
is a transportation function, which is obvious.

— About (b) in the case of a TCI, let us note that SUP(y gyed, (@ (X) + (Y, 1)) <
S supy (0(x) + ¥ () u(dy) < [ c(x,y) u(dy) for all x. It follows that

Sy exp8a ((p(x) + (¥, w)] w(dx) < [y exp [Sa ([ cCx,y) n(dy))] pn(dx)
for all (v, ¢) € @. It would be pleasant to obtain the finiteness of an integral
in terms of c¢. In the case where c(x,y) = d(x,y)?, this will be performed
below at Corollary 7.

Proof Letus prove (a). As the product measure p(dx) L, (dy) has the right mar-
ginal measures, we get: 7.(u, L,) = T, < sz c(x,y)u(dx)L,(dy) = (cyu, Ln)
with ¢, (y) := [ c(x,y) u(dx). It follows that for all £ > 0,

P(Ty > 1) < P({cp, Ln) = 1) L P(B{cy, Ln)) = B(1))

(b) n :
= P((B o ¢y, Ln) = B(0) 2 B(eXiaa Pl = 100

D bR Ty focu(X) © [e—ﬁ(t)]Eeﬂocu(X)]"
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where equality (a) follows from the monotony of 8, (b) from the convexity of
B and Jensen’s inequality, (c) from the monotony of the exponential, (d) from
Markov’s inequality and (e) from the fact that (X;) is an iid sequence. Finally,

1 ,
limsup — logP(T,, > ) < —B@) + log/eﬁ"‘“ du, Vvi=>0
n—oo N

X

which with Proposition 4 leads to the desired result.
Let us prove (b). As a € C is a transportation function, by Theorem 2 (keep-
ing the notations of Theorem 2) we have

a(t) < Aj;(z), Yo € &, Vi > 0.
By Lemma 3 below, as A;", is the Cramér transform of ¢ (X) + (¥, u) we get

Bexp 545000 + (y,u)] = 100, V0=5 <1, V4.

Extending o with «(¢#) = Oforall# < 0, we obtaino < A; for all ¢. Consequently
we obtain

146
/exp [Ba(p() + (W )] u(do) < 2 YO <§ <1, V.

1-¢
X
This completes the proof of the proposition.
During the above proof, the following lemma has been used.

Lemma 3 Let Z be a real random variable such that Ee*'?! < oo for some
Lo > 0. Let h(z) = sup, .g{rz — logEe*?} be its Cramér transform. Then for all
0<é<1,Eexp[dh(Z)] < (1 +8)/A =9).

Proof This result with the upper bound 2/(1 — §) instead of (1 4 8)/(1 — §)
can be found in ([9], Lemma 5.1.14). For a proof of the improvement with
(1+48)/(1 =) see [12].

Corollary 6 In this statement d is a lower semicontinuous semimetric and c is a
lower semicontinuous cost function such that c(x,x) = 0 forall x € X.

(a) Suppose that there exists a nonnegative measurable function y such that
c=x®x.

Let y € C be such that f/’\,’ exply o x(x)]u(dx) < B < oo, then for any
Xo € X

t— 2max(0,2y(t/4) —y o x(x,) —logB), t>0
is a transportation function for c.
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(b) Suppose that there exists 0 € C such that
0(d) <c.

If o € Cis a transportation function for ¢ which is extended by a(t) = 0 for
allt <0, then

/eXp[u a0 6(d(xp,x)/2)] n(dx) < o0
X
forallx, € X and all 0 < u < 2.

Proof We begin with the case where ¢ = d, x (x) = d(x,,x) and 6(d) = d.

The case ¢ = d. To prove (a) with x (x) = d(x,,x), we apply statement (a) of
Proposition 5. Let g be in the class C. We have for all x, € X

/eXp [ﬂ(x d(x,y)u(dy)ﬂ p(dx)
X

< /exp[ﬂ(d(x,}’))]u(dx)u(dy)

X2

2d(x,, 2d(x,,
< / exp [ﬂ( (Ko, %) + 2d(x ”)} p(do)(dy)
XZ

2

< /eXP[ﬁ(2d(xo,X))/2 + B2d(x0,y))/2] i (dx) e (dy)

X2
2
= (X/exp [w} M(dx)) =A

Taking, S(t) = 2y(¢/2), one gets A = B? and
t = max (0, B(t) — log A) = max(0,2y(¢t/2) — 2log B) (35)

is a transportation function for ¢ = d.

Now, let us prove (b). Thanks to Kantorovich-Rubinstein equality (7) one
can take @ = {(—¢,¢); |¢llLip < 1,9 bounded}. Because of Proposition 5-(b),
we have for all bounded ¢ with |l¢|lLip <1:

/CXP[Sa(w(X) — (@, uNIp(dry) =@ +8)/1 -6, VO=é<Ll
X
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The function ¢(x) = d(x,,x) is 1-Lipschitz but it is not bounded in general.
Let us introduce an approximation procedure. For all £ > 0, with m :=

f)( d(x,,y) n(dy), we have

/eXp[Soz(d(xo,x) Ak —m)] u(dx)

X
< / exp {aa <d<xo,x> Ak - / d(x0.y) Aku(dwﬂ ()
X

X
< (1+8)/(1-29).

By monotone convergence, one concludes that for all0 < § < 1,

/GXP[M(d(xo,X) —m)p(dx) <1 +8)/1—9).
X

As

250(d(x,,x)/2) = 25 (W n %) < 8la(d(xo,x) — m) + a(m)],

one sees that

/GXP[ZM(d(xo,X)/Z)] p(dx)
X

< epam) / expl8a(d(xp,x) — m)] u(dx)
X
< e‘s‘x(m)(l +38)/(1—9)

which leads to
/eXp[Z(Sa(d(xo,X)/Z)] p(dx) < oo (36)
X

The general case. Let us prove (a). It is clear that c(x,y) < d, (x,y) where d
is the semimetric defined by

dy (6, ) = Lezy (X (0) + x (V). (37)

Remark 5 If x admits two or more zeros, d, is a semimetric. Otherwise it is
a metric. In the often studied case where ¢ = d” with d a metric and p > 1,
one takes x (x) = 2P~ d(x,, x)P (see the proof of Corollary 7 below) and d, is a
metric.
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Of course, forallv e N =P, ={v € P(X);fX x (x) v(dx) < oo}, we have
Te(v) < Tg, (V).

Therefore, any transportation function for d, is a transportation function for c.
This easy but powerful trick is borrowed from the monograph by Villani ([23],
Proposition 7.10).

It has been proved at (35) that if [, exp[B(dy (xo,x)]u(dx) < C < oo for
some function 8 € C, then max(0,28(t/2) — 21log C) is a transportation function
ford,.

Taking B(¢) = 2y (t/2), with convexity we have

B(dy (x0,X)) <y o x(Xo) +y o x(x) (38)

so that [ exp[B(dy (xo,x)] u(dx) < e?°X®0)B = C. This leads us to max(0,
2B(t/2) —21log C) = 2max(0,2y (t/4) — y o x(x,) — log B) which is the desired
result.

Let us prove (b). Because of Jensen’s inequality, it is easy to show that
0(77) < T.. As « is a transportation function for c, it follows that @ o 6 is a
transportation function for 7;. Applying the already proved result (36) with
a o 0 instead of a completes the proof of the corollary.

Now, we consider an important special case of convex TCI.

Corollary 7 (c = dP) In this statement ¢ = dP where d is a lower semicontinuous
metric and p > 1.

(a) Let y € C be such that fX exply (dP (xo,y)1 u(dy) < B < oo for some
X, € X, then

t —~ max(0,2y 27Pt) —2logB), t>0

is a transportation function.
(b) Ifa € Cis atransportation function, then

/CXP[M a27PdP (x0,x))] pn(dx) < 00
X

forallx, € X and all 0 < u < 2.

Proof This is Corollary 6 with x(x) = 27-1dP(x,,x),0(d) = dP and the fol-
lowing improvement in the treatment of the inequality (38). One can write
B(dy (x0,x)) <y o x(xo)+yox(x)=yox(x)since y o x(x,) = 0 in this situa-
tion. As a consequence max(0,2y (277t) — 2log B) is a transportation function,
which is a little better than its counterpart in Corollary 6. This completes the
proof of the corollary.
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Remark 6 1t is known that the standard Gaussian measure p on R satisfies
T, which is the TCI with c(x,y) = (x — y) and the transportation function
a(t) = t/2 (see [22]). As a consequence of Corollary 7-b, for all p > 2, there
is no function « in C except « = 0 which is a transportation function for the
standard Gaussian measure and the cost function |x — y|.

5.3 Controlling the small values of ¢

We are going to prove a general result for the behaviour of a transportation
function in the neighbourhood of zero. By a general result, it is meant that p is
not specified. As a consequence, it will only be shown that under the assumption
that ¢ < x @ x where |. ¥ e®X du < oo for some 8, > 0, there are tranportation
functions which are larger than some quadratic function around zero. Obtaining
better results in this direction is difficult and requires more stringent restrictions
on the reference probability measure p.

Proposition 6 Let ¢ be a cost function satisfying (17) and ¢ < x @ x for some
nonnegative measurable function x satisfying [, e X dy < oo for some 8, > 0.
Then, || x|l is finite and

2
Olo(f)=( t/||X||p+1—1) , =0

is a transportation function for ¢ and .
In particular, for all a > 0 such that fX edu <2t~ Wat+1—12isa
transportation function.

Note that (vat + 1 — 1)2 = @212 /4 + 0,_.0(t%) = at — 2/at + 2 + 0, 50 (1).
The Orlicz norm | x ||, is defined at (26).

Proof Because of our assumptions, we have 7. < 7y, see (37). Hence, it is
enough to show that «, is a transportation function for d,. But this follows
from Lemma 4 below and Corollary 3.

The last statement follows from a simple manipulation on the definition of
the Orlicz norm | x || ,. This completes the proof of the proposition.

The following lemma has been used in the previous proof.

Lemma 4 For all pand v in Py = {v € P(X); [y x dv < oo}, we have

Ta, (w,v) = llx - (k= v)|ITv.
Proof By Kantorovich-Rubinstein’s equality (7), we have 74, (1, v) = sup{ Jro
d(v—w);¢ € B(X), |l@lLip = 1} where [¢]lLip < 1isequivalent to [ (x)—¢(y)| <
dy (x,y) for all x,y. One can prove without trouble (see [12]) that this is equiv-

alent to |@(x) — a|] < x (x),Vx for some real a. Therefore,
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Ta, (1, v) = sup /sod(v—u);so € B(X) gl = x
X
= sup sup /(X ANk)Odv — )0 e BX): 0] <1
k>1
- X
=x-(u—=v)ltv

which is the desired result.

5.4 An application: Ty-inequalities

A Ti-inequality is a TCI with ¢ = d. Let us denote Py(X) = {v € P(X); [, d
(x4,x) v(dx) < oo for some (and therefore all) x, € X}. Suppose that p is in
P4(X). The function « is said to satisfy the 7 -inequality for d and p if

a(Tg(p,v) = H@ | ), Vv e Py(X). (39)

Theorem 7 (T}-inequalities) Let d be a lower semicontinuous metric. Suppose
that a > 0 satisfies [, e 1 (dx) < 2 for some x, € X and that y € C satisfies
[y €’ @@ 19) 1 (dx) < B < oo for some x1 € X, then

a(f) = max ((\/m T1-122y(t/2) —2log B), (>0

satisfies (39).
Conversely, if a function « in the class C satisfies (39), then

/eXp[u a(d(xy,x)/2)] p(dx) < oo
X

forallx, € X and all0 <u < 2.

Proof Gathering Corollary 7-a, Proposition 6 and the trick (34) gives us the
first statement. The second statement is a particular instance of Corollary 7-b.
This completes the proof of the theorem.

Note that by Proposition 2 we know that it is impossible that « escapes from
a quadratic growth at the origin.

Theorem 7 extends the integral criteria for the usual 7} (C)-inequality in [10]
and [5]. Nevertheless, the control of the constant C is handled more carefully
in these cited papers.

In a forthcoming paper (see the PhD manuscript [12]), one of the author has
obtained the following result which is very much in the spirit of [10] and [5].
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Theorem 8 Suppose that c(x,y) = dP(x,y), that a satisfies (25) for some a > 0
and that sup{a®(t);t : «®(t) < +00} = +o0. Then, the following statements are
equivalent:

— There exists by > 0 such that o (b1 Tz (v, 1)) < H(w|p) forall v € P(X) such
that [ dP(x,,x) v(dx) < oo
—  There exists by > 0 such that [[ 2 e &) 1 (dx)p(dy) < +oo.

Further details concerning the relation between by and b, can be found in [12].

6 Some applications: concentration of measure and deviations of empirical
processes

In this section, we give some applications of transportation-cost inequalities.
The first application, Theorem 9 is an easy extension of a well known result
of Marton. The second one, Theorem 10 is more original and concerns the

deviations of empirical processes.
In the whole section, d is a metric on & which turns (X, d) into a Polish space.

6.1 A basic lemma

Theorems 9 and 10 both rely on the following elementary lemma.

Lemma 5 Let u € P(X) be such that fX d(xy,x) u(dx) < o0, for some (and
thus all) x, € X, and suppose that the T,- inequality

a (Zg(p,v) =H@ | p), VveP(X),
holds. Then, for all 1-Lipschitz function ¢, one has
g = (p.u)+0<e @ vi>0. (40)

Proof Let ¢ a 1-Lipschitz function. For every n > 1, let us consider ¢, =
¢ vV n A —n. According to Theorem 4, one has

Ay, (8) := log/es(‘p”_<‘p”"‘)) du < a®(s), Vs> 0.
X

By dominating convergence, (¢, i) —+> (@, u). Thus by Fatou’s lemma, one
n— +00
has

Ays) = log [ 90 d <a®). Vs 20,
X
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Now, thanks to Chebychev argument, one has for all > 0:

(@ = (o) +0 < i“f/ew_@’m_t) dp < inf e O = 70,
>0 5>0
X
6.2 Ti-inequalities and concentration of measure

Let us recall that for a given probability measure n on a Polish space X, the
concentration function of u is defined by

0, (r) = sup{l — u(A") : A borel set such that u(A) > 1/2}, Vr >0,
where
Al ={xe X :dx,A) <r}.

One says that 0 is a concentration function for pu, if there is r, > 0 such that

Ou(r) =0, Vr=ro,
or equivalently
w(ANY >1-6(r), Vr=>r, YABorelset.

Roughly speaking, the following theorem states that if « is a T;-transportation
function for u then e~ is a concentration function for u. This link between
transportation cost inequality and concentration inequality was first noticed by
Marton, see [16]. Her result extends as follows.

Theorem 9 Letu € P(X) besuch thath d(x,x) u(dx) < +oo forsomex, € X,
and suppose that the Ty-inequality

o (Ta(u,v)) = H@ | p), Vv ePX),

holds with an unbounded o € C. Then for all measurable A with u(A) € (0,1),
one has the following concentration of measure inequality:

WA =1 —e U Vr > py, (41)

where rg == a1 (— log i (A)).

Remark 7 According to the assumptions made on «, one sees that the function

o1 is well defined on (0, +o0c). The number r4 is thus well defined too.
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The following proof is different from Marton’s original argument. Our proof
is based on deviation arguments while Marton’s one is based on transportation.
For a proof using Marton’s concentration arguments see Proposition VI.81 in
[12].

Proof The function x — d(x, A) is 1-Lipschitz. Thus, according to Lemma 35,
u(d( Ay > t+ (d(-, A),u) <e O, Vi >0.

In order to derive (41), the only thing to do is to show that (d(-,A),u) <
a~l(—logu(A)). Let v € P(X) be such that v(A) = 1. According to the
T1-inequality satisfied by u, one has

/ d( Ay dp = / A, A) dyt — / A, Ay dv < Ty(uov) <« (H | w).
X X X

Thus,
(d(-,A),p) <o (inf (H | w) 1 v(A) = 1)).
Let ugq € P(X) be defined by duy = %du ;clearly pg(A) =1, s0
inf (H( | p) :v(A) =1} < H(ua | 1. (42)

An easy computation yields H(u4 | 1) = —log u(A).

Note thatd(-, A) is unbounded so that the inequality [ d(-, A) du— [ d(-,A)
dv < T4(u, v) needs to be justified. Let 7 be a probability on X' with marginals
wand v, then [, d(-,A)du — [ d(-,A)dv = [[ 12 d(x, A) —d(y,A) 7 (dxdy) <
[ 2 d(x,y) m(dxdy). Optimizing in 7 leads to the desired result.

Some comments In Marton’s approach, the probability measure py plays
also a great role. Thanks to our approach, this role can be further explained.
The choice of 114 is optimal in the sense that (42) holds with equality:

inf (H | ) :v(A) = 1) = H(ua | . (43)

In other words, w4 is Csiszar’s I-projection of ;1 on {v € P(X) : v(A) = 1}, see
[7,8].
If v is such that v(A) = 1, one has

d
H<v|m=H<v|uA>+/1og%dv
m
X

=H® | MA)+/10g1A dv —log u(A)
X
=H®W | pua)+ H(ua | w,
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where the last equality follows from f yloglydv = 0 and H(ua | p) =
—log i (A). This proves (43).

6.3 TCIs and deviations bounds for empirical processes.

Lemma 6 Letp > 1 and n € P(X) be such that fX dP (x5, x) u(dx) < +oo, for
some x, € X, and suppose that the following inequality

o (Tp(u,v)) =HW | ), Vv e PQX),

holds. Then for all function Z : X" — R which is n='/P-Lipschitz with respect to
the metric (x,y) — >, dP(x;,yi), one has

pE(Z = (u®Z) +1) e vr=0 (44)

Proof According to the tensorization property stated in Theorem 6, 1" satis-
fies the TCI

T on (W&
a(iﬁﬂ—i»sH@u@m Vo e P(X"),
n

where d?®"(x,y) = >t d(xi,y)P, forallx,y € X". Applying Jensen’s inequal-
ity, one gets immediately : Zpen (u®",v) > g, , (u®",v)P,Vv € P(X"), where

dp.  is the metric defined by dp, ,(x,y) = /> " | dP(x;,y;). Thus u®" satisfies
the following Ty-inequality:

@ (T4, (™" 0) = HO | 1), Yo e PA"),

where « € C is defined by a(¢) = n« (%) . The function n'/? Z being 1-Lipschitz
with respect to dp p, it follows from Lemma 5 that

M®n (nl/PZ > nl/P<M®n’Z) + nl/Pt) < e*ﬁ?(nl/pt) _ e,na(lp),

for all ¢+ > 0, which completes the proof.

Let us consider a class G of 1-Lipschitz functions on X', and X; an iid sample
of law 1. Let ZY be defined by

1 n
7] = sup 1 |= D" o(Xp) —/wdu : (45)
ved || iT v
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As0 < Z9 = sup,eg {| [y 9Ly — [y ¢ du|} < Ta(Ln, p), one has 79 e
[0, +o00[. Further, as a supremum of 1/n-Lipschitz functions, the function

1 n
(X155 Xn) > sup 1= D 9(x) —/wdu
(peg n =1 Y

is 1/n-Lipschitz too. This implies in particular that Zg is measurable. The ran-
dom variable Z¥ is called an empirical process. Applying Lemma 6, one imme-
diately obtains the following theorem.

Theorem 10 Let . € P(X) be such that fX d(xp,x) u(dx) < o0, for some
Xo € X, and suppose that the T1-inequality

o (Zg(w,v) =H@ | ), VveP(X),

holds. If G is a class of 1-Lipschitz functions on X then the empirical process Zg
defined by (45) satisfies the following inequality

P (Z,? >E [z,%] + r) < e vy >0, (46)

The literature about the deviations of empirical processes is huge. For a good
overview of this subject, one can read Massart’s Saint-Flour lecture notes [18].

Now, if (X,]| - ||) is a separable Banach space, and u € P(X) such that
fX lx]|du < 4o0o then taking G = {¢ € X* : ||[£||x+ = 1}, where X'* is the
topological dual space of X', one obtains

1 n
78 - ;Z%Xl-—/xdu ,
=

X

where [ y X i(dx) is well defined in the Bochner sense. In this special case, we
have the following result.

Theorem 11 Let i € P(X) be such that fX lx]| n(dx) < +o0, and suppose that
the Ty-inequality

o (T). ) () < Hw | ), Vv e P(X),

holds. If X; is an iid sequence of law i, then letting Z,, = % i Xi— [yxdu

one has
P(Zy, > E[Zy]+1) <e ™0 vi>0. (47)

The preceding tools can also be used to derive quantitative versions of
Sanov’s theorem involving Wasserstein’s metrics. Recall that, if p > 1, then
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Wy(v1,12) == ¥ 1w (v1,12) defines a metric on Pp(X), the set of probability
measures on X’ which integrate d? (x,, . ) for some (and thus all) x,, (see Chap. 7
of [23]).

Theorem 12 Let © € P(X) be such that fX dP (x5, x) u(dx) < 4o0, for some
Xo € X, and suppose that the following inequality

o (Tp(u,v)) =H@ | ), Vv e PQX),
holds for some p > 1 and o € C. Then
P (Wp(Ln, 1) = E[Wy(Ln, )] +w) < e, vw > 0.

Proof Let us denote L, = ,ll Zl'-’zl 8y;, for all x € X", According to Lemma 6,
it suffices to show that x — W, (L;, ) is n~1/P_Lipschitz with respect to the

metric dp n(x,y) = {J Z?:l dpP(x;,y;). Take x,y € X"; according to the trian-
gle inequality, [W, (L%, 1) — Wp(Ly, )| < Wy(L3, L3). As Tap(,v) is jointly
convex, we have

1< )
WLy L) < 7 ;lepo(ax,-,sy» ey
=

n
> dr(xiryi),
i=1

which completes the proof.

Remark 8 In order to obtain precise deviations results for ZY (resp. Z,), one
must be able to estimate the terms E [Zg], E[Zu] or E[W,(Ly, w)].

Let us give some examples.

Example 2 (Quantitative versions of Sanov theorem) In this example, RY will
be furnished with a norm ||-||. The metric associated to this norm will be denoted
by d(., .). The following theorem is Theorem 10.2.1 of [20] (volume II).

Theorem 13 Let 1 be a probability measure on R4 such that
ci= / x93 dp < +o0. (48)
Then, there is D > 0 depending only on c and q, such that

E[Zp(Ln, )] < Dn” 75, (49)

Thanks to this result, one obtains the following quantitative version of Sanov
theorem.
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Corollary 8 Let i be a probability on (R, | -|)), satisfying (48) and the inequality
o (Tap(,v)) <H@ | ), Vv e PRI,

for some p € [1,2] and some a € C. Then, the following inequality holds:

)4
P Wy Loy = w) = exp | e ((w =Dy ) )|
forallw > 0and n > (D/w)?** where D is the constant of (49).

Proof Noting that E[W,(L,, )] < E[W2(Ly, )] < /E [T (Ln,w)], for all

p € [1,2], the result follows immediately from Theorems 12 and 13.

In [4], Bolley et al. have shown that if . satisfies the inequality 7,(C) (see
(1)) with 1 < p < 2, then there are n, > 0 and C > 0 such that the inequality

P(Wy(Ln, ) = w) < e

holds for n > n,w=@+2_ Corollary 8 is quite similar but its proof is completely
different.

Example 3 (Deviations bounds for empirical means) Let X’ be a separable
Banach space and consider

1 n
Z, = ;ZXi—/de , (50)
i=1 X
where X is an iid sequence of law p. In order to control the term E[Z,,], a clas-
sical assumption is to require that X is of type p > 1, ie there is b > 0 such that

for every sequence (Y;); of centered random variables with E [||Y,-||P ] < 400,
one has

E[IY+--+ YulP] < b[E[IV1IP] + - + E[IYalP]]. (51)

If X is of type p and E [||X1 ||p] < +00, then one can deduce immediately
from (51) the following control:

1
E(Z] <~ (PE[I1X: —ELX1P]) 7. (52)

Controls like (52) can be used in Theorem 11 to derive precise deviations
bounds for empirical means. Let us conclude this section with a concrete
example.
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Theorem 14 Let n be a probability measure on a separable Banach space
(X, |l - 1II) such that fX el 11 (dx) < 400, for some a > 0. Then, for all sequence
X; of iid random variables with law u, one has

2
B(Zy = BiZal +0 <" W) visq, (53)

where Z,, is defined by (50) and M := inf {b >0: [[ 12 ewu(dx)u(dy) < 2} .
Proof According to Corollary 4, p satisfy the Ty-inequality

o (Tj. () < HO | ), v e P(X),

2
with a(f) = (,/1 + 1\_[4 — 1) . Thus, applying Theorem 11, the result follows
immediately.

Inequality (53) is very close to a well known inequality by Yurinskii ([24],
Theorem 2.1). Under the same assumptions on ju, one can easily derive from
Yurinskii’s result the following bound :

1 nt?
0 o

where M, = inf {b >0: [y e u(dx) < 2} To compare (53) and (54) first note

that

(\/1 fu-— 1)2 LV 0, (55)

“2Q+uw)’

(this is left to the reader). Next, let us show that M < 2M,. This follows from
the following inequality:

// e B p(dvu(dy) < (X/ Mo pu(d) @ / e ) '€ 2,

X2 X

where (i) comes from the triangle inequality, (ii) from Jensen inequality and
(iii) from the definition of M,,. Thanks to (55), one obtains

2 2 2 2

t t t t
1 + — — 1 > > > .
(V M ) = 20MZ + M) ~ 8QMZ + tMy)2) — 8QMZ + tM,)

Thus, (53) is a little bit stronger than (54).
Yurinskii’s proof relies on martingale arguments, while our proof is a direct
consequence of the tensorization mechanism.
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7 Large deviations and 7 -inequalities. Abstract results

The framework is the same as in Sect. 5. See in particular Remark 4.

7.1 A deviation function is a transportation function

In this section, we give a rigorous proof at Theorem 15 of the Recipe 2 for an
increasing deviation function which may possibly be not convex. This extends
Proposition 4.

Theorem 15 Let us assume (14) and (15).

(a) Any deviation function is a transportation function.
(b) If in addition T is continuous on Pr, then the converse also holds: any
transportation function is a deviation function.

Proof (a) As7T islower semicontinuous, for all ¢ > O the set {ve Pr; 7 (v) >t}
is open. It follows from the LD lower bound that

1
—inf{H(W | n);v € Pr,7 (v) >t} <liminf —logP(7 (L,) > 1)
n—oo n

Let @ be any deviation function: for all + > 0,limsup,,_, o, rlllog P(7T(L,) >
t) < —a(t). Hence we obtain «(f) < inf{H( | u);v € Pr,7 (v) > t} so that
at—38) < H(v | p) forall v € Pr and § > 0 such that 7 (v) > ¢ — §. Taking
t=7Tw)leadsustoa(Z7(v) —8) < H(v | u) forallv e Prand$ > 0. As « is
increasing and § > 0 is arbitrary, we have «(7 (v)7) < H(v | n). The desired
result follows from the assumed left continuity of «.

(b) As7 is continuous, because of the contraction principle, {7 (L,)} obeys
the LDP with rate function i(t) = inf{H(v | n);v € Pr,7 (v) = t},t > 0. In par-
ticular, the LD upper bound: lim sup,,_, %log P(T(Ly) > 1) < —inf{i(s);s > t},
is satisfied.

Let « be a transportation function. It clearly satisfies a(t) < inf{H(v | n);v €
Pr, T (v) =t} forall t. Thatis: « < i. Finally, for all ¢ > 0,

1
lim sup — log P(7 (L,) > ¢) < _?lft i(s) < —iSI;fta(s) = —a(t)

n—oo N

where the last equality holds because « is increasing. This means that « is a
deviation function. This completes the proof of the theorem.

Remark 9 Note that we didn’t use the specific form (9) of 7, but only its lower
semicontinuity.

Similarly, we didn’t use the specific properties of the relative entropy, but
only that it is a LDP rate function for {L,}.

Let us specialize Theorem 15 to the case where ¢ = dP. Let d be a metric on
X which turns it into a Polish space and 1 < p < co. We denote Ny the set of
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all probability measures v on X such that f v d(xo,Xx)P v(dx) < oo for some x,
in X.

Corollary 9 (c = dP) Let  in P(X) satisfy fX etdxox) u(dx) < oo foralla > 0
and some x, in X. Then, a left continuous increasing function « : [0,00) —
[0, 0] satisfies a(Tgp (1, v)) < H(|w) for all v in Ny if and only if a(t) <
—limsup,,_, o, %log P(Zg (e, Ly) = t) forallt > 0.

In other words, the left continuous version of — limsup,,_, o, % log P(Zgr (1, Ly,)
> 1) is the best transportation function.

Proof Ttis known that Wasserstein’s metric 7, dlp/ P metrizes o (Px, F) with F the
space of all continuous functions ¢ such that |¢p(x)| < c¢(1 + d(x,,x)?), Vx for
some constant ¢, see the annex of Bolley’s PhD Thesis manuscript [3]. There-
fore, v — 7z (1, v) is continuous on Px and one can apply Theorem 15. This
completes the proof of the corollary.

In the case where u satisfies T>(C), see (1), with Corollary 8 one sees that
lim sup,,_, %log P(7p(w,Ly) > t) < =Dt for all t > 0 and some positive D.
In particular, this holds when u is the Gaussian measure. Corollary 9 states the

converse result provided that | pY ead (o0’ n(dx) < oo for all a > 0, which rules
the Gaussian measure out.

7.2 The transportation function J¢

With Theorem 15 in hand, it is enough to compute a deviation function « to
obtain the TCI
a(T(w) <HWw|w), YvePr (56)

But these functions may be rather hard to compute because of the sup in the
definition (9) of

T(Lp) = sup {{@,Ln) + (¥, 1)}
(W g)e®

However, it is shown at Theorem 16 below, that more can be said about trans-
portation functions.
Assumptions (A). The following requirements are assumed to hold.
(i) We assume (14):
/e‘”du<oo, Vo € F.
X
(i) We assume (15):
0,00 e ® C FxF,
(iii) Forall (v,9) € @, ¥ + ¢ < 0.
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Requirement (iii) always holds in the norm case: @ = @y, and it holds in the
transportation case @ = &, if c(x,x) =0,Vx € X.
For all (v, ¢) € &, let us define

Ap) = log/e“’ du, Ay u(s) == A(s) +s(¥, 1), s €R,
X

and
Jy o) =suplst — Ay ,(s)}, teR.
seR

Remark 10 As a consequence of Assumptions (A), {L,} obeys the LDP in Pr
with the rate function H(v | p) = A*(v) = sup,c r{(p,v) — Alp)},v € Pr and
thanks to Cramer theorem, Jy , is the LD rate function of {(¢, L) + (¥, ) }p>1.

We know that Jy , is convex with a minimum value 0 attained at A, (0).
Under assumption (iii), we have A’ (p(O) = (¢ + ¥, u) < 0. Therefore, JWO is
an increasing nonnegative function on [0, c0) and so are Jp and Jo given by

Jo(t) = 7¢(t_),t > (0 where
Jo@®) = inf Jy (@) €[0,00],t >0 57
o (D) W, v €l ] (57)

with Jo (0) = 0. This last equality follows from assumption (ii). As 4}, ,(0) <0,

it also holds that for all t > 0,y , () = ASZD (1) = sups-oist — Ay, w(s)} where
the sup is taken over s > Orather thans € R. It follows that one can equivalently
define J¢ as follows.

Definition 4 (of the functions J¢, Jir and Jgey ).

— Jg is the left continuous version of the increasing function

te[0,00) — inf sup{st — A(sp) —s(¢¥,u)} € [0, 00].
W)€ s>(

— Ji is the best transportation function. Clearly, it is the left continuous version
of the increasing function

t €[0,00) = inf{Hv | n);v € Pr:7T () >t} e[0,00].

— Jgev Is the best deviation function. Clearly, it is the left continuous version of
the increasing function

t €[0,00) =~ —lim sup l logP(7 (L,) > t) € [0, co].

n—0o0

Although the best transportation function Ji; might be out of reach in many
situations, we have the following reassuring result.
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Theorem 16 Suppose that Assumptions (A) hold. Then, J¢ is a transportation
function and the best transportation function in the class C is the convex lower
semicontinuous regularization of J¢.

Proof This statement is a collection of the statements of Theorem 17-a and
Corollary 10-a,b which will be proved below.

Theorem 17 Suppose that Assumptions (A) hold.

(@) Then, Jg is a transportation function for T in Px. This can be equivalently
rewritten as the following TCI

Jo(T(W) <HQW|w), YvePr.

(b) Ifin addition T is continuous on Pr, then Jo = Jir = Jqey-

Proof (a) Asv > (p,v)+ (¥, 1) is continuous, it follows from Remark 10 and
the contraction principle that Jy (1) = inf{H(v | n);v € Pr, (@, v)+ (¥, u) =t}
forallt > 0. Hence, Jy o (¢, v) + (¥, 1)) < H(v | p) forall v € Pr and a fortiori

To ({9, v) + (Y, 1)) < HW | ),

as soon as (p,v) + (¥,u) > 0. As Jo is increasing, by the definition (9) of
7T (v), one obtains: J¢ (7 (v)™) < H(v | u) which is the desired result. Note that
T (v) > Osince (0,0) € @ (assumption (A.ii)).

(b) Theorem 15-(b) states that Jiy = Jqey. Hence, it is enough to prove that
Jo = Jgey. Because of part (a) of the present theorem, Jg is a transportation
function, and by part (b) of Theorem 15, it is also a deviation function. There-
fore, Jp < Jgey and it remains to prove that Jg.y < Jg. By the LD lower bound
for {{¢,L,) + (¥, )}, forall £ > 0,

1
—inf Jy o (r) < liminf —logP({p, L) + (¥, u) > 1)
r>t n—oo n

1
<limsup —logP| sup (@,Ln)+ (¥,u) >t
n—oo N (V,p)eP

=< _Jdev(t)-
Thus Jgey (1) < inf,~;Jy (), for all ¢t > 0 and consequently

Jaev(®) < ( inf infJy ,(u) = 1rr;ft

inf  Jy ) =Jo ).
Y.p)eD r>t $)ED

(W

As Jgey and Jo are increasing and Jgey is left continuous, this gives Jgey () <
Jo (™) =Jo () for all t > 0 which is the desired result.

@ Springer



A large deviation approach to some transportation cost inequalities 281

7.3 Connections with Theorem 2

Let us first give an alternative proof of criterion (b) = (a) of Theorem 2.
We keep the Assumptions (A) of Sect. 7.2. Note that because of Assumptions
(A.ii) and (A.iii), the function

Ap(s) = sup Ay(s) with Ay ,(s) = A(s@) +s(y,u), s>=0  (58)
ped

is in the class C. It follows that its monotone conjugate

A% (1) = sup{st — Ap(s)}, >0

s>0

is also in C. Thanks to formula (57), for all 1 > 0, we have

A%(t) < sup {st — sup A]/,’(p(s)} =sup inf cb{St — Ay (s)}
€

s>0 (Y,0)ed s>0 (V.9)
< inf sup{st — Ay ,(s)} = Jo (1)
VDD 3o Ve

But Ag?(t) is left continuous, hence

As Jp is a transportation function (Theorem 17), so is A%.

The criterion (b) = (a) of Theorem 2 follows from the above considerations.
Indeed, (b) states that Ag < a®. Therefore, with (59): a < A% < Jg.Hence, o
is a transportation function.

An easy consequence of Theorem 2 is the following

Corollary 10 Suppose that Assumptions (A) hold.

(a) The best transportation function in the class C is A%. This means that « € C
is a transportation function if and only if o < A%.

(b) Moreover, A% is the convex lower semicontinuous regularization of Jg
(in restriction to t € [0, 00)).

(c) IfT is continuous, then A% is also the best deviation function in the class C.

Proof The best function «® e C satisfying (b) of Theorem 2 is «® = Ag,
see (58). Because of the equivalence (a) < (b) of Theorem 2, its monotone
conjugate A%9 is the best transportation function in C. This is (a).
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Let us prove (b). In order to work with usual convex conjugates, let us state
Jy(t) = +ooforallt < 0and ¢ € @. We have

(inf J)* (s) = sup{st — inf J(£)} = sup{st — J (1)}
) t ¢ 1,
= supsup{st — Jy ()} = supJ;;(s).
¢ 1 ¢
Hence, the convex lower semicontinuous regularization of J¢ := infyJy is

(infy Jp)™* = (supy, J;j)* = (sup, A;';*)* But, the convex lower semicontinu-
ous regularization of supy Ay is supy Ag". Therefore, Jg* = (sup, Az")* =
(supy Ay)* = A But it is already seen that in restriction to ¢ € [0,00), Ag is

in C, so that A% (t) = AZ(1) for all > 0.
Finally, (¢) is a direct consequence of (b) and Theorem 17-(b).
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