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Abstract. We prove existence and uniqueness of strong solutions to stochastic equations in
domains G C R? with unit diffusion and singular time dependent drift b up to an explosion
time. We only assume local L,_L ,-integrability of bin R x G withd/p+2/q < 1. We also
prove strong Feller properties in this case. If b is the gradient in x of a nonnegative function
¥ blowing up as G > x — 9G, we prove that the conditions 2D,y < K, 2D, + Ay <
Ke®V, g € [0, 2),imply that the explosion time is infinite and the distributions of the solution
have sub Gaussian tails.

1. Introduction

In this paper we prove existence and uniqueness of strong solutions for stochastic
equations of type

t
x,:x+/ b(s +r,x;)dr +ws, t >0, (1.1)
0

in open subsets O C R x R? for singular drifts b. Here w, is a standard Wiener
process in R and (s, x) € R x R? is the initial starting point. Since b is not regular,
we emphasize that solutions of (1.1) are supposed to be such that (1.1) makes sense,
that is

T
/ |b(s +7r,x,)|dr <oo VT €[0,00) (a.s.).
0

Observe that the equation itself expresses w; as a function of x,., ¥ < t. However,
from the point of view of applications, in particular, in mathematical physics, it is
desirable to look for solutions of (1.1) which are functions of the Wiener process
wy, i.e. so-called strong solutions.
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Diffusions with singular drift as in (1.1) have been studied from various points
of view and under various assumptions. If b is locally Lipschitz in x and for some
reasons the process (s + 7, x;) cannot exit from Q or go to infinity when Q is
unbounded, then the existence and uniqueness of strong solutions is a classical fact
(see [13]). Even in this situation interesting issues arise when we have many mov-

ing particles xt(l), xt(M) in R? and assume that their joint dynamics is given by

equation (1.1) in RM? with x; = (xt(l), e x,(M)) and some repulsive locally Lips-
chitz continuous function » which can blow up when some particles become close,
so that Q is R x RM? without several hyperplanes. There are quite a few articles
dealing with the limit behavior of such systems as M — oo (see, for instance, [7]
and the references therein). Our emphasis is on the cases in which b can be nowhere
continuous let alone Lipschitz and one of the main difficulties to overcome is that
there are no explicit Lyapunov functions showing that the process does not exit
from Q or go to infinity.

Diffusions with singular drift as in (1.1) have been also studied extensively if
b does not depend explicitly on time and is the gradient of a function. In this case
the solution to (1.1) is called a distorted Brownian motion. We refer e.g. to [5], [2],
[1], [8-10], but there are many more. Moreover, there have been generalizations to
infinite dimensions. The reader should consult the references in the recent paper [4]
to which we also refer for more historical comments. The latter work and especially
its applications to finite particle systems in R? (see also [16]) and to diffusions in
random environments with very singular interaction has been the starting point of
this paper. It should be considered as preparation to further analyze the case of
infinite particles where progress has been made a few years ago (cf. [3]). But in
all of these papers only weak solutions to (1.1) were constructed. In this paper
we improve these results (however, partly under slightly stronger conditions) and
obtain strong solutions.

The organization of this paper is as follows. In Section 2 we state our main
results precisely. Sections 3-8 are devoted to proofs which are developed step by
step with some further extensions of our results presented in Section 8. We only
want to emphasize here that our approach is based on the Yamada-Watanabe The-
orem. The necessary pathwise uniqueness we show employing a method due to
A. Yu. Veretennikov ([27]) though in a substantially modified and more general
form. In Section 9 we present two applications, both proposed in [4], i.e. first,
diffusions in random media, i.e. their (singular) drifts depend on according to a
Ruelle-type Gibbs measure distributed impurities in R?, given by a locally fi-
nite point configuration; second, we consider M-particles in R? with a gradient
dynamics which becomes singular when particles come very close. We also dis-
cuss the relation with earlier works, in particular the recent paper [26]. Finally,
we fix some notation used below. As usual R = {x = (x!,..,x%) : x' € R},
for p,q € [1,00] we denote L, = L,(RY), L,_L, = Ly(R, L,). Also we
introduce C = C([0, 00), RY), N; = ofxg : x. € C,s < t}. By N with or
without indices we denote various finite constants. By u, and u,, we mean the
gradient and the matrix of second-order derivatives, respectively, of u with re-
spect to x.
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2. Main results

Let b(z, x) be an R?-valued Borel function defined on an open set Q C R™!. Let
0", n > 1, be bounded open subsets of Q such that 0" ¢ Q"+ and U, Q" = Q.
Assume that for each n there exist p = p(n), g = g(n) satisfying

d 2
P2 g>2 4= <l @.1)

and such that bIgn € L,_L,. Of course, if d > 2, then automatically, p > d > 2.

One of our main results is saying that equation (1.1) is uniquely solvable up
to the first exit time of its trajectories from all Q”. There is a standard and conve-
nient way to deal with processes defined on a random time interval. Add an object
d € O to Q and define the neighborhoods of 9 as the complements in Q of closed
bounded subsets of Q. Then Q' = Q U d becomes a compact topological space.
By C([0, o0), Q') we denote the space of continuous Q’-valued functions defined
on [0, 00).

Theorem 2.1. Let w; be a d-dimensional Wiener process defined on a complete
probability space (2, F, P), let F; = F}’ be the completion of o (ws : s < t), and
let (s, x) € Q. Then for each w € Q there exists a continuous Q'-valued function
7y = 7¢(w) defined for t € [0, 00) such that, with

¢ =inf{t > 0:z & O},

we have

(i) z: is Fi-adapted;
(ii) ¢ > 0 and for 0 < t < ¢ in coordinate form z; € Q can be written as
(s + ¢, x;) with x; defined as the space component of z;;
(iii) foranyt € [0, 00), z; = 0 on the set {w : t > {(w)} (a.s.);
(iv) foranyt > 0on{w :t < ¢{(w)} (a.s.) equation (1.1) and

t
/ |b(s +r, x,)|2dr < 00
0

hold.

Furthermore, the process z; is unique in the sense that, if on (2, F, P) we
are given a continuous Q’-valued function z, t € [0, 00), such that for ¢’ and x|
defined from 7,

(a) the properties (ii)-(iv) hold with ¢, x in place of ¢, x., respectively,
(b) forany h,t > 0 the increment w;4, — w; is independent of {w,, z; tr <t}

then (a.s.) sup, |z; — z}| = 0.
Finally, the distribution of z. on C([0, 00), Q') is uniquely determined by the
function b, that is weak uniqueness holds for equation (1.1).
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Remark 2.2. The following is an equivalent and perhaps a more traditional albeit
longer way to state property (b): (b") there is an increasing filtration of o -fields
.7-} c F,t = 0, such that (wy, .7-',) is a Wiener process and z; is .7-', -adapted. That
(b’) implies (b) follows directly from definitions. The converse becomes clear if
we take F; = oz, wr:r <1).

Remark 2.3. In the one-dimensional case b(¢, x) = —x 1, 0 =R x (0, 00), and
Q" = (—n,n) x {x : 1/n < x < n} satisfy the assumptions under which Theorem
2.1 is stated. Observe that in this case the solutions of (1.1) exit from (0, co) in
finite time, so that ¢ < oo (a.s.).

Remark 2.4. Write ¢ = {(s, x) and x; = x;(s, x) to reflect the dependence of ¢, x;
on the initial data. By using an observation from [11] one can prove that ¢ (s, x) and
x¢ (s, x) depend continuously on (s, x) in the sense that if (s, x") — (s, x) € Q,
then we have in probability ¢(s”, x*) — ¢(s, x) and x,(s”, x") — x;(s, x) uni-
formly on any closed bounded subinterval of [0, ¢ (s, x)).

The following theorem provides information on additional properties of solu-
tions corresponding to different (s, x).

Theorem 2.5. For z = (s, x) € Q, let P, be the distribution of 7. = z.(s, x) from
Theorem 2.1 on the space C ([0, 00), Q). For z = 9 let P, be the measure concen-
trated on the function identically equal to d on [0, 00). Define N;(Q') = oz, :
r<t, z. € C([0, 00), Q"}. Then

(C(10, 00), Q), N:(Q)), 21, Py x) (2.2)

is a strong Markov (time homogeneous) process. Furthermore, this process is strong
Feller (not in the sense of time-homogeneous processes but) in the sense that for any
Borel bounded f definedon Q" and T € R, the function Es . f (z7—s) is continuous
with respect to (s,x) in Q N{(s,x) :s < T}.

Remark 2.6. Take a Borel bounded f defined on Q" and r € R. For (s, x) €
Q0 N{s < T} define u(s, x) = E; x f(zr—s). It turns out that not only « is continu-
ousin Q N{s < T} but u, is Holder continuous there. Indeed, Theorem 10.3 below
and a standard localization procedure (see, for instance, [17]) show that, for any
T' € (0, 00)andn € CF(QN{s < T}) wehave that (un)(-+T—T", ) € Hy4 (T
which along with Lemma 10.2 below lead to our conclusion. For the definition of
spaces Hﬁ’q (T') we refer the reader to the end of Section 3.

Our next main result concerns a particular case of equation (1.1) in which we can
prove the existence of solutions for all times. Let (¢, x) be a continuous function
defined on Q.

Assumption 2.1. (i) The function ¥ is nonnegative.
(ii) For each n there exist p = p(n),q = q(n) satisfying (2.1) such that
Yulon € Ly_L ), where v, is understood in the sense of distributions.
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(iii) The function ¥ blows up near the parabolic boundary of Q, that is for any
(s,x) € Q0,1 € (0, 00), and continuous bounded R¢-valued function x; defined
on [0, 7) and such that (s + ¢, x;,) € Q forall ¢t € [0, T) and

lim dist((s + 1, x;),90) =0,
T

we have

lim ¥ (s + 1, x;) = o0.
T

(iv) For some constants K € [0, 0o) and ¢ € [0, 2) in the sense of distributions
on Q we have

2Dy < Koy, 2Dy + Ay < he?, (2.3)
where & is a continuous nonnegative function on Q satisfying the following con-

dition
(H) forany 0 > 0and T € [0, o) there is anr = r(T, o) € (1, 0o) such that

H(T,0,r):=Ho(T,o,r) = / h’(t,)c)I(,T,T)(t)e_"‘xl2 dtdx < oo.
o

Observe that H(T, o, r) < oo if & is just a constant.

Theorem 2.7. Let Assumption 2.1 be satisfied and let w; be a d-dimensional Wie-
ner process defined on a complete probability space. Then for any (s, x) € Q there
exists a continuous R¥-valued and F’-adapted random process x;, t > 0, such
that almost surely for all t > 0

t
(s+1,x)€0Q, / [ (s + 7, x,)12 dr < o0,
0
t
Xt =X+ wy —/ Ye(s +r,x,)dr. 2.4)
0

Furthermore, foreach T € (0, 0c0) andn > 1 there exists a constant N, depend-
ll’lg Ol’lly on d, p(n‘I‘ 1), q(n+ 1), &, T; ” WX IQ'H—] ” Lq(,,Jrl),Lp(,H,l)x dist (a Qn ) 8 Qn+l)r
sup{yr + h, Q"1), and the function H, such that for (s, x) € Q" we have

E supexp(u (s + 1, x,) + uvlx *) < N,
t<T

where
p=(8/2)e TR/ 5 =12 —g/4, v =p/(127), 2.5)

Remark 2.8. The uniqueness of solutions to (2.4) follows from Theorem 2.1.
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Remark 2.9. The known condition for the existence of weak solutions in the time
homogeneous case (see [4, Assumptions (H1) and (H2)]) is the following:

35 > 0 Y, |VUTYe™2Y e Ly e (RY). (2.6)

By the way, we write this condition for our equation (2.4) which is slightly different
from the one considered in [4] where there is the factor /2 in front of wy.

Let us compare this with our results. Notice at once that of course there is a
substantial difference in the number of derivatives of i involved. However, as far
as the singularities of i are concerned our assumptions are pretty reasonable and
sometimes are even weaker.

In one space dimension let ¥ (x) = —a In |x|, ¥'(x) = —ax ™' near zero. Then
(2.6) is satisfied near zero if and only if « > 1/2. For such « condition (2.3) is
satisfied with & = «|x|?*~2, which is summable near zero to some power r > 1 ife
is sufficiently close to 2. By the way, this example shows an advantage of allowing
h to be a function rather than just a constant.

Again for d = 1 and ¥ (x) = |x|™%, 8 > 0, conditions (2.6) and (2.3) are both
satisfied if in the latter one we take % to be an appropriate constant.

On the other hand, for d = 3 and ¥ (x) = —a In |x!| the assumptions of Theo-
rem 2.7 are satisfied in Q = R*\ {x! = 0} if o > 1/2 and (2.6) is satisfied only if
o> 1.

One more situation when Theorem 2.7 is applicable and the results of [4] are
not occurs if d = 2 and ¥ (x) = « In|In |x|| near the origin with constant « > 0.
Here condition (2.3) is satisfied near the origin with Ko = & = & = 0 just because
Ay < 0. However, |, |4 exp(—2v) is summable near the origin only if § < 0.
This example shows, in particular, the advantage of requiring estimates only from
above in (2.3).

1

3. Local weak solutions

Let b, (x.) be an R?-valued function defined on (0, 00) x C, let p and g be two
numbers satisfying (2.1), and let 7, K € (0, 0o) be some constants. Assume that
(1) bs (x.) is jointly measurable NV;-adapted and b, (x.) = Ofort > T and x. € C;
(ii) there exists a Borel real-valued function g(z, x) such that |b;(x.)| < g(t, x;)
on (0,00) x C and |igllz, .z, < K.

Remark 3.1. For us the most important case when requirement (ii) is satisfied oc-
curs if b, (x.) has the form b(¢, x;)I; <¢(x.), where 7(x.) is a bounded N;-stopping
time. In that case a good candidate for g is |b(¢, x)|. In the future we deal with
increasing sequences of V;-stopping times and this somewhat justifies the title of
the section.

Below we basically reproduce an approach developed by N. Portenko in [23].

Lemma 3.2. There exist processes w;, x; defined on a probability space such that
(i) wy, t > 0, is a d-dimensional Wiener process and x;,t > 0, is a continuous
d-dimensional process;
(ii) {x5, ws : s <t} and wyyy, — wy are independent for each t, h > 0
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(iii) with probability one

o0
/ b ()2 dt < oo

0

(iv) with probability one for all t > 0

t
Xy = wy +/ by(x.)ds. 3.1
0

Proof. Let x; be a d-dimensional Wiener process defined on a probability space
and let f be a Borel nonnegative function on R4t! Observe that fort > s > 0 and
x e R?

t t
E/ f(r,x—}—xr_s)dr:/ (Zn(r—s))*d/Z/ f(r,x—l—y)e*'y'z/(z’*z’) dydr.
s s R4

By using Holder’s inequality first with respect to y and then with respect to » we
find that for any p’, ¢’ € [1, oo] satisfying

d 2
we have
t
E / forox+x—)dr < NG =)' "=V pp g (B3)
N

where N depends only on d, p’, q’. Next we notice that p’ := p/2 > 1(p > 21)
and ¢’ = ¢/2 > 1 and apply (3.3) to f = |g|?> (with g introduced in (ii) in the
beginning of the section) to find that

t
E/ 2, x + xr—g)dr < N(t — )%, (3.4)
N

where N and ¢ > 0 depend only on d, p, g, and K. Since this estimate is uniform
with respect to ¢, s, and x, Khasminskii’s lemma (see [14] or [23]) implies that for
any constant x > 0 there is a § > 0 such that

s+6
supEexp(/c/ g2(r, x+x—5)dr) < Nk,K,T,d, p,q).
S,X s

Then one splits (0, 7)) (where T is taken from the beginning of the section) into a
union of intervals of length < § and one uses the Markov property of the Wiener
process to get that

T
sup E exp(k / gz(r, X +x)dr) <N, 3.5)
X 0
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where N again depends only on «, T, d, p, q, and K. We replace here g with |b|
and then the integral over (0, T') can be replaced with the one over (0, co) since
b; = 0fort > T. Thus,

E exp(k / by (x.)|% dr) < oo. (3.6)
0

By standard results about exponential martingales now it follows that
Ep=1, (3.7

where
p= EXP(/0 by(x.) dx; — (1/2)/O by (x.)|* dt). (3.8)

Furthermore, by Girsanov’s theorem the process
t
Wy 1= X; — / bs(x.)ds 3.9
0

is a Wiener process relative to the new probability measure P defined by P(dw) =
p(w) P(dw). In addition, the increments of w; are independent of the past values of
x5 and wy or, in somewhat more traditional language, (w;, F;) is a Wiener process,
where F; is the completion of o (w;, x5 : s < t) or the completion of o (x5 : s < t)
(the two completions coincide owing to (3.9)). We see that assertions (i), (ii), and
(iv) hold under the new probability measure. Assertion (iii) holds with respect to the
old probability measure due to (3.6). That it holds with respect to the new measure
as well follows from the fact that the new measure is absolutely continuous with
respect to the old one. The lemma is proved. O

Lemma 3.3. Let wy, x; be processes for which the assertions (i)-(iv) of Lemma 3.2

hold. Then for any Borel nonnegative function f defined on the space C ([0, o0), RY)
we have

Ef(x)= 15'7f(w-)eXp(/0 by(w.) dw; — (1/2)/0 b (w)*dr),  (3.10)

Ef(w.) = Ef(x.) exp(~ /O by (x.) dw; — (1/2) fo by () di).

Furthermore, for any S € (0, 00) and p’, q' > 1 satisfying (3.2) there exists a
constant N, depending onlyon S, p,q, p’,q’,d, T, and K, such that for any Borel
nonnegative function f on R4t we have

S
E/O f, x)dt < N||f||Lq/,L,,/- (3.11)
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Proof. As we have seen from the proof of Lemma 3.2, property (iii) holds if we take
w; in place of x;. Therefore the first assertion of the lemma is a direct consequence
of the Liptser-Shiryaev theorem about absolutely continuous change of measure
(see, for instance, Theorem 7.7 in [22]).

To prove the second assertion we use notation (3.8) with w. in place of x.. Then
by (3.10) and Holder’s inequality for o, 8 > 1 satisfying 1/ 4+ 1/8 = 1 we find

S S
E/ f(t,x,)dt:Ep/ f(t, wy)dt
0 0
S
< (Ep“)‘/“S‘/“<E/ B, w)dn)/P
0

Owing to (3.6) all moments of p are finite. Indeed, use the notation p(b) for the
right-hand side of (3.8) with w. in place of x. (remember that x. in (3.8) is a Wie-
ner process). Then, for any b we have Ep(b) < 1 and our assertion follows from
Holder’s inequality and the equation

Ep® = E(pQab))'/?(exp((4a’® — ) / b (w)* dr))'/?
0

Hence by (3.3)

S
B 1/B _
E /O flexode < NIFPILS L = NI F gLy,

if p”,q"” € [1, co]are suchthatd/p” +2/q” < 2.One can certainly choose 8 > 1
sufficiently close to 1 so that this condition holds for p” = p’/B and q¢”" = q'/B.
This yields the desired result and the lemma is proved. O

Corollary 3.4. In the situation of Lemma 3.3 take a constant k > 0 and a function

by(x.) satisfying the conditions in the beginning of the section with T.K, 8, p,and
q inplace of T, K, g, p, q. Then

o0
Eexp(/c/ |bt(x.)|2dt) <N, T,K,p,q,T,K,p,q).
0

Proof. By (3.10) the expectation equals

o0
Ep exp(x /O by (w)|* dt)

< (EpY)'*(E exp(2x /0 \by(w) P dn))'"?,

which is finite by (3.6). ]

Remark 3.5. Equation (3.10) shows that different solutions of (3.1) have the same
distribution on C. In other words, weak uniqueness holds for (3.1).
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Lemma 3.6. Let bl(i) (x.), i = 1,2, satisfy the assumptions in the beginning of the
section and let |bt(1)(x.) — bt(z) (x.)] < b(t, x;), where b € Ly L. Let some couples
(wt(i), xl(i)), i = 1,2, possess the properties (i)-(iv) of Lemma 3.2 with b replaced
by b®. Then for any bounded Borel functions f¥(x.), i = 1,2, given on C we
have

IEfO My - Ef@u®) < N(E|f<1)(w_) _ f(z)(w.)|2)1/2
+Nsup | fV11IblL, L, (3.12)
c

where w. is a d-dimensional Wiener process and N is a constant depending only
onp,q,d, T,and K.

Proof. The distributions of x are mutually absolutely continuous and the corre-
sponding Radon-Nikodym densities are known (see [22] or Lemma 3.3). We have

EfPx®) = Ef@xM)p,

where p = po and for Ab; = b,(z) — b,(l)

t t
o1 = exp(/ Abg(xydw( — (1/2) / |Abg (x ) ds).
0 0
Hence the left-hand side of (3.12) is less than

ElfY — f@16p +sup | fPIEIp— 11 = I + Lsup | fP).
C C

By Corollary 3.4 all moments of the exponential martingale p are finite, so that

113/2 < NE|fD — f@)3/2 (x.(l)) and the latter is estimated through the first term
on the right in (3.12) in the same way as Corollary 3.4 is proved. To estimate /> we
use [t0’s formula to get

T
F=pr=1+ / Aby (D)5, duw®.
0

It follows that for any 8 > 1
T —_
B <Elp—17< E/ b (s, xV)p? ds (3.13)
0

T T
< N(/ Eﬁgﬂ/(ﬂ—l)ds)l—l/ﬁ(E/ 528 (5, x ds)”.
0 0

To estimate the second factor we use (3.11) with 8 > 1 so close to 1 that 28/q +
Bd/p < 1. The first factor is estimated by means of E ,5?3 /=D gince 0¢ is a mar-
tingale. Then we recall again how all moments of p are estimated. The lemma is

proved. O
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Before stating other properties of solutions to (3.1) we introduce some Banach
spaces. Forv € Rlet H, = (1 - AL p» be the usual space of Bessel potentials

onR? and for0 < § < T < oo introduce

Hy7((S. 7)) = Lg((S. T), H2), LH((S.T)) = Lg((S. T), L),

Hy(T) = Hy (0, T)), L4(T) =L%((0, T)).

One knows that the norm in H[% can be taken to be [[uxx ||z, + llullz,, where uyy is

e
the matrix of second order derivatives of u. We also introduce the space H ;’q (T)
consisting of functions # = u(t) defined on [0, T] with values in the space of
distributions on R such that u € H?,’q(T) and D;u € ]L‘[’,(T). It is worth making
precise that by writing D;u € ]L(;,(T) we mean that there is an f € ]L‘;,(T) such
that for any s, ¢ € [0, T] and ¢ € Cgo(Rd) we have

t
(u(t),¢)—(u(8),¢)=f (f(r), ¢)dr.

In that case naturally we write D;u = f.

It turns out (see Lemma 10.2 below) thatif 2/g +d/p < 1l andu € sz’q(T),
then u and u, are continuous in [0, T'] x RY or, to be more rigorous, for each
t € [0, T'] the distribution u(¢) is realized by a real-valued function u (¢, x) and
u(t, x) and uy (¢, x) are continuous in [0, T'] x R4, Therefore, the following state-
ment makes sense. Observe that p’, ¢’ in Theorem 3.7 need not coincide with p, g
introduced and fixed in the beginning of the section.

Theorem 3.7 (Itd’s formula). Let2/q" +d/p’ < 1 andu € H;,’q/(T). Let wy, x;
be processes for which the assertions (i)-(iv) of Lemma 3.2 hold. Then with proba-
bility one forany0 <s <t <T

t
u(t,xp) = uls, xy) + f ur(r, %) dw,
s

t
+/ [Dsu(r, x,) + (1/2) Aulr, x,) + bl.(x)uyi (r, x,)] dr.

The proof of this theorem is obtained right away by approximating u by
smooth functions and by using estimate (3.11) and Lemma 10.2. It is perhaps also
worth noting that no matter which versions of D;u, Au, u, we take the integral of
(Dyu, Au, uy)(r, x,) over (s, t) remains the same (a.s.) since owing to (3.11) we
have

T
Ef f . x)ldi =0
0
if f =0 (ae.).

Remark 3.8. Under the same conditions on b one can prove that the assertions of
Lemma 3.2 hold true if in (3.1) instead of w; we have fé a(s, xy) dwg, wherea(s, x)
is a uniformly nondegenerate bounded symmetric matrix which is Borel in (s, x)
and uniformly continuous in x € R? uniformly with respect to s.

In that case instead of using an explicit formula for the distribution of w; one
can use Remark 10.4 and Lemma 10.2.
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4. The strong Markov property and the strong Feller property of weak
solutions

In this section we consider a particular case of b;(x.) from Section 3, namely, we
assume that
bi(x.) = b(t, x;),

where b(t, x) is a Borel function defined on R4*+! vanishing for large ¢ and such
that |b| € L,_L, for some p, g satisfying (2.1). By shifting the origin in R4 we
get that for each (s, x) € RY*! there exists a probability space and a d-dimensional
Wiener process wy, t > 0, and a continuous d-dimensional process x; = x;(s, x),
t > 0, defined on that space such that {x;, ws : s <t} and w;4; — w; are indepen-
dent for any ¢, & > 0 and with probability one

t

o0
/ |b(s + 1, x;)|> dt < o0, x,=x+w,+/ b(s +r, x,) dr.
0 0

By Py x we denote the distribution of the R?*1_valued process
e = 2(s, %) = (s + 1, % (s, x))

on C([0, 00), R¥*1) (see Remark 3.5). In an obvious way one introduces the o-
fields NV (R4*H1) of subsets of C ([0, 00), R4, If Q is a domain in RYF!, we
define an N; (R4+1)-stopping time on C ([0, o0), R4+1) by

19 =710(z) =inf{t > 0: 7z & O}.

By E; x we denote the expectation sign relative to P; .
The following lemma will be used in the proof of Theorem 2.5.

Lemma 4.1. (i) Let g be a Borel bounded function on d Q. Then the function
u(s, x) := Es +g(zzy)

is a continuous function in Q.
(ii) The term
(C(10, 00), RN, Ny(RHY), 2, Py )

is a strong Markov process. In particular, if y is an N;(R*tY)-stopping
time such that y < tg and n is an N, (R4YY-measurable bounded function on
C ([0, 00), Rt then

Es xng(2zp) = Es xnu(zy).

Proof. Assertion (ii) follows immediately from (3.10), the strong Markov property
of the Wiener process, and the formula

Py = E(psol F}) (as.), (4.1)

where y = y(z.), 2 = (s + ¢, x + w;), and

t t
01 :exp(f b(s +r,x +w,)dw, —(1/2)/ |b(s+r,x+w,)|2dr).
0 0



166 N.V. Krylov, M. Réckner

In other words assertion (ii) follows from the fact that the change of measure pre-
serves the strong Markov property.

To prove (i) we first claim that for any bounded continuous function f(z.) given
on C([0, 0o), R4t1), the function E; x f(z.) is continuous with respect to (s, x).
Indeed, this follows easily from Lemma 3.6 and the fact that summable functions
are continuous in the mean after observing that x; (s, x) — x satisfies

t
Y = w; +f b(r, yr) dr,
0

where b(r, y) := b(s + r,y + x). From thus proved claim it follows by a stan-
dard measure-theoretic argument that E . f(z.) is Borel measurable for all Borel
nonnegative or bounded f(z.).

Next, without losing generality we assume that 0 € Q and only concentrate on
proving the continuity of u at 0. Denote Q+;, = (—¢,¢) X {x € R? : x| < r},
r,t > 0, and for z. € C([0, 00), Rd+1) define y, = y;,-(z.) as the first exit time of
z; from Q4 . According to (ii) for (s, x) € Q.+, , and for r small enough so that
Q+rr C Q we have

u(s, x) = Eg xu(zy,),

which owing to (3.10) and (4.1) is rewritten as

u(s, x) = Eu(s + 17,(s, x), X + W, (5,x)) + Eu(s + (s, x), x
+wr,(s,x))(pr,(s,x) — 1) =:I1(s, x) + Ix(s, x),

where 7, (s, x) is the first exit time of (s + ¢, x + w;) from Q, . As is well known
I1 (s, x) is infinitely differentiable and satisfies the heat equation in Q4 ,. In par-
ticular, 71 (s, x) is continuous at 0. Furthermore, similarly to the argument about
(3.13) (notice that y, < 2r)

2r
1
L(s,x)? < N(E f (Ug.,, b)(s +t,x +w) P i) < NlIg,, blr, 1,
0

Hence
lim ,x) —u(0)| < N|lg,,,b ,
Jm s, ) ()] < Nllo,, b, 1,
for any r > 0, where N is independent of r. By letting r | O we see that the
left-hand side is zero. The lemma is proved. O

The following lemma will allow us to prove that in the situation of Theorem
2.1 the solutions do not bounce back deep into the interior of Q from near d Q too
often on any finite interval of time.

Lemma 4.2. Let wy, x; be processes for which the assertions (i)-(iv) of Lemma 3.2
hold. Let G, Q be bounded open subsets of Rt containing the origin and such
that G C Q. Define vy = 0,

e = inf{r > v (6, %) € Q). vkr = inf{t > e 1 (1, x) ¢ R\ G
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Then for any S € (0, 00) there exists a constant N, depending only on d, q, p, S,
IblgliL, L, and the diameter of Q, such that

o0 o
S (Elxsau —xsanl?)’ < No ST (EIS Apk — S Aul?)’ < S*,
k=0 k=0

Proof. We have E|xsau, — Xsay |2 < 21 + 2Ji, where

5 SAREk 5
Iy = Elwsay, — Wsanl™  Jii= E(/ b(s, x5)| ds)”.
S

AV

Observe that
12 = (EIS Ak — S Awld)’ < d®EIS A g — S Awel? = d2Iy

o]

2
<dSEIS Ak —SAwel, Y (Elwsny, —wsanl?)” < d’S%,
k=0
o0 o0 ’
D= (D I) =St
k=0 k=0
Furthermore,
SAk _
Jk < EIS Ak — S A vl b(s, x5)|>ds,  JE < L Jx,
SAVk
where
_ SA K )
Jo = E( / Ib(s, %) ds)>.
SAVk

It only remains to estimate J; by a constant N, depending only on d, ¢, p, S,
lblgliL, L, and the diameter of Q.

Observe that on the set {S A vy < S A ui} we have S Avg = v and (v, x,,) €
G C Q. Furthermore, (z, x;) € Q for SA vk <t < S A pg. Now from the strong
Markov property of z; it follows that

_ SA‘L’Q ) 2
o< sup Eof / Ib(s + 1. x)I2dr)’.
(s,x)eQ 0

By using (3.10) we easily see that the latter expression will not change if we
change arbitrarily b outside of Q only preserving the property that the new b belongs
to Lgy_L ;. We choose to let b to be zero outside of Q and then get the desired esti-
mate from Corollary 3.4 (after shifting the origin to (s, x)). The lemma is proved.

0
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Corollary 4.3. Naturally, we say that on the time interval [vi, ui] the trajectory
(t, x;) makes a run from G to Q° provided that puy < oo. Denote by v(S) the
number of runs which (t, x;) makes from G to Q before time S. Then for any
a € [0, 1/2), Ev¥(S) is dominated by a constant N, which depends only on «, d,
q, p, S, |blg ||Lq,pr the diameter of Q, and the distance between the boundaries
of G and Q.

Proof. Observe that for any integer k > 1
kP (ko1 < 8) < P2(o < ) + o + P21 < $) e (42)

Since
E{lxsaue — Xsancl> + 1S A — S A v?)

> E{|xp, — X |* + ik — vl <s > dist? (9G, 0Q)P(ux < ),

by Lemma 4.2 we see that the series in (4.2) converges and its sum is bounded by
a constant with proper dependence on the data. After that it only remains to note
that P(v(S) > k) = P(uk—1 < S). m]

5. Pathwise uniqueness and strong solutions

In this section we consider a particular case of b, (x.) from Section 3, namely, we
assume that

bi(x) =bt, x) i <r(x),

for (t,x.) € (0, 00) x C, where t(x.) is a bounded N;-stopping time defined on
C and b(¢, x) is a Borel R9-valued function defined on R4*! such that |b(-, )| €
L,_L, for some p, g satisfying (2.1).

Theorem 5.1. Let wy, y;, and z; be R-valued processes defined on a complete
probability space fort > 0. Assume that w; is a Wiener process and the properties
(ii)-(iv) of Lemma 3.2 hold true if we take (y;, w;y) and (z;, wy) in place of (x;, wy).
Furthermore, let {ys, s, W5 : § < t} be independent of w;yj, —w; foreacht, h > 0.
Then
P(sup |y —z| > 0) =0.
>0

The Yamada-Watanabe principle (see [28] or [13]) immediately allows us to
deduce from Theorem 5.1 and Lemma 3.2 the following result about existence and
uniqueness of so-called strong solutions.

Theorem 5.2. (i) For each t € [0, 00) on C there exists an N;-measurable R4-
valued function Fy(y.) such that if

(a) w, and x; are R -valued continuous processes defined on a probability space
fort >0,

(b) w; is a Wiener process and the properties (ii)-(iv) of Lemma 3.2 hold true for
Xt, Wy,

then for each t € [0, 00) we have x; = Fy(w.) (a.s.).
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(ii) Let w; be an R -valued Wiener process defined on a complete probability
space fort > 0. Then on the same probability space there exists a continuous pro-
cess x;, t > 0, such that the properties (ii)-(iv) of Lemma 3.2 hold. Furthermore,
by assertion (i) this process is F" -adapted and unique.

Remark 5.3. The function F;(y.) does not change if we change w; or x; or the
underlying probability space. Therefore, for each b;(y.) under consideration we
may and we do choose and fix an appropriate function F;(y.).

To prove Theorem 5.1 we need two lemmas before which we introduce %; =
o{ys, 25, ws 1 s < t} and let X; be the completion of ¥; and F; = ﬂDt Y. Itis
easy to see that w; is a Wiener process relative to F;.

Lemma54. Letu € H g’q (T). Then there exists a continuous J;-adapted increas-
ing process A; such that Ay =0, EAr < oo, and fort € [0, T]

t t
f|ux<s,yy>—ux(s,zx>|2ds=/ lys — z5|* d As.
0 0

Proof. Generally the process A; we are looking for is not unique and the smallest
one is given by

! lix (s, ys5) — ux (s, z5)?
0 Vs — Zs|

provided that the right hand side is finite. To prove that this is indeed the case and
also to prove all other assertions of the lemma, we prove that

T lux (s, y5) — ux (s, 25)|?
E I RACERS PACERS ds < N , 5.1
[) yx?éZx |ys _ Z5|2 s = ”u”ng(T) ( )

where the constant N is independent of u.

By Lemma 10.2 below if u” € Hy*(T),n = 1,2, ...,and u" — uin Hy(T),
then u! — u, uniformly in [0, T'] x R4, Bearing in mind Fatou’s lemma we
conclude that it suffices to prove (5.1) for u € C§°([0, T] x RY).

In that case by Hadamard’s formula

. . 1
Uy (s, ys) —ux(s, z5) = (ys] - Zg)/ uxx./(sa rys + (I —r)zs)dr.
0
Therefore the left-hand side of (5.1) is less than a constant times

1 T
/ E/ lixx 2, rye + (1 = r)z0)|? didr.
0 0

Here

t
Fye 4 (1= )z = wy + / by (1) + (1 = Py ()1 ds.
0



170 N.V. Krylov, M. Rockner

Furthermore, for any ¥ > 0 by convexity and by Corollary 3.4

T
Eexp(K/ Irbs(y.) + (1 — r)bs(z.)|* ds) (5.2)
0

T T
<rE exp(/c/ |bs(y.)|2ds) +(1-rE exp(/c/ b ()] ds) < oo.
0 0

Now for fixed r € [0, 1] denote b, = rb;(y.) + (1 — r)b;(z.) and

T _ T _
p = exp(— fo B dw, — (12) /0 B d).

Then (5.2) implies that all (positive and negative) moments of p are finite and
Ep = 1. Hence by Holder’s inequality and Girsanov’s theorem for any o > 1

T
E/ |t (8, 7y + (1 = 1r)z0)|* dt
0

T
— Ep e f i 0, rye + (1 — Pz P dr
0

T
< N(Ep/0 e (1, 7y + (1= r)z) 2 di)/*

T
- N(E/ i (2, w2 dr) " = NT.
0

Thus, the left-hand side of (5.1) is less than a constant times I and now (5.1) follows
from (3.11) if @ > lis so close to I that [uy[** € L, _L, withd/p'+2/q" < 2.
The lemma is proved. O

The proof of the second lemma is rather long. Therefore, to understand better
its idea, borrowed from [27], we advice the reader to take I' = €2, assume formally
that our construction is valid for By = B, = R4, and drop the first inf in the
definition of v.

Lemma 5.5. Let y be a finite F;-stopping time. Assume that y, = z; fort < y and
letal' € F, be such that P(I') > 0. Then there exists a finite J;-stopping time
o >y suchthat y, =z fory <t <oand P(I',o > y) > 0.

Proof. Define T = t(y.) A t(z.) and split the proof according as P(I', y > 7) is
> 0or=0.
Case 1: P(I', y > 7) > 0. Introduce

o=y +Iry>z.
The random variable o is a stopping time, which is seen from the following formula
fo<st=(Cn{y=0In{y =t -1))

Ul n{y =t N{y <1}),
where ' N{y > 1} € F),.
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Next we observe that, due to the fact that T(x.) is an N;-stopping time, if we
are given ., B. € C and oy = B, for ¢ € [0, T(a.)), then T(av.) = T(B.). It follows
that on the set where y > 7 wehave T = 7(y.) = t(z.) < y andforallt > y

Y=Yyt w —wy, =2y + W — Wy = 2.

In particular, y; = z; for y <t < o. Finally, the assumption P(I', y > 7) > 0
implies that P(I', o > y) > 0.

Case 2: y < T (a.s.) on T'. Obviously for any ¢ > 0 there exists T € (0, c0)
and a unit ball B; c R¥ such that

P(T—e<y<T,y,=zy€B,T)>0. (5.3)

Let B; be the ball of radius 2 with center xo being that_ of Bj. Take ¢ from
Lemma 10.6 below, find a T which suits (5.3), and take u', i = 1,...,d, from
Lemma 10.6. By 1t6’s formula for ¢ € [S, T] := [(T — ¢)4, T'] we have

INT

Ut AT, yinr) = u' (S AT, ysaz) +/ Ul (r, yr) dwy.

SAT

We multiply this equation by the indicator of the set
N={y>3S,y, =z, € B, T’}

and notice that on this set S A T = § and ys = zg5. We also do the same for the
process z;. Then we obtain

INT
[ (t AT, yinz) —u' (t AT, zea8)1In = In / [l (r, yr) — ', (r, )1 dw,
St/\f . .
= Il'[/ [M;(r’ yr) — u;(r, Zr)]lyfr dw,
e _
_ /S [l (1 30) — (. 2 1y e .

We square the extreme terms of this equation, sum up the results with respect to
i, then take sup’s over ¢ in the range [S, v] where v is a stopping time with values
in [S, T]. After that we take expectations and use Doob’s inequality to obtain

d
Eln sup Y [u'(t AT, yine) — ' (t AT zne)]
te[S,v] i=1
VAT d ' ' )
4E [ dnyer Yo W) — il 2P dr (5.4)
S

i=1

By Lemma 5.4 the right-hand side of (5.4) equals

VAT
E/ I,y <rlyr _Zr|2dAr- (5.5)
S
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We now take v := S vV v A T, where
vi=inf{t >y : [y, —xo0| V|zr — x0l = 2} Ainf{t > y : A, — A, > 1/4}.

Observe thaton ITif r € [S, v] and

d
DI AT yine) —ul (¢ AT zinR) O, (5.6)
i=1
thent >y > S,v > S,andv = VAT.Inthatcasey <t < v.Alsoy < 7 (a.s.) by
assumption and hence, a.e. on I1, if # € [S, v] and (5.6) holds, theny <t AT <V
and therefore |y;n7 — xo| < 2. A similar statement holds for z.. By Lemma 10.6
we conclude that the left-hand side of (5.4) is greater than

(1/2)EIn sup |yiaz — zenzl>. (5.7)

te[S,v]

On the other hand, the right-hand side of (5.4), which equals (5.5), is less than

v
E/ Il'[,y§r|yr/\f _Zr/\f|2dAr
S

b
< EIn sup |yine — zenzl’ / Iy<rdA; < (I/HEIn sup |ying — znel”
te[S,v] S te[S,v]
We see that expression (5.7) is less than its half, which implies that it is zero.
Introduce
O :={sup |[yirt =znzl =0,y <T}NIL
te[S,v]
Then ® C IT and by the above P(®) = P(IT).
Our last step is to prove that

o =[GAT ATV yle + yloc

possesses the required properties. First, by definition v > y. In addition, the event
ON{y <T At} (=MIN{y <T ATt} (as.)) happens with strictly positive prob-
ability due to (5.3) and the condition of the case under consideration. When this
event happens, wehave VAT AT > yando =v AT AT > y.Also I" happens.
Therefore P(I',o > y) > PO N{y < T A t}) > 0. Furthermore, obviously
o(w) > y(w) for all w.

Next, we have

fo>y}Clo=vATATINO®, OCIC{y>S}

{y>S}Cc{vAT >S}Cc{v=vAT}

implying that
{fo>y}Clo=vAT AT}IN{y > 5}

Clo=vATATIN{w=vAT}C{o=vAT}
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Therefore, if o > y, then

sup |yr —z:| < sup |y —z/|=0.
tely,o] te[S,vAT]

Of course, if 0 = y, then the equality between the extreme terms is given by the
assumption on y .

It only remains to check that o is a stopping time. To do that observe that for
anyr > Owehave @ N{o <r} =0°N{y <r} =T°N{y < r}(as.) and
IT € F), so that

O°N{oc <r}ekF.

Furthermore, ® N {o <r}isemptyifr < Ssinceo >y > Son O.If r > §,
then (a.s.)
ONfo <r}={vATAT<rin{y <r}nIl,

Here {y <r}NIl € F;sincell € 7, and {VAT AT <r} € F, because v, T, and
T are stopping times. Hence ® N {o < r} belongs to F, along with @ N {o < r},
o is indeed a stopping time, and the lemma is proved. O

Proof of Theorem 5.1. Almost everything, actually, has been done in the proof of
Lemma 5.5. Indeed, define

w=inf{t > 0: |y, —z| > 0}.

Our goal is to prove that 4 = oo (a.s.) or that for any constant § € (0, c0)
we have u A S = S (a.s.). Take a constant S and introduce y = u A S and
I'={w: y(w) < S}. We claim that P(I") = 0.

Indeed, if P(I") > 0, then according to Lemma 5.5 we can find a stopping time
o > vy, such that 0 > y on a subset of I" of positive probability and y; = z; for
t < o. We therefore have at least one w at which u = y < o, and y, = z; for
t < o. But this contradicts the very definition of w, which requires |y; — z;| to
be strictly bigger than zero for points arbitrarily close to u from the right. This
completes the proof of the theorem. O

6. Proofs of Theorems 2.1 and 2.5

Proof of Theorem 2.1. Without losing generality we may and will assume that in
(1.1) we have s = 0 and x = 0. We split the proof into two parts.
Existence. For any z. € C and n > 1 define V;-stopping times

t"(z) =inf{t > 0: (t,z) ¢ O"}.

Notice that since Q" are bounded, t”(z.) are bounded stopping times.
Let b" = blp» and consider the equation

t

t
=t [ Lot sa)ds (=it [ LeoanbG.x)ds). 6.1)
0 0
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By Theorem 5.2 equation (6.1) has an F;-adapted solution x;'. As is easy to see the
process

-n ._ . n+l n+1
X =x1 ntly + (wy — Won(ently + xrn(x_’”rl))lt

t<t"(x. "'H)

>t (x!
also satisfies (6.1). By Theorem 5.1 we have x; = X/ for all t+ > 0 (a.s.). In
particular, these processes coincide before t"(x") = (") = t"*(x"*!) and
" (x") < "M (x"t1) (a.s.). Therefore, the definitions

m x” t <,

= lim "(x"), x, =1 ,
; N 00 ( ) t 00 IAT(XT)

i
e
=, x), t<i¢ z=0, (<t<x

make sense almost surely. We may throw away the set of @ where the above def-
initions do not make sense and work only on the remaining part of 2. Certainly,
"(x™) and ¢ are F;-stopping times. Also, xl"mn ) and x,/; ., are F;-adapted.
It follows that z; is F;-adapted. Next, if t < ¢, then there exists an n such that
t < t"(x") < ¢. Since x;, = x| for s < t"(x"), this easily implies assertion (iv)
of the theorem and it only remains to prove that z; is left continuous at ¢ (a.s.).
By using the terminology of Corollary 4.3 we denote by v (S) the number
of runs of (z, x;) from QF to (QF*t1)¢ before time S A ¢. Forn > k + 1 obvi-
ously, v (S A T"(x™")) is also the number of runs that (¢, x;') makes from 0* to
(Qk“ )¢ before time S A t"(x"), which increases if we increase the time interval

to S. It follows by Corollary 4.3 that Ev,i/4(S A t"(x™)) is bounded by a constant

independent of n. By Fatou’s theorem E v,l/ 4(S A ¢) is finite. In particular, on the
set {w : ¢(w) < oo} (a.s.) we have v (¢) < oo. The latter also holds on the set
{w : £(w) = 00} because (7, x;) is continuous on [0, ) and QF is bounded.

Thus, v¢(¢) < oo (a.s.) for any k. In addition, t"(x") < ¢ and 7"(x") 1 ¢.
Since (" (x!), x7., ( x_,,)) € 9 Q" we conclude that (a.s.) there can exist only finitely
many n such that (¢, x;) visits QF after exiting from Q". This is the same as to say
that (¢, x;) — 0 ast 1 ¢ (a.s.). “Cleaning” again the probability space finishes the
proof of the existence part of the theorem.

Uniqueness. The process z, is continuous and Q’-valued. Furthermore, for r <
¢’ itis Q-valued. It follows that for any n > 1

"(x)=inf{r >0:(r,x)) € 0"} < ¢ (6.2)
Also observe that (a.s.)
¢ = lim t"(x)) =¢". (6.3)

Indeed, that £ < ¢’ follows from (6.2). On the other hand, on the set where c<?
we have that, on the one hand, zé € Q since ¢ < ¢’, but on the other hand, z/E =0

since z~ is the limit of points getting outside of any Q".
Next, introduce

n /
Xt = Xpaen(x) + Wrven(x) — Wen(x)-
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Then x' = x] fort < t"(x/), so that 7" (x/) = " (x") and it is easy to see that x/’
satisfies (6.1). It follows by Theorem 5.2 that for each ¢ € [0, 0o) there exists an
N;-measurable R¢-valued function F/(y.) determined uniquely by » and Q" such
that x' = F;*(w.) (a.s.). Hence, the formulas

{w: ") >t} ={w: "(") >t}
={w: igg dist ((r, F'(w.)),00") > 0}, (as.),

where p; is the set of rationals on [0, ¢], and

00 o
T"(Xf)=/0 Irn(yysp dt = lim milz[r"(x,’)>i/ms

m— 00 £
i=0

show that t"(x’) = G"(w.) (a.s.), where G" is a Borel function on C uniquely
determined by b and Q".

Equation (6.3) now shows that ¢’ is expressed (a.s.) as a Borel function of w.
uniquely determined by b and Q",n = 1, 2, .... In addition,

/ . ’ . n
x,I,_y» = lim x nL gy = lim x Nl <pniy
tlr<¢ oo IATI (X)) T<T (x)) oo INTH(x!) ST x!)

= lim x/'L gy = m F'(w)h<grw) (a8.).
n— oo n—oQ

It follows that z} is expressed (a.s.) as a Borel function of w. and this function is
uniquely determined by b and Q", n > 1. Obviously this implies both statements
about uniqueness in the theorem which is thereby proved. O

Proof of Theorem 2.5. Strong Feller property. For z. € C([0, 00), Q) let
¢(z)=inf{t >0:z, =0}, t"(z)=inf{t >0:z ¢ Q"}.

On {z. : t < ¢} we have z; € Q so that the projection of z; on R?, which we
denote by x; = x;(z.) is well defined. Observe that by definition of P; , we have
zr = (s + 1, x¢) (Ps x-a.s.). Also observe that

Ex,xf(ZTfs) = f(a) + Es,x[f(T’ XT—g) — f(a)]1§>Tfs~
Hence, it suffices to prove that for any 7" € R and Borel bounded f given on R?,
the function

u(s,x) = Es,xf(fos)I{>T7s
is continuous with respect to (s, x) on Q(T) := Q N{(s,x) :s < T}.
By examining the way P . is defined, it is easy to see that on Q(7T) we have
u(s,x) = lim Es,xf(xT—s)Ir"zT—s
n—o0

= lim E{ f(x7—s)lon>7—5 = lim u"(s, x), (6.4)
n—o0o n—o0
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where EY . is the symbol of integrating against Py’ , which is the distribution on

C ([0, o0), R4ty of (s + ¢, x;"), where x}' is the unique solution to

t
X} =x+ w +/ bu(s +r,x)dr
0
with b, := blg,. Observe that in the notation introduced before Lemma 4.1

un(sv -x) = E_’:,xg(Z‘L'Qn(T))a

where Q"(T) = Q" N{r < T}, g(T,y) = f(y) if (T,y) € 90" (T),and g =0
on the remaining part of 3 Q" (T). By Lemma 4.1 (ii) forn > m > 1

ul’l(s, x) = E;l‘xun(ZTQm(T)) = E;’:lxun(ZTQm(T))'

Upon letting n — oo and using (6.4) and the dominated convergence theorem we
conclude that for any m > 1

M(S, X) = E?:lxu(z‘[Qm(T))v

which implies the continuity of u in Q™ (T") by Lemma 4.1 (i). Since m is arbitrary,
u is continuous in Q(T').
Strong Markov property. Define for n > 1

2= (s+1t,x"), t>0.

Then for (s, x) € Q and any Borel bounded f on R? and any N;(Q’)-stopping
time T

Esxf(ze) = fO) + Esx(f (ze4t) — FO) Lg=r4s- (6.5)
But
Esx [ @et) e >vtt IHILH;O Esx f ey [r,>041

= lim E” "I 1
oo s,xf(ZTJr;) >t dr, >t

which, since {t, > t} € N, by Lemma 4.1 equals
lim E;lxlranE?n f(Z?)Ir,,zt = lim Es,xlr,,ZrEsz(Zl)IrnZt
n—oo ’ T n—0o0

ZE‘Y,)cI§>rEzr f(Zt)I;‘>t-

By (6.5) it follows that

Es,xf(zr—i-t) = Es,szf f(zs).

Since this equality obviously also holds with (s, x) replaced by 9, the strong Markov
property follows by a well-known result from Markov process theory (see e.g. [6,
Proposition IV. 6.3]). O
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7. Some auxiliary estimates

In order to be able to show that under certain conditions our solutions stay in Q
for all times, we need certain estimates which we collect in this section. We fix
aT e (0,00) and a real-valued function ¢ (¢, x) which is infinitely differentiable

on [0, 00) x RY. Let wy, t > 0, be a d-dimensional Wiener process given on a
complete probability space.

Lemma 7.1. Forany x € R? and B, := wr_; — wr we have that (a.s.)
T
$(0, 1) — ¢(T, x +wr) — fo be(T =5,y + B) dByly—eur
T
= (T, x +wr) — $(0. ) —/O $o(s. %+ wy) d,

T
—2/ D¢ (s, x + wy)ds. (7.1)
0

Proof. Observe that By is a Wiener process on [0, T'], so that the stochastic integral
in (7.1) with respect to By is well defined. Furthermore, by It6’s formula

T
/(; ¢x(T—S»Y+B;)dBA=¢(0»Y+BT)—¢(T»)’)

T
+f (Ded — (1/DAG)(T — s,y + By) ds.
0

This shows that the left-hand side in this equation is a well defined continuous
function of y so that formula (7.1) makes perfect sense. This also shows that the
left-hand side of (7.1) equals

T
—/ (Db — (1/DAG)T — s, x + wr_y) ds
0

T
= / ((1/2)A¢ — Di¢)(s, x + wy) ds.
0

That the latter expression coincides with the right-hand side of (7.1) follows again
by It6’s formula. The lemma is proved. O

Corollary 7.2. Take a nonnegative Borel function f(x) and fort € [0, T] intro-
duce

T—t
Br(t, x) = exp(—f ot + 5 x + wy) dws
0

T—t
—(1/2>/ a4+ 5% + wy) 2 ds
0

T—t
—2/ D (t +5,x + wy)ds),
0

vr(t, x) = v(t, x) = EBr(t, x) f(x + wr—s), c(f) = / e 220y (¢, x) dx.
Rd
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Then c(t) is an increasing function. In particular, c(0) < c¢(T), that is
f e 220990, x)dx < / e 2009 £(x) dx. (7.2)
R4 R4

Furthermore, one can replace < in (7.2) with = if ¢ € Ly L, for some p,q
satisfying (2.1) and in that case c(t) is constant on [0, T].

Proof. First observe that by the Markov property of the Wiener process, for 0 <
t <r <T,wehave

v(t,x) = EB.(t, x)v(r, x + w,—;).

Furthermore, by applying (7.1) tor — ¢, ¢ (¢ + -, -) in place of T, ¢, respectively,
we obtain
Br(t, ) 2P0 = E(x 4w, )e 20T,

where
r—t r—t
§(y) = eXP(—f ¢x(r—s,y+ By)dBs — (1/2) / s (r —s. y+ By)|* ds)
0 0
and By = w,_;_y — w,_;. Therefore,
o(t) = E/ E(x 4+ wy—p)e 20Ty (x4 w, ) dx
]Rd

= Ef E()e 22y (r, x) dx =/ e 200y (r, x) EE(x) dx,
R4 R4

and it only remains to use (3.7) and remember that generally the expectation of an
exponential martingale is less than 1. O

Remark 7.3. Since the above corollary plays a very important role in what follows,
it is probably worth giving it at least an outline of a different analytic proof. Under
mild conditions v(t, x) satisfies the corresponding Kolmogorov equation, that is

Dov(t, x) + (1/2)Av(t,x) — @i (¢, x)v,i (t,x) —2v(t, x)D;¢p(t, x) =0
which is rewritten in an equivalent form as

Di(e™*v) + (1/2) (e *Pv,i) , = 0.

xi

We integrate through the equation with respect to x and very naturally, however
maybe not quite rigorously, arrive at

D,/ e 2Ny x)dx =0,
R4

which says that c(#) is constant.
Below we use the notation

B={xeR?:|x|<r}, Q.,=1[0,1)xB,, Q,=1[0,1) xR%
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Lemma 7.4. On an extension of the probability space there is a stopping time y
such that the distribution of (v, wy) has a bounded density concentrated on Q1.1.

Proof. Denote n = d + 2. On an extension of our probability space there exists a
random variable p with values in [0, 1] and density nr"~! such that p is indepen-
dent of all 7. Let 7; = F” vV o(p), and define y as the first exit time of (¢, w;)
from Q2 ,. We claim that y is a random variable of the type we are looking for.

That y is an F -stopping time is obvious. As is well known the exit distribution
of (t, wy) from Q1 1 has a bounded density with respect to the surface measure on

S :=(0,1) x aBy) U ({1} x B1}.
Denote this density by 7 (¢, x). Since by a straightforward computation

(TQVZ,,_ (z.), wrQrzyr(z,)) = (rzfQ.,l (z), V@rglwl(i)),

where z; := (t, wy), w; := %w,zt, Zr = (¢, wy), t > 0, it follows by the self-simi-
larity of w; that for any Borel nonnegative f (¢, x) we have

1
Ef(y,wy) = n/ ri! / £t rx)m(t, x) dSdr
0 N
1
< N/ r"—lff(rzt,rx)dsczr
0 N

1 1
:N/ r"*lf / f(rt, rx)d(dBy)dtdr
0 0 JoB;

1
—I—N/ F f@r2, rx)dxdr =: NI, + N .
0 B

Here

1 r2
I :/ rH/ f(t,rx)d(dBy)dtdr
0 0 dB

1 1
< / rd=1 / f(t,rx)d(dBy)dtdr = f(t, x)dxdt,
0 0 dB 011
1
I =f r"_l_d/ F@r?, x)dxdr < (1/2) f(t, x)dxdt.
0 By Ql,l
Hence
Ef(y,wy) < N/ f(t, x)dxdt,
01,1
where N is independent of f and the lemma is proved. O

In the following lemma we use the notation

R = {(r,x) 1 1 € (0, 00), x = (x!, ..., x)) e RY)}.
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Lemma 7.5. Let K € [0, 00) be a constant. Assume that for some p, q satisfying
(2.1) we have
¢[Q1,1 = K’ ||¢xIQ1_1||Lq,Lp =< K.

Take an r € (1, 00) and a Borel nonnegative function f = f(t, x) on Ri‘”, such
that f(t,x) =0fort > T. ForO<s <t <Tandx € R4 introduce

r—s
or(s,x) = eXp(—/ Ox(s +1,x +w,) dw,
0
r—s
—(1/2>/ (s + 7, x + w,) [ dr),
0

t—s
o (s, x) = exp(—2/ (Di@)+(s + 1, x + w,)dr),
0
Mt(s,.x) = E,O;(S,x)o{;(s,x)f(t,x + wt*S)'

Then there is a constant N, depending only onr, p,q, K, and T, such that

T
/ 1 (0,0)dr < N(/ fre 2 didx)"” +N(/ £ drdx) "
0 REH! 011
(7.3)

Proof. By the strong Markov property of the Wiener process for any stopping time
7 we have

El<1p:(0,0)2; (0, 0) (0, w) = Elr<;p (0, 0)az (0, 0)u; (T, we).

Therefore, upon assuming without losing generality that 7 > 1, for y from Lemma
7.4

T
/ M;(O, O) dt = E /V ,0[(0, 0)0[;(0, O)f(t, w[)dt
0 0

T
+Ep,0.00,0.0) [ wrwyde =1+ 1o
Y

Observe that o; < 1 and for ¢t < y we have (¢, w;) € Q1,1 so that, in partic-
ular, in the formula defining o, (0, 0) we can replace ¢, with ¢, /g, and hence
all moments of p; (0, 0)1;<, and p, (0, 0) are finite and uniformly bounded in ¢. It
follows by (3.3) that for any v € (1, 00)

T
v v v l/l)
IISN(E/O f (t,w,)IQI’l(t,w,)dt) <NIf 1Q1,1||Ld+5/2(Rd+1)-

We choose v so that v(d 4+ 5/2) = d + 3 and get that I is less than the second
term on the right in (7.3).

In what concerns I we again use o, (0, 0) < 1 and the finiteness of all moments
of p, (0, 0). Then we find

1 T
L < N(f / (f u;(s,x)dx)dtds)l/r.
0 K B
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To estimate the interior integral with respect to x we insert there exp(—2¢ (s, x))
and again use Holder’s inequality and the fact that Ep, (s, x) < 1. This yields

(s, 1) :=/ uy (s, x)dx §E2K/ e 2065, (s, x) dx,
By R4

where
i}l(ss x) = E,O[(S, x)al(s?x)fr(ts X + wt—s) S Eﬂl(ss x)fr(ts X + wt—s)'

Hence by Corollary 7.2
I(s,t) < eZK/ e 2009 £ (¢ x)dx,
Rd

which shows that /5 is less than the first term on the right in (7.3). The lemma is
proved. O

In the following lemma by Q17 we mean (—7, T) x R and use the notation
to(x)=inf{t >0 : (t,x) €0}, x. e€C (7.4)

instead of 7¢(z.), where z; = (¢, x;).

Lemma 7.6. Let Q be a domain such that Q C Qir. Let the assumptions of
Lemma 7.5 be satisfied and let ¢ € [0, 2) be a constant and h a nonnegative Borel
function on Q such that on Q

2D + A¢ < he?. (7.5)
Then forany § € [0,2 —¢), r € (1,2/(8 + €)], there exists a constant N, depend-

ingonlyonT, p,q,K,e¢, 8, and r (but not Q), such that, for any stopping time
T < g (w.) we have

E®, < N+ N(f W e~ q1dx)"" + N sup h, (7.6)
0 01,1

where 0 = 6 + &, so that r@ < 2, and
t t
D, = eXp(—/O Ox (s, ws) dwg — (1/2)/O | (s, wy) > ds
t
-2 /0 (Dih)+ (5, wy) ds + 82, 1)),
Proof. By It6’s formula

Q= Do +mq +/ @;[6D; ¢
0
+(8/2)A¢ — 2(Dyp)+ + (1/2)(18 = 117 = DI I*1, wy) dt,
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where m; is a local martingale starting at zero. By using (7.5) and the inequality
|§ — 1] < 1 we obtain

T
b, < Py + 8/ D, h(t, wy) exp(ep (t, w;)) dt +my. 7.7
0

Since ®; > 0 we take the expectations of both sides and drop Em . More precisely,
we introduce o, := inf{t > 0 : |m;| > n} and substitute T A o, in place of 7 in
(7.7). After that we take expectations, use the fact that En;rs, = 0, let n — oo,
and finally use Fatou’s lemma along with the monotone convergence theorem. Fur-
thermore, we denote f = Iph exp(f¢) and notice that T < T. Then in the notation
of Lemma 7.5 we find that

T
E®, < N+NE/ (0, 0)e; (0, 0) f (r, wy) dt
0

T T
<N+ Nf Ep:i(0, 0)at; (0, 0) £ (¢, wy) dt = N + N/ u; (0, 0) .
0 0

It only remains to note that the first term in the right-hand side of (7.3) is just the
second one on the right in (7.6) and the second integral on the right in (7.3) is less
than vol 01,1 supg, | hexp[0K (d + 3)]. The lemma is proved. O

Theorem 7.7. Let K, Kq € [0, 00) and ¢ € [0, 2) be some constants and let Q be
a subdomain of Q17 and h be a nonnegative Borel function on Q. Assume that for
some p, q satisfying (2.1) we have

hlg,, <K, ¢lg,, <K, l¢xlg,llL, L, <K.
Also assume that on Q
¢ >0, 2D;¢p < Kop, 2D+ Ap < he®.
Finally, let ¢ satisfy the linear growth condition:

sup o l/(1 + |x]) < o0.
te[0,T],xeRd

and denote by x;, t € [0, T, the solution of

t
X = wy —/0 Ox (s, x5) ds.

Then for any r € (1,4/(2 + ¢)] there exists a constant N, depending only on
r,d, T, p,q, K, and ¢, such that

E sup explu(d(r,x) +v|x )] < N+ NHo(T,o,r), (7.8)

t<tp(x.)

where tg(x.) is introduced in (7.4), Hg is introduced before Theorem 2.7, o =
2—=rB)v,0 =26 + &, u, v, and § are taken from (2.5).
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Proof. Define ¢ = ¢ + v|x|?,

t
Mz=eXp(5¢_>(t,xz)—(Ko/2)/0 ¢(s, x5)ds), My.= sup M,.

t<tg(x.)

Then for t < 7p(x.)

t
5t x) < In MY 4 (Ko/(28)) /0 (5. xy) ds

and hence by Gronwall’s inequality
o1, x;) < K0/ 1 Mi/s < eTKo/C9) 1y Mi/s.

Therefore, to prove (7.8), it suffices to prove that E+/M, < N.In turn by a well-
known result on transformations of stochastic inequalities (see, for instance, Lemma
3.2in [12]), if EM; < N for all stopping times T < 7g(x.), then E/M, < 3Nj.
Thus, it suffices to estimate £ M.

On a probability space carrying a d-dimensional Wiener process w; introduce
X; as the solution of the equation

t
X = w; — /() IS<IQ()Z.)¢X (s, X5) ds. (7.9)

Also set .
M, = exp(28¢(t, %;) — 2/0 (D)4 (s, %) ds).

Write E for the expectation sign on the new probability space and observe that on

Q -
2D;¢ + Ad = 2Dy + A + 2vd < (h + 2vd)e®.

Then after an obvious change of measure (cf. (3.10)) equation (7.6) with 24, E, c/_>,
and w; in place of 8, E, ¢, and w;, respectively, 0 = 26 +¢,andr € (1,2/(25 +¢)]
is rewritten as

Efl, <N+ N( / W o.mye®~% didx)'"
0

and since ¢ > v|x|?> on Q, we obtain

EM; <N+ NHJ'(T. Q2 —r0)v.r) = No

for all stopping times T < 7o (x.). Combining this with the inequality

t
exp(28(t, %) — Ko / P(s, %) ds) < My, t <to(%),
0

the left-hand side of which is quite similar to M; but with 2¢ in place of ¢, by the
above argument we get

E sup expuvl%|*) <E sup expue(t, %)) < NNy. (7.10)
1<t (%.) t<t9(X.)
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We now estimate £ M, through E M, by using Girsanov’s theorem and Hélder’s
inequality. We use a certain freedom in choosing x; and w; and on the probability
space where w. and x. are given we introduce a new measure by the formula

o0 o0
Pld) = exp(-20 | ity dun =27 [ P ey dn) Pldo).
0 0

The linear growth condition guarantees that P is a probability measure. Further-
more, as is easy to see

X = xt1t<rQ(x.) + (w; — Wrp(x) +er(x,))Iter(x.)

coincides with x; for t < 7o (x.) and satisfies (7.9) with

t
w; = wy + 2\)/ xslx<tQ(x.) ds,
0

which is a Wiener process with respect to P. In this notation for r < To(x.) =
To(X.)

o0 o0
EM, < EM!/? exp(2v/ Xl <rgz) Ay — 2v2/ %2 <cpz) d1),
0 0

o0

m o - - 1/2

< (EM)'?(Ep'/ exp (1207 / %P l<rg i di)) 2,
0

where
*© 2 * 2
p=exp®y [ filiesginy din =327 [ 5P gy d).
0 0

Observe that E p = 1and E Mf < Njy. Therefore,

(%)

EM, < Né/z(lz" exp (241}2/ |)Ef|2dt))1/4.
0

It only remains to refer to (7.10) after noticing that
2 [0 2 2 2
24v / |X¢|“dt <24v°T sup |x/|° =2uv sup |x/]
0 t<tg(x.) t<tg(x.)

and use the inequality a® < 1 +a ifa > 0,0 < a < 1. The theorem is proved. O
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8. Proof of Theorem 2.7 and concluding Remarks

By Theorem 2.1 the solution x; is defined at least until the time ¢ when (s + 7, x;)
exits from all Q”. We claim that to prove that { = oo (a.s.) and also to prove the
second assertion of the theorem, it suffices to prove that for each T € (0, oo) and
m > 1 there exists a constant N, depending onlyond, p(m—+1),g(m+1),¢, T, K,
VT st 12y 1L pirgry» dist (9Q™, 2Q™ 1), sup{yy 4 b, Q™ F1}, and the func-
tion H, such that for (s, x) € Q™ we have

E sup exp(uy(s +1, %) + puvlx,|?) < N. (8.1)

t<¢AT

To prove the claim notice that (8.1) implies that

sup (Y(s +1,x) + |x]?) <00 (as.). (8.2)
t<¢AT

It follows that (a.s.) there exists an n > 1 such that up to time ¢ A T the trajectory
7y = (s + ¢, x;) lies in Q". Indeed, on the set of all w where this is wrong, for the
first exit time t” of z; from Q" we have t” < T for all n. However owing to (8.2),
the sequence x» is bounded and therefore the sequence z,» has limit points on 9 Q.
By the assumptions before Theorem 2.7

m w(Zr”) = OO,
n—oo

which only happens with probability zero again due to (8.2). Hence, (a.s.) there is
ann > 1suchthat T < t”. Since this happens for any 7 and t” < ¢ we conclude
¢ = 00 (a.s.), which proves our intermediate claim.

Since dist(dQ™, 30" *!) > 0 we can find « € (0, 1] sufficiently small so
that (s,x) + Q2 , C Q"+ for all (s, x) € Q™. Therefore, by translation and
dilation, without losing generality, we may assume that s = 0, x = 0, and that
Q11 C QL

Next we notice that obviously, to prove (8.1) it suffices to prove that with N of
the same kind as in (8.1) foranyn > m + 2

E sup exp(ui(t, x;) + pvlx|*) < N. (8.3)

t<t"AT

Fix an n > m + 2. By virtue of Theorem 5.1 the left-hand side of (8.3) will
not change if we change ¥, outside of Q”". Therefore we may replace ¥ with ¥,
where 7 is an infinitely differentiable function equal 1 on a neighborhood of Q" and
0 outside of Q"*!. To simplify the notation we just assume that v itself vanishes
outside of Q"1 and (2.3) holds in a neighborhood of Q. This is harmless as long
as we prove that N depends appropriately on the data.

Now we mollify i by convolving it with a §-like smooth functions £7 (¢, x) =
y~4=1&(t/y, x/y) with compact support. Denote by ) the result of the con-
volution and use an analogous notation for the convolution of £% (¢, x) with other
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functions. Also denote by xty the solution of (2.4) with s = 0, x = 0, and w(y) in
place of ¥r. Consider the bounded function f on C given by the formula

fO) = sup  exp(uy(t, y) + puvlyl?)

t<t"(y)AT

with an obvious meaning of 7”7 (y.) and let f” be defined by the same formula with
¥ ) in place of . By using Lemma 3.6 we conclude that the left-hand side of
(8.3) is equal to the limit as y | 0 of

E sup exp(uy P, x]) + plx) ).

t<1:”(x.}')/\T

In the light of the fact that (2.3) holds in a neighborhood of 0" we have that on Q"
for sufficiently small y

2D + AYY) = 2Dy + AY)Y) < (hefV) W) = hVe*?‘/f(V)’

where h? 1= (he®¥)P)e=¢¥" — p uniformly on Q" since / is continuous. The
functions H g corresponding to k" converge to the original Hgo» as y | 0 since
Q" is a bounded subset of Q. Furthermore, the condition 2D,y < Koy ) also
holds in a neighborhood of Q" for sufficiently small y .

We now apply Theorem 7.7 for Q" N Q7 in place of Q to conclude that

E sup exp(uy(t, x;) + puvlx %)

t<t"AT

=lmE sup exp(uy? (e, x]) + pwolx/ 1)
10 t<t"(x))AT

SN+ NHopn(T,2—=10)v,r) <N+ NHo(T, 2—-r0)v,71),

where the values of all the parameters are specified in Theorem 7.7 and the constants
N depend only on r,d, p(m + 1), g(m + 1), &, T, K, [[YxIgm+1lL
and sup{y + h, Q"*1}.

We finally use condition (H) from Assumption 2.1. Fix any rg € (1, 2/(26+¢)),
set 0 = (2 —rgf)v (> 0) and take r = r(T, o) from condition (H). Holder’s
inequality shows that if condition (H) is satisfied with r = r’ where r’ > 1, then
it is also satisfied with any r € (1, r’]. Hence without losing generality we may
assume thatr = r(T, o) € (1, r9]. Then 2—rf)v > o and Ho (T, 2—r6)v,r) <
Ho(T,o,r(T,0)) < oo. Thus, Theorem 7.7 yields (8.3). The theorem is proved.

q(m+l)7Lp(m+l) ’

Remark 8.1. In Theorem 2.7 additionally assume that (0,0) € Q and take the
solution of (2.4) corresponding to s = 0 and x = 0. Introduce t = inf{r > 0 :

(t,we) & O}, " (y) =inf{r > 0: (7, y1) & O"},
AT (w.)

AT (w.)
pr(n) = eXp(—/0 Yx (s, wy) dws — (1/2)/0 e (s, wy)|* ds),

pr = lim ps(n).

n—oo
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In the definition of p;(n) we can replace Y, with Ign, and therefore p;(n) are
martingales. Furthermore, for any m, on the set {f < t"(w.)} we obviously have
p:(n) = p; for any n > m. Hence, by Girsanov’s theorem for any 7 € (0, co) and
Nr-measurable nonnegative f = f(y.)

Ef(x) = nlingo Ef(x)In(x)y>T = nlgl;o Ef(w)pr®m)Inw)>T
= nll)ngo Ef(w)prIinwy>t = Ef(w)prlisT.
In particular, Ep7 I;~7 = 1 and since, by Fatou’s lemma Ep7r., < 1, we get that
1 > Eprac = Epclo<t + Eprlisr, Epclicr =0, Epilicoo =0,

which is only possible if

T " (w.)
/ [ (s, wy)|* ds = hm/ [y (s, wy)|* ds = oo
0 n—00 0

(a.s.) on the set where {t < 00}.
Another consequence of this argument is that

Ef(x)=Ef(w.)prnc,

which in turn for f being Fg-measurable with S < T implies that p;; is a mar-
tingale.

Remark 8.2. Under Assumption 2.1 take a Borel locally bounded R?-valued func-
tion b(t, x) defined on R4 ! satisfying the condition |b (¢, x)| < K (1 + |x|), where
K is a finite constant. Then it turns out that the first assertion of Theorem 2.7 still
holds with the equation

t ¢
Xr =X+ wy — f Ye(s +r, x,)dw, + / b(s +r, x;)dr (8.4)
0 0

in place of (2.4).

To prove this we take the process z; from Theorem 2.1 corresponding to the
drift term b — v, and prove that { = oo (a.s.). Denote by x; the process from
Theorem 2.7 solving equation (2.4) and for T € [0, co) introduce

T T
pr (s, x) = exp([ b(s +r,x,)dw, — (1/2)/ |b(s +r, )E,)lzdr).
0 0
First we claim that
Epr(s,x) =1, V(s,x) € Q,T €[0,00). (8.5)

To prove (8.5) fix (s, x) € Q and observe that by the Markov property of x; for
constant @ € [0, co) we have

Epr44(s,x) = Epr [Et,ypa(ta )’):H

t=s+T,y=Xs41’

where we use the notation from Theorem 2.5. Furthermore, for (¢, y) € Q
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o
E,,yexp/ Ib(t + 1, %) 1> dr < E; yexp Ka(l + sup |%,)]?) (8.6)
0

r<a

which is finite due to Theorem 2.7 for Ko < u?/(12«), where y is taken from
(2.5) with « in place of T. By analyzing the condition Ko < u?/(120) we easily
conclude that there exists an «g = (e, Kg) > 0 such that the right-hand side of
(8.6) is finite for @ = oy. It follows (see, for instance, [22]) that E; ypq, (, y) = 1
and hence for any integer n > 0

E;O(n+l)oz0(s’ x) = Epnao(& x)=1.

Since p7 (s, x) is a supermartingale, we have proved (8.5).

Now we fix T € (0, 00), introduce a new probability measure by Pdw) =
or (s, x) P(dw), and by Girsanov’s theorem conclude that x; satisfies (8.4) for
t € [0, T'] (a.s.) with a certain process w; in place of w, and w; is a Wiener process
relative to the new probability measure. Hence there exists a probability space on
which (8.4) has solutions defined at least up to 7. By the weak uniqueness in The-
orem 2.1 applied to Q N Q+(s+7), we have { > T (a.s.) and since T is arbitrary,
¢ = oo (a.s.) indeed.

One of important features of (8.4) is that the added drift coefficient may or may
not be the gradient of a function.

Remark 8.3. By using Remark 8.2 and observing that equation (2.4) is equivalent
to the following

t t
xt=x+wt—/ [K(1+|x|2>+1/f]x<s+r,xr>dr+/ 2Kx, dr
0 0

we conclude that (2.4) has a unique solution defined for all times if (s,x) € Q
provided that ¢ + K (1 + |x|2) rather than 1 satisfies Assumption 2.1. This carries
our result about existence and uniqueness of strong solutions over to the cases in
which v is not necessarily nonnegative but v > —K (1 + 1x|%).

Remark 8.4. Before " (x.) the process x. satisfies (2.4) with /gn 1/, in place of 1.
Hence by Lemma 3.3

" (x.)
E f £t x)ldt < NIl fIgrllz, 1.
0

with N independent of f if d/p +2/q < 2. This estimate and Girsanov’s theorem
allow adding into equation (2.4) a new drift b which vanishes outside of some Q"
and is such that [|b1 ||, 1, < 0o. Again b need not be a gradient.

Remark 8.5. One can obviously combine the observations from Remarks 8.2 and
8.4.
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9. Applications
9.1. Diffusions in random media

In this subsection we would like to apply our results to a particle which performs
a random motion in RY, d > 2, interacting with impurities which are randomly
distributed according to a Gibbs measure of Ruelle type. So, the impurities form
a locally finite subset y = {x; |k € N} C R?. The interaction is given by a pair
potential V to be specified below defined on {x € R? : |x| > p}, where p > 0 is
a given constant. The stochastic dynamics of the particle is then determined by a
stochastic equation of type (2.4) as in Theorem 2.7 above with

Q=Rx®\y"), y(t.x):=) Vax—y. t.x)eQ. O

yey

where y” is the closed p-neighborhood of the set y, i.e., the random path x; of the
particle should be the unique strong solution of

t
xtzx—i—w,—/ ZVx(xs—y)ds, t > 0. (9.2)
0 yey

Below we shall give conditions on the pair potential V which imply that this
is indeed the case, i.e. that Theorem 2.7 above applies, for all y outside a set of
measure zero for the Gibbs measure. Let us define the set of admissible impurities
y we can treat, namely (cf. [16])

Tug :={y CRY|Vr >03c(y,r) >0

9.3)
Sy N Br(x)| < c(y,r)log(l + |x|) forall x € Rd},

where B, (x) denotes the open ball with center x and radius r and where |A| denotes
the cardinality of a set A. We emphasize that for essentially all classes of Gibbs
measures in equilibrium statistical mechanics of interacting infinite particle systems
in R? the set I',q has measure one (cf. [15]). In particular, this is true for Ruelle
measures (see [20]). Since this is the only fact we use about such Gibbs measures,
we do not recall the precise and quite involved definition here, but refer e.g. to [3].
In what follows we fix a y € I',4. Here are the conditions we need on the pair
potential V. Notice that the typical case when p = 0 is not excluded.
(V1) The function V is once continuously differentiable in R? N {|x| > p}) and
limy, V(x) = oo.
(V2) There exist finite constants « > d/2, K > 0,e € [1,2) such that with
U(x) := K(1 + |x]|*)~® we have

VI + Vi) =Ux) for |x[=p+1, 9.4)

AV(x) < K@V _ 1y for |x| > p 9.5)

in the sense of distributions on {x € R? : |x| > p}.
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We emphasize that the above conditions are fulfilled for essentially all potentials
of interest in statistical physics.
Introduce V(x) = V(x) +2U (x), |x]| > p, and let

Y. x) =Y Vix—y), bt,x):=2) Ulx—y), (x)€Q.

yey YEY

It is easy to see (cf. [16, Lemma 3.1]) that owing to (9.4) and the fact that y € ['yy
with I'y4 described in (9.3), the function  is continuously differentiable in Q and
|b(t, x)| < Nlog(2 + |x|), where N is independent of (¢, x). Also notice that for
appropriate constants N we have 2AU < NU < N(e®Y — 1). Upon combining
this with the inequalities V + U > Oand ) (expax — 1) <exp ) ar — 1, ax > 0,
and the fact that one can always differentiate series converging in the sense of
distributions, we find

AV < K@V 1)+ Nl —1) < NV — 1),

Ay (1, x) = Z AV(x —y) < NZ(eEV(x*y) —

yey yey

< Nexp(Y eV(x —y)) = NetT 0, (9.6)
YEY

It follows that all conditions on ¥ in Theorem 2.7 are fulfilled and therefore by
Remark 8.2 the equation

t t
= x 4w — / Fre(r 2 dwy + / b(r, %) dr ©.7)
0 0

has a unique strong solution defined for all times if x € R¢\ y”. Obviously, equation
(9.7) coincides with (9.2).

Remark 9.1. For p = 01in [4] (which is based in part on the analytic results in [16])
the existence of merely a weak solution to (9.2) was proved. The assumptions in
[4] and [16] are different, in [4] they are much stronger than ours and in [16] they
are basically weaker (yet see Remark 2.9).

9.2. M- particle systems with gradient dynamics

In this subsection we consider a model of M particles in R? interacting via a pair
potential V, similar to the one from the previous subsection but satisfying the
following weaker conditions:

(V3) The function V is once continuously differentiable in R4 \{0}, limy 0 V(x) =
00, V > —U, where U(x) := K(1 + |x|?) and K is a constant.

(V4) There exists a constant ¢ € [1, 2) such that

AV (x) < Kef VOV for  x £0

in the sense of distributions on R? \ {0}.
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Introduce V := V + 2U,

0 =R x (RMd\ U {x = (x(l), e xMy e RMd . x® = x(j)}>
I<k<j<M

and let the functions ¥, ¥, and b be defined on Q by

Y=y ve® -2 gan = Y va® —x0),

l<k<j<M l<k<j<M

M
b=W, bM)W @x) =4k Y @B —xW),
J=1.j#k
Obviously, 2AU < NefU for an appropriate constant N. Also obviously ¢ and

1ﬁ are continuously differentiable in Q. Furthermore, in the sense of distributions
on Q (cf. (9.6))

AV < K+ K@V _ 1) £ N+ N@V —1) < N+ NtV — 1),
AV x) =2 > AV —x)<N+N Y (VO )
Isk<j<M I<k<j<M
< N4+ N(EEVED — 1) < NtV 00,

It follows that all conditions on v in Theorem 2.7 are fulfilled and there-

fore by Remark 8.2 the corresponding stochastic equation for a process x; =
(xt(l), e x,(M)) has a unique strong solution defined for all times whenever for the
initial condition x we have (0, x) € Q. The equation in question is the following

system

. . . t M — . .
x D = x® 4 ® / > V(e = x)sign (j — i))sign (j — i) ds
0 . .
J=1j#i

t
+/ bD(s, x)ds, i=1,.., M.
0

Simple arithmetics shows that this system is rewritten as the following one with
i=1,..M

. , . r M , .
x® = x® 4@ —/ > V(@ = xMysign (j — i))sign (j — i) ds,
O j=1.ji
(9.8)

which thus has a unique strong solution defined for all times whenever
0, xD, . xM)y ¢ Q. Finally, notice that if V is symmetric: V(x) = V(—x),
equation (9.8) becomes

. , . t M , .
x,(l) =x® 4 w,(l) — f Z Ve(x® —xyds.
O j=1j#i
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Remark 9.2. (i) The results of this subsection substantially improve those in [4]
(see also [16]) where under stronger assumptions on V merely the existence of
weak solutions to (9.8) was proved. The latter results themselves generalized ear-
lier results in [24], [25]. We also improve the recent result on strong solutions in
[26, Lemma 1], where as in [24], [25] much stronger conditions than ours were
imposed on the behavior of V at zero (cf. [26, Condition (P)]).

(ii) By the same arguments as in the previous subsection one can investigate the
hard core case where the particles are balls of a fixed radius rather than points in
R,

10. Appendix

Take a constant T € (0, 00).

Lemma 10.1. Let p,q € (1,00),2/q < B <2, andu € Hﬁ’q(T). Then for any
s,t €0, T]anda > 0

lu(®) = u()lly2-p < Nt = 51?27 0aP " allullgza o) + ™ I Diullyg ),
(10.1)

where N depends only on p, q, B, which upon minimizing with respect to a > 0
yields

— —_ g2V a1 2A/2 B/2
@) = ulgz-s = Nt =512Vl G075 D Z, . (102)

This lemma is a particular case of Theorem 7.3 of [19].

Lemma 10.2. Let p, g € (1,00) andu € H;’q(T). We assert the following.
()Ifd/p+2/q < 2, then u(t, x) is a bounded Holder continuous function on
[0, T1 x RY. More precisely, for any ¢, § € (0, 1] satisfying

e+d/p+2/q <2, 284+d/p+2/q<?2

there exists a constant N, depending only on p, q, €, and 8, such that for all s, t €
[0, T and x, y € RY satisfying x # y we have

_ - TSI 1/g+5
(e, ) = uts, 01 = Nl = s Jullay/ 1Dl (103)
Ju(t, x) — u(t, y)| .

it 01+ D DL Vg g+ TUD ) (10

(ii)Ifd/p+2/q < 1, thenuy(t, x) is Holder continuous in [0, T1x RY, namely
for any ¢ € (0, 1) satisfying

e+d/p+2/q <1,

there exists a constant N, depending onlyon p, q and g, such that foralls, t € [0, T']
and x, y € RY satisfying x # y, equations (10.3) and (10.4) hold with u,. in place
of u and /2 in place of é.
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Proof. (i) Firsttake 8 = 26 +2/g and notice that2/qg < 8 <2and2—8 > d/p.
Then we get (10.3) from (10.2) by the Sobolev embedding theorems after simple
arithmetical manipulations showing, for instance, that /2 — 1/q = §.

To prove (10.4) observe that, as is easy to see, this estimate is invariant with
respect to dilations of the time axis. Therefore, we may concentrate on the case
T = 1. Consider (10.1) with a = 1 and u replaced by the product of u and an
infinitely differentiable function depending only on ¢ and equal to zero either at 0
or at 1. Then from Lemma 10.1 by taking s to be O or 1 one obtains that for any
t € [0, 1] and g satisfying2/q < B <2

@l 25 < Nlullgza g, + 1Drllzg ) (10.5)

Take here B = &'+2/q,where0 < &’ < 2—(e+d/p+2/q). Then2/q < 8 <2
and (10.4) follows from (10.5) and the Sobolev embedding theorems due to the fact
that2 — 8 —d/p > &.

(ii) Here with § = &/2 and the same $’s as above we have 2 — 8 > 1 +d/p
and2 — 8 —d/p > 1+ ¢, respectively, and again everything is a straightforward
consequence of the Sobolev embedding theorems. The lemma is proved. O

We are now in the position to prove an existence theorem.

Assumption 10.1. We are given numbers p and ¢ satisfying (2.1) and a Borel R?-
valued function b = b(¢, x) defined on R4*! such that b € Ly L.

Theorem 10.3. Let Assumption 10.1 be satisfied. Take ¢ > 0, f € ILZ(T) and
¢ e H;_Z/‘H_S. Then in H;’q (T) there is a unique solution of the equation

D+ (1/2)Au+b'ui + f =0 (10.6)
with boundary condition u(T, x) = ¢ (x). For this solution
| Datllyg ey + Nullgza gy < NCIFlligery + 191 2-27ase). (10.7)
where N = N(d, q, p, &, T, b1, 1)

Proof. This theorem for b = 0 is a particular case of Theorem 1.2 of [18] where
P, q € (1,00) is the only restriction on p, g. Actually, in that theorem the left-
hand side of (10.7) contains only ||z ||JL‘,’) (r)- However, then one gets an estimate
of ||D,u||]L;17 ) from the equation itself and after that the only missing norm is
||u ||]L‘{,(T)’ which one estimates by using

T
lullL, < lolz, +/ Dsu(s)llz, ds
t

and [|¢llz, < &l y2-2ate. Therefore the method of continuity is applicable and

to prove the theorem it suffices to prove (10.7) assuming that the solution already
exists.
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By Theorem 1.2 of [18] we find that for S € [0, T']

1(S) := || Dyull + ullf

L7«(s.7)) HY ,((8.T))
= NI/ Igg s T))+||¢||"z ore DUy s 7). (10.8)

By Lemma 10.2 (ii) and by the Sobolev embedding theorems for ¢t € (S, T')
e (1, )] < Jut (2, %) = G (O] + 19| < NIVI@) + NIl -

Furthermore,

T
q 14
16" u i IILq(S r = /S Sl;plux(t,X)l lb(t, Mz, dt.
It follows that

1(S) < N(If1If 4 T)+|I¢||qz 2q+e +N/ LOIb(t, )N dr.

L3 (

Finally, by using Gronwall’s inequality we estimate / (0) and arrive at (10.7). The
theorem is proved. O

Remark 10.4. The term Au in (10.6) can be replaced with a%/ (¢, x)u,i,;, if the
matrix a is symmetric, uniformly nondegenerate, bounded and Borel in (¢, x), and
uniformly continuous in x € R? uniformly with respect to . This is proved by
using standard techniques on the basis of Theorem 1.2 of [18] which, in particular,
states that the result is true for » = 0 and @ independent of x.

Remark 10.5. The reader may have noticed that in the main part of the article, in
fact, we only used the solvability of (10.6) on [T — &, T] for sufficiently small €. In
connection with this observe that the constant NV in (10.7) can be chosen to increase
with respect to 7' and thus be bounded for 7 small. This follows from the fact that
solutions on larger time intervals also solve the equation on smaller ones.

The following result is of main importance in what concerns the needs of the
present article.

Lemma 10.6. Let Assumption 10.1 be satisfied and let By be a ball in R? of radius
2. Take functions ¢', ..., ¢ € Cy° (R?) so that ¢ = x' in By. By using Theorem
10.3 introduce u', i = 1, ..., d, as the solutions of (10.6) with f = 0 and boundary
condition u' (T, x) = ¢'(x). Then there exists an ¢ € (0, 1) independent of T such
that fort € [(T —¢)4+, T]land x,y € By we have

(1/2)x = yI> < > T (1, x) — ' (2, )1 < 20x — yI*.

i
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Proof. 1t suffices to concentrate on 7 € (0, 1]. Indeed, for larger 7' one can just
shift the origin of the time axis. Next, observe that

w'(t,x) —u'(t,y) = A7 (t, x, ) (x) — y)),
Dl x) —u )P =G x, (= ¥ — ),
i
where
A, x,y) = /01 ul(trx 4+ (1—r)y)dr, G = AMAY.

By Lemma 10.2 (ii) and Remark 10.5, if ¢ is small enough, then for all ¢+ €
[(T — &)4, T] the matrices A(¢, x, y) and G(¢, x, y) are close to A(T, x, y) and
G(T, x, y), respectively, uniformly in x,y € R4, If x, y € B», then obviously
A(T,x,y) = G(T,x,y) = I, where I is the unit d x d matrix. It follows that the
eigenvalues of G (¢, x, y) can be made as close to 1 as we wish if x, y € B, on the
account of choosing sufficiently small €. This definitely implies the assertion of the
lemma, which is thereby proved. O
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