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Abstract Tumor cells secrete diffusible substances col-
lectively called tumor angiogenic factors (TAFs), most
notably vascular endothelial growth factor (VEGF) and
basic fibroblast growth factor (bFGF), which in turn
stimulate endothelial cell migration and thus angiogen-
esis, or new blood vessel formation. Anti-angiogenic
drugs for cancer treatment are receiving much attention,
with endostatin identified as one of the potent inhibitors.
Although the mechanisms of action of endostatin are yet
to be fully elucidated, there is evidence that bFGF and
endostatin may bind competitively to heparan sulfate
proteoglycan receptors on endothelial cells, or endosta-
tin may otherwise downregulate bFGF or VEGF and its
receptors, putatively inhibiting cell proliferation. To test
these and other hypotheses of inhibitory action that can
be similarly formulated, for other TAF inhibitors as well
as endostatin, we have developed a mathematical model
of extratumoral angiogenesis in cancer in response to
specific anti-angiogenic drug treatment. It is built on
previous work, a modification and augmentation of
published models, and is expressed as four nonlinear
partial differential equations, with specific terms for
endothelial cell proliferation, degradation, and endost-
atin-TAF inhibition, and a stochastic, discretized ver-
sion of this model to represent vessel growth. Our
extended model reproduces the simulated kinetics of
angiogenesis in a mouse tumor model reported earlier.
We assessed the anti-angiogenic kinetic behavior of our
extended model by simulating dynamic responses to
exogenous endostatin treatment in the same mouse
model, using four dosage regimens, two of these
reported for in vivo pre-clinical or clinical studies, and
two 10 times greater: daily single bolus injections of
20 mg/kg per day and 200 mg/kg per day, and constant
infusions of 20 mg/kg per day and 200 mg/kg per day,

each for 20 simulated days. We also explored the effects
of drug clearance, over an eightfold range of clearance
rates that include scaled clearances for endostatin, a
sister-drug angiostatin, or similar drugs with clearances
in this range. Predictively, our simulation results suggest
ineffectiveness of the bolus injection protocols, consis-
tent with in vivo data with angiostatin treatment,
whereas simulated constant infusion of endostatin in the
mouse model effectively suppresses angiogenesis after
only 3 days of treatment, at the lowest dose, over a wide
range of drug clearance rates.
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Introduction

Angiogenesis is the formation of new blood vessels from
pre-existing vasculature in response to some extracellu-
lar stimuli. Blood vessel growth is initially driven by
endothelial cell migration, and then the cells organize
themselves into dendritic structures. In tumorigenesis,
angiogenesis plays a pivotal role in determining the
transformation of tumor cells from a dormant avascular
state to a harmful vascular state (Folkman and
Klagsburn 1987; Griffioen and Molema 2000).

Much evidence has shown that angiogenesis is a
result of the intricate interaction of various physiological
subsystems, including those controlling vascular endo-
thelial growth factors (VEGF), and coagulation and
plasminogen subsystems. Tumor cells secrete tumor
angiogenic factors (TAFs), most notably VEGF and
basic fibroblast growth factors (bFGF), which promote
neovascularization via penetration of neighboring blood
vessels, thereby providing them with an adequate blood
supply and the nutrients needed for further carcinogenic
progression (Folkman and Klagsburn 1987). An avas-
cular cluster of tumor cells typically consists of a central
inactive core of dying cells, surrounded by an outer layer
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of proliferating cells, which cannot grow beyond a few
millimeters due to limited diffusibility of nutrients. A
tumor consumes nutrients at a rate proportional to its
volume, whereas the diffusibility of nutrients is only
proportional to its surface area. However, with the
penetration of new blood vessels, tumor cells can effi-
ciently obtain nutrients needed for their development.
And once a cluster of tumor cells progresses to the
vascular state, it can grow much larger, thereby gaining
the ability to fragment from the cluster, and metastasize
in other parts of body (Orme and Chaplain 1996).

Tumor-induced angiogenesis involves three major
sub-processes: 1) degradation of the basement mem-
brane by enzymes secreted by endothelial cells; 2)
migration of endothelial cells along the gradient of
several substances, one of these being fibronectin (Fn), a
major component of the extracellular matrix; and 3)
proliferation of endothelial cells. These are distinct
events, each triggered by different stimuli (Orme and
Chaplain 1997; Griffioen and Molema 2000).

Degradation of the basement membrane begins when
the tumor cells release tumor angiogenic factors (TAFs),
which then diffuse through the extracellular matrix,
resulting in a gradient of TAFs between the tumor cell
cluster and existing blood vessels, where they bind to
surface receptors. TAFs then induce the endothelial cells
of the vessel wall to thicken and reorganize themselves
into finger-like protrusions. This also promotes endo-
thelial cell secretion of proteases, which in turn degrade
the parent venule basement membrane, loosening
endothelial cell connections with their neighbors. The
detached cells then migrate toward the tumor cells
(Orme and Chaplain 1997).

Migration of endothelial cells is influenced by three
factors: random motility, and concentration gradients of
TAF and Fn. Random motility refers to simple diffusion
of endothelial cells in the absence of any attracting or
inhibiting substances. When TAFs are present, endo-
thelial cells migrate in the direction of increasing TAF
concentrations, a process called chemotaxis (Chaplain
and Stuart 1993). Similarly, the affinity of endothelial
cells to follow Fn gradients is called haptotaxis. Fn is not
readily diffusible, exerting its haptotactic effect by
binding to integrins on the cell surface. Then, anchor-
ment of endothelial cells onto the extracellular matrix,
with the assistance of Fn, promotes migration of endo-
thelial cells and attachment of branching vessels; and
binding of Fn also promotes mitosis (Ingber 1990).

Following their migration, endothelial cells accumu-
late in the region where the concentration of TAFs
reaches a certain threshold level, and the blood vessel
wall begins to bulge, initiating a new sprout, which then
grows in length, to further recruit endothelial cells.
Eventually, the cells immediately behind the sprout tip
begin to proliferate. The repeated process of migration,
sprout extension and cell proliferation constitutes the
growth process for new blood vessels.

Recombinant human rhE-Endostatin (Pichia
pastoris; Entremed, Rockville, MD), the putative

angiogenesis inhibitory drug under primary consider-
ation here, is a manufactured version of naturally
occurring, tumor-derived endostatin, a 22-kDalton
fragment of collagen XIII (O�Reilly et al. 1997). The
mechanism of action of endostatin is not well estab-
lished, but it is believed to exert its anti-angiogenic effect
by inhibiting mitogen-stimulated proliferation of endo-
thelial cells. Among other possible mechanisms, it has
been demonstrated that endostatin, via its affinity for
heparan, binds to heparan sulfate proteoglycan (HSP)
receptors on the endothelial cell surface, in competition
with the TAF basic fibroblast growth factor (bFGF),
although these binding sites can act as co-receptors for
several cytokines (Sasaki et al. 1999). These same au-
thors postulate that the same competitive process occurs
in tumor-induced angiogenesis, although endostatin
appears to have several other potential mechanisms of
action (Mundehenke et al. 2001). These includes some
evidence for action downstream of any TAF receptors
on endothelial cells, most notably receptors for VEGF
as well as bFGF and, inhibiting phosphorylation of
extracellular signal-regulated kinases that activate these
TAFs (Sim et al. 2000; Rehn et al. 2001), and thus
angiogenesis. Nevertheless, its heparan sulfate binding
domain appears prominently and recent indirect
evidence has also demonstrated tumor suppression in
mouse lung, skin, and prostate cancers following treat-
ment with heparan sulfate (Mundehenke et al. 2001; Liu
et al. 2002), the same group also suggesting that adding
heparan or heparan sulfate to endostatin might enhance
its anti-angiogenic, tumor suppressive effects.

We test this hypothesis in numero here, also
expanding it to include other anti-angiogenic substances
that either directly or indirectly inhibit proliferation of
endothelial cells. A mathematical model of extratumoral
angiogenesis is developed using the non-proliferative
partial differential equation (PDE) model of Anderson
and Chaplain (1998) as a starting point, augmented to
include the dynamics of endothelial cell proliferation
and postulated endostatin inhibition effects. Following
their approach, the PDEs in the new model are dis-
cretized, and a biased random walk algorithm is incor-
porated to simulate the dynamics of endothelial cell
proliferation and blood vessel branching in response to
the drug. This is done for a wide range of endostatin and
angiostatin clearance rates and typical reported dosage
regimens, to gain insights into treatment efficacies and
drug dynamics, as well as anti-angiogenic effects of
endostatin and similarly suppressive anti-angiogenic
drugs, as a function of these treatment parameters.

Methods

The continuous PDE model of Anderson and Chaplain
(Anderson and Chaplain 1998)

This model depicts angiogenesis, as outlined above, implemented
with partial differential equations to approximate the spatiotem-
poral changes in the concentration of the various substances
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involved and the resulting angiogenic dynamics. The simulation
space is a 200·200 rectilinear grid, assumed to represent a small
portion of the anatomy where tumor-induced angiogenesis is being
observed. Anderson and Chaplain (Anderson and Chaplain 1998)
used data derived from experimental preparations of Gimbrone
et al. (1974) and Muthukkaruppan et al. (1982) to quantify their
model. The data was collected for a solid tumor, or fragment of
tumor implanted in the mouse cornea close to the limbal vessels of
the eye, which are lined with endothelial cells, and observations
were made on the migratory behavior of endothelial cells and
morphology of the blood vessel as a result of tumor-induced
angiogenesis. New model development begins with an expanded
explanation of Anderson and Chaplain�s model, followed by dis-
cussion of the modifications.

Let E x; y; tð Þ � E (in Molarity, M) denote the time- and space-
dependent concentration of endothelial cells, T x; y; tð Þ � T (M) the
concentration of (lumped) TAFs, and F x; y; tð Þ � F (M) the con-
centration of Fn. These variables and other nomenclature used in
this paper are given in Table 1. The generalized equations are:

@E
@t
¼ DE E; T ; Fð Þ þ PE E; T ; Fð Þ ð1Þ

@T
@t
¼ DT E; T ; Fð Þ þ PT E; T ; Fð Þ þ ST E; T ; Fð Þ ð2Þ

@F
@t
¼ DF E; T ; Fð Þ þ PF E; T ; Fð Þ þ SF E; T ; Fð Þ ð3Þ

where DE, DT and DF are functions depicting the diffusion char-
acteristics of endothelial cells, TAFs and Fn respectively; PE, PT

and PF are net production/loss terms, and ST and SF are functions
representing uptake of substances by endothelial cells. To specify
these terms, the authors assumed classic Fickian diffusion, with no
net production/death of endothelial cells; linear uptake, produc-
tion/loss rates for each substance; and a specific nonlinear response
of endothelial cells to chemotaxis of TAF.

For diffusion of endothelial cells E, DE(E;T;F)=�VJE, where JE,
the flux of endothelial cells, has three components: flux Jrand =
-ae�VE, where ae is a positive random motility coefficient; Jchemo =
ac(T)E�VT, where ac Tð Þ ¼ ack

kþT (Lauffenberger and Kennedy 1984;
Olsen et al. 1997; Anderson and Chaplain 1998), ac is the saturable
chemotaxis coefficient and k is a positive constant; and Jhapto =
ahE�VF, where ah is the haptotaxis constant. Therefore, endothelial
cell flux is: JE ¼ �aerE þ ac Tð ÞErT þ ahErF . They assumed: (a)
Fn production is linearly proportional to endothelial cell concen-
tration; (b) the rate of Fn uptake by endothelial cells depends on
the probability of contact between Fn and endothelial cells E, i.e.,
uptake(F) = -buEF, where bu is the rate constant for Fn uptake by
endothelial cells; and (c) uptake kinetics of TAF is similarly
probabilistic, uptake(T) = -cuET, where cu is the rate constant for

Table 1 Nomenclature &
parameter values from:
(Anderson and Chaplain 1998;
Carmeliet and Collen 1997;
Folkman 1997; Molema et al.
2001; Orme and Chaplain 1997;
Sharma and Jusko 1998) and
Appendix

aTo our knowledge, the en-
dostatin plasma clearance rate-
CI has been reported only for
the human, as 22.6 (lÆhÆm2)
(Thomas et al. 2000). After unit
conversion and allometric scal-
ing between mouse and human,
with allometric exponent 0.74
(Hu et al. 2001), endostatin
clearance in the 20 g mouse is
estimated as:
Clmouse

I ¼ 22:6ð L
hr�m2Þ 1

3600

ðhr
s Þ1:7m2ð 20g

70000gÞ
0:74

¼ 5:54 � 10�5ðLsÞ
bAngiostatin

clearance in the rat has been
reported as 0.128 ml/min
(Molema et al. 2001). This has
been scaled, as above, for the
20 g mouse as:
Clmouse

I ¼ 0:128ð ml
min
Þ 1
60

ðmin
s Þ 1

1000 ð L
mlÞ

ð 20g
200gÞ

0:74 ¼ 1:17 � 10�5ðLsÞ We
used an eightfold range includ-
ing these two values for endog-
enous drug administration
simulations

Symbol Description Value Units

E Concentration of unbound endothelial
cells at (x,y,t)

Variable M (Molarity)

T TAF concentration at (x,y,t) Variable M
F Fibronectin concentration at (x,y,t) Variable M
T* TAF concentration threshold 8.477·10)12 M
E0 Initial concentration of endothelial cells

at the parent vessel.
1·10)10 M

F0 Initial concentration of Fn
at the parent vessel

1·10)10 M

T0 Initial concentration of TAF
at the parent vessel

4.2385·10)11 M

I Endostatin concentration Variable M
�max Inhibition coefficient 1 Dimensionless
IC50 Half-maximal inhibition concentration 2.288·10)8 M
I0 Initial concentration of endostatin

at the parent vessel
1.99·10)9 M

Iex Exogenously introduced
endostatin concentration

Variable M

Ien Endogenous endostatin concentration Variable M
UI,en Endogenous endostatin input Variable g/ s
UI,ex Exogenous inputs of endostatin 20 and 200 mg /kg / day
�V Gradient function (¶/¶x,¶/¶c,¶/¶z) Variable cm)1

JE Total flux of endothelial cells Variable cm · M/s
Jrand Flux of endothelial cells due to

simple diffusion
Variable cm · M/s

Jchemo Flux of endothelial cells due to TAF gradient Variable cm · M/s
Jhapto Flux of endothelial cells due to Fn gradient Variable cm · M/s
ae Endothelial cell diffusion coefficient 10)10 cm2/s
ah Haptotaxis coefficient 0.00075 cm2/(s · M)
ac(T) Chemotaxis function Variable cm2/(s · M)
ac Chemotaxis coefficient 2600 cm2/(s · M)
ar Endothelial cell proliferation rate 5.56·10-5 to 1.556·10)4 1/s
ad Endothelial cell loss rate 5.56·10)6 to 1.556·10)5 1/h
bp Fn production rate 3.625·10)7 1/s
bu Fn rate of uptake by endothelial cells 725 1/(s · M)
cu TAF rate of uptake by endothelial cells 725 1/(s · M)
tc TAF diffusion coefficient 2.9·10)7 cm2/s
td Distance between parent vessel to tumor 0.2 cm
Vp Plasma volume 10)3 L
ClI Simulated clearance range 0.3·10)5 to 10)4 L/s

Endostatin clearancea 5.54·10)5 L/s
Angiostatin clearanceb 2.56·10)5 L/s

b,n,/,c Normalized variables Derived values Dimensionless
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TAF uptake by endothelial cells. The model was further simplified
by assuming: (d) very slow turnover of cells E, and thus the net
production/death term for endothelial cells PE = 0 in Eq. (1). They
also assumed: (e) diffusion of Fn is minimal; and (f): PT DT and DF

are zero in Eqs. (2) and (3), because TAFs have very rapid diffusion
rates, and achieve a pseudo-steady state approximately instanta-
neously relative to other processes in Eq. (2).

The Anderson-Chaplain model (1), with PE � DF � DT � 0,
thus becomes:

@E
@t ¼ DE ¼ r �JE½ � ¼ r �Jchemo � Jhapto � Jrand

� �

¼ r �ac Tð ÞErT � ahErF þ aerE½ � ð4Þ

@T
@t
¼ ST ¼ �cuET ð5Þ

@F
@t
¼ PF þ SF ¼ bpE � buEF ð6Þ

New model

Anderson and Chaplain (Anderson and Chaplain 1998) assumed
that endothelial cells did not proliferate over the time course of
application of their continuous model [(d) above], justified by
endothelial cells having a half-life on the order of months. Although
this assumptionmay be valid under normal physiological conditions,
the proliferation mechanisms during tumor-induced angiogenesis
and during drug treatment probably have different dynamics, e.g.,
the presumed inhibitory effects of endostatin on endothelial cell
proliferation. Thus, we reintroduce proliferation and death of
endothelial cells for describing tumor-induced angiogenesis and
treatment, based on an earlier model of the dynamics of endothelial
cell populations (Chaplain and Stuart 1993).

Endothelial cell proliferation due to mitogenic stimulation alone

Mitogen-stimulated proliferation begins with binding of a mitogen
particle with a surface receptor on the endothelial cell (Carmeliet and
Collen1997).Oncebound, the surface receptor transduces this signal,
from the cell membrane to intracellular mechanisms responsible for
growth, and it thereby activates cell growth. The activated endothe-
lial cells then proceed onto the next phase of the cell cycle and
eventually undergo mitosis. On a cell population level, we adopt
Chaplain and Stuart�s (Chaplain and Stuart 1993) formulation to
describe an endothelial cell population proliferating at any fixed
point in space x0; y0ð Þ. The authors assumed that mitosis is governed
by logistic type growth, with cell loss a first-order process:

@E
@t
¼ ar 1� E

E0

� �
EG Tð Þ � ad E ð7Þ

where ar is a positive constant related to the maximum mitosis rate,
ad is the rate constant for endothelial cell loss, E ¼ E x0; y0ð Þ, E0 is
the initial concentration of E at the parent vessel, and TAF exerts a
threshold concentration effect on endothelial cell growth, repre-
sented as:

G Tð Þ ¼ 0 if T6T �

T � T �ð Þ=T0 if T �\T

�
ð8Þ

In Eq. (8), T* is the TAF concentration threshold and T0 is the
TAF concentration at the tumor cluster boundary.

Proliferation due to mitogenic stimulation plus inhibition of mito-
genesis by endostatin

We assume a simple linear model for plasma endostatin kinetics,
Vp

@I
@t ¼ U � ClI I , where I is the plasma concentration of endostatin,

Vp(L) is the plasma volume, ClI(L/s) is the endostatin plasma
clearance rate, and U = UI,en +UIex(M/s) is the endostatin
endogenous plus exogenous production rates. For adequate exog-

enous doses, UI ;ex � UI ;en (Thomas et al. 2000) and the endostatin
equation simplifies further to:

@I
@t
¼ �ClI I þ UI ;ex
� �

=Vp ð9Þ

Coupling of I with E is accomplished as follows: we assume
endostatin exerts its anti-angiogenic effect by inhibiting any of
several possible pathways. These include inhibition of mitogen-
stimulated proliferation or migration of endothelial cells, either
through competition with TAFs for binding with HSP receptors on
the endothelial cell surface, and not by sequestration in the extra-
cellular matrix — which is also possible (Sasaki et al. 1999), or by
action downstream of any TAF receptors, most notably receptors
for bFGF and VEGF, possibly inhibiting phosphorylation of
extracellular signal-regulated kinases that activate these TAFs (Sim
et al. 2000), and thus angiogenesis. The indirect inhibition function
of Sharma and Jusko (1998) is sufficiently robust to describe any of
these possible inhibitory effects:

Inhibition tð Þ ¼ 1� emaxI
IC50 þ I

; 06emax61 ð10Þ

is the maximum fractional ability of endostatin to affect endothelial
cell proliferation, and IC50 is the endostatin concentration that
induces 50% maximum inhibition at the effect site. If the hypoth-
esis is correct, this function affects growth, the first term in Eq. (7),
as a multiplicative factor. Thus, augmenting Eq. (4) with (7) and
(10), we get Eq. (11):

@E
@t
¼ r �ac Tð ÞErT � ahErF þ aerE½ �

þ ar 1� E
E0

� �
EG Tð Þ 1� emaxI

IC50 þ I

� �
� ad E ð11Þ

with G in (11) defined by Eq. (8). Equations (5), (6), and (9)
complete the four-PDE model.

As in (1), we normalize these PDEs by rescaling time: s ¼ t2d=tc.
Here td is the parent-vessel-to-tumor distance and tc is the TAF dif-
fusion coefficient, and the dependent variable concentrations by their
initial concentrations,T0, F0 and E0: T ¼ T

T0
, F ¼ F

F0
, E ¼ E

E0
, t ¼ t

s and
I ¼ I

I0
. Making the above conversions and removing the bar above

each symbol for clarity, the four normalized PDEs become:

@E
@t
¼ r �bc Tð ÞErT � bhErF þ berE½ �

þ br 1� Eð ÞEG Tð Þ 1� emaxI0I
IC50 þ I0I

� �
� bdE ð12Þ

@F
@t
¼ npE � nuEF ð13Þ

@T
@t
¼ �uuET ð14Þ

@I
@t
¼ �ccI þ cuUI ;ex ð15Þ

where bc Tð Þ ¼ bc1
1þbc2T , bc1 ¼ acT0

tc
, bc2 ¼ T0

k , be ¼ ae
tc
, bh ¼ ahF0

tc
,

np ¼
bpt2d E0

F0tc
, nu ¼

but2d E0

tc
, uu ¼

cut2d E0

tc
, br ¼

t2d r
tc
, bd ¼

t2d ad

tc
, cc ¼

ClI t2d
tcvp

, cu ¼
t2d

tcI0vp
and

G Tð Þ ¼ 0 ifT6T �

T � T � ifT �\T

�
ð16Þ

Table 1 includes the complete nomenclature and parameter
values.

Results

Simulation conditions

We used Euler�s finite difference approximation to
discretize the continuous PDEs for simulation, as in
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Anderson and Chaplain (1998). Details are given in the
Appendix for both the discretization and the biased
random-walk model of vessel growth used in the
simulations. In all results shown below, simulations
begin after TAF has diffused across the extracellular
space and reached the neighboring blood vessels, with
three initial clusters of endothelial cells, positioned at x=
0 on the square simulation space graphs, formed in re-
sponse to TAF stimulation. The tumor cells are posi-
tioned at x= 0.2 mm, the distance from parent vessel to
tumor, with x–y ranges from 0 mm to 0.2 mm in all fig-
ures. The initial concentration distributions of TAF and
Fn are described by exponentially decaying functions, as
given in Anderson and Chaplain (Anderson and Chap-
lain 1998). In their model and in ours, 2 s of scaled model
time are equivalent to 3 days real time. We express time
as real time, in days, in all figures.

We validated our model augmentations by repro-
ducing results reported in the reference, using the same
parameter values to test our model under the same
conditions (see Table 1). We first simulated spatiotem-
poral evolution of endothelial cell concentrations from
the parent vessel toward the linearly arranged tumor,
without haptotaxis. Thus, b=0.00035, bc2 =0.6, bc2 =
0.38, bh = 0.34, br = 0, bd = 0, np= 0.05, nu= 0.1, /u

=0.1, cu =0.1, cc =0, h = 0.005, and k = 1,000. Our
results, shown in Fig. 1, illustrate the wavefront of three
cell clusters moving parallel to each other, reaching the
tumor at about t= 6 days real time, as in Anderson and

Chaplain (Anderson and Chaplain 1998). The brightest
white in this and other figures represents the highest
density of cells, with lower densities to the left hardly
apparent.

We also simulated the migration of endothelial cells
in the presence of Fn (not shown), which was slower
than without Fn; lateral cell movement was more pro-
nounced, causing the cell clusters to spread vertically, all
as in Anderson and Chaplain (Anderson and Chaplain
1998). Vertical cluster spreading was more apparent
than in Fig. 1. Eventually the clusters joined to form a
continuous horizontal band. We then simulated the
growth of blood vessels without the influence of Fn (not
shown), clearly demonstrating that the trees of blood
vessels are drawn toward the linear array of tumors lo-
cated at x = 1 of the model space. Initial growth of
blood vessels (from t = 0 to t = 1.5 days) had trees of
vessels extending parallel to each other. Due to the
inherent stochastic nature of the biased random-walk
component of the model, the top two vessel trees are
drawn toward each other. This result is comparable to
that in Anderson and Chaplain (Anderson and Chaplain
1998); blood vessels still migrated rapidly toward the
tumors.

Under the influence of Fn, lateral extension of blood
vessels was more pronounced (not shown), correspond-
ing directly to an increased rate of branching. In addi-
tion, as early as t = 10–1/2 days real time, the network
of blood vessels formed a so-called brush-border. This
phenomenon has been observed in vitro (Muthukka-
ruppan et al. 1982).

In contrast, cell migration with the circular tumor had
different kinetics, shown at 1–1/2 days, 3 days, 4–1/

Fig. 1 Spatiotemporal evolution of three endothelial cell clusters
migrating toward a linear tumor, shown as a cross-hatched region
beginning at x = 2 mm and extending from y = 0 to y = 2 mm,
simulated without haptotaxis, proliferation or degradation of
endothelial cells. The x-y ranges are 0–2 mm in all graphs,
representing a distance of 2 mm between the parent vessel (at x
= 0) and tumor (at x = 2 mm), with tumor producing TAF along
the whole of x = 2 mm. For cells with diameter about 20 microns,
each cluster has about 10 cells at x = 0. The highest density clusters
dominate the graphs, as bright white growing objects. Lower
density clusters, not shown, follow behind these

Fig. 2 Spatiotemporal evolution of three endothelial cell clusters, as
in Fig. 1, but migrating toward a 0.2 mm diameter circular tumor,
in this case with both haptotaxis and chemotaxis, but without
proliferation or degradation. Eventually the growing clusters
reached the tumor
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2 days, and 6 days in Fig. 2, with both chemotaxis and
haptotaxis present. The cell clusters converged toward
the tumor located at the midline of the model space,
eventually reaching the tumor, as in Anderson and
Chaplain (Anderson and Chaplain 1998). Figure 3
depicts blood vessel growth in the presence of a single
circular tumor cluster located on the model space graph
as shown. The blood vessel growth pattern in Fig. 3
exhibits convergence toward the circular tumor, also as
in Anderson and Chaplain (Anderson and Chaplain
1998).

Simulation including endothelial cell proliferation
and degradation mechanisms

From Table 1, we use the additional parameter values:
ar = 5.56·10)5 and ad = 5.56·10)6 to include this
model extension. Migration of endothelial cells (not
shown) and blood vessel growth shown from 3 days to
15 days in Fig. 4 are as in Anderson and Chaplain
(Anderson and Chaplain 1998).

Exogenous endostatin and angiostatin
dosing simulations

We simulated single bolus injections of 20 mgÆkgÆday
and 200 mgÆkgÆday, and constant infusions of 20 mgÆk-
gÆday and 200 mgÆkgÆday for 20 simulated days. In these
first drug response runs, we used the reported human
endostatin clearance rate, scaled for the mouse (see
Table 1), ClI= 5.54·10)5 l/s. Neither bolus dosage was
predictively capable of arresting vessel growth or cell
migration (Fig. 5 and Fig. 6). In contrast, Fig. 7 shows

that constant infusions stop vessel growth at t = 3 days
real time, even for the lower 20 mgÆkgÆday dose.

We repeated the above simulations over an eightfold
range of drug clearance rates, 0.3·10)5 to 10)4 l/s, which
include the scaled values for endostatin, and also for
angiostatin clearances (see Table 1), assuming that
angiostatin might act via a quantitatively similar mech-
anism, directly or indirectly, e.g., via a pathway
mechanism that ultimately inhibits or blocks endothelial

Fig. 3 Spatiotemporal evolution of vessel growth toward a single
0.2 mm diameter circular tumor, with both haptotaxis and
chemotaxis, but without proliferation or degradation of endothelial
cells. Eventually the vessels reached the tumor

Fig. 4 Spatiotemporal evolution of vessel growth toward a linear
tumor, extending from y = 0 to y = 2 mm at x = 2 mm, as in
Fig. 1, with haptotaxis, chemotaxis, proliferation, and degradation
of endothelial cells all included

Fig. 5 Spatiotemporal evolution of three endothelial cell clusters
migrating toward the same linear tumor as in Fig. 4, with
haptotaxis, chemotaxis, proliferation, and degradation of endothe-
lial cells all included, and an endostatin bolus injection of
200 mgÆkgÆday. Eventually the clusters reached the tumor
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cell proliferation. For this range, neither bolus dose
arrested angiogenesis over the same simulation interval.
In contrast, all simulations with constant infusion inputs
of drug arrested vessel growth at t = 3 days real time,
even with the lower dose. This is illustrated for the
largest clearance rate and lowest dosage in Fig. 8. For
clearance rates greater than this range (not shown),
neither constant infusion nor the bolus dose inputs were

predictively capable of stopping vessel growth over the
20 days of simulated inputs.

Discussion

Drug dynamics in vivo are generally governed by
mathematically nonlinear processes, most commonly
receptor or other mass action-based interactions and,
among other things, this means that the manner in
which a drug is introduced can influence its effectiveness
in vivo. Certainly, if the rate of elimination of the drug is
so rapid that it does not remain at the active site long
enough, or in sufficient concentration, it will not have its
desired effect; but fabricating the drug so that its clear-
ance rate is reduced may or may not overcome this
problem, depending on its mechanism of action and
possibly other complicating factors. When the mecha-
nism is nonlinear, the dynamic response of the drug-host
system is dependent on the shape as well as the magni-
tude of the (exogenous drug) input, a well-known
property of nonlinear systems. This seems to be the case
for the nonlinear anti-angiogenesis model considered
here: presumably equipotent inputs of different shape
over time, i.e., repeated pulse-dose versus constant
infusion inputs, with equal integrals (or AUCs), generate
different simulated biosystem responses, one effective the
other not.

In our analysis, we first showed that simulation re-
sults obtained with our new model, which incorporates
additional terms depicting (nonlinear) proliferation and
(linear) degradation of endothelial cells, are consistent

Fig. 6 Spatiotemporal evolution of vessel growth toward the same
linear tumor as in Fig. 4, with haptotaxis, chemotaxis, prolifera-
tion, and degradation of endothelial cells, and an endostatin bolus
injection of 200 mgÆkgÆday. Eventually the vessels reached the
tumor

Fig. 7 Spatiotemporal evolution of vessel growth toward the same
linear tumor as in Fig. 4, with haptotaxis, chemotaxis, prolifera-
tion, and degradation of endothelial cells and an endostatin infusion
of 20 mgÆkgÆday. Vessel growth ceased at t = 3 days real time. In
this simulation, clearance was the scaled measured value for
endostatin, 5.54·10)5 l/s

Fig. 8 Spatiotemporal evolution of vessel growth toward the same
linear tumor as in Fig. 4, with haptotaxis, chemotaxis, prolifera-
tion, and degradation of endothelial cells, and an endostatin
infusion of 20 mgÆkgÆday. In this case, the max of the range of
clearances tested, 10)4 l/s, was used. Again, vessel growth ceased at
3 days real time
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with corresponding results in Anderson and Chaplain
(Anderson and Chaplain 1998). We augmented the
model in this manner to make it more realistic for
representing pathologies. We also incorporated a non-
linear indirect inhibition function (Sharma and Jusko
1998), for representing the effects of endostatin and
similarly acting TAF inhibitors on growth of endo-
thelial cells and the dynamics of angiogenesis during
anti-angiogenic drug treatment. We simulated two
dosing patterns for endostatin as input to our model:
bolus injection and constant infusion. For each one, we
simulated responses for two drug dosage levels, single
daily or 20-day infusions of 20 mgÆkgÆbody weight
(BW), the dosage of choice in most preclinical studies
(Sim et al. (2000), or a tenfold greater simulated dose:
200 mgÆkgÆBW.

Simulated constant infusion of endostatin predictively
yielded more promising results: blood vessels stopped
growing as early as t = 3 days real time. We reproduced
this result with two different endostatin infusion rates,
strongly suggesting that the consistent inhibition pre-
dicted by simulation is not due to chance associated with
the stochastic nature of the model, and a tenfold greater
(200) than typical dosage (20) was not enough to over-
come the deficiency of the pulse-dosing pattern. Indeed,
our results are also consistent with real data on angiost-
atin dosing patterns inmice, where continuous infusion of
the drug had a dramatically improved anti-angiogenic
effect over even twice daily administration of the same
dose, from 1 mgÆkgÆday up to 100 mgÆkgÆday (Drixler
et al. 2000). In these same studies, constant infusion of
100 mgÆkgÆday resulted in significantly greater inhibition
of the growth of primary and metastatic tumors, lending
support to use of constant infusion rather than pulse-dose
drug inputs for both anti-angiogenic and tumoricidal ef-
fects (Sim et al. 2000).

Recent results by McDougall et al. (McDougall et al.
2002) lend further support to our results, as well as a
possible biophysical explanation for the efficacy of con-
stant over pulsed inputs. This group simulated the
dynamics of distributed flow of an arbitrary chemo-
therapeutic drug in a newly generated vascular network
following angiogenesis of a tumor. This 2-D model pre-
dicts that the drug rapidly bypasses the tumor region
following IV bolus drug administration, diluted by fresh
blood following passage of the bolus within the larger
network of already diluting flow pathways. In contrast,
the flow dynamics following IV continuous infusion re-
sulted in persistence of the drug in the blood vessels
adjacent to the tumor, a proximity presumably necessary
for anti-angiogenic or other therapeutic action.

We also explored the effectiveness of endostatin
therapy as a function of its plasma clearance rate, by
varying the clearance rate over an eightfold range, which
included the value for endostatin clearance, scaled from
human kinetic data. The angiostatin clearance rate re-
ported for rat and scaled to mouse also is included in
this range, and therefore our results should apply for
angiostatin, if its mechanism of action is similarly

modeled, even via a specifically different mechanism
than that of endostatin (Sim et al. 2000), but with equa-
tions also depicting direct or indirect inhibition of endo-
thelial cell proliferation, as in Eqs. (10) and (11). In this
sense, thewaywehave implemented inhibitionofTAFsby
endostatin in our model is robust. It may be a reasonable
way of implementing direct or indirect effects of other
candidates in the growing list of pro-angiogenic factors,
including those involved in suppressing the effects of the
bFGFs and VEGFs (Novak 2002a) as well as others.

We hasten to point out that, at the time of
anti-angiogenic drug treatment, our model represents
treatment of continuing extratumoral angiogenesis of
established tumors, which typically have a fairly well-
developed blood supply, with vessels penetrating the
tumors to various depths. For a more precise under-
standing of tumor angiogenesis in all its stages, it will be
of interest to extend our model to include intratumoral
vasculature dynamics, including pressure effects, vessel
degradation, and temporal variations in blood flow due
to transient vascular occlusion or spasm, among other
processes.

In conclusion, our new model predicts that constant
infusion of endostatin and similarly acting agents is
more effective therapeutically on inhibiting or arresting
extratumoral angiogenesis than are equipotent bolus
injections, at least in the mouse, over an eightfold range
of clearance rates of the drug. Nevertheless, clearance
rates still matter, as neither dosing pattern was effective
for clearance rates greater than about 10)4 l/s in the
mouse model.

Appendix: Discretization of the augmented continuous
PDEs and the biased random walk model of vessel growth

We use Euler�s finite difference approximation to dis-
cretize the continuous PDE for simulation, as in
Anderson and Chaplain (Anderson and Chaplain 1998).
The gradient vector operator �V, expressed in terms of
the two space variables, x and y, is

r ¼ i
@

@x
þ j

@

@y
ðA1Þ

where i and j are vectors in the x and y directions
respectively. Expanding Eq. (12) using (A1) gives:

@E
@t¼beð@

2E
@x2þ@

2E
@y2Þ� @

@xðbcðT ÞE@T
@xÞ� @

@yðbcðT ÞE@T
@yÞ

� @
@xðbhE@F

@xÞ� @
@yðbhE@F

@yÞ
�brEð1�EÞGðT Þð1� emaxI0I

IC50þI0IÞ�bdE

ðA2Þ

The simulation space is discretized by setting x = hl,
y = hm and time t = kq, where h is the fractional grid
step and k is the fractional time step. The first and sec-
ond derivatives are approximated using the following
explicit Euler scheme:
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@v qþ 1½ �
@t

¼ v qþ 1½ � � v q½ �
k

ðA3Þ

@v l;m½ �
@x

¼ v lþ 1;m½ � � v l� 1;m½ �
2h

ðA4Þ

@v l;m½ �
@y

¼ v l;mþ 1½ � � v l;m� 1½ �
2h

ðA5Þ

@2v l;m½ �
@x2

¼ v lþ 1;m½ � � 2v l;m½ � þ v l� 1;m½ �
h2

ðA6Þ

@2v l;m½ �
@y2

¼ v l;mþ 1½ � � 2v l;m½ � þ v l;m� 1½ �
h2

ðA7Þ

Equations (A3)–(A7) substituted into Eq. (A2) and
Eqs. (13)–(16) provide the discretized version for sim-
ulation. However, we additionally augment these
recursive equations with stochastic behavior, by intro-
ducing the biased random walk parameters A0, A1, ...,
A4 for predicting endothelial cell migration behavior,
as in Anderson and Chaplain (Anderson and Chaplain
1998). This gives:

E½l;m;qþ1�¼A0E½l;m;q�þA1E½lþ1;m;q�þA2E½l�1;m;q�
þA3E½l;mþ1;q�þA4E½l;m�1;q�
þkbrE½l;m;q�ð1�E½l;m;q�ÞGðT ½l;m;q�Þ

ð1� ImaxI0I ½l;m;q�
IC50þI0I ½l;m;q�

Þ�kbdE½l;m;q� ðA8Þ

F l;m; qþ 1½ � ¼ F l;m; q½ � 1� knuF l;m; q½ �ð Þ
þ knpE l;m; q½ � ðA9Þ

T l;m;qþ1½ �¼T l;m;q½ � 1þkuuE l;m;q½ ��kK1E l;m;q½ �ð Þ
ðA10Þ

I l;m; qþ 1½ � ¼ 1� kccð ÞI l;m; q½ � þ kcuUI ;ex ðA11Þ

where the probability functions describing endothelial
cell migratory behavior are:

Specifically, A0 is proportional to the probability of
no movement; A1, A2, A3, and A4 are proportional to the
probability of moving to the right, left, up and down
respectively along the chosen grid. Given that blood
vessel growth is influenced primarily by migration,

branching and mitosis of endothelial cells, the rationale
for this model is based on the following four assump-
tions (Anderson and Chaplain 1998): (a) The concen-
tration of endothelial cells near the tip of a sprout must
be adequate for lengthwise growth. (b) There must be
enough space for lengthwise growth. (c) The direction of
growth depends on the five probability functions noted
above: A0 – A4. As in Anderson and Chaplain (1998), we
construct five ranges: R0 ¼ ½0;A1�;Rj ¼ ½

Pj�1
i¼0 Ai;Pj

i¼0 Ai, j =1,2,3,4. A random number is generated, and
depending on the range in which this number falls, the
direction of growth will change. If it falls in R0, the
sprout will remain stationary. However, if it falls in
either R1, R2, R3 or R4, the current vessel branch will
extend in either the right, left, up or down direction
along the chosen grid. (d) Branching occurs only at the
sprout tip, and only if: (i) the age of the sprout is greater
than some threshold Ga; (ii) there is enough space for
creation of new branch; (iii) the endothelial cell
concentration at the branching site is high enough,
xn>Cd , and (iv) the probability of branching is
proportional to the TAF concentration. A piecewise-
continuous representation of the probability function
was used in (1). In our augmented model, it was
convenient to use a continuous probability function,
with a similar shape: Pb xc½ � ¼ 1

1þd xcð Þr with d and r as
positive constants because its shape can be precisely
controlled by adjusting its parameters, d and r. Pb,max =
1 and Pb;min ¼ 1

1þd, and its inflection point is controlled
by r.
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