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Abstract. We show that a QMS on a o -finite von Neumann algebra .4 can be decomposed
as the sum of several “sub”-semigroups corresponding to transient and recurrent projections.
We discuss two applications to physical models.

1. Introduction

The analysis of transient and recurrent states is a key step in the study of Markov
processes, where the concepts of transience and recurrence are closely connected
with Potential Theory for semigroups on L* spaces (see e.g. [2], [14]). These
are the typical commutative von Neumann algebras. In the theory of open quan-
tum systems, however, models of irreversible evolutions are given by means of
positive and identity-preserving semigroups on an arbitrary von Neumann algebra.
A mathematical theory parallel to the classical theory of Markov processes and
semigroups, however, is still missing. It seems therefore reasonable to provide the
non-commutative generalizations of classical notions like transience, recurrence
and decomposition of semigroups into transient and recurrent parts. This paper is
aimed at clarifying these notions for Quantum Dynamical Semigroups (QDS) and
providing mathematical tools for the study of evolution equations (master equa-
tions) for open quantum systems.

A QDS 7 on a von Neumann algebra A is a weak* continuous semigroup of
normal completely positive maps {7;},>0 on A; if 7 is identity-preserving, then it
is Markov (i.e. itis a QMS). In the work [11] transience and recurrence are defined
as the natural extension of the corresponding classical concepts and irreducible
semigroups are shown to be either transient or recurrent. Our intention here is to
find the decomposition of a QMS into “sub”-semigroups corresponding to classes
of transient and recurrent states. To this end we start by defining the fast recurrent
projection pg determined by supports of normal invariant states. We show that
states with support contained in prApg do not leave pg under the action of 7°
(see Thm. 1) and establish the ergodic properties of the reduced QMS 7 P® on the
subalgebra prApg (see Thm. 3). Moreover, under appropriate hypotesis, we can
write 7 PR as a direct sum of irreducible “sub-QMS” each one with a unique faithful
normal invariant state (Thm. and Prop. 5).
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Then we define the transient projection pr by means of range projections of
potentials (see [11]). It turns out that a QMS can be either transient or recurrent
according to pr = 1 or pr = 0 respectively. Further, to distinguish between fast
and slow recurrence, we introduce the projection pg, such that p% = PR + PRys
calling a semigroup fast recurrentif pp = 1and slow recurrentif pp, = 1. We show
then that, when A is o -finite, the von Neumann subalgebra pr A pr is invariant for
T (see Cor. 2); moreover, the restriction of 7 to pr Apr is a transient semigroup.
On the other hand, we can construct a recurrent QMS on p%Ap% (see Prop. 10)
which contains the fast recurrent “sub”-QMS 7 PR,

As an application we determine pr, pg and pg, in two physical models: a
one-mode radiation and an atom with two-degenerate levels.

2. Notations and preliminaries

In this paper A is a von Neumann algebra acting on a complex Hilbert space H,
endowed with atrace tr(-); we denote by 1 the unit of A. A state w on A is called nor-
mal state if it is o -weakly continuous or, equivalently, if @ (sup,, ao) = sup, w(ay)
for any increasing net (ay)y Of positive elements in A with an upper bound; we
denote by A, the predual of A, that is the space of all o-weakly continuous linear
functional on .A. We recall also that w is a normal state if and only if there exists a
density matrix p, that is, a positive trace-class operator of H with a unit trace, such
that w(a) = tr(pa) for all a € A. For all normal state @ on A, the support projec-
tion s(w) is the smallest projection in A such that w (s(w)a) = w(as(w)) = w(a)
for any a € A (c.f. [7], Prop. 3); if s(w) = 1, we say that w is faithful. A family G
of normal states on A is called faithful if a € A, a positive and w(a) = 0 for all
w € G implies a = 0.

Givena QDS 7 on A, its infinitesimal generator is the operator £ whose domain
D(L) is the vector space of elements a in A for which there exists an element b
in A such that b = lim;_,o =" (7;(a) — a) in the weak* topology, and L(a) = b;
the predual semigroup of T is the semigroup 7, of operators in A, defined by
(T4 () (@) = w(Z;(a)) for every a € A and w € A,. Since any map 7, is
clearly weak continuous on A,, by a well-known fact (see, for instance [4] Cor.
3.1.8), 7 is a strongly continuous semigroup in the Banach space A,; moreover,
if 7 is Markov, 7 and 7 are semigroups of contractions (see [9], Prop. 2.10.3).

We say that a normal state w on A is invariant if 7,;(w) = o for all t > 0 and
we denote by F(7,), the set of normal invariant states on A.

3. Subharmonic projections and the fast recurrent projection

A positive operator a is subharmonic (resp. superharmonic, resp. harmonic) if
Ti(a) > a (resp. 7Ti(a) < a, resp. T;(a) = a) for all > 0; we denote by F(7') the
set of harmonic elements of 7. We call a QDS 7 irreducible if 7 has no non-trivial
subharmonic projections.

We introduce now some results that we shall often use in this paper.

Lemma 1. Given a positive element a € A and a projection p, prapt = 0
implies a = pap.
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Proof. Letu € p(H)* andv € p(H); since a is positive, we have (Au + v, a(Au +
v)) = 20M(Au, av) 4+ (v,av) > 0 for all A € C. Therefore (1, av) = 0 for all
u € p(H)*, v e p(H), thatis prap = 0. It follows that pap’ = 0 as well, and
S0 a = pap. O

Proposition 1. A normal state w on A is faithful on s(w).A s(w).

Proof. Let p = s(w) and suppose w(a) = 0, wherea € pAp,a > 0; if g, denotes
the spectral projection of a associated with the interval [1/n, ||a|], (n > 1), then
w(qn) < nw(a) =0 implies g, < p*foralln > 1. Since g, < na < nl|a| p, this
means that g, = 0 for all n > 1; hence g := sup,, g, = 0. But ¢ is the projection
onto the closure of the range of a, soa = 0. m]

Theorem 1. Let 7T be a QMS on A. If w € A, is an invariant state, then its support
projection is subharmonic.

Proof. Let p := s(w) and fix ¢t > 0. From the invariance of w it follows w(p —
pTi(p)p) = o(p — T(p)) = 0 and then p7;(p)p = p, because pT;(p)p < p
and o is faithful on p.Ap (see Prop. 1). Therefore, the projection p satisfies
pT(pt)p = 0,50 T;(pt) = p1T;(p) p* by Lemma 1. This implies 7;(p*) <
p* and consequently 7;(p) > p. m|

Proposition 2. Let T be a QMS on A and let py, p2 be subharmonic projections in
Awith p1 > pa. If p1 is the support projection of a normal invariant state wy, then
we have (p1 — p2)T;(p2)(p1 — p2) = 0 forallt > 0. In particular, if p» € D(L),
(p1 — p2)L(p2)(p1 — p2) = 0.

Proof. Since any (7;(pi))i>0 (i = 1,2) is an increasing positive net with upper
bound 1, there exists x; € A such that x; = w*-lim, Z,(p;), x; > p;, i = 1,2
and x; > xp > 0. Therefore, from the invariance of w it follows wi(x; — x2) =
lim; w1(Z;(p1 — p2)) = wi1(p1 — p2), i.e. wi(x1 — p1) = wi(x2 — p2). But
w1 (x1) = lim; w1 (Z;(p1)) = w1(p1), s0 w1 (x3 — p2) = 0. Since w is faithful on
p1Ap1 (Prop. 1), this means that p1(x2— p2) p1 = p1(x2—p2) = (x2—p2)p1 =0
by Lemma 1, and then

0= (p1— p2)(x2 = p2)(p1 — p2) = (p1 — p2)(Zi(p2) — p2)(p1 — p2) = 0

which implies (p1 — p2)7;(p2)(p1 — p2) = (p1 — p2)p2(p1 — p2) = 0 for all
t > 0. Deriving at r = 0 we get also the last statement. O

Prop. 2 provides us with a good rule to test whether, given two comparable subhar-
monic projections, their upper bound is the support of an invariant state. It will be
very useful to find the normal invariant states in section 7.

Notation. For any w € A, and p projection of .4, we denote by pwp the element
of A, defined as pwp(a) = w(pap) for all a € A, and by p.A, p the set of pwp
as w varies in A,. Then we can identify the normal states on p.4p with the normal
states on A whose support is smaller than p.
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Theorem 2. Let T be a QMS on A. A projection p in A is subharmonic if and only
if

pT(a)p = pT(pap)p Yaec A t=>0. )

Proof. If p is subharmonic, then for any w € A, we have (T, (pwp))(pt) =
o(pT(pH)p) = 0, s0 s(T,; (pwp)) < p for all t > 0; therefore, given a € A, if
q: is the support projection of 7., (pwp), the equalities

w(pTi(pap)p) = (Tu(pwp))(pap) = (T (pwp))(q: papq:)
= (T (pwp))(qraq:) = (Ty (pwp))(a) = w(pTi(a)p)

hold forall¢t > 0. Since w € A, is arbitrary, this means that p7; (a)p = p7Z;(pap)p
for all + > 0. Conversely, if (1) holds, taking a = 1 we get p = p7;(p)p, that
is pT;(pT)p = 0 for all + > 0; we can then conclude that p is subharmonic by
Lemma 1. O

If 7 is a QMS on A and p is a subharmonic projection in A4, it follows by Thm.
2 that we can construct a QMS 77 on p.Ap by defining

7" (@) := pT/(a)p

foralla € pAp, t > 0. TP is called reduced semigroup associated with the
subharmonic projection p. It is easy to check that its predual semigroup is the
restriction of 7 to the subspace p. A, p.

We want to construct a subharmonic projection pg, called the fast recurrent
projection, determined by supports of normal invariant states on A.

Definition 1. Given a family (p;)ic1 of projections in A, we denote by sup;; p;
the projection (in A) onto the closure of the linear space of H generated by the
ranges of p;’s.

Proposition 3. Let (p;)ic; be a family of subharmonic projections for a QMS T
on A. The projection p = sup;; p; is also subharmonic for T.

Proof. Fix t > 0; then T,(p*) < T;(pi*) < pi* forall i € I. Hence, we have
pi(H) = kerpiJ- C kerZ;(p*) for all i € I, so p(H) C ker Z;(pr); it fol-
lows that 7;(p1)p = 0 and then p7;(p1)p = 0. Therefore, by Lemma 1 we get
Ti(ph) < p™. O

Definition 2. We call fast recurrent projection associated with a QMS T the pro-
Jjection pr = sup;; pi, where the p;’s are the support projections of all invariant
states of T .

Since the support projections of normal invariant states are subharmonic (Thm. 1),
Prop. 3 implies that pg is also subharmonic, so we can consider the reduced semi-
group 7 PR associated with pg.

Proposition 4. The family F(7); is faithful on pr Apg.
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Proof. Leta € prApg beapositive element such that w(a) = Oforallw € F(7y);
then s(w)as(w) = as(w) = s(w)a = 0 for all w in F(Z,) by Prop. 1 and Lemma
1. Therefore, since

a Zuj =Za(s(a)j)uj)=0
jeF JjeF
if F is a finite subset of I and u; € s(w;)(H), with w; € F(7,), j € F, we find
a(w) = 0 for u € pr(H). Clearly a(u) = apr(u) = 0 if u € ker pg, so that
a=0. m|

Since any 7 -invariant state is clearly also 7 PR-invariant, Prop. 4 assures the
existence of a faithful family of normal invariant states for 7 R ; so, the application
of the mean ergodic Thm. of [13] to 7P leads to the following.

Theorem 3. For all a € A the limit
1 t
E(a) = w*—litm ;/ prTs(a)pr ds
0

exists and it defines a prT pg-invariant normal conditional expectation onto the
von Neumann subalgebra F (T PR) of prApg such that £ o T; = & forallt > 0.
A normal state w on A is T -invariant if and only if v 0 € = w.

We recall that a von Neumann algebra .4 on H is o -finite if there exists a count-
able subset S of H which is separating for A (i.e. for any a € A, au = 0 for all
u € S implies a = 0) (see [4], Prop. 2.5.6). If A is o-finite and p is a projec-
tion in A, then pAp is also o-finite on p(H) because S separating for A implies
{pe : e € S} separating for pAp.

Theorem 4. [If A is o-finite, then there exists a normal invariant state with support
PR-

Proof. Let{e,},>1 be acountable subset of pr (H) which is separating for prApr;
by definition of pg, for any n, m > 1 there exist a finite set Fy, ,, € N, w; € F(Ty)q
(i € Fym)andx, , € span{s(w;) : i € Fy, ,»}suchthat e, —x, nl| < m~!. There-
fore,

w(a) = Z m Z w;i(a)

n,m>1 ieFym

defines a normal invariant state on A by Beppo Levi Theorem. We prove that w
is faithful on prAppg (i.e. s(w) = pr). Let a € A, such that w(a) = 0; then
wi(a) =0foralli € Fy;, n,m > 1. This implies s(w;)a = as(w;) = 0 for all
i € Fym,n,m > 1 by Lemma 1, so that p, na = ap,m = 0foralln,m > 1,
where p, n is the orthogonal projection onto the closure of span{s(w;) : i € Fy, ;}.
Fix n > 1, since ax,, n = app mxn.m = 0, we have

-1
laenll < laen — axpmll + llaxnml < llall - llen = Xpmll <m™"|all

for all m > 1, so that apge, = 0. This means apg = 0 = prapr. |
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Corollary 1. If A is o-finite, then pr = 1 if and only if there exists a faithful
normal invariant state on A.

We want now to see when we can decompose pg as sum of orthogonal 7 P® -invari-
ant projections (pj,) such that any restriction of 7Pk to the subalgebra p, Ap, is
irreducible. In this case, since p, Ap, is 7 PR-invariant, we have

TR (x) = puT,"* () pn = pnTi(xX)pn ¥ X € puApy,

so that the restriction of 77% to p,Ap, is the reduced semigroup 77 for all
n > 0. Moreover, given w € F(7,); with w(p,) # 0 (which exists by virtue of
Prop. 4), we get p,wp,(7,"" (x)) = o(T;(x)) = w(x) for all x € p,.Ap,. Hence,
wn := @ (pn) ' puwpp is a normal T P -invariant state; also, from the irreducibility
of 7TPn it follows that w, is faithful on p,.Ap,, so that it is unique by Thm. 1 of
[12]. As a consequence, 7 PR is the direct sum of the irreducible “sub-QMSS” 7 P»
each one with a unique faithful normal invariant state.

To see when this decomposition is possible we need to introduce the extremal
states of F (7).

Lemma 2. Let T be a QMS on A; if w is a normal state on A and p is a subhar-
monic projection such that p > s(w), then:

1. wis T-invariant if and only if w is T P-invariant;
2. w is extremal in F(T,), if and only if w is extremal in F(T,')1.

Proof. 1. If w is 7 P-invariant, then
(T (@) = w(pT(@)p) = o(T," (pap)) = w(pap) = w(a)

foralla € A, t > 0, for s(w) < p and p is subharmonic. The converse is clear
since 7;” is the restriction of T, to p. Ay p.

2. Let w be extremal in F(7,); and suppose ® = Aw; + (1 — A)w, in pAp with
0 < A < 1and wr,wr € F(T)1; since s(w;), s(w) < p,i = 1,2, this
equality holds on all A. Therefore, we get w = w1 = wy by virtue of point 1.
On the other hand, if w is extremal in F(7;7); and @ = Aw; + (1 — AM)w, with
0 <A < land w; € F(Zy)1, then s(w;) < s(w) < p, that is any w; belongs to
F(TP)1; hence, we have w(a) = w(pap) = w;(pap) = w;(a) foralla € A
andi =1,2,1.e. w0 = w] = wa. m]

Theorem 5. Let T be a QMS on A. The following facts are equivalent:

1. there exists a set of pairwise orthogonal projections (py)nen, card N < X,
such that pg =Y ,cn Pn» T.'(pn) = pn and the restriction of TPR to the
subalgebra p, Ap,, is irreducible for alln € N;

2. there exists a sequence (wp)nen of extremal points of F (7)) such that s(wp)s

(wn) = 0 for n # m and ZneN s(@n) = PR

Proof. 1) = 2) Fix n € N. By the above remarks, there exists a unique faithful
normal 7 P -invariant state on p,.Ap,, so that it is extremal in F(7;”"); by Thm. 1
of [12]; we can then conclude the proof by virtue of Lemma 2.
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2) = 1) Set p;, := s(w,) foralln € N;then (p,),en is a sequence of pairwise

orthogonal 7 PR -harmonic projections (since any p, is subharmonic by Thm. 1 and
wy, is a faithful invariant state on p, . Ap,) such that pg = Zn eN Pn-
Fixn € N, since wy, is extremal in F (7)), itis also extremal in F(Z;”"); by Lemma
2; therefore, s(w,) = p, implies 7Pn = T‘i lRAp,, irreducible by Thm. 1 of [12]. O
Lemma 3. If 7 is a QMS on A and w, o are extremal states of F(7,), such that
[s(w),s(c)] =0, then s(w)s(o) = 0.

Proof. Set p = s(w) and ¢ = s(0). The condition [p, g] = O implies p Ag = pq;
since p A g is 7 PR-invariant and w, o are extremal, by Thm. 1 of [12] we have
either p Ag = O orelse p A g = p, and correspondingly pg = 0 or p = g. But
p = g means 0 = w by Lemma 1 of [12], for w is the unique faithful 7 7-invariant
state on pAp. |

Proposition 5. Suppose A o-finite and let T be a QMS on A. The equivalent
conditions of Thm. 5 are satisfied in one of the following cases:

- F (1)) is finite-dimensional,
- A is commutative and the family of extremal states of F(7.); is faithful on
PRADR.

Proof. Let {w,}nen; card N < Xp, be a maximal family of extremal states of
F(7,), with orthogonal supports. Setg := ), _y s(w,) < prandq’ := pr—q.If
q # pr,we want to construct an extremal state o of F(Z,); such that s(o)s(wy,) =
0 for all n € N; this contradicts the maximality of {w, }nen.

Let p € F(7y); be such that p(g’) # 0 (which exists by virtue of Prop. 4).
Since ¢’ is 7 PR-harmonic and s(p) < pg, we have

q'pq'(T;(a)=p(q'T,"* (¢'aq"q") = p(T,"*(q'aq") = p(Ti(q'aq") = q'pq’ (a)

foralla € A, t > 0, thatis @ = p(q¢’)"'q’pq’ is a normal invariant state.
Therefore, if F(7) is finite-dimensional, and since w is a convex combination of
extremal points of F(7;); by Thm. 2.3.15 of [4], we have ¢’ > s(w) > s(o) for
some o extremal in F(7,), which means s(o)s(w,) = 0foralln € N.

On the other hand, if .A commutative and the family of extremal states of F(7),
is faithful on pr.Apg, we can choose p extremal such that p(g") # 0; therefore,
since s(wy) < g, Lemma 3 implies s(p)s(w,) =0 foralln € N. |

4. Potential and the transient projection

In this section we study the part of a QMS 7 without invariant states as well as
the projections in which the system spends a small amount of time; therefore, we
need to introduce a potential associated to 7, which really represents the time of
sojourn of a pure state in a projection.

Our reference on quadratic forms is the book of Kato [15].
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Definition 3. Given a positive operator x € A we define the form-potential of x
as a quadratic form {(x) by

U [u] = /Oo(u, Ty X)) u)ds, Forall u e D(x)),
0

where the domain D(3(x)) is the set of allu € 'H s.t. fooo(u, Te (X)) u)ds < 0.

This is clearly a symmetric and positive form and by Thm. 3.13a, and Lemma
3.14aof [15] itis also closed. Therefore, when it is densely defined, it is represented
by a self-adjoint operator (see Thm. 2.1, Thm. 2.6 and Thm. 2.23 of [15]). This
motivates the following definition.

Definition 4. For all positive x € A such that D(4(x)) is dense, we call potential
of x the self-adjoint operator U (x) which represents $4(x). We set also A;p; := {x €
Ay @ U(x) is bounded } and we call T -integrable (or integrable) its elements.

Since D(U(x)'/?) = D((x)) by [15] Thm. 2.23, taken x € .A;,;, we have
D((x)) = H and then (u, U(x)u) = [~ (u, Ty (x)u)ds for allu € H.

We recall that a closed operator A is affiliated with a von Neumann algebra A
ifa’D(A) € D(A) anda’A C Ad’ foralla’ € A'.

Proposition 6. Let 7 be a QMS and let x € A be positive. Then the orthogo-
nal projection onto the closure of D(M(x)) and the projection onto K(x) = {u €
D(U(x)) : U(x)[u] = 0} are subharmonic.

In particular, if T is irreducible, then D(3A(x)) is either dense or {0}.

We refer to [11], Prop. 2 and 4 for the proof.
The following Thm. extends some results in [11] to the general case, when
D((x)) is not dense in H.

Theorem 6. Let x be a positive element of Awith D = D(il(xl) # {0}, then there
exists a positive self-adjoint operator X on the Hilbert space D with D(X) C D,
D(X'?) = D((x)) and

(u, Xu) = /oo(u,'ﬂ(x)u)dt Yue D(X), 2)
0

I1X2u)? = /Ooow,z(xmdr Vu € DAUWX)). @)

Moreover, if p is the orthogonal projection onto D, then:

(i) X is affiliated with pAp;
(ii) iff(u = X(p—I—X)_lpuforallu € H, then X is superharmonic and’Z;P(f()
converges strongly to 0 as t — oo;
@iii) if X, = fot T.(x)dr forallt > 0and X := s — lim;_, oo X;(1 + Xy)_l, then
% is superharmonic and pXp = X;
(iv) ifu € D, then pxpu = 0 implies $4(x)[u] = 0.
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Proof. The form Q[u] := fooo (u, Ty (x)u)ds for all u € D is a symmetric, positive
and closed form on D. Therefore it is represented by a self-adjoint operator X :
D(X) € D — D which satisfies (2) and (3).

(i) Fix y € (pAp)’ and define )?, = pX;p for all t > 0; clearly, both )Zt and
th/z belong to pAp. Given any u € D, we have
/2

/2 5
u) < Iyl u, Xou).

! - 1 -1
/(yu, pTs (x)pyu)ds=(yu, X;yu)=(yX; " u, yX;
0
Taking the supremum on ¢ > 0, it follows that, if u € D(U(x)) = D(X 172y,
then pyu = yu € D.
Now, if v, u € D(X) C D, then y*v, yu € D and

t
/ (y*v, pTs (x)pu)ds=/
0 0

so that, letting t — oo, we get (y*v, Xu) = (Xv, yu). Hence, (v, y Xu) =
(Xv, yu) which implies yu € D(X) and Xyu = y Xu by Thm. of represen-
tation (see [15]); therefore y X C Xy, i.e. X is affiliated with pAp.

(ii) We first notice that X = f(X) with f(z) = 12? for all z > 0, so it belongs to
pAp because f is bounded on [0, c0).
Since p is subharmonic (see Prop. 6.i), Thm. 2 implies

t t

(pT; (x)py*v,u)ds=/0 (s (x)pv, yu)ds,

» Ky t+s ~ _
rT (Xs) p= /0 T r(xX)pdr = / PT X)pdr=X15— X, 4)
t
for any s, ¢ > 0, so
T (is)p < Xis. )

Since p7; (-) p is 2-positive and p7;(p)p = p = 1,4,, by Lemma 1.4.2 of
[5] we get

(r+ 9% (2)p) " = 0% (0 + 207,
From (5) we have then
(p+ %) =T (0 + %07 ).
Therefore
pT (2o + %07 ) p=p— 0T ((0+ 50 ) < p - (p+ Kis)

N N
= Xr4s (P + Xt+s) .
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(iii)

Since )},_Hu converges to Xu as s — oo forallu € D(X) and D(X) is dense
in p(H), Thms. 4.2, 4.5 of [17] imply that

lim(p + Xeas) "lu = (p+ X)"u ©6)

for all u € H, t > 0; hence, letting s — o0, the inequality p, ’]}(f()p <X
holds, because the map 7; (-) is normal. Finally, since (4) implies

T (?fs(p + ?fs)_l) p<pT (?fs) p=Xips — X1,

forall u € D we get

» » t+s
T (Ko + X0 ) pur = [ e pTr 0 purar:
t

letting s — oo again,
- o0
W p T < [l pT, @) pujar,
t

thus, (u, pT,(f()pu) vanishes for all u € D, as t goes to infinity. Since D is
dense in p(H) and the operators pT;(X)p are uniformly bounded in norm by
|1 X |, the last statement follows.

Since the map s — X;(1 + XS)’1 =1-Q1+ X)) lis increasing and
X,(14+X,)~! < 1foralls > 0, there exists the strong limit x of X a+x,)-4
clearly, x belongs to A and it is positive. Moreover, arguing as in the above
point, we can show that x is superharmonic.

Since XY is positive, p + XS is invertible on p(H) and we have

pA+X)'u=pp+X)~'u VuepH. ©)
Indeed, if E is the spectral measure of X, ES(B)u = pE;(B)u € p(H)

defines the spectral measure of X; for any set B € B(R) and u € p(H);
hence we get

(u, p(I+ X) ™) = (u, 1+ Xg)~'u) = / (A +1)7"dE,,, ()
= /(1 + M) dE;,, ) = (u, (p+ X5)u)
for all u € p(H), which is (7). Therefore, (6) implies that
pipu =1lim pX,(1 + X)) lu = lim(pu — p(1+ X)) tu)

= lim(pu — p(p + X)) = pu = p(p +X)"'u = pX (p+X) "

for allu € p(H), thatis pxp = X.
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(iv) Letu € D;then pXpu = X(p + X)~'u by the above point. Hence, if E is
the spectral measure of X, px pu = 0 means

0=(u, X(p+X)lu)= /OO A1+ 0"YME, (),
0

that is E, , = 8o; it follows that 0 = || X'/%u||? = U(x)[u]. O
Remark 1. When D (8(x)) is dense in H, then X = U (x).

Theorem 7 (Riesz Decomposition). Let x be a positive element in A; if x is su-
perharmonic and T;(x) is weakly* convergent to 0 as t — 00, then for any ). > 0
there exists y; € Ay such that R (x) = U(yy), where R, is the resolvent of T .

Proof. LetA > 0;since x is superharmonic, we have R (x) < A~ x and 7; (Ry.(x))
< R;(x) forall + > 0. It follows that w*-lim; 7; (R (x)) < A~ 'w*-lim; 7; (x) =
0. Therefore, since for all t > 0

t
ﬁzeamumw=mu%zmm»

getting t — 00, we obtain U(—L(Ry(x))) = Ri(x), with —L(R,(x)) = 0
because R (x) is superharmonic. We can then put y, = —L(R;(x)) € Ajp;. O

We introduce now the transient projection.

For each operator x on H, we call range projection of x and denote it by [x]
the orthogonal projection onto the closure of x (H); it is well-known that x € A
implies [x] € A.

Definition 5. We call transient projection associated with the QMS T the projection
pr in Adefined by pr :=sup{p: p € P} where

P :={pprojectionin A:3Ix € Ajp; s.t. p = [UX)]}.

The transient projection is orthogonal to the supports of normal invariant states,
that is

Proposition 7. We have pr < pi;.

Proof. Given p = [U(x)] with x € A;;,; and @ a normal invariant state, we have

o0

wmu»=fmmzumh=/ w0 ()ds,
0 0

which implies w (U (x)) = 0. Since w is faithful on the subalgebra s (w).A s (w), this

means that s(w)U(x) = 0 by Lemma 1, i.e. U(x)(H) C kers(w); then p(H) C

ker < p% forall p € P, which impli < px O
PR, S0 p < pg forall p , which implies pr < pg.

By Prop. 6 any projection p in P is superharmonic, but it is not clear whether
the supremum of a family of superharmonic projections is still superharmonic.
However, we will prove that pr is superharmonic when A is o -finite.
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Lemma 4. Ife € pr(H), then there exists x € A;y; such that e € Ran(U (x)).

Proof. Since pr(H) is the closure of the union of p(H) as p € P, forany n > 1
there exists u,, € p,(H), pn € P,suchthat ||e—u,| < n’l;suppose pn = U]
with x,, € A;p; forall n > 1 and put

2= 027 () + UG |+ D
n>1

Then x € A;,; and kerUd (x) = ﬂnzl ker U (x,); so, if we define p = sup,, p,, we
have p = [U(x)]. Moreover, since u,, € p,(H) and p, < p foralln > 1, we get

le — pell < lle — unll + | pun — pell <n™" + lluy — el <21~
for all n > 1, which implies pe = e, thatis e € p(H). O

Theorem 8. [f A is o-finite, there exists an increasing sequence (py)n>0 in P such
that pr = sup,~.q pn. Moreover pr € P.

Proof. Let {e,},>0 be a countable subset of H which is separating for .A and
suppose pre, € U(x,)(H) for some x, € Ajn, n > 0 (see Lemma 4). Define
Vp = ZZ=O xi and put p, := [U(y,)] for all n > 0O; then any y, belongs to A,
and (p,)x>0 1S an increasing sequence in P. Moreover, since

kerU (yn) = My ker U (x,)

for all n > 0, we have pre, € U(x,)(H) € U(yp)(H) = p,(H), which implies
(pr —sup,,>0 pm)pren = Oforalln > 0,50 pr = sup,( pn because {pre,}n=0
is separating for pr Apr and pr — sup,~o pn € prApr.

Finally, if
yi= 327 yall + 1UG |+ Dy,
n>0
itisclearthat y € A;,; andker U (y) = Ny>o ker U (y,) = ker pr,sothat [U(y)] =
pT, i.e. ) 2SS P. O

Corollary 2. If A is o-finite, then the transient projection pr is superharmonic.
In particular, the subalgebra pr Apr is T;-invariant for all t > 0.

Proof. By Thm. 8 we have pr = w*-lim, p,, p, € P for all n > 0; since any
pn satisfies 7;(p,) < pn < pr forall t > 0, letting n — oo the inequality
7;(pr) < pr holds forall t > 0.

Finally, if x is a positive element of 4, x = prxpr, we have x < |x| pr,
so0 < p%’]}(x) p% = 0 for all + > 0, because pr is superharmonic; it follows
then by Lemma 1 that 7;(x) = pr7Z;(x)pr for all t > 0, i.e. any 7;(x) belongs to
prApT. O

We can then consider the restriction of 7 to the subalgebra py Apr. Notice that,
if (pn)n>0 is a sequence of projections as in Thm. 8, then the map ¢t +— (u, 7; (py)u)
is integrable on [0, oo) forall u € H; this implies that 7; (p,) is strongly convergent
to 0 as t — oo. Therefore, we have the following



Classification and decomposition of Quantum Markov Semigroups 615

Corollary 3. If A is o-finite, then the restriction of T to pr Apr has no normal
invariant states.

Proof. If w is a normal invariant state on pr Apr, then lim, w(p,) = w(pr) =1
for every r > 0, so there exists m > 0 such that w(7;(pp,)) = @(pm) > 1/2 for
all r > 0. Since 7;(py,) is uniformly bounded in ¢ and converges strongly to O as
t — 0o, we get the contradiction 0 > 1/2. O

Proposition 8. If A is o -finite, then
pr = {p projectionof A: p € Ajnt}.

Proof. By Thm. 8 we have pr = [U(x)] with x € A;p;.

Fix A > 0 and put y = R, (x). It is easy to see that y € A;,; and [U(x)] = [y];
therefore, if p, := Ey(]%, lx]I1), we get that p,, < ny, so that it belongs to A;,;
foralln > 1 and sup p, = [y] = pr. m|

5. Decomposition of QMS

In this section we define in first the slow recurrent projection pg, and introduce the
transient, fast and slow recurrent semigroups in terms of pr, pr, pr,; we will show
that it is possible to decompose a QMS as the sum of a transient and a recurrent
part.

Definition 6. The projection pr, = pfg — pr is called slow recurrent projection
associated with the QMS T .

Definition 7. We call a QMS T transient if pr = 1, recurrent if pr = 0, fast
recurrent if pg = 1 and slow recurrent if pg, = 1.

Notice that we can also define pr, pg and pg, for a QDS 7 on A such that
7;(1) < 1 forall r > 0; since it is easy to check that this projections satisfy the
same properties, we can introduce the concepts of transience and recurrence for
such semigroup too.

Prop. 8 implies that, when the von Neumdun algebra A is o-finite, the defi-
nition of transient QMS is equivalent with the one given in [11]; instead, it is not
yet clear if the same holds for the recurrent QMS. In order to prove this, starting
with a positive element x such that {(x)[u#] > O for some u € D(Ll(x)) we have to
construct a non-zero integrable element. This is done in the following

Lemma 5. Let x be a positive non-zero element in A such that there exists uy €
D(U(x)) with U(x)[ug] > 0 and let X; = fot’Z;(x) dr forallr > 0. If y =
s —lim; 00 X;(1 + X)L, then z = —L(Ry(y)) is non-zero and integrable for
all » > 0.

Proof. Since y is superharmonic by Thm. 6.iii, R, (y) is also superharmonic (A >
0); therefore, z := —L(R,(y)) is positive and

t t
/O Ty(2)ds = /0 Ty (—LRr(Mds = Rp(y) — Ti(Ry.(»)) = Ra(y)
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for all + > 0, that is z is integrable (letting r — o0). To conclude the proof it is
enough to prove that z # 0.

If z = 0, we have 7;(R;(y)) = R, (y) for all t > 0; since the map ¢t +—>
e T, (y —T;(y)) is positive and continuous, this means that y is harmonic. There-
fore, if D := D((x)) and p is the orthogonal projection onto the closure of D,
pT(pyp)p = pZ;(y)p = pyp holds for all # > 0, p being subharmonic by Prop.
6. But p7;(pyp) p converges strongly to 0 as t — oo by Thm. 6.ii and iii, so that
pyp = 0; by virtue of i v of the same Thm., this implies {(x)[u] = O forallu € D,
which is a contradiction since ${(x)[ug] > O for ug € D((x)) = D. |

Proposition 9. A QMS T is recurrent if and only if for each positive x € A and
u € H either u & D((x)) oru € D((x)) and 4(x)[u] = 0.

Proof. <) It is trivial since we have A;,; = {0}, so P = {0} and py = 0.

=) If there exist a positive element x in A, x # 0, and u € D(4(x)) such that
$U(x)[u] > 0, by Lemma 5 we can find z € Ajns, z # 0. Therefore 0 < [z] <
[U(2)] < pr = 0 which is a contradiction. O

As a consequence, definitions 7.2 and 3 of [11] are equivalent.

In general, a QMS 7 is not type 1, 2, 3, 4, but, if A is o-finite, we can write it
as sum of a transient QDS (which is the restriction of 7 to the subalgebra pr Apr)
and a recurrent QMS (which is the reduced semigroup 77 7 associated to the sub-
harmonic projection pYJ:). To see it, we show the following

Proposition 10. For all positive x € p%Ap% and u € 'H we have either p%u &
D(8I(x)) or p7u € D(8U(x)) and U(x)[p7ul = 0.

Proof. Suppose that there exist a positive x in pJT-.Ap%— and u € 'H such that
p%u € D(U(x)) and il(x)[p%u] > 0; we can then also assume that u is a non zero
element of p%(H). If D = D(8(x)) and p is the orthogonal projection onto D, by
Lemma 5 we can find z € Ay \ {0}, z = —L(R,.(y)), where the superharmonic
element y is the strong limit of X;(1 + X)L x, = f(; Tnh(x)dh.

Since —L(Ry(y)) = (A — L —2) (A — L)'y = y — AR, (y) belongs to Ay,
then [y — AR, (¥)] < [U(y — AR ()] < pr, thatis (y — AR,(y)) p = 0; but

0= (v, (y =ARa(y)v) = fo he (v, (y = T ()vds Vv e pr(H)

means (y — Z;(y))v = O forall v € pF(H) and s > 0,i.e. (y — Z;(y)p7 = 0.In
particular

pypu = pypypu = pT;(y) p7 pu = pT;(y) pu = pT;(pyp) pu

holds for all # > 0, where pJT-pu = u = pu (since u = p%u € D C p(H)) and
7;(p) < p have been used. Letting t — o0, by virtue of Thm. 6.ii and iii we get
pypu = 0, and this implies the contradiction {(x)[«] = 0 by iv of the same Thm.
O
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Theorem 9. If A is o-finite and T is a QMS on A, then the restriction of T to
pr Apr is a transient QDS on py Apr while TPT is a recurrent OMS on p%‘ApJT‘.
Moreover TPT contains the fast recurrent “sub”-QMS T PR on pr Apg.

Proof. 1) opApy is transient by Thm. 8 and Prop. 8; since the form-potential of any
positive x € p%Ap% is

fo (. T (¥)u)ds = /0 (phu, T, (x) pruds = (0 [phu]

for all u € 'H such that this integral is convergent, we can also conclude that TPr
is recurrent by Prop. 9 and 10. Finally, since any normal 7 -invariant state belongs
to prAspr (because its support is < ppg) and it is also 7 PR-invariant, we get
sup{s(w) : w € F (TF®y ) = PR, so that the last statement follows. |

Instead, it is not yet clear if we can decompose 77 7 as sum of a fast and a slow
recurrent semigroup.

We now study better the evolution of a pure state ¢, defined by a density matrix
p = |u)(u| withu € p(H), |lull =1, and p € {pr, pr, Pr,}-

Notice that, since the map t — (u, 7;(p)u) is positive and continuous on
[0, 400), we have U(p)[u] > O when u belongs to the range of p.

The following statement is immediate

Proposition 11. Suppose A o-finite. If T is a QMS on A, then:

- Upp)lul = 0 for u € pr(H);

. ifu € pE(H), then u & D((pF));

. ifu € pr(H), then u & D(pR));

foru e pk(H) eitheru ¢ D(M(pRr)) oru € D(M(pR)) and U(pr)u] = 0;
foru € pr(H) eitheru ¢ D(Ll(pJT‘)) oru € D(il(pJT‘)) andil(pJT‘)[u] = 0;
U(pry)[u] =0 foru € pr(H);

ifu € pry(H), thenu ¢ D(U(pr,)).

NS LA W~

Proof. 1,2,3 are trivial because pr is superharmonic while pg and p% are sub-
harmonic.
4. Letu € pR%(H) N DU(pr)) and show that U(pr)[u] = 0. If U(pr)[u] > 0
and we let w, = tr(|u)(ul|-), there exists #, > 0 s.t. (Zy, (wu))(pR) =
(u, T, (pr)u) > 0. The subharmonicity of pg implies

U(pr)lu] = /O (Tos, (@) T (pr)ds > /0 Tou, (@) (pR)ds = +o0,

so that u & D(3(pR)), which is a contradiction.
5. Itis enough to argue as in 4, for p% is also subharmonic.
It is clear because pg, < pR% and P]% is superharmonic.
7. Tt follows by Prop. 10. O

a

Remark 2. The hypotesis “A o -finite” was used only in the proof of 1.
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Writing, for any projection p in A, (p)[u] = 400 when u & D((p)), if Ais
o -finite we can then summarize the situation in this way:

t(pp)lul | t(p)lu]
uepr(H) | 1 >0,+00 0, +00
u € py(H) 0 +00

where 7(p)[u] := U(p)[u] and the norm one vector u belongs either to pr (H) or
p%(H). Since for all projections p € A U(p)[u] = fooo(u, Ts(p)u)ds represents
the time of sojourn of the state #r(|u) («|-) (Jlu]| = 1) in p (see [11]) and any normal
state w is defined by a density matrix Zk Axlex)(er| with e € s(w)(H), the table
should be read as follows:

- starting from a transient (support in pr. Apr) state, the semigroup 7, spends a
finite or an infinite amount of time in pr but, if it leaves pr to come into p%,
(i.e. its support is in pJT-.Ap%), it stays there forever;

- starting from a recurrent state, the semigroup 7, cannot leave pJT-.

Moreover, by Prop. 11.iv and vii, we have that:

- starting from a slow recurrent (support in pg,.Apg,) state, the system spends an
infinite amount of time in pg,, it cannot enter in pr, but it can spend a null or
an infinite amount of time in pg;

- starting from a fast recurrent state, the semigroup 7, cannot leave pg.

It is not clear if, starting from a transient state, the system can spend a finite amount
of time in pg,.

6. The finite-dimensional case

In this section we suppose that A acts on a finite-dimensional Hilbert space H and
analyze the properties of the recurrent and transient projections.

As for the Markov chains with a finite state space, we are going to show that
pr # 0 and pgr, = 0. Moreover, pr is integrable.

Notice that, if dim H < 400, then 7 has an invariant state by the Markov-Ka-
kutani Theorem. Therefore, we have the following

Lemma 6. IfdimH < +oo and T is a QMS on A, then pr # 0.

Lemma 7. Ifdim’H < +o0o and T is a QMS on A, then pR% € Ajns. In particular,
the net {’]}(pk%)}, is convergent to 0 as t goes to oo.

Proof. Since {’Z}(pi;)},zo is a positive decreasing net in pRﬁAp# (p,% is superhar-
monic), it is convergent toward a positive element xo € p#/lpi; which is clearly
harmonic. Let

1 n
Sy = ;];T*k (n=>1),
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passing to subsequences if necessary, we can suppose that {S, (@)}, is convergent
forallw € A, = A*;if wis a normal state on A and S(w) = lim,, S,,(w), we have
S(w) € F(Ty)4, 50 s(S(w)) < pr. Hence

1 n
@ (x) = lim — DT (x0)) = S(@)(x0) = S(@)(s(S(@))x0) =0,
k=1

which implies xo = 0. Since H is finite-dimensional, this means that 7 ( p,%) is
norm-convergent to 0, and then || 7, ( pi;)” < 1 for some 7y > 0; therefore, we get
I17:(pi) | < 1T (Pl < 1 forall 7 > 19, so that

o0 o0
| it <o+ [ imblar <o
fo
ie. py € Ains. O
Theorem 10. Ifdim H < +o00 and T is a QMS on A, then pg, = 0.

Proof. By Lemma 7 it follows that w*-lim;_, o, ’]}(pfg) =0, so0 R;\(pfg) =Uy)
for some y, € A;,; by Thm. 7.
Therefore we have pR% < [RA(pI%)] < pr < P}%’ i.e pg, =0. O

Corollary 4. IfdimH < +oo and T is a QMS on A, then pr € Ajp;.
The following Prop. is useful to see when a superharmonic projection is integrable.
Proposition 12. Let p € A be a superharmonic projection such that there exist

s,€ > 0with p —T;(p) > €p; then ||’]}|pAp | < 1and

o0
|1, e < oo ®)

In particular p € A;p;.

Proof. We set S; := ’];‘pAp for all ¢ > 0; then {S;};>0 is a QDS on pAp, because
p is superharmonic. Moreover

ISslh=11Ss(pll =1 —€ <1

Finally, since we can write any ¢t > O ast = k;s +r withk; = [¢/s]and 0 <r < s,
we have

S 00 o0 t—r o0 t=r
anWs/|mwm=/nmwm=/ex“”w
0 0 0 0

butln || S;|| < Obecause || Ss|| < 1,andt —r > 0 (indeed if r < s, r = t, otherwise
r <s <t),so (8) follows.
The last statement is a trivial consequence. O
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7. Examples

1) We follow [1]. Let H := ¢*(N) and A = B(H). If {ej}j>0 is an orthonormal
basis of H, we define

1
L(x) = =3 Z Yin Ulex){exl, x} — 2lex) (en| x len){ex|) + i[H, x]
{h.k:h <k}

for all x € A, where {-, -} denotes the anticommutant, H = ijo Sjlej)(e;l
and the positive constants &, Vk_,h (h,k,j >0, h <k) satisfy

supé; < oo, supZyk_h < 00. ©)
Jj=0 k>0 h<k ’

Since (9) ensure its boundedness, L is the generator of a uniformly continuous
semigroup 7 ; moreover, the operators

1 _ , -
G=- SN vinleadexl —iH,  Lux = /v len)texl
k>0 h<k

ifh < kand Ly x = 0if h > k, are bounded by (9), so that £ can be represented
in the Lindblad form and so 7 is a QDS on 4. Finally, it is Markov because
L(1) =0.

If we suppose for simplicity that y, , .| > 0 for all k > 0, then pr = |eo)(eol.
Namely, by L. (|eg){eo|) = 0 follows immediately that |eg)(eg| < pg; to prove
the conversely, we find the subharmonic projections of 7. If p is a non trivial
subharmonic projection, then it fulfills p~Lj xp = 0 for all A < k by Thm.
III.1 of [10], so, in particular, we have either pe; = 0 or pJ-ek_l = 0, for
Yk.k—1 > 0. It is easy to check that this means p = p, for some d > 0, where
Pd = Z(J{:o le;){e;|; on the other hand, since any p, satisfy also pj Gpa =0,
the set of subhamonic projections is {0, pg : d > 0} by Thm. III.1 and Lemma
III.1 of [10].

If pg is the support of a normal invariant state for some d > 1, by Prop. 2
we get Y970y lea)(eal = (pa — pa—1)L(pa—1)(pa — pa—1) = O, but this
is impossible since y, ,_; > 0. Therefore, the only projection which can be
support of an invariant normal state is pg = |eg)(eo|, i.e. pr = |eo){eo]|. We
want now to prove that pg, = 0.

Let 79 be the reduced semigroup associated with pg, d > 0, and let p%,
p‘% be the fast recurrent and the transient projection of 7¢ respectively; since
7% is a QMS on py.Apg which acts on the finite dimensional Hilbert space
pa(H) = €>°({1,...,d}), by Lemma 7 and Thm. 10 it follows p% = (p%)*+
and 7,9 (p%)  paforalld > 0.But p% = pg = |eo)(eo| foralld > Obecause
any 7 ¢-invariant state is clearly also 7 -invariant, so ’Z;d (pr) /' pa;therefore, if
x = w*-1im; T:(pr), paxpa = W*-1im; pyTi(pr)pa = w*-lim; T4 (pg) =
paq holds. Letting d — oo it is easy to show that this means x = 1, i.e.
T:(pr) /' 1. We can then conclude that p;y = pi; as in the proof of Thm. 10.
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The second example is a model for an atom with two-degenerate levels; it is
given in [3] and its greater complexity lies in the fact that is not easy to find the
invariant states.

2) Let H = C2F-+1 @ C2F++1 Fy = F_+1,2F_ € N. We denote by
{ejt}j:_Fiw ,F. the orthonormal basis of H, where ¢;” = (ej4.F_+1, 0) forl =

—F_,...,F_ e} = (0, exsp,+1)fork = —Fy, ..., Frand{ei}i=1, . 4F +4

is the canonical basis of C*/~*#_ Let us denote by P the projections onto
2F1+1 R oV +,, +

C ’Pi—ijfFi|ej><ej|-

If IC is a separable Hilbert space with orthonormal basis {zx}x>1, we define an
operator on A = B(H) by

B
£5() = 5 ((Py = Po)x, Py = P+ [Py = P_ x(Pe = POl +ilH. x])

1
+5 2 (D@0 XD (@) = xD (@) D(z) = D(@)* D(z)x)

k>1
where
F_
On=Y_ cmle)ef,,l m=—1,01),
I=—F_

1
D) = Y akmQn+ Qe (Bry Py + Br—Po),

m=—1
i . . 4 .
H=2(Pr = P+ 79[ (1+)0] —e (1 +e72)01 ],

B,Q,8 > 0,6+ €[0,2m) and the complex constants ¢; ,,,, 0k m, Pk, + satisfy
LoD st Be~Qkm =0 form = —1,0, rank({ak m}m=—1.0.1, k=1) = 3;
2.3 050w =Pyandci, #Oforl=—F_,...,F, m=—1,0,1.

It is easy to check that 2 implies |cr_ 1| = |c—F_,—1| = 1 and |¢;;n| < 1 for
(I,m)y ¢ {(F-, 1), (=F-, =D}

Since £ is represented in the form of Lindblad taking Lo = ~/B2~ (P, — P_),
Ly = D(zy)fork >1and G = —2-1 Zk>0 L{Ly — iH,itis the generator of an
uniformly continuous QDS 7 on A; 7 is Markov because £(1) = 0.

We find the subharmonic projections to determine pg; if p is a such projection,
by Thm. III.1 and Lemma III.1 of [10] it follows that p(H) is invariant for any Ly
and G, i.e. p fulfills:

a) pLyp = Lypforallk > 0;
b) pGp = Gp.
For k = 0 in a), we get pPLp = Pip, because P = 1 — P_; hence, for k >

1, p Z,ln:_l UmOmp = Z}n:_l Ak.m Qm p holds, which means pQ,,p = Omp
forallm = —1, 0, 1 by 1. Therefore, b) implies that p(H) is invariant for

1

1 .
D €000 5201,
n=—1

1
2
m
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€ 1= tot Tem@hns § = Y gmy Br—0k1 — 5(1 4 €%9-), since 1 holds. Finally,
using that pP_ = (P_p)* = (pP-p)* = pP_p = P_p and Q,P_ = 0 for all
n=—1,0,1, we obtain pQ7p = Q7p.

As a consequence, we claim that p = p; forsome j € {—F_, ..., F_}, where
F_ .

pj = Zi:j(|ei+-|-1><ei+-|-1| + |ei )(ei D.

Indeed, if { f1, ... , fs} is the orthonormal basis of p(H),

F_ Fy
fi= )0 huer + Y wikeys
I=—F_ k=—F,

put j :=min{l = —F_, ..., F_ : 3is.t. &;; # 0}, we have clearly P_p(H) C
span{e;, ..., ep }; moreover, if there exists kg < j + 1 such that w; g, # 0
for some i € {1,...,s}, by Z,f;_& wikck—1€,_; = Q1P fi € p(H) we get
a contradiction since the coefficient of ek_o—l 1S WikgCho—1 # 0 and kg — 1 <

. + + — — .
Jj- Therefore every f; belongs to span{ejH, ceea€p €. ,ep ), thatis p <

pj. On the other hand, since pQ1 = (Qip)* = (pOiP)* = pQip = O1p,

1p = pQj holds too, we have pQ7Q1 = Q7 Q1p, so that p commutes with
any spectral projections of the self-adjoint operator Q7 Q1; because |cr_ =1
is a simple eigenvalue of Q7 Q1 by an above remark, this means that p commutes
in particular with |ej€+)(e;r+|, ie. pe;+ = veg with v € {0, 1}. It follows that
VCF_ 1€ = Q1pe;+ = lee‘};+ = cp_,1pey , thatis pe; = vey ; moreover,
since Qope}l = one}l = cF_,oveyp holds, if we let pe}'f = ZIF:_] (are; +
b[+1e;§r1), we obtain

F_—1
> bipicitioe,, = ver o€y
I=j
sob1=0foralll € {j,... . F- =2}, by_=vand pef =Y, ae] +vef. .
Finally, by
F_
_arciiel, = Qfpey = pQie; =0
I=j
we infer ¢y = O foralll € {j, ..., F_}, and consequently pe}i = ve;[. There-
fore, by iteration, we have pel“'+1 = vel‘:l foralll e {j, ..., F_}, which implies
pe; =ve; foralll € {j,..., F_} by application of Q. Since p # 0, this shows
that eler] and ¢, belong to p(H) foralll € {j, ..., F_}, thatis p = p;.
Hence, since (pj—pr )L(pr_)(pj—pr_) #0forallj e (—=F_,... , F_—1},

Prop. 2 entails that p ; cannot be the support of an invariant normal state for j # F_,
so pr = 0or pr = pr_. We can then conclude that pr = pr_ by Lemma 6.
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