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Abstract. Consider Ginibre’s ensemble of N x N non-Hermitian random matrices in which
all entries are independent complex Gaussians of mean zero and variance % As N 1 oo
the normalized counting measure of the eigenvalues converges to the uniform measure on
the unit disk in the complex plane. In this note we describe fluctuations about this Circular
Law. First we obtain finite N formulas for the covariance of certain linear statistics of the
eigenvalues. Asymptotics of these objects coupled with a theorem of Costin and Lebowitz

then result in central limit theorems for a variety of these statistics.

1. Introduction

A fundamental non-Hermitian ensemble of Random Matrix Theory (RMT) is that
of N x N matrices with independent complex Gaussian entries of mean zero and
variance % This model is typically attributed to Ginibre who derived ([14]) the
joint distribution of eigenvalues {zx} lying in the complex plane C. That object is
given by

1
APy 22, oan) = — ] lee—alPun(@z) - un(dzy) (11
ZN
1<l<k<N

in which puy(dz) = e N ‘Z|2d§ﬁ(z)d?s(z) and Zy is the appropriate normalizer. A
straightforward Large Deviation analysis will take you from (1.1) to the Circular
Law: for N 1 oo the measure % Z,I{VZ | 8z, tends weakly to the uniform measure on
the disk |z| < 1.! In other words, the mean number of eigenvalues falling in some
subset of the disk is well approximated by N x the normalized area. The goal here
is to describe the associated fluctuations.

Our study is centered around linear eigenvalue statistics of the form

N
X() =Y [,
k=1
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! Experts know this to hold under far more general conditions on the underlying distribu-
tion, see [1] for the best result.
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and the behavior of their covariances
Cov (X (). X(g)) = / X(F)X(g)dPy - / X (f)dPy / X (g)d Py
CN CN CN

as N 1 oo. In particular, if the statistic is one of either the moduli, f(zx) = f(|zk|),
or the angles, f(zx) = f(arg(zx)), we obtain exact formulas for the covariance at
finite N which are amenable to a precise asymptotic analysis. Afterward, noting
that the Vandermonde component in (1.1) identifies the present ensemble as an
determinantal point field >, we may apply a basic result of that theory due to Costin
and Lebowitz along with our asymptotics to conclude a central limit theorem for
X (f) in several cases.

There is already a vast body of work on fluctuations of linear statistics in random
matrix ensembles. The majority of these concern either Hermitian ensembles (for
example, [2], [3], [4], [7], [15], [16], [18], [27], and [29]) or the ensembles defined
by Haar measure on the classical compact groups ([9], [20], [19], [28], and [32] to
name a few). Of course, works such as [30] which focus on determinantal point fields
take on a more general point of view. Nevertheless, in the non-Hermitian setting it
appears this type of fluctuation question is only directly considered in [12], and that
more or less from a physics standpoint. In fact, one motivation for the present paper
was the increased interest in the physics community in non-Hermitian ensembles
([12] and [13] offer guides to that literature). A second motivation lies in the dis-
covery that Ginibre’s complex Gaussian ensemble possesses a structure allowing
for exact formulas that in turn may be studied via rather straightforward mathemat-
ical machinery (basically Laplace-type asymptotics). Finally, it is expected that the
results here should provide some indication as to the order and shape of fluctuations
in more general non-Hermitian ensembles.>

We begin with a description of our covariance formulas. The case when f and
g are functions of the spectral moduli alone is far the simpler of the two. The
observation is that:

Theorem 1.1. For statistics of the moduli, let f and g be bounded over R then

cOvN(x<f>,X<g))=§:{E[f( %S@)g< %”)]

=1

S ) s

where sg = 11 + - - - 4+ ng for {ne} a sequence of independent exponential random
variables of mean one.

2 Also known as fermionic fields, these objects were introduced by Macchi in [23]; an
excellent introduction to their applications in RMT and beyond is contained in [31].

3 Part of the sequel carries over to Ginibre’s Quaternion Gaussian ensemble, see Section 5.
However, describing fluctuations in the real Gaussian ensemble will require a new approach
due to the intricacies of that eigenvalue density, see [21] or [11].
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The angular statistics possess a more interesting structure, requiring the setting
down of some notation. The angles or arguments of the {z;} are indexed to lie in
the circle T = [—m, ], the latter normalized throughout according to f’Jl‘ do =1.
We recall the Dirichlet kernel

¢ sin((e + %)9)
D)=y e =—— 2
(1
k=—2 sm(je)
which acts on functions f of T by convolution: (D¢ x f)(0) = fT Dy(6 —
0) f(0")do’. As is well known, this action produces an approximation of the iden-

tity, thatis, limg400 (D * f)(0) = f(0) at points of continuity of f. Figuring more
prominently in what follows is a different kernel with that property. We define

@) o 2ep1 T+ 3)°
Co(6) =2 20! cos™ (0) +2 i)

in which I" is the usual Gamma function. The result is:

cos?t1(0) (1.3)

Theorem 1.2. For statistics of the spectral angles, let f, g € L>(T). We then have

N—-1
Cov (X (1), X(®) = N((F + DO — 4 Y (Cox fp©) (1)
£=0

= 2 ((€e = Dan—aa # Coy % (f ) (0)
=71

o=

in which g(0) = g(—6).

Theorem 1.2 should be compared with the results of [6] which discusses the
allied question for Haar distributed eigenvalues in the Unitary group U (N). As in
[6], it is striking that the covariance depends on the test functions f and g only
through f * g. Further, with the Cesaré averages % 221;01 C¢(0) also forming
approximation to the identity, the content of (1.4) is that the large N properties of
the covariance are tied to the error in that approximation. In [6] fluctuations for
U (N) are shown to be related in the same way to the error in Fejér approximation.

Next we turn to the asymptotics. It is of interest to connect the growth of the
covariance in N to the smoothness imposed on the underlying test functions f and
g. For example, the O (1) fluctuations of X (f) for f abit better than twice differen-

1
tiable plus a growth condition in the Hermitian case (see [18]) and for f € sz (T)
in U(N) (see [9] or [19]) are well known manifestations of the rigidity of random
matrix ensembles. In line with those results, an immediate consequence of Theorem
1.1 is the following.

Theorem 1.3. Let f(z) = f(|z]) and g(z) = g(|z]) lie in C*% forr = |z| €
(0, 14 ¢&) with some § > 0 and ¢ > 0 and otherwise be bounded. Then, as N 1 oo,
Covy(X(f), X(g)) = % fol f'(r)g' (r)r dr +o(1). Moreover, the centered (but un-
normalized) random variable X ( ) — E[X (f)] converges to a mean zero Gaussian
with the corresponding variance.
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Actually, the central limit theorem for X (f(|z])) described in Theorem 1.3
has already been discussed in [12]. We in fact follow the ideas therein; a proof is
included here for the sake of completeness and rigor. While [12] employs the same
product structure behind Theorem 1.1, the probabilistic interpretation which guides
our results and allows for more to be accomplished (see below) was apparently not
noticed. Also in [12], the author conjectures (and provides heuristics based on the
associated log-gas) that the general (smooth) linear statistic should have order one
Gaussian fluctuations in the large N limit. Our next result shows that this is not the
case.

Theorem 1.4. Let the function f of the phase have Fourier coefficients f(k) =
Jp e~ ™% £(0)d6 satisfying >, k?| f (k)|* < oo and likewise for g. Then

log N
COVN<X(f), X(g)) - %/Tf’(e)g’(e)de + o(log N).

If a bit more smoothness on either test function is assumed, in particular if >
k]3| f(k)|> < oo for some 8 > 0, the o(log N) error may be replaced by an
o).

Of course, an O (log N) fluctuation is rigid compared to the O (N) characterizing
an ensemble of independent particles. Still, this marked difference between radial
and angular statistics was not anticipated.

Changing focus, an important class of non-smooth test functions to consider
are indicators of given sets within the spectrum, thus providing an eigenvalue
count. Setting this case of the number statistic apart, let us denote #O[w, 8] =
X (arg(zy)ela.p1))- and #Z[a, b] = X (1|7 e[a.b)})- The next result concerns the
growth of the variances of #0[«, 8] and #Z[a, b], with added attention to the mes-
oscopic scales, that is, when |« — B| (or |[a — b]) | 0 as N 1 oo. It is found there
is a break in the behavior depending on whether V'N|a — B (or v/Nl|a — b|) tends
to oo or not.

For the angular number statistic the result is:

Theorem 1.5. Note first by rotation invariance it is enough to consider the sym-
metric interval [—a /2, a/2). If @ > 0 remains fixed while N 1 oo, then

o o 1
Vary (#@[—5, E]) = VN —75 + Olog V). (1.5)

Ifinstead « = a(N) | 0, Na(N) 1 oo, there are the following cases:

v VN5 (1+0(1)) if limytoo VN = 00

Vary (#01=2. 51) = 1 VN 2 Larg (B)+ O(log N) i limy oo v/Nar = B > 0
Na(l + o(1)) if limyroo VN = 0,

(1.6)

where, I,,4(B) > 0andis suchthatlimg olarg(B) = Owhilelimgyoo larg(B) = 1;
its definition may be found below in (3.11).
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The radial case has a related structure:

Theorem 1.6. For fixed [a, b] € (0, 1) we have that,
a+b
VarN<#I[a, b]) - W(f) + o). (1.7)
If rather (b — a) | 0 while N(b — a) 1 oo, then
VN =1+ o0(1) if limy 100 VN (b — a) = 00
Vary (#I[a, b]) = 3 VN L hoa(©) + O(1) if limytoo VN(b =) = ¢ > 0
N@®* —a®>)(1+o(1)) if limypos vVN(b —a) =0,
(1.8)

in which, similar to the above, I,,q (defined in (4.13)) is non-negative and satisfies
lim¢ o Iinoa(c) =0, liIncToo Iinoa(c) = 1.

Remark. Note that in the radial case the variance asymptotics are modulated by the
limiting radial distribution, the corresponding angular distribution being uniform.

‘We may now invoke the Costin-Lebowitz Theorem (see Section 5). First proved
in [7] for the sine kernel and extended by A. Soshnikov in [29] and [30], in the pres-
ent setting the theorem implies that: with No 1 oo (respectively N (b — a) 1 00)

#O[—a, o] — EN[#O[—a, o]]
/Vary #O[—a, a])

. #7Z[a,b] — En[#I]a, b]]
respectively Vare GZla 5]

(1.9)

tends to a Gaussian random variable of mean zero and variance one. Since we
may also compute Ey[#O[—«, @]] = N(Q2«) and En[#Z]a,b]] = N(b — a) +
O (1), an interesting observation regarding the mesoscopic scales is that when
limp 400 v/Nat < 00 (0rlimy 400 +/N (b—a) < 00) we have that Var y [#0[—a, «]] =
O(EN[#O[—a, a]]) (or Vary[#Z]a, b]] = O(En[#ZIla, b]])) as in the case of
independent particles. Contrariwise, if limpy 100 VNa = oo (and limy 400 VN (b—
a) = o0) the slow growth of the variance compared to the mean indicates rigid-
ity. These remarks are suggestive of a possible asymptotic independence taking
place on the small scales. In this context we add that if one considers the outly-
ing or edge eigenvalues (which may be considered a small scale) it is found that
Vary[#Z[1, oo]] = O(EN[#Z]1, o0]]) = O(ﬁ). Further evidence of an asymp-
totic independence of the edge is contained in [25] and [26] which show the largest
eigenvalues in absolute value respond to a limit theorem shared by independent
sequences (see also Section 5).

Finally, consider the limiting Gaussian field O [, 8] on T (or Z[a, b] on
[0, 1]) resulting from the properly normalized statistics (1.9) for fixed arguments
(o, B) (or (a, b)) as N 1 oo. The corresponding correlations are anticipated to be
such that, taking the first case, O [c, 8] and O[5, y] are independent if either
[o, B] and [, y] are disjoint or one is properly contained in the other; those inter-
vals can positively or negatively correlated when they share a single endpoint. This
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rather odd structure was first observed by Wieand (see [32]) for U (N) and has since
been rediscovered in this and other ensembles by a variety of methods. If we wanted
only to obtain this limit, an extension of Costin-Lebowitz could be employed (see
[30]). However, another advantage of the formulas obtained in Theorems 1.1 and
1.2 is that we can directly describe the correlations at all large but finite values of
N. Our last result is then as follows: note the shape of the second order terms which
speak to the differing degree of rigidity in the two cases,

Theorem 1.7. The covariance of #0[a, B] and #O[6, y] satisfies
Covy (#@[a, Bl #O[4, v] )
(Nn3)1/4’ (Nﬂ3)1/4
+0(7=)  ifleplC IS ylorle fIN[. Y]l =2
= +0<1°gN) ifa=8(B#y)orB=y(@#3)
3+ 0(“’”) ifB=8@#y)ora=y(B#0).
For #1a, b] and #1|[c, d] the result is

Co (#I[a,b] #I[c,d])
(NTL’)I/4’ (Nn)1/4
iO(e*ClN) ifla,b] C [c,d] or[a,blN[c,d] =
— + —i—O(—)zfa—c(b;éd)orb d(a # o),
+O(f)gcb—c(a7éd)ora—d(b7éc)

where c¢1 > 0 and depends on a, b, c, d.

As for the remainder of this note: in the next section we derive our basic for-
mulas for the covariance (Theorems 1.1 and 1.2), the verification of the asymptotic
statements are found in Section 3 (angular case) and Section 4 (radial case). Section
5 extends the present results in the radial setting to Ginibre’s Gaussian quaternion
ensemble. For the reader’s convenience Section 6 serves as a brief appendix on the
Costin-Lebowitz theorem.

Remark. Inarecent extension of Costin-Lebowitz, [29] shows that (modulo techni-
calities) linear statistics in general determinantal point fields satisfy a central limit
theorem as long as the variance grows faster than a small positive power of the
expectation. The estimates below then imply a central limit theorem at rate N''/4
for X (f) (either in the angular or radial case) when f has anywhere a jump dis-
continuity. Unfortunately, the O (log N) growth of the variance in Theorem 1.4 is
not fast enough from this point of view. A proof of the central limit theorem in the
case of smooth angular statistics will appear elsewhere.

2. Covariance Formulas

Appropriate row and column operations in (1.1) allow the eigenvalue density to be
re-expressed as in

1 -
APNG1 22 oan) = S0 KnGe )|, vtz pv(dzy) @)
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with the Hermitian kernel

N-1 Nt 0
Ky(z, w) = Z'w",
; mi!

see [24]. As an operator on L?(C, un(dz)), Kn(z, w) projects onto the span of
the first N polynomials orthogonal with respect to that weight (those being just
the monomials 1, z, z2 etc.). This fact explains the rules f(C Kn(z,2)un(dz) = N
and f(c Kn(z, V)Ky(, w)un(dv) = Ky(z, w), from which it follows that the
marginal densities of Py are given by:

PEGL . 20) 2.2)
= [/ . mdet[KN(zl,Zj)]1SZ_JSNMN(dzkﬂ)...Ml\,(dZN)}
un(dz1) -+ - un(dzi)

_ W=k i
= g detKntn 2] e - vz,

(normalized differently these objects are also known as the correlation functions).
Applying the integrating-out rules behind (2.2) along with the symmetries of the
integrands below we find

En[X(N]=N / f@)dPy = / FOKNG Dun@)  (23)
CN C
and

Coux (X1, X)) = [ @Ky D) 4

_fcfacf(z)g(w)KN(Z’ W) Ky (w, 2)un(dz)pun (dw).

With that our expressions for the covariance may be established.

Proof of Theorem 1.1. In polar coordinates, z = (r, ), w = (s, ), you find that

N—1
- 2 [ N2
[C FUzhg(zDKn(z Dun(dz) = 3 N2 /0 gy e N dr,
£=0 :
while in the second integral of (2.4) only the diagonal term survives:

/C/ FUzDg(whIKn (2, )1y (dz)pn (dw)

N-1 N213+2
— Z ' 2 / f f(r)g(s)rzf-i-l 2[-‘1—1 —Nr —NS drds]
b @b

The connection with (1.2) is then made after a change of variables: the distribu-
tion p(dr) := (N1 /eDrte=N" dr being recognized as that for a sum of (£ 4 1)
independent exponential random variables, each of mean % The proof is finished.
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Proof of Theorem 1.2. From here on we denote ¢(6) = (f * £)(0). Also, in the
present derivation we consider N to be even just to have things set; the formulas
are easily adjusted for odd values of N.

To arrive at (1.4), it is now the radial component which is integrated out. Doing
so in the first term of (2.4) is immediate:

/C(fg)(arg(Z))KN(z, un(dz)
- f £(0)g(0)do foo Ky @, ryre N dr = Ng(0).
T 0
While for the second term we have

//f(arg(z))g(arg(w))lKN(z, w)|2MN(dZ)MN(dw)=//f(a)g(ﬂ)
cJcC TJT
k+£+le—Nr2dr)2

k'e!

. . (foo r
« Z piatk—0) —ipt—0 o

0<k{<N-1

Nk+l+2]dad’3.

With a(k) = fT eik9¢(9)d9 = f(k)E(—k) the k-th Fourier coefficient of ¢, this
produces

kTH + 1)]2‘%‘—_@ (2.5)

COVN(X(f),X(g))=N¢(0)— > [F< ke

0<k,{<N-1
= N¢(0) — Sy (@).
as a preliminary form of our covariance formula. The obvious next step is make

the substitution (k + €,k — ¢) = (2n,2m) for k and ¢ of the same parity and
(k+4£,k—4¢)=2n+1,2m — 1) otherwise. The result of that move is

3 (n")2p(2m) f oy T+ 3))2p2m — 1)

—m)! | 1(n — ]
(nmeDx (n—m)!(n+m)! i n+m)ln—m+1)!

$%(p) =
(2.6)

in which the sets Dy and D}, in the (m, n)-plane are described as follows. Dy con-
sists of two triangles: the lower defined by the points (0, 0), (N/2 —1,N/2 — 1)
and (—N/2+ 1, N/2 — 1), and the upper defined by (0, N — 1), (N/2 — 1, N/2)
and (—N/2 + 1, N/2). The set D), = Dy U D), where the latter consists of all
integer points lying on the lines between (1, 0) and (N/2+1, N/2—1) and between
(N/24+1,N/2)and (1, N —1).

To evaluate (2.6), first consider the sum over the lower half of Dy . In particular
start with a fixed n < N/2 — 1 so that the corresponding sum over m ranges fully
between —n and +n. This object may be computed by the following observation.
Denote by ¢1, ¢2, ... a sequence of independent =1 Bernoulli random variables

. . . —1
with mean E, and notice that: with ¢(n) = 22" (2;) ,
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(n—m)!(n+m)!

m=—n m=-—n

= cCE[$@1++++ &) | = ctn) A(E[eﬁm])znqb(@)de

L () e2m) 7, 2\ o
2 =ctn) 3 p@m) ( +m)2 : @7

= c(n) f #(6) cos” () db.
T
In the same way we have

% (C(n +3/2)%¢Cm +1) Jons1 (L +3/2)
m—mm+m+1! 2n + 1!

/ #(0) cos”T1(©) do
T
(2.8)

m=—n

for the typical term in lower half of the D), sum. Pairing the final expressions in
(2.7) and (2.8) in n brings out the sum of (C,, * ¢)(0) for n from 0 to N/2 — 1.

The stated form of the covariance is then obtained by extending the summation
over m in the upper reaches of the n variables (extending to a “big triangle”), in
order to produce a summation of C,, over alln < N — 1. That is, we write

SN (@) 1= Sn(#) + Sy ()
with Sy (¢) = Z,I:’:_Ol(cn % ¢)(0) and S (¢) the error involved in throwing too

much into the mix. To complete the picture, we spell out the contribution to S}, (¢)
connected to the equal-parity, or Dy, sum. That reads: with py, (m) = (ni"m)Z_z”
and c(n) as before,

N-1

> et Y2 $@m|1 = Umisn—1-n) | p2nm)

_N m=—n
n=3

Y Y [(¢ = (Dav-20-2 5 9)) @) | pantm)

m=-—n

vz

=

2 _1
22"( ") [0 @[6@ ~ (Dry-21-2x 9y @)] .
n T

=
Il
=

The sum corresponding to the D), part of our expression is similar; that its outcome
is as advertised should be clear. The proof is finished.

3. Angular Statistics

That the kernels C, form an approximation of the identity is seen from: (1) the evalu-
ation [ C¢(9) d0 =1 (based on [, cos?* (0) d0 =272 (*) and [ cos***1(9) d6 =
0), and (2), the basic estimate

/6 Ce(6)do = \/g/ 40 + 0o(1) = 1 + o(1) (3.1)
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valid for any small ¢ > 0. The proofs of the main theorems hinge on the justifica-
tion of exactly this sort of standard Laplace asymptotics, though it is necessary to
extract the precise form of the error terms. For the applications in mind, C, acts on
one of two classes of test functions. We restrict our attention to those cases:

Lemma 3.1. Let h(0) be twice continuously differentiable on T. Then, as £ 1 oo,

h’©) v(L, h)

1
(Cg*h)(O)szh(e)c@(e)de=h(0)+ TR +0(m). (3.2)

In general, v(¢, h) = o(1) for large values of £. This may be improved tov({, h) =
O (L%/2) if W () happens to be Hélder continuous of order 8 > 0 in a neighbor-
hood of the origin.

Let instead h(0) be a continuous, piecewise-linear function of 0 € T. In that
case,

(Cexh)(0) = h(0) +

h' (0) 3 h_(0) ( 1 ) (3.3)

+ I
2Vl 27t 032

is the appropriate estimate for £ 1 oo. Here h', and h'_ indicate right and left
derivatives.

A comment is perhaps in order at this point as to the comparison between the
kernel arising and being analyzed here and the better known Dirichlet kernel. The
content of the second equality in (3.1) is that C;(6) concentrates its mass in a neigh-
borhood of width O (£~1/2). The concentration of the Dirichlet is sharper, taking
place in a neighborhood of order £~!. Returning to the discussion after Theorem
1.2 this explains why the fluctuations for the angles in Ginibre’s ensemble may be
expected to be larger than those for U (N).

Proof of Lemma 3.1. For h in either class, it may be assumed from the start that
h(0) =0 (/T C¢(0)d6 = 1). Also, throughout the proof we will make use of the
simple estimates

22&(25)‘1
¢
1
1 o)) N (o) o

which follow from Stirling’s approximation in the form I'(£) = £/~ tet V2m(1+
S+ o).
Making the abbreviation

2D o 2 D2+ D)
Ce® = [2 (zz)!]cos (9)+[2 20+ 1)!

= a(l) cos*“(0) + b(£) cos>*T1(9),

]Coszz+1(9)
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the rule I'(k) = (k — 1)["(k — 1) provides the identity b(¢) = a(£) x (£ + %) X
(T'(€+3)/€H?, and from (3.4) we note that a(¢) =~ b(£) ~ +/7 €. The basic behav-
ior of Cy for £ 1 oo may then be described as a sum of two (approximate) point
masses of weight >~ 1/2 at 8 = 0 and the difference of two such masses at the
common point & = %. Our first step is to dispense of the cancellation which must
take place at the latter point.

Consider in particular the integral f; , H(0)Cp(9) dO, with that over
0 € [—m, —m /2] being treated similarly. Denoting g(0) = h(0) — h(w) we write

T

/n Ce(B)h(0)dO = h(m) /n Ce(0)do + (a(®) — b(E))f cos”(e)g(e)de
/2 /2 7/2

(3.5)
+b(0) /n cos?¢(0)g(0)(1 + cos(h)) db.
/2

This object is to be dominated by a constant multiple of £~3/2. The first term on
the right hand side responds to an exact calculation plus by an appeal to (3.4):

o /2 /2
/ C(0)do = a(f) / cos?t(0)do — b(0) f cos?T1©)do
T 0 0

/2
3 () A ol
2 2 L 2! 02

As for terms two and three, our regularity assumptions on 4 imply that |g(6)| <
cilm — 0] and so |g(0) (1 +cos(8))| < ca|w — 63 for 6 € [ — «, 7] with a small
o > 0. Also on that same range we have the bound cos?t () < e‘cﬂ(@_”)2 for
c3 = c3(a) > 0, while a fixed distance away from 8 = 7 (or 6 = 0) cos?t(0) is
exponentially small. It follows that

n 1 n 1
‘/ cos”(e)g(e)de‘ < ¢4~ and ‘/ cos?(0)g(6)(1 +cos(9))d9‘ < s
7/2 14 p 14

/2

Using again (3.4) shows that

20\ 1 T+ 2 1
0 — b(e) = 2% [1—2 -<—2)]=0(—)
a(t) — b)) < £> £+ 2) 7 NG
and completes our consideration of (3.5).
Turning our attention to the contribution to the integral from the vicinity of
6 = 0, take first the case that 1 € C? and use Taylor’s theorem with remainder to
write

1 %
h©O) = W' ()0 + 31" (©)0” + / (h”(a) - h”(O))(e — w)da, (3.6)
0
(recall 1(0) = 0). Since Cy g@) is even there is no contribution from the first term

on the right hand side: ffj/r 1 C¢(6)6 d6 = 0. Continuing to the quadratic term,
one may again cut down the range of integration. Needing to be more precise this
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time around we restrict to |§| < £71/4, the ensuing error still exponentially small.

Further, on that range it holds that |1 —cos(8)| < 6% and |1 — e’ cos2¢ (9)| < 4¢0%.
—1/4

Using these estimates in f:ﬁz Ci(6)62%do = S =14 Ce (0)62d6 + O(e~6%) and

then restoring the limits of integration over the whole line, we have

/2 ¢ /2
/ Ce(0)6* = @/ 6% (1 + cos(8)) cos>t () do
/2 2 —n/2

0 —b) (7
RO (O) 02 cos2+1 (9) db
—/2

4
= \/Z/OO 926_692 do
T J-co

+0 <foo (0717202 4 11294 1 ¢3/296)—t0° d9>
—00

1 1

There remains the contribution due the last term on the right of (3.6). The kernel
C¢ is to be integrated against

0
V (h”(a) —_ h”(()))(e _ a)da‘ < 6% max_|W"(6a) — " (0)] := 6750, h)
0 —1l=<a=<
3.7)

from —7/2 < 6 < 7/2. By continuity, the nonnegative function v satisfies v |, 0
with 6 | 0. Running through the above arguments will explain why the integral in
question is bounded by a constant multiple of

—1/4

i 2 1
ﬁf 020(@, h)e " do < = max ©(0,h) == -v(L, h)
_o—1/4 £ jg|<e-1/4 b4

with limgyoo v(€, h) = 0 as promised in (3.2). The comment following that display
stems from the fact that if #” is Holder continuous with exponent § > 0, the right
hand side of (3.7) may be replaced by a constant times 624, The ensuing integral
in the last display would then decay like ¢~(113/2)

The details behind (3.3) are much the same. One may assume that 2(0) =
h4+6T — h_6~ in some neighborhood of the origin and the leading order comes
out of [ 0e='9°d0 = 1/2¢. The proof is finished.

Proof of Theorem 1.4. As f and § each have one L? derivative, their convolution

¢(0) = (f * g)(0) is twice continuously differentiable. Recalling the covariance
formula

Covy (X(f), X(g)) = N¢(0) — Sn(®) — Sy(9)
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for

sN<¢>)—Z / Ce(0)p(©)df and Sy(@)= Y Cp*($—Dan—2-29)(0),

N/2<t<N

we are in the setting of the first half of Lemma 3.1. The statement (3.2) implies that

1 N & v(z ®)
SN@) = NGO + 10" O Y 5+ —— + 0. (3.8)

=1 =1

(Here, the O(1) term includes both the sum of the order £=3/2 errors in (3.2) as
well as the sum of first several terms (C; * ¢)(0) where the estimate is of no
affect.) The second term produces the log N figuring into the leading order growth
of covariance. Generally v(¢, ¢) = o(1) and we can conclude only that the third
term Zévz 1 M = o(log N). The point of the closing remark in the theorem’s
statement is that the proposed additional decay on |f(k)| (or [g(k)|) for k 1 oo
implies Holder continuity of ¢”. In particular, for positive § satisfying §/2 < 1,

9’0~ 9" | = Y KRIT®IE®I|1 - |
k=—o00

o0
<401 Y kPP FR)lIR 0|

k=—00

in which the last sum is finite by Schwartz’s inequality. By the related remark in
the statement of Lemma 3.1 it follows that the term E‘lv(é, ¢) is summable in this
case. In either case, N¢ (0) — Sy (¢) already accounts for the advertised asymptotic
behavior of the covariance (note that ¢” (0) = — [ f/(6)g/(6)db).

The remaining (error) term S) (¢) is seen to be of constant order under the
present smoothness assumptions. We write

Sy@) = ) > G, (3.9)

N/2<t<N |k|>2N—-2¢-2

and introduce the simple facts: C, ¢(k) = O0fork > 2¢41, and, in general, |6 (k)| <
2. It follows that

sy@l=a Y Y (IB®l+@h)

0<¢<N/2 N—-20<k<N+2¢

=a Y (18wl + 16 k)|)<c3( Z kHBHIR) < o0

0<k<N

after changing variables and then the order of summation in inequalities one and
two, an application of Cauchy-Schwartz for the third, and at last the given fact:
Y kK1 < (X ImIP1f m)?) (X In1(8(=m)I?) < 00. The proof is finished.
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Proof of Theorem 1.5. When f(0) = g(6) = 1{—a/2,a/21(9), the convolution :=
¢ (0) is the tent function

1 [ ) oo
o (6) = E/c;“l%,z](@ —60)d0" = (o = |11 10,01 (6),

and the main contribution to the variance is then

N—1 N—1
o o o 1 o
Ngu(0)=Sx(go)=N>——— g /_ Ce(0)do+— e;/_ 16Ce(6) d6.
(3.10)

Let us first consider this object for the various situations, « fixed or o | 0 as
N 7 00, and return to the error term S}v (¢) at the end.

From the proof of Lemma 3.1 it follows that for ¢ > 0 fixed % ffa Ce(6)dO

=1+ 0(6‘3/ 2), and so the first two terms in (3.10) contribute something of con-
stant order. On the other hand, from the conclusion of the second lemma we have
that

Nol . L NI |
— 01C(0)d0 = — — 4+ 0| 4>
2;/_a||e() an[nﬂ (72)]

=1

+ 0(1) = —=+/N + 0(1),

732 /2
which is the advertised result (1.5) for order one regions of the phase.

If « | 0 with N 4 oo, we start in the borderline case in which «(N) = /v N
with a fixed 8 > 0. At this scale the quantities in (3.10) go over into approximating
Riemann sums. First there is,

EAT0Y) \/» .
4?;/_‘1(1\]) |0]|Ce(0)dO = 7 3/2 X — Z / \/7|9|e do + 0(1)
BVx
— R 2
_mnz/z ) ﬁ/o fe™" dbdx
v o
+0<\/NZ/;1 [Fﬂ(e/N)—Fﬂ(x)]dx>+0(1)
{(=1""N

for Fg(x) = %, and that error term is controlled (for whatever 8) as in

N A
«/NZLI [Fg(e/N) — Fp(x)] dx
(=1""N

1 ! 1
— F dx=0—]).
< 7 |, vriconas (ﬁ)
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(The difference between an integral and its Riemann sum being less than 1/N x
the total variation of the integrand.) In a similar way we find that

a(N)
N“(N) _ ) Zf Ci(0)do

47‘[2 a(N)

_ [g__ [ /NTM} Lo,

Combined, the last three displays translate as,

1 1 _e—ﬂxZ 1 poo o
N¢%(O)—SN(¢%) = ﬁn3/2 |:/0 NG dx+,3/0 /,3ﬁe dex:|
+ o)
1
= \/ﬁmlm(ﬁ) +0(). (3.11)

Next, if v/Na(N) 1 0o one can clearly apply the same steps with the point of view
that 8 = B(N) 1 oo. Noting that

Iarg(ﬁ)zl_%'i__
g+ B

as B 1 oo completes the explanation of that case. Finally, if ~/Na(N) | 0 while
maintaining No(N) 1 oo, things are a bit different. In the range £ < N and

VN6 = o(1),
1 1
_ _ p2 244 1
Ci(0) = 2Vt (1 6 + 020 )) (1 +0 (z)) +0 <£3/2)
Substituting the above into (3.10) we find that
N—-1 .o N-1 .o 3

o 1 \/NO{ (\/NO!)
— Ce(0)do — — 0|Ce(6)d0 = N -

472 g/a (0o = o g/J @ * [3713/2 307372

+ 0(1),

which anyway is o(N«), identifying the leading order in this case as N («/2).
To complete the proof, we need to track the growth of S),. A bit of good fortune

o~ 02
is that one may compute ¢ (k) = Smﬂ—go‘) > 0 which leaves us to control

, ~ sinz(ka)
ISy@a)l <ci Y > Gk (k—2) : (3.12)

N/2<€<N 2N-20<|k|<2¢

see (3.9). Simply bounding |6 0 (k)| sin? (ko) by a constant will produce the estimate
S;V (¢o) = O(log N) stated for the cases where lim inf y 400 VNa > 0.

If however,a = o(1/ N ) we need to, and can, do better. Bring in the additional
estimate |6g(k)| < ep/lk| ! courtesy Lemma 3.1 which has bite for |k| >> £.
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With this in mind the sum is split as follows: with £*(N) >~ N — %\/ﬁ the point
where 2N — 20 = /€ over £ > N /2,

202
S o+ Y o+ Y |Gl (smkﬂ)

’
ISy (@a)] =<
N/2<C<C*(N)  €*(N)<U<N  (5(N)<(<N
IN-USKIS2 Jiski<2e 1<ki=<VE
= Ay + By +Cn.

Moving from left to right, and first bounding the summand by +/¢|k|~> we have

1
An <c3 Z ﬁ <avN Z 2= o),

N/2<t<N-1JN LVN<t<N)2
as well as
1
Bvzes ). ). k% S 2. F=om
N—VN<t<N Ji<k<oco N—+/N<t<N

For Cy we finally use the fact that o | 0: as k=2 sin?(ak) < 2a% fora = o(1/+/N)
and k < /N we conclude

Cy <c7a? Z Vi< cs (Na?) = o(1)
N—+/N<t<N

as needed. In closing we note that a careful review of the Cy will demonstrate that
the stated O (log N) error term in the cases where lim inf y 400 V'Na > 0 cannot be
improved. The proof is finished.

Proof of Theorem 1.7 (angular case). In each on the four cases, the covariance of
the pair (#Ol[«, B], #O[4, y]) is connected to a ¢r(0) (k = 1,2, 3,4) which is
either constant in a neighborhood of the origin or possesses a corner at that point.
In particular, when the intervals in question are either disjoint or else [«, 8] sits
inside of [4, y] we have

$120) = — /Hn @) de’
1,2 = 7 o [a, B]

{0 on[B—68,2r+a—y]lwhena < B <8<y
=1

|5 on[f—a,y—Blwhens <a < B <y

The relevant computation is then: for ¢ (8) = ¢(0) over —¢ <6 < ¢,

N—
N (0) — Z/TCZ(9)¢(9)d9 =N (0)

do
—¢<0>Z [/ f+0<e 3”)} = 0().
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As for S}, (¢1,2), we will estimate fy*(0) := (¢1,2 — Dy % $1,2)(6) (which is eval-
vated at m = 2N — 2/ — 2 and then summed over £) near the origin. In particular,
we have already seen that by adding a constant if necessary we can assume that
¢1,2(0) = 0in[—¢, €], and we want to show that f,;, can be made uniformly small
throughout say [—¢&/2, ¢/2]. Now,

$1200 —0") .

i) = sin ((m + %) 0" do’

T sin(36")
1
= / g1,2(6, 0) sin ((m + 5)9’) do’,
T

and if 6] < /2 then ¢12(0 — 6') = 0 for all |#’| < /2. As otherwise ¢ 2
is piece-wise linear, the second derivative of g (0’) will certainly be integra-
ble away from [—¢&/2, £/2]. Therefore, integrating by parts twice will show that
f,,ll’z(Q) =0m?) throughout |6| < /2. This in turn will imply that

1
(CZ * f211§/2—215—2> 0 =0 (W) +03?

which is summable over the appropriate range of £: S}, (¢1,2) is of constant order.
The de-correlation at the proposed rate is thus established.

Taking next the situation that @ < 8 = § < y, it is enough to note that there
exists an € > 0 with

1 B o =2 for e [—e, 0]
[ — = 2 X
$3(0) 1= 7 fQ_g lipy1(6) db {o” for 0 € [0, ],

whereas if « = § and 8 # y (take B < y for convenience) we may say that

1 At B—a —g
b4(0) = _/ ﬂ[a,y](e/) 46’ = { = for6 € [—¢',0]
27 Ja—o

220 for g € [0, €]

for some ¢’ > 0. It will then follow from the second half of Lemma 3.1 that
N N
1 /N
— Z/ Ci(0)p3(0)dO = +— — + O(l) and — Z/ Ce(0)p4(0)dO
=0T 2V = =0T

. 1 /N o1
=V oW

Furthermore, re-tooling that part of the previous proof (for the variance estimates)
related to the S’ term will show that S}, (¢3 4) = O (log N); the corner at the origin
being the cause of this increased growth. The proof is finished.
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4. Radial Statistics

We begin with the proof of Theorem 1.3 which relies on the product formula

] Bp ()

where you will recall that sy = 11 + - - - + ng with the n’s independent exponentials
of mean one. While related to the covariance formula (1.2), it is easier to see (4.1)
as direct consequence of (5.1) derived in the next section.

Proof of Theorem 1.3. Let h satisfy the assumed boundedness and regularity. For
convenience we consider the test function r — £ (r%) with a Gaussian limit for
Z,ivzl h(|zx)?) — E[Z,i\]:] h(|zx|?)] proved by computing Laplace transforms. In
particular, the formula (4.1) is applied with f(r) = exp [Ah (rH]and 1 a parameter
lying in a fixed neighborhood of the origin to find that

N
E [exp{A[X(h) — EX(W)]}] = E [exp {A[quzuz) - Eh(|Zk|2>)]H

k=1

N
[ 1 E [exp {rlh(se/N) = Eb(si /N . (4.2)
k=1

We wish to expand each appearance of h(sy/N) as in h(sx/N) = h(k/N) +
W (k/N)((sx —k)/N)+ %h”(k/N)((sk —k)/N)? + Ry, (sx/N, k/N). Toward this,
make the definitions ﬁ(sk/N) = h(sg/N) — E[h(sg/N)I,

My i (h) :=exp {Ah’(k/N) (Sklg k) }

and

A

Rk (h) == exp { Szl k/N) ((sk —k)? - k) + ARy (sk/N, k/N)}

in which R, (sx/N, k/N) = Ry,(sx/N,k/N) — E[Ry(sx/N, k/N)], and the right
hand side of (4.2) may be continued as the product of

E [exp [kﬁ(sk/N)]] =E [MN,k(h)]
+E I:(ekﬁ(Sk/N) _ MN,k(h)) ]1{%,(21_’_8}]

+E [ M) (R = ) s | (43)

fromk=1to N.
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Computing the product of the first term in the right of (4.3) produces the Gauss-
ian structure: choosing A so that |A| max,eqo,17 |7’ ()| < 1/2,

N

IOgHE My ()] = Z(/\h/(k/N)%Jrklog <1 . M))

k=1 k=1 N
N

—lNkAh/kNlZO k—lkzlh’zd 1
——5;< </>ﬁ)+ ;F =-3 f0(<r>)rr+o(>.

Now similar estimates to those used in the last display will show that E [M N.k (h)]
is bounded above and below by positive constants independent of k£ or N, and so
the proof is completed by establishing that

M-

[E[(7 4+ Myt ) 15521 ]
+FE [MN,k(h)(RN,k(h) - l)ﬂ{xﬁkfl—q—s}]} — 0

as N 1 oo.
For the first part, let c; = supg<, ., £(r) and write
M (si/N
E [(e h(si/N) MN,k(h)) ﬂ{%21+8}]

< 2 p (Sﬁk > 1+ 8) + E [e”‘/N]l{%H“}]

/2
o i)+ () v

in which the last line is easily bounded by a constant multiple of e~ for y > 0
depending on ¢ but not on k. For the remaining part, note first thaton {sy /N < 1+¢}
we have that My i (h) < exp (1 + ¢) and also that the exponent in Ry (%) may

be bounded uniformly in k and N. Since |¢? — 1| < |a|e!?! we have that

E[ M Rk ) = 155 11|

—k\2
Scz—E|:| (%) —1|i|+C3E[|Rh(Sk/N,k/N)|] (4.4)

with constants ¢; and c¢3. Clearly E[|(s’i/%k)2 — 1]] = o(1) for k 1 oo. It follows
that the first term on the right of (4.4), summed from &k = 1 to N, is also o(1) as
N 1 oo. For the final term in (4.4), by the regularity of 7 we may assume that
Ry (sk/N,k/N)| < cq] % |2t (having applied this estimate while the restriction
{sx/N <1+ ¢} was still in place). The upshot is that
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N N
C4 2+
> EUR(se/N /N = 5 S E [l — ki
k=1 k=1
1 Y e —a/2
< C5N2+a Zk 2 ~N
k=1

as desired. Here, the second inequality may be arrived at rather directly in the
present setting of exponential random variables. More generally, an inequality due
to Marcinkiewicz and Zygmund (which may be found in [8]) will explain why
E[| lezl x¢|P1 ~ kP/? for p > 2 and {x;} independent copies of a mean-zero x|
for which E[|x{|?] < oo.

Finally, the statement concerning the asymptotic behavior of the covariance
may be gleaned from the above by setting h = Bf + yg for parameters 8 and
y . Having controlled moment generating functions, we have adequate tightness to
draw conclusions on the limiting covariance as well as higher moments. The proof
is finished.

Moving on to the covariance of the number statistic #Z[-, -], the basic error esti-
mate required has in fact already been done for us. It is embodied in the classical
Edgeworth expansion providing corrections to the local central limit theorem. The
statement is: with p(a, M) the density of the random variable ﬁ ZQ/[:I ne—1
ata,

1
sup  |pla, M) — @2 B2l = oMY, 45)

1 1
—00<a<00 21 VM /2

see for example [5], Corollary 19.4.

Proof of Theorem 1.6. Start with a fixed interval [a,b] (0 < a < b < 1) of the
moduli for N 1 oo. Denote by py x(A) = P(%sk € A). The variance of #7Z[a, b]
then reads

M=

Vary #Zla, b)) = Y ps(la®, 67D (1 = pyi(la®, b7D)

=~
Il
—

pvi(a?, b*N) py x([a?, B*16), (4.6)

.
™M=

~
I

and the (classical) central limit theorem explains why it should be only O (v/N)
neighborhoods of k = Na? and k = Nb? that contribute to the sum on the right.
Breaking up the sum in accordance with that observation, we write:

Vary (#Z[a, b]) = D D D S (e o )

lk—Na?|<sy~'N  |k—Nb2|<sy+/N
2 12:C
pni(la”, b7]7).
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Here Z/ has in general three components (k € [0, N a? — Sy+/N] U[Na? +
SNV/N, Nb* — Sy/NTU[NbB? + 8y~/N, N]), and 8y is some rate chosen so that
this sum is negligible for N 1 co. We spell out the estimate for the first component,
the rest being nearly identical.

With {A;} a sequence of positive constants less than one to be determined, we
have:

Yo pna@ Phpyaa®, 1< Y Pl = Nad)

k<Na2—8y~/N k<Na2—8y~/N
k
< —N (a’xr 2 Zlog(l — A
< Y eXP[ (a &+ (@ — ) log( k))}
Sny~/N<k<Na?
00 —582 /24
< Z ¢~k /NG < VN =12 g < czm—N.
Sy~/N<k<Na? ow N

4.7

The second inequality invokes Chernov’s bound plus the change of variables k —
|Na®] — k. The third follows from the choice of Ay = %, and the fourth from
a Taylor expansion. The conclusion of the last line is that letting 8y = +/log N
implies Y py k(1 — pn.x) = o(1).

Turning to the sums of consequence (over [k — Na?| < Sny+/N and [k— Nb?| <
Sn+/N), it is evident that they will have equal contributions. Consider the first sum
and rewrite the typical appearance of py x([a?, b*]) as: with k = Na? + £ and ¢
ranging between +8y+/N,

1
P (NSN‘JZJ"Z S [az, b2]>

Y4
M =1 = —m +en(, a)

— ¥
|_Na2 + 4] 1<m<Na2+¢

—0 (e*Ca-bN). 4.8)
Here
len (e >|<‘ ¢ ¢ '+ = (Na? ¢ - Va4 0))
ey, a)| < — e a — a
VNa?2 ~Na2+¢| N
1 02
SCI\/—N-FCZW,

and the (exponentially small) error term stems from a standard large deviation
estimate. Applying (4.5), we may then continue (4.8) as in



358 B. Rider

DN, Na2+£( a®, b*)

7x2/2dx + / 3€7x2/2dx T 0 <lOgN>
~ Von /-I—&‘N VAN J- Loy N
= 2/2 3 272
A e [T [, e
__t

¢ o~ N log N
( )w( £v), s

The first equality is achieved by first cutting down the integration to |c| < log N
and then applying the Edgeworth expansion. The error produced by this process of
limiting the range of integration and later restoring it up to +-0o0 may be controlled
by the same large deviation procedure used already twice before and the Gaussian
estimate | aoo e 2dx < a~'e=%*/2_ The second equality is self-explanatory.

The leading order of the variance is then read off by subtracting the square of
(4.9) and summing in £:

> puvase(@ DDA = py yaziea®, b1)

—V/NSy<t<v/Nsy
2
1 © 2,5 dx © 2,5 dx
VA / ox22 _[/ o212 }
—/NSy<t</N8y f ﬁ V2 ﬁ V2m
+ E1(N)

2
o © dx 2, dx
:\/N/ / e X2 / e ¥ —— dx' + E1(N) + E(N).
SRyE G . G 1(N) + &(N)

(4.10)

The error involved in taking the sum over to the (full) integral in the second line is
easily controlled:

Gy
E(N) < C3\/N/ / —x /2dxdx —|—C4\/_ Z /z efx2/2dx dx’
o =Ny " TH 1R
N 1
< csa‘/—;e—aﬁ/z + 6 Z 1N — o1, 4.11)
N N 2w

It remains to show that £;(N) = O(1). Terms three and four in (4.9) and their
squares, summed over the range ++/N log N clearly remain finite as N 1 0o. As
for the second term, note that it is already of the form N ~!/2 times an integrable
function of £N~!/2. That is, it is already properly normalized so that the corre-
sponding sums go over into (convergent) integrals as N 1 oco: an instance of this
being,
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1 02 2
W2 <o o (14 —)e /2N
= X /é so= L a4y
|e|<v/Nsy =~ VN le|<v/Nsn
§c8f (1 + x¥)e " 2dx (4.12)
-0

after an integration by parts. Finally, the integral in line three of (4.10) is evaluated
as = JLE’ and adding the corresponding term for k ~ Nb> completes the proof of
(1.7).

The proof for mesoscopic scales (1.8) builds on the above. Let us set, VN b —
a) = c, and consider first the cases that c is fixed (the critical case) or ¢ 1 co with
N. Also, we take the interval in question to be [a, a + ¢/ JN ] for a fixed a. While
one may also consider symmetric intervals shrinking to a at N = oo, the proof
is more in lines with the above if we make the present convention. In particular,
retracing those arguments through the first line of (4.10), it is evident that

Vary (#I [a, a—+ J%})

2
. Z 2C+ﬁ 2/2 dx 26+\/7a x2/2 d.x 5 N
= , e T— , e E + &i(c, N).
lel<v/Noy | VNa vt INa v

The error £1(c, N) plays the same role as £;(N) in (4.10) and is amenable to the
same arguments. While certain aspects such as the estimate in (4.12) are now more
elaborate due to the contribution of the upper limit in the integral, everything goes
through just as easily if one keeps in mind that ¢ is at most o(v/N). Next the outer
sum is replaced by an integral after an estimate nearly identical to (4.11). That is,
the previous display may be continued, and the variance given by

- 2
\/_/ /ZCJFX x2/2 dx _ /2C+x efx2/2 dx dx/
A/ 2 x/ A/ 2

4.13)
VN
= (%) Imod(c)

up to order one errors. Recall that this holds for either c fixed, completing the proof
in that case, or ¢ = c¢(N) 1 oo. In the latter setting, one may easily check that
Lnoq(c) increases to its value 1 = [,,,,4(00) which explains the statement at those
scales.

We finish with the case that ¢ | 0. Here the Edgeworth expansion is used
slightly differently and the growth of the variance is accounted for by

2¢ 2 dx 2¢ 2 dx
Vi@, c) i ~bk—£oy? dx _[/ Lot } ’
w(a.) Z {/o N2 0 ¢ V21

—N<{<N
4.14)




360 B. Rider

as may be understood upon further review of (4.10). In this expression it is only
the first sum which plays a role in the asymptotics. Integrating by parts in that term
we find that

2
> [Feterdr
\/27{

—N<{<N
2(C+fa)2 2¢ ! Ry
=2c Z —F— 4+ 0 x/_c/ Z (H_Wa)dx
—N<t<N V2 —N<C<N
o d
=2cﬁ[/ e 2/2“2\/;_](1+0(1))+0(Nc)
—o0

= VNQac)(1 +o(1)) = NB? — a®)(1 + o(1))

after substituting back ¢ = +/N(b — a). The same computation shows that the
second, or sum of squares, term in (4.14) is indeed of lower order. The proof is
finished.

Proof of Theorem 1.7 (radial case). Whatever the relation among a, b, ¢ and d,

Covy (#ZIla,b], #Ic,d])

=Y [pnvi(la, b1N[c,d]) — px.x(a, b]) px.x(lc, dD)]
k=1

and the estimates obtained in the course of the previous proof may be revisited.
Beginning with the situation [aZ, b%] N [c2, d?] = @, the covariance reads as

N

Covy (#Zla, bl, #Zlc,d]) = =Y pyi(la®, B°Dpn i, d°]).  (4.15)
k=1

Taking for definiteness b < c, this sum may be bounded in a simple way as in

N
Y pnala, B Dpyac®, ) < Y Pl = NS

k=1 1<k<N(c2+b2)/2

+ > P(sy < Nb?)
N(c2+b?)/2<k<N

with the first term on the right (being indicative of either) subject to

N(2+b%)/2 N(2+b%)/2 N2\ k
2 2 S /
Z P(sg > NC2)§E—NC Z < ) €k§C1Ne_NC (1—c"+c¢ 10gc)_
k=1 k=1

with ¢ = (¢? 4+ b%)/2¢? < 1, ensuring that 1 — ¢/ + ¢/logc’ > 0. This second
bound just maximizes the summands, while the first is the usual trick of optimizing
in Chebychev’s inequality (as used in (4.7)). That the right hand side of (4.15)
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vanishes exponentially fast in N is established. The case when (a2, b?] C [c3, d%]
follows in kind. Then
N

Covy (#Zla, bl #Zlc,d]) =Y pyi(la®, b*]) (1 = pyx(lc?, d*]),  (4.16)
k=1

but since now [a, b] and [c, d]€ are disjoint this expression is really quite the same
as (4.15) and thus is also exponentially small (though positive) as N 1 oo.

The last two cases in which the intervals share a boundary point, either a <
b =c <dora = cwhilesay b < d, also go hand in hand. In the former we have:

with 8y = /log N,
N

Covy (#Zla, b), #Z[b,d]) = = Y _ py i(la®, b*) pw x([H*, d*])
k=1

=— > pna(0. 57D py (b2, 00))
|k—NB2|<6y~/N

+0 > pna(10. B pi (b, 00)
|k—=Nb2|>8y/N

b )

Here the choice of d and the last line are just reprises of the proof of Theorem
1.6. Finally, if a = ¢ the covariance is

(4.17)

N

Covy (#Zla, bl, #Zla,d]) =Y pn (10, a*])pn.x([a*, b))
k=1

N
+ ) prvalla. b pw i (1d?, o0)).
k=1
where we see that the first sum is of similar type to that in the first line of (4.17) and
so produces the claimed %«/ﬁ 4+ o0(1) as N 1 oo. The second term does not affect
this outcome; having the same form as either (4.15) or (4.16) it is exponentially
small. The proof is finished.

5. Extensions to the Quaternion Ensemble

Replacing the complex Gaussian entries in the definition of Py with real quaternion
Gaussians produces another solvable ensemble P,g first by studied Ginibre. In this
case the eigenvalue density has the form

1
2 -2
dPY (21, 2y) = 0 [T 1ze—alPlze -l
N 1<t<k<N

[1 Iz —alPdianG)--dinGy)
1<k<N
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where now dfi(z) = e 2N |Z‘2d9t(z)dfs(z) is the appropriately scaled weight to
keep the limiting density of states uniform on |z| < 1. The introduction of the
additional differences-squared terms breaks the rotation symmetry of Py . It also
breaks some of its analytic structure. While there again exist explicit formulas for
the finite dimensional marginals or correlation functions, these are now expressed
in terms of quaternion determinants or pfaffians. That is, P,g is not a determinantal
point field. Still, part of the previous discussion extends readily to this model for
the reason that the radial components of the eigenvalues under P]g have a nearly
identical statistical description to those in the Py ensemble.

The fact is that in either Py or Pjg one may integrate out the angles from the
start, producing a full joint density on the moduli {ry = |zx|,k = 1,..., N} (see
[13] for related remarks). The resulting densities possess their own structure, and
for certain analysis it is not important whether or not they derived from a determi-
nantal setup. We start with Py . Returning to the original expression (1.1), we simply
expand the Vandermonde determinants to find that: with o and i permutations on
N letters and 6y = arg(zx),

dPN(rlv"' 7rN)
1 N on N )
= E ngn(a)sgn(l/f) {l_[/ szlz'kllfk—ldgk} « He—Nrkrk dry
k=177 k=1
= Z PN o) PN o) -+ p oy ) dry - - dry (5.1)

in which p(e)(r) —Nr? , normalized to be a probability density on r > 0.
For P,g use is made of the 1dent1ty

det[ 0 _Ek71]1<k<2N 1<¢<N - 1_[ |ZE - Zk|2|Z£ B Z_k|2 l_[ (Zk B Z_k)
- 1<l<k<N 1<k<N

Expanding the left hand side, multiplying by [](zx — e N % and integrating
over the {6y} variables produces: with ¥ now a permutation on 2N letters,

dPe(r1, - .ry) = Q ngn(l/f)l_[ {/ S A" —Z_k)ko}

N

N2
X He INTE e drye.
k=1

Noting that only terms with |Y2r—1 — ¥or| = 1 for all k contribute, we continue
the computation as in

2-1 2.2 2.
dr2(ri,-- ,ry) = N'Zpg,v)(m)p( V(roy) - PN oy ) dry -+ dry.

(5.2)
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Here we are back to an N order permutation in o and the p;{;) have precisely the
same definition as in their appearance in (5.1). For background on this and related
computations we refer to [24], Appendix 18.

Certainly the covariance formula (1.2) may be derived directly from (5.1), cir-
cumventing the need for computing correlations. It follows from (5.2) that the
covariances of general linear statistics on the moduli in the PA? ensemble will sat-
isfy the same formula, so long as each appearance of %sz is replaced with ﬁSQg.
The asymptotics follow suit with identical proofs:

Corollary 5.1. Under Plg the covariances of linear statistics of the radial compo-
nents have the identical N 1 oo asymptotic behavior to their counterparts in the
Py ensemble described in Theorem 1.6 and the latter half of Theorem 1.7.

Further, it should be clear that, by repeating the proof of Theorem 1.3, we
may obtain Gaussian fluctuations for smooth radial linear statistics in P]g. More
interesting, for indicator type test function, while we may no longer quote the
Costin-Lebowitz result directly, we do have the following.

Theorem 5.1. The properly normalized radial number statistics #Za, b] under
Plg also satisfy a central limit theorem as long as N(b — a) 1 coas N 1 oo.

The proof of Theorem 5.1 is actually a slight reworking of Costin-Lebowitz;
for that reason it is postponed until the next section.

Remark. While given by a permanent, point processes of type (5.1) or (5.2) are not
the bosonic fields appearing in the mathematical physics literature (see [10] and
references therein). They are in fact simpler objects; it would be be interesting to
know if something of their kind arose in other contexts.

6. Appendix

For completeness we include the statement and a sketch of the proof of the Costin
and Lebowitz theorem. In keeping with the setting and notation used above, we say
a measure Py on CV is a determinantal point field if all £-dimensional correlation
functions py ¢ may be written as

N! _
PN.e(21, 22,0, 20) = mdet [Kn(zi» Zj)]lfi,jsg un(dz1) -+ un(dze)
(compare (2.2)) in which Ky is a Hermitian kernel (K y (z, w) = Ky (w, z)) satis-
fying ||Kn|| < 1 as an operator on L?(C, uy) for some measure /iy .

Theorem 6.1 (O. Costin, J. Lebowitz). Let Py be a determinantal random point
field and let #A equal the number of points lying in A C C under that measure. As
long as Var y[#A] 1 oo with N 1 oo then (#A — E[#A)])//Vary[#A] converges
in distribution to a Gaussian random variable of mean zero and variance one as
N 1 oo.
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Proof. Following [28] as well as the original [7], the proof checks that the cumu-
lants C l{V (#A) fall into line as N gets large. Recall that for any random variable X
its £-th cumulant Cy(X) is defined through

l
log E[¢/'X] = Z Co(X) (”)

and that X is Gaussian if and only if C¢(X) = 0 for all £ > 2 and C2(X) > O (see
[22]).

Next define Ay = Ky14, the restriction of Ky to L2(A, u ) and notice that
(compare 2.4) En[#A] = C{V(#A) = Trace(Ay) and Var y[#A] = Cév(#A) =
Trace(Any — A%V). For the higher cumulants, there is the following recursion:

=2
CY(#A) = (=)' (€ — D! Trace(Ay — AYy) + > aeClY (#A). (6.1)
k=2
in which {o4¢} are certain combinatorial factors. The origins of (6.1) lie in the
connection between the cumulants and the so-called cluster (or Ursell) functions.
The latter are defined in terms of the correlation functions. In particular, with u y
denoting the k-point cluster function,

uN (21, 22,520 = ) (=D = D ow s N s, (6.2)

where the sum is over m > 1 and, for each m, all partitions of {1, 2, --- , k} into
(nonempty) subsets Sy etc. (also, pjs,|,n indicated the |S;|-point function in the
variables corresponding to that partition). Defining also

U,§<A>=/ ---/uN,k<z1,zz,...,Zk>dx1dy1~--dxkdyk, (6.3)
A A

the advertised connection is provided by the identity

ch(#A) _Z Uk(A)(Z—)

This last display implies that

-2
CY#A) = o CY A + (=D = DI CY #A) + UY (A). (64)
k=2

And finally, the fact is that, for determinantal point fields, U KN (A) = (=D e -
1! Trace(AfV), explaining (6.1).
Now note the simple estimate

0 < Trace(Ay — AY) < (¢ — DTrace(Ay — A%) (6.5)

which may be checked by writing Trace(Ay — Afv) = ZK/;II Trace (A‘]"V — A{VH)
< Zj 1 ||Afv_1|| Trace(Ay — A%V) and recalling that ||Kx|| < 1. Substituting
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(6.5) into (6.1) we have that C) (#A) = O(CY (#A)) for all £ > 2. And since
Cév (#A) 1 oo as N 1 oo, we also have that

N (#A - EN[#A]> ) @#A)
E\ Vary#A]

= —
(CY #A)Y?
for £ > 2. The proof is finished.

Proof of Theorem 5.1. Consider more generally a set of probability densities { pn }
(k=1,2,...N) on C and the point process defined for each N by joint density

Py(z1,...,2N) = % Z DPN.o()(Z1)PN,6(2)(22) - PN,o(N) (ZN).-
permutations o

We show that the number statistic for such an ensemble satisfies a central limit
theorem if its variance grows without bound as N 1 oco. This may then by applied
to the particular case of (5.2) in which a choice of py ; has been made (= pg\f) in
that notation), things are restricted to the positive reals rather than all of C, and the
needed growth of the variance has already been checked.

This proof also rests on the behavior of the cumulants. While not determinantal,

the correlation functions now have the simpler form:

PeN(L, e ze) = > PNk @DPN KR - Pk (20).
1<ky,ko,..kg<N

So, returning to the Costin-Lebowitz proof, we make use not of (6.1), but instead
the preliminary cumulant formula (6.4). With pg x as in the previous display, a
calculation in (6.3) and (6.2) shows that

N
UN(A) = =DHe =D v (A
k=1

in the present case. That is, the growth of the ¢ cumulant is now tied to
Y1 (pNk(A) = ply ((A)). But, p — p* < (£ —1)(p — p?) for £ > 2 and any
p € [0, 1], which is to say that £ cumulant is dominated by a constant multiple
of the second. The proof is finished.

Acknowledgements. A serious debt of gratitude is due to the referee. In addition to help-
ing correct various small glitches, their thoroughness identified some important errors in an
earlier version of this paper.
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