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Abstract. Using two new measures of non-compactness S, (P) and B, (P) for a positive
kernel P on a Polish space E, we obtain a new formula of Nussbaum-Gelfand type for the
essential spectral radius r,s(P) on b3. Using that formula we show that different known
sufficient conditions for geometric ergodicity such as Doeblin’s condition, drift condition
by means of Lyapunov function, geometric recurrence etc lead to variational formulas of
the essential spectral radius. All those can be easily transported on the weighted space b, B.
Some related results on L? () are also obtained, especially in the symmetric case. Moreover
we prove that for a strongly Feller and topologically transitive Markov kernel, the large
deviation principle of Donsker-Varadhan for occupation measures of the associated Markov
process holds if and only if the essential spectral radius is zero; this result allows us to show
that the sufficient condition of Donsker-Varadhan for the large deviation principle is in fact
necessary. The knowledge of 7., (P) allows us to estimate eigenvalues of P in L? in the
symmetric case, and to estimate the geometric convergence rate by means of that in the
metric of Wasserstein. Applications to different concrete models are provided for illustrating
those general results.

1. Introduction and questions

Let P(x, dy) be a Markov kernel on some Polish space E. Regarding it as an oper-
ator acting on some Banach lattice B of measurable functions on E via Pf(x) :=
/, r S () P(x,dy), we are mainly interested in estimating the essential radius

Fess(P|B) := sup{|A|; A € 0ess(P|p)} (convention: sup ¥ := 0)

where 0,45 (P|p) denotes the Wolf essential spectrum of P|p, i.e., the set of A € C
such that A — P is not a Fredholm operator in B (a bounded linear operator A :
B — B is said Fredholm if its range Ran(A) is closed and, its kernel Ker A and
the quotient space B/ Ran A are both finite dimensional). Here B, in this paper may
be one of

1) bB, the space of all real measurable and bounded functions equipped with sup-
norm || f| := sup,cp | f(X);
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2) Cp(E), the space of all real continuous and bounded functions equipped with
the sup-norm; or

3) LP(u) := Lﬁ%(E, B, u) equipped with the L”-norm || f || ,, where p is an invari-
ant probability measure p of P.

Much more popular objects in probability than r.ss (P|p) are

Gap(P|p) :=inf{|]A —1|; 1 # 1 € o(P[p)} (1.1)
rexp(PIB) := sup{|Al; 1 # A € o (P|p)} (1.2)

where o (P|p) is the spectrum of P|p. For an irreducible (in the probabilistic sense
defined in [39], [34], [31]) Markov kernel P, Gap(P|g) > O if and only if (iff
in short) re5s(Plg) < 1, and iff 7., (P|g) < 1 in the case where P is moreover
aperiodic (for B being one of the three spaces above, see Section 2 for explanation).
Recall that for an irreducible Markov kernel P,

A\l flIp=l

=inf{r >0; 3C >0,Vn>1: |P" — ullpop < Cr"} (1.3)

1/n
Texp(Plp) = lim ( sup [[P"f —u()lls

(where u(f) := [ fdp) is the geometric convergence rate of P" to the invariant
probability measure u in the geometric ergodicity.

When does r.ss(P|g) < 1 (or equivalently the spectral gap exists for P|g)? It
is a basic question both in Analysis and Probability, whose answer depends sen-
sibly on the choice of B. For example, the finite dimensional Ornstein-Uhlenbeck
semigroup (P;);~0 on R4 (generated by A — x - V) verifies ress (P |L2(u)) = 0 but
ress(Prlpr) = 1 for each t > 0 (see Example 3.4 below).

Quite surprisingly in probability the first study was realized on the “bad” space
bB, due to the pioneering work of Doeblin [14], [15] (see Doob [17] or Revuz [39]
for still updated treatment):

Theorem 1.1 (Doeblin). Assume that P is an irreducible and aperiodic Markov
kernel. If there exist some N > 1, some probability v on E and some n > 0 such
that

sup  PN(x,A) < 1. (1.4)
AeB: v(A)<n

Then ress(PlpB) < 1 or equivalently rey,(Plpg) < 1.
In particular condition (1.4) is fulfilled if

PN (x,dy) = cv(dy) (1.5)
for some N > 1, ¢ > 0 and probability measure v.

Under (1.5) (which implies also the irreducibility and the aperiodicity), it is
even known that

Fexp(Plpg) = sup{|Al; A € o (Plpp)\{1}} < (1 —c)'/N
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see Meyn and Tweedie [31], Theorem 16.0.2, (16.11) and for the exact references.
In that theorem, condition (1.5) is shown even to be necessary to 7.5 (P|pB) < 1
for an irreducible and aperiodic Markov kernel.

In other words (1.4), (1.5), rexp(PlpB) < 1 and ree5(P|pp) < 1 are all equiv-
alent (called often “uniform geometric ergodicity) for an irreducible and aperiodic
Markov kernel P. If P is irreducible but not necessarily aperiodic, 755 (P|pB) <
1 is equivalent to the Doeblin recurrence. And for an arbitrary Markov kernel,
ress(Plpr) < 1 is equivalent to the quasi-compactness of P|,5, developed in
Revuz [39].

That raises a very natural

Question 1. how fo estimate rq55(P|pB) by means of the data given by Doeblin’s
condition (1.4)?

A very useful criterion for the Doeblin recurrence is by means of the so called
Lyapunov function:

Theorem 1.2. Assume that the Markov kernel P is Feller, topologically transitive
(see (A3) in Section 4) and PV is strongly Feller (i.e., PN®B) c Cy(E)) for some
N > 1. If there is some 1 < u € bB such that

P
2 < rige +b1g (1.6)
u

for some compact K C E, some 0 <r < 1and some b > 0, then ross(P|pp) < 1.
Moreover condition (1.6) is equivalent to

1)\
sup E* <—> < 400 (1.7)
xeE r

for some 0 < r < 1 and compact K C E, where o := inf{n > 0; X, € K} is
the first hitting time to K of the Markov process (2, (Fn)n>0, (Xn)n>0, Px)xecE)
associated with transition probability kernel P.

That is contained in [31], Chap.15 and 16 (much more general results are known
under the only assumption of irreducibility). Indeed by the assumption of the theo-
rem above, P is irreducible (see Lemma 6.2 in this paper) and every compact subset
K is “P-petite” in the language therein by [31], Proposition 6.2.8.

Both (1.6) and (1.7) are necessary to the Doeblin recurrence. Condition (1.6)
is also called “drift condition” in [31]. Most known Doeblin recurrent Markov
processes are verified by means of (1.6). That leads to

Question 2. how to estimate ros5(P|pB) by means of the data given by (1.6) or
(1.7)?

In most concrete situation, the Lyapunov function « in (1.6) fails to be bounded.
That leads to a modified theory (developed in Nummelin [34] and Meyn and Twee-
die [31]). The main instrument is to introduce a new Banach space

b,B = {f:E—>R; Il f :=sup|f(—x)I <+oo}.
xeE u(x)

It is known that
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Theorem 1.3. Let P be a Markov kernel satisfying the same assumption as in The-
orem 1.2, and aperiodic. If the drift condition (1.6) is verified by some measurable
functionu : E — [1,400), then P has an invariant probability measure |1 such
that u(u) < 400 and there exist some C > 0,0 < r < 1 such that

IP" f = n(Hllu < Cr'|| fllu, ¥n =0, f € byB. (1.8)

See [31], Chap. 15 and 16 (and the references therein) for a complete theory
about this type of geometric ergodicity, and especially for abundant examples. The
key tool for proving it is the Kendall renewal theorem ([24], see [31] Theorem
15.1.1).

In the same way we may ask

Question 3. How to estimate 1,55 (P|p,3) by means of the data given by the drift
condition (1.6) for unbounded u ?

If regs (Plps) < 1, then rog(P|poe(y)) < 1 where u is an invariant probability
measure of P. By Riesz-Thorin’s theorem, reg(P|rr(y)) < 1forevery 1 < p <
+00. But in the context of Theorem 1.3, it is unknown whether 7,s5 (P |rr (1)) < 1,
where 1 < p < +o0, which is of great importance too. By Riesz-Thorin’s theo-
rem, ress (Plrr(u)) < 1foreach 1 < p < oo is equivalent to that for p = 2. And
Chen [3] obtains this spectral gap in L?(y1) in the context of Theorem 1.3 in sev-
eral important situations covering the symmetric case. That leads to the following
natural

Question 4. how to estimate ress(P|12(,,)) by means of the data given by the drift
condition (1.6) with unbounded u or geometric recurrence?

Our main purpose is to show that probabilistic tools such as Doeblin’s condi-
tion (1.4), drift condition (1.6) and geometric recurrence condition (1.7) yield very
useful information or even characterization on r.4s (P); and inversely knowledge
on 745 (P) is very helpful for estimating 7., (P) or even eigenvalues of P.

This paper is organized as follows. In the next section we recall several known
facts about 0,45 (P), its analytic meaning and the famous Nussbaum formula of
ress (P) (for convenience of probabilist reader). Section 3, the central one, is devoted
to the study of Questions 1, 2 and 3 both on b5 and b, B, and contains the main
new results of this paper. Some complementary results are presented in Section
4 without the topological hypothesis (A1) in Section 3. Especially we obtain the
equivalence between rqs(P|pB) < 1 and ,Bf(PN) < 1 for some N for a Harris
recurrent Markov kernel P, basing on a deep result of Horowitz [20], and explain
the asymptotic behavior of a Markov kernel P on b, 3 if its essential spectral radius
is < 1.

The counterparts in L? of some results in Section 3 are presented in Section 5,
where Question 4 is solved (only) in the symmetric case. Sections 6, 7 and 8 are
devoted to applications of estimates of r.gs(P) obtained previously.

In Section 6, for a strong Feller and topologically transitive Markov chain, we
prove the equivalence between 7.4 (P) = 0 and the large deviation principle (LDP
in short) of Donsker and Varadhan, and especially the classical sufficient condition
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of Lyapunov function type found by Donsker and Varadhan for LDP is shown to
be necessary. In Section 7 we show at first that the eigenvalues A of a symmetric
Markov kernel P on discrete space E with |A| > r.s(P) can be estimated by
the degrees of geometric recurrence to finite subsets of E, and next establish that
the geometric convergence in the metric of Wasserstein implies that in b, 3, or in
L?(1) in the symmetric case (under some topological assumption), by following
the important works of Chen [1], [2] concerning sharp estimates of spectral gap.

As applications of general results, a sequence of widely used concrete models
are studied in Section 8: 1) forward recurrence time model, 2) reflected random
walk, 3) random perturbed linear systems, 4) auto-regressive model, 5) non-linear
random dynamical systems on R? etc (a critical case is treated also). For them
explicit estimates of the essential spectral radius and even the geometric conver-
gence rate 7y, (P) are obtained.

To keep the continuity of presentation the proofs of several results in Sections 3,
4 and 6 are left to Sections 9 and 10. Throughout this paper, we speak “decreasing”,
“increasing” instead of “non-increasing” and “non-decreasing”.

2. Analytic preparation

In this section we recall several useful known facts from the spectral theory of
(nonnegative) operators (see [22], [30], [40] and [33]) for probabilist reader’s con-
venience.

Let B be a real Banach lattice (e.g. b3, b, 3, Cp(E), LP (1) (p € [1, +00]) or
one of their dual Banach spaces) and P a nonnegative, linear and bounded operator
on B. A complex number A € C does not belong to the (Wolf) essential spectrum
Oess(P|g) of P|p, iff A — P is a Fredholm operator on the complexified Banach
space B¢ of B, by definition. For a point A¢ in the spectrum o (P|g), Ao ¢ Tess (P|B)
iff Ag is isolated in o (P|p) and the associated eigen-projection

Ery = —— / (. — P)"ldx
ho = 2mi r

(Dunford integral in the counter-clockwise way) is finite dimensional, where I"
is a circumference of sufficiently small radius: |[A — Ag| = § such that the disk
|A — Ao| < 8 contains no other spectral point than A¢. Recall that the dimension of
the range Range(E,,) of Ej, is the algebraic multiplicity of Ao, denoted by m,,.
Hence by Jordan’s decomposition of finite matrix,

P -E;, =AEx + Ny
(N))" =0 forsome 1 <m < mg. (2.1)

An explicit expression of Ej, is given as follows: let (fx)1<k<m, be a basis of
Range(Ey,), and (¢x)1<k<m, a basis of the range of the adjoint eigen-projection
E;‘O acting on the dual Banach space (Bc)* such that (¢, fi) = ok (f1) = Sk
(Kronecker’s notation) (such a basis (¢x)1<k<m, is called a dual basis). Then

Exof =) (¢, [)fe. Vf € Bc. 2.2)
k=1
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The essential spectral radius 7oz (P|g) := sup{|r]; A € gess(P|g)} of P|p can be
characterized as the smallest » € R™ such that any A € o (P|g) with [A| > 7 is
an isolated eigenvalue of P with finite algebraic multiplicity. In particular for any
r > ress(P|B) such that T, := {A € C| |A| = r} contain no spectral point, the
spectral points A € o (P|g) with [A| > r constitute a finite set {A;}o<;<y. Let I,

be the sum of all eigenprojections E A associated with those A, j =0,1,---, N.
Then
P"(I —T11 N
timsap 1210 = M0llss _ o
n—o00 r’
P"I1
lim sup w — oo if T, f #0. (2.3)
n—o0 r

This furnishes a very clear analytical meaning to ress (P).

An equivalent characterization of o, (P |p) is obtained through the Calkin alge-
bra (L(Bc)/K®Bc), || - llcatkin), where L(B¢) (resp. K(Bc)) is the Banach space
of all linear and bounded (resp. and compact) operators on B¢, and || P | carkin =
infcex@e) | P — Cll. Indeed 0,45 (P|p) coincides with the spectrum of the canoni-
cal image of P in the Calkin algebra ([33], A-III, p73-74). That yields immediately
three useful (and well known) consequences:

Lemma 2.1. (i) If C is a compact operator on B, then o.5s((P + C)|p) =
Oess (P|B) (Weyl’s lemma).
(ii) The essential spectral radius of P|p is given by (Gelfand’s formula)

n>1

1/n
. 1 . .
Fess(PIg) = lim (IP"llcanin)'" = inf (cé;‘%faa;) P —C||) .24

(iii) (essential spectral mapping theorem) o.5s(f(P)lg) = {f(A); A €
Oess (P|B)} for any holomorphic function f : D — C where the open domain
D contains o (P|p).

Nussbaum [37](1970) found a very useful improvement over formula (2.4). The
crucial point is the introduction of the following notion:

Definition 2.1 ([37]). Let P : B — B be a bounded operator on the Banach space
B. The measure of non-compactness of P is defined as

B(P) :=inf{r >0; Ixy,--- ,x, € B, P(B(1)) C {x;, 1 <i <n}+r-B()}

(2.5)
where B(1) is the unit ball in B centered at 0 with radius 1.
It is known that ([37] or [30], p274)
B(P) < |IP|B: B(PQ) = B(P)B(Q). (2.6)

Now the Nussbaum formula for essential spectral radius is read as (see also
[30], Theorem 4.3.13)
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Theorem 2.2 (Nussbaum [37](1970)). For a bounded linear operator A : B — B,

_ . n\l/n . n
Tess(A) = nl}grrloo [B(AMH]"" = rllgf] [B(AM)]

tn 2.7)

It is the starting point of this work.
We turn now to some special features of nonnegative operators: a linear bounded
operator is said nonnegative on B, if Pf > 0 forany 0 < f € B.

Proposition 2.3. Let P be a nonnegative linear and bounded operator on the Ba-
nach lattice B.

(a) The spectral radius ry,(P|g) is in the spectrum o (P|g) ([40], Chap.V, Prop-
osition 4.1).

(b) Ifrsp(Plg) > 0andrs,(P|) is a pole of the resolvent R(A, P) := (A — Py~ L
then it corresponds to a positive eigenvector f € B ([30], Theorem 4.1.4 and
its note), and the peripherical spectrum (A € o (P|g); |A| = rsp(P|p)} con-
sists entirely of poles of the resolvent R(\, P) := (A — P)~\, and it is a finite
union of finite groups of roots of unity. ([40], Chap.V, Theorem 5.5). Moreover
the pole ry,(P|g) > 0 is of maximal order among the peripherical spectrum
([30], Proposition 4.1.3).

(c) If rsp(Pl) = 1 and it does not belong to oess(P|g), then the peripherical
spectrum is contained in o (P|g)\0ess (P|B). In particular ros5(Plg) < 1.

Here (c) is an easy consequence of (b). Indeed by part (b) about the cyclic
property of the peripherical spectrum of P, for some N > 1, the peripherical spec-
trum of PV is reduced to the singleton {1} and 1 does not belong to Opss (PN IB)
by Lemma 2.1(iii). Hence the eigenprojection of PV associated with 1 is finite
dimensional, but it is also the sum of all eigenprojections E, ; of P associated with
the peripherical spectral points A ;. In other words the peripherical spectral points
of P are all of finite algebraic multiplicity, the desired conclusion.

Given now a Markov kernel P and let B be one of b3, C;,(E), LP () (p €
[1, +oc]and u P = w)suchthat Gap(P|g) = sup{|A—1|; 1 #A € o(P|g)} > 0.
As {(A—1)(A—P)~!; & > 1} are still Markov, then uniformly bounded on B. Devel-
oping (A — P)~! in terms of series of Laurent, we see that 1 is a pole of (A — P)1lof
order 1. Thus (1 — P)E; = 0 (by [50], Chap.9, §8), i.e., the geometric multiplicity
dim(Ker (1 — P)) of 1 coincides with the algebraic multiplicity dim(Range(E1))
(consequently the Markov property is a sufficient condition for the diagonalization
of the peripherical spectrum). When dim(Ker (1 — P)) is finite (equal to 1 if P is
irreducible), we have rqz(P) < 1: a remark in Introduction.

The above argument does not work on B = b, B, because {(A—1)(A— Py La>
1} are not necessarily uniformly bounded on b, 5.

3. Several formulas of essential spectral radius on 588 and on b, B

We now go to the job. This section, the central one, is devoted to the study of
Questions 1,2 and 3. The key tool is two new parameters f,,, S, for measure of
non-compactness of P. A great difference from the framework in the Introduction
is here we do not impose neither the Markov property, nor the irreducibility.
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3.1. Two new parameters

We introduce several necessary notations. Our states space E is Polish with a
compatible metric d (i.e., (E, d) is complete and separable), whose Borel o-field
is denoted by 5. The notation “K CC E” means that K is compact in E. Let
My (E) (resp. M ZF (E), M1 (E))be the space of all o-additive (resp. and nonnegative;
probability) measures of bounded variation on (E, B). The pair relation between
v € Mp(E) and f € bBis

v, f)=v(f) = /E J(x)dv(x).

Using the pair above, M} (E) is a subspace of the dual Banach space (b53)*. For
a nonnegative kernel P (x, dy), bounded on b1, its adjoint operator P* on (b3)*
keeps Mj(E) stable, i.e., for each v € M, (E),

P*v(:) = (vP)() == /E v(dx)P(x,-) € Mp(E).

Besides the variation norm ||v||,4--topology, we shall also consider the follow-
ing two weak topologies on Mj(E). The weak topology o (Mp(E), bB) (i.e., the
weakest topology on M (E) for which v — v(f) is continuous for all f € bB),
according to the usual language ([13]), will be called T —fopology, denoted sim-
ply by t. And the weak topology o (M (E), Cp(E)) (the usual weak convergence
topology) will be denoted by “w”. The following result is well known for “w”
perhaps less for t:

Lemma 3.1. Let M C M;'(E) be bounded (i.e., sup, c pq |V]lvar = sup,caq V(E)
< 400).

(a) These properties are equivalent:
(a.i) M is relatively compact for the weak convergence topology;
(a.ii) for any sequence ( f,)n>0 in Cp(E) decreasing pointwise to zero over
E,

lim sup v(f;) =0;

=0 e M

(a.iii) infgcc g sup,epq V(KC) = 0 (Prokohov’s criterion).
(b) M is relatively compact for the t-topology if and only if for any sequence
(A,) C Bdecreasing to empty set ¥, lim,,— oo sup,c pq V(An) = 0.

Proof of Part (b). Necessity: The functionals Fj, (v) := v(A,) on the t—closure
M of M is T-continuous, decreasing to 0 (as n goes to infinity) for each v € ME.
Since M is T-compact, that convergence is uniform over M7 by Dini’s monotone
convergence theorem.

Sufficiency: Let R := sup,caq [[Vllvar, Which is finite by assumption. Let
B’(0, R) be the closed ball of radius R (centered at 0) in the topological dual space
(bB)'. Tt is compact w.r.t. the weak*-topology o ((bB)’, bBB), which, restricted to
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My (E) C (bB), coincides with the t-topology. Consequently to show the t-rela-
tive compactness of M, it is enough to show that each element ¢ belonging to the
closure of M in ((bB)’, o ((bB)’, bB)) is a measure.

Indeed, a such continuous linear form ¢ on b5 is finite additive, nonnegative.
And by our sufficiency assumption, ¢ (14,) — 0 foreach sequence (A,) decreasing
to empty. Thus ¢ is well a o -additive measure of bounded variation. O

That motivates us to introduce

Definition 3.1. (a) For a bounded sub-family M of M; (E), define

Bw(M) ;= inf sup v(K°)
KCCE veM

Br (M) := sup lim sup v(4,) (3.1)
(A "7 P veM

where sup 4\ is taken over all sequences (An) C B decreasing to (.
(b) Let P(x,dy) be a nonnegative kernel on E such that supycgP(x, E) =
|P1]| < 400 (i.e., the boundedness of kernel P). We call

Buw(P) := Bu(M); Be(P) := B (M) (3.2)

where M = {P(x,-); x € E}, measure of non-t-compactness and measure
of non-“w”’-compactness of P, respectively.

The following proposition, whose proof is postponed to §9, summarizes several
elementary properties of 8, and S;: the last part (g) is the less obvious but crucial
for our basic result, Theorem 3.5 below.

Proposition 3.2. Let P and Q be two nonnegative bounded kernels on E. Then
(a) Bu(P) < 2B(PlpB); and

Buw(P) = sup lim || Pf,|| (3.3)
(_frl) n—oo
where sup ;) is taken over all sequences ( fu)nen C Cp(E) decreasing point-
wise to zero over E with || fo|| < 1. The equality in (3.3) is true if moreover E
is locally compact.
(b) B (P) = Sup(£,) limy,,— o || Pfp || where SUp £, is taken over all sequences

(fu)neN C bB tending pointwise to zero over E with sup,, || fn| < 1.

(c)
B (P) < 2B(PlyB).
(d) Let B = By or Br. Foranya,b > 0,
BaP +bQ) < aP(P)+bB(Q).

(e) It is always true that

B (QP) < B (Q)B(P).

If Bu(1xg P) =0, VK CC E, then
Buw(QP) < Bu(Q)Bu(P).
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(f) If Br(1g P) =0 forall K CC E (itis true if P is strongly Feller), then

B (QP) < Bu(Q)B:(P);
(g) If B:(1g P) =0 = B, (Q) forall K CC E, then QP is compact in bB.
By part (a), we give at first a contrary result.

Corollary 3.3. Let P be a Markov kernel. Assume that (E, d) is locally compact
and unbounded. If foreach N > 1 and K CC E, there is a sequence (x;) C E such
that limg_s so PV (xg, K) = 0, then Tess (Plpr) = 1. In particular ress(Plpg) = 1

if
P(x,B(x,r)) <h(r), Vx € E,r >0 (34
where h(r) : RT — [0, 1] decreases to zero as r goes to infinity with h(0) = 1,
and B(x,r) :={ye E;d(x,y) <r}.
Condition (3.4) means that P is of asymptotically bounded range.

Proof. For the first claim, notice that for each N > 1 and K CC E,
sup,cp PV (x,K°) = 1 —infycg PV (x, K) = 1. Then B, (P"Y) = 1. Thus by
Proposition 3.2(a),

28(PN1,5) = Bu(PN) =1.

Consequently the Nussbaum formula (2.7) implies that r.ss (P |pB) > 1.
For the second claim, we show at first that under (3.4),

P'(x,B(x,nr)) >0 —=h@)", Vn>1,x € E,r > 0.

Indeed it is true for n = 1 by (3.4). Assume it for n. Then for n 4 1, noting that
d(x,y) < r implies B(y,nr) C B(x, (n + 1)r), we have

P”H(x, B(x,(n+ Dr)) > / P(x,dy)P"(y, B(x, (n + 1)r))
yeB(x,r)

> / P(x, dy)P"(y. B(y. nr))
yeB(x,r)

> P(x, B(x,r))(1 — h(r))" (recurrence assumption)
= (1= h(r)y",

the desired result.

Let now K CC E be arbitrary but fixed. For any N > 1,r > 0, pick points
xx € E (k = 1) such that d(xx, K) > Nk. Thus B(xx, Nk) C K. We get so
PN(xt, K) < 1 — PN(x, B(xx, Nk)) < 1 — (1 — h(k))V. Letting k tend to
infinity, we see that the condition in the first claim is verified. O

Example 3.4. Let P, f(x) := [, f <e—’x V1= 7 y> (1(dy) be the Ornstein-
Uhlenbeck operators on E = R, where u is the standard Gaussian law A0, 1).
For each t > 0, it is well known that ress(Pr[12(,)) = 0. But regs (Ptlpp) = 1 by
the Corollary above for lim |y, o P;(x, K) = 0 for each compact K CC R.
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3.2. Gelfand-Nussbaum type formula on b3

A meta-physical feeling is that the essential spectrum of P comes from “what
happens very far away”. It may be true only if one imposes a condition which
excludes the influence of “what happens locally” over the essential spectrum. For
this purpose, we shall choose the following assumption

Buw(lxkP)=0and 3N > 1: B (1xPN) =0, VK CC E. (A1)

That is justified by the following Gelfand-Nussbaum type formula for the essen-
tial spectral radius.

Theorem 3.5. Let P be a bounded nonnegative kernel on E.

(a) Assume (Al). Then

. 1 . 1
ress(Plps) = lim [Bu(P)]"" = int [B,(P"]""
= inf 7y, (IxkePlgelpn). :
chncErsp( K k<lpB) (3.5)

(b) Without (Al), we have always

Fess (P|pBp) = max{ E)Hgo[ﬂr(l’")]l/", lim sup [ﬂw(Pn)]l/n}

n
> inf . 1gePlge . 3.6
= chncErsp( K k<loB) (3.6)

It is basic for the whole paper and its proof will be given in §9.

Remarks (3.i). Without our extra condition (A1), (3.5) is false. For instance for any
Markov Feller kernel P on a compact metric space E, we have 8,,(P) = 0 but
in general 7.5, (P|pp) is not zero, as well as 7,55 (P|c,(£)) Which coincides with
Tress (P|pB), as shown in §4. A typical example is given by P(x, dy) := §,2 on the
circle S! of the complex plane C, for which S, (P) = 0, but ress(Plpr) = 1 by
Theorem 3.5(b) since 8, (P") = 1 for all n.

Condition (A1) is satisfied if

(A2) P is Feller and PV is strongly Feller for some N > 1,

a very current situation. Here P is said Feller if P(Cp(E)) C Cp(E), i€, x —
P(x, -) is continuous from E to (M1 (E), w); strongly Feller, if PN(bB) c Cu(E),
i.e., x — P(x, ) is continuous from E to (M (E), 7).

Remarks (3.ii). The last equality in (3.5) is an extension of Persson’s principle,
well known in the Lz-theory of Schrodinger operators ([7], Theorem 3.12).

The measure of non-*“w”’-compactness S, (P) is smaller than 28 (P|,5). Unlike
the parameter 8 (P |,3) of Nussbaum, it can be estimated by means of the Lyapunov

function method or other probabilistic methods.

We present now two immediate corollaries. The first is a partial answer to
Question 1:
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Corollary 3.6. Assume that the nonnegative bounded kernel P satisfies (Al). Then

1/N
ress(Plp) < inf [ inf inf sup sup PN (x, A) .
s N>1 \veM|(E) >0 4. U(£<MGE

Proof. Notice that for any probability measure v and n > Oand N > 1,

Bu(PNpp) <limsup [PN1a]l < sup sup PV(x, A),
v(A)—0 A:v(A)<nxeE
then the desired formula follows immediately from (3.5). O

Corollary 3.7. Let 0 < P < Q. Assume that P satisfies (Al) and the kernel Q is
bounded. Then

Tess(PlpB) < Tess(QlpB)-

Even under (A1), a such comparison result is false for

Texp(PlpB) = sup{|Al; A # rgp(PlpB), A € 0 (PlpB)}, 3.7

where o (P|,p) denotes the spectrum, ry, (P|pp) := sup{|A|; A € o (P|pp)} is the
spectral radius of P|,3.

Proof. By Theorem 3.5, we have

Fess (Ploi) = lim [B,(PM)]" < lim sup [Bu (O] = ress (Qlo)- 0

n—oo

Remarks (3.iii). A complete answer to Question 1 should be

Conjecture. For any bounded nonnegative kernel P(x, dy) on a general Polish
space E,

Fess (Plop) = re(P) = lim [B(P")]"" = inf [ (P")]"".

(3.8)

In the locally compact case, we have by Proposition 3.2(a) and (b) that 8,,(P) <
B (P). Thus in that case and under (A1), the formula (3.8) holds true. We shall
present some partial results supporting this conjecture in Sections 4 and 6.

We now present two examples to illustrate the power of formula (3.5).

Example 3.8 (theso called basic example in [23] ). A sequence of tasks is performed
in a certain order indexed by N. At step k, success, with probability p; € (0, 1),
means that the process goes to the next step k + 1; but failure, of probability
qr = 1 — px, signifies that the process must start over at state 0.

This example is modelled as: £ = N and P(k, k + 1) = pi, P(k,0) = g for
all k > 0. It is obvious that

n—1

inf || (Ljo.x1e Plio.vie)” | = inf su .
Nzlll([o,N] o.ne)" I Nzlbgjllpkﬂ

Thus by Theorem 3.5, we have for this Markov process,

ress(P|l°°(N)) = rllr>ﬁi lim sup (pg pr+1 - - - pk+n—l)1/” .
=t k

—>00
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Example 3.9 (taken from [31], p400 and [47] ). Let E = N. The Markov transition
kernel is given by

PO,i)) =a; (Vi 20), P(j,j)=pj, P(j,0)=1—-pj=:iq;Vj=1
For this example we see that for each N > 1

I (1j0.n3¢ Plo.vpe)" Il = sup p'f.
j>N

Hence by Theorem 3.5,

ress(P|l°°(N)) = lim sup Pj-
Jj—>+oo

3.3. Lyapunov function type criteria for ress(P|pB)
The following result, being an easy consequence of Theorem 3.5, answers Question
2 in the framework of (A1).

Theorem 3.10. Let P be a nonnegative bounded kernel on E satisfying (Al). Given
r > 0, the following properties (a), (b), (c) are equivalent

(@) ress(PlpB) <1;
(b) there are 1 <u € bBand K CC E such that

P(IKCM)
p ————

x¢K u

x)<r 3.9
(c) there exist some 1 <u € bBand K CC E such that
Pu
sup —(x) <. (3.10)
x¢k U
In particular we have
P(1ge
Fess(Plpr) = inf  inf sup M
KCCE 1<uebB x¢k u(x)

) ] Pu(x)
= inf inf sup .
KCCE 1<uebB ygg u(x)

(3.11)
Proof. (c) = (b). Obvious.
(b) = (a). Consider the kernel operator

1
P'f = —Puf), P"(x,dy) = %P(x,dy).

It is similar to P on b[3. P* satisfies again (A1). Thus by Theorem 3.5,
Tess(PlpB) = resS(Pu|bB) < Mge P 1ge|l <7

where the last inequality is exactly our condition (3.9).
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(a) = (c)(without (Al)). Fix some A : ress(Plpp) < A < r. By Theorem
3.5(b), there exists some compact K CC E such that

Kyp(l[(cPch) anggo ||(1KEP1K0)”||1/" <

Hence

o
hy o= lge+ Y A7"(Ige Plge)"1 € bB.
k=1
Notice that 1 xc Ph) = (1xc P1gc)h); < Ah;.Now foranye > OsothatA+¢ < r,
letting u(x) = 1 + Lh; where L > || P| /e, we have
1gc P P LlgcPh P LAh
IgePu o NPIHLlkePhy o\ NPI+ LA s
u u 1+ L-hy
the desired claim (c).
It remains to show (3.11). By (b)) — (a), we have

P(lge p
ross(Plyg) < inf  inf sup LOKMWE e e sup 249
KCCE 1<uebB ygg  u(x) KCCE 1<uebB ygg u(x)

And by (@) = (c), the last term at the r.h.s. above is smaller than 7. (P|pR).
The proof is completed. O

Remarks (3.iv). Without assumption (A1), then by the proof of (a) = (c¢) above,
we have

(Plpg) = inf inf Pu(x) (3.12)
T in inf su . .
essATIbB) = KCCE lguebeﬂg u(x)
3.4. Essential spectral radius on by B: variational formula
Given a nonnegative kernel P (x, dy), let

is measurable and locally bounded and
AP):=3U : E — [1, +00) PU(x) . (3.13)

PreE Ty < T

Here U is said “locally bounded”, if sup, g |U(x)| < +oo forall K CC E.In
other words for a measurable locally bounded function U > 1 on E, U € A(P) iff

P : byB — by B is bounded w.r.t. the norm || - |7, where
) ) . |f ()]
byB :={ f : E — R measurable such that || f|y := sup —— < +o0¢.
xeE U(x)

Theorem 3.11. Let P be a nonnegative bounded kernel on E satisfying (Al).

(a) Let U € A(P). Assume moreover that PY (x, dy) = U)/Ux))P(x,dy)
satisfies again (Al), or in particular

U? € A(P) forsome p > 1. (3.14)
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Given r > 0, the following properties are equivalent:
(@.i) ress(PlpyB) <715
(a.ii) There exist some measurable function V.~ U (i.e., clU<v<ceU
for some ¢ > 1) and some compact K CC E such that

Pk V)X _

r; (3.15)
x¢K V(x)
(a.iii) There exist some measurable function V-~ U and some compact K CC
E such that
1'%
sup ) <r; (3.16)
x¢K V(x)

In particular,

P(lgcV
Fess(Plyy) = inf _inf supM
KCCEV~U ¢k Vi(x)

PV (x)

= inf inf sup . 3.17)
KCCEVNUX¢K V(x)
(b) It holds that
P(1ge
if rewe(Plyys) = inf inf sup UKW
UeA(P) KCCE ue A(P) x¢k u(x)
P
= ot nf, sup S (3.18)

KCCEueA(P) x¢x u(x) '

The quantity infye g(p) ress (Plp,y8) Will be crucial in our investigation of
locally uniform large deviation principle in §6.

Proof. (a) Notice that

PUf(x) = ﬁP(Uf)(x) = (My)~'PMy f, Vf € bB
where My (f) := Uf is an isomorphism from (b5, || - ||) to (byB, || - |lv). Thus
ress(P|bUB) = ress(PU|bB)-
1) At first let us show that (3.14) implies PV satisfies (A1). We begin with
showing that B, (1x (PY)V) = 0 for each K cC E, where N is fixed in (A1).
Indeed for any sequence (A,) C B decreasing to J, we have by Holder’s inequality

(/p+1/p' =1,

N
sup(PUYV 14, (x) = sup L 14 )
xek xeK U(x)

1/ /
< sup (PY ")) " sup PV (x, A7
xek xekK

By assumption (3.14), it follows that lim, oo sup,cx (PY)N 14, (x) = 0, the de-
sired claim by Lemma 3.1.
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In the same way we have B, (1x PY) = 0 for any K cC E. In summary PY
satisfies (A1).

2) Since 1 < u € bB satisfies (3.9) or (3.10) in Theorem 3.10 with respect
to PY (instead of P)iff V = ulU ~ U satisfies (3.15) or (3.16), the equivalence
between (a.i), (a.ii), (a.iii) follows from Theorem 3.10 applied to PY on bB. Those
equivalences entail (3.17).

(b) To establish (3.18), the key is to remove the technical condition (3.14). At
first by (3.12) in Remarks (3.iv) and the proof above, we always have (without
condition (3.14))

U(x)

ress(PlbUB)z inf sup

2y . .
(it sup s U € A(P) (3.19)

Now for (3.18), it remains to show that for any U € A(P) and r satisfying

. P(gcU)(x)
inf g
KCCE y¢g U(x)

’

and for any € > 0, there exists some V € A(P) such that ress(Pp,B) <1 +¢.

Indeed choose some compact K such that sup,.¢ x % <r.PutV =0“

where 0 < a < 1. We have by Holder’s inequality that for any x ¢ K,
P(1geV)(x) < [P(geD)WI 1P < r I PTITV ().

The same argument shows that V € A(P). Hence for a sufficiently close to 1 (but
fixed), we have

P(1gcV
sup (1gcV)(x) <rte
x¢K V(x)
where it follows by part (a) (as V!/¢ = U € A(P)),
ress(PleB) <r+e¢

the desired claim. m]

Remarks (3.v). Without assumption (A1), then by the proof above and by Remarks
(3.iv), we always have

1%
Fess(Plpy) > inf inf sup @ vy € A(P). (3.20)

KCCEV~U ygx V(x)

Remarks (3.vi). The technical condition (3.14) is used to guarantee that PU satis-
fies again (A1) once does P. Another useful observation is the following:

if P is Feller and PV is strongly Feller, and if U € A(P) and U, PU are
continuous, then PY is Feller and (PY)V is strongly Feller.

Its proof, based on Dini’s monotone convergence theorem, is omitted.
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3.5. ress(P) by means of degree of geometric recurrence

In this paragraph we assume that P(x, dy) is a Markov kernel (i.e., P > 0 and
P1=1).

Let (2 := ENa (Xp(w) = wpnz0, Fn := 0 (Xp; m < n), (Py)xeg) be the
associated Markov chain. For any measurable non-empty subset A of E, define

oa:=inf{n >0; X, € A}; 14 :=inf{n > 1; X, € A}

where (Qw),, = wy41 is the shift on Q = EN. Note that T4 = 0400 + 1 and if
x ¢ A, then t4 =04, Py —a.s..

The following lemma exhibits a close relation between the drift condition and
the geometric recurrence of (X,,) (it is a variant of some well known results, see
[31] and [34]):

Lemma 3.12. Let P be a Markov kernel and K CC E.
(a) GivenU € A(P).

. ) ( n
inf su = limsup { su E*1 U(Xy)
V~U xﬁélg Vx) n—>oop xeg Ux) (ox=n] "

= ryp(Lke Plgel, ). (3.21)

(b)

. PV (x) , Hn
inf sup = sup limsup|( sup Py (zx > n) . (3.22)
veAP)xgk V(X)) kiccE nsoo \xek’
A quite delicate point here is that in (3.22), Tk can not be replaced by og (see
the example in §8.1).
The main bridge connecting the recurrence property and r,,(1gc P1ge) is the
following simple but crucial fact:

1 X — 1 . YL
U(x)E Liog=nU(Xn) = e [(1ge P1ge)" U] (x). (3.23)

Proof. (a). 1) We begin with the proof of the equality

x) 1 1/n
ro := inf su = lim su <su E*1 U(X )) =:r].
ViU r V) e G gy ek P
For any r > rg, there is some V ~ U such that
PV (x)
<r.

sup
xek V(x)
Consider the martingale

n—1

V(Xk) _ V(Xn) l—[ Vv

PV(Xi1)  V(Xo) sy &, n=1. (324

My:=1, M, ::ﬁ

k=1 k=0
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Noting that %(Xk) > 1/r on [k < ok], we have forn > 1,

I . 1\" .
WE V(Xn)l[dx>n71] ; <E'M,=1

where it follows by using the equivalence V ~ U,

1 1/n
r1 < limsup | su E*1 _nvx <r.
1 < n_mop <xeg V) lox>n—11V ( n)) <

As r > rg is arbitrary, we have shown r; < ry.
We now prove the inverse inequality ro < rq. Notice at first that

1/n
r1 = lim sup (sup EXI[JKZn]U(Xn)>

n—oo \xek U(x)
because EXI[UKZnJU(Xn) = EXI[UK>I171JPU(XH71) . CEX][UK>I1*1JU(XI1*1)
where C = ||PU/U||. For any r > r, put

o0
V(@) =Y r "B lgg=mU(Xy).
n=0

By the definition of 1, V ~ U. For initial point x € K¢, noting that 1{5; >, 00 =
liog=n+1], Px —a.s., we have for all x € K¢,

[e¢]

PV(x) =Y r"Eljggzn 00 - U(Xnt1)
n=0

00
= ZV_n]Exl[cran-i-l]U(Xn-&-l) =rVx).
n=0

i.e., sup, g (PV/V)(x) < r. Thus ro <r, the desired inequality.
2) It remains to prove the second equality in (3.21). Indeed,

1 1/n
lim sup | su E*1 UX
n—>oop <xeg U(x) [ok >n] ( n))

1/n
= lim sup (sup [(AgePlge)" U] (x)) (by (3.23))

n—oo xeE U(x)

. 1/n
= lim sup (”(IKCPIKL‘)H HbUB) = rsp(lK“‘PlKC|byB)‘
n—o0

(b). We show at first that for any V € A(P) fixed,

PV (x) , I/n
sup > sup limsup|( sup P,(zx > n) . (3.25)
x¢k V(X)) 7 kccE nooo \xek’
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For any r strictly greater than the Lh.s. above, the martingale (M,,) constructed in
(3.24) verifies

n

VX)) _ PV(Xa) 1

n

v 1 "
M, = = — (X)) > —— e =) .
" EPV(Xk_l) PV (Xo) Elpv( D= By (xg) (r>

Then

sup Py(tx > n) < sup PV(x)E'M, - r" < sup PV(x)-r"

xeK’ xekK’ xeK’

where the above desired inequality (3.25) follows for sup, g PV (x) < 4o0.
We now establish the inverse inequality of (3.22). For any r strictly greater than
the r.h.s. of (3.22), consider

1\7%
V(x) :=E* (—) .
r

Then V > 1 over E and V is bounded on any K’ CC E. Moreover, using ok o
0+ 1=r1tx andogx = g, Py —a.s. forx ¢ K, we have

1 ok o 1 174 1 194
PV (x) = B <_) = rE* (-) = rlreke V(x) 4 rleek sup E? (-) .
r r zeK r

It follows that V € A(P) and sup,cxc(PV/V)(x) < r. Therefore the inverse
inequality of (3.22) is proved. The equality (3.22) is established. O

From the previous lemma and Theorem 3.11(b), we immediately obtain

Corollary 3.13. Assume that the Markov kernel satisfies (Al). Then

inf  ress(P
UeA(P) ess ( |bUB)

1\
=inf{r > 0; 3K CC E, sup E* (—) < 400, VK' CC E} (3.26)

xeK’ r

Formula (3.26) will be the basis for applying the comparison technique to estimates
of ress(P), see §8.3 and §8.4.

3.6. ress(P) and concentration of invariant measure

Proposition 3.14. Let P be a Markov kernel such that rg
infye APy Tess (PlpyB) < 1. Assume the following near-neighbor condition

P(x,{y;d(y,x) >1}) =0, Vx € E. (3.27)

Then for any invariant probability measure | of P, i.e., WP = [, (whose existence
is assured by Theorem 4.6 below) and each fixed xg € E,

lim sup[p({x; d(x, xg) > N})]I/N < ry. (3.28)

N—o0
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Proof. (following that of [31], Theorem 16.3.2) For any r € (rg, 1), by Lemma
3.12(3.21) and Remarks (3.v), there are some compact K CC E, U € A(P) and
V ~ U such that

li ( L gy UX ))l/” < sup 2Y ) (3.29)
imsup ( su su <r. .
oo \ser UG )= R VR
Fix an invariant probability measure p of P. Let us show that V is u-integrable by
following a classical argument.

Indeed since ()_7_;(V(Xx) — PV (Xi-1))),., is a Py-martingale for each
x € E, we have by Doob’s stopping time theorem that for any n > 1,

TK AN
0=E") (V(Xo) ~ PV(Xi-1)
k=1
TK AN
=E"(PV)(Xgrn) — PV (x) +E* Z (V(Xy) — PV(Xy))
k=1
TK AN
> —PV(x)+ (1 —r)E" Z V(Xy)
k=1
where it follows by letting n — oo,
TK 1
E* Z V(Xp) < :PV(x), Vx € E. (3.30)

k=1

The compact K is then Harris recurrent ([31], p200), hence by [31], The_orem 10.4.7
(in the notation there, an] Py(tx > n, X, € B)=x U(x,B)and K = E),

w(B) =f udx) Y Pu(tk = n, Xy € B) =[ u(dx) Y 15(X0). VB € B.
K K

n>1 k=1
This implies by (3.30)

TK 1
/ Vdu =/ u(dx)E* ZV(Xk) < 1 sup PV (x) < +o0.
E K =1

— T xeK

Since U ~ V, U is pu-integrable too. Hence by (3.29),
limsup,,_, o (]Pu (o > n))l/n < r. Then by Jensen’s inequality,

1 EYog 1 oK
f (—) du(x) <E* (—) < 4o00.
E r r

But by the near-neighbor condition (3.27), with P,-probability one, ox >
d(x, K) := infyeg d(x, y) (distance between x and K). Thus for each xo € E
fixed, using d(x, xo) < d(x, K) + SUpyeg d(xo, y), we have

1 d(x,xp)
[ <o
E
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where it follows lim sup _, o, [t (B (xo, NOIYN <r.Asr > rpis arbitrary, (3.28)
is proved. O

Remarks (3.vii). For anirreducible and geometric recurrent Markov kernel satisfy-
ing (3.27), it is known that lim supy_, oo [t (B(x0, N)*)]'/¥ < 1 by [31], Theorem
16.3.2. In other words (3.28) gives a quantitative exponential estimate of the tail
probability of 1. Moreover the lower bound (3.28) of 7¢s(Plp,5) is almost sharp
by Example 8.3.

A partial inverse implication holds too, see [31], Theorem 16.3.1 in which
another function is used in the near-neighbor condition (3.27) instead of the dis-
tance d(x, x9) (such important inverse result was at first obtained by Malyshev and
Men’sikov [29](1982), see historical comments in Chap. 16 in [31]). Then it is very
interesting to investigate whether lim supy_, [ (B(xo, N NN <1 together
with (3.27) implies infye 4(p) Fess (Plp,B) < 1 (and estimate of the last quantity).

4. Several complementary results without (A1)
4.1. A partial answer to the conjecture

We give at first a translation of a deep probabilistic result due to Horowitz [20].

Theorem 4.1. Let P be a Harris recurrent ([39], p75) Markov kernel. Then
Fess(PlpB) < Liffre(P) = infnz(ﬂr(P"))]/” < 1

Proof. The necessity follows from Theorem 3.5(b). The important sufficient part
follows from Proposition 4.2(a) below, by [39], Chap.VI, Theorem 3.10 due to
Horowitz [20] (see Revuz [39] page 179, and historical comments in p320). O

This is a partial answer to the conjecture in Remarks (3.iii). As B (PV) <
limyay—o |l PN1,]|, the condition that . (P) < 1 might be easier to verify than
Doeblin’s condition (1.4).

Proposition 4.2. Let P be a nonnegative bounded kernel on E with rg,(Plpp) =1
such that ry(P) = lim,_, o0 (B (P")/" < 1.

(a) Let Lo € o (P|pR) with |Ao| > r:(P). If ¢ € (bcB)* (the dual Banach space
of beB) is a generalized eigenvector of the adjoint operator P*, i.e., (P* —
r0)" ¢ = 0 for some m > 1, then ¢ is a (complex valued) measure of bounded
variation on E.

(b) (existence of invariant measure) There is v € M1 (E) such that vP = v.

Proof. (a) Let ¢ be a non-zero (complex) valued linear and continuous form on

bceB such that (P* — Ag)"¢ = 0 where |Ag] > r;(P). Put ¢y := (P* —
10)" % ¢. We have ¢g = 0 and

P = hotk + -1, k=1, ,m.
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Hence for proving that ¢ is a measure, by induction we need only to prove

Claim. if¢ € (beB)* with ||¢||* = 1 verifies P*¢p = Lo+ v where v is a complex
valued measure of bounded variation, then ¢ is also a measure.

To this end, notice that for each N > 1,

n—1
(PHNo =256+ ) (PH*,

k=0

where (P*)kv = vP¥, k > 1 are again measure. Now for any sequence (A,),>0 C
B decreasing to empty set, we obtain by the expression above,

limsup |0V (¢, 14,)] = limsup [((P*)V ¢, 14,)]

n—o00 n—o0
= lim sup |{¢, PNlAn)I
n—od
<limsup [PV 1,4, < B(PV).
n— oo

Consequently forall N > 1,

. B (PY)
< -

hﬂi‘ip (@, 1a,)| = L
where it follows lim sup,,_, o, [{¢, 14,)| = O by letting N — oo and using that fact
that |Lg| > r;(P). Hence ¢ is a measure, the desired claim.

We prove now part (b). By [30], Theorem 4.1.5, there is a nonnegative linear
continuous form ¢ € (bB)* with (¢, 1) = 1 such that P*¢ = ¢. Hence ¢ is a
probability measure by part (a). O

With the same proof as above, we have

Proposition 4.3. Let P be a Feller nonnegative bounded kernel on E with
rsp(Plcy(E)) = 1 such that ry,(P) = limn—mo(ﬁw(Pn))l/” <1

(a) Let Ay € o (Plc,E)) with |ho| > ry(P). If ¢ € (Cp(E))* (the dual Banach
space of the space Cy(E; C) of all bounded complex valued continuous func-
tions on E) is a generalized eigenvector of the adjoint operator P*, i.e., (P* —
20)" ¢ = 0 for some m > 1, then ¢ is a (complex valued) measure of bounded
variation on E.

(b) (existence of invariant measure) There is v € M1(E) such that vP = v.

4.2. What means ress(P) < 1in b,B?

We have evaluated 75 (P|p,, 3) by means of different formulas. But whether does,
rsp(Plp,B) = 1 for a Markov kernel? It may seem very easy or obvious, but it
is in reality a quite delicate matter. Indeed there may exist some U > 1 such that
PU = rU for some r > 1, and hence r,, (byB) > r > 1. A positive answer can
be given by means of r; (PYV). To this end we prepare
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Lemma 4.4 (sub-invariant function principle). Let P be a positive bounded kernel
suchthat r (P) < A and there is some everywhere strictly positive function f € b3
such that Pf < Af. Then A > rgp(P|ppB).

Proof. Assume in contrary that A < rs,(Plps) =: ro. Then ro > A > r:(P).
Thus by Proposition 4.2, there would be some probability measure v such that
P*v =vP = ryv. We get so

Ww(f) = v(Pf)=WP)(f) =rov(f).
As v(f) > 0, we obtain A > rg, a contradiction. |

Proposition 4.5. Let P be a positive kernel, bounded on by B where U > 1 is a
measurable function, and PV (x, dy) = (U(y)/ U (x))P(x, dy). Then

. 1
rep(PlpyB) = max{r:(PY), limsup (| P"gllv) " 4.1
n—oo
for every strictly positive g € byB. In particular if P is moreover Markov, and
ress(P|bUB) <1, then rsp(P|bUB) =1

The quantity “lim sup,,_, , (|| P"g|| o)Y/™ is called “individual spectral radius

of P at g” in [30]. There are Banach lattice and positive operator A on it such that
every individual spectral radius of A is zero, but the spectral radius of A is > 0,
see [30], Chap.4.

Proof. Since rgp(PlpyB) = ress(PlpyB) = ress(PY|pB) > r-(PY), the inequality
“>"1n (4.1) is true. For the inverse inequality for each strictly positive g € by B
fixed, let » be an arbitrary number strictly greater than the r.h.s. of (4.1). Put

It belongs again to by B and Ph < rh. By Lemma 4.4 (applied to PV and f :=
h/U),r > rgp(Plp,B), where follows the inverse inequality. The last claim follows
from (4.1) with g = 1 by noting that re(PY) < Tess(PlpyB) < 1. |

We now extend a known difficult result, Theorem 3.7 in Revuz [39], Chap.6
from b to by B, whose proof is given in Section 9.

Theorem 4.6. Let P be a Markov kernel bounded on by B, where U > 1 is a
measurable function. Assume that ress(P|p,3) < 1. There exist k > 1, and for
each j =1,--- ,k, d; > 1 nonnegative functions U; ; e bB (i =1, --- ,d;) such
that ZI;:I Zil’:l Ui,j = 1 over E, and probability measures |; ; carried by the
pairwise disjoint sets E; j := [U; j = 1] such that, if d denotes the least common
multiple of the d; (j =1, --- , k), then for everyl € N,

ko dj
ZZszl(mod d).j @ Mi,j —0(sn—o00) 42
j=1i=l by Bs by B
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and this convergence is geometric. The sets E; = | ;.| E; j is P-absorbing (i.e.,
P(x,Ej) =1 forevery x € Ej), and P restricted to E; is Harris recurrent with

invariant measure [L; .= Ziil i, j
4.3. Coincidence of ress(P) on Cp(E) and on bB

For a Feller nonnegative bounded kernel P (x, dy), it might be more natural or more
fruitful to study its essential spectral radius as an operator on Cp(E). More natural,
perhaps; more fruitful? No, as claimed by

Proposition 4.7. Let P(x,dy) be a Feller nonnegative bounded kernel on E.
Then ress(P|C;,(E)) = ress(PlpB), and for A € C with |A| > ress(P|Cb(E)):
A € o(Plcyk)) iff A € o(Plp), and in the last case the eigenprojection E),
of Plc,(E) is a (complex valued) Feller kernel coinciding with that of P|pp.

Proof. At first by Nussbaum formula (2.7) and the obvious fact that B(P|c,(g)) <
B(PlpB), we have ress(Plc,(E)) < Tess(PlpB).

For A € o (P|c,(k)) With [A] > 7.5 (Plc,(E)), let E) be the associated eigen-
projection. By Proposition 3.2(a), ry, (P) < ress(Plc,(E)) (equality is false by the
example in Remarks (3.i)). Hence |A| > ry, (P). By Proposition 4.3(a), every ele-
ment in the range of the adjoint eigenprojection E} acting on C(E, C)*, being a
generalized eigenvector of P*, is a complex valued measure of bounded variation.
Then by the expression (2.2), E; is a Feller kernel on E.

Now for any r > ress(Plc,(g)) such that I', := {z € C; |z| = r} contains no
spectral point of P|c, k), let I, be the sum of all eigenprojections E; associated
with A € o (P|c,(k)) such that |A| > r. I, is again a finite dimensional projection,
given by a Feller kernel, and there is some constant C > 0 such that

IP(I — )" lc,e:cy) < Cr", Yo > 1.

The key remark is: for a Feller kernel such as [P (I — I1,)]"?, its norm on C, (E; C)
coincides with that on bc B. Consequently

1P — T lpeB < Cr", ¥n = 1.

This implies not only ress(Plpg) < r (then the desired inverse inequality
“Tess (Plc,(E)) = Fess(PlpB)”), but also all other conclusions of this proposition. O

Remarks (4.i). The above result is largely inspired by a well known result in [39]:
a Feller kernel is compact in Cp(E) iff it is so on bB. It explains also why our study
is concentrated on bB and b, B, for the structure of Cp(E) hidden the role of the
parameter 8; (and (A1)), basic in the investigation of r.ss(P) by Theorem 3.5 and
Theorem 4.1 (and again more if our conjecture in Remark (3.iii) is true).

Let Ac(P) := {u € A(P); u, Pu are continuous on E} and C,(E) the sub-
space of all f € b, 53 which are continuous. Given u € Ac(P), using the similarity
of Plc,(g) and P"|c,(g) (P" is still Feller by Remarks (3.vi)), one can transport
the above result to C, (E).
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5. Essential spectral radius on L?(u)
5.1. A general formula: Persson type’s principle

We begin with Persson type’s principle ([7], Theorem 3.12), corresponding to The-
orem 3.5.

Theorem 5.1. Let P (x, dy) be anonnegative bounded kernel, bounded on LP (1) =
LP(E, B, i), where 1 < p < 400. Assume that forany K CC E, B;(1xP) =0
and || P|lq < +oo for some 1 < a < p. Then

Tess (P|LP(,u)) = KicngErSp (1K”P1KC|LI’(M)) . (5.1

Remarks (5.i). For continuous time and symmetric Markov semigroups (P;), under
the strong Feller condition, Grillo [19] (1998) proved the above Persson principle
in L% (with an extra condition on the metric generated by the Dirichlet form),
and FY. Wang [41] (2000) found an infinitesimal criterion for exactly evaluating
Tess (Pt lL2¢ u))' We shall return to extend their works in the sequel paper.

Remarks (5.ii). Let
N PllraircLewyy == lm  sup  |1ypr=c1Pfllp, Yp € [1, +00)
L=>+400 fifll,<1

| Plltaireoquy) = limsup [[Plalloc := lim sup  [[Plalleo
w(A)—0 =0+ AcB u(A)<e

be the tail norm of P (see [18], [49]). For 1 < p < 400, it coincides with the
measure of non-semi-compactness given by de Pagter-Schep [12](1988) (see [18]).
Weis [43](1984) and de Pagter-Schep [12](1988) proved the following Nussbaum
formula of essential spectral radius:

Let Pf(x) := fE px, ) f(y)u(dy) be a nonnegative absolute continuous
kernel operator, bounded on LP (), where 1 < p < 400. Then

ess (PlLrquy) = lim (1 P" lraitczr o) ™.

Here the absolute continuity of P is crucial (otherwise the infinite dimensional
Ornstein-Uhlenbeck semigroup provides such a counter-example).

Remarks (5.iii). Without assumption of Theorem 5.1, the following inequality
ress(P|L”(;L)) = KICHEE I'sp (1K”P1Kf |L"(,u)) (5.2)

holds always. Indeed, it is obvious that the measure of non-compactness defined in
(2.5) verifies B(P") = [|P" |zair(Lr(w))- But by [18] or [49](Lemma 3.1),

1P lraitcruy = limsup  [[14P(15-)],
u(A),u(B)—0

inf ||1KOPn1](c||pz inf ||(1KCP1[(C)n||p.
KcCcE KcCcE

v

Hence (5.2) follows by Nussbaum’s formula (2.7).
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Proof of Theorem 5.1. Denote the measure of non-compactness of P in L? by
B(P). For each compact K CC E and any n > 2,

P" = (1gP + 1gc P)!
:(IKCP)H+(1K¢-P)H_11KP+ Z AJIAJ

n
j€f{0,1}: jr=0 for some k<n—1

where Ag := 1g P and A := 1gcP. By Proposition 3.2(g), if jx = O for some
1 <k <n-—1,product Aj --- A; is compact on bj3, then on L*°, hence on L”
by interpolation of compact operator (and its boundedness on L?). In other words
B(Aj ---Aj,) = 0. Consequently by B(P) < || P||p, we have

BP") = B (ke PY" + (1ke PY" " 1k P)) < 20 (ke PLxe)" ™l - 1 Pl

Hence by Nussbaum’s formula (2.7),

. _ 1/n
Fess (PlLr(u) < nlggo <2||(1KCP11<C)" i - ”P”p) = ryp (Lke Plgelirqu)) -
This, together with (5.2), yields (5.1). |

For a Markov kernel P with invariant and ergodic probability measure u, a
quite natural question is to determine whether the spectral radius of 1xc P1gc (the
transition kernel killed at K) in L”(u) is < 1. The previous theorem yields a
satisfactory answer:

Corollary 5.2. Let P be a Markov kernel with invariant probability measure (L.
Assume that P is ergodic w.r.t. |, i.e., if f € bBverifies Pf = f, then fisu—a.s.
constant. Assume that B;(1x P) = 0 forany K CC E.

Let A € B be a relatively compact subset of E charged by quand1 < p < +00.
Then rsp(lAvPlAzr|Lp(M)) <1 iﬁcress(Ph‘p(ﬂ)) < 1.

Proof. P is contractive on L4 (1) for every g € [1, 400]. Since the closure A is
compact, we can apply Theorem 5.1 and get

Fsp(Lae Plac|po(uy) = rsp(lge PlgelLe(u) = Fess(Plorw)-

Then the necessity is true.

For the sufficiency, we observe by the inequality above that there are only two
possibilities: either rg, (14 Plac|Lr () = Fess (PlLr(w)) OF Fsp(Lac Plac|r(n)) >
Tess (PLp (). Inthefirstcase rgp (1 4c P1ac|r(u)) < 1by the sufficiency’s assump-
tion. It remains to treat the second case.

In such case r(A°) = rg(LacPlyc|pr(y)) is strictly greater than
Tess(1ac P1ac|pr(u)), because

ress(lA"PlAC|LP(;L)) = reSS(P|L”(M))

by Theorem 5.1. Thus r (A€) is an isolated eigenvalue of 1 4c P 1 4c corresponding to
some nonnegative eigenfunction 2 € L? (i) with ||k]|, = 1 by Proposition 2.3(b).
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If in contrary r(A€) = 1, we would get
Ph > 14¢Plagch =h.

Since u(Ph) = u(h), Ph = h, u — a.s.. But by the assumed ergodicity, # should
be p-a.s. a positive constant. This is in contradiction with the fact that & = 0,
U —a.e.onA. |

5.2. Symmetric case.

Lemma 5.3. Let P : L?(u) — L?(u) be a nonnegative, bounded and symmetric
operator.

(a) Then for any two f, g > 0, u — a.e. in L*(w), we have
IPll2 = ryp(Pl12(,)) = limsup(P" £, g)'/". (5.3)
n—o0

(b) If moreover P is p-essentially irreducible (i.e., for some & > rsp(Plr2,)),
Ryl := Z,fio AP, > 0, w—a.e. for any A € B with u(A) > 0),
then (5.3) holds forany 0 < f, g € Lz(p,) such that L (f) A u(g) > 0.

Proof. (a) The first equality is an immediate consequence of spectral decomposi-
tion.

Let ro be the quantity at the r.h.s. of (5.3). Obviously || P|2 > ro. Below we
show the inverse inequality which is the core of this lemma.

If | P|l2 = 0, it is obviously true. In the case where || P || > 0, we may assume
that || P||2 = 1 without loss of generality. By absurd assume that 7o < 1. Put

D:={heL*n); |h| <C-(f Ag), 1n—a.e. forsome C > 0}.

Then D is dense in L2(u) for f, g > 0, u —a.e.. By the definition of rg and the
non-negativeness of P, we have for each r € (rg, 1) fixed,

lim r~"(P"h,h) =0, Yh € D.

n—00

Now write the spectral decomposition: P2 = f[o 1 A2dE 1. Wehave foreachh € D,

I(E1 — ENh|3 < 72 / RB(E R < 7P ) =0,
(r,1]

As D is dense in L? and E; — E, is bounded on Lz(u), we obtain E; = E,,
which means that ||P?|» < r?> < 1, a contradiction with our assumption that
1Py =P} =1
(b) Instead of D given above, take
D' i={heL’(W; |hl < Cn-(Onf A ONE), 1 —ace.
forsome N > 1, Cy > 0}
where Qy = I + P + --- + PN. By the essential irreducibility, D’ is dense in
L? (). Moreover for any r strictly greater than the r.h.s. ry of (5.3),
lim »~"(P"h,h) =0, YVh e D'.

n—oo

The remained proof is the same as that of part (a), so omitted. m|
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With exactly the same proof of part (a) above, we also have the following result
for not-necessarily nonnegative operator, which will be crucial for our investigation
of spectral gap (a similar result is proved by the author in [44], Proposition 2.9 in
the continuous time case):

Lemma 5.4. Let P be a symmetric bounded operator on L*(w). Assume that
there is a dense subset D C Lz(u) and some constant ro > 0 such thatVf €
D, AC(f) > O:

KP"f, [l < C(fHrg, Yn =1,
then rgp(P) < ro.

The following result answers completely Question 4 in the Introduction in the
symmetric case, but leaves it open in the non-symmetric case.

Theorem 5.5. Let P be a nonnegative kernel satisfying (Al), symmetric and
bounded on L*(1) (1 being a probability measure on E).

(a) For each measurable subset A C E,

rop (Lac Placl 2 = inf {r; 31 <ue L), 14 Pu < ru, —a.s.}
= inf {r; Ju e BZ(A"), lacPlcu <ru, b — a.s.}

5.4)
where B:(AC) = {u: A° — [0, +00] measurable; 0 < u < 00, u —a.e.}.
In particular
. . Pu(x)
Tess (P = inf inf  esssu ¢
ess( |L2(M)) KCCE 1<ucl?(u) PxeK u(x)
P(1ge
= inf inf esssupxeKcM 5.5
KCCE yeBy: (K©) u(x)
< inf ru(P
= UeAp) ess ( |bUB)

and the last inequality becomes equality in one of the following cases:
(a.i) E is countable (discrete) and p charges every point of E;
(a.ii) P(x,dy) = p(x,y)u(dy) where p(x,y) is B x B-measurable, and
fE p(x, y)?u(dy) < +oo, Vx € E.
(b) If P is moreover Markov, then for any A € B,

Tsp (lAcPlAc|Lz(M)) = esssupyeac limsup [Py (o4 = n)]V/". (5.6)

n—oo

1\%%
Tess(Plr2¢y)) = inf {r >0; 3K CCE, EF (—)
r
< 400, U —a.e.x}

= inf esssupyegelimsup [Py(ox = m]".
KccE n—00
(5.7)
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Proof. (a) Denote the three terms of (5.4) by ro, r1, 2 respectively. Obviously
ri = ry. We show at first ry > ro = ryp (Lac Placlz2,)-

For any r > rp, there is some u € B:[(Ac) suchthat 1 gc Pl gcu < ru, u—a.s..
Now putv :=u/(1 + u)%. We have

(14cP14c)" v < (14 Plac) u <7v"u, u—a.e.
Consequently
(v, Qac Plae)" v), <r"(v,u), <r".

Thus by Lemma 5.3, 7y, (1A(:P1Ac |L2(u)) < r,then < rp for r > r, is arbitrary.
It remains to show that 7o > r by a similar argument in (a) = (c) of Theorem
3.10. Forany r > ro =y (lAcPlAc|Lz(M)), let

o
hi=1lac+ Y r7" (LacPlae)" 1€ L* ().

n=1

Then i € L?*(w) and 14¢ Ph < rh. Now for any ¢ > 0, consider u(x) = 14 Lh(x)
where L > || P||/¢, we have u — a.s.,

14c Pu <l IPll2 + L1acPh <1y IPll2 + Lrh e te
u u 1+L-h

which entails r{ <r 4+ €. Asr > rg and ¢ > 0 are arbitrary, we obtain the desired

claim “r; < rg”. So (5.4) is established.

The first and second equalities in (5.5) follow immediately from (5.4) and
Theorem 5.1, and the third inequality in (5.5) by Remark (3.v). Theorem 3.11(b)
implies that the third inequality in (5.5) becomes equality in the case (a.i), for
esssupge = supge. In case (a.ii), let r > res5(P|72(,)) be arbitrary. Then by The-
orem 5.1, there is some compact K CC E such thatr > rSP(IKcPIKcle(M)). Put
as above

o
hi=1lge+ Y r " (IgePlge)" 1 € LA ().
n=1
By assumption in (a.ii), Ph(x) < 400 for every x € E. Then h(x) < lgc(x) +
Ph(x)/r < +o00,Vx € E.Now letting u(x) := 1+ Lh(x), for any ¢ > 0, we have
as in the proof of ro > rq above that for L large enough,

Pu(x) -

1xe

w0 r+e.

This entails by Theorem 3.11(b) that infyc 4(p) Fess (Plp,8) < r + &, the desired
inverse inequality.
(b) For (5.6), let r be any number strictly greater than the r.h.s. of (5.6), put

u(x) :=E* <l> ! .
r
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Then p-a.s., 0 < u(x) < oo, ie., u € BZ(AC), and (14cPlgc)u < ru on A€.
Hence by part (a), rp (IACPIAC |L2(M)) < r. That proves “<” in equality (5.6).

Inversely forany r > ry), (1A¢-P1A(-|Lz(u)),by part (a), there is some u € L?(w)
such that u(x) > 1 on E and (14cPlgc)u < ru, pu — a.e. on A€. Thus for
w—a.e.x € A,

Pi(oa > n) < E' g, snu(X,) = (1acPlae)" u(x) < r'"u(x)

where it follows that r is not smaller than the r.h.s. of (5.6). In other words (5.6) is
established.

The second equality in (5.7) is elementary. By Theorem 5.1, the first equality
in (5.7) follows from (5.6). |

Remarks (5.iv). Whether infye Ap) ress (Plp,B) < 1 does imply ress (Pl2(,)) <
1 for a nonsymmetric Markov kernel P with invariant measure p is a very inter-
esting open question (see however Chen [3] for a confirmative answer for several
important situations). Of course it is again more difficult to extend Theorem 5.5 to
the non-symmetric case.

Remarks (5.v). Let P be a nonsymmetric Markov kernel with invariant measure p.
Then P P* is Markov, symmetric in L?(1). By following the general spectral the-
ory ([38], Vol.IV), one can show that ress(P|Lz(M)) < J/Tess (P P* |L2(M))' And one
can apply Theorem 5.5 to estimate regs (P P*|12(,,)). But the range of this approach
is limited: in general u is unknown in practice and then the adjoint operator P*,
depending on , is difficult to calculate.

L. Miclo [32], by exploring this approach, has investigated the logarithmic
Sobolev inequality of P.

6. Relations with the large deviation principles

In this section we assume that P (x, dy) is a Markov kernel (i.e., P > 0 and P1=1).
We apply the previous results to large deviations.

6.1. An extension of a result of de Acosta

The purpose of this paragraph is to give applications of the two parameters 8; and
Buw to large deviations, without assumption (A1). Let

l n
Ly(w) = p Z(SX,,(w)a n>1
k=1

be the empirical measures of our Markov process (X),>1. It is a random element
in M{(E) equipped with the o —field o (v — v(f); f € bB) (which is smaller
than the o-field generated by the t-open subsets). A subset in M (E) is called
measurable, if it is an element in the last o —field.
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The Donsker-Varadhan entropy J : M1(E) — [0, +0oc] is given by

JW) = sup / log ——dv. 6.1)

1<uebBJE ~ Pu
de Acosta [8] showed that if ﬁ,(PN) = 0 (resp. P is Feller and ﬂw(PN) = 0)
for some N > 1, then the empirical occupation measures (L) satisfies a uniform
large deviation upper bound with good rate function given by J, on M (E) w.r.t.
the t-topology (resp. “w”-topology). The following is an extension of his result,
which supports our conjecture after Theorem 3.5.

Theorem 6.1. Let P be a Markov kernel and (2, (X,)n>0, (Px)xek) be the asso-
ciated Markov process.

(a) If

re(P) = lim [B(P")]""

= inf [8.(P")]"" =0, (6.2)
n>1
then (L,) satisfies the uniform good upper bound of large deviation on
(M1 (E), t), more precisely,
(t-GRF) J is a Good Rate Functionon (M1 (E), 1), i.e.,, [J < L]is t-compact
foreach L > 0;
(uniform t-ULD) (uniform Upper bound of Large Deviation) For each closed
measurable set F C (M|(E), 1),

1
limsup —logsup P, (L, € F) < — inf J(v).
n—oo N xeE veF
If moreover P is irreducible w.r.t. some maximal probability measure p (i.e.,
[TAR< Z,fil 27 n=Lpn(x,.) for any x € E (u-irreducibility) and pP <

(maximality)), such that

JW) < o0 = v KL U; (6.3)

then
(uniform t-LLD) (uniform Lower bound of Large Deviation) For each open
measurable set G C (M{(E), 1),

1
liminf — log inf P, (L, € G) > — inf J(v).
n—oo n xekE veG

When those three properties hold, we say that (L,) satisfies the uniform large
deviation principle w.r.t. T-topology (uniform t-LDP in short).
(b) Assume that P is Feller. If

1/n

ru(P) = lim [B,(P]"" = inf [Bu(P)]" =0, (64)

then (L,) satisfies the uniform good upper bound of large deviation on
(M1(E), w), i.e., satisfying (w-GRF) and (uniform w-ULD) which are defined
as above with the T-topology replaced by the weak convergence topology “w”.
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Its proof is postponed to §10.

Remarks (6.i). The study of large deviations of Markov processes was openned by
Donsker-Varadhan [16], see Deuschel-Stroock [13] and Dembo-Zeitouni [11] for
historical comments and references.

The existence and uniqueness of invariant probability measure w and the
w-irreducibility, together with (6.3) are all necessary to the LDP of (L,) w.r.t.
T-topology, uniform or pointwise, see [47]. To see it more clearly let us consider
a two-points Markov chain with P(1,1) = P(1,2) = 1/2 and P(2,2) = 1. Of
course res5(P) = 0. It is obvious that

Px:Z(Ln = 50) =0

But J(8p) = log2, the lower bound of large deviation with rate function J above
is not true.

Condition (6.3) was isolated by de Acosta [9] and Jain [21] for the lower bound
of large deviations with rate function given by the Donsker-Varadhan entropy J.
In the general irreducible case (or even pu-essentially irreducible case), the rate
function governing the lower bound is given by the modified Donsker-Varadhan
entropy

Jv) if v

J,(v) =
w() +o00 otherwise.

See [9], [21] for the irreducible case and [46] for the p-essentially irreducible case.
Condition (6.3) just means J,, = J. A simple sufficient condition isolated in [9],
[21] for (6.3) is: for some N > 1, PN (x, dy) < u(dy) forevery x € E.

Remarks (6.ii). As the T—topology is much stronger than “w”, then the uniform
7-LDP is stronger than that w.r.t. “w”.

Now we turn to a particular case where (6.2) and (6.4) can be shown to be
equivalent to the uniform t-LDP.

6.2. Equivalence between LDP and r.55(P) = 0

Consider the following assumptions:

(A2) P isFellerand PV is strongly Feller for some N > 1;
(A3) P istopologically transitive.

Here the topological transitivity means that for each x € E and for each non-empty
open subset G C E, there is some n > 0 such that P"(x, G) > 0.

Lemma 6.2. Assume (A2) and (A3). Fix some xo € E and define u(A) :=
R(xo, A) = Y 72,27 1PN+h(xo, A) for any A € B. Then for any x € E,
R(x, ) is equivalent to R(xo, -). In particular P is p-irreducible and J = J, i.e.,
(6.3) holds.
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Proof. 1tis enough to show that P"(x, dy) < R(xg,dy) forallx € Eandn > N.
Indeed, that implies R(x,dy) < R(xo,dy) and also R(xp,dy) < R(x,dy) by
changing role of x and xo. And (6.3) follows by the last sentence in Remarks (6.1).

For the claim above, it suffices to establish that P"(x, A) = 0, Vx € E for
any A € B verifying R(xg, A) = 0. To that end assume in contrary that P"14 is
not identically zero over E. Since P" (n > N) is strongly Feller by (A2), P14 is
continuous. Hence by (A3),

o
R(xp, A) = 2V 3" 2+ (PkP"IA) (x0) > 0
k=0

a contraction with the assumption R(xg, A) = 0, proving the desired claim. |

Theorem 6.3. Given a Markov kernel P satisfying (A2) and (A3). These properties
are equivalent:

(a) (L) satisfies the uniform t-LDP.
(b) (uniform hyper-exponential recurrence) For any r > 0, there is some compact
K CC E such that

1\°¥
sup E* (—) < to00.
xekE r

(¢c) ress(Plp) = 0.

(d) ianccE inflguehlg SupxeK‘: % = 0
(e) ruy(P)=0.
(f) r<(P) =0.

Proof. In[47], we have proved the equivalence between (a) and (b) under (A2)+(A3).
By Lemma 3.12(a) and (3.11) in Theorem 3.10, we have the equivalence between
(b) and (c). The equivalence between (c) and (d) follows from Theorem 3.10.

The equivalence between (c) and (e) follows from Theorem 3.5, as well as
(¢) = (f). Finally (f) = (a) follows from Theorem 6.1. O

Theorem 6.4. Given a Markov kernel P satisfying (A2) and (A3). These properties
are equivalent:

(a) P.(L, € -) satisfies uniformly for initial states in the compacts, the large
deviation principle of Donsker-Varadhan (called locally uniform LDP simply)
on (M1(E), t) . More precisely in the statement of Theorem 6.1(a), (1-GJF)
is true, and the upper bound (resp. the lower bound) of large deviation hold
true with sup, g (resp. infcg) replaced by sup, g (resp. infcx) for each
K cCE.

(b) (hyper-exponential recurrence) For anyr > 0, there is some compact K CC E
such that for any compact K' CC E,

1\
X
sup E (—) < +o00.

xeK’ r
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(c) infue.A(P) ’"ess(P|buB) =0
(d) (Donsker-Varadhan’s condition) inf x cc g inf, e A(P) SUP, ¢k Pu) _ ),

u(x)

If E is locally compact, then they are equivalent to

(e) (Ly) satisfies the locally uniform LDP w.r.t. the weak convergence topology
(defined similarly as in (a)).

Proof. We have proved in [47] the equivalence between (a) and (b) (and (e) in the
locally compact case). By Corollary 3.13, parts (b) and (c) here are equivalent. The
equivalence between (c) and (d) follows from Theorem 3.11(b). O

Remarks (6.iii). Under the assumption that E is locally compact, P(x,dy) =
p(x, y)u(dy) such that p(x,-) > 0, u —a.s. and x — p(x,-) is continuous
from E to L1 (E, w) where u is the invariant probability measure of P (which are
stronger than (A2)+(A3)), Donsker and Varadhan proved in their pioneering work
[16] that condition (d) is enough to the locally uniform LDP w.r.t. the weak conver-
gence topology in part (e). It is a happy thing that their sufficient condition found
26 years ago is indeed necessary, showing the deepness of their work.

7. Applications to estimates of geometric convergence rate

In this section two applications are given: 1) estimate of eigenvalues of a symmetric
Markov kernel on a countable space by means of the degrees of geometric recur-
rence; 2) geometric convergence in the metric of Wasserstein implies that in by 5
and in L? ().

7.1. Estimate of eigenvalues of a symmetric Markov kernel by means of the
degree of geometric recurrence

In this paragraph we suppose that E is at most countable, and P is an irreducible
Markov kernel on E such that its invariant measure  is a probability and charges all
points of E, and P is symmetric on Lz(u). In that case (A2) and (A3) are satisfied.
The spectrum of P|L2(M) is contained in [—1, 1]. Assume that ress(P|Lz(M)) < 1.
Let (A;‘) J=0,1,- .m*+ (m* € N U {oo}) be the sequence in the non-increasing
order of the eigenvalues counted up to multiplicity of P|;2(, above
Afss (P) := sup{r; & € 0o (P12())} V O;

ess

and (A7) j—q,1,....m- (m~ € NU {oo}) be the sequence in the non-decreasing order
of the eigenvalues counted up to multiplicity of P|;2(, below

hoss (P) :=1nf{A; & € 055 (Pp2(4))} A O.

We adopt the following convention: if the sequence (Aj‘)oS j<m~ (resp. ()‘;)05 j<m=)
is finite, then we set )\;r 1= Al (Plp2y) (resp. Aj = gy (Plpagy)) for j > mt
(resp. j > m™).

Using the famous min-max principle, we can control k,j,i by means of the degrees
of geometric recurrence in the following way:
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Proposition 7.1. Let E, P, u, (A,j,f) be as above such that ress(Plr2(,,)) < 1. For
each 1 < m < #(E)(the cardinal of E), define the m—th degree of geometric
recurrence by

inf sup lim sup (P, (o > n))'/" (7.1)
= KCE: #(K) =m yeKe n—soo

Then with the convention above, |)L,j,§| <dy forallm € [1,#(E)](N.

Proof. We prove it only for E infinite. By the min-max principle ([38], Theorem
XIII.1), for each m > 1,

= inf sup (fs Pfu
M A €LAW) £ fla=1 f LA fr e fon)

is either the m-th eigenvalue (counted with multiplicity) of P above sup{A; A €
Oess (Plr2(,)}, or coincides with the last quantity. Then by our convention about
the definition of k;.“, for any finite subset K = {xx| 1 < k < m} of m-elements,
setting fx = 1y, k=1,---,m, we have

A < sup (o Pf)u < rsp (Lke Plkel2) -
F NS I=1.f15=0

But by (5.6) in Theorem 5.5,

Tsp (1KCP1KC|L2(M)) = Sup limsup (]P)x((TK > n))l/" .

xeK¢ n—o0

Since the subset K of m-elements is arbitrary, we obtain )g,’; <d,.
Similarly

Wy = inf s sup {(fs =Pfu
Sr m€L2G) o)l fl2=1 f L{f1 )

is either the m-th eigenvalue (counted with multiplicity) of — P above sup{A; A €
Oess (— P LZ(M))}’ or coincides with the last quantity. With the same argument as
above, for each subset K of m-elements,

_)‘r; :M,; =< sup <fa_Pf)p, Srsp (lK"PlK"|L2(,L))
folfl2=1,flk=0
and we can conclude in the same way. O

Remarks (7.i). An omitted point in the proposition above is the control of A : it
can not, in fact, be estimated by means of the degrees of geometric recurrence. For
example let P(1,2) = P(2,1) = 1 be a Markov kernel on E = {1, 2}. The two
eigenvalues of P are 1 and —1, and r.ss (P) = O (its essential spectrum is empty).
Then A, = —1butd, =0forallm > 1.

To remedy this defective point, one can apply the above result to P? which is
nonnegative definite.
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7.2. Exponential convergence rate in b, 3 and LP (i) by means of that in the
metric of Wasserstein

Recall at first the L”-Wasserstein distance between two probability measures u
and v on the Polish space E with a compatible metric p:

Wl v) = (}i{nlfy) o (X, V)l (p € [1, +00])

where the infimum is taken over all couples of E-valued random variables (X, Y)
such that the law of X, Y are respectively u and v (the law of the couple (X, Y) on
E x E is called a coupling of u and v).

Coupling technique was used by Nummelin and Tuominen [35], [36], Lindvall
[28] (see also [31], Chap.15 and 16) etc to prove the geometric ergodicity by means
of the Kendall renewal theorem. By using both coupling method and the Wasser-
stein distance (which depends on an ingenious construction of the metric p), Chen
[1], [2], Chen and Wang [4], [5] etc obtained sharp estimates of the spectral gap in
L? for the continuous time symmetric Markov semigroups. The following result,
largely inspired by the last works, extends e.g. Theorems 6.1 and 6.2 in [1] or
Theorem 1.7 in [4].

Proposition 7.2. Let E be moreover locally compact and p a metric compatible
with the topology of E, and P a Markov kernel on E satisfying (A2). Assume that
there are constants p € [1,400), R > 1,rg € (0, 1) such that forall x,y € E,

Wo(P"(x, ), P"(y,") < p(x, y)Rry, YVn > 1. (7.2)

Ifu(x) := 14 p(x, x0)? (xo € E is fixed) is P"(xq, -)-integrable for all n, then
u e A(P) and

ress(PlbuB) < (r0)?, (7.3)

and there is a unique invariant probability measure | such that pu(u) < —+oo.
Moreover

. 1
Feap(Plo,s) i= lim (I1P" = 1 ()llp,5)""" < ro, (74)
. 1
Ferp(PlLre) = Tim (IP" = nO)llrgo) " < max{ro, ress (Pleego)).
(7.5)

Remarks (7.ii). In the context of this proposition, if P is moreover symmetric w.r.t.
W, then

rexp(P|L2(M)) =ro
by Theorem 5.5, (7.5) and (7.3).

Remarks (7.iii). Indeed (7.5) holds under (7.2) and the existence of invariant prob-
ability measure p such that p(x, xg) € L?(u) (uniqueness of w is guaranteed by
(7.2)), without (A2). This follows from the proof below.

An open question is to remove 55 (P|Lr(y)) in (7.5) in the non-symmetric case.
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Remarks (7.iv). Compared with the geometric convergence (7.2) in the metric of
Wasserstein, (7.4) implies that for any » > ry, there is constant C > 1 such that

1P f = w(Hllu < Clfllur”, Vn =1

for all f € b,B. Similar geometric convergence can be derived from (7.2) only
for f Lipchitzian. This gain is largely due to the assumption (A2) as seen for the
following example: let P(x, -) = §gx)on E = R? where 6x = rx withr € (0, 1).
It satisfies (7.2) but does not verify (7.4) (indeed inf,c 4(p) Fess (P|buB) = 1 by
Theorem 4.6).

Proof. We prove (7.3) by two steps.

1) Let n > 1 be arbitrary but fixed. For any ¢ > 0 and x, y € E, there are two
E-valued random variables X, (x), X, (y) of laws P"(x, -), P"(y, -) respectively,
defined on a same probability space (€2, F, IP)), such that

Ep(Xn(x), Xn(y)? < [p(x, y)R(ro +&)"17.

Using (a +b)? < (1+ )P~ 1aP + ((14¢€)/e)P~1bP (Va, b > 0), we get from the
estimation above (with y = xg) that for u(x) = 1 + p(x, xo)?,

1 p=l
Phux) < 1+ <$) Ep(Xn(x0), x0)” + (1 + £)P"Ep (X (x), Xn (x0))”

1+8 P n —1 n
< . /Eu(x)P (x0,dx) + (1 + )P [p(x, x0)R(ro + &)"17.

The first term at the last line above is a finite constant. Hence u € A(P"). Moreover
letting K;, := {x; p(x,xp) < L} which is compact, we have for L sufficiently
large,

P"u(x)
u(x)

Since [a? — bP| < pla — b|(a?~' + bP~1) (a, b > 0), we have

<e+(1+&)P 'RV (rg+&)".

Lge (x)

|P"u(x) = P u)|
< PEp (X (), Xa () (0 (Xa (0, x0)" ™" 4 p(Xa (), 307"

< o), Xa Ol - (12 Xa (), 30015 + N0 Xy, x5 ")

and || o (X, (x), x0) || » is locally bounded (a consequence of u € A(P)), P"u is con-
tinuous (for all » > 1). Hence by Remarks (3.vi), P“(x,dy) :=
[u(y)/u(x)]P(x,dy) satisfies (A2). We can thus apply Theorem 3.11(a) to con-
clude that

1 _ I/n
Fess (Ply,8) = (ess (P"15,5)) """ < (2 + (1 + &P RP (ro + 2)" )

Letting at first ¢ — 04 and next n — 00, we obtain (7.3).
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This implies that P has an invariant probability measure u such that u(u) <
00, by Proposition 4.2(b) (applied to P") or Theorem 4.6. By condition (7.2),
invariant probability measure of P is unique.

2) Note that rexp (Plp,B) = Fess(Plp,B)- If Fexp(Plp,B) = ress(Plp,B), then (7.4)
follows by (7.3). Assume then rexp (Plp,B) > Fess (Plp,B)-

Fix r € (ress(Plp,B), Yexp(Plp,B)) such that ', := {A € C : |A| = r} does
not contain spectral point of P|p, ;5. Consider the sum IT, of the eigen-projections
Ey, where (11 j} = {% € 6(Pl,B): |7l > r).

By rexp(Plp,B) > 1 > Tess(P|p,B), the dimension of the range of I1,, denoted
by m + 1, is finite and not less than 2, i.e., m € [1, +00). Now by (2.3) and
Proposition 4.2 (applied to P* f := (1/u) P(uf)), there are

e abasis { fi}o<k<m of the range of I1, where fo = 1 and,
e a basis (Vg)o<k<m Of the range of IT" composed of complex valued measures
with [ udv, well defined, where vo = p,

such that (vg, fi) = 8 (i.e., 1 if kK = [ and O otherwise) for all 0 < k,[ < m and

m m

M f =Y (v e = () + Y (v f)fi, Yf € buB.

k=0 k=1

A crucial consequence of the fact above is: there exists some i : E — R p-Lip-
chitzian such that I1,2 — (k) # O (otherwise foreachk =1, --- ,m, (v, f) =0
for any p-Lipchitzian function f, which would imply v; = 0, a contradiction with
the fact that “m > 17).

Now we can conclude easily: on one hand we have by (2.3)

n —
tim PR — () | — 100,

n—oo rh

and on the other hand, by condition (7.2), foralln > 1, x,y € E,
|P"h(x) — P"h(Y)| < |hllLip - W (P"(x, ), P"(y, ") < |IBllLipp(x, Y)Rr,
(where ||h|lLip = SUP£y, |h(x) — h(y)|/p(x, y)) which implies that

i | P (TTh — pu(h)) |l
im sup m
n— 00 Ty

P"h _ Ph d
< T - Tim sup sup 1) = S PTROYRON |
n—oo xekE [1 + p(_x’ xo)[’]ro

where ||I1,||, is the operator norm in b, /3. Combining those two facts we have
lim;, s o r(')’/r” = 400, i.e., ¥ < rp. Since there is a sequence of such (r = ry,)
increasing to rexp (Plp,B), we get hence rexp (Plp,B) < 10.

The proof of (7.5) is similar to Step 2 above (Note: we have no longer control
(7.3) about 7.5 (P|Lr(u)), that explains why 7,5 (P|rr(.)) appears in the r.h.s. of
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(7.5)). Indeed we may assume that reyp (PlLr(u)) > Tess(PlLr(w)) (trivial other-
wise). For r strictly between regs (P|rr(u)) and 7., ((P|Lr () such that I does
not contain spectral point of P|zr(,), define I, in the same way as above. Now

M f =)+ Y (8 Fuke

k=1

where (fx)1<k<m (resp. (8k)1<k<m) is a basis of the range of I1, — p (resp. of
(T1,)* — u acting on the dual LY (u) of LP(w)), and m > 1. Now for the argument
in Step 2 above works, it suffices to notice that every p-Lipchitzian function A
belongs to L? () (for p(x, x9)? € LY (u(dx))). m|

Coupling method produces the geometric convergence of type (7.2), as shown
by the following simple observation which should be well known.

Proposition 7.3. Let P be a Markov kernel on E with a compatible metric p, and
p € [1, +00). Assume that there is a coupling of P, i.e., a Markov kernel Q on
E X E verifying: forall A, B € Band (x,y) € E X E,

(i) Q((x,y), Ax E)=P(x,A) and Q((x,y), E x A) = P(y, A)
(ii)) O((x,x), A x B) = P(x, A B),

such that for some ry € (0, 1),
0p(x,y) < ()’ p(x, »)F, Y(x,y) € EXE, x #y. (7.6)
Then (7.2) is satisfied with the same ro and R = 1.

Proof. Let(Z,(x,y) = (Xn(x), Y, (¥)))n>0 be the Markov chain defined on (2 =
(E x E)N, P) with initial point (x, y) and transition kernel Q (that determines
the law P). Then (X, (x)), (Y, (y)) are respectively a Markov chain with the same
transition kernel P, but with initial point x, y respectively (by condition (i) on Q).
Note that (7.6) is indeed valid for x = y too, by condition (ii) on Q. Thus

Ep(Xa(x), Ya(y)? = Q" p"(x, y) < (r))""p(x, y)”
where (7.2) follows. O

Remarks (7.v). The geometric convergence of type (7.2) can be naturally derived
from Lyapunov exposant in the point of view of random dynamical systems, too.
See examples in the next section.

8. Applications: several concrete models
8.1. Forward recurrence time chain

This model (see [31], Chap.2) is given as: E = N* and the Markov transition kernel

P(1, j) = pj, j = l(regeneration distribution), P(k, k — 1) =1, Vk > 2.
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It is known ([31], Chap.16) that P is geometrically ergodic iff ) ; r~ip j < too
for some r < 1. Assume then

ro := inf{r > 0; Zr_jpj < +o0} = limsup(pj)l/j < 1. 8.1

F j—o00
Let us show that
ress(P|bu,B) <=rVr>rn

where u, (x) := (1/r)*. It follows simply from

Pu,(x) = 1= Zr_jpj + 1ysqru,(x)
j=1

and Theorem 3.11(a).
On the other hand, notice that for each N > 2,

AR G-
() = e S
j=1

j>N

which is infinite if 0 < r < ro. Hence by Corollary 3.13, we have

ro < inf ress(P|buB) = ress(P|b,,,B) <r, Vr>rp. (8.2)
ucA(P)

Thus for this model, ro = inf,c 4(p) 7ess (P15, B)- Assume moreover that the num-
berof j : p; > Ois infinite, the locally uniform LDP holds for (L) iff o = 0 (by
Theorem 6.4).

Remarks (8.i). This simple example serves as a counter-example to remarks already
done in §3. Indeed, without any condition on (P(1, j) = p;), we have

1. For u,(x) := (1/r)* where r > 0 is arbitrary, we see that P (12, yoo)ut,)(x) =
ruy(x)forallx > 2. One mightapply Theorem3.11(a.ii) to derive ress (Plp, B) =
0, a false fact once if ro > 0. Where is the question? The answer resides in the
condition that u, € A(P), required for applying Theorem 3.11(a.ii).

2. Forany N > 1and x € N*, we have P, (o1, 5] > n) = 0 for all n large enough.
Hence the r.h.s. of (3.22) in Lemma 3.12 with ok in place of Tk equals to zero.
In other words, equality (3.22) in Lemma 3.12 with ok in place of tg is in
general false.

8.2. (Reflected) Random Walk on R™ or N.

In this model, E = R™ or N, and our Markov process, given Xog = x € E, is
defined recursively by

Xpr1(x) = (Xp(x) + Wn)+
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where (W,),>1 is a sequence of i.i.d.r.v. valued in R or Z, defined on some proba-
bility space (2, F, P). Write always W = W;. Assume that

EW < 0 and the distribution of W is absolutely continuous if E = RT. (8.3)

It entails that its transition kernel P (x, dy) is strongly Feller (indeed x — P(x, -)is

continuous from E to (M1 (E), || |lvar)). Under that condition and the irreducibility,

the chain is positive recurrent (this positive recurrence implies also EW < 0).
Consider the log-Laplace transform Ay (1) := log Ee*W valuedin (— oo, +00].

Proposition 8.1. For the reflected random walk described above, assume (8.3).

(a) we have

. . w
dnf ess (Plys) = exp(—ATy () = inf B (8.4)

u

where A>€V(z) = sup{rz — Aw(A); A € R} is the Fenchel-Legendre transfor-
mation of Aw. In particular,

inf  ress(Plp,B) <1 <= 3a>0: Ee*V < +o00;

cA(P)

inf  ress(Ply,B) = 0 < P(W > 0) = 0. (8.5)
cA(P)

u

u
(b) Ifa > 0 is such that Ee®V < 1, then for uy(x) := e,
Fexp(Plp,,B) < Ee*" (8.6)
and the equality holds for a = ag if Ee®" = inf,>oEe*V < 1.

Proof. We shall prove it only in the case where E = R™.
(a) Its proof is divided into three points.

1) We first prove (8.5) by assuming that (8.4) is true.
Since Aw (A) is convex on R, we always have

Aw() > AEW.

Since EW < 0, that implies Aj, (0) = —inf; >0 Aw(X) and A*(EW) = 0. Con-
sequently A%, (0) > 0iff IA > 0 : Ee*" < 1iff3a > 0: Ee*V < oo (by
“EW < 07), the first claim in (8.5).

Let us show A}, (0) = +o0 iff P(W > 0) = 0. Indeed Aj,(0) = +o0 iff
inf,>0 Ee?W = 0.If P(W > 0) = 0 = P(W > 0) (by the absolute continuity),
then 0 < inf >0 Ee®V < lim,_s 400 EeY = 0.

Inversely note that if inf,>¢ Ee*" = 0, that infimum can not be attained at
any finite @ € R*. Then by the convexity of a — Ee*W, 0 = inf,>qEe?V =
lim,_, ;oo Ee®% which implies " — 0 in probability asa — 4o0. Thus P(W >
0)=0.

2) Let us show

iﬁf})) Fess(Plp,B) < exp(=Ajy(0)).

ue
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The inequality above holds trivially when Aj,(0) = 0 or equivalently A = 0,
where A := sup{a > 0; Ee?V < 400} (by Step 1). Assume then A > 0. In that
case, foreach 0 < a < A, u,(x) := e** verifies

P10, 4ooytta)(x) = B 1w o) < ug(x)EeV,

P(ug)(x) = EedG+W)T <ug(x) (Ee“w + 1) .

The second control above implies u, € A(P) as well as ul*¢ € A(P) (condi-
tion (3.14)). The first inequality above is the checked drift condition in Theorem
3.11(a.ii). We obtain consequently by Theorem 3.11(a),

Fess(Pp,,B) < EeV. (8.7)

Since a — Ee?W is convex on [0, A], infocg<s Ee?V = infp<4<a EetV =
exp(—Ajy (0)), we obtain the desired inequality.

3) We show now the inverse inequality inf,c 4(p) Fess (Plp,8) = exp(—Aj, (0)).
Assume without loss of generality that A}, (0) < +oc orequivalently P(W > 0) >
0. For any N > 0 and each x > N fixed, letting S, := W1 + --- + W,,, we have

Py(tio,ny >n) =Px+ S > N; Vk=1,--- ,n)
>P(Sy >0, Vk=1,---,n)

for all n > 1. By Lemma 8.2 below, and noting that Aj, is non-decreasing on
[EW, 4+00), we obtain for all x > N,

lim sup [Py (tj0,57 > n)]l/" > e MO,
n—oo

Now by Corollary 3.13, we get

inf  regs(P > exp(—A%, (0
AP ess (Plp,B) = exp( w(0)

ue

the desired inverse inequality.
(b) Construct a coupling Markov kernel Q((x, y); -) of P by

Q((x,y) e Ax B):=P((X1(x), X1(y)) e Ax B), VA,Be B

where X1 (x) (recalling it)isx + W forall x € E. Put p(x, y) = |e®” — e**| which
defines a compatible metric on £ = R*t, where ¢ > 0 is such that Ee?V < 1.
Noting that

)t + ,
0 < 0T _ patw)T (4 _ o)W vy e R x <y

(easy if one divides its verification into three cases: w < —y or w > —Xx or
w € (—y, —x)), we have for0 < x < y,

(0p)(x, y) = EeOtW" _EetG+MT < p(x, y)EeW

and same for x > y > 0. In other words condition (7.6) in Proposition 7.3 is
verified. Hence (8.6) follows by Propositions 7.3 and 7.2. O
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The following lemma, used in the proof of part (a) above, reinforces the classical
Cramer theorem.

Lemma 8.2. Let (W,),>0 be a sequence of real i.i.d.r.v. defined on (2, F, P) with
P(W > 0) >0, and S, := Y j_; Wi. Then

1
lim —logP (S; > 0,Vk=1,---,n) = — inf A% (x). (8.8)
n—oon x>0

Proof. 1) The “<” is known. Indeed, by the Cramer theorem without moment
condition in [11], we have

1
limsup —logP (Sy >0,Vk=1,--- ,n)

n—oo N

. 1 Sn . ¥
<limsup—logP| —>0) < — m%AW(x).
n x>

n—oo N

2) We prove now
o1 .
liminf —logP (S >0,Yk=1,--- ,n) > — m%A"k,V(x).
x>

n—oo n

In Sanov theorem’s approach of Cramer’s theorem developed in [45], we have
proved that for any open G C R,

inf Ajy(x) = inf {h(v, M)?/ |x|dv(x) < 400, / xdv(x) € G} (8.9)
xeG R R

where u = L(W) (the law of W = W), and for any probability measure v,

d d .
]’l(\), M) = fR ﬁ 0og ﬁdﬂ,, ifv & 0"
oo otherwise

is the relative entropy. Thus it is sufficient to show that
o1
liminf —logP (S > 0,Vk=1,---,n) > —h(v; ) (8.10)
n—-oo n

for any probability measure v such that [ |x|dv(x) < +o0and [ xdv(x) > 0and
h(v; n) < 4o00. The following method is standard in the theory of large deviation
for treating lower bound.

Without loss of generality assume that (2 = RN P = M®N*) and (W, (w) =
wy,) is the system of coordinates. Let Q = v, On Fo=0Wi;, 1 <k <n), we
have

dQ " dv
— | = log — (W .
d]P>| n = OXP <1§ o8 d,u( k))
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Putting
A, =[Sk >0,Vk=1,---,n],

" d
B, = [Z log i(Wk) <n(h(v; u) + 8)} )

k=1

where & > 0 is arbitrary (independent of n), we get thus
. dv
P (Ay) = / exp (=) log—(Wi) | 14,dQ = e " W¥IQ(A, (1) By.o).
Q = du ’

Consequently for (8.10), it remains to show that Q(B,,) — 1 and
lim;,—, 00 Q(A,) > 0. The first is a consequence of the law of large number. The
second is a well known fact in random walks (for EQw > 0), see e.g. [6], §5.4,
Theorem 2.

3) It remains to establish inf,>o A}, (x) > inf,-o Aj, (x). It is obviously true
if A};,(O) = +400. Assume then A};,(O) < +o00. Note that condition P(W >
0) > 0 implies that A*(a) < +4oo for some a > 0 by (8.9) (taking v(dx) =
Lo,2)(x)u(dx)/n((0, L)) with w((0, L)) > 0). Then A}, < +o0 on [0, a] (by
convexity), and consequently Aj, is continuous on [0, a] (by the convexity and
lower semi-continuity of AJ, ). The proof is completed. O

Let us present three explicit examples:

Example 8.3. LetE = N,P(W =1)=p=1-P(W = —1) =: l—g withq > p.
By a simple calculus, inf,~¢ Ee" = 2, /pg, and it is attainted at ag = log /g /p.
Thus by Proposition 8.1 and (8.7),

u

GI.EEP) ress(P|buB) = ress(P|hu06) = rexp(P|huoB) = 2\/ prq

where ug(x) = (v/gq/p)* for all x € E = N. This model is moreover symmetric
w.r.t. its unique invariant probability measure 1 given by w(k) = (p/q)*c. Thus

VESS(P|L2(H)) = rexp(P|L2(M)) = 24/p N

by Remarks (7.ii) (for 7exp (P |L2(u))) and Theorem 5.5 (for rezs (P |L2(u)))'

For this example limy_, oo (1 ([ N, +oo))/N = p/q, then when p < 1/21is
sufficiently close to 1/2, the last quantity p/q is close to 2./pqg =
inf,c APy Tess(Plp,5). This shows that the lower bound (3.28) of
inf,c A(p) Tess (Plp,3) by means of the concentration of invariant measure y in
Proposition 3.14 (with d(x, y) := |x — y| on N) becomes almost sharp.

Example 84. Let E=N,andP(W =1) = p,P(W =0)=r,P(W =—-1)=g¢q
where0 < p<g<landp+r+g=1.

We have that inf,>0 Ee?" = 2./pq + r, and it is attainted at ap = log /g /p.
Thus by Proposition 8.1 and (8.7),

lﬁfp)re”(Pb“B) = rESS(P|buoB) = rEXP(P|buOB) =2./pq +r

ue
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where ug(x) = (/q/p)* forall x € E = N. P is reversible w.r.t. the same
geometric law p given in the precedent example. Thus for the same reason,

ress(P|L2(M)) = rexp(P|L2(//,)) =2{pq +r.

Example 8.5. In the above model, let E = R*, and the law of W is N'(m, o%)
withm < 0, 02 > 0. Then inf,>0 EetV = exp (—m2/202), and it is attained at
ay = —m /o2, Thus by Proposition 8.1 and (8.7),

2
m
inf  regs (P = Fess (P = P —exp | ———
e A(P) ess ( |buB) ess ( |bu05) exp( |bL,OB) p( 20_2)

where ug(x) = exp (—mx/o?) forall x € E = RT.
8.3. Linear iteration under random perturbation.

We now study a Markov chain with values in R4 (taken from [31], Chap.4), given
by

Xo(x) =x, Xpr1(x) = AXy(x) + BWyt1, Y >0

where (W,),,c7 is a sequence of i.i.d.r.v. valued in R, A is amatrixd x d and B a
matrix of d x m(d, m > 1). We assume that (taken from [31], Chap.4, Prop.4.4.3)

[A9"1B|A?=2B|...|AB|B] is of (full) rank d (8.11)
the law of W is absolutely continuous on R™. (8.12)
Here [A{]|A3]|---|Ag] where A; is of form d x n;, denotes the matrix d x (n; +
- -+ 4+ ng) whose i-th line is the union in order of the i-th lines of Ay, --- , Ag.

They entail (A2) for N = d. Indeed P is obviously Feller. Let us show that PV is
strongly Feller for N = d. Notice that

PN(x,dy) =lawof ANx + AN"'BW, +--- + ABWy_| + BWy.

Write Yy = Zj.v:l AN=iBW ;. The idea is to compare it with the Gaussian model
well studied in [31], Chap.4, Prop.4.4.3..

Let (W;) be a sequence of i.i.d.r.v. valued in R¥ with the standard Gaussian law
N, 1) and Yy := Z;-V:l AN=IBW;. It is easy to check that the variance matrix
of 17N is

N
> ANZIBB'(ANT))' =[AV"'B|---|AB|B]-[AVN"'B|---|AB|BY
j=1

(A denotes the transposition of A). It is non-degenerate once if N > d by (8.11).
Hence the law of Yy is equivalent to the Lebesgue measure dy on R<.

In further by assumption (8.12), the law of Y is absolutely continuous w.r.t.
the law of ?N, then w.r.t. dy too.
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Consequently for N > d, PN (x,dy) = hyy(y — AN x)dy where hy, is the
probability density of Yy. But it is well known that x — f (- — AN x) is continuous
from R? to L' (dy) for any f € L'(dy). Thus PV is strongly Feller.

From the expression of PN(x,d y) above, we see that under (8.13) below, as
N — oo, PN (x, ) (Vx) converges weakly to the law p of

o
> ATBW_;.
j=0

(this series converges in law, then a.s.). In other words u is the unique invariant
measure of this Markov chain, and when p is equivalent to dx, (A3) is verified.
To estimate r.ss(P), we begin with a simple observation. If

[All2 := sup{|Ax|; |x| < 1} < 1, E|W| < +o0,
where | - | denotes the Euclidean norm of R4, then for u; (x) := |x|+ 1, we see that
Pui(x) < [[Allzu1(x) + | BI2EIW|
where follows 74 (P |bu| B) < ||All2. But this is too rough.

Proposition 8.6. Assume (8.11), (8.12), and
rsp(A) :=sup{|A|; A is an eigenvalue of A} < 1. (8.13)
(a) Given1 < p < +o0. IfE|W|P < +00, then for up(x) :== 1+ |x]?,
Fess(Plp,,B) < (rsp(A)P and rexp(Ply,,B) = rsp(A). (8.14)
(b) IfE|W|P < 400 forall p € [1, 400), then

inf ress(P|buB) =0.
uc A(P)
In particular when the density function of Zjio A/BW_ j is moreover dx —

a.e.-positive on RX, then the empirical occupation measures (L,) satisfies the
local T-LDP (stated in Theorem 6.4(a)).

Proof. (a) Note that for any initial point x, y € R?,

N
X,(x) = AVx + ZAN*J'BW,- =AVx + Yy, X, (x) — Xu(y) = AN (x — y).
j=1

Then |X,(x) — Xa()| = [AY(x = y)| < [IAY|2|x — y|, which implies (7.2)
w.r.t. the Euclidean metric p(x, y) = |x — y|. Since E|W|? < 400, we can apply
Proposition 7.2 and get

rexp(Ply,, 5) < limsup(| AV )N = ry,(A)
N—o00

Fess(Ply,,8) < limsup(| AN )PV = (r; (A))”.

N—o00
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Now for (8.14), it remains to prove that rey, (P| bu, B) = r5p(A). This follows from

Fexp(Ply,,5) = limsup sup |EX,(x) — EX, ()"

n—0o0 |x|,|yl<l

=limsup sup [A"(x —y)|/" = rsp(A).

n—>00 |x|,ly|<1
(b) Letting p — ocinthe firstinequality in (8.14), we getinf,c A(p) ress (P|p, B) =
0. Finally the local t-LDP follows by Theorem 6.4. O
8.4. Autoregressive Model.
It is given by
Vo =a1Vy 1 +aYy o+ +ag¥pa+ W,

where d > 1, a; € R and (W,),¢z is a sequence of real i.i.d.r.v. Then X, :=
Yy, Y_gr1)' is R9-valued Markov chain. Moreover it satisfies

Xnp1 = AX, + BW,

where A = (a;j)nxn Withay; = aj,aj; = 1for j > 2 and a;; = 0 otherwise, and
B =(1,0,---,0). In other words, it is a particular case of the previous model.
In Meyn and Tweedie [31], Prop.4.4.2, it is shown that A, B satisfies the full
rank condition (8.11). And the eigenvalues of A are just a; and O (the algebraic
multiplicity of Ois d — 1).
Thus Proposition 8.6 applies for (X)) once if the law of W = W is absolutely
continuous w.r.t. dx and

rsp(A) = lai| < 1, E|W|? < +o0, for some or forall p > 1.
8.5. A random non-linear dynamical system

Now we study the following non-linear model in R? (d > 1):
Xo(x) =x € RY, X,1(x) = F(Xu(x), Way1), n =0, (8.15)
where

(8.15a) The noise (W,),c7 is a sequence of R (m > 1)-valued i.i.d.r.v. defined
on some probability space (2, F, P), such that the law of W = W is
absolutely continuous w.r.t. the Lebesgue measure dw on R™;

(8.15b) F(x,w) € C'(RY x R¥).

It is the so called nonlinear state space model in [31], Chap.7, where properties
such as irreducibility and periodicity are characterized from the point of view of
topological dynamical system.

Following [31], set F1(x, wi) := F(x, wy) and for k > 2,

Fr(;wy, -, wg) = F (Feo1(, wi, -+ wiep), wg) © RY x (R™MF — RY,
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The transition probability kernel of this Markov chain is given by
P f(x) =Ef(Xa(0) =Ef (Fa(x; Wi, -, Wy).

It is obviously Feller.

Lemma 8.7. If for some N > 1,
(leFN| e |DwN_|FN|DwNFN) is of full rank d over R? x R™N  (8.16)

where Dy, Fy is the differential w.r.t. the variable wy (represented as a matrix
d x m), then PN (x,dy) = py(x, y)dy and it is strongly Feller.

When F(x,w) = Ax + Bw, we re-find the model in the preceding para-
graph and (Dy, Fy| - -+ |Dyy Fn) = (AN7IB|---|AB|B). In other words (8.16)
is exactly an extension of (8.11). But condition (8.16) here is stronger than [31],
Chap.7, (CM3), p156 (because we want the strong Feller property which is stronger
than “T-chain” checked there).

Proof. For each x € R4, Xy(x) = Fy(x; Wi, ---, Wy). As the law of
(Wq, - -+, Wy), being the product measure of the law of W, is absolutely continuous
w.rt. the Lebesgue measure on (R™N, then the law of Xy(x) =
Fn(x; Wy, .-+, Wy) is absolutely continuous w.r.t. the Lebesgue measure dy on
R¢ by the full rank assumption (8.16). Denote this density by y — py(x, y).

If x, — x, we also have py(x,, ¥) converges in measure dy to p(x, y). Since
Jra PN Gens )y = [pa pn(x, y)dy = 1, we have indeed py (x4, y) = pn(x,y)
in L'(dy). Hence x — PN(x,dy) = py(x,y)dy is continuous from R¢ to
(My(E), || - llvar), Which is stronger than the strong Feller property of PV . |

We are now ready to prove
Proposition 8.8. For the model (8.15), assume (8.16).

(a) Assume that for some p € [1, +00),

E [ sup |DyF(x; W)|? + |F(0, W)|” | < 400, 8.17)
xeRd
where |A| := ||All2 for a matrix A. If for some k > 1 and some L > 0,
E sup |DyFy(x; Wy, ---, Wl < 1, (8.13)
[x|=L

then u,(x) := 14 |x|” € A(P) and

u
! [x|>L

1/k
Fess(Plp, B) < (E sup |Dy Fr(x; Wy, .-+, Wk)|p> < L (8.19)
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(b) If F(O,W) € ﬂ1§p<+oo LP(P), sup,cgd |DxF(x, W)| € L*(2, P) and for
some L >0,k >1,

|| sup |DyFy(x; Wi, -+, Wi)llL=,p) < 1 (3.20)
|x|=L
then
inf e (Plp,B) =0. (8.21)
uc A(P)
Proof. (a) Write simply Ag(x) := Dy Fi(x, Wi, -+, Wy) = Dy Xy (x). It is easy

to see that u, € A(p) under (8.17). Since | X1(x) — X1(¥)| < |x — y|sup,cgd
|D, F(z, W)|, we see by (8.17) that when |x — y| — 0,

[X1(x) = X1Wlp = |x = ylll sup |D:F(z, W)lll, — 0.
zeRd
Hence Pu, is continuous. By Remarks (3.vi), P satisfies (A1) as P.
Noting that for |x| > L, | X (x) — Xx(Lx/|x])| < sup;>p [Ak(2)] - |x], we have
for any & > 0 (using (@ + b)? < (1 +&)?"La? +[(1 +&)/e)P~'bP fora, b > 0),

p
Pruy(x) = 1+ E[Xp(x)]P < 1+E(sup |Ak(z)] - x| + sup |Xk<y)|)
|z|>L |y|<L
P
<1+ +&)?'E| sup [Ac@)] -upx)
|z|>L
1+e\P7!
+< ) E sup [Xe(y)I”.
€ ly|<L

Hence by Theorem 3.11(a) applied to P¥,
P
Fess(PXlp,, ) < (1 + &) 'E ( sup |Ak(z)|> :
lz|=L

Using the fact that resS(Pk|b“p3) = ress(P|bupB)k and since ¢ > 0 is arbitrary, we
so obtain (8.19).

(b) By (8.19), we have for any p € [1, +00),

plk
rexs(P|b,,pB) = (” sup [DyFy(x; Wy, ---, Wk)|||L°°(Q,1P’))
|x|=L
where (8.21) follows by assumption (8.20) and by letting p — +-o00. O

Remarks (8.iii). In the linear model treated previously, F(x, w) = Ax + BW, we
have D, Fi(x, Wy, -+, Wy) = A¥ which does not depend on (W;). Hence con-
ditions (8.18) and (8.20) are identical to (8.13), and part (b) extends Proposition
8.6(b).
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Remarks (8.iv). Let us compare this result with Meyn and Tweedie [31], Theorem
16.2.7. Assume that the density 2w of W, is lower semi-continuous. Let

Ay (x) = {Fr(x,wi, -, wi); k=1, (wy, -+, wy) € OF)

where O,, := {hw > 0}. Suppose that there is a unique closed set M C R? such
that

AT(X) =M, Vx e M (8.22)

(the so called M-irreducibility, which is equivalent to the - irreducibility of (X,),
see [31], Theorem 7.2.6). With all assumptions above and (CM3) in [31] mentioned
before (instead of the stronger (8.16) here), Theorem 16.2.7 in [31] says that when
M is compact (i.e., the Lagrange stability there), then P|js is Doeblin recurrent
(under our strong condition (8.16), (P| m)¥ becomes compact for k sufficiently
large by Lemma 8.7 and Proposition 3.2(g)).

The main gains in our proposition are

removedness of the irreducibility assumption;

the compactness of M is substituted by (8.18) or (8.20);

an explicit estimate of res5(P);

in the irreducible (8.22) and aperiodic case, our result says that the geometrical
ergodicity holds for every initial state x in the whole space R?, not restricted to
M. The last point is interesting because a priori M is unknown (but I believe
that this is known to specialists).

Corollary 8.9. Suppose that the conditions in Proposition 8.8(b) are satisfied, and
the density function hy of W is lower semi-continuous. Assume the M -irreducibil-
ity. Then restricted our process (X,) to M, the empirical measures (L,) satisfies
the locally uniform LDP on (M1(M), t) with rate function JM W)y = J(), Vv e
Mi(M).

Proof. Restricted to M, P|y satisfies (A3) too. Then the locally uniform LDP on
(M1(M), t) follows by Theorem 6.4 and Proposition 8.8(b). |

We now present a direct corollary of Theorem 3.5 to the uniform ergodicity.

Corollary 8.10. For the model (8.15), assume (8.16). If for some k > 1,
+00
/ I'v(r)dr < 400, P—a.s. (8.23)
0

where I'y(r) := SUP |y |= | Fr(x, Wi, -+, Wi)|, then ress(PlpB) = 0. In particular
if (X,) is M-irreducible, then it is Doeblin recurrent, and restricted to M, (X)
satisfies the uniform t-LDP.

Proof. For any L > 0, if |x| > L, then

|x]
mmw—mwwmngﬁ Ce(r)dr
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where it follows

+00
sup [Xk(x)| < sup |Xk(Z)|+/ L (rydr.
L

[x[>L lzI=<L

Consequently
sup PX(x; B(0,2N)) <P sup |Xx(2)| = N
xeRd |z|<L

400
+P (/ T (r)ydr > N) — 0
L

as N goes to infinity. In other words B, (P¥) = 0. Then the desired result follows
from Theorem 3.5.

Finally restricted to the irreducible set M, (A3) is satisfied. Thus the uniform
7-LDP follows from Theorem 6.3. |

We turn now to estimate the geometric convergence rate of this model. Using
the notations of the proof of Proposition 8.8, we have

1Xn(x) = Xp (V)] < sup [An|(2)|x — yI.

zeR4

Thus [| X, (x) = Xn D) lp < [Isup,era [Anl(@)lp - [x — y|. Consequently for and
the usual Euclidean metric p on E = R4, we have

W, (P"(x,), P"(y,)) < Ell sup [A,]@llp - Ix —yl, ¥n = 1, x,y € RY.

zeR4
(8.24)
In further noting that
Apgm(x; Wi, oo, Wygm) = Dy Fi (X (x); Woger, -+, Wapm)
=N (Xn(X); Wogt, -+, Wogm)
'Ai’l(-x; Wla Y Wn)

we have by independence

Il sup [Apim|(@lp < |l sup [Apl(2)lp - I sup [Anl|(2)lp
zeRd zeRd zeR4

i.e., this quantity is sub-multiplicative. By Proposition 7.2, we obtain thus

Proposition 8.11. Forthe model (8.15), ifmoreover E|F (0, W)|P < 400 for some
p €[l,400), then up(x) := 1+ |x|? € A(P) and

1/n
Fexp(Plp,,B) < inf (II sup IDxXn(X)IIIp) : (8.25)

xeRd

The quantity at the r.h.s. of (8.25) is the largest Lyapunov exposant.
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8.6. A bordline case

Consider now the random perturbed dynamical system
Xo(x) =0, Xpq1(x) = f(Xn(x)) + Wpy1, n =0, (8.26)

where

(8.26a) (W,),>0 is a sequence of i.i.d.r.v. valued in R4, such that the law of
W = Wj is absolutely continuous w.r.t. the Lebesgue measure and EW = 0;
(8.26b) f : R? — R? is measurable and locally bounded.

It is a particular case of the preceding model with F(x, w) = f(x) + w (except
that “f € C'” is not imposed here). Once if f € C! and

sup |Dy f(x)| <1, forsome L > 0, (8.27)
|x|=L
Condition (8.18) and (8.20) are satisfied, and inf, ¢ 4(p) Fess (Plp,8) = 0 by Prop-
osition 8.8(b). We now treat a bordline case where f(x) ~ x for large |x|.

Proposition 8.12. For the model (8.26), assume that d = 1. Set

vt = limsup(f(x) — x); vt :=liminf(f(x) — x);
x—>+00 x—>+00

™ = limsup(f(x) —x); v~

T = 1im_ig£(f(x) —X)

which take values in [—00, +00]. Let A’;V be as in Proposition 8.1.

(a) Ifvt™ > —ocoand v™F < 400,

inf | ress(Ply5) 2 max {e™ Moot M@ T 80
ueA(P) !

(8.28)

In particular if v~ > 0 or v= <0, then inf,c A(p) Tess(Plp,B) = 1.
(b) Assume moreover that —1,~o f (x), lx<0f(x) < C, i.e, upper bounded. If
—v™, v™" > 0 (may be infinite), then

inf | ress (Pl ) < exp (~Af(—v T o) A AR (—0TTH)  (829)
€

u

where Ay, (a+) := lim,_ 44 AY,(2) and Ay, (a—) :=1lim, ., A}, (2).
(c) IfvTT =vT~ € (—00,0) and v™" = v~ € (0, +00), then

dnt ress (Plo,s) = exp (~AJ (-0 ) A AR (—0T). (830)

u
We leave the verification of the following elementary remarks to the reader.

Remarks (8.v). By part (a) of this proposition, we have inf,c 4(p) Fess (Plp,B) = 1
in each of the following cases:

i) vF=>0o0rv=" <0;

(i) vt~ < 0and v~ > 0, but 0 is not an interior point of {a : Ee?" < 400}.

In particular if 0 ¢ {a; Ee®" < 400}, then infyc AP Tess (Plp,B) = 1.
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Remarks (8.vi). Incase (c)above, intuitively —v ™ (resp. v~ ") is the mean asymp-
totic velocity of (X, (x)) to the direction of the origin when x — +o00 (resp.
x — —o0). In case (¢), inf e A(p) Fess (Plp,8) < 1iff Ee?V < 400 for a belong-
ing in some neighborhood of 0.

In case (b) of this proposition, inf,c A(p) Fess (Plp,B8) < 1if Ee?V < 400 for
a belonging in some neighborhood of 0.

Remarks (8.vii). In case of part (b) of this proposition, if O is an interior point of
{a : Ee*V < +o0o}, we have infy,c 4(p) 7ess (Plp,8) = 0 in each of the following
cases:

(i) vIt = —ocoand v™~ = +o0;
(i) v*+ € (—00,0) and v~ = 400, and P(W > —v™") = 0 (see the proof in
Step 4) below).

(iii) v+ = 4ooand v== € (0, +00) and P(W < —v~ ") =0;
@iv) vttt e (—00,0), v~ € (0, +00) and P(W > —vTH) =P(W < —v™ ") =
0.

From the remarks above, we see that the exponential integrability of W plays an
essential role in the estimate of r.ss (P) in the actual critical case: that is completely
different from the situation of Proposition 8.8.

Proof of Proposition 8.12. First of all notice that (A1) is satisfied by this model
(but not (A2) for f may be non-continuous).

1) Our trick is to use comparison technique. Given constant ¢ € R, consider a new
Markov chain X¢(x) = (X}, (x)),>0 given by

Xo@x) =x, X, 1 (x) =X, (x) +c+ Wyy1, ¥n > 0. (8.31)

Denote by (X, (x)) our chain given by (8.26) with Xo(x) = x. We shall prove the
following simple facts.

(D) If f(x) <x+4+cforallx > N > 0, then forall x > N,
Xn(x) < X, (x), YO <1 < 0(—00, N (X (X)).
2) If f(x) >x+cforallx > N > 0, thenforall x > N,
Xn(x) = X, (x), YO <1 < 0(—00, N1 (X (X)).
B) If f(x) <x+cforallx < —N <0, thenforallx < —N,
Xn(x) £ X5(x), Y0 < 1 < 0], 400y (X (2)).
@ If f(x) >x+cforallx < —N <0, thenforallx < —N,

Xa(x) = X5 (), YO < 1 < 0[_n.00) (X (x)).
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Here we give only the proof of (1). Indeed it is obviously true for n = 0. By
recurrence assume that X, (x) < X (x) where 0 < n < 0(—eo,~1(X(x)). Then
X, (x) > N and we have

Xpp1(¥) = F(Xn () + W1 < X () + ¢+ Wog
< X§@) + ¢+ Wagt = Xopy (),

the desired result.
2) We show now part (a). For any ¢ < v'~, there is some N > 0 such that
f(x) >x+cforall x > N. By point (2) above, we have forall x > N,

P (a(_oo’N](X(x)) > n) >P (a(_oo,N](X”(x)) > n) .

Note that X§(x) = x + > y_; (Wi +¢) and

[o(_oo,N](Xc(x)) > n] D |:Z(Wk +¢)>0,Vm=1,... ,n:| .

k=1

By Lemma 8.2 and its proof (2) (without condition P(W > 0) > 0 there), we have

lim inf — log]P (a( 0o, NJ(X(x)) > n) > — 1nf Aw+c(z) in% Ay (z —o).
>

n—0o0

Hence for any ¢ < v, we have

1 1
liminf — log]P’ (O’[ N.NJ(X (X)) > n) > hm inf —log P (a( 00, N](X (x)) > n)

n—o00 n—oo n

> = A0

where it follows by Corollary 3.13,

ue

i_,Iélli(:P) ress(P|buB) = exp <_ zi>nfc Aﬂ‘}/(Z)) .
Letting ¢ 1 v, we obtain
inf  Fegs(P >exp|— inf A @)).
wed(P) ess(Plp,B) > P< o w ))

Similarly using point (3), we get

inf  regs(P > ex inf A* z
e A(P) ess ( |hu3) = P< e W( ))
Hence (8.28) is proved. For the last claim, we prove it only in the case where
vt= > 0.

o If v“" > 0, then —inf,._,+- A}, (z) = —A},(0) = 0 (for EW = 0).
e If vt~ = 0, then by the proof (3) of Lemma 8. 2 and the fact that P(W > 0) > 0,
we have —inf . _,+- Aj, (2) = —inf >0 A}, (z) > —AJ,(0) =0.
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3) We prove now part (b). At first if O is not an interior point of [Ay < +oc],
then the r.h.s. of (8.29) is 1 (verification left to the reader), i.e., (8.29) holds true
automatically in that case. Assume then 0 is an interior point of [Ay < 4-00].

Let u,(x) := e where a > 0 verifies Ee*" < +o00. Forany 0 > ¢; > v+,
there is some Nj > 0 such that for all x > Nj, f(x) < x 4 c1. We have

Pugy(x) = Ee(f )+W) < 1[x>N1]Ma(X)eaC1+AW(a) + 1[x§N1]Eea(f(x)+W)-

Similarly let u_p(x) = e~b* where b > 0 verifies Ee ®W < +400. For any
0 < ¢p < v~ 7, there is some N> > 0 such that for all x < —Na, f(x) > x + ¢3.
We have

Pu_p(x) = Ee2(f()+W)
< 1[x<_N2]u_b(x)e—bc'z-‘rl\w(—b) + 1[x3_N2]Ee_b(f(x)+W).

By our extra assumption on f(x) and our choices of a, b,

AW 4 —b(f+W) < |

Ie<nyiEe >— Ny e

(L depends on C, a, b, N1, N; etc). Consequently

Pug(x) +up(x)) < Lig[—No, Ny (e (x) + up(x))
% max{eacl-i-Aw(a)’ e—bC2+AW(—b)} +L

where it follows by Theorem 3.11 that

inf | Tess (Pl 5) = max{ec1 TAW@ - p=bertAw(=b)y
(P)

ue
forany 0 < a € [Aw < +o0], any 0 > —b € [Awy < +o0]. Taking the infimum
of the r.h.s. above over all such a, b, we obtain (by noting that —cy, ¢ > 0 = EW)

inf  ress(Plp,B) < maxfe AW g~ Aw(me2)y,
uc A(P)

Letting ¢; } v™" and ¢, 1 v™~, we obtain the desired result.
4) It remains to show part (c). Since v+ = v~ < Oand v™" = v~ > 0
(and finite), we see that —1,~¢ f (x), Ly <o f (x) are upper bounded. By part (b) and
the lower semi-continuity of A%,, we have
Ay (v = Ay (v )y

inf ress(P|buB) < max{e”
uc A(P)

Thus by part (a), for (8.30), we have only to show that
Ay (—v) = ZiI;{)A’Cv(—v++ +2), Afy(—vT) = inf Afy(—vT ).
Here only the first will be proved. For it notice that if P(W > —v*™) > 0, this fact

is proved in part (3) of the proof of Lemma 8.2 (for A}, (—vt*+z) = Ay i+ (D).
Assume then P(W > —vt+) = 0.
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In that case inf,-o A}, (—vT" 4+ z) = +o0 by (8.9). Assume by absurd that
A%y (—vtt) < 400. By the continuity of A}, on [0, —v™*] and (8.9), there exists
a sequence of probability measures (v,) on R such that [p xdv,(x) - —v** and
h(vp; ) = Ajy (—vtT) (where u, recalling it, is the law of W). Hence v, < v and
{dv,/du} is p-uniformly integrable. Therefore there is a sub-sequence (n;) such
that {dv,, /du} convergesto h € L' (R, 1) in the topology o (L' (1), L°°) (h must
be a probability density function). Noting that P(W > —v™T) = 0 (assumption),
we have

f h(O)du(x) = / h(Odu(x)
R (—o0,—vtt]
= inf f( L@

inf lim [x V (=L)]dvy, (x)

L>0k—00 J(—oo,—pt+]

> lim sup[ xdvy, (x) = —vTT,
k—o00 J(—o00,—vtt]

That is impossible by the absolute continuity of the law u of W and

w(—vtt, +00)) = P(W > —v™™) = 0. In other words we have shown

A%y (—vTt) = +00 as desired. The proof is completed. mi

We now present an example to illustrate the results obtained previously.

Example 8.13. In the model (8.26) withd = 1, let f(x) := (a|x|* 4+ b)sgn(x) for
x| > land f € C l(IR), where a > 0 and b, o are real constants. Assume that
EeWl < 400 for some § > 0.

(1) Ifa < 0, then re55(P|pB) = 0 by Corollary 8.10.
(ii) If « = 0, then By, (P) = 0, then res5(P|pr) = 0 by Theorem 3.5.
(iii) If @ > 0O, then lim|x| 0 | X, (x)| = +00 and consequently 745 (Plpp) = 1
by Corollary 3.3.
(iv) Ifa < 1,orifa = 1buta < 1,theninf,c Ao(p) Fess (Plp,8) = 0by Proposition
8.8(b).
(v) fa =1and a =1, then

, if b>0

inf P =
fipy e Pl exp (— A%y (—b) A AL, (D)), if b <0

ue
where the first case and the second follow respectively by part (a) and (c) of
Proposition 8.12.
(vi) Ife = landa > lorifa > 1,theninf,c o(p) ess (Plp,8) = 1 by Proposition
8.12(a).

Assume moreover that the density function of the law of W is dx-a.e. positive,
(A3) is verified in such case. Then by the table above, the uniform t-LDP holds iff
a < 0 by Theorem 6.3; and the local t-LDP holds iff « < 1l,ora = 1 butb < 0
with AJ, (=b) A A}y, (b) = +o00 (which is equivalen to P(W ¢ [b, —b]) = 0), by
Theorem 6.4.
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9. Proof of results of Sections 3 and 4
9.1. Proof of Proposition 3.2.

In this paragraph, 8(P) := B(P|pB), the measure of non-compactness given in
(2.5), [l Il = sup,cf | f(x)], and || P|| denotes the norm of P on b15.

Proof of Part (a). e By, (P) < 2B(P): By the definition (2.5) of S(P|,R), for any
r > 2B(P|pB), there exist a finite number of compacts Ky, - - - , Ky such that

min  sup ||Plge — Plge| <r.
I<j<N KccE J

Setting C = | i Kj which is again compact, we get from the above relation and

the nonnegativeness of P,

sup |Plce — Plge| <r.
K: CCKCCE

Hence for any x € E,

P(x,C) <r+ inf P(x,K)=r
K: CCKCCE

by the tightness of the measure P(x, dy). As that inequality holds for all x € E,
we get By, (P) < ||Plce|l < r, which is desired inequality for r > 28(P|,B) is
arbitrary.

We turn now to show (3.3). For any sequence (f,)n>0 C Cp(E) decreasing
pointwise to zero over E, with || fo]l < 1 and for any K CC E, we have by
Dini’s monotone convergence theorem that f;, converges to zero uniformly over
K. Consequently

lim [[Pfyll < lim [[P(1g fi)ll + lim [[P(1ge fu)ll < [P1gell-
n—oo n—o0 n—oo

As (fy) and K CC E are arbitrary, the desired inequality follows.

We prove the inverse inequality for (3.3) in the locally compact case. Take a
sequence of compacts (K,) such that K,, 1 E and K,, C (Kn+1)0 (interior). We
may construct continuous f,, : E — [0, 1] such that f,|x, = O and f,(x) =1
for x belonging to (?) the closed set E\ (K, +1)". Such sequence ( f,,) is necessarily
decreasing to 0 pointwise over E. Thus

Bw(P) = lim sup P(x, K, ;) < lim [|Pf,]. O
)'l*)OOer n— o0

Proof of Part (b). Obviously B.(P) < Sup 1, lim,,— || Pfy|l. For the inverse
inequality, let (f,),>0 be an arbitrary sequence in b3 converging pointwise to
zero over E with sup, || f,|| < 1. Forany ¢ > 0, let A, = | ;[ fk| > €]. Then
(A;) decreases to . Consequently -

lim [|Pful < lim [[P(I4)ll +€lP] < B(P) + el P
n—o0 n—o0

where the desired result follows. O
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Proof of Part (c). We show now B;(P) < 2B(P|pB). Let (A,) be an arbitrary
sequence in B decreasing to {J. By the definition (2.5) of B(P|,R), for any r >
2B(P|pn), there exists some N > 1 such that

min sup||Plg — Pla.|| <r
Jmin, Sup [P, A

But by the nonnegativeness of P we obtain

sup [Play — Pla, |l <.

n>N

Itimplies that forany x € E, P14, (x) < r+4lim,_ o Pla,(x) = r (by monotone
convergence). Thus

lim [[PLy, [l < |Playll <7
n—o0

where the desired inequality follows. O
Proof of Part (d). They are obvious. O

Proof of Part (e). The case Br: For any sequence (A,),>0 C B decreasing to ¥,
fu := P1l,, decreases pointwise to zero over E. For any r > f;(P), there exists
some N > 1 such that || fy|| < r.Set g, := fn+n/r € bB, which decreases to
zero with go < 1. We have by part (b),

lim [[QPly,ll <r lim [[Qgnll =7 - B:(Q)
n—oo n—o0

where follows 8; (QP) < B:(Q)B:(P).
The case By Forany K CC E, since By, (1x P) = 0 (assumption), by Proko-
rov’s tightness criterion, for any ¢ > 0, there is some K; CC E such that

Tk Plgell < e.
Now for any compact K, D K1,
Buw(QP) < |Qlg Plggll + 1Qlke Plgcll < 1 Qlle + [|Q1kell - [P L1ggll-

Taking the infimum at first for all compact K» O K and next over all compact K,
we obtain

Buw(QP) < Qlle + u(Q) - Bu(P).
As ¢ > 0 is arbitrary, the desired inequality follows. O

Proof of Part (f). For any sequence (A,),>0 C B decreasing to ¥, f, := Pla,
decreases pointwise to zero over E, and that convergence is uniform on each K CC
E by the assumption B;(1x P) = 0. Consequently

lim [[((QP)1a,ll = lim [|QlgcPly, | < [|Qlkell - (P).
n—oo n—oo

As (Ay) and K CC FE are arbitrary, part (f) follows. |
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Proof of Part (g). By Lemma 9.1 below, forany K CC E, B(Q1g P) = 0. Hence
B(OP) < B(Qlk P) + B(QlkeP) = B(QlgcP) < [|Qlke| - | Pl

where it follows S(QP) < By, (Q)||P|. But B:(Q) = 0 implies B, (Q) = 0, by
Lemma 3.1. Thus S(Q P) = 0, the desired result. |

In the proof of part (g) of Proposition 3.2 above, we have used
Lemma 9.1. If 8;(P) = 0 = B:(Q), then Q P is a compact operator on bB.

Proof. 1) Claim: if B:(P) = 0, then P is a Dunford-Pettis operator (see [30], Def.
3.7.6., p219), i.e., if f, € bB weakly converges to zero, then || P f,|| — O.

Indeed, for such sequence (fy), sup,, || fxll < C < 400, and f,(x) — O for
every x € E (for 8, belongs to the topological dual space (bBB)" of bB3). Thus by
Proposition 3.2(a) and our assumption, || Pf,| — O.

2) By 1) and [30], Prop. 3.7.11.(i), p221, the image P(B(0, 1)) of the unit ball
B(0, 1) in bB is weakly compact in b13. In other words, P is weakly compact on
bB, and so does Q. But bB is a so called (abstract) M-space, by Schaefer [40]
(Chap. II, §9, Corollary 1, p.128), product Q P of two weakly compact operators
on b3 is compact. O

I believe that “B,,(P) < B;(P)” holds on a Polish space.
9.2. Proof of Theorem 3.5

Proof of Part (b). By Proposition 3.2(a) and (c),

max{B; (P"), Bu(P")} < 2B(P"[pB).

Then by Nussbaum’s formula (2.7),

max{lim sup[B; (P")]"/", Tim sup [y (P")]""} < ress(Plop).

n—oo n—oo

Moreover by Proposition 3.2(e), B; (P"t") < B.(P™)B.(P") for all m,n € N.
Thus

lim sup[B; (P")]V/" = lim [B.(P")]V/" = infl[ﬁr(P”n””.

n—od
Hence the first inequality in (3.6) is proved. To prove the second inequality in (3.6),
noting that 1gc P"1gc > (1ge P1ge)", we have
Buw(P") = inf ||[P"1ge| > inf |[[1gcP"lge]|
KCCE KCCE

> i f l c P 1 c . .1
> inf || (IgxeP1ge)™ |l 9.1
Thus by Gelfand’s formula of spectral radius,

lim sup[ B, (P™)]Y/" > inf inf || (1gePlge)" |V/" = inf ry, (1ge Plge)
n—> 00 n>1 KCCE KCCE

which is the desired second inequality in (3.6). O
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Proof of Part (a). At first by Proposition 3.2(e) for B, and by (A1), B, (P"*") <
Buw(P"™) By (P™) for all m, n € N. Then

rw(P) i= lim [B, (P = infl[ﬂw(P”)]l/".

Let us show 7,55 (P|pB) = ryw(P). By part (b) proved above, 1 (P|pR) = 1y (P).
To prove the crucial inverse inequality, notice that for each K ccC E, 1x P2V is
a compact operator on b3 by Proposition 3.2(g). Hence from P2V = 1x PN 4+
1 xc P2V and the invariance of the essential spectrum by compact perturbation (well
known, see Lemma 2.1), we have

Oess (P2N|b3) = Oess <1K‘P2N|b8> , YK CCE.

Consequently

128N 1/2N
Tess (PlpB) = [ress (P2N|b8)] < inf [rsp <1K0P2N|b3)]
KCcCE

k k
— inf inf || (1K0PZN) [V/2NK — inf inf | (chPzN) | 1/2Nk
KCCE k>1 k>1 KCCE

1/2Nk
< lim sup (||P2N|| ~,3w(P2N(k—1)))

k—o00

where the last inequality follows from (chPzN)k 1 < PPNG=D (1 e P2N 1) for
k > 2 and the definition of B,,. Thus the last inequality above implies

Fess (Plps) < limsup (B (P")"" = r,,(P)

n— o0

the desired result. Hence the first equality in (3.5) is proved.

It remains to show: lim sup,,_, . (B (P")"/" = infgccp rop(1ge Plge). The
“>" is already proved in part (b). For the inverse inequality, notice that for each
K CC E,

P"=(1gkP + 1gcP)" = (1gc P)" + Z Aj - A,
j€{0,1}*: jr=0 for some k

where Ag := lx P and A := 1< P. Hence By Proposition 3.2(e) for 8,, and by
(A1), Buw(Aj ---Aj) =0if ji = 0for some 1 < k < n. Consequently

Bu(P") = Bu ((1ke P)") = Bu (ke PLxe) ™" P) < ke PLge) ™ - 1P
where it follows

. 1 . - 1/n
tim sup (B (P")"" < tim sup (I(Lge PLeey™ - 1P1) = rp(Lie Pge)

n—oo n—oo

for all K CC E. So the last equality in (3.5) is shown. O
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9.3. Proof of Theorem 4.6

The classical proof of this theorem in the “U = 1 case given in Revuz [39] is
based on the one-to-one correspondence between bounded space-time harmonic
functions and the tail o-field of the associated Markov chain. This correspondence
is no longer available because of non-boundedness of functions in by 3. Our proof
below is based on representation of finite Markov matrix.

At first by Proposition 4.5, 7, (P|p,53) = 1. We divide the proof of (4.2) into
three steps.

Step 1. By Proposition 2.3, there is some minimal integer d > 1 such that the
peripherical spectrum {A € o (P%); |A| = 1} is reduced to the singleton {1}. Let
IT be the eigenprojection of Q := P? associated with 1. Since 1 ¢ 0,5 (P") by
assumption, L := dimRange(I1) < +o00. Let us show that PIT1 = 11, i.e., the
algebraic and geometric multiplicities of the eigenvalue 1 of Q = P? coincide. To
this end consider the Laurent series of (\] — Q)~! near 1,

A= ' =AA D"+ A= DT Y AG - D
k=0

where Ay = ITand A_;_| = (Q — DX ([50], Chap. VIII, §8). We should
prove that m = 1. Assume in contrary that A_,, # 0 for m > 2 in the development
above. Hence there would be some continuous functional ¢ on the complexification
of by B such that ¢ := (A_,,)*¢ # 0. Since (Q* — )y = 0, by Proposition 4.2(a)
(applied to QU f = (1/U)Q(Uf) on bBB), ¥ is a nonzero measure v.

By the Markov property of Q = P, for each A > 1,

A-Dr-'=0-D) 270
k=0

is again Markov. Hence A_,, f = limy_ 1+ (A — )™ (A — Q)_lf = 0 for any
bounded f > 0. Consequently for any 0 < f € bB3,
W, =W, =, A-nf)=0.

Hence v = 0O (for v is a measure), a contradiction.

Step 2. Since PT1 = 1 (proved in the Step above) and rs,,(P" —II) < 1, there
are C > 0 and r € (0, 1) such that

IP" — Iy 5pyB < Cr", ¥n > 0. (9.2)

As Q" is nonnegative, I1 is nonnegative on by 3. Hence there is a basis of
Range(I1) constituted of nonnegative nonzero functions {fi, ..., fr} C byB
such that forany 0 < f € byB, Ck(f) = 0, k = 1,..., L where Cy(f), k =
1,..., L are determined by

L
Mf =Y C(f)fe

k=1
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AsTIl = lim,_, Q"1 = 1, we may choose (f;) in such a way that 2115:1 fr(x) =
1 forany x € E.
Now note that Pf; = PIIf; = [1Pf; € Range(Il), then

L
Pfi=>" frau. axn > 0.

Moreover from

and the linear independence of (fx), ZIL: 1ak = 1 for each k. In other words
A = (Ag;) is a Markov matrix, similar to P restricted to Range(IT). Hence d > 1
is the minimal positive integer such that the only eigenvalue of A< is 1.

Such Markov matrix A can be represented in the following way: there are

di >1(j=1,... k) vectors z/ = (z}7, -+, z7’)" (" means the transposition),
i =1,...,d; such that

() (z; 1<i=<dj, 1 <j<k)isabasisof RL;
(i) z;/ >0, Zi’jz;’] = 1foreachli=1,...,L;

(iii) foralli, j, Az'/ = z/=!J (for each j fixed, i — [ is calculated modulo d;);
(iv) d is the least common multiple of d;, j =1, ... , k.

Now set

L
Uyj=Y g fi. 1si<dj. 1<j<k
=1

which constitute a new basis of Range(IT). We have

L L L
ij i—1,j
PU; ;= ZZI Z fran = Z frzp 7 =Uienje
k=1 k=1

I=1
In particular, PdUi,j = U;, j. Moreover Zi’j Uijj =1overE.
Step 3. Now for any f € by B,
If =Y Cij(HHUi;
iJ
where ¢; ;(f) = C; j(f) defines a nonnegative continuous functional on by B.
Since (¢;,;, Pdf) = (¢ij, l'IPdf) = (¢ j, f), applying Proposition 4.2 to
QUf = (1/U)Q(Uf) acting on bB, we see that ¢; ; must be a nonnegative
measure u;, ; such that u; ;(U) < +o00 and p; ; P = i, j. Moreover by

L=T1=) " wi;(OUi;, Yy Uij=1
i,j i,j
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we get u; j(1) = 1, and E;; = [U;j = 1], i, j are pairwise disjoint. By
wi,j (Ui j) =1, u; j is supported on E; ;. In summary we have proved

d k dj

k
H:Z Ui,j®,u,-,j, PZHZZZUi—l,j®U«i,j~

j=li=l1 j=li=l

<5

Consequently by (9.2), forany/ =0,1,... ,d — 1,
1P — P Ty by < 1P — Ty Bosby B - ) max. ||P by B by B

where (4.2) follows.
The proof of the last claim is the same as in Revuz [39], Chap.6, Theorem 3.7,
so omitted. |

10. Proof of Theorem 6.1

Part (a). 1) Upper Bound. Forany V € b, consider Py (x, dy) := ¢ ® P(x, dy)
and the Feynman-Kac formula says that

n—1
(Py)" f(x) == E* £ (X,) exp (Z V(Xk)> .

k=0

Asin [13] and [46] (Appendix B), introduce the uniform (upper) Cramer functional

1 n—1
A(V) :=limsup — log sup E* exp (Z V(Xk))

n—oo N xeE =0
—llmsup 1Ogll(Pv)”II

n—oo

= logryp (PV|bB) : (10.1)

By a generalized Ellis-Girtner theorem, Theorem B.5 in [46], for the good upper
bound of large deviations in part (a) w.r.t. the T-topology, it suffices to establish the
following monotone continuity of A on b53:

(MC) For any (V,),,en C bBsuchthat V,(x) | Oforall x € E, then A(V,)) — O.
To relate that property with the parameter S;, we note the following simple

inequality

1
A(V) <+ log 1PN (M), VN > 1. (10.2)
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Indeed, write ZZQ()_I V(X)) = Z;VZ_OI Sj where §; := ZZ;(l) V(Xin + j). We
have by Jensen’s inequality

nN—1 | V-l
log E* exp < Z V(Xk)) = logIE* exp v Z NS;
k=0 j=0
N—-1
1
< — ) logE*exp(NS))
N
j=0
1 N-1 n—1
< — ) logeMVI [sup PN(eNV)(x)}
N =0 xekE

where it follows
1 nN—1
A(V) = lim sup — log sup E* exp Z V(X))
n—00 nN xeE =0
1
< —log || PN ("),
< o log 1P (e™ )
the desired inequality (10.2).
Having it let us verify (MC). Fix N > 1. For any sequence (V,,) specified

in (MC), f, 1= eM"» — 1 < NIVl decreases pointwise to 0 over E. Thus by
Proposition 3.2(b),

lim PN (M) < 1+ MYl (PY).
n—oo
Consequently by (10.2) we have
1
lim A(V,) < lim — log | PV (V')
n—o00 n—oo N
1 1
== log (1 + eNnvOnﬁT(sz)> < NeNHVOHIBT(PN)
where the desired property (MC) follows by letting N — +o00 and by assumption
r:(P) =0.
2) Lower Bound. By the argument in the proof of Theorem 5.1 in [46] and our

assumption (6.3), it is enough to show that for any A € B with u(A) > 0, there is
some N > 1 such that

inf Py (Ly(A) > 0) > 0.
xeE

Indeed by the upper bound in (a) and the p-irreducibility, there is a unique invariant
probability measure o ~ w, and for any 8 € (0, ®(A)),

lim Supllog sup Pr(ILy(A) —a(A)] > 8) = —inf{J(v); [v(A) —a(A)| = 5}

N—o0 xeE
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and the last infimum must be attained by some vy with |vg(A) — a(A)| > §. Such
vo is different from «, hence J(v9) > 0 (otherwise v is an invariant probability
measure, then coincides with ¢ by the uniqueness of invariant probability measure).
In other words we have derived

1
lim sup — log sup P, (|Ly (A) — a(A)| > 8) < —J(vg) < O,

N—o0 xeE

where the desired property above follows immediately.

Part (b). For the good upper bound of large deviations w.r.t. the “w”’-topology,
by Theorem I1.3.3 in [45], it is enough to establish the monotone continuity of A
on Cp(E), i.e., A(V,) — 0 for any sequence (V,) C Cp(E) decreasing pointwise
to zero over E. Its verification is completely parallel to that of (MC) in part (a), so
omitted. O
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