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Abstract. Sharp two-sided estimates for Green functions of censored «-stable process Y
in a bounded C'! open set D are obtained, where & € (1, 2). It is shown that the Mar-
tin boundary and minimal Martin boundary of Y can all be identified with the Euclidean
boundary 9 D of D. Sharp two-sided estimates for the Martin kernel of Y are also derived.

1. Introduction

Markov processes with discontinuous sample paths constitute an important fam-
ily of stochastic processes in probability theory. It is well known that (cf. e.g.,
Janicki and Weron [14], Samorodnitsky and Taqqu [18]) many physical and eco-
nomic systems should be and in fact have been successfully modeled by discontin-
uous processes, such as stable processes.

Although a lot is known about symmetric stable as well as general Markov pro-
cesses and their potential theory (see, e.g., Bliedtner and Hansen [1], Blumenthal
and Getoor [2], Landkof [17], and Sharpe [19]), some fine properties for symmetric
stable processes, such as Green function estimates, Martin boundary, and condi-
tional gauge theorem, have only been recently studied. See Chen [7] for a recent
survey on these.

Very recently, another class of discontinuous Markov processes, namely cen-
sored stable processes, has been studied by Bogdan, Burdzy and Chen [6]. Roughly
speaking, for « € (0, 2), a censored a-stable process Y in an open set D C R" is
a process obtained from a symmetric a-stable Lévy process by restricting its Lévy
measure to D. The censored process is repelled from the complement of the open
set D because it is prohibited to make jumps outside D. In this sense, the censored
stable process is analogous to the reflecting Brownian motion in a domain. The
last process plays a prominent role in stochastic analysis. It was shown in Bogdan,
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Burdzy and Chen [6] that when D is a bounded Lipschitz open set, the censored
a-stable process Y in D is recurrent if @ < 1 and is transient with finite lifetime ¢
when « > 1. In the latter case, with probability one, the process Y; approaches to
a boundary pointof D as ¢ 1 ¢.

The main objective of this paper is to obtain the following two-sided sharp
estimates for the Green function of Y.

Theorem 1.1. Let D be a bounded C'' open set in R" and Y be the censored
a-stable process in D with a € (1, 2). There is a unique positive continuous func-
tion G(x, y) on D x D except along the diagonal such that

¢
/ Gx. ) f()dy = Ey [ / f(Ys)ds]
D 0

for every Borel function f > 0 on D. Moreover there exists a constant ¢ =
c(D, o) > 1 such that for x, y € D,

1 $ a718 a—1
~ min , p(x) p(y) <G,y
¢ |x — yln—e |x — y|n—2+e
: 1 Sp(x)*~1sp(y)* !
< cmin s
lx =yt |x =yt

Here §p(x) denotes the Euclidean distance between x and the Euclidean boundary
oD of D. Furthermore, the constant ¢ = c(D, a) can be chosen to be domain
translation and dilation invariant.

The main difficulty in deriving the above two-sided estimate for Green func-
tion is its interior estimate. Note that unlike the Green functions G p for symmetric
stable processes in D, Green functions for censored stable processes do not have
domain monotonicity property and no formula is known even when D is a unit ball
in R". So even the upper bound G(x, y) < c|x — y|*~" is not trivial at all. We
get around these difficulties using a capacity argument. For this, we use the Hardy
inequality, Harnack principle and boundary Harnack principle for censored stable
processes recently established in Chen and Song [11] and in Bogdan, Burdzy and
Chen [6] respectively.

We further identify the Martin boundary and minimal Martin boundary of Y
when o > 1. Fix xo € D and define

G(x,y)

G(x0,y)’
Theorem 1.2. Let D and Y be as in Theorem 1.1. For each z € 9D, M(x, z) :=
limy_,, M(x, y) exists and M (x, z) is jointly continuous on D x 9 D. The function
M (x, z) is called the Martin kernel of Y. For each z € 0D, x — M(x,z) is a

minimal harmonic function of Y and there is a constant ¢ = c(xg, D, o) > 1 such
that

M(x,y) = x,yeD.

1 spx)*! 3p(x)*~!

; lx — Z|n—2+o¢ =M(x,2) =c lx — Z|n—2+oz'
This implies that the Martin boundary and the minimal Martin boundary of Y can
all be identified with the Euclidean boundary 0D of D.
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The remaining of the paper is organized as follows. In section 2 we collect
the basic definition and properties of censored stable processes, including Harnack
principle and boundary Harnack principle and Hardy inequality. The proofs for
Theorems 1.1 and 1.2 are given in sections 3 and 4 respectively.

In this paper, we use “:="" as a way of definition, which is read as “is defined
to be”. For functions f and g, notation “f & g” means that there exist constants
¢y > c1 > 0suchthatc; g < f < ¢y g. We will use ¢ to denote positive constants
whose values are insignificant and may change from line to line.

2. Preliminaries

We recall the definition of censored stable process and its equivalent characteriza-
tions. Let X = {X,} denote a symmetric «-stable process in R" with « € (0, 2)
and n > 1, that is, let X; be a Lévy process whose transition density p(¢, y — x)
relative to the Lebesgue measure is given by the following Fourier transform,

/ X p(t, x)dx = e 1,

It is well known (cf. (1.2.20) of Blumenthal and Getoor [2] and Example 1.4.1 of
Fukushima, Oshima and Takeda [13]) that the Dirichlet form (C, F Rn) associated
with X is given by

cw,w=:%Am,—a{/ / () = u (N = v |

|x _y|n+a

_ 2
FR = {u e L>(R") : / dedy < oo}, (2.2)
nJre o |x = ynte

where X
_ o2%” F(%)
T 2r—%)

]

Here I' is the Gamma function defined by I'(A) = fo t*~le~'dt for » > 0. Every
function u in FR" has a quasi-continuous version and it is this version that will be
used hereafter for u € FR".

Given an open set D C R", define 7p = inf{r > 0: X; ¢ D}. Let XtD(a)) =
X;(w) if t < tp(w) and set X,D (w) = 0if t > 1p(w), where 9 is a coffin state
added to R”. The process X P, i.e., the process X killed upon leaving D, is called
the symmetric a-stable process in D. Note that X is irreducible even when D is
disconnected. The Dirichlet form of X? on L%(D, dx) is (C, FP), where

FP=(fer®. f =0gq.e. on D}

An, —a)

Here q.e. is the abbreviation for quasi-everywhere (cf. Fukushima, Oshima and
Takeda [13]). For u, v € FP, by (2.1),

Clu.v) = %A(n, _a)/D/D () —u(y) (W) —v(y) dxdy

x— I

+ / u(x)v(x)kp(x)dx,
D
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where

A ! d 2.3
ko) = A, —a) | sy 23)
is the density of the killing measure of X D We will use C.(D) (C 2°(D)) to denote
the space of continuous (smooth) functions in D with compact support. It is well
known that FP is the C;-closure of C°(D), where C; = C + (-, “)r2(p)- Note
that typically, lim;4,, X, exists and belongs to D.
Define a bilinear form £ on C2°(D):

S, v) = %A(n, _a)/D/D () —u(y)(wkx) —v(y) dxdy.

|x — y[rte

u,v € CX(D).
(2.4)

Using Fatou’s lemma, it is easy to check that the bilinear form (C2°(D), £) is
closable in L2(D, dx) Let

F be the closure of C2°(D) under the Hilbert inner product £, = E+(-, -) L2(D)-

As it is noted in Bogdan, Burdzy and Chen [6], (£, F) is Markovian and hence a
regular Dirichlet form on L2(D, dx) (cf. Theorem 3.1.1 of Fukushima, Oshima and
Takeda [13]) and therefore there is a Hunt process Y associated with it. This process
Y is called the censored «-stable process in D. There are other ways to construct a
censored stable processes. The following was proved in Bogdan, Burdzy and Chen

[6].

Theorem 2.1. (Theorem 2.1 of [6]) The following processes have the same distri-
bution.

(1) The symmetric Hunt process Y associated with the regular Dirichlet form
(€, F) on L*(D, dx);

(2) The strong Markov process Y obtained from the symmetric o-stable process
XP in D through the Ikeda—Nagasawa—Watanabe piecing together procedure;

(3) The process Y obtained from XP through the Feynman-Kac transform
eJo kp(XD)ds

The Ikeda—Nagasawa—Watanabe piecing together procedure mentioned in (2)
goes as follows. Let ¥;(w) = X (w) for t < tp(w). If XD (w) ¢ D, set
Yi(w) = 9 fort > tp(w). If X2 _(w) € D, let Yy, (0) = X2 _(w) and glue
an independent copy of X? starting from X %_(w) to Y, (w). Iterating this pro-
cedure countably many times, we obtain a process on D which is a version of the
strong Markov process Y'; the procedure works for every starting point in D.

The following theorem is a special case of Theorem 2.9 of Bogdan, Burdzy and

Chen [6].

Theorem 2.2. Suppose that D C R”" is a bounded Lipschitz open set, i.e., 3D lies
above the graph of a Lipschitz function in a neighborhood of every boundary point.
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(1) If o < 1 then the censored symmetric a-stable process Y in D is conservative
and will never approach dD;

(2) If @ > 1 then the process Y in D is transient with finite lifetime {. Moreover,
P (limyy; Y, € 0D, ¢ <o00)=1forallx € D.

It is well known that when D is a bounded Lipschitz open set, there is a positive
continuous function G p(x, y) on (D x D)\ d, where d denotes the diagonal, such
that for any Borel function f > 0,

D
E, [ /0 f(xs>ds}= /D Gp(x. y) f(y) dy.

Function G p(x, y) is called the Green function of X D or the Green function of X
in D. When D is a bounded C''-smooth open set in R”, sharp estimates on G p
were obtained in Chen and Song [9] and in Kulczycki [15]:

1 8p ()28 (y)*/?
|x — y|r—e’ lx — y|"

Gplx,y) ~ min{ } forx,y € D. (2.5)

Recall that a bounded open set D in R” is said to be C!! if there is a localization
radiusrg > Oandaconstant A > Osuchthatforevery Q € d D, thereis aCl1 func-
tion$ = ¢g : R — Rsatisfying ¢(0) = 0, [Vdllos < A, [V (x) — Vo (2)| <
Alx —z|, and an orthonormal coordinate system y = (y1, * - , Yu—1, Yn) := (¥, Yn)
such that B(Q,r9) N D = B(Q,rg) N{y : y, > ¢(¥)}. The pair (rp, A) is called
the characteristics of the C!-! open set D.

The construction of the censored a-stable process Y in D via Ikeda—Nagasawa—
Watanabe piecing together procedure in Theorem 2.1, Theorem 2.2(2) above and
Theorem 1 in Kunita and Watanabe [16] imply that for « € (1, 2) there is a unique
Borel measurable function G (x, y) on (D x D)\ d such that (i) G(x, y) = G(y, x)
forx,y € D, (ii) x — G(x, y) is an excessive function of Y for each fixed y € D,
(iii) for any Borel f > 0,

¢
E, [ /0 f(Ys)ds}= fD G, )/ () dy.

Function G (x, y) is called the Green function of Y.

Remark 2.3. Tt follows from Theorem 2.1 that for any r > 0, {r‘1 Y,e;, P, } has the
same distribution as the censored a-stable process in the open set ¥~ D starting
from r~'x. Consequently, function (x, y) — r"~% G(rx, ry) is the Green function
for censored a-stable process in open set ! D.

One of the main results of this paper is a two-sided Green function estimate
for Y when D is a bounded C!! open set. For this, we need the Hardy inequality,
Harnack principle and boundary Harnack principle for censored stable processes
recently established in Chen and Song [11] and in Bogdan, Burdzy and Chen [6]
respectively.
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Theorem 2.4. (Corollary 2.4 of Chen and Song [11]) Suppose that D is a bounded
Lipschitz open set in R" and a # 1. Then there is a constant c¢(D, @) > 0 such that

2 2
/ U < e a)/ W) Zu? )by forue Fo(26)
D

5D(X)°‘ lx — y|+e

The above Hardy inequality implies that the domain F of the Dirichlet form
(F, &) for the censored a-stable process Y in D is the same as FP for the killed
symmetric a-stable process X in D for bounded Lipschitz open set D and for
o # 1.

To state Harnack principle and boundary Harnack principle for Y, we need the
following definition.

Definition 2.5. Let O be an open subset of D. An integrable Borel function f
defined on D taking values in (—oo, o0] is said to be

1) harmonic in O with respect to Y if f is continuous in O and for each x € O
and each ball B(x, r) with B(x,r) C O,

J @) = Ex[f Yoy )i TBGr) < CJ5

2) superharmonic in O with respect to Y if f is lower semicontinuous in O and
for each x € O and each ball B(x,r) with B(x,r) C O,

f(x) 2 E)C[f(YTB(x_r)); TB(x,r) < é‘]

Remark 2.6. (1) If we define f = 0 on D¢, clearly

EX[f(YTB(x,r)); TB(XJ) < ;] - Ex[f(YrB(x‘,))]

and so the definition of harmonicity or superharmonicity can be rephrased in terms
of the relation between f(x) and E,[ f (Y; e The latter are consistent with the
definitions given in Landkof [17] for symmetric «-stable processes. It is shown in
Bogdan, Burdzy and Chen [6] that such a continuous function f in O is harmonic
with respect to Y if and only if (—(=A)*?2 + kp)f = 0in O, where kp is given
by (2.3).

(2) For any C2-smooth open set U with U C D, let Gg be the Green function of
Y in U. From Theorem 2.1(3), we see that G 5 is the Green function for the process
obtained from the symmetric a-stable process killed upon leaving U through the
Feynman-Kac transform eft; 0 (X{)ds - A the potential 1y« p is bounded, it is in
the Kato class of XV. By Theorem 3.3 and Lemma 3.5 in Chen [8], we have

1 Su (x)%/28y (y)*/?
lx — y|n—e’ lx —y"

} forx,y e U,
2.7)

GY(x,y) ~ Gy(x, y) ~ min{

where éy (y) = dist(y, dU) is the Euclidean distance from point y to the set dU.
It can be shown in a similar way as those in Chung and Zhao [12] that the Green
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function (x, y) > G{] (x, y) is continuous off the diagonal. Using the Lévy system
for Y, we conclude that

Ex[p(Yr,)] = $(2)Ky(x,z)dz
D\U

for any bounded Borel measurable function ¢ in D, where

Gl (x,y)

Kyx,2) = An, —a) -
uly —z|"re

dy forxeUandze D\U. (2.8)
It follows from (2.7) and the calculations done in Chen [7] and Chen and Song [9]
that

Sy (x)*/?

Koo, ~ — 007
v N e k= o

forx e Uandz € D\ U. (2.9)

(3) If f is a lower semicontinuous function defined on O taking values in
(—o00, 00], then f is bounded from below on any open subset whose closure is
contained in O. Thus for such kind of function f that is integrable on D, it follows
from (2.9) that Ex[f~ (Y, ,,)] < oo for any ball B(x,r) with B(x,r) C D.
Therefore the expectations in Definition 2.5 are well defined.

(4) Using a similar argument as that for Theorems 2.1 and 2.2 in Chen and Song
[10], it can be shown by using Theorem 2.1(3) that an integrable Borel function f
on D that is lower semicontinuous in O is superharmonic (harmonic, respectively)
in O with respect to Y if and only if for any relatively compact open subset U of
O, f(x) 2 Ex[f(Yyy); v <] (f(x) = Ex[f(Yg,); v < ¢, respectively) for
everyx € U.

Theorem 2.7. (Theorem 1.2 of Bogdan, Burdzy and Chen [6]) Let D be a bound-
ed C11 open set in R with characteristics ro < 1 and A. Let Y be the censored
stable process in D with index of stability @ € (1,2). Let Q € 0D andr € (0, ry).
Assume that u is a nonnegative function on D which vanishes continuously on
oD N B(Q, r) and is harmonic in D N B(Q, r) for Y. Then there is a constant
K =K, a, A) > 1 such that

u@) _ o p()e”!
u(y) = p(ye!
We will also need the following scale-invariant version of Harnack inequali-

ty for nonnegative harmonic functions of the censored process Y from Bogdan,
Burdzy and Chen [6].

forx,y e DN B(Q,r/2). (2.10)

Theorem 2.8. (Theorem 3.2 in [6]) Let D C R" be an open set and let Y be the
censored process on D. Let x1,x, € D, r > 0 with B(x1,r) U B(xz,r) C D
and k € {1,2,...}, such that |x1 — x2| < 2kr. If u > 0 is harmonic for Y in
B(x1,7)U B(x3, r), then there exists a constant J depending only on n and «, such
that

J127KOFO () < u(xy) < J2KOFOy(xy) . 2.11)
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3. Green function estimate

Throughout this section D is a bounded C!! open set and « € (1,2). The key
to establish the Green function estimate in Theorem 1.1 is the following interior
estimate, which is obtained through a capacity argument. We point out that our
capacity argument is different from Stampacchia’s approach in [20] for the Green
function-capacity comparison result, since the sample paths of the censored stable
process Y are discontinuous and therefore the first exit distribution from a smooth
domain, unlike that of diffusion processes, does not concentrate on the boundary
of the domain.

Theorem 3.1. The Green function G(x, y) is continuous on D x D except along
the diagonal. For k > 0, there is a constant ¢ = ¢(D, «, k) > 1 such that

cHx =y <Gl y) Sclx —y[*" 3.1)
for x,y € D satisfying |x — y| < kmin{dp(x), Sp(y)}.

Proof. By the scaling property of symmetric «-stable process X and the 3G-esti-
mate in Chen and Song [9],

Gp(x,y)Gp(y,2)
Gp(x,2)

<cm,a)(x=y[* " +ly—=2zI""), x,y,z€B,

for any ball B C D, where Gp is the Green function of X in B. As kp(x) =~
8p(x)~%, there is a constant A = A(D, o) € (0, 1/2) such that for any w € D and
ball B = B(w, Adp(w)),

/ Gp(x,y)Gp(y,2)
B

s Gp(x,z2)

x,zeD

k() dy < 1/2. (3.2)

For any ball B C D, we will use Glg to denote the Green function of Y in B; that
is,

/B Gl (. ) f()dy = Ey [ fo f(Yz)dt]

for Borel f > 0. Here tp := inf{t > 0 : Y; ¢ B} is the exit time of ¥ from B.
It follows from Theorem 2.1, (3.2) above, Khasminskii’s inequality (cf. [12]) and
Lemma 3.5 in Chen [8] that

1
7Gx, y) = Gh(x,y) <2Gp(x,y) (3.3)

forany B = B(w, Aép(w)) and x, y € B. Itcan be shown in a similar way as those
in Chung and Zhao [12] that the Green function (x, y) > Gg(x, y) is continuous
off the diagonal.

We now show that the theorem holds for k = A /2 and for xq, yo € D satisfying
|xo — yo| < kmin{dp(x0), p(yo)}. In this case there isaball B := B(w, Adp(w))
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for some w € D such that xo, yo € By2 := B(w, Adp(w)/2). By the strong
Markov property of Y, we have

G(x,y) = Gh(x,y) +Ex [G(Yr,,y)] forx,ye B. (3.4)

By (3.3), (2.5) and the scaling property of X, there is a constantc; = ¢1(D, ) > 1
such that

cl_1 lx —y|*" < Gg(x, y) <cilx—y/*™" forx,ye Bjp. (3.5)

Note that 2(x, y) := Ex [G(YTB , y)] has the property that for each fixed x € B,
y = h(x,y) is harmonic in By/3 := B(w, 2Aép(w)/3) with respect to process
Y and for each fixed y € B, x +— h(x, y) is harmonic in B3 with respect to
process Y. So it follows from Harnack inequality, % is bounded and is continuous
on B3 x Byy3 (cf. (3.25) of Bogdan, Burdzy and Chen [6]) and this implies that
Green function G(x, y) is continuous on D x D except along the diagonal. By
Theorem 2.8 there is a universal constant ¢ > 1 such that

¢ Yh(xi, y1) < h(x, y) < ch(xi, y1)
for any x1, y1, x, y € By/3 and so

max h(x,y) <c min h(x,y) <c min G(x,y). (3.6)
X,yE€By3 X,y€By3 X,yE€By3

We know from Theorem 2.4 there is a constant c3 = ¢3(D, «) > 1 such that
C;IC(M, u) < Eu,u) <c3Cu,u) forue FP.
Therefore
C;lcapr (A) < Capy(A) < c3Capyn(A) foropenset A. (3.7

Here Capy (A) is the capacity of the set A with respect to censored stable process
Y in D; that is, for open set A,

Capy (A) = inf {E(M, u): ue FPandu > 1 m-ae. on A}
(cf. Fukushima, Oshima and Takeda [13]). Capynp (A) is defined similarly in terms
of the Dirichlet form (C, F?) of the killed symmetric a-stable process X? in D.

Let Capy denote the capacity for the symmetric o-stable process X in R"; that is,
for open set A:

Capy (A) = inf |C(u, w:ueFR andu > 1 m-ae. on A} .
Clearly for any ball B = B(wg, r) C D, by scaling

Capyn (B) > Capy (B) = ci(n, a)r" . (3.8)
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On the other hand, for ball B = B(wq, r) with B, = B(wog, 2r) C D, again by
scaling we have

Capyp(B) < Capys, (B) = c2(n, )r" ™. (3.9
By (3.7)—(3.9), there is a constant ¢4 = c4(D, @) > 1 such that
¢y 'r"7 < Capy(B) < cqr"™® (3.10)

for any ball B = B(wq, r) with B(wg, 2r) C D. For such ball B, by Theorem
2.1.5 and (2.2.13) of Fukuilima, Oshima and Takeda [13] there is an equilibrium
measure g supported on B such that Gug € F?, Guup = 1 on B and

Capy (B) = ﬁ Gup(x) up(dx) = pup(B)
B
Now applying above to ball B> := B(w, Adp(w)/2), we have
Capy (B12) = / G, , (V)12 5 (d)
D

. — 2 .
> min G(x.y) (up,(Bipp)) = min G(x,y)Capy(Bi2)°.

X,y€B1/2 X,yEB1/2
Hence
min G (x,y) < Capy(B12)~" < ca(A8p(w)/2)* " (3.11)
X,y€B12

Putting (3.4)—(3.6) and (3.11) together yields that there is a constant c5 = ¢5(D, o)
> 1 such that

c5 %0 — yol* ™" < G(x0, yo) < eslxo — yol* ™" (3.12)

for any xg, yo € D satisfying |xo — yo| < ko min{§p(x0), 6p(yo)} with kg := 1 /2.
Now for general k > ko and x, y € D satisfying

ko min{dp (x), dp(y)} < |x — y| < kmin{dp(x), dp(¥)},

without loss of generality, assume that 8 p(x) > §p(y) and thus |x —y| > koSp (V).
Choose yg € D such that

ko |x — y1/(2k) < |x — yol < komin{dp(x), dp(yo)}.
Then by Theorem 2.8, there is a constant cg = c¢(D, «, k) > 1 such that
cg' G(x,y0) = G(x,y) < ¢6 G(x, )
Thus by (3.12) there is a constant ¢ = ¢(D, k) such that (3.1) holds. O
Lemma 3.2. For each fixed y € D, there is a constant ¢ = c¢(D, a, y) > 1,
¢ op)* T =G y) = cép)* forx € D\ B(y,8p(7)/2).

In particular, x — G(x, y) vanishes continuously on 9 D.
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Proof. LetU := D\ B(y, 38p(»)). Forx € U, clearly
G(x,y) =E:[G(Yy,. y)].

The conclusion of this theorem now follows directly from Theorem 1.2 and Remark

6.2 in Bogdan, Burdzy and Chen [6]. O
Proof of Theorem 1.1. Note that
- 1 sp*epe! } _ 1 ( - { 5p ()3 () })‘H
min { x—y[r—e> |x_y|n—2+a - x—y["@ min 1, ‘X—}"z . (313)
Asdp(x) <ép(y) + |x — y| forany x, y € D, it is easy to see that
8 8 8 8
p(xX)ép(y) ~mi {1’ p(x) D(zy)} (3.14)
(max{8p(x), dp(y), [x — yI}) lx — I

Define r(x, y) = max {p(x),Sp(y), |x — y|}. Choose zo € D and 0 < R < ry
so that B(zp, R) € D and B(zg, R) is disjoint from any interior tangential ball in
D with radius less than R. Fix x1 € dB(zo, R/2) and define

A(x,y) =
B(xo + r(x, y)ny, r(x, y)/2)UB(yo + r(x, y)ny,, r(x, y)/2), if r(x, y) < R/5
{x1}, otherwise.

where ng is unit inward normal vector at Q € 9D, x¢ and yq are points in d.D such
that p(x) = |xg — x| and §p(y) = |yo — y|. Itis clear that

’(xz’ Y sp) < &2” (3.15)

for every z € A(x, y). On the other hand, by Lemma 3.2,

¢ (x) := min {G(ZO, X), Dmax G(zo, y)} ~ 8D(x)“_l. (3.16)

yeD:|y—zo|=R

In particular, by (3.15), for z € A(x, y),
¢(2) ~r(x, y)* ' = (max {8p(x), 8p(y), |x — yI})*~ forz e A(x, y).

(3.17)
In view of (3.13)—(3.17), it suffices to show that
Glx,y) ~ 29D e herez € AGx, y). (3.18)

$%(2)
Thanks to Theorems 2.7, 2.8 and 3.1, the proof of (3.18) is almost the same as the
proof of Proposition 6 and Theorem 2 in Bogdan [5]. In fact here the proof can
be simplified quite a bit due to the fact that D is a C'-! open set and the stronger
version of boundary Harnack principle and Harnack principle in Theorems 2.7 and
2.8. Clearly the Green function of Y is domain translation invariant. By Remark
2.3, the constant ¢ = ¢(D, ) can be chosen to be domain dilation invariant. |

The following is a direct consequence of Theorem 1.1.
Corollary 3.3.
lim G(x,y)=0
L, G0 )
uniformly on D, ={y € D : §p(y) > r}.
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4. Martin boundary and Martin kernel estimates

Throughout this section D is a bounded C'-! open set in R", & € (1,2), and Y is
the censored «-stable process in D. We will show in this section that the Martin
boundary and the minimal Martin boundary of Y can all be identified with the Eu-
clidean boundary o D of D. Our approach in this section is similar to the one used
in Chen and Song [10] for symmetric «-stable processes.

Fix xg € D and define

M(x.y) = G(x,y)

=— x,y€D.
G(x0, y)

Recall that rq is the characteristic radius of D defined at the end of the paragraph
following Theorem 2.2.

Theorem 4.1. For every x € D and z € 9D, M(x,z) :=limy_,; M(x, y) exists,
which is called the Martin kernel of Y. The Martin kernel M (x, z) is a continuous
function on D x 0 D. Furthermore there exists ¢ := c(xg, D, o) such that

1 spx)*! Sp(x)*!

E |x _ Z|n—2+o¢ = M(x’ Z) =c |x _ Z|n—2+oz'
Proof. For every 0 < & < (ro A 8p(xp))/4, define D, :={y € D : §p(y) < ¢}
and Uy := {x € D : ép(x) > 2¢}. By Theorem 1.1, for x € U,, both function
y + G(x,y) and function y — G(xp, y) are bounded and harmonic in D, with
respect to Y, and vanish continuously on d D. So by Remark 6.4 in Bogdan, Burdzy
and Chen [6], M(x, z) := limy,_,; M(x, y) exists for every z € 9D and x € U,
and there are positive constants o = o (D, «, xg, €¢) and ¢ = ¢(D, «, xg, €) such
that

IM(x,y) —M(x,2)| <cly —z|” (4.1)

foreveryx € Ug,z € dD and y € DN B(z, €). This implies that M (x, z) is jointly
continuous on U, x dD, and hence on D x 9D after letting ¢ | 0. The Martin
kernel estimate is an immediate consequence of the Green function estimate in
Theorem 1.1. |

Theorem 4.1 in particular implies that M (-, z) differs from M (-, zp) if z; and
7 are two different points on 9 D.

Theorem 4.2. For every z € 9D, function x +— M-, z) is harmonic in D with
respectto Y.

Proof. According to Chen and Song [10], it suffices to show that for every x € D
there exists Rp = Rp(x) < 8p(x) such that

M(x,z) = Ex[M(Yry,, ,2)] foreveryO <r < Ry. 4.2)
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Let Ry := Adp(x), where A < 1/2 is the constant in (3.2), and for r € (0, Ryp), let

r o= % Form > 1, set z,, 1= z 4 7In;. As D is bounded and C! smooth
with characteristics (rg, A), there is an integer mqy > 1 such that

B (zm, r1/(2m)) C B (z, 3r1/2m))N D C B (z, 3ri/m) N D €C B(z,r9) N D
C D\ B(x,r)

for allm > myg. Since M (-, z;;,) is harmonic in D \ {z,,} with respect to Y for every
m > mo, we have

M(x,zpn) = Ex[M(YTB(L,)a Zm)].

By Fatou’s lemma,

E (M (Ye,,, )] =E, [ lim M (Yo, zm)] < liminf M(x, Zn)
’ m— 00 ’ m—00
=M(x,z) < o0.
Hence M(Y,B(”), 7) is Py -integrable.
On the other hand, by the boundary Harnack principle in Theorem 2.7 with

B(z,3r1/m) in place of B(Q, r) there, there is a constant ¢; > 0 such that for
every w € D\ B(z,3r1/m)and y € D N B(z, 3r1/(2m)),

Gw.zn) _ G, y)
Gxo,zm) ' Glxo, )

Letting y — z € 9D yields

M(w, z,) =

=cMw,y), m=>my.

Mw,zy) <caM(w,z) m > my, 4.3)

for every w € D \ B(z,3r1/m).

To prove (4.2), it suffices to show that {M(Y,B(x,r), Zm) : m > mg} is Py-uni-
formly integrable. Since M (Yz,,, . 2) is Py-integrable, for any ¢ > 0, there is an
No > 1 such that

Ex [M(Yey.,), 20; M(Yey, ), 2) > Nojc1] < e/4cr. 4.4)
Note that by (4.3) and (4.4)

E)C [M(Y‘L'B(X‘,)v Zm)s M(Y‘L'B(L,)v Zm) > NO and Y‘L'B(X,,«) € D \ B(Zv 3rl/m)]
<c1Ey [M(Y‘L'B(x_r) ,2); ClM(Y‘[B(Lr)’ 7) > Nol
< c1e/4c1 = ¢/4.

It follows from the Lévy system for process Y, that the distribution of Yz, under
P, is absolutely continuous with respect to the Lebesgue measure on D \ B(x, r)
and its density function K g(x r)(y, 7)is

GY. (v, w)
Kpn (:2) :/ BN " qw,  y e B(x,r), z € D\ B(x, 1),

B(x,) |w—z|"te
(4.5)
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where Gg(m) is the Green function of Y in B(x, ). Similarly, the density K p(. )

(y, 2) for the exit distribution X7,

starting from y € B(x, r) is given by

) for symmetric a-stable process X in D

G ,w
K3<x,r)(y,z)=/ GsanOnw) zeD\Bx,r), (46)

By |w—z|"te

It follows from Chen and Song [9] and Chen [7] that

. 8B(x.r) ()
6B(x,r) (Z)a/2(1 + SB(x,r) (Z)/r)“/zly -zl

KB(x,r)(y» Z) =< (47)

fory € B(x,r)andz € D\ B(x, r).Notethatr < Adp(x).Soby (3.3),(4.5)—(4.7),
form > 2,

EX[M(YTB(XJ)’ Zm); YtB(_”) € DN B(z,3r1/m)]
< 2EAM(X7) s zn) pnBeesn/m Xy, )]

TB(x,r
=< C/ M(w, zm)dw
B(z,3r1/m)
= CG(XO»Zm)_I/ G(w, Zm)dw
B(z,3r1/m)
< c(r/m)= / [ — 2l dw
B(z,3r1/m)
<cry/m.

In the second to last inequality we used the Green function estimate in Theorem
1.1; in particular its lower bound estimate implies that

1 8p(x0)* 18 (zm)* !
X0 — zm "™ |xo — zm["2H

} >y /my* !

G(x0, zm) > ¢! min{

Therefore by taking N large enough we have form > N,

E.[M (Yo, 2m)i M Yoy s 2m) > N1
< Ey[M(Yrp, > 2m); Yrg,) € DN B(z,3r1/m)]
+E M (Yey, ) 2m)s M(Yey ) 2m) > N and Y7
<cri/m+¢e/4

< E&.

€ D\ B(z,3r1/m)]

B(x,r)

As each M(YTB(N),
m > 1} is uniformly integrable under P, . O

Zm) 1s Py-integrable, we conclude that {M(YTB(x,r)’ZM) :

Lemma 4.3. If h is positive harmonic function with respect to Y and continuous
on D, then sup, . h(x) = sup,.cyp h(x).
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Proof. Take an increasing sequence of smooth domain {Dy,},,>1 such that D, C

Dy y1 and U® | Dy, = D. By bounded convergence theorem, we have

h(_x) = lim E)C [h(YtDm)] = Ex I:h(h{? Yt)] .
m— 00 !

Therefore, sup, . 1 (x) = sup,cyp h(x). |

As process Y satisfies Hypothesis (B) in Kunita and Watanabe [16], the process
Y has a Martin boundary. A consequence of Theorem 4.1 is that the Martin bound-
ary of Y can be identified with the Euclidean boundary d D of D. We know from
the general theory in Kunita and Watanabe [16] that non-negative superharmonic
functions with respect to Y admit a Martin representation. That is, for every super-
harmonic function u > 0 with respect to Y, there is a unique Radon measure @ in
D and a finite measure v on d D such that

u(x) =/ G(x,y)u(dy)—i—/ M (x, z)v(dz). (4.8)
D aD

Furthermore, u is harmonic if and only if the measure © = 0. The above can also
be proved directly by adapting the proofs in Bass [3] for the Martin representation
of the classical superharmonic functions for Brownian motions.

Theorem 4.4. For each 7 € 0D, M (x, z) is minimal harmonic. That is, if h is a
harmonic function with respect to Y and h(x) < M (x, z), then h(x) = cM(x, 7)
for some constant ¢ < 1.

Proof. Suppose that Martin kernel x +— M (x, zg) is not minimal for some zg €
dD. Then there is a non-trivial harmonic function # > 0 of Y in D such that
h(x) < M(x, zo) but & is not a constant multiple of M (x, zg). By Martin represen-
tation (4.8), there is a finite measure  on d D which is not concentrated at zy such
that

h(x) =/ M(x, w)u(dw) forx e D.
aD

Thus there exists ¢ > 0 such that j1¢ := [t|yp\B(z,¢) is nON-trivial. By Theorem 4.2
and Fubini Theorem, f M (x, w) e (dw) is aharmonic function of Y thatis bounded
by h(x) and hence by M (x, zp). By the Martin kernel estimate in Theorem 4.1,

li_r)n Mx, w)us(dw) =0 forz € dD N B(zp,€/2).
X—>Z
On the other hand, for z € D \ B(zo, £/2),

X—>Z

Iim | M(x, w)ue(dw) < lim /M(x, w)u(dw) = lim h(x)
X—>Z X—>Z

< lim M(x, zo9) = 0.
X—>Z

Thus the harmonic function x — f ap M (x, w)ue(dw) vanishes continuously on
oD so by Lemma 4.3,

/ M(x, w)ne(dw) =0 forx € D.
oD
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This is impossible as (i is non-trivial and M (x, w) > 0. So x — M (x, zp) has to
be a minimal harmonic function of Y in D. m]

The above theorem implies that every boundary point z € 9D is a minimal
Martin boundary point of Y, which completes the proof of Theorem 1.2.
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