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Abstract. According to the Smolukowski-Kramers approximation, we show that the solu-
tion of the semi-linear stochastic damped wave equations pu, (¢, x) = Au(t, x) —u,(t, x) +
b(x,u(t,x)) + OW(), u(0) = uy, u,(0) = vy, endowed with Dirichlet boundary condi-
tions, converges as 11 goes to zero to the solution of the semi-linear stochastic heat equation
u,(t, x) = Au(t,x)+b(x, u(t,x))+ OW(), u(0) = uy, endowed with Dirichlet boundary
conditions. Moreover we consider relations between asymptotics for the heat and for the
wave equation. More precisely we show that in the gradient case the invariant measure of
the heat equation coincides with the stationary distributions of the wave equation, for any
n > 0.

1. Introduction

The motion of a particle of a mass y in the field b(q) + o (¢)W with the damping
proportional to the speed (we put the coefficient equal to 1) is described, according
to the Newton law, by the equation

ngl = by + 0@ YW, — ¢, g =qeR", ¢ =peR". (LD

Here b(q) is the deterministic component of the force and o (q)W;, where W,
is the standard Gaussian white noise in R" and o(q) is an n x n-matrix, is the
stochastic part. It is well known that, for 0 < 1 << 1, g/ can be approximated by
the solution of the first order equation

G =b(g) +0(@)W,, qo=q € R", (1.2)

in the sense that
lim P " 5} =0, 1.3
uli% {OI;ZXTI% q:| > 8} (1.3)
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forany 0 < T < oo and § > 0. Statement (1.3) is called Smoluchowski-Kramers
approximation of ¢/* by g,. This statement justifies the description of the motion
of a small particle by the first order equation (1.2) instead of the second order
equation (1.1).

Actually, the closeness of ¢;* and g, is not restricted to equality (1.3). If b(g) is
a potential vector, that is b(q) = —VU(q) forany g € R", and if o(q) = I is the
unit matrix, then the distribution with the density

myu(q, p) = cuexp{—(ulp|* +2U ()}

(Boltzman distribution) is invariant for the 2n-dimensional Markov process X f‘ =
(qf', pi"), with pj = g{', if

-1
Cp = </ my(q, p)dq dp) > 0.
R™x R"

To prove this one can check that m (g, p) satisfies the stationary forward Kol-
mogorov equation associated with the process X/".
Then the stationary distribution of g/* is equal to

m(q) = /R myu(q, p)dp = cexp{—2U(q)}.

On the other hand, m(q) is the stationary density of the process g; defined by (1.2)
with 0 = I. Thus, if b(q) = —VU(q) and o (g) = I, the stationary distributions
of ¢! and ¢, coincide for any & > 0. This means that, under certain conditions
providing ergodicity, we can conclude that ¢/* and ¢, are close not just on finite
time intervals, but also have similar long time behavior.

If b(x) is not potential, then the invariant measures are not the same. The process
X" = (¢!, p!) may have no finite invariant measure when ¢, has such a measure.
For all details and proofs on this finite dimensional case we refer to [7]. We also
refer to [16] and [17] for related problems in finite dimension.

In this paper we consider the equation

pB (1 x) = Aut,x) — (1, x) + b(x, u(t, x))

aw e
+W= ), t>0, xe O,
ar (1) (1.4)

ad
u(0, x) = uo, 8_1;‘(0’ X) = vy, ut,x) =0, xe€ 00.

where O is a bounded open subset of Rd, with d > 1. Here WQ(t, x) is a Gauss-
ian mean zero random field, §-correlated in time and the operator Q characterizes
the correlation in the space variables (see below for detailed assumptions). In par-
ticular, in the one-dimensional case WQ(t, x) can be the Brownian sheet, so that
% (¢, x) in this case is the space-time white noise.

Together with the semi-linear wave equation with the damping term (1.4),
consider the heat equation
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9 awe
Bt x) = Ault, x) + b, u(t, X)) + ——(t.x), t>0, xe O,
ot Py (1.5)

u(0, x) = uop, u(t,x)=0, xe 0.

Our first result concerns the convergence of u” (¢, x) to u(t, x), as u | 0. We
prove this convergence in Section 4 under some natural assumptions. The proof fol-
lows, in general, the arguments used in the finite-dimensional case. But, of course,
in the infinite-dimensional case we have to introduce appropriate functional spaces
and obtain certain bounds uniform with respectto i € (0, 1], whose proof requires
some work. These auxiliary results together with some notations and assumptions
are presented in Sections 2 and 3.

The results of these sections allow also to address the questions concerning the
invariant measures and the long time behavior for u* (¢, x) and u(t, x). First, we
give an explicit (in a sense) expression for the Boltzman distribution of the process
(u™(t, x), E’(;‘—t“(t, x)). Of course, since there is no universal measure in the func-
tional space similar to the Lebesgue measure, we have to introduce an auxiliary
Gaussian measure with respect to which one can write down the density of the
Boltzman distribution. This auxiliary Gaussian measure is the stationary measure
of the linear wave equation related to problem (1.4). Using the fact that the vector
field B[u] := Au + b(¢, u) in the appropriate functional space is of gradient type,
we can express the invariant density through the corresponding potential.

The explicit expression for the invariant measure of the process (1, %) allows
to prove that u* (¢, x) has the same stationary distributions for each u > 0, which
coincide with the invariant measure of the process u(t, x) defined as the unique
solution of the heat equation (1.5).

The convergence result of Section 4 will be preserved if we replace the Laplacian
A by any second order uniformly elliptic operator with sufficiently smooth coeffi-
cients. The results on stationary distributions and invariant measures of Section 5
can be generalized only to self-adjoint non-degenerate second order differential
operators with regular coefficients. Actually, if the operator is not self-adjoint, the
problem will not be of gradient type.

Now, let q,” ® and gq; be the solutions of equations (1.1) and (1.2) with o (x) =
el,0 < & << 1. Let a point xg € R" be an asymptotically stable equilibrium of
the field b(x), and let a domain G C R" be attracted to xq. Then, as it shown in [7]
for the case of potential field b(x), the asymptotics in the exit problem from G for
the process g/"** and ¢f as ¢ |, 0 is, to some extend, the same. This fact also shows
the advantage of the Smoluchowski-Kramers approximation. One can expect that
a similar result holds for equations (1.4) and (1.5) with a small noise.

These problems, as well as questions related to ergodic properties of processes
ut(t, x) and u(z, x), will be addressed elsewhere.

2. Assumptions and notations

Let O be a bounded open subset of R 4 with d > 1, and assume that the boundary
is of class C3. In what follows we shall denote by H the Hilbert space L?(©) and
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by {ex}re N the complete orthonormal basis of H which diagonalizes the Laplace
operator A, endowed with Dirichlet boundary conditions in O. Moreover we shall
denote by {—ax}re N the corresponding sequence of eigenvalues.

As we are assuming the boundary of O to be smooth, forany § € (0, 1) we have

|ek|cz+§((7)) =c |Aek|ca((7)) =C0k |ek|C5(@)
(for a proof see [11, Theorem 6.3.2]). Moreover, by interpolation we have

2/248,  (8/2+8

|ek|cé((f_)) =c |ek|oo | k|C2+5(@)
(for a proof see [11, Lemma 6.3.1]). Then
) 8/248 | \2/248,  8/2+8
|ek|cé(o) =cq lexloo | k|C5((’§)’
so that
8/2
lekles @y < cay” leloo. @.1)

Hypothesis 1. The bounded linear operator Q : H — H is diagonal with respect
to the basis {ey }re N- If { Ak }re N denotes the corresponding sequence of eigenvalues,
there exists a constant 6 € (0, 1) such that
00 .2
> ar: lex |2, < oo (2.2)
1-0 €kloo : :
k=1 %k

Hypothesis 2. The mapping b : O x R — R is measurable and

sup |b(x,0') _b(-x’ 10)| = LlO— _p|’ g, p€e Ra
xeO

for some positive constant L. Moreover

sup |b(x,0)| =: by < oo.
xeO
Remark 2.1. 1. In several cases, as for example in the case of space dimension
d = 1 and in the case of the Laplace operator on the square with Dirichlet
boundary conditions, the eigenfunctions e; are equi-bounded in the sup-norm
and then condition (2.2) becomes

Z g < °°
k=1 %

In general it holds
lekloo < ck®, ke N,
for some @ > 0. Thus, condition (2.2) is fulfilled if

>\ A7 k2

Z —g <
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2. For any reasonable domain one has o ~ k24 for any k € N. Thus, in dimen-
sion d = 1 condition (2.2) is fulfilled by the white noise. As soon as one goes
to higher dimension, this of course is no more possible. In any case, notice that
if the sup-norms of the eigenfunctions e, are equi-bounded, it is never required
to have a noise with Hilbert-Schmidt covariance.

For any § € R we denote by H®(0) the completion of C3°(O) with respect to
the norm

o0 o0
2 1) 2 51.2
W30y = D of (hyei)y =) alhi.
i=1 i=1

Note that here and in what follows for each h € H®(() we denote by Ay the k-th
Fourier coefficient of 4, that is

hie =<h, ex)y .
H?’(0) is a Hilbert space, endowed with the scalar product
o
(h, k) s o) = Za?hiki, h,k e H%O).
i=1

Moreover, for any 8 € R we denote by s the Hilbert space H%(0) x H*~1(0),
endowed with the natural scalar product and norm inherited from each component.

Next, for any i > 0 and § € R we define on Hs the unbounded operator A,
by setting

1
Au(h k) = u (uk, Ah —k),  (h,k) € D(Ay) :=Hsq1.

Here for the sake of simplicity we have not written the dependence of A, on 4,
as the operators A, defined on different Hs are all consistent. It is known that A,
is the generator of a group of bounded linear transformations {S, (#)};cr on Hs
which is strongly continuous (for a proof see e.g. [18, section 7.4]).

Note that the adjoint operator to A, is given by

1
Aj(h, k) = — (=k, —pAh — k),  (h,k) € D(A}) = Hs41.
I

In what follows we shall denote by {S7, (t)}s>0) the semigroup generated by A,.
Clearly, for any (1, vg) € H; and for any p > 0, S, (¢) (1o, vo) is the solution
of the deterministic linear system

0 0
a—’;(t,x) =v(t, x), u«a—l;(t,x) =Au(t,x)—v(t,x), t>0, xeO,

u0) =ug, v =vy, u(,x)=0, >0, xe 30,
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which can be written as the following abstract evolution problem in H;

d
d—f(r) = Auz(t),  2(0) = (up. vo).

where z(t) := (u(t), v(t)).

Our aim now is giving an explicit expression both of S, (¢)(u, v) and of S; (t)
(u, v), for any t > 0 and (u, v) € Hj.

By writing S, (f)(#, v) in Fourier coefficients, if we set IT(«, v) := u and
[T, (u, v) := v we have that

M S0, v) =Y fllDer, T Su)w,v) =Y gf (Dex,

where the pair (fk“(t), g,’: (t)) is for each k € N and pu > 0 the solution of the
system

=g, f0)=u

(2.3)
pg'(t) = —ar f(1) —g), g0) = v
In the next proposition we provide an explicit formula for fk“ and g,’f .
Proposition 2.2. Forany p > 0 and k € N, let us define
1
yk” = ﬂ\/l — 4oy .
Then, we have
o = lexp <—L> 1+ ! exp (71
£ 2 2u 2uy} .
+ |1- ! exp(—y,ﬁlt) U
2uyy
1
+y_u [exp (v('t) —exp (=¥'1)] vk) , (2.4)
k

and

(t) = - exp (
1
|:< ) exp (¥, (1 + 2Myku)exp (—yk”t):| vk> , (2.5)

where, in the case Vk =0, we have set

1
)/_M [exp (y,ﬁ‘t) — exp (—yk“t)] = 2tf.
k
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Proof. Differentiating the second equation in system (2.3) we have

d’g; dfi 8t wo dsy
1) = —ap ——(t) — —(t) = — 1) — —5(2).
() = —o — (1) = () = gl (1) = ZEW)
Thus, by taking into account the initial conditions, by standard computations we
obtain formulas (2.4) and (2.5). |

Next, we show that we can express S;(t) in terms of S, (¢).
Proposition 2.3. For any u > 0 and (u, v) € Hs we have
S0, v) = (M1 S (@) (u, —v/p), M Sp (@) (—pu,v)),  1=0. (2.6)

Proof. 1f we write S;*L (t)(u, v) in Fourier coefficients, we have
o o0
Iy SE O, v) =Y fllWer. MaSHO @ v) =Y & 0ex.
k=1 k=1

where the pair (f}*(r), g} (1)) is for each k € Nand u > 0 the solution of the
system

wf'®) =—g@®,  f0)=ux
ng'®) = o f(t) —g@), g0)=uve.

This means that the pair (—u fk“ (1), g} (1)) is the solution of system (2.3) with
initial conditions (—pug, vg), so that for any r > 0 we have

A 1 A
fim = - (M8, () (—pu, )], & (1) = [MaSu () (—pu, v)], -
This allows us to conclude, as

(M), (), v)], = o = —i [T118, (1) (—pu, v)],
= [M18.(0) (u, —v/w)], .
and
[M28} (), v)], = & (1) = [M2S,u () (—pu, )], -
O

Finally, an important consequence of Proposition 2.2 is the following result on
the asymptotic behavior of S, (7).

Proposition 2.4. For any fixed u > 0 and any § € R, the semigroup {S,,(t)};>0
is of negative type in Hs, that is there exist some w, > 0 and M, > 0 such that

ISkl £crg) < Mye ', t>0. 2.7)
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Proof. Fix u > 0. Multiplying the second equation in (2.3) by g,’: (r) we get

d n2 d "2
|gk| 0 + ax |fk|

o2
i 7 ) +21g, ®OI° =0,

and hence, integrating with respect to t > 0 and multiplying both sides by a,‘z_l,

we get

t
nay gl OF + If 0P +207 /0 g1/ ()1 ds
= ot ol + o lugl®. (5)

Now, in order to prove (2.7), we note that thanks to Proposition 2.2 for any
constant ¢ > 0 and any k € N

lim sup |fk“(t)| = tlim sup |g,’:(t)| =0.

=90 1y |+ luel < 0 Ju | +vk | <c

Thus, according to (2.8) we can conclude that for any fixed u > 0
Tlim (15,0 ll7¢, = 0.
As a consequence of the Datko theorem (see [1] for a proof) this yields (2.7). O

3. Estimates for the stochastic convolution

For each p > 0, let us consider the linear problem

8%y an aw<
MW(LX)ZAn(ts-x)_g(tsx)"i_?(tvx)s t>07 X € 09

3.1)
9
n(0) =0, 8—'3(0)=0, N6 x) =0, t>0, xe do,

where W€ is the noise with covariance given by
E(WOw.h) (WOs).k) =t ns)(Qh k).

Note that W2(7) is formally defined as

o oo

W) =" Qe Bi(t) =Y uex fi(t), >0,

k=1 k=1
where {B(f)}re N is a sequence of mutually independent standard Brownian mo-
tions, all defined on some complete stochastic basis (2, F, F;, P).
It is well known that if for some 6 € R condition (2.2) holds, then for any u > 0
there exists a unique solution n* to problem (3.1) such that for any 7 > 0 and
p=1

n e LP(Q; C([0, T1; HY (0))), % e LP(Q;C([0, T]; H7'(0)) (3.2)

(for a proof we refer for example to [4] and [9], see also [3]).
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Our aim here is proving that if the constant # above is strictly positive (as in
Hypothesis 1), then for any § < 6/2 the process n** has a version which is §-Holder
continuous withrespecttot > 0and & € O and the momenta of the §-Holder norms
of n* are equi-bounded with respect to u© > 0. Namely we prove the following
result.

Proposition 3.1. Assume that Hypothesis 1 is satisfied. Then for any u > 0 and

8 < 6/2 the process n* has a version (which we still denote by n**) which is

8-Holder continuous with respect to (t, x) € [0, T] x 0, forany T > Q.
Moreover, for any p > 1

©(P .
ili%E In |C5([0,T]x(’)) =:cr,p < O0. (3.3)

Proof. For all (¢, x) € [0, 00) X O we have
o0
', x) =) i (Dex(x), (3.4)
k=1
where, foreach k € N, n,’f () is the solution of the one dimensional problem
dn,’:(t) = Glf(t) dt
wdb) (1) = — (oxmy (1) + 0 (1)) dt + A dBi(t), (3.5)

n0)=0, 6/0)=0,

Then, by the variation of constants formula, it is immediate to check that

© M ! ©
m (1) = ;/0 Ji (@ —5)dBi(s), (3.6)

with fk“ defined as the solutions of the system (2.3) with initial conditions fk“ 0) =
0and gi'(0) = 1.

Therefore, since for any t, s > Oand x, y € O the random variable nt(t, x) —
n*(s, y) is Gaussian, the proof of (3.3) is a consequence of the following lemma
and of the Garcia-Rademich-Rumsey theorem. O

Lemma 3.2. Under Hypothesis 1 there exists a constant ¢ > 0 such that

Sup B[ (1,.3) = (s, N2 < ¢ (10 =51 + 1x = y). (3.7)
n>0

foranyt,s > 0andx,y € 0.

Proof. First step. There exists ¢; > 0 such that forany r > Oand x, y € O

sup E [n”(z, x) — n*(t, »I* < e lx — y*. (3.8)
n>0
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Due to (3.4) and (3.6), forany r > Oand x, y € O we have
o )\,k t
P =y =30 /0 FA@ = ) dBr(s) lex () — ex(D)],
k=1
so that
00 )\‘2 t
Eln(t,x) = (6, 1P =Y =5 | £ )17 ds lex(x) — eI
= u* Jo
Hence, due to (2.1)
2.6
o Ao

t
Eln"(t, x) = n" 6, I* <c )y e |ek|§of0 |f )P dsx =y (3.9)
k=1

Now, in order to estimate the series above we can assume u # 1/4qy, for any
k € N. Actually, if we can prove the upper bound

1 t
sup —2/ LA (s)1? ds =: ¢ < oo,
u#l /4o, U JO

since

li Loy = f% @, >0, 3.10
im o= g0, 0z (3.10)

due to the Fatou lemma we have the same upper bound for any © > 0.
As we are assuming i # 1/4oy, with a change of variable we have

2 )‘i ! 2
E |nj ()] :F/o || ds

)\.]% /t < S>| ( m ) ( " )|2 d
=—"—— | exp|—— | |exp(y.'s) —exp(—y, s s
2y Jo 1 k k
22 i
— Mkt [ exp (— (1 -V - 4aku)+> s)
1 —4doypl Jo

X |1 —exp(—2u yk”s)|2 ds.

If0 < /(1 —4azu)™ < 1/2, we have
1 —exp(—2u )|
exp (— (1 -/ (1 - 4ak,u)+) s) | XP(—21 v S)| < cexp (—%) 52,

1 — 4o

so that

o]

B OP <citu [ ew(-3)stas =eatn
0
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Since

2
|1 —exp(=2uy'9)[" _ .
[1 — dor -

if /(1 — 4oy )t > 1/2 we have
o
E |n,’:(t)|2 < ck,%,u,/ exp (— (1 -1 - 4ozku)+) s) ds
0
cA?
_ Mk (1 +/ —4aku)+).
ok
Finally, if \/(1 — 44 )t = 0 we have
1 — exp(—2u y/s)|*
exp (— (1 VA= 4aku)+> s) | P21 7 )|

1 — 4oyl
1 —cos+/ (1 —4oapn)=s
=2 exp(—s) (0 — dog)- .

Thus, since for any § € [0, 2] there exists ¢s > 0 such that
)

l—COSﬂ < C(;m,

g >0, @3.11)

for § = 2 we have

A2 [ Aoy 2
En} ()]* < —=* / exp (—s) ————ds
ar Jo (1 —dagpu)=—s*v1

A [
s / exp (—s) (1 + sz> ds.
0

(273

IA

Therefore, in all these three cases we obtain

cA2
E @) < =%, (3.12)
(093

and hence, according to (3.9), we obtain (3.8).
Se_cond step. There exists a constant ¢ > 0 such that for any 7,5 > 0 and
xe O

sup E [ (2, x) — n* (s, x)1* < calt — 51", (3.13)
n>0

We can assume 7 > s. As a consequence of (3.6), for any x € O we have
oo )\,k t
n’(t, x) —n"(s,x) = E m (/ F@ —r)ydBe(r)
0
k=1

- /O s — r)d,Bk(V)> ex(x)
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>\ Ak
=Z;(f fla = dpe(r

+ /0 (ffa=—r—flis—n) dﬂk(r)> ex (x),
and hence we have

E [t x) — (s, )|
o0 )\'2 t
22_1;/ |fL = )P dr el
k=1M $
+ZE/0 @ =r) = [ =] drleds

o0
=Y 1 el +ZJ“|ek|2 (3.14)
k=1 k=1
Concerning the terms / # since for any § € [0, 1] there exists cs > 0 such that
1 —exp(—B) < c38°, B >0, (3.15)

due to (3.12) we have

9 )‘l% = 2
I = ;/0 |F1dr
2 /
1 |:1 — exp (— (1 —va _4aku)+> (t — s))i|

IA
=

o 21

A

6
Al 1 — (1 —4arpn)™ g A p
—= —k -5’ (3.16
ok (2u(l+\/(1—4aku)+)> - Sa,l—" =% ©-16)

Now we go to the estimate of the terms J,fl , which is more delicate. As in the
first step, due to (3.10) we can assume that 4o, 0 # 1. We have

20 (e —r — flis — 1)
= exp (—SQ;M) [exp(f' (s — 1))

_ 13
—expyl (s — )] |:exp (-%:k”)(t — s)) - 1}

+exp <_t2_u) [exp(y{'(t — $))

I
( +2V’<"“)(s_r)>.

—exp(—y, (t — )] exp ( 2
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This implies that

cA? $ s—r
;< 2 / exp(——) exp(y(s — ) —exp(—y(s — )| dr
T yfur o " | k k |

(1 -2y ) ’
X |exp (—¢(l —s)) —1
2p
22 s 142y
+ cuk 2/ X —M(s—r) dr
12y, ul* Jo

X exp (—I%S) lexp(v/“ (1 — ) — exp(=y/(t — )| =2 (I + (I)a.

We estimate separately the terms (J,f‘ )1 and (J,f )2. Since
2
)‘k

12y )2

S r
fo exp (—;) lexp({*r) — exp(=y*r)|> dr = Bl ()%,

according to (3.12) we have

) 2

CA
I <=+
(095

_ 123
|~ exp (_022_%«/% B s))
u

It is not difficult to check thatif z € C

11 —exp(—z)|> = (1 — exp(—Re 2))? + 2 exp(—Re z) (1 — cosImz) . (3.17)
Then we have
2
2u

< [1 —exp (_(1—m) (f—S)>:|2

2p

+2 (1 cos YL AH) —s)).

_ 123
e <_m0_s)>

2u

Then, from (3.15) and (3.11) it follows

iy, < M (1‘V(1‘4“k“)+>9+(—V(1_4°"‘”)_)6 t — s
k

o) 21 21

)\‘2
sy, (3.18)
o
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Concerning (J,f )2 we have
c)»i m ( t— s) u
exp | ——— ) |exp(yy (t —5))—
127?14+ Re2y{p P I [exp
2
exp(—y; (1 — 5))|
_ c)»,%u
1T —dagpl(1+ /(1 = dagp)™)
1-/(1—-4 +
exp(_( V( QL) )(t—s))

(JiHe <

u
2
X |1 — exp (—2)/,(“([ —s))| .
Then, due to (3.17), (3.15) and (3.11) for any § € [0, 2] we have

c5 A2 1—/(I—4ay )T 5
My < ——2—— —exp| - | ———— | t—s) | ¢t—s)
¢ I4+/ (1 —dagp)t P w
[ (0 = 4oy
1 — 4o
—\8/2 —\8/2 -1
1—4a 1-4
L ((den) <( “2"“) > (t—s5)° v 1 . (3.19)
1o | W
If we take § = 6 in (3.19) and assume 4o € (0, 1/2], we have
co A2ul—? a2
]H <k—l‘— 9<—kl‘— 9. 3.20
( k )2 = (1 —4(¥kﬂ)1_0/2( S) = a]i_g( S) ( )

If we take 6 = 2 in (3.19) and assume 4o, € (1/2, 1), we have

u A e (_(1—./71—404,(,0 B >
(J")2§u(1+m)(t 5)” exp p t=9)).

Now, we remark that for any g > 0 there exists a constant cg > 0 such that

sPe™ <cp, 5>0, (3.21)
so that

2-6
exp (_(1 -1 —4Olkﬂ)(t —s)) -5 <c <1 + /1 _4akﬂ> u20.
m

do

As 4oy > 1/2 this yields

12 () (1 +JT- —4otk,u>2_9 20
w4+ T —4daygp) Ao

=< C)\]%H}ie(t - s)gv

(Ji2 <

and hence, as 4o < 1, (3.20) follows.
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Next, if we take § = 2 in (3.19) and assume 4o € (1,2), due to (3.21) we
get

cA? t— cA\?
(J{2 < —Eexp (——S> (t—s)? < —25@ -9
125 n o

Finally, if we assume 4o > 2, by taking again § = 2 in (3.19) we have

cx} r— dagp — 1 -
(U < “Eexp (——s> (t =57 (%(z — 9V 1)
I I I
A2l o2
< WU —5’ < al_—ka(t — 5",
k
so that (3.20) holds.

According to (3.14), thanks to (3.18) and (3.20) we obtain (3.13).
Conclusion. Estimate (3.7) follows combining together (3.8) and (3.13). |

4. The convergence result

In this section we are concerned with the stochastic semi-linear damped wave equa-
tion

n2 P
b, x) = Au(t, x) — $(1, %) + b(x, u(t, x))

Qo
+=(t,x), t>0, xe€ O,

4.1
u
u(0) = u, 5(0) = v, u,x) =0, >0, xe€ 00.

Our aim is proving that the solution u* () converges to the solution of the stochastic
semi-linear heat equation

(1, x) = Az(t, x) + b(x, 2(t, x))
+2 ¢ %), 1>0, xe O, 4.2)
2(0) = uo, z2(t,x) =0, t>0, xe 90,

as the parameter  converges to zero.
For any u > 0 and § € [0, 1] we define the operators

B, (h, k)(x) := i(O,b(x, h(x))), (h,k)e Hs, xe€ O, (4.3)
and
Quh = i(O, Qh), he H. 4.4)
Note that, since § € [0, 1], for any z; = (u1, v1) and z2 = (uz, v2) € Hj

1 c
[Bu(z1) — Bu(z2) |1, = u b, u1) = b(, u2)lgs-10) < n [DCyur) —b(-, u2)lH,
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and then, thanks to Hypothesis 2
cL cL
[Bu(z1) — Bu(z2)lp; < 7|M1 —u2lg < 7|Zl — 22| H,- 4.5)
Definition 4.1. Let § € [0, 1]. A process u** is a mild solution of problem (4.1) if

"
ut e L*(Q; C([0, T]; H(0))), v*:= aait e L*(; C([0, TT; H~1(0))),

forany T > 0, and

t t
2H(8) = 8, (1) (o, vo) + / S, (t — 5)Bu(2*(s)) ds + f S, (t —5) dW i (s),
0 0

where z# (1) = W (1), v*(2)).

Note that with these notations, the weak solution n* of problem (3.1) introduced
in Section 3 can be written as

t
n“(t)=1'11/0 St =) AW (s), 10,

and hence if u** is a mild solution of problem (4.1) we have
u(t) = Ty S, (t) (o, vo)
t
+I14 / St —$)B,(ut(s), v (s))ds +n* (), t>0. (4.6)
0
Now we can establish the existence of a unique mild solution to problem (4.1),

forany p > 0. This result is known in the literature (for a proof see e.g. [5, Theorem
5.3.1]), but here, for the safe of completeness, we give a self-contained proof.

Proposition 4.2. Assume Hypotheses 1 and 2. Then for any ;> 0 and for any ini-
tial datauy € H?(O) and vy € H?~1(O) there exists a unique mild solution z"(t)
to problem (4.1). Moreover, for any T > 0 and p > 1 there exists ¢, p(T) > 0
such that

E sup |20l < cup( (1+ Imo, w0, ) - @.7)
te[0,7T]

Proof. For any z = (u,v) € L*(Q;C([0,T]; H’(0))) x L*(Q; C([0, T];
H?=1(0))) =: Hy(T) we define

t t
Fu@)(@) := S8, (t)(uo, vo) +/(; Syt —s)Bu(z(s)) ds—i—/o Su(t — s)dWQ“(s).

If we show that for some Ty > 0 small enough F, is a contraction on Hy (Tp), then
we have a unique mild solution to problem (4.1) in the interval [0, Tp].
Due to (2.7), we have

S, () (ug, vo) € Ho(T), T > 0.
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Moreover, as seen in (4.5) B, maps Hy into itself, so that, by using again (2.7) we
have

'
t / Su(t —s)Bu(z(s))ds € Ho(T).
0

Thanks to (3.2) we can conclude that F,(z) € Hg(T), forany z € Hg(T).

Now, thanks to (4.5) F, is a contraction on Hg(Tp), provided T is sufficiently
small. This means that 7, admits a unique fixed point in Hg(7p), which is the
unique mild solution defined in the time interval [0, Tp]. As the same arguments
can be repeated in the intervals [T, 27y], [2T0, 37p] and so on, we obtain a unique
global solution in the time interval [0, T'].

We skip here the proof of estimate (4.7). A proof can be found for example in
[5, Theorem 5.3.1]. O

Next step is proving that the family of probability measures {£(u")},c 0,17 is
tighton C([0, T]; H), forany T > 0.

Proposition 4.3. Assume that ug € H'(O) and vy € H. Then, under Hypotheses
1 and 2 the family of probability measures {L(u")} ¢ (0,17 is tight on C([0, T1; H),
forany T > 0.

Proof. If n* is the solution of the stochastic linear damped wave equation (3.1) and
if we define

pr (@) = u"(t) =" (@®), 1=0,
then the process p# (t) solves the deterministic equation
2 u n
uEb(t, x) = Aph(t, x) — L= (1, x) + b(x, p (1, x)

+nk(t,x), t>0, xe O,
PO =ug, %) =, phHx)=0, >0, xe dO.

If we multiply both sides of the first equation above by (—A)?~13p# /3¢ and inte-
grate with respect to x € O, we easily get

d
w—

oM
L()

+ L, +2‘ ol
HG I(O) dl H (O)

oot
= 2<b<~, P () + 1 (1)), (=A)! %(r>>
H

HO— I(O)

< bC, (1) + 0 ()N + ‘—(t)

Hf— I(O)
Hence, integrating with respect to ¢ > 0 it follows

aph |?
9P ds
ot

Ho-1 (O)

(s)

t

2
+ P O o0y + f
HG—I(O) H (0) 0

t
< 110015010y F 10130 0, +/ Ib(., " () + 0" ()3 ds.
0
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Now, due to Hypothesis 2, for any s € [0, T] we have

|b<-,p“(s>+n“<s))|%15c<1+|p“(s>|iz(o)+ sup W(z)@,),
te[0,T]
and then

ds

‘—(t)
H9 I(O)

3 M

2
=< n |UO|H9—1(O) + |u0|H0(O)

t
+er <1+ sup W(;)ﬁ,) +c/ |p"(s)|§,a(o)ds
0

te[0,T]

HI~1(O)

Thanks to the Gronwall lemma, for any u € (0, 1] and T > O this yields

sup[p(1)[? +/ LS
u o) — (s s
re[0.7] HI(O) g0
<ecr <|vo|§,“(o) + ol o) + Sup " 01 + 1) SENCRY)

According to (3.3), this means that we can find some constant c7 independent of
u € (0, 1] such that

2

apt
P (5)

ds <cr.
ar =

T
E sup |10 (t)|H9(O)+E/

te[0,7T] H~1(0)

In particular p* € L*(Q; C([0, T]; H?(0))) and, since u* = p* + n*, due to
(3.3) we have that u* € L%(2; C([0, T]; H)) and

sup E[u” |C(OT] ) = cr- 4.9
ne(0.1]

Next, by using once more (3.3), for any € > 0 we can find A > 0 such that

P(n“e KA’I)zl—e, u >0, (4.10)
where, by the Ascoli-Arzela theorem, K is the compact subset of C([0, T']; H)
defined by

Kiti={£:10.T1x O > R, | flesgorieoy S+

with 8 < 6/2. Now, as we are assuming that ug € H'(O) and vo € H, due to
(4.8) we have
i

ap
—(S)

ds < cry,
ot ’

H

t
n" e Ky1 = sup |p"(0)| 410+ Sup /
te o, T]| |H © te[0,71J0
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so that
{n" e K1} c{u =p"+n" € Kia+ K1},

where, again by the Ascoli-Arzela theorem, K, » is the compact subset of C ([0, T'];
H) defined by

L f @) — f)|n 1,2

Kyp2:=1f: sup |f®Olgro <cran, sup —————— =<c
s — sA — ~T,A
te[0,T] © 1,.?67[£0,T] |t—s|1/2 ’
1#£s

Hence, in view of (4.10) we have
P(u' e K1+ Krp)=1—¢,
and this concludes the proof of tightness. O
Next, we prove an integration by parts formula.

Lemma 4.4. Assume Hypotheses | and 2 and fix uo € HY(©)andvy € H~H0O).
Then for any i > 0 and for any ¢ € C%([0, T] x O), such that ¢ = 0 on 90, we
have

f W (1, ¥ (e, x) dx = / uo(1)p(0, x) dx
(@) O
t 3g0
+/ / ut(s, x) |:—(s,x)+A<p(s,x)i| dsdx
0 JO ot
t
—I—/ / b(x,ut(s, x))o(s, x)ds dx
0 JO

t
+//w(s,X)WQ(ds,dX)vLRM(I), @.11)
0 Jo
where
13 ! =5
Ru(t):z,u(l—e_ﬁ)/ vo(x)go(O,x)dx—/ e M,(s)ds
o 0
1 1—s
—/0 e " [/@ (uo(X)%—(f(O,x)—u“(s,X)z—f(s,X)
0 vy dr) dx | d
—i—/o u (r,x)m(r,x) r> x| ds
1 1—s
—/ f e 7 o(s, )W2(ds, dx), (4.12)
0 Jo

and

M, (1) = /O (u“(t,x)Aq)(t, x) 4+ b(x, ut(t, x))q)(t,x)) dx. (4.13)
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Proof. Since we are assuming ug € HY(O)andvg € H?~1(0),dueto Proposition
4.2 we only have

ut e L*(Q; C([0, T1; HY(0))), % e L*(; C(0, TT; H7'(O))).

Thus, in order to have enough regularity, in our computations we replace u* with
its finite dimensional Galerkin approximations which belong to C>2([0, T'] x O).
Once we get formula (4.11) for the Galerkin approximations, we pass easily to the
limit and we get formula (4.11) for u*.

Note that for simplicity of notations we still denote the Galerkin approxima-
tions by u*. If we set v* := du* /d¢, multiplying both sides of the first equation in
problem (4.1) by some ¢ € C2([0, T] x O) and integrating with respect to ¢ > 0
and x € O, we get

toroguk 1 [!
/ f — (s, x)p(s, x)dsdx = —/ / (s, x) w2 (ds, dx)
0o Jo ot wJo Jo

t
+l/ / [Aut (s, x) — v (s, x) + b(x, ut (s, x))] ¢(s, x) ds dx.
" Jo JO

Now, integrating by parts we have

t Gy
/0 /O 5,0, 0 ds dx = (00), 9 (1) — (w0, 90N

! g
_ 7 had
/(; <v (s), ” (s)>H ds,

and if ¢ vanishes at the boundary of O

t t
/ / Au“(s,x)fp(s,x)dsdxz/ (u“(s),Ago(s)>H ds.
0 JO 0
Thus, if we define
t
H@): = fo (v"(), 9()),; ds = [uh (@), 0(0))
t 8(/7
—(uo, 9(0)) gy —[ <M”(S), B—(S)> ds, (4.14)
0 t H

and if M, (¢) is defined as in (4.13), we obtain

1 1 [
H'@) =~ HO + oo + - [ {0661, aw0)
M n Jo H

1 [t d
o /0 [M,As) + u<v“(S), a—‘f(s>>H] ds.
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As H(0) = 0, this yields

H@ =i (1= 1) (w0, 9Oy / / 0(r).dWO(r)) ds

t S
+i/0 6_7/0 [Mﬂ(r)+u<v“(r),a(r)>H:| drds.

Hence, due to (4.14) we get
t 8(0
(uﬂ(t)v (D(t)>H = (Ll(), QD(O))H +/ <uﬂ(s)s 8_(S)> dS

0 t H

1 (1=€77) o, (0}

r o, S
+l/ e*T/ <<p(r),dWQ(r)> ds (4.15)
w Jo 0 H

I ! _e=s [* @
+—/ e r / |:Mu(r) + M<v“(r), —(r)> i| drds.
w Jo 0 o |y

Now, integrating by parts it is immediate to check that for any function f : [0, T] —

R
1 t —s S 1 t t—s
—/ 6_7/ f(r)drds:/ f(s)ds—/ e # f(s)ds. (4.16)
mJo 0 0 0

Similarly, for the stochastic integral we have

—/ / (p(r) dWQ(r)> ds
/<cp(s) dWQ(s)> /Oe_%<<p(s),dWQ(ds)>H. 4.17)

Therefore, recalling how M, (¢) is defined, if we plug (4.16) and (4.17) into (4.15)
we obtain

! il
(). 00 = w0, 9O + [ <u“<s>,a—“”(s>> ds
0 t Iu
(1= €71) (w0, 9Oy

t t
+ /0 (o). aws) + /0 (4" 5). Ap())
+bC w1, () ) ds

t t i—s
_/ (o). aw ) —f e” " My(s)ds
/ /<v“(r) —(r)> drds.
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This concludes the proof of the lemma, as

—s [¥ ! t—s
/Ot 6_7/0 <v“(r), Z—(f(r)>H drds = /0 e (<u”(s), i;—gf(s)>H
d
—<uo, —*"(0)>
H
K 2
—/ < ®(r), (r)> dr) ds.
0

Concerning the remainder term R, (¢) defined in (4.12), we have the following
limiting result.

O

Lemma 4.5. Under the same hypotheses of Lemma 4.4 we have

lim E|R,(1)]* =0, ¢>0.
u—0

Proof. We have

2
Ru (I =312 [0, (0) | +3‘[ 7 (o), de<s)) ‘
L )
/0 e [Mu(s>+<uo,5<0>>H—<u“(s),§(s)>H
s 2
f <u (r), 2(r)> dri| ds
0

.l 2 3
e O HORSHO)
Now, with a change of variable we have

+3

t

-T2 o
Elj(r)=3[0 e |¢(s)|§,ds=3ufo e ot — ws)|% ds

3
< JH sup lo(s) 1%
s€[0,T]

Moreover, recalling how M, (¢) is defined in (4.13), with a change of variables we
easily get

IEL(I) < ,uct/ooo e ds (1+ T2)|14”|2c([0,T];H)|‘p|2c2([o‘r]x@)’
and hence, due to (4.9) we conclude
Elﬁ(t) S ucer (1 +E |“M|2C([O,T];H)) |‘p|2cz([o,T]x(§) = per |(p|202([0,TJx©)'
This implies that
ER.M < 1,0) +EI;(0)+EL () < per,

for some constant ¢y depending only on T, ug and ¢, and the lemma is proved. O
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Now we can prove the main result of this section.

Theorem 4.6. Assume Hypotheses 1 and 2 and fix ug € H'(O) and vo € H.
Then, if ut* is the solution of the stochastic semi-linear damped wave equation
(4.1) and z is the solution of the stochastic semi-linear heat equation (4.2), for any
T > 0 and for any € > 0 we have

lim IP’(|u“ — Z|C([O,T];H) > 6) =0.

n—0
Proof. Due to the tightness in C([0, T']; H) of the sequence {L(u")},e 0,1], the
Skorokhod theorem assures that for any two sequences {u,}, and {;, },» converg-
ing to zero there exist subsequences { i, k) }ke N and {m k) Jke Ny and a sequence of
random elements

N P S
{ok}ken == {(ul, Us, Wi )]keN s

inC := C([0,T]; H)2 x C([0, T1; D'(0)), defined on some probability space
(Q F, ]P’) such that the law of py coincides with the law of (u#n® | ytm®, W), for
each k € N, and p; converges P-a.s. to some random element p:=1, uy, WQ) €
C.

Now, if we show that | = u», we have that there exists some z € C([0, T]; H)
such that u* converges to z in probability. Actually, as observed by Gyongy and
Krylov in [8], if E is any Polish space equipped with the Borel o-algebra, a se-
quence {p,} of E-valued random variables converges in probability if and only if
for every pair of subsequences {p,,} and { o} there exists an E2-valued subsequence
Wk = (Om(k), PI(k)) converging weakly to a random variable w supported on the
diagonal {(h, k) € E* : h = k).

Note that both u]f and ué solve equation (4.1) with W € replaced by Wy Q. Then
they both verify formula (4.11), with R’f and R’z‘ obtained replacing u* respectively
with u’f and u’z‘ and W2 with WkQ. According to Lemma 4.5 we have that both R’f
and R'z‘ converge to zero in LZ(Q), as (k) and k) O to zero, and then, possibly
for a subsequence, they converge [P-a.s. to zero. Due to formula (4.11) this implies

/ui(t,x)(p(t,x)dx=/ up(x)e(0, x) dx
(@] (@]

t a(p
—i—/ / u;(t, x) |:—(s,x) + A(p(s,x)] ds dx
0 Jo Jat

t
—i—/ f b(x,ui(s, x))p(s, x)dsdx
0o JO

t
+//<p(s,x)WQ(ds,dx), i=1,2,
0 JO

and then both u1 and u; coincide with the solution of the semi-linear heat equation
perturbed by the noise W2, which is unique.

As we have recalled above, thanks to the remark by Gyongy-Krylov in [8] this
implies that u** converges in probability to some random variablez € C([0, T']; H).
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But, by using again formula (4.11) and Lemma 4.5 we have that z solves the heat
equation (4.2). This completes the proof of the theorem. O

5. Stationary distributions

In this section we study the relation between the stationary distributions of the
processes u*(t) and z(t), defined respectively as the solution of the semi-linear
stochastic damped wave equation (4.1) and as the solution of the semi-linear sto-

chastic heat equation (4.2).
If we set

@) = wH @), v @), t>0, u>0,

with the notations introduced in Section 2 and Section 4 we can write equation
(4.1) as the abstract evolution equation on the Hilbert space Ho = H x H (@)

Az (1) = [Au2"(6) + B ()] di +dW2k,  24(0) = (uo, v), (5.1)

where B, and Q,, are the operators already defined in (4.3) and (4.4), respectively.
Note that the adjoint of the operator Q,, : H — 'Hy is the operator Qj, : Ho —
H defined by

1
Q' (u,v) = —(—A)"' Qu.
7
In particular we have that Q,, Q7 : Ho — Ho is given by
1
QuQj, (. v) = -5 0. (-A)7'Q%M),  (u.v) € Ho. (52)

Next, for any o > 0 we introduce the operator C,, € L1 (Hp) by setting

Cu = / S,u(5) QuQ, S5 (s) ds,
0

where {S}, (t)}:>0 is the semigroup generated by A7, the adjoint to the operator A,.

Proposition 5.1. Under Hypothesis 1, with 6 = 0, we have

Cpuu,v) = 1 <(—A)1Q2u l(—A)‘Qzu) (u,v) € H (5.3)
nAH - ) s w s s 0- .

In particular C, is a trace-class operator with

1 1) o= A
TrCM:§(1+;>Za—k-

k=1
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Proof. Due to (2.6) and (5.2), for any (u, v) € Ho and u > 0 we have

1
Su(0) QuQy S0, ) = -5 Su(Q, (—A) "' Q* TS (1) (u, v))

1 _
= — S0, (=A) 7' Q> M8, (1) (—put, v)).
uw
Thus, from (2.4) and (2.5), for any k € N we easily have

- 22 t oy
[MT1 S (1) QuQ}, Sp(Dw. v)], = W exp (—;) <% [exp (')

—exp (—y/'1)]” ux + [exp (')

o] (1 5 et

k

1
+ {14+ —— Jexp(=y/e) | v ),
( ZMV/:L) ( k )

with the usual assumption that if yk“ = 0O then forany ¢ > 0

1
y_“ [exp (v4't) —exp (—yf‘t)] = 2.
%

Therefore, by some computations for any k£ € N we obtain

. o %
[ Cpu, U)]k = /0 [T S, (2) 9,9, S, ) (u, v)]k dt = Euk.

Concerning the second component, due to (2.5) we have

I, S, () Q,9% S* (¢ = }Li !
[ 28,(1) QuQ;, "()(u’v)]"_%tkuz eXP(-;)

(1= gz oo+ (1+ 5 ot

k

(7 fexp (11) — exp (1)) s
k

1 1
+1(1- exp (y/t)+ 1+ exp (—v/t) | v ),
(=g om0 )

and, as for the first component, by some computations this implies that
00 )»]%

I Cpu(u, v) =/ My S, (1) QuQ), S, ()(u, v)| dt = V.
(M Cutw ), = [ (18,0 Q40 50w )], a1 = 5

This allows to obtain (5.3) and hence to conclude the proof of the proposition.

O
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5.1. The linear case

Our aim here is studying the invariant measure of the system
dz(t) = Auz()di +d W (@), z(0) = (o, v0) € Ho,  (5.4)

and showing that the stationary distribution for the solution of the linear stochastic
damped wave equation

Pt vy = dut ) — o+ 00w
—(t,x) = Au(t,x) — —(t,x) + ——(t, x),
“aﬂ ot ot

u(t,x) =0, xe 90, (5.5)

coincides for all x4 > 0 with the unique invariant measure of the linear stochastic
heat equation

] awe
a—b:(t,x) = Au(t.x) + = —(.x),  w0.x)=0, xed0. (56

Theorem 5.2. Under Hypothesis 1, with 0 = 0, the Gaussian measure N (0, C w)
is the unique invariant measure of system (5.4), for each u > 0, and for any
¢ € Cp(Ho) and zo0 € Hop

tlim E® o(zH (1)) = / (@) N (0, Cp)(dz), (5.7
— 00 HO

so that N'(0, C,) is ergodic and strongly mixing.

Moreover the Gaussian measure v = N (0, (—A)~! /2) is the stationary distri-
bution of (5.5). In particular, v does not depend on > 0 and coincides with the
unique invariant measure of the stochastic heat equation (5.6).

Proof. According to Proposition 5.1, the operator C,, is non-negative, symmetric
and of trace-class on H. Thus problem (5.4) admits an invariant measure of the form

vx N(0, Cp),

where v is an invariant measure for the semigroup S, (r) and N (0, C,,) is the Gauss-
ian measure, with zero mean and covariance operator C,, (for a proof see e.g. [4,
Theorem 11.7]). Moreover, as the semigroup {S,(#)};>0 is of negative type (see
Proposition 2.4), due to [4, Theorem 11.11] A/(0, C,,) is the unique invariant mea-
sure for (5.1) and (5.7) holds. As well known this implies that A'(0, C,,) is ergodic
and strongly mixing.

Next, due to (5.3) the measure N (0, C,,) defined on Hy is the product of two
Gaussian measures, defined respectively on H and H~!(©). Namely

N@©.C) =N (0, (—A)’1/2> x N (o, (—A)*‘/zﬂ) .

In particular the marginal measure v, := I/ (0, C,,) equals N (0, (—A)71)2),
so that it does not depend on i« > 0 and coincides with the unique invariant measure
v of the Ornstein-Uhlenbeck process solving problem (5.6).
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This allows us to conclude the proof of the theorem, as the process u* (t) =
ITyz(z), with

t
20 = @0, 70) 1= [ S, =W,
0
is the stationary solution to problem (5.5) and its distribution is TT{ (0, Cy,). O
5.2. The semi-linear case

We show that an analogous result holds also in the non-linear case, if Q is the
identity operator (and in particular if d = 1).

Our aim first is proving that system (5.1) is of gradient type and admits an
invariant measure of the following type

vu(dz) = ¢, VO N(0, C)(d2),

for some mapping U : Ho — R which does not depend on . > 0 and is a function
of u € H only.
To this purpose we introduce some notations. Foranyn € Nand&=(§q, ..., &,)

€ R" we define
T.& =) &ex.

k<n

Clearly the mapping 7, is well defined from R" into H 3(0) and the mapping
T,(&,n) = (T,&, Tyn) is well defined from R" x R" into Hs, for any § € R.
Moreover, if we define

Rou = ((u,en)y ... (u.en)p) .

we have that R, maps H%(©) into R”, for any 8 € R, and R,,T,, = Idg. Further-
more, if we set P, := T, R,, we have that P, is the projection of H 5(©) onto the
finite dimensional space generated by {ey, ..., ¢,} and for any fixed u € H®(O)
we have that P,u converges to u in H®, as n goes to infinity. In particular, setting

Py(2) i= (Pau, Pyv),  z=(u,v) € Hs,
we have
lim P,z=2z, in M (5.8)
n— o0
In what follows, for any Banach space X we denote by By, (X) the Banach space of
Borel and bounded functions from X into R, endowed with the sup-norm, and we
denote by Cj(X) the subspace of uniformly continuous functions.

We recall that the transition semigroup { P*(¢)};>¢ associated with system (5.1)
in Hy is defined for any r > 0 and ¢ € Bj(Hp) by

PEM¢(2) =Eo" ), v" (), z=(u,v) € Ho,

where (1" (t), v*(t)) is the solution to (5.1) with initial datum z = (u, v).
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Next, we denote by z/; (¢) the solution to the finite dimensional problem
dz(t) = [Auz(t) + PaBu(Paz(t)] dt +dWhen(e),  2(0) = Pz, (5.9)

where 7, , = ﬁnIM. Due to (5.8), to the fact that B, is Lipschitz continuous (see
(4.5)) and to estimate (4.7), it is possible to prove the following approximation
result

- 2
nlggoElz,’f(t) - M3, =0, t=0.

An important consequence of this fact is that the semigroup P#(¢) can be approxi-
mated by the semigroup Pﬁ (¢) associated with z5 (¢). Namely, forany ¢ € Cp(Hop)
and ¢ > 0 it holds

Jim PE(Ne) = lim Eo(z; (1) = PH(DeR),  z€ Ho. (5.10)

Now, for any u € H we set

u(x)
U(u) :=/ / b(x,o0)do dx. (5.11)
0 Jo

Since b(x, ) : R — R has linear growth, uniformly with respect to x € O (see
Hypothesis 2), it is not difficult to check that

Ul <e(1+ul), 0@ =V <clu—vla 0+ g+l

so that U : H — R is well defined and locally Lipschitz continuous. Moreover it
is differentiable and DU (u) = b(-, u), forany u € H.

Hypothesis 3. The mapping U : H — R defined in (5.11) is bounded from above,
that is

sup U(u) < oo.
ue H

Remark 5.3. 1. The assumption of boundedness from above for U implies that
Z = / 2V N, (=A)71/2)(du) < oo,
H
and

Z, ;:/ 2V P N0, (=AY /2)(du) < 00, ne N.
H

2. Hypothesis 3 above is satisfied if for example

b(x,0)=—c1(x)o +c2(x), (x,0)¢€ O x R,

for some continuous mappings ci, ¢z : O — R, with min, _ 5 c1(x) > 0.
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3. From the proof of Theorem 5.4 one sees that it is sufficient to assume a weaker
condition than Hypothesis 3. Namely, what is needed is that both Z and Z,, are
finite and

lim on(2)e2VE N0, C,)) dz = / p(2)e?VW N (0, C,) dz,
Ho

n—oo H()

for any sequence {¢, } C Cp(Hp) uniformly bounded and pointwise convergent
to some ¢ € Cp(Hp).

Theorem 5.4. Assume that Hypotheses 1, 2 and 3 hold and take Q = I. Then the
probability measure

(o) 1= 7 U0 N, )

is invariant for system (5.1).
Moreover the distribution

o(du) = %eZU(”) N, (=)~ /2)(du)

is stationary for equation (4.1), for any u > 0, and coincides with the unique
invariant measure for the stochastic semi-linear heat equation (4.2).

Proof. Forany u > 0,n € Nand (g, p) € R" x R", we denote by ¢, (1) :=
(gh (1), pi (1)) the solution of the system in R”

Gn ) = pp (1), 4, (0) =g

(5.12)
WPy (t) = Ry ATaq) (1) + Rub (-, Tug) (1) — py (1) + Wi (), plh(0) = p,
where W, (¢) = (B1(?), ..., By(2)), for any t > 0. The transition semigroup asso-

ciated with system (5.12) is defined for any ¢ € Cj,(R*") by
Pi()¢(g. p) =Ep (51 (1), 120
Note that if we define U, (¢) := U (T,q), we have
DUy(q) = Ry b(-, Thg), q € R",
and
%D (RiATyq, q)pn = R\AT,q g € R".

Moreover, since
/R exp ((R,,Aan, q)rn +2 U(T,,q)) dq
= e / AUTD N0, R, (—A)T, /2) dg.

for the obvious normalizing constant c,, by a change of variable from Hypothesis
3 we have
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/ exp ((RuAT,q, q)pe +2U(T1q)) dg = ¢y / 2UEP N0, (=AY /2) du
n H
< OQ.

As a well-known fact, the Boltzmann distribution
Dun(dq, dp) = cunexp ((RiATwq, @)gn +2Un(q)) exp (—Mlplﬂz@l) (dq,dp)
1 _
= —— U DN©O, Ry(=8)7'T,/2)(dg) x N0, Izn /211)(dp)

n

is invariant for system (5.12), so that for any ¢ € Cp(R") and ¢t > 0

/ PEWOG(q, p) Dun(dg, dp) = /
RrxR”?

RrxR

¢(q. p) Vun(dq,dp). (5.13)

Now, it is immediate to check that the Ho-valued process T, £t (1) coincides with

the solution z/ (1) of the approximating system (5.9) with initial datum 7, (q, p).

For any ¢ € Cj(Hp) this yields

PEW@(Th(g. p)) = P (@ o T)(g. p).  (q.p) € R" x R”,
and hence from (5.13) for any ¢ € Cp(Ho) we obtain

/ PEO@(Tr(q. p)) Dun(dq. dp)
R xR

= / ¢(Tu(q. P) Dun(dq, dp). (5.14)
R7 xR"
If T, is considered as a mapping from R” into H by reasoning as above we have
[e2 U@ AF(0, Ry(—A)~'T, /2)] o T\ (du)
=2VWN©, (=A)' P, /2)(du). (5.15)
Moreover, if T;, is considered as a mapping from R” into H~!(0) we have
N, Ign/21) o T, = N, (=A) 1P, /210). (5.16)
Actually, for any A € H~'(O) we have

/ exp (i (A, v)y-100)) [N(o, Ipn /210) © T,;‘] dv
H-1(0)

= ] — -1 n

= fR Coxp (i (=) "2 Tup) YN, Irn /2000 dp

= ex —L<R (—A)"'A R (—A)’1k>

- p 4/1, n ) n R”

= ! AP, P

= exp <_@<(_ ) n/s I'n >H‘1((’))>

= / exp (i (A, v)y-100)) N(O, (=AN)7'P,21) dv,
H=1(0)

and by uniqueness of the Fourier transform we obtain (5.16).
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Therefore, from (5.15) and (5.16) we have

Dpno TN (dz) = — VON©O, (=A) 1 P,/2) x N (O, (=A) "' P,/2) (d2)

1
Zy
1 _
JE— eZU(M) I:N(O’ C;,L) o Pn—l:l (dZ),
Zn
and hence, since

P (¢(z) = Pl (¢(Paz),  z € Ho,

from (5.14) it follows

1
— | Pre) 2V PN, C) dz
Zn JH,
1 _
- — @(Pyz) 2V PN (0, C) dz. (5.17)
Zy Ho

Now, due to (5.8) and (5.10) we have

lim P} (e (z) eV = Pl(n)p(z) V™.
n—oo

Then, thanks to Hypothesis 3, by the dominated convergence theorem we can take
the limit as n goes to infinity in both sides of (5.17) and we get

1 1
— PH1@(2) 2V WN(O, Cp)dz = = 0(2) VDN, C,) dz,
VA Ho Z Ho

for any ¢ € Cp(Hp). By a monotone class argument the same identity follows for
arbitrary ¢ € Bj(Hp). This in particular implies that the measure

1
= VN0, C)(d2)

is invariant for P (¢).
Finally, we obtain the second part of the theorem, as we have

I [ VN0, Cd] = 2 2VON O, (-8)7 /22,
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