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Abstract. We study the fundamental solutions to time-fractional telegraph equations of
order 2c. We are able to obtain the Fourier transform of the solutions for any o and to give
a representation of their inverse, in terms of stable densities. For the special case « = 1/2,
we can show that the fundamental solution is the distribution of a telegraph process with
Brownian time. In a special case, this becomes the density of the iterated Brownian motion,
which is therefore the fundamental solution to a fractional diffusion equation of order 1/2
with respect to time.

1. Introduction

Fractional diffusion equations have been considered and solved by several authors
such as Wyss (1986), Schneider and Wyss (1989), Fujita (1990, I-IT). More recently
fractional diffusion equations with random initial conditions have been analyzed
by Anh and Leonenko (2000). Angulo et al. (2000) have studied diffusion equations
with space-fractional derivatives (in the sense of Riesz inverse operator). Fractional
equations of different type, like the Black and Scholes one (see Wyss (2000)) and the
space-fractional telegraph equation (see Orsingher and Zhao (2003)) have recently
been considered.

The study of fractional diffusion equations has been motivated by the analy-
sis of thermal diffusion in fractal media by Nigmatullin (1986) and Saichev and
Zaslavsky (1997). One of the aim of this paper is to show that the law of some
processes (the iterated Brownian motion and the telegraph process with Brownian
time) are governed by time-fractional telegraph equations.

We examine here the solutions to the time-fractional telegraph equation
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subject, for 0 < a < 1/2, to the initial condition
u(x,0) =48x) (1.2a)
while, for 1/2 < a < 1, besides condition (1.2a), also
u;(x,0) =0 (1.2b)

is assumed.
The fractional derivatives appearing in (1.1) must be understood in the sense of
Dzherbashyan-Caputo (see Dzherbashyan and Nersesian (1968)), that is as

1 "M@
00y =L py = | T Jo grewdz. form =l <a<m
dt® d—mf(t) fora =m ’
dtm ’
(1.3)
where m — 1 = |o] (la] denoting the integer part of the real number «) and

f € C™ (for general reference on fractional calculus, see the encyclopedic volume
by Samko et al. (1993)).

We consider solutions to equation (1.1) in the class C 2(R x [0, 00)) of func-
tionsu = u(x, t) such thatlimy| oo u(x, ) = limx| 5 0 %u(x, t) = 0 (see Fujita
(1990, D).

We are able to obtain the general expression of the Fourier transform of the
solutions to problem (1.1)—(1.2) in terms of the Mittag-Leffler functions

& k

X
Ea,ﬁ(x)zgm, a,f>0, xeC (1.4)

that is

+00
Uy(B, 1) = / P uy (x, t)dx

—00
(2 + m)t®
————[mEao+1(mt*) — mEqat1(n21*)]

A‘ o
|:<1 + m) Eq1(mt%)

)\' o
+ (1 — m) Eq 1(nat ):| ) (1.5)

n=—A+,/22—c2p2, m=—k— A2 —c2p2.

We prove that the inverse of (1.5) is a non-negative, symmetric (with respect to x)
density function which integrates to one. This means that, for any 0 < o < 1, the
solutions (which we show to be unique) uy, = uy(x, t) to the fractional equations
(1.1) can be viewed as probability density functions. We denote by X, = X4 (2),

= Eq1(m1t%) +

N =

where
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t > 0 the process whose distribution, at time ¢, coincides with u,. The solution to
problem (1.1) can be expressed as convolution of stable laws for all 0 < o < 1
(excluding the case o = 1/2).

Because of the complicated structure of (1.5) the inverse Fourier transform can-
not be determined for any 0 < o < 1. However we are able to obtain the explicit
distribution emerging from (1.5) for the case o = 1/2.

The case o = 1 is related to the well-known telegraph process, which is defined
as

t
T(t) = V(O)f (=DHN®ds
0

where V (0) is a two-valued random variable (with values ¢ taken with probability
1/2) and N (¢) is the number of events in [0, ¢] of a homogeneous Poisson process,
independent of V (0).

The case « = 1/2 gives the following fine expression for the distribution

1 0,2 A
Uy (1) = / e~ M Ig(=V Rw? — x?)
0 ¢

2c/mt
d A5
"l‘ﬂl()(; w? — xz)]l{\x|<cw}
Fc[d(x — cw) +8(x + cw)]}dw (1.6)

where

oo [x\2k
=3 )

pard (kN2

is the zero-order modified Bessel function of the first kind (see Tranter (1968)
pag.16, formula 1.51).

The law (1.6) coincides with that of the composition of the telegraph process
T =T(t), t > 0 with areflecting Brownian motion |B| = |B(¢)|, t > 0 (indepen-
dent of T'). This means that u 1 (x, t) coincides with the distribution of the telegraph
process with a Brownian time, that is

W(t) =T(B®)]), t>0. (1.7)

The process W can be thought of as the random motion of a particle moving
with alternating velocities +c (changing at Poisson times) during an interval of
length |B(?)|. In other words the particle is located at time ¢ in the random space
interval (—c|B(t)|, c|B(t)]). This shows that the distribution related to equation

du +2A81/2u _ ,0%u

M 2t 20" 18
ot a2~ < a2 (1.8)

covers the whole real line and differs substantially from the case of the telegraph
process, where the distribution is concentrated on a finite interval (spreading as
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time passes) because of the finite velocity of motion. We recall that, analogously,
the law of the process

Wi — | BT@), when T'(t) > 0
Vo= {iB(—T(l)), when T'(1) <0 (1.9)
satisfies the fourth-order equation
92u +2/\3u 234u o)
- M _22% .
at2 ot ox4

as proved by Hochberg and Orsingher (1996).
As a consequence of our analysis we also show that the law of the iterated
Brownian motion

1(t) = Bi(|1B2(0))), t>0
is a solution to the fractional equation

aMNu 10%u L1
Atz 209x2” (L1
where By and B, are independent Brownian motions. Equation (1.11) can be ob-
tained from (1.1) either for A = 0, 2= 1/2, « = 1/4 or for A, c — o0, in such a
way that ¢2/A — 1 and o = 1/2.
In Funaki (1979) it is proved that the process related to 7 (z), namely

Ta4) = Bi(By(t))  when By(1) > 0
| iBi(—=B2(t)) when By(t) <0’

has a law satisfying the fourth-order equation

u 9*u

ot oxt
The fractional telegraph equation in the case « = 1/2 can be interpreted as a
heat equation subject to a damping effect, represented by the 1/2-order time-deriv-
ative, involving the values of u in the whole interval [0, 7] .
We are also able to obtain from (1.5) the general expression of the distributions
related to the heat-wave fractional equations (as particular case when A = 0). These
laws can be expressed either in terms of the Wright functions

Wap () =D orak 5B k'F(ozk Y8’

k=0
or by means of integrals on Hankel paths (see Mainardi (1996)).

Moreover we give a representation of the solution to the heat-wave fractional
equation as fractional integrals of space-symmetric stable distributions (see formula

(3.5)).
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Finally the general expression of the variance of the processes X, = X (t),t >
0 with characteristic function (1.5) is

EX2(t) = 2% 1% Eg 21 (—201%). (1.12)
We show that, for the special cases ¢ = 1, « = 1/2, the asymptotic behavior

of the variance is

2y~ €
EX7(t) ~ —t ast — 00
! A

2

2¢
EX7)(t) ~ N

T
A general information on the behavior of £ Xﬁ (1), ast — oo, for any « seems
not possible.

2. The Fourier transform of the solutions

In order to find the solution to equation

Pu B _ (2.12)
. — =, << la
ot e 9x2

with initial conditions

u(x,0) =68(x) 1
{u,(x,O):O , f0r2<a§l (2.1b)
and
1
u(x,0) =48x), for0 <a < 3 (2.1¢)
we consider the Fourier transform
+oo
U@, 1) = f P ux, t)dx (2.2)
—0Q
which satisfies
32U U,
72 + 2%87 4+c“B°U =0 (2.3a)
with initial conditions
U.0)=1 !
{Ut(,B,O)zo.’ f0r2<a§1 (2.3b)
and
1
Ui, 0 =1, for0) <o < 3" (2.3¢)
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The integration of (2.3a) with conditions (2.3b) or (2.3¢c) can be performed by
resorting to the Laplace transform

LUB, 1)(s) = /oo eSTU(B, t)dt. 2.4)
0

We remark here that the assumption that the fractional derivatives are of the
form (1.3) permits us to impose initial conditions in terms of integer-order deriva-
tives. This clearly emerges from the following formula for the Laplace transform
of the a-order derivatives:

m—1

LDYUB, 1)(s) =s“LUB, 0)(s) — Y s* ' * DU B, n (2.5)
k=0 1=0

where |a| =m — 1.
Formula (2.5) can be obtained by considering the definition of Dzherbashyan-
Caputo derivative as follows

r ZLUB.2)
,CDC{U(ﬁ, 1(s) = F(m —Ol) / {/(; (tdz_ Z)lf—azde} dt

_; > U ) OOLL” d
“Tm—aly s’ PF {/ (r —g)lTa—m } ‘

o 8"1
=5 [T v o

By inserting now the well-known formula for the Laplace transform of integer
derivatives

/6’ a—U(ﬂ 2)dz
0 az"

m—1 k
a
_om _ m—1—k
=s"LU (B, 1)(s) g:os —mkU(ﬁ,I) L

we obtain (2.5).

Formula (2.5) shows that, since U;(8, 0) = 0, there is no difference between
the cases where 0 <o < 1/2and 1/2 <« < 1.

After some calculations based on (2.5) we see that the Laplace transform of the
solution to (2.3a), equipped with the initial conditions, reads

S2a—l —G—Z)LSO[_I
§2¢ 4 2)s5% 4 c2B2

LU (B, 1)(s) = =F(B.5), (2.6)

forall0 < a < 1.

We remark that, if the derivatives appearing in equations (2.1a) and (2.3a) were
meant in the sense of Riemann-Liouville, initial conditions should be considered
in the fractional form and the expression of the Fourier-Laplace transform of the
solutions would be consequently different from (2.6).

The task of finding the inverse Laplace transform of (2.6) is carried out in the
next theorem.
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Theorem 2.1. The Fourier transform of the solutions of problems (2.1a)—(2.1b)
and (2.1a)—(2.1c) can be written in the following equivalent forms:

24+ m)r®
Ua(B. 1) = Eat 11%) + =22 [y Eqy gt (011%) — 02 Eear1 (721%)]

A’ o
|:<1 + m) Eq10mt™)

)\' o
+ (1 — m) anl(nzl’ ):| . > 0, (27)

where Eq g(x) is the Mittag-Leffler function defined in (1.4) and

no=-—A+A2—=c2B2,  m=—r— /A2 -c2p2. (2.8)

Proof. It is convenient to write (2.6) as follows

l\)l'—‘

a—1 a—1 a—1 1
LUL(B.1)(s) = s— S Y (2.9)

§% —mp s% — 1 §% —mp s% — 1
and then apply the following relationships

0 a—1
/ e Eq 1 (njt®)dt = ” j=12 (2.10)
0 -y
o
' 1
/0 T Bl = Gy =12 @1
-

valid for s > n}/a.

The reader can easily check result (2.10) in the following manner

—st otkdt

o0
'R 19 dt = /
/O e a,1(n;t%) F(ak+1)

=—Z( ) -

From the last step it is clear why formulas (2.10) and (2.11) are valid for
§ > 1/¢ Similar calculations yield (2.11).

In order to invert the first term in (2.9) we write

s(x—l sa_l 00 .
SS = /0 Se_st |:/0 Easl(nlza)Ea,l(UZ(t _Z)a)dz:l dt

Y—mrs¥—m

g4 1

_,7]

=00

t
— et /0 Eo1(112%) Ea1 (2t — 2)*)dz
o0 o0
—}—/ eﬂ’Ea,l(nlto‘)dt—i—/ e Stdr
0 0

t
d
x /0 Ea (0125 Bt 00t = %)z 2.12)

t=0
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To realize that the second line of (2.12) is equal to zero it is necessary to take into
account the following formula (see Podlubny (1999), page 26, formula (1.108)):

t
/ VT gy (02t — )P T Eg p(w(t — 2)*)dz
0
tﬁ+}/*l S tak(yk+1 _ wk+1)

C(ak+B+7y)

y—w

(Brr—1

k=0

1Y Ea ey (1) = 0oy (i), (2.13)

for B,y > 0and y # w, whichfory =8 =1, y = n1, w = n yields

t
/0 Eq1(mz%)Ea,1 (2t — 2)*)dz

4 o o
= [ Eq,2(mt™) — n2Eq2(n2t")].
m—1n2
By considering now the asymptotic expansion of the Mittag-Leffler function
(see Podlubny (1999), Theorem 1.4, page 33), it is straightforward that the second
step in (2.12) holds.
Since

)k—l

d o _ X (= 2)° el
— Bt = 2) )_;—F(akJrl) akmy(r — 2)

i (ma(t — 2)*)* !

_a—1
T (ak) — -2

na(t —2)%!

N i (2t — 2
B ok + )

k=0
= ot — 2)*  Ego(m(t — 2)%).

we have that

Soz—l sot—l o] 00
S o p Z/ e Eq1 (nit*)dt + 772/ e~dt
ST =msT —n 0 0

t
« fo (t = 2% Ea 1 (2 Ea(mat — 2)%)dz.  (2.14)

Therefore the inverse Laplace transform of (2.9) reads

t
Ua(Bo 1) = Eat (m1®) + 21 + 12) /0 (1 = 2% Eq 1 (012%) Eaa (2t — 2)*)dz

(A + m)t®

= Eq1(m1t%) +
-

(M Eq.ar1(mi®) — mEqqt1(26)].
(2.15)
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In the last step we have applied formula (2.13) fory =1, 8 = «, y = 11 and
w=1n.
Taking into account that

1
Eqo+1(x) = )_C [Eot,l(x) - 1]
we obtain the second expression in (2.7). O

Remark 2.1. For o = 1, considering that £ 1(x) = ¢* and E12(x) = )lc(e" -1,
from (2.7) we obtain

2A 2\
Ui(B, 1) Zﬂemt — ﬂeﬂzf
n —n2 n —n2
e M A
_ 2\ /12— 2
2 22 — 2B2
Y P e (2.16)
22— 282

Formula (2.16) represents the well-known characteristic function of the tele-
graph process.

Remark 2.2. For A = 0, formula (2.7) coincides with the Fourier transform of the
solution to the fractional heat-wave equation

3%u ,3%u

o2 =c FyeE O<a<l 2.17)
with the suitable initial conditions.
Indeed, in this case, n; = icf, n2 = —icP and thus the Fourier transform (2.7),
denoted by V,,, becomes
lcﬂt"‘

Vo (B, 1) = Eq1(icpt*) — [Eq,a+1(cBt) + Eq qr1(—icft¥)]

(icpt*)* (icpr®)*
Z T(k+1) icpt® Z —F(Zak +a+1)

(_C2ﬁ2[2a)k )22
— —rFr 7 _E — %), 2.18
FOak 1 1) 20,1(—C"B717) (2.18)
k=0
We note that, for « = 1/2, (2.18) gives
Vi) =e

which is the characteristic function of a Gaussian distribution with variance 2¢2z.
If « = 1 we obtain from (2.16) (for A = 0) and alternatively from the first line of
(2.18)

1 . .
Vi(B,1) = (e 4 eI
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which is the Fourier transform of
1
vi(x,t) = 5{5(x—ct)+8(x+ct)}, (2.19)
that is the D’ Alembert solution to the wave equation.

3. First properties of the solutions

By taking first the inverse Fourier transform of (2.6) we immediately obtain that

/ 20 o
§7 4 2As e—lf—‘l«/sz‘”—s—ﬂ»sa )

e 3.1

o0
/ e Sug (x, Hdt =
0

The Laplace transform (3.1) can be further inverted in a simple way only when
A=0.

It is well known (see Samorodnitsky and Taqqu (1994), page 15) that for a
stable random variable X ~ S(o, 1, 0) we have that

Ee "X = mmam?”"  0<a<2 a#l, (3.2)

where o, ¥ > 0. Therefore (3.1) can be written (for > = 0) as

oo socfl lxls®
/ e vy (x, Hdt = e ¢ for0 <a < 1 (3.3)
0 2c
where
o = persX (oo, (3.4)

Denoting by py(|x|, t) the probability law of X((l)cc—‘ cos ”2—“)5 1, 0), we can
write the inverse Laplace transform of (3.3) as

1 " pa(lxl,
Vo (x. 1) = / Palxl8) )0 pi0cw <1, (3.S5)
21 —a) Jog (& —s5)*

Clearly (3.5) shows that the solution to (2.17) is non-negative.
For @ = 1/2 we can invert (3.3) by means of the relationship

_lis!/? /Oo e X1 —J{wzz dt (3.6)
c = e Ry e cot . .
0 V2¢ N 2nt3

Therefore the Laplace inverse transform of (3.3) is

e

1 [ 1 |x] 1 _a2
vl(x,t)z—/ e 4rsds
R N e
1 x2

- = 3.7)
VA2t
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The last step in (3.7) is due to the following result

2
1 (1 e % 2 )
z (3.8)

— ds = e x|
T Jo /s3(t —s) |x|v2mt

which can be easily checked.
In the case where A # 0, 0 < o < 1, bearing in mind the identity

2

: /OO Nires # e/—i% d (3.9)
= e 2 S, .
n@+x%  Jo Vons? 27s
the Fourier-Laplace transform (2.6) can be written as
1 00 1 sy g2
F(B,s) = (s>%! +2As“_l)—/ —e¢ 2w e Tdw. (3.10)
2c2 Jo  w?
In view of (3.2) we have that
s ax(im)

e 2w = FEe 2w (3.11)

a9 _ Acosma/2 %
e Cy — Ee SX(( 2w ) ’1’0)’ (312)

forany 0 < o < 1, @« # 1/2. The distribution connected with (3.11) will be
denoted by g2, (w), t) and that related to (3.12) will be indicated by g4 (w, ).
By considering that

—1 > —st dt 20—1
Td—2a) )y, ¢ 2= ° fora < 1/2, (3.13a)
1 o dt
rd—a / Mo =s"1 fora<l, (3.13b)
0 Jo

the Fourier-Laplace inverse transform of (3.10) reads

IL’XZ
1 /OO e~ 2 4 /" ds
27T (1 =20) Jo Vanwr Jo (—9)2

ug(x,t) =
WXZ
4 d A X T2 P
X/o Qo (W, 2)qe(w, s — 2) Z+CZF(1—a)/(; N w
t dS s
X[ a/ G20 (W, 2)go (W, s — 2)dz. (3.14)
0o t—9%Jo

Clearly the second term of (3.14) is non-negative for any 0 < o < 1. The first
term of (3.14) is non-negative for 0 < @ < 1/2; by a different argument we show
that it is non-negative also for 1/2 < o < 1.
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If we consider the first term of (3.10) and use the mean-value theorem we have:

g2a—1 poo 1 2wy R
_— —e 202w e wdw
2c¢2 Jo w?

{SZ[H / L 3 e-by (3.15)
—e C we wdaw .
2c2 o w?

for a suitable w € (0, o). While the first factor of (3.15) coincides with (3.12)
and refers to a stable distribution of order «, the second one represents the Fou-
rier-Laplace transform of the solution to the fractional heat-wave equation (2.17),
which we proved to be non-negative by means of the representation (3.5).

From (2.7) we can argue that U, (0, ) = 1, for any «, since for 8 = 0 we get
m =0,n=-2rand E4 1(0) = 1.

In conclusion the solutions to the initial value problem of the fractional tele-
graph equation (2.1a) can be interpreted as true probability distributions for any
O<a <l

_ s
g

5

=e

Remark 3.1. The uniqueness of the solution to the initial-value problems consid-
ered here can be proved by means of arguments similar to those appearing in Fujita
(1990, ).

Let u1, u, be two different solutions to (2.1a) with initial condition (2.1c)
0 < a < 1/2, m = 1); therefore w = u; — uy satisfies equation (2.1a) with
w(x,0) =0.

We note that for the Riemann-Liouville integral of order 2« (0 <o < 1),
denoted by 7 2o (see Samko et al. (1993), definition 2.1, page 33), and the Dzher-
bashyan-Caputo derivative of order o we have, for the Fourier transform W of w,
that

o

IaWt
W B

B 2a—1 ds S 9
_F(Za)/( *) r—a) )y oz (‘3)( )“

1 | ds

- - 20—1__ %2
= Teord—a J, 52" P Z)dzf(t S -

=m/ 5z (Bt — e

— _ a—1
_F()/Ww D — 2% dz

=1"W(B.1),

since W (g, 0) = 0.
Analogously, after some calculations, it is easy to show that

2

97
1% WB,t)=W(@B,1).

at2a
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By performing now the Riemann-Liouville integral of order 2« with respect to
t in equation (2.3a), we get

W (B, t)—i—m/ W (B,s) (t —s)* ds

C2/32 t
" TQa)

W (B, s) (t —s)** ds. (3.16)

From (3.16) it turns out that

2\ ¢
W (. 1)] < m/ W (B I — 5% ds
2/32

/ W (B, )| 11 — 517 ds

W
2AE™ 1 2[32 2a—1

S{ I'(a) + T Qa) }/0 W (B, s)|ds
ZKT‘X*] 02’327"20(71 t

S{ I'() + I'Qa) }/0 |W (B, s)|ds,

fort € [0, T], T > 0. By the Gronwall’s inequality we conclude that W (8,1) = 0
and thus w = u; — up = 0. The same arguments extend to equation (2.1a) with
initial conditions (2.1b).

4. The explicit solution for o = 1/2 as the law of a telegraph process with
Brownian time

We consider here the case o« = 1/2 for which it is possible to obtain the explicit
form of the solution to (2.1a) with initial condition (2.1c); we start by writing the
Fourier transform (2.7) in a more suitable form.

Theorem 4.1. For « = 1/2, we obtain the following Fourier transform of the
solution

I O e
Uy (B, 1) T dz

22— c2p2

/ e m+e_zm}dz. 4.1

?/

2«/_

Proof. In order to pass from the first form of (2.7) to formula (4.1) we need explicit
expressions for the Mittag-Leffler functions £ 13 (x) and E 1 1 (x). We have
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I—
1l

—

=

N—

Il
M 2

(k+3 Z k+lr(k+1)

k=0 2 k=0 2
= (by the duplication formula of the Gamma function)

X, xk2kHIT (5 41)

2 Jak+ D)l
0 k~ok+1 [}
2
= Z x—/ e widw
= Sk + 1D Jo
2 > —w?, 2wx
= —1d 4.2
NeZ /0 e " (e Ydw 4.2)
and analogously
00 k X ykokp (i)
X
Ep ()= Z K - Z :
: k=0 r (7 + l) k=0 fk'
2 /oo —w?42xw
e
With this at hand we readily have
Ui(B,1)
— i fm e—wz—Z)M/?w-l—Z«/?w«/ﬂ—czﬂzdw +
Vv Jo
2_0282 — 2_0282
/ w2 —2A/tw e2wﬁ M—ctpr _, 2wt/ A2 —c2B Jw
\/_ A2 — C2'32
AT {ezwﬁa/ﬂ—@ﬂz P ITNG Az—czﬂzl dw, (4.4)
ﬁ 0

which coincides with (4.1), after having introduced the change of variable 2J/tw =
Z.

Result (4.1) can also be obtained by working on the second expression of (2.7)
and applying formula (4.3). O

Theorem 4.2. The distribution obtained by inverting the Fourier transform (4.1)
is

ui(x,t) =
2

2 A
e~ T o (2 v Rw? — x2)
2c+/mt Jo 4
0 A
—i—ﬁlo(;m)]l{m«w}

+c[6(x — cw) +5(x + cw)]}dw. 4.5)
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Proof. 1If we write (4.1) as

o0 —AZ
1 67% e 1+ A NI
Jrt Jo 2 22 — 2B2
A X
+ (1 - 2—2;32> ewk“zﬂz} } dz, (4.6)
A —c

we see that, inside the integral (4.6), the characteristic function (2.16) of the tele-
graph process appears.
The distribution related to (2.16) is known to be

e v by d A
px,w) = 2 [)\IO(ZV c2w? — x2) + %IO(EV cw? — xz)]1{|x|<cw}
e*kw
+ > [6(x —cw) 4+ 8(x + cw)]. 4.7

O

Remark 4.1. We can verify that fj;: uy (x,t)dx = 1. Since

cw
A
/ Ip(=vV w? — x?)dx = %(e)‘w —e M)
- c

cw
Waly A
/ —0(—~/czw2 —x2)dx = c(e)‘w + e M _ 2)
_ew OW €
we have that

oo 1 * w? AW
ui(x,t)dx = e w
[, mwoir=s= |

X [c(ekw —e M)y fe(e e —2) + 2C] dw

1 w2
= — e wdw=1.
7

Remark 4.2. The probability density (4.5) coincides with the distribution of the
telegraph process T = T'(¢), t > 0 with a Brownian time, that is

W) = T(|B(t)]). (4.8)
This means that the fundamental solution to the fractional equation
du a2y 0%u
— +22 =2 4.9
ar i ¢ ez )

can be interpreted as the distribution of a particle moving back and forth on the
real line with velocities ¢ (switching at Poisson-paced times) for a random time
interval of length |B(#)|. Clearly T and B are assumed independent of each other.
Equation (4.9) is a heat equation with a damping term depending on all values
of u in [0, 7] and assigning an overwhelming weight to those close to ¢ (because of
definition (1.3)). The damping effect of 9 1724 /31172 reverberates on the distribution
(4.5), where the governing term (solution to the heat equation) is weighted by the
telegraph distribution (representing the impact of the fractional derivative).
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Remark 4.3. If L = 0, formula (4.5) reduces to

v%(x,t)z 7%2[8(x—cw)+8(x+cw)]dw

1 o0
2«/nt/o ¢
1 0 w?
= 26—\/5/0 e 4«2 [(x —w)+8(x +w)]dw
2

_4521
- ;—m forx € R. (4.10)

The Gaussian density is clearly the fundamental solution to the heat equation aa—’; =
20%u
x2”

Cc

Remark 4.4. 1t is very interesting to point out that the density (4.5) converges to

e 2w

1 o0 w?
m(x,o:—/ 4
2 it Jo V2T w

as A, ¢ — oo in such a way that (¢>/A) — 1. This can be established considering
that the distribution (4.7) of the telegraph process converges to the transition func-
tion of Brownian motion (as can be checked by means of the asymptotic formulas
of Bessel function, see Tranter (1968), formula 3.30, p.50, and Orsingher (1990)).
This can be proved in a different way by starting from the relationship (3.10).
Indeed from (3.10) as A, ¢ — oo (in such a way that (c?/1) — 1) we obtain (when
a = 1/2) that

dw @.11)

— 1 5o p?
F(B,s) =s—%/ —e Ve T du. 4.12)
0 w

The inverse Laplace-Fourier transform of (4.12) reads

1

_ *2w

en /oo dw (! 1 e dsw? e 2
vi(x, 1) = — /
o w2 Jo VTVE—5 V2w2ns? V27
= (on the basis of (3.8))
sz
© 1 ] T2 242w 1
:/ _2_\/56— \/_we 4w dw
0o w?2w N2 A 2mt

1

Jwds

[~}

X2u7 —
e 2 e 4rw?

. -
=/ LI
0 V2rw Vi

1
= (by means of — = z)
w

22
e 22 e &

_ /O s 4.13)
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We note that (4.11) is the law of the iterated Brownian motion
I(t) = Bi(|B2(1)]) (4.14)

where B; and B; are independent Brownian motions and B, possesses variance
parameter equal to 2.
This shows that the well-known process [ (¢) is a fractional diffusion governed
by the equation
3 2u  18%u

arl2 T 29x2 "
5. About the variance of the processes X,

By means of the Fourier transform (2.7) it is straightforward to ascertain that the
mean value of processes X (), t > 0 related to the fractional telegraph equation
(1.1) is zero, forany 0 < o < 1.

In order to obtain the explicit expression of the variance EX 5 (t) we prefer a
different approach, based on (2.6).

Since

2

0
WﬁUa(ﬁ, 1(s)

from (2.6) we obtain

o0
=— / e STEX2(ndt, (5.1)
p=0 0

2

0
W'CU(I (B, D(s)

By taking profit of formula (2.11) and of the fact that

1 foo —St o l
_ e 3%t = ;
r'(d+4a) o sotl

_ 2¢2
B=0 B Sa+l(sa + 2)\.) '

(5.2)

we have that

EXG(1)

2C2 t |
e @=Lt — )Y Eq o (—225%)d
F(I—I-Ol)‘/o N ( s) a,a( s%)ds
2¢2 i (=20)% [t
P +a) & Tk +a) Jo

= 2%t Eg 2q41(—2A1%). (5.3)

sl — 5)2s%ds

Remark 5.1. We examine now some special cases of (5.3).
Whena =1, A =0, itis clearly Eq,3(0) = 1/2 and thus (5.3) yields

EX}(r) = *t?

as can be also inferred directly from (2.19).
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When o = 1, A # 0, since
1 X
Ei13(x) = x—z(e - 1-x), x#0 5.4

we obtain that

2

) c e2M ’
EX{0) =5 (14 —5— ) = ET*0). (5.5)

which coincides with formula (28) of Orsingher (1990).
When considering the case « = 1/2 we need to evaluate Eq/22(x). Some
calculations show that

1 2+ prédh
ré+2 Jak+2)!

(5.6)

so that

Ei,(x) = —
2.2 /; ré+2
o
= —Xk2k+l(k+l) OOe_ww%_ldw
Uzt ! Jo

00 xk2k+2 /oo w %d
T mk ol ¢ woaw

1 00 pmw X k+29k+2, M2

- h e |
2mly ws T wkror Y

1 o0 e w 2f \/—
—_— — (V" — 1 = 2xJw)dw
xzﬁfo Jw
2e* ® g, L2

:xzﬁ . X2 xJm’

x#0.  (57)

It can be easily checked that formula (5.7) (as well as (5.4)) holds, by continuity,
also for x = 0. By applying (5.7) to (5.3) we obtain

2 o)
EX2(t) = — 42 / S LAY 58
HO A2ﬁ<e [ = i 5:8)
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Result (5.8) can also be derived by taking profit of the representation (4.8) as
follows

EX2 (t) = ET?*(|B()|)

= £ ETB0))| 180

w?

/ooe_‘“ ET?(w)d
o D

2
ooe—% c2 e~ 2w _q
= — w4+ —— ) dw, 5.9
/o ﬁx( % ) (5:9)

where, in the last step, we have applied (5.5). Formula (5.9) coincides with (5.8)
after some calculations.
We can see from (5.8) that, for large values of ¢,

EX? (1) ~ ﬁ\/? (5.10)
3 PV A :

By taking the limit of (5.10) for ¢, A — o0 (c2 /A — 1) we obtain, as expected,
the variance of the iterated Brownian motion, that is

2
EI*(t) = EB*(|1Bo(t)|) = —=A/1.
) {UB2(D)) ﬁ\/_
Result (5.10) must be compared with
)
Xf(t)~7t, for large ¢. (5.11)

An intuitive explanation of the fact that EX? (r) increases more slowly than
2

EX 2(t) is that the distribution of X ! can be looked at as the distribution of X; in
a space interval whose length takes small values with large probability.

In principle, it is possible to evaluate £ Xg (), fora = 1/k, k € N, when
k > 2, by successively applying the multiplication formula of Gamma function.
However, in general, it is not possible to obtain fine, explicit expressions like (5.5)
and (5.8).

Acknowledgement. We thank the referee for his accurate reading of the first draft of the
paper which led to many improvements and corrections.
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