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Abstract. We study existence and uniqueness of a mild solution in the space of continuous
functions and existence of an invariant measure for a class of reaction-diffusion systems on
bounded domains of R?, perturbed by a multiplicative noise. The reaction term is assumed
to have polynomial growth and to be locally Lipschitz-continuous and monotone. The noise
is white in space and time if d = 1 and coloured in space if d > 1; in any case the covari-
ance operator is never assumed to be Hilbert-Schmidt. The multiplication term in front of
the noise is assumed to be Lipschitz-continuous and no restrictions are given either on its
linear growth or on its degenaracy. Our results apply, in particular, to systems of stochastic
Ginzburg-Landau equations with multiplicative noise.

1. Introduction
In this paper we are concerned with the study of existence and uniqueness of

solutions and existence of an invariant measure for the following class of reaction-
diffusion systems perturbed by a multiplicative noise

ou;
a—ut(lfé) =Aiui(t, &)+ fi(t,&, u1(t,8),...,u,(t,8))

r Jw o
+§gi,-(t,s,u1(r,§),...,ura,s))Q,-%(r,S), 1>5, E€O,

ui(s, &) =x;(€), €€ 0, Biuit,§)=0, t>s, &€ 0.

(1.1)
Here O is a bounded open set of R¢, withd > 1, having regular boundary. For each
i=1,...,r, A; are second order uniformly elliptic operators with coefficients of

class C!, B; are operators acting on the boundary of @, Q; are bounded linear
operators from L?(O) into itself, which are not assumed to be Hilbert-Schmidt and
in the case of space dimension d = 1 can be taken equal to identity, and finally
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ow; (t)/0t are independent space-time white noises. This means that in dimension
d = 1 we can consider systems perturbed by white noise and in dimension d > 1
we have clearly to colour the noise but we do not assume any trace-class property
for its covariance.

Concerning the non linear terms, we assume that

f:00,00) x OxR" - R", g=][gi]:[0,00) x OxR" — LR")

are measurable and for almost all # > 0 the mappings f(¢, -, -) and g(z, -, -) are
continuous on O x R”. For almost all > 0, the mapping g(¢,&,) : R" — LR")
is Lipschitz-continuous, uniformly with respect to & € O, without any restriction
on its linear growth or its degeneracy (this means that we can take for example
gij(t,&,u) = Ajjuj, with &;; € R or more general). Moreover, for almost all
t > 0, the mapping f(¢,&,-) : R” — R’ has polynomial growth, is locally
Lipschitz-continuous and satisfies suitable dissipativity conditions, uniformly with
respect to £ € O. The example that we have in mind is the case of f;(, £, )’s
which are odd-degree polynomials in the space variable having negative leading
coefficients.

In this paper we first show that for any initial datum x € E := C(O; R") prob-
lem (1.1) admits a unique mild solution u} in LP(2; C((s, T1; EYNL*(s, T; E)),
forany p > 1l and T > s, which depends continuously on the initial datum x € E.
Next, in the case of coefficients f and g not depending on time, we introduce the
transition semigroup P, associated with system (1.1), by setting for any bounded
Borel measurable function ¢ : E — R

Pop(x)=E@w*(t)), t>0, xeE,

where u* (¢) is the solution of (1.1) starting from x at time s = 0. By investigating
the asymptotic behaviour of the norm of u* (¢) in some spaces of Holder-continuous
functions, we show that for any a > 0 the family of probabilities P;(x, ), t > a, is
tight and then P, has an invariant measure on (E, B(E)).

Stochastic reaction-diffusion systems with non-Lipschitz reaction terms hav-
ing polynomial growth and fulfilling some monotonicity assumptions have been
studied by several authors, both in the case of additive and multiplicative noise (for
the multiplicative case see [1], [11], [13], [14], [15], [3], [16] and the recent [2];
see also [8], [5] and [6] for several applications to Kolmogorov equations, invariant
measures and stochastic optimal control problems in the case of additive noise).

In [1], [11], [13], [14], [15] comparison arguments are mainly used, providing
the construction of the solution as limit of solutions of auxiliary problems with
known bounds. In these papers, with the only exception of [15] where general do-
mains of R ¥ are considered, even unbounded, the case of domain @ = (0, 1) and
white noise are studied. Instead here, as in [3] and [16], we use semigroup tech-
niques and this enables us to treat also the case of systems of equations for which
the use of comparison is much more complicated, as the maximum principle does
not hold in general.

It is evident that different approaches to the study of SPDE’s involve different
settings of hypotheses that are not always easy to compare. In this paper we try
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to overcome the limits arising from both techniques, which are mainly due to the
fact that a multiplicative noise is considered and pathwise arguments cannot be
used. Thus, concerning the multiplication term in front of the noise, on one hand
we do not assume it to be smooth and strictly non degenerate as e.g. in [1], where
Malliavin calculus is used in order to get rid of only measurable f, and on the
other hand we allow it to have linear growth, unlike in [3] and [16] where a more
abstract setting is considered, which in the concrete cases seems to apply only to
reaction-diffusion problems in bounded domains of R with bounded diffusions.

Moreover, the fact that we are dealing with domains of any dimension d > 1
and looking for solutions in spaces of continuous functions, without having any
1t6’s formula, makes our work much more complicated from a technical point of
view and forces us to work directly on heat kernels and use the factorization formula
pointwise (and not in the classical L? setting).

In the last section of the paper, the good knowledge of the equation permits us
to give a good description of the asymptotic behaviour of solutions in spaces of
Holder continuous functions and to show that the family of probability measures
{L(ugy(t)), t = a} is tight in (E, B(E)). Thus, thanks to the classical Krylov-
Bogoliubov theorem we get the existence of an invariant measure for system (1.1).
We would like to stress that here, as above, the main difficulty is providing good
a-priori estimates, which are hard to obtain in the case of non constant diffusion term
in front of the noise, as we cannot proceed pathwise and apply directly deterministic
techniques.

Finally, we would like to recall that the results proved in this article are applied
in [7] to the study of large deviations estimates in the space of paths for the solution
of system (1.1).

2. Preliminaries

If X and Y are two Banach spaces, we denote by £(X, Y) the Banach space of all
bounded linear operators 7 : X — Y, endowed with the sup-norm. When X =Y
we write £(X) instead of £(X, X).

Let H be a separable Hilbert space and let T be a compact linear operator in H.
The non negative self-adjoint operator T*T is also compact, so that the operator
A = +/T*T is non negative, self-adjoint and compact. The eigenvalues of A are
called the characteristic numbers of T and are denoted by u(T), k > 1.

Definition 2.1. For any p € (0, +00) we denote by C,(H) the set of all compact
operators T € L(H) such that

o0
1T, =) (TP < oo.
k=1

C,(H) is a Banach space, endowed with the norm || - || .
If p = 400 we define Coo(H) := L(H) and we have

ITloo :== Tl = sup ux(T).
ke N
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As shown for example in [12, Lemma X1.9.9], the spaces C,(H) fulfill the
following properties:
1. if p < g,thenC,(H) C C;(H) and the mapping p > ||T||, is decreasing;
2. if SisinCp(H)and T isinC, (H), then ST isinC, (H),with1/r =1/p+1/q,
and |
IST - <27 [ISIplT g, 0 <r <o0; (2.1

3. if T isin C,(H) and A is bounded, then AT and T A are in C,,(H) and
IAT I, < IANNTIp. T Allp < IANNT Nl p;

4. if {e;} is a complete orthonormal system in H, then for any 7' € C>(H)

o0
2 2
ITI5 =" |Teil}-
i=1

In [12, Lemma X1.9.32] it is also proved that if {e;} is a complete orthonormal
setin H and 2 < p < oo, then for any T in L(H)

o 00 5
S ITeilhy < 00 = Tl < ¢, (Z |Tel-|z> : 2.2)
i=1 i=1
for some positive constant c,,. In particular T € C,(H).

Next, let O be a bounded open subset of R¢, having a regular boundary.
Throughout the paper we denote by H the separable Hilbert space L2(O; R”),
with » > 1, endowed with the scalar product

r

(X, Y n :=/O<x<s),y<5)>Rr ds=Z/Oxi(s)y,-(s>ds=Z<x,-,y,->Lz<O)
i=1

i=1

and the corresponding norm | - |g. For any p > 1, p # 2, the usual norm in
LP(O;R") is denoted by | - |,. If ¢ > 0, we denote by | - | , the norm in
wWeP(O; R

d |x; (€) — x; ()|?
|xle,p = |X|p+2/ —Hdéd’l
—Joxo 1&§—nl?

We denote by E the Banach space C(@; R"), endowed with the sup-norm
1

r 2
lx|g = (Z sup |x; <s)|2)

i=1£€0

and the duality (-, -) ;. Finally, for any # € (0, 1) we denote by C? (O;R") the
subspace of §-Holder continuous functions, endowed with the norm

lx(&) —x(n)|
Xleo@mry = XlE + [x]p = |x|g + sup ————— < o0
’ cnco & —l
§#n
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Now, if we fix any x € FE there exist &1,...,& € O such that |x;(&)| =
|x; |C(@), foralli =1, ..., r.Then, if § is any element of £* having norm equal 1,
the element 8, € E* defined for any y € E by

| le(gl)yz(éz) ifx #0

xle (2.3)

(6)65 y)E =
(6, V) g» ifx =0,

belongs to d|x|g = {h*e€ E* |h*|lgx=1, (h,h*)g = |h|g} (see e.g.
[6, Appendix A] for all definitions and details).

2.1. The operator A

Foranyi =1, ..., r we define
92 _
A&, D) = ahk(f) + h(g) EeO
h;l 085,08k Z S

The coefficients a ;l ¢ are taken of class C 1(0) and for any § € O the matrix [a;l (&)1
is non negative and symmetric and the uniform ellipticity condition

d
inf Z a i =A% re RY,
§€0 =1

is fulfilled, for some v > 0. The coefficients bﬁl are continuous. Moreover, for any
i=1,...,r wedefine

d

; d
Bi(§,D):=1, or B, D):= Z a},k(é)w,(é)@, £€00.

h,k=1

Next, we denote by A the realization in H of the differential operator A =
(A1, ..., A;) endowed with the boundary conditions B = (By, ..., 5,). That
is

D(A) = {x e W22(O:R") : B(-,D)x:OinaO}, Ax = A(-, D)x.
Now, foranyi =1, ..., r we set

d _ d 9
Li(€,D):=) (b;@) - = 7 hk@)) 5 <O
k=1

h=1
and by difference we define the divergence-form operator
Ci = Ai - ﬂi.

It is possible to check (see e.g. [10] for all details and proofs) that the realization
C in H of the second order elliptic operator C = (Cy, ..., C,), endowed with the
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boundary conditions B, is a non-positive and self-adjoint operator which generates
an analytic semigroup ¢/C with dense domain given by ¢/C = (¢/C1, ..., '),
where C; is the realization in L>(O) of C; with the boundary condition B;.

In [10, Theorem 1.4.1] it is proved that the space L' (O; R") N L®(O; R") is
invariant under €€, so that ¢'C may be extended to a non-negative one-parameter
contraction semigroup T, (¢) on LP(O;R"), for all 1 < p < oo. These semi-
groups are strongly continuous for 1 < p < oo and are consistent, in the sense that
T,(t)x = T,(t)x,forallx € LP(O; R")NLY(O; R"). This is why we shall denote
all T, (1) by €'C. Moreover, T,(t)* = T,(t),if | < p <ooand 1 = p~! 4+ ¢ L.
Finally, if we consider the part of C in the space of continuous functions E, it
generates an analytic semigroup which has no dense domain in general (it clearly
depends on the boundary conditions).

For any fr,¢ > 0 and p > 1, the semigroup e maps L?(O;R") into
WP (O; R") and by using the semigroup law we easily obtain

€'Cxlc, <c(t AT 2x],, xe LP(O;R"), (2.4)

for some constant ¢ independent of p. Due to the Sobolev embedding theorem, we
have that WP (O; R") embeds into L>*(O; R"), for any € > d/p. Then, by easy
calculations we have that ¢’C maps H into L°°(O; R"), for any ¢ > 0, and

C -4
le'“x|loo <c(t A1) 4|x|g, x€ H.

This means that e'C is ultracontractive. As C is self-adjoint, by using the Riesz-
Thorin theorem we have that for any ¢+ > 0 and 1 < g < p < 400 the semigroup
¢'C maps L1(O; R") into LP(O; R”) and

(p=q)

d
|e’cx|p <c(@Al)y 2 |xl|g, x e L1(O;R"). 2.5)

Finally, as W€ 7 (O; R") embeds continuously into C?(O; R"), for any 6 < € —
d/p, we easily have

_8
e Xlcop.rry < A D2 1x]E. 2.6)

Since ¢'€ is ultracontractive, as proved in [10, Lemma 2.1.2] it admits an inte-
gral kernel K : (0, +00) x O x O — R”. That is

eCx(€) = </OK1(L§, ﬂ)X1(77)d77,---,/OKr(t,Eyn)xr(n)dn) t >0,
2.7)

for any x € L'(O;R7) and £ € O. Moreover, there exist two positive constants
c1 and ¢ such that foreachi =1,...,r

_d & —n?
0<Ki(t, & n <cit Zexp T —— (2.8)

(see [10, Corollary 3.2.8 and Theorem 3.2.9]).
Furthermore, from the ultracontractivity of e’ € and the boundedness of O, as
proved in [10, Theorems 2.1.4 and 2.1.5] we have that '€ is compacton L? (O; R")
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forall1 < p < ocoandt > 0. The spectrum {—oy}rec N of C is independent of p

and ¢'C is analytic on L?(O; R"), for all 1 < p < oco. Concerning the complete

orthonormal system of eigenfunctions {ex }rc N, we have that e, € L®°(O; R").
In the sequel we shall assume the following condition on the eigenfunctions ey.

Hypothesis 1. The complete orthonormal system of H which diagonalizes C is
equibounded in L*°(O; R"), that is

sup |exloo < 00. 2.9)

keN
Remark 2.2. We assume this uniform bound on the L°°-norm of the eigenfunctions
er (which is satisfied for example by the Laplace operator on the square with Di-
richlet boundary conditions) for the sake of simplicity, even if in several important
cases, as for example the disc, it is not satisfied. In fact, what is true in general is
that

lexloo < ck®,

for some o > 0. Thus, in order to compensate the terms k* and get the regularity
results of next sections, in general we have to give some further colour to the noise.

Finally, for any p > 1 we denote by L, the realization of the operator £ =
(Ly,...,L;)in LP(O; R"). It is immediate to verify that the operators L, are all
consistent, in the sense that

Lpyx=Lgx, x¢€ D(Lp)ND(Ly).

Thus, if no confusion arises, we denote all of them by L. For each p € [1, o]
L:D(L) CLP(O;R") - LP(O; R")isalinear operator with dense domain and
the domains of L and L* coincide with D((—C)'/?), with equivalence of norms.
Moreover for any x € LP(O;R")

1
IL*e'Cx|, <c(t AD"2|x]p, > 0.
3. Regularity of the stochastic convolution

We are here concerned with the study of existence, uniqueness and regularity of
solutions for the system

du; : dw;
THE) = Ay ) + Y gy (1 @),y (1) Q1. 6),

- =1
Ee O, t>5

ui(s,€) =0, £e O, Biui(t,£) =0, £€€ 90, t>s, i=1,...,r

Here 0w (7)/0t are independent space-time white noises defined on the same sto-
chastic basis (2, F, F;, IP). Thus, if we set w(t) = (w(¢), ..., w,(t)), we have
that w(¢) can be written as

w(t) =Y eprt), =0,

k=1
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where {e;} is the complete orthonormal system in H which diagonalizes C and
{Br (1)} is a sequence of mutually independent standard real Brownian motions on
(R, F, F:, P). As well known, the series above does not converge in H, but it does
converge in any Hilbert space U containing H with Hilbert-Schmidt embedding.

If we denote by Q the operator of components Q1, ..., O, and if we set for
any x, y O —>R"andt >0

(G, x)y)E) =g &, x(E)NyE), §€0,

by using the notations introduced in Subsection 2.1 the system above can be re-
written in the following abstract form

du(t) = Au(t)dt + G(t,u(t))Qdw(t), u(s)=0. 3.1

As we have seen in Subsection 2.1, the operator A can be writtenas A = C+ L
and the complete orthonormal system which diagonalizes the operator C fulfills
Hypothesis 1. Concerning G and Q we assume the following conditions.

Hypothesis 2. 1. The operator Q : H — H belongs to C,(H), with

2d
o=o00, ifd=1, 2<Q<d— ifd > 2. (3.2)

25

2. The mapping g : [0,00) x O x R" — L(R") is measurable. Moreover for
any o, p € R" and almost all t > 0

sup [g(1,§,0) — g, &, pPlerry = W) |0 —pl, (3.3)
Ee@
for some function W € L [0, c0).

loc

As the mapping g(¢,&,-) : R” — L(R") is Lipschitz-continuous, uniformly
with respect to § € O and ¢ in bounded sets of [0, o0), the operator G(¢, -) is
Lipschitz-continuous from H into L(H; LY(O;R")), uniformly for ¢ in bounded
sets of [0, 0o). Indeed, due to (3.3), forany x, y,v € Handz € L*(O;R") we
have

(G, x) =G, y)v.2)y = fo(v(é), (" (1, & x(€) —g" (1., y(E)] 2(8)) d&
= IZIoo/O g7 (1, &, x(6)) — g (1. &, yENcwr) lv(E)| dé
SV lzleo lx = ylu |v]A-
Thus, we have
1G(#, x) = Gt g Lrorry) < V@) [x = ylH. 34

In the same way it is possible to show that the operator G (¢, -) is Lipschitz-contin-
uous from H into L(L*°(O; R"); H) and

1G@, x) — G, Y ewe@Rrry.m <V |Ix —ylE. (3.5)
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Note that estimates (3.4) and (3.5) are also verified by the operator
(G, ) = g" (1,6, xE)yE), £€O

Now, let X be any separable Banach space. For 0 < s < T and p > 1, in
what follows we shall denote by L?(€2; C((s, T]; X) N L (s, T; X)) the set of all
predictable X-valued processes u in C((s, T]; X) N L*°(s, T; X), P-a.s., such that

lu|? =FE sup |u(t)]} < oo.
Le.p(X) re[s,T] X
LP(Q2; C((s,T]; X) N L*°(s, T; X)) is a Banach space, endowed with the norm
| L., (x). Moreover, we shall denote by L”(€2; C([s, T']; X)) the subspace of
processes u which take values in C([s, T']; X), P-a.s.

Definition 3.1. Aprocessu € LP(Q2; C([s, T]; H)), with p > 1, is amild solution
for problem (3.1) if

t t
u(t):/ e<’—’>CLu(r)dr+/ ICGrur)0dw(r), te s T).

s

Forany p > 1and f € C([s, T]; D(L)) we define

t
v (f)(1) :=f eICLF(dr, te s, Tl (3.6)

N

By proceeding as for example in [6, Lemma 6.1.2] we can prove that if X equals ei-
ther H or E, then ¥ can be extended to a bounded linear operator from C([s, T']; X)
into itself and for any ¢ € [s, T']

! I+e
W (HOIx < C/ (@ =r)AD 2| f(r)xdr, (3.7

where € is any constant greater than zero. In particular this implies that

I—s 14e
IWﬂmuch FADEdr sup |f()x = () sup |F(P)Ix.

rels,t] re[s,t]
3.8)
sothatforany p > landu € LP(Q2; C([s, T]; X))
WL, ,x) < (1) lulL, 7, x)- (3.9)
Notice that if we fix A > 0 and define
t
wx(f)0)3=‘/.e“‘*xc‘*)f(r)dr, (3.10)
N
due to (2.6), for any 8 € (0, 1)
! —A(t—r) -3
WD Dlesorn < ¢ | 0D dr sup 1£0)]E
Ky re [S,T]
YA
=g ) sup |f()IE- (3.1

rels,T]

Since A > 0, it is immediate to check that cg/’sk € L®[s, 00).
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Proposition 3.2. Under Hypotheses 1 and 2, problem (3.1) admits a unique mild
solution in L? (2; C([s, T1; H)), forany T > s and p > 1.

Proof. Clearly, a process u is a mild solution of problem (3.1) if it is a fixed point
of the mapping

Y+y:  LP(Q; C([s,T]; H) — LP(; C([s, T1; H)),

where for any u € L?(Q2; C([s, T]; H)) we have defined

t
y () (1) :=/ eICGr u(r)Qdw(r), te s Tl (3.12)

Now, if we show that there exists some p, > 1 and Ty € (s, T] such that y is a
contractionin L? (2; C([s, Tp]; H)), forany p > p.,then,dueto (3.9)for X = H,
we have that the mapping ¥ + y is a contraction, for some Ty possibly smaller.
Thus, by a fixed point argument we can conclude that problem (3.1) admits a unique
mild solution in L?(2; C([s, T]; H)), forany T > s and p > 1.

By adapting some arguments based on the factorization method described for
example in [8, proof of Theorem 8.3], we can prove that if there exists some § > 0
and some continuous increasing function ¢, (¢) vanishing at # = s such that for any
u,ve LP(Q;, C([s,T]; H))

/ ) =€ 166 u)) = G w1 € Hidr

<co(®) sup |u(r) — ()3, (3.13)
rels,T]

then there exists p, > 1 such that y is a contraction in L?(2; C([s, To]; H)),
for T sufficiently close to s and p > p,. More precisely, for any p > p, there
exists a continuous increasing function ¢y , (1), with ¢, (s) = 0, such that for any
u,ve LP(Q2;,C([s,T]; H))

ly ) =y )L, 7, 1) < s, p(T)lu — vl ,H)-

Next lemma shows how from Hypotheses 1 and 2 estimate (3.13) can be estab-
lished.

Lemma 3.3. Assume Hypotheses 1 and 2. Then the operator ¢! G (r, x)Q is in
Ca(H), foranyr > 0,t > 0and x € H. Moreover, forany x,y € H

d(o—2

_d(e—2)
€160 0~ G| < el ¥ lx =yl T, G14)
where g is the constant introduced in (3.2) and WV is the function introduced in (3.3).

Proof. 1f we fix ¢ as in (3.2) and ¢ := (1 — 2/0)~! = 0/(0 — 2), according to
(2.1) we get

e [G(r,x) — G(r, M1 Qll2 < 1Qllolle’€ [G(r, x) — G(r, V] ll2c-
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Due to (2.2), if {ex} is any complete orthonormal system in H, we have

1
00 2
1[G (r, x) = G, ] lag < ¢ (Z ' [G(r, x) = G(r, )] ekﬁf) ,
k=1
and then

e [G(r, x) = G(r, 1 Qlla < ¢ 1| Qll,

c—1 o0 E
X sup " [G(r, x) = G(r, ekl (Detc [G(r,x) = G, y)]ekﬁ,) :
ke k=1

If {eg } is the basis of H which diagonalizes C (see Hypothesis 1), as the L°°-norms
of e; are assumed to be equi-bounded, by using (3.5) we easily obtain

sup ' [G(r, x) = G(r, Plexln < W () Ix =yl

keN
and this yields

le'“ [G(r, x) = G(r, ] Q2

1
1 s—1 [ X 2
<cllQUW )T Ix — vy (De’c [G(r,x) - G(r, y)]ekﬁ,) :
k=1

(3.15)

Now, forany » > 0,7 > O and x € H we have
00 © 2
2
Y ICIGe ) — G ladl =Y. Y (€160, 0) — G e en) |

k=1 k=1 h=1

i )(ek, [G*(r, x) = G*(r, y)] e'ceh>H‘2

k=1

o

>
Il
_

|[G*(r,x) — G*(r, y)] enlgpe 2 .

M

h
In [10, section 1.9] it is proved that for any r > 0

o0 r
Y e = Tr (€] = Y e[ < |0,

h=1 i=1

I
—-

where |O| denotes the Lebesgue measure of the open set O. Thus, by using (3.5)
for G*, we obtain

D 1 CIGrx) — G el
k=1

< sup | [G*(r, x) — G*(r, )] ex|} Tr[e*C] < c W(r)?|x — y|%,f%.
ke N

Due to (3.15), recalling that ¢ = p/(p — 2) this implies (3.14). m]
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Now we can conclude the proof of the proposition. Actually, as we are assuming
that o = oo, if d = 1, and o < 2d/(d — 2),if d > 2, for any d > 1 we have
(0 —2)/o0 < 2/d, and then we can assume that

dlo—2) 1
_ < -
40 2
Thus, as W € L°°[0, 00), due to (3.14) it is possible to find some § > 0 such that

loc

(3.13) is verified. O

Remark 3.4. Assume that there exist some « € [0, 1] and ¥ € L [0, co) such
that for any r € [0,00) ando € R”

sup [g(t, &, 0)wr < W) (1+10]9).
£cO

By repeating the arguments used in the proof of Lemma 3.3, it is easy to show that
in this case
d(e-2)

le' G, x)Qlla < cllQllg ¥(r) (14 1xl5)t % |
so that for any p > p,
Y@L,y < €s.p(T) (1 +E IES[upT] |u(r)|§;’> = ¢, p(T) (1 + |u|{f‘w(H)) :
s,

In particular, if ¥ = 0 then y («) is bounded with respect to u.
4. Continuity in space of the solution of problem (3.1)

In this section we show that under more restrictive conditions on the mapping g
and the operator Q the solution of problem (3.1) is continuous in space and time,
P-a.s.

Hypothesis 3. 1. The bounded linear operator Q : H — H is non negative and
diagonal with respect to the complete orthonormal system {ey} which diago-
nalizes C, with eigenvalues {\;}.

2. Foralmostallt > 0, the mapping g(t, -, -) : OxR" — LRT) is continuous.

We first prove the following preliminary result.

Lemma 4.1. Assume Hypotheses 1, 2 and 3 and fix x € H, r > 0,1 > 0 and
¢ > 1. Then, forany € € O

2(c—-D

D1 IG(r 0)el )1 < €O, -, x)(&)
k=1

,
x Y 1K, &, )i (- 720, (CAY
i,j=1
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where the function 6 = (01, ..., 6,) : [0, 00) X OxR"— R"is defined by

0;(t,&,0) :=Z|gij(t,§,o)|, i=1,...,r 4.2)

J=1

Proof. If we denote by ekj the j-th component of the eigenfunction e, thanks to
(2.7) for any & € O we have

2
r

16 el ) = Y /O Ki(t, 6> g n, x()ed () dn
i=1 =1
! “4.3)

Thus, as the L°°-norms of the eigenfunctions ek/ are equibounded, we easily have

2
r r
€I, Dl ©F <c Y /O Kt &m0 Iy (s, x Gl i
i=1 j=l1
=cle'o(r, -, )@,
where 0 is the function defined in (4.2). Moreover, by using again (4.3)
2
o0 o0 r r
c 2 '
Y1 IG el ©F = Y 30| 3 (Kit £ g0 ¢,
k=1 k=1i=1|j=1
r o) ) 2
< K; t5 [ i\ ) ]>
=c Z Z ( i(t,&,)8ij(r, -, x) €y 12(0)
i,j=1 k=1
r
=c ) 1K1, )8 D720y
i,j=1
The last equality is due to the fact that for each j = 1, ..., r the system {e,{ eN 1S

complete in LZ(O). Then, as we have

D 1 LG 0)e €)1 < sup '€ [G(r, x)ex] (§)P
k=1 keN

x Y 1€ [G(r, x)er] (§)I°

k=1

(4.1) immediately follows. ]
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By proceeding in the same way, forany x,y € H,r >0, > 0and ¢ > 1 we
have

D 1 CIG(r x) — Gl ] e®)*

k=1

206-1)
el n© T D 1K) (g0 0 = 8 0) By
i,j=1
. (4.4)
where the function ¢ = (¢1,..., &) : [0,00) x O x R" x R” — R is defined
by

Gi(t,§,0,p) = Z|gij(t»§a(7) —&jt.&.pl, i=1....r 4.5

j=1

We have already seen that the mapping

t
y)(@) = / TICG(r u(r) Q dw(r),

is a contraction in L?(€2; C([s, T]; H)), for T sufficiently close to s and p suffi-
ciently large. Now we show that the same is true replacing L?(2; C([s, T]; H))
with L?(Q2; C([s, T1; E)).

Theorem 4.2. Under Hypotheses 1, 2 and 3, there exists p, > 1 such that y
maps LP(2; C([s, T1; E)) into itself for any p > p, and for any u,v € LP
(Q; C(s, TI; E))

ly ) =yl 7 ,E) < el p(T)|u — VlLg 7 ,(E)s (4.6)
for some continuous increasing function cz) p such that cl p(s) =0.
Proof. By using a factorization argument (see e.g. [8, Theorem 8.3]), we have

sin

t
nrra / (t — r)* 1" ICy, (u, v)(r) dr,
N

y )(t) —y)() =
where
Vo (1, 0)(r) = /r(r — )% TICGE  u(r)) — GO, v(r)] Qdw(r),

and o € (0, 1/2). If we show that vy (4, v) € LP([s,T] x O; R"), fora > 1/p,
then, according to (2.4) and to the Holder inequality, for any € < 2(¢ — 1/p) we
have

t
ly @) (1) =y W)@)le,p = Ca/ (=) A D2 g (u, ) ()] p dr
p—1

t—s
P (q—E€—1 P
< cq (/ r AP T2 )dr) |V (t, V)| Lo (5. 1% O:R Ty (47
0
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sothaty (u) —y(v) € C([s,T]; WS P(O;R")), P-a.s. Moreover, if ¢ > d/p, that
isifa > (d + 2)/2p, by the Sobolev embedding theorem we have y (u) — y (v) €
C(s, T]1 x O;R"), P-as.

As we are assuming that the constant o introduced in Hypotheses 2 and 3 fulfills
condition (3.2), we can find p, > 1 such that for any p > p,

d+2 d—-2)
=+ <
P 20

1.

This implies that we can find some o, € (0, 1/2) such that for any p > p.

2 -2
d+ +d(g )<

and 2o, 1. 4.8)
20

Oy >

Whence, in correspondence of such «, the process vq, (1, v) defined above belongs
to LP([s, T] x O;R"), P-a.s. Actually, for (r, §) € [s, T] x O we have P-a.s.

Vo, (u, 0) (1, §) = f r(r—r’)_“*ze(r—r’)c

k=1

x ([GG", utr") = G, v(r')] Qex) (§) dBr ().

Then, if p = 2q, from the Burkholder inequality we get

r o0
E |va, (1, v)(r, §)|” 5c1E<f (r=r)72 Y Az leC
N

k=1

RS

X ([GG' u() — G, v(r')] ex) (S)Izdr/> :
and, due to (2.1), this implies
E |va, (u, 0)(r, §)I” < c [ Qllg E </;(r — )y
x( ey eI (G ulr')) — GG v ()] ex) (§)|2§) %z’r’)g

where ¢ = o/(0 —2) and o = +o0,if d = 1,0r 0 < 2d/(d — 2),if d > 2.
According to (4.4), it follows

2(c=D
S

e(r—r’)cé'(r/, S u(rh), v(r))(E)

E |vg, (u, v)(r, §)|” < cE (/r(r — )y

1 5
S

,
x| YUK = &) [0 uC) = i (00N Bao ||
i,j=1
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where ¢ is the function defined in (4.5). Forany r > 0,7 > 0,& € Oandx, ye H,
we have

‘Ki(tv Ev ) [gij(ra ) -x) - gij(r’ ) y):HiZ(O)
- /O |Ki(t, & ) [, x() — g1,y .
Thus, if we define
Ei(rvgvo—i p) = Z ’gij(r’évo') _gij(rvgv 10)|23
j=1
due to (2.8) we have

Z |Ki(t’ g’ ) [gij(rv ) .X) - gij(rv ) Y)] |iZ(O)

j=1
<crt /O Kit, &, mE(r, 0, x (), y()) dn = et~ 215 (r, -, x, y) (&)

This implies that

2(c—1

E g, (1, v)(r, £)]7 scE< / (r—r")"COF D = L (L ), V() oo

x [ CLG - u (), v dr,) 7
Now, since
1EG s u(r), v oo < WD) — v g (4.9)
and .
120, u@), v oo < e W2’y — v(r)|%, (4.10)

from (2.5) by some calculations we get

T
E [V, (4, )1 s 7100050 :E/Y /Olua*(u,v)(r,éﬂpd&‘dr

s ~Qat£5) g2 :
<cle—vlZ,, @ / ( / (r—r) 2w (r’)dr’) dr.
N N

Then, as (4.8) holds, from the Young inequality and (4.7) we have that y maps the
space LP(2; C([s, T]; R")) into itself for any p > p, and (4.6) is verified, with

trr 2ot L 4 %
5 p(1) = ca /(/ (r — )Gt g2() dr/> dr
S N

p—1

t—s P et 7
x ( r A 1)PT@2 dr) . @.11)
0
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Remark 4.3. According to (4.9) and (4.10), it is easy to check that if we assume

sup lg(1, &, 0)lc@wry < W@ (1+10]),  1€[0,00, o€R",
£cO

for some k € [0, 1]and ¥ € L°° [0, c0), then for any p > p,

loc

ly @I} g <l p(T) <1+E sup |u<r)|2”>, (4.12)
P rels,T]

for some continuous increasing function czf, p(?) vanishing at t = s.

From Theorem 4.2 we obtain the following regularity result for the solution of
(3.1).

Corollary 4.4. The solution of problem (3.1) belongs to L?(2; C([s, T1; E)), for
any p > 1.

Proof. If we fix tp > 0 such that

v Y !
¢y (s +10) + s p(s +10) < x

due to (3.9) for X = E and to (4.6) the mapping  + y is a contraction on
LP(2; C([s, s + to]; E)) and then it admits a unique fixed point. As we can repeat
these arguments in the intervals [s + to, s + 210], [s + 279, s 4+ 3#9] and so on, we
have a unique mild solution for problem (3.1) in L?(2; C([s, T']; E)). m]

Now, forany A > Oand u € L?(Q2; C([s, T]; E)) define

t
ya(u) (1) := / eTTIED G u(r)) Q dw(r). (4.13)

Due to the previous theorem we have that there exists p, > 1 such that y;, maps
LP(2; C([s, T]; E)) into itself for any p > p, and

71 p 5y < Ln () (14l 1, 8)) (4.14)

. . . . A A
for some continuous increasing function c{ » such that c;/, »(s) =0.

In next proposition we study the asymptotic behaviour of the function c;/”;” .

Proposition 4.5. If . > 0 and the function V in Hypothesis 2-2 is in L*°(0, 00),

,;\
then c;p € L% [s, 00). Moreover,

lim sup ¢}’ (1) = 0. (4.15)

A—>00 t>¢
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Proof. Let p, and o, as in the proof of Theorem 4.2 and fix any p > p,. If we set

Vg, () (r) := f r(r — ) LN G (o, u(0)) Q dw(o),

and if we take € < 2(ay — 1/p), we have

t
a@le < clya@)le,p < Ca, / e (6 — 1) A D727 oy, () ()] dr

N

p—1

=s Ap P € o
0

4 Ap %
x(/ e_2(’_’)|ua*(u)(r)|§dr) )
S

As in the proof of Theorem 4.2, for (r, £) € [s, t] x O we have
r _ d
E |vg, ) (r, §)|” < cE (/ (r—o) (zwrk)
s

p
2

2(c—1) 1
x [ C Do u@)| T | CPG(o, - uo))|f "") ,
o0

e ¢]

with ¢ as in the proof of Theorem 4.2, 6 defined by (4.2) and
r
Oi(s, &, u) =) |gij(s, & w)l*.
j=1

Therefore,

t
/ e*%p(”’) |Ve, (u)(r)|z dr

N

(SIS

t r—s 1 _ i
Sl I ( /0 007 ) (14 o2 da) .
S

This means that

A
@)Ly, ,(E) < ey @ (1+ IMIL“,,,(E)),

with

t 3 reso 1 _(» d
L) = ca, 1W]loo ( [ ) ( / b (%g)da)
s 0

p—1
t—s . ,
X (/ e 20" (r A I)F(Q*_%_l) dr)
0

S

1
P
dr)
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Forany n,8 > 0,8 < 1 and r > n we have

r n r
f e P68 do =/ e_ﬂ”0_8d0+f e P68 do
0 0 n

s e BN _ o=Br

1-36 B

Due to the way we have chosen p, and o, we have that §, := p(1 +€/2 — )/
(p—1) < 1,forany p > p, and then if we take any t > s 4+ 1 we have

1=s Ap P €
f e 0 (r A P12 gy
0

< +2(p_1) e _ om0 ) <! +2(p_1):;ci,
T 1-3, AD —1-6, PA P

In the same way, if we set § := 2o, + d/2¢, for any t > s 4+ 1 we have

toy r—s 1 2 d 5
/ o~ T =) (/ eix(sz)da_( a'+25) da) dr
K 0
P
L ap 1 2 :
< / e~ gy + :
s 1-6 12— o)

D p
_2- 20~ F0-9) LS SO N W T S
— =C .
Ap 1-34 ,\(2—%) “ap\1-86 )\(2_%) p.A

This implies that for any ¢ > s

p—1

L e
Ay = e 1Wlooe2 )7 (chs) ™

so that cs p € L*°(0, 0o) and (4.15) holds true. O

Remark 4.6. In the proof of Proposition 4.5 we have seen that if u € LP(LQ;
C([s, T1; E)), with p > p,, then y,(u) € LP(; C([s, T]; WEP(O; R"))), for
any € < 2(ae — 1/p). As WEP(O;RT) continuously embeds into C? (O;R"),
for any & < € — d/p, we have that y;, (u) takes values in C? (O;R") for any
0 <6, =20, — (2+d)/p.andforany T > 0

E t (1 ) 4.16
teSE;pT] [ya (u)( )|C9(O Ry = |Cv P oo + |u|L§‘Tp(E) ( )
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5. The stochastic reaction-diffusion system
Our aim is to apply the results of the previous section to the study of existence,

uniqueness and regularity of solutions for the following class of reaction-diffusion
systems perturbed by a multiplicative noise

ou;
B_L;(t’é) =Aiui(t, )+ fit, &, u1(t,8), ..., u,(t,8))

r Jw o
D g E (6., (1,6)Q; L (1 6), 125 £ € O,

j=1

ui(s,€) = x;(§), £e O, Biui(t,§) =0, t>s, §&ed0.

(GH))
The operators A; with the boundary conditions 5; fulfill the conditions described in
Subsection 2.1. The matrix valued function g = [g;;] : [0, 00) x OXR" — L(R")
and the operator Q = (Qy, ..., Q) : H — H have been introduced in Section 3.
For the non linear term f = (fi, ..., fr) we assume that

fi(l,éaalm--,ffr):ki(l»gsai)+hi(ts§,017-~-s5r)» i=1a"-7rv

for some measurable mappings k; : [0, c0) X O xR — Rand h; : [0, 00) x
O x R" — R. For almost all ¢+ > 0, the functions ki(t,-,-) : O xR — R and
hi(t,-,-) : O x R" — R are continuous and the following further conditions are
assumed.

Hypothesis 4. 1. The function h;(t,&,-) : R” — R is locally Lipschitz-contin-
uous with linear growth, uniformly with respect to € € O and t in bounded
sets of [0, 0o). This means that there exists 1 € L° [0, 00) such that for any
t>0

sup |hi(t,§,0)| < @1(t) (1 + o)), o€R",
£ O
and for any R > 0 there exists Lg € L [0, 0c0) such that

loc

lof, |ol = R = sup |hi(t,§,0) —hi(t,§, p)| < Lr(t) |0 — p|.
£EeO

2. There existm > 1 and &, € L [0, o0) such that for anyt > 0

loc

sup |k;i(t,§,0)] < P2() (1 + o), o0i € R.
£ O
3. Foranyé € O,t >0ando;, pi € R
ki(t,§,0i) — ki(t,&, pi) = Ai(t,§, 01, pi)(oi — pi), (5.2)
for some locally bounded function A; : [0, 00) x O x R* — R such that
sup  Ai(1,§, 01, pi) < o0.

tcO
o;i,pi€R, >0
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Now, we define the operator F by setting for any x : O — R” and ¢ > 0

F(t,x)(&) = f(t,&x(&), &eO.

It is immediate to check that F' (¢, -) is well defined and continuous from L? (O; R")
into LY(O; R"), forany p, g > 1suchthat p/q > m.Inparticular,if m > 1F(¢, -)
is not defined from H into itself. Moreover, due to (5.2) for x, h € L¥*(O;R")
andt >0

(F(t,x +h) — F(t, %), h)yy < A(t) (1 + P+ |x|§,) , (5.3)

for some A € L2 [0, 00).

In the same way, it is possible to show that the functional F'(¢, -) is well defined
and continuous from E into itself and there exists ¢ € L’°[0, co) such that for any
t>0

|F(t,x)|E <®@) (1+|x]g), xe€ E. 5.4)

Moreover, by using assumption 3 in Hypothesis 4, it is not difficult to check that
there exists A € L% [0, co) such that forany x, 7 € E

(F(t,x +h) = F(t,x),0p)p < A1) (1 4 |h|E + |x[E) (5.5

where §j, is the element of d || g defined in (2.3) (for more details on the properties
of F and of subdifferentials we refer to [6, Chapters 4 and 6 and Appendix A]).

Remark 5.1. 1. In the proof of the main results of this paper what is important is
that (5.3), (5.4) and (5.5) holds, for any x, 2 € E and for some 3, € 9|h|g,
not necessarily given by (2.3). Thus we could consider a more general class of
non-linearities f such that the corresponding composition operator F fulfills
(5.3), (5.4) and (5.5).

2. If ¢; and ¢; j are continuous functions from [0, co) x OintoR,fori =1,...,r
and j = 1,...,2k, and if

inf ¢;(t,&) >0,
teO
te [0,00)

then, the function

2k
kit &, 00) == —ci(t.£) o7 + Y e (1. £) 0.

j=1

fulfills the conditions of Hypothesis 4, with m = 2k + 1.

3. In Hypothesis 4 we assume that the functions A; and k; fulfill conditions 1,
2 and 3, uniformly for 7 in bounded sets of [0, 0o0). This is only for the sake
of simplicity. Actually, it is possible to check that in several cases uniformity
with respect to ¢ in bounded sets of [0, c0) can be replaced by some bounds in
L? [0, 00), for some p > 2.
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If we denote by C the operator (Cy, ..., C,) and by L the operator (L1, ..., L,),
with the notations introduced above (see also Subsection 2.1 and Section 3) the sys-
tem (5.1) can be rewritten as

du(t) = [Cu(t) + Lu(t) + F(t,u())] dt + G(t,u(t)) Q dw(t), u(s) = x.
(5.6)

Definition 5.2. Let X denote both H and E and fixx € X.A X-valued predictable
process )} (t) is a mild solution of (5.6) if

t
W) = e ICx 4 / IC (LX) + F(r, ut ()] dr

t
+/ TICG(r, ut (r) Q dw(r).

We prove a first existence and uniqueness result.

Theorem 5.3. Assume that for any t > 0

1
sup [g(t, &, eny W) (14+1017),  oeR. (D)
£cO

where W € L [0, 00) and m is the constant introduced in Hypothesis 4. Then,
under Hypotheses 1 to 4 for any x € E there exists a unique mild solution u; of
(5.6) which belongs to LP(2; C((s, T]; E) N L*(s, T; E)), for any p > 1 and

T > 5. Moreover
|y g By < Cs.p(T) L+ IxlE).  x € E, (5.8)
Sfor some continuous increasing function cs, .
Notice thatin the case m = 1 no further condition on the growth of g is assumed.

Proof. 1f Hypothesis 4 holds, for some function & which fulfills conditions 2 and
3, F(t,-) is not even defined in H, in general. If we consider F'(¢, -) restricted to
E, it is continuous and due to (5.4) bounded on bounded subsets. Unfortunately
it is not Lipschitz-continuous and then we can not proceed by using a contraction
argument.

Foranyn € N,i =1,...,rand (¢, &) € [0, c0) x O we define

hi(t,§,0) if |o| <n,
hp,i(t,§,0) =
hi(t, &, no/lo)) if |o| > n,
and
k,-(t,f;‘,ai) if |0,~|§n,
kni(t, &, 0) =
ki(t,§,noi/|o;|) if |oj| > n.
It is immediate to check that f, (¢, &, ) = h,(¢,&, ) + k,(¢, &, ) : R’_—) R7” is
Lipschitz-continuous for any n € N, uniformly with respect to & € O and ¢t in
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bounded sets of [0, 00), so that the composition operator F, (¢, -) associated with
fo B
Fn(tvx)(s) = fn(tvgs-x(é:))a E S 07

is Lipschitz-continuous, both in H and in E. Moreover, it is easy to check that
all the functions k;, fulfill conditions 2 and 3 in Hypothesis 4, for some functions
Ai(t, &, 07, p;) which donotdepend onn € N.This implies that all F}, satisfy (5.3),
(5.4) and (5.5), for common functions A and ® in L2 [0, 00). Finally, if n < m
and r > 0 we have

x| <n = F,(t,x) = F(t,x) = F(¢, x). 5.9
Now, if we consider the problem
du(t) =[Au@) + Fo(t,u@)] dt + G(t,u(®))Qdw(), u(s)=x, (5.10)

as F, (¢, ) is Lipschitz-continuous both in H and in E, for any x belonging ei-
ther to H or to E there exists a unique mild solution u;; (for simplicity of nota-
tions we do not stress its dependence on s) which belongs respectively either to
LP(Q; C([s,T]; H))orto LP(Q2; C((s, T]; EYNL®(s, T; E)), forany p > 1 and
T > s. Actually, the mapping A, defined by

t
Ay ) (1) = eT—9Cx 4 / € Fo (v, u(r)) dr

s

is Lipschitz-continuous in L?P(2; C([s, T]; H)) and in LP(Q2; C((s,T]; E)N
L*(s, T; E)) and then, due to the results proved in Sections 3 and 4, the mild
solution u}; is easily obtained as the unique fixed point of the mapping

ur> Ay(u) + ) +yw),

with ¢ and y defined respectively in (3.6) and (3.12).
Next, we show that the sequence {u};} is bounded in L”(2; C((s, T]; E) N
L*>®(s, T; E)).

Lemma 5.4. There exists a continuous increasing function cy ,(t) which is inde-
pendent of n € N such that

lup L, 7,8y < cs,p(T) (1 + |x]E). (5.11)
Proof. If we denote by I'(i;) the solution of the problem
dv(t) = Av(t)dt + G(t,u; (1)) Qdw(t), v(s) =0, (5.12)

we have that I" (u};) is the unique fixed pointin L?(2; C([s, T']; E)) of the mapping

t t
v(t)n—)/ e(t_r)CLv(r)dr—i—/ "G (r, uk (r) Q dw(r)
=Y )(@) + yuy)@).
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According to (3.7) for X = E, if € is any strictly positive constant we have

t
IT () (DE = C/ (=) AT L@ O dr + |y @) Ol

If we consider the general integral problem
t
[0 = C/ gt —nr)f(r)dr+h@), f(s)=0,
N

with & € C([s,o0)) and g € L'(s, T) non-negative, it is possible to check that
for any T > s the unique solution is given by

t—r

t
f@) =h@) + [ h(r)yg(t —r) exp/ g(o)dodr.
s 0
Thus, if we take in our case

_lfe
h(t) = ly(u)®le, gl):=cEAl)" 7,
from a comparison argument we obtain

IT)OlE < 1y uy)®)E

1 t—r
—i—c/ (=) ADT T |y ud) ()| g exp c/ (6 A )™ dodr.
K 0
This means that

IT@)OlE < 1y W) Ole + sup |y w,)@)le

res,t]
1= 1+e
x<expc/ (UA1)2dU—1>,
0
so that
t—s e
IT () ()| E SeXp/ (0 A1)"2 do sup |y(up)()lE
0 rels,t]
=:¢s(t) sup |y (uy)()|E. (5.13)
rels,t]

Next, if we set v, (¢) := u;,(t) — I'(u;,)(¢), we have that v, solves the problem

dvy,

dt
We may assume without any loss of generality that v, is a strict solution, other-
wise we can approximate it by means of strict solutions of suitable approximating
problems, see for example [6, Proposition 6.2.2]. Hence we obtain

(1) = Avy (1) + Fu(t, va (1) + T () (), va(s) = x.

d-
ar lvn(D|E < (Avn(t)a 8v,,>E + <Fn(ta v (1) + F(“f,)(t))’ Svn>E = <Avn(t)» SU,,)E

+{Fa(t, va(0) + T @) (1)) = Fu (1, D) (1), 80, ) + (Fu(t, Tu) (1)), 80, ) »

where §,, is the element of d|v, (¢)| g introduced in (2.3).
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Thus, as F), satisfies (5.4) and (5.5) for some A(¢) and ®(¢) independent of
n € N, thanks to the Young inequality we get

d
77 [n@le = A OlE + (A0 + S0) (1+ D) ®IF).

Recalling that u; (1) = v, (¢) 4+ I'(u};)(¢), by a comparison argument this yields

luy DE < NonO|E+IT W) (e < 5 () x| g+cs () (1 + sup IF(MZ)(r)I?> ,

res,t]

so that, according to (4.12) with k = 1/m and to (5.13), for any p > p, we have

E sup |u} ()| <csp@) (1+|x|§+csy,,,(z)1E sup |u;§(r)|§>. (5.14)

re|s,t] re[s.t]

Now, recalling that as shown in Theorem 4.2 and Remark 4.3 ¢ ,(s) = O and ¢} ,
is continuous, it follows that ¢y , (s + to)csy,p(s + t9) < 1/2, for some ¢ty > 0, so
that we obtain (5.11) for T = 79 + 5. Next we can repeat the same arguments in the
intervals [s + 19, s + 2f0], [s + 2t9, s + 3#p] and so on and (5.11) follows for any
T > s and p > p,. Finally, if p < p, we have

luplLg 7, E) < Ty, By < Cs.p (T) (1 +|x|E) . O

Now we can conclude the proof of Theorem 5.3. Foranyn € Nand x € E we
define

ty=inf {r>s : luy()e>=n},

with the usual convention that inf # = +o00. As the sequence of stopping times
{r;} is non-decreasing, we can define ¥ := sup, .y 7;, . Thanks to (5.11) we have
clearly that P(t* = oco) = 1. Indeed,

P(r* <o0) = lim P(z* <T)
T—o00

and foreach T > s
P(t* <T)= lim P(z; < 7).
n—>oo

Now, for any fixedn € Nand T > s we have

(I+IxlE),

! (T
P <T) =P ( sup l0lezn) < E sup i0))p < 21D
rels,T] N els,T] n

so that P(z;) < T) goes to zero, as n goes to infinity, and P(t* = o0) = 1.
Therefore, for any t > s and w € {t* = 0o} there exists n € N such that
t < 7;) (w) and then we can define

uy (1) (w) = u (1)(w).
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Notice that this is a good definition, as for any t < 1,7 A 7;, we have u}; (t) = uj, (¢),
P-a.s. Actually, if we set n := 1,y A 1,7, with n < m, thanks to (5.9) we have

wy(t Am) —uh (t An) =Yy —uy)E An) +y @)t An) —y )t An)
tAn

+ / eUNICEy (r, () — F(ry uly (r)] dr

=Yy —upy)t AN +yu)An) — )t An)

t
+ / T amge 1 DC [Fr Ao tdi(r Am)) — Funlr A ity r A )] dr
s

Then, recalling that F;, (¢, -) is Lipschitz-continuous uniformly with respect to t €
[s, T'], for any ¢ we easily get

sup |u (r/\n)—um(r/\n)|E< sup |1//(un ufn)(r/\r))|E

res,t] res,t]
+ sup |y(u Yr A =y ) A,
rels,t
t
+em(T) sup |up(r' Am) —uy, (F Am)|pdr. (5.13)
s r'els,r]

According to (3.8) with X = E we have

Wy —up)r A <clrAm) sup [y —uy) (e

r'e[s,rAn)
<clram sup [l —ul) AnlE.
r'e[s,r]

Moreover, as shown in the proof of Theorem 4.2, [y (u};) — y (u},)1(r A 1) can be
rewritten as

[y ) =y )] - Am)
r
=S Cou/ (rnn— r/)a*ile(’%nir )Cl{r’gn}va*(uia ujﬁl)(r/ N n)dr/,
s

where «, is the constant introduced in (4.8), ¢y, = sin wa, /7 and

/

)
Ve, S ) (A ) = / ' A — p) e
S

e =C 2 [Glo A k(o Am) — G(o A, uk,(p A)] Q dw(p).

Therefore, we can repeat the same arguments used in the proof of Theorem 4.2 (by
substituting the processes u} and v} respectively by the processes u; (- A 1) and
u}, (- A1) and we obtain

E sup |[y @) —y )] - Amle < el (OB sup | (uy —uy) (r Anle.

rels,t] re[s,t]



Stochastic reaction-diffusion systems 297

Then, collecting all terms, from (5.15) it follows

E sup |} —ul)(r A, < <c;/f(t)+c§1(z))E sup]|(u;;—u§1)(rAn)|E

re s,z re(s,t

t
+cm(T)/ E sup |(uy —up)(r' Am)|, dr'.
s

r'e[s,r]
If we take 7y > O such that c;// (s + 1) + CZl (s 4+ t9) < 1/2, this yields

E sup | —up)(r An)|p <2cm(T)
res,s+to]

s+t
x/ E sup |(uy —up)(r' Am)|, dr',
N

r'els,r]

sothatu;, (t An) = u;,(t An),forany t € [s,s+10]. Asu; ((s+10) An) —uj, ((s+
t9) A n) = 0, we can repeat the same argument in the interval [s + 7y, s + 279] and
so on and we get

Wit =ul (1), t<t AT (5.16)

Now, recalling that uj (¢) is taken equal u}; (¢), if v € {t* = 400} andt < 7},
thanks to (5.9) we have

t
ul(r) =e" ™9 4 / e1=1C [Lui(r) + F(r,uj(r)] dr

N

t
+ / G k(1) Q dw(r),

P-a.s., so that u7 is a mild solution of problem (5.6).

Next, we show that such solution is unique. If v} is another solution of system
(5.6), by proceeding as in the proof of (5.16) it is possible to show that for any
ne N

uy(tAT)) =0t ATY), =5,
and then, as {t;; < T} | {t* < T}forany T > s, we have that u] = v}.

Finally, we have to show that uy € LP(Q; C((s,T]; E) N L*®(s, T; E)), for
any p > land T > s. Since

sup uf(D|e = lim  sup |uf()|plir<cxy = lim  sup |uj(O)|5Ii7r<cry,
rels, 7] E n—>+00 sc [5,T] SUETE ST n—>+00 cre ) ETH=E

from estimate (5.11) and the Fatou lemma we obtain (5.8). Continuity of trajectories
follows from arguments analogous to those used in Theorem 4.2. O

Next, we show that without assuming condition (5.7) on the growth of g and
assuming a more restrictive condition on the drift f, it is possible to prove an
existence and uniqueness result analogous to Theorem 5.3.
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Theorem 5.5. Assume that the constant m in Hypothesis 4-2 is greater than 1 and
that there exista > 0 and 8 € L° [0, 00) such that for eachi =1, ...,r

(ki(t, &, 07 + pi) — ki(t, &, 09)) pi < —a|p:|™ T + B(1) (1 + |Ui|m+l) , (5.17)

forany€ € Oandt, o;, p; € R. Then, under Hypotheses I to 4, forany x € E sys-
tem (5.6) admits a unique mild solutionu;, € LP(S2; C((s, T]; EYNL™(s, T; E)),
with p > 1 and T > s. Moreover, u; satisfies estimate (5.8).

Notice that condition (5.17) is fulfilled for example by the functions k; described
at point 2 in Remark 5.1.

Proof. Foranyn € Nand x € E we define

(Gut, ))Y)(E) = gu(1,§, x(E))y(E),  (1,§) € [0,00) x O,

where
g, §,0) iflo] <n

gn(t, S’ 0) =
gt & na/lo)) if [o| > n.

It is immediate to check thatif n <mand ¢t > 0
lx|E <n = Gu(t,x) =Gu(t,x) =G, x)

and
|G, )| =W(@) (A + |x[g), x€E,

for some W € L [0, oo) independent of n € N. Moreover, g,(t, &, -) is Lips-
chitz-continuous and bounded. Then due to Theorem 5.3 foranyn € Nandx € E
the problem

du(t) =[Au@) + F(t,u(@®)] dt + G,(t,u(t))Qdw(t), u(s)==x, (5.18)

admits a unique solution u;,. If we show that an estimate analogous to (5.11) is
verified in this case, then as in the proof of Theorem 5.3 we obtain the existence of
a unique solution u#* for system (5.6) which fulfill estimate (5.8).

If 'y (u;;) is the solution of the problem

dv(t) = Av(t) dt + G, (¢, u, (1)) dw(t), v(s) =0,

and v, (t) = u; (1) — 'y (u};)(t), by proceeding as in the proof of Lemma 5.4 we
have

d <{A 8
E |Un(t)|E_( vy (1), Un)E

+(F(t, va(@) + T p)(1)) — F(2, T(up) (1)), 8v,) + (F (&, L)1), 8y, ), -
Thanks to (5.17), it is not difficult to show that for any x,h € E andt > 0

(F(t,x +h) — F(t,%),8) < —a |k} + @) (1+ |x[), (5.19)
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where §j, is the element of d|h|g described in (2.3). Thus, by using the Young
inequality we have

d~ a m x m
o (e = —§|Un(f)|5 +c(1+ Taluy)@)E) -

By a comparison argument, as u}; (t) = v, (¢) + I',(u};)(¢), we obtain
luy(D1E < [va(O|E + ITa(uy)(MD|E < Ix|g +c (1 + sup Il"n(uﬁ)(r)lE) .
res,t]

Thanks to (4.12) and (5.13) we get (5.14) and as in the proof of Lemma 5.4 this
allows to conclude that

luplLgr ) < ¢s.p(T) (1 +|x|E),
for any p > 1 and the theorem follows. O

We conclude this section by showing that the solution u} depends continuously
on the initial datum x € E.

Proposition 5.6. Under the same hypotheses of Theorems 5.3 and 5.5, for any
0<s < Tandp > 1the mapping

xe€ Ev—uj € Lyt ,(E)
is continuous, uniformly on bounded sets of E.

Proof. For each n € N the mapping F;, introduced in the proof of Theorem 5.3 is
Lipschitz-continuous. Then, if ;; is the solution of problem (5.10) it is not difficult
to show that for any x, y € E

|ty — tnlLy 7By < Cns,p(T) 1x = lE. (5.20)

Now, let 7* and 7;; as in the proof of Theorem 5.3 and assume that g fulfills condition
(5.7).Forany p > 1and 0 <s < T we have
X

Y
g —usly, . e

=E sup uy(r) —us D lpengyory + B sup |ug (r) — us (DI Lpx ng) <1
rels,T] rels,T]

y\p y P
< |M-Z - un|stT.p(E) + ]Er:}ipﬂ |u); (r) — u; (r)|EI{r,{/\r,{§T}

y\p p y\p y 2
< luy—tnlp ey Ftep (1+|“f|Ls,r,z,,(E>+|“s |L.Y,T,2P(E>) (P (zy Aty <T))*.
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Due to (5.11) we have

Py Aty <T)<P| sup lup(lg=n|+P| sup |up(r)lg =n
rels,T] rels,T]

2
1 2 2 21 2 2
=3 ('“ihs,m(m + WZ'LS,T,z(E)) . (1 +Ixlg + |Y|E)

and then, by using once more (5.11), due to (5.20) we obtain

, ¢s2(T) +1 +1
f =17, ey = hap(Dlx =y + =2 (111 + i),

Therefore, once fixed € > 0 and R > 0 we first find 7 € N such that

cs 2 (T
C;,Zﬁ( )<]+|x|g+l+|y|1E7+l) f%

[xle.lylE<R

and then, in correspondence of such 7, we determine 6 > 0 such that

€
x—ylg<8§=cl (DIx—ylh <=

n,s,p

[\

This concludes our proof under condition (5.7).
Now, we assume that the conditions of Theorem 5.5 are satisfied. We use for
the solution u; of problem (5.18) what we have just proved above and we have

'
luy — M%ILS.T.;,(E) <cns,p(T)|x —ylE.

Then, as the processes u;, satisfy the a-priori estimates (5.11), we introduce the
stopping times 7, and 7, and we conclude our proof. (]

6. Existence of an invariant measure

In what follows we shall denote by B, (E) the Banach space of bounded Borel
measurable functions ¢ : E — R, endowed with the sup-norm

llollo = sup [@(x)].

xeE

Moreover, we shall denote by Cp, (E) the subspace of continuous functions. Finally,
we shall denote by C g (E) the Banach space of differentiable functions ¢ : £ — R,
having continuous and bounded derivative, endowed with the norm

lelli = llello + sup [De(x)|gx.

xeE

Throughout this section we assume that the coefficients F and G in problem
(5.6) donotdependon t. Forany x € E,t > 0and ¢ € Bp(E) we define

Pio(x) =E o™ (1)),
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where u” is the solution of (5.6) starting from x at time s = 0. P; is the transition
semigroup associated with system (5.6). Due to Proposition 5.6 P, is a Feller semi-
group, that is it maps Cp(E) into itself. Actually, if ¢ belongs to C,}(E ), for any
x,y € E we have

|Pip(x) = Pro()] < E |9 (1)) — o’ (0))] < lgIhE |u* (1) —u” (1) — O,

as |x —y|lg — 0.If ¢ € Cp(E) we can approximate it in the sup-norm by a
sequence {¢,} C C ,l (E) and then, as P; is a contraction semigroup, we obtain that
Pip € Cp(E).

Our aim here is to prove that P; has an invariant measure, that is there exists a
probability measure p on (E, B(E)) such that for any t > O and ¢ € Cp(E)

/ Pio(x) dp(x) = / 0(x) dp(x).
E E

As the embedding of C?(O; R") into E is compact for any # > 0, once we prove
that for some 0 > Oanda > 0

Sup]E |ux (t)lcﬁ(@;Rr) < o0,

t>a

we have that the family of probability measures {P;(x, -)};>, is tight. Due to the
Krylov-Bogoliubov theorem (for all details and proofs see e.g. [9]), this implies the
existence of an invariant measure.

To this purpose, we start with the following result.

Proposition 6.1. Under the same Hypotheses of Theorem 5.5, for any p > 1

E sup [u* ()| < cp(1 + |x|5).
>0

Proof. For any A > 0 we consider the problem
dv(t) = (A - VDv()dt + G ())Qdw(®), v0)=0

and we denote by I'y (#”) its solution. Clearly, I'y (#") is the unique fixed point of
the mapping ¥, + ¥, with ¥, and y;, defined respectively in (3.10) and (4.13). By
proceeding as in the proof of Lemma 5.4 we obtain

DL @) ONE < sup |ya@™)()lE,
re[0,r]

where
oo —AS —Lte
c) 1= exp e M ADT2 ds.
0
Then, due to (4.14) and to Proposition 4.5, forany p > p,and T > 0

JA
E sup D)0 < el Il (14 1w1f, ). 6
te[0,T] T
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Now, if we set v := u* — I'; (u¥), we have that v solves the problem
d
20 = (A=) + 4" + F@t @), v(0) =x.
Therefore, due to (5.19)

L v®lE < ((A=1@), o)), + (F@) + Ta@*)())
—F(L@™) (1), 8ui)) + (F @) (@) + 2™ (1), 8u) .
< =% + ¢ (14 [Ta@)OI2) + A u* ()] £

By comparison, as in the proof of Lemma 5.4, this yields

1 1
lu* (e < Ix|g+c (1 + sup |[Do@)(r)|g +Am sup qu(r)lz'z") ;
re0,t] re0,t]

so that, thanks to (6.1) and to the Young inequality
1 A _r_
p p p Py VAP p
qu|L01Typ(E) < |x|E+Z|”x|Lo,7,p(E)+C c, |c0,p|OO (l + |ux|LO.T.p(E))+c+)wH .
According to (4.15) we can find A > 0 such that

P\ Yok p
cey |C()‘p|oo =

I

and then we get
A _P_
W1y, e = 21615+ 2 (el p IR + e+ AT,
which immediately implies our thesis. ]

Now we can prove that the semigroup P; has an invariant measure.

Theorem 6.2. Under the same hypotheses of Theorem 5.5 there exists an invariant
measure for the transition semigroup P;.

Proof. As we have already seen, we have only to show that there exist & > 0 and
a > 0 such that
supE |ux(t)|cg(@;R,) < Q. (6.2)

t>a

Due to (3.11), forany A > Oand p > p,,if&,n € Oand 6 < 1
E sup . () (r, §) — Y ) (o) |

re0,t
A
<E sup [Vi)|y g, 16 =0l < Icgu 15l 1], el = I
ref0,1]
Similarly, if 6 < 6,, with 6, as in Remark 4.6, due to (4.16) we have

WA
E sup @) §) = @) m|” < el (14 10512, ) 16 = nl”.
re0,¢] "
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Moreover, by using again (2.6), we have

t
/ TED (P () + au*(r)) dr
0

Co(O;R")

t
< cA/ e (=) A)S (1+ lu™(r)[E) dr
0

and then
r P
E sup / =) (€= (F(ux (0)) + ru® (a)) do
ref0,111J0 CY(O:R")
mp T g P
<cunp (l + qulLO‘mp(E)> </0 e (o Al)T2 do)
. mp

=!Crp (1 + |uX|L0.l'mp(E)) .

As

t
u () =e' My + / U E(F W (1)) + au™ (1)) dr + Y w®) (1)
0

+y @) (@),

thanks to (2.6) and to Proposition 6.1, collecting all terms we find some constant

cy,p > Osuchthatforany £, n e O,ae (0,1)and 0 < 6, A 1

_op
E sup |ur &) —u o] < cnp (a” T plf + 1+ x5 ) 1§ = .

rela,t]
This means that if we take o < 0 we obtain

|u (r,&)—u* (r,)|”
e d5dn

Effo.0 Sup

<c[fo.o & —nlPP~47P dtdn < co.
Therefore, u*(t) € W*P(O; R"), P-a.s. and due to the Fatou lemma

E  sup |Mx(r)|wa,p(6;Rr) =: Ca,|x|p < OO
r€[a,00)

Thanks to the Sobolev embedding theorem this implies that there exists some
6 > 0 such that u* takes values in C?(O;R”) and (6.2) holds. By using the
Krylov-Bogoliubov theorem, this allows us to conclude that there exists an invariant
measure. ]
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