
Abstract. A morphologically descriptive mathematical
model was developed to study the role of labyrinthine
geometry in determining sensitivities of each semicircu-
lar canal to angular motion stimuli in three-dimensional
(3D) space. For this, equations describing viscous ¯ow
of the endolymph and poro-elastic response of the
cupulae were coupled together and solved within a 3D
reconstructed geometry. Results predict the existence of
prime rotational directions about which the labyrinth
resolves 3D angular movements into separate vectorial
components. The components are predicted to be
transmitted to the brain separately, one coded by each
canal nerve. Prime directions predicted by the model are
non-orthogonal, distinct from the anatomical canal
planes, and distinct from the directions of rotation
which elicit maximal responses of individual canal
nerves. They occur for each canal along the intersection
of the two null planes de®ned by its sister canals. Hence,
rotation about a prime direction excites only one canal
nerve. This contrasts the situation for rotations about
anatomical canal planes, or about maximal response
directions, where the model predicts activation of
multiple canal nerves. The prime directions are sensitive
to labyrinthine morphology and, hence, are predicted
to vary between species and, to a lesser extent, vary
between individual animals. Prime directions were esti-
mated in the present work using a mathematical model,
but could be determined experimentally based on the
directional sensitivities of individual canal nerves. The
model also predicts the existence of dominant eigen-
modes and time constants associated with rotation in
each of the prime directions. Results may have implica-
tions regarding the central representation of angular
head movements in space as well as the neuronal
mappings between three-canal a�erent inputs and motor
outputs.

1 Introduction

The primary function of the vestibular semicircular
canals is to encode the direction and temporal pattern of
angular head movements and relay the information to
the brain. To achieve this goal, the system must
construct a representation of a three-dimensional (3D)
axial vector which changes length and direction with
time. For rotation about a ®xed direction, temporal
information is encoded by frequency and amplitude
dependent responses of individual a�erent nerves (Low-
enstein and Sand 1940; Goldberg and Fernandez 1971;
FenaÂ ndez and Goldberg 1971; Blanks et al. 1975; Estes
et al. 1975; Schneider and Anderson 1976; O'Leary and
III 1979; Landolt and Correia 1980; Segal and Outer-
bridge 1982; Boyle and Highstein 1990; Brichta and
Goldberg 1996). A�erent responses of a single canal
nerve, however, do not carry su�cient information to
determine the direction or absolute magnitude of
angular head motion. For this, it is necessary to consider
responses from nerves of three or more sensory end
organs. We focus here on the semicircular canal
ampullary organs. In species ranging from elasmo-
branchs to primates, labyrinths generally consist of
three slender toroidal ducts arranged in roughly orthog-
onal planes (Gray 1907; Gray 1908; WersaÈ ll and Bagger-
SjoÈ baÈ ck 1974; Graf 1988). As ®rst suggested by Mach
(Mach 1875), this specialized morphology is responsible
for decomposition of the 3D rotational head movements
into three individual components, one associated with
each semicircular canal nerve. Recordings from single
a�erent nerves show the existence of maximal response
directions, and corresponding null planes, that are
distinct for each canal (Blanks et al. 1975, 1985; Estes
et al. 1975; Reinsine et al. 1988; Dickman, 1996). The
maximal response direction and so-called sensitivity
vectors of canal a�erents are well described using a
simple 3D cosine rule. The cosine rule follows directly
from simple mathematical models of semicircular canal
macromechanics dating back to Steinhausen (1933).
More recently, Oman et al. (1987) demonstrated that
null planes also exist for more complex model geome-
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tries. Hence, the evidence continues to support Mach's
1875 proposition: the vestibular labyrinth is sculpted in
3D space to mechanically decompose arbitrary angular
head movements into components, one component
carried by each canal nerve. This decomposition under-
lies the ability to sense the magnitude and direction of
angular head movement.

A�erent signals from individual ampullary organs are
ultimately combined centrally with numerous other
sensory inputs for the central representation of head and
body movements in 3D space. In the vestibulo-ocular
re¯ex (VOR) and vestibulo-collic re¯ex (VCR) systems,
the central representation must be transformed to match
the kinematics and kinetics of motor outputs (Robinson
1982; Ezure and Graf 1984a; Pellionisz and Graf 1987).
The speci®c neuronal architecture and synaptic contacts
necessary to implement the proper re¯ex action depends
strongly on how 3D motion is sensed and conveyed
centrally. There is evidence suggesting that, at least on a
subcortical level, the central nervous system may be or-
ganized to represent angular movements primarily using
canal-based coordinates. Some regions of the vestibular
nuclei receive terminating a�erent ®bers primarily from
individual canals (Lorente de NoÂ 1933). Anatomical and
physiological characteristics of second-order vestibular
neurons reveal a strong correspondence to individual
canal nerves (Uchino et al. 1979, 1980; McCrea et al.
1980, 1987a,b; Graf et al. 1983, Harai and Uchino 1984,
Graf and Ezure 1986; Fukushima et al. 1990). Electrical
stimulation of individual canal nerves further indicates
that most second-order neurons in the vestibular nuclei
receive inputs primarily from one semicircular canal
(Suzuki et al. 1969; Curthoys and Markham 1971;
Markham and Curthoys 1972; Sans et al. 1972; Wilson
and Felpel 1972; Kashara and Uchino 1974; Abend
1977). These same neurons also receive critical inputs
from the visual system (Waespe and Henn 1977; Fuku-
shima et al. 1990), thus indicating that 3D multisensory
convergence takes place partially in the canal-based di-
rections (Collewijn 1975; Ho�mann 1982; Ho�mann
1988). The canal-based directions also appear to be uti-
lized by the visual system, at least on the sub-cortical
level (Graf 1988; Simpson et al. 1988). This has impor-
tant general implications regarding ocular, postural and
motor control (Berthoz and Grantyn 1986; Vidal et al.
1986; Cohen 1988; Peterson et al. 1992). There is evidence
that the canal-based representation also extends to the
cerebellum (Ito 1984, Graf 1988). It is, therefore, critical
to precisely understand what the canal-based coordinate
system is and how it is predetermined by the morphology
and macromechanics of the labyrinth.

Mach (1875) focused attention on the physiological
role of anatomical canal planes. The introduction of
single-unit recording techniques has since shown that
canal planes are not precisely aligned with maximal re-
sponse directions of individual a�erents. Directions of
maximal sensitivity are reported to di�er from anatom-
ical canal planes by an average of �7� in cat (Estes et al.
1975) and�6� in monkey (Reisine et al. 1988). In pigeon,
the average di�erence is reported to be �10� in the hor-
izontal canal (HC), �8� in the posterior canal (PC) and

�26�±56� in the anterior canal (AC) (Dickman 1996).
Discrepancies are even larger when individual animals
are considered rather than averages (Reisine et al. 1988).
Clearly canal planes do not represent the coordinate
system used to decompose 3D angular head movements.
Therefore, models often use the maximal response di-
rections of the nerves to decompose angular head
movements into three components. Maximal response
directions, however, do not fall precisely in the null
planes of the sister canals (Estes et al. 1975; Reisine et al.
1988; Dickman 1996). The fact that rotation about a
single maximal response direction excites the sister canals
shows that these directions are not actually used by the
labyrinth to parse the 3D motion into components as-
sociated with each nerve. The a�erent nerves must be
representing the direction of rotation in some other way.

In the present work we seek to describe natural co-
ordinates of the three-canal vestibular labyrinth that
constrain the way in which directional information is
sensed and represented. For this purpose, a new math-
ematical model was developed to describe endolymph
¯ow and cupular dynamics in the morphologically cor-
rect 3D membranous labyrinth. The model was then
applied to determine prime directions which are pre-
dicted to be the directions used by the canals to de-
compose angular movements into components
represented in each canal nerve. An asymptotic solution
of the Navier-Stokes equations previously derived by
Damiano and Rabbitt (1996) was used to model endo-
lymph ¯uid dynamics within each continuous duct of the
membranous labyrinth. This approach provides results
similar to that of Oman et al. (1997) and has been ap-
plied previously to single canals (Damiano and Rabbitt
1996; Oman et al. 1987). In the present work, ¯ow in the
HC, AC, PC, common crus (CC) and utricular segments
were coupled together at the bifurcation points using
conservation of ¯uid mass and continuity of pressure.
Equations describing the ¯uid were further coupled to
poro-elastic models for the cupulae thus providing a
closed system of equations.

2 Model geometry

The model requires, as an input, the full 3D geometry of
the membranous vestibular labyrinth. The only com-
plete 3D reconstruction appearing in the literature to
date is for a teleost ®sh, the oyster toad®sh Opsanus tau
(Ghanem et al. 1998). We therefore applied the model to
this species to generate speci®c results for discussion.
The gross morphology of the system is remarkably
preserved across species to such an extent that the
toad®sh labyrinth is quite similar to that of primates and
human (Igarashi 1967; Igarashi et al. 1981, Igarashi et al.
1983; Ghanem et al. 1998). Prime directions and model
predictions will, of course, vary for other species, but the
concepts should be universal across a very broad
spectrum of animals. Figure 1 shows the geometry of
the right toad®sh membranous labyrinth. Figure 1A
provide two views of a surface reconstruction of the
right labyrinth indicating the HC, AC and PC. Figure1-
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B,C are dorsal views illustrating the orientation of the
labyrinth in the head relative to the lateral line ``T'' ridge
with ``0'' denoting the origin of the skull ®xed coordinate
system. The solid curve indicates the centerline of the
HC, the short dashed curve indicates the centerline of
the AC and the long dashed curve indicates the curved
centerline of the PC. Curved sn coordinates are de®ned
to run along each of these centerlines with origins at the
respective cupulae. Local cross-sectional dimensions of
each of the canals and the CC were taken from the
reconstruction to determine the cross-sectional area
functions provided in Fig. 1D. These cross-sectional
area functions and centerline coordinates are used
directly in the present model. In the present numerical
results, rotation of the head was about the midline
directly between the left and right labyrinths.

3 Model for the endolymph

We assume that the membranous labyrinth is perfectly
rigid and attached securely to the skull. Head movements

are therefore transmitted directly, without modi®cation,
to the membranous ducts. We further assume that the
ducts are ®lled with an incompressible viscous ¯uid
undergoing unsteady Stokes ¯ow. Each segment of
labyrinth is modeled as a curved tube undergoing
prescribed angular and linear accelerations. The acceler-
ation gives rise to inertial forces which are counteracted
by pressure and viscous shear stresses. In the present
model, we are interested only in the macromechanical
¯uid displacements within each duct and ampullae, and
hence it is su�cient to integrate the velocity distribution
across the cross-sectional area and consider only the
volume ¯ow rate. Since each duct segment is modeled as
perfectly rigid, the volume ¯ow is constant along the
segment but the ¯uid velocity changes in magnitude to
account for changes in cross-sectional area. These
features have been previously modeled by Oman et al.
(1987) and Damiano and Rabbitt (1997) to arrive at a
relatively simple second-order di�erential equation re-
lating the endolymph volume displacement Qn to head
movements and pressure gradients. The model for each
uninterrupted segment of the duct takes the form

Fig. 1A±D. Model geometry. The membranous labyrinthine
model geometry is illustrated as dorsal and caudal views (A).
Centerlines of the horizontal canal (HC, solid), anterior canal
(AC, short-dashed) and posterior canal (PC, long-dashed) are
shown relative to the ®sh in B and expanded in C.~Rn is a vector
running from the axis of rotation to the centerline of each canal
segment. The trajectories of~Rn de®ne the centerline coordinates
sn. Centerlines for the HC, AC and PC originate at the cupulae
and run in the direction of the duct lumen, while the centerline
of the common crus (CC) has its origin at the utricular vestibule
and runs in the direction of the crus apex. Cross-sectional area
functions for the HC, AC, PC and CC of the right labyrinth are
shown in D as a functions of the centerline coordinates

419



mn
d2Qn

dt2
� cn

dQn

dt
� knQn � Pn�ln� ÿ Pn�0� � fn ; �3:1�

where the parameters mn, cn and kn are the equivalent
mass, damping and sti�ness of the nth segment. Values
of these parameters are directly determined from the 3D
morphology and physical constants using (Oman et al.
1987; Damiano and Rabbitt 1996)

mn �
Z ln

0

q
A�s� ds

� �
; �3:2�

cn �
Z ln

0

lk

A�s�2 ds

 !
; �3:3�

and

kn �
Z ln

0

ck

A�s�2 ds

 !
: �3:4�

The curved coordinate 0 � sn � ln runs along the
centerline of the duct segment. A�s� is the cross-sectional
area as a function of the curved centerline coordinate.
q is the density, l is the viscosity and c is the shear
sti�ness of the endolymph (Note that c � 0 for a linear
Newtonian ¯uid). The factor k is a non-dimensional
number that relates the volume ¯ow rate to shear stress
acting on the wall. It appears in both expressions for the
equivalent damping and the equivalent sti�ness. In the
present model, we assume Poiseuille ¯ow such that
k � 8p. This assumption is appropriate for low frequen-
cies of head movement such as volitional movements
(Oman et al. 1987; Damiano and Rabbitt 1996). It is
notable that the e�ective mass is proportional to the
inverse of the cross-sectional area while the e�ective
damping is proportional to the inverse of the cross-
sectional area squared. Hence, slender regions of each
duct dominate determination of coe�cients. In addition
to terms on the left hand side of Eq. (3.1), a pressure
gradient Pn�ln� ÿ Pn�0� and an inertial forcing term fn
appear on the right. The inertial forcing is

fn �
Z ln

0

q ~A� �~X�~R�s�
� �

� _~X� _~X�~R�s�
� �h i

� d~s ;

�3:5�
where ~A�t� is the acceleration of the origin of the head-
®xed coordinate system relative to a ground-®xed
inertial frame. The vector

_~X is the angular velocity and
�~X is the angular acceleration of the head relative to the
inertial frame, both resolved into vectorial components
in the head-®xed system. The vector ~R�s� runs from the
head-®xed origin to the local duct centerline. Since the
length of ~R is constant in time, Coriolis and linear terms
associated with the rate of change of length of ~R�s� do
not appear in Eq. (3.5) (Coriolis, linear, tangential and

centripetal terms terms may appear in~A�t� depending on
the particular coordinate system and stimulus used). The
second and third terms in Eq. (3.5) are due to angular
acceleration and angular velocity of the head-®xed

system relative to the inertial system and are denoted
as the tangential and centripetal accelerations of the
membranous labyrinth, respectively. Inertial forces
associated with movement of the ¯uid relative to the
duct arise on the left hand side of Eq. (3.1) (Damiano
and Rabbit 1996). In the present model, ~A�t� and
_~X� � _~X�~R�s�� acceleration components contribute to
the local pressure in the ducts but actually do not
in¯uence the displacement of cupulae. This is because
they cause exactly the same pressure changes on both
sides of each cupulae. Proof of this reduction for the
case of a rigid membranous duct is provided follow-
ing Eq. (5.22). Hence, in the present model, it is
su�cient to use

fn �
Z ln

0

q �~X�~R�s�
� �

� d~s : �3:6�

Note that this simpli®cation would not be valid if
membranous duct ¯exibility had been included. For 3D
motions it is important to note the di�erence between
angular positions resolved in the head-®xed system
versus the ground-®xed system. The components of
angular acceleration vector in the head-®xed system are
determined from the inertial acceleration vector by
application of the orthonormal rotation matrix M
following

�~X �M
�~Xinertial �3:7�

where
�~Xinertial is the angular acceleration written in the

ground-®xed inertial reference frame and
�~X is the same

acceleration vector resolved into the head-®xed system.
For rotations about ®xed axes, the coordinate system
can be selected to render M the identity matrix, so M is
not needed for rotations about ®xed axes.

Versions of Eqs. (3.1)±(3.6) have been applied pre-
viously to model endolymph ¯uid mechanics in the
horizontal canal (Oman et al. 1987; Damiano and
Rabbitt 1996). In these models endolymph ¯ow is as-
sumed to be restricted to a single canal. Coe�cients are
determined by integrating Eqs. (3.2)±(3.6) around the
closed loop formed by the centerline of the canal. Since
the centerline s returns to its origin the pressure gradient
DP � Pn�ln� ÿ Pn�0� appearing in Eq. (3.1) is simply the
pressure gradient acting across the cupula. This results
in a simple second-order di�erential equation for the
volume displacement Q when combining the ¯uid
equations with a simple spring-mass-damper model of
the cupula. The system is highly overdamped, corre-
sponding to low Reynolds' number ¯ow, due to the
viscosity of the endolymph and small dimensions of the
canal duct.

In the present analysis, we apply Eqs. (3.1)±(3.6) to
all three canals. In the toad®sh, the labyrinth has four
natural bifurcations (1±4, Fig. 1A) that de®ne six in-
dividual segments. The ®rst segment de®nes the HC
and ampulla, the second de®nes the AC and ampulla,
the third de®nes the PC and ampulla, the fourth de®nes
the CC, the ®fth de®nes the anterior section of the
utricular vestibule (UA) and the sixth de®nes the pos-
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terior section of the utricular vestibule (UP). This de-
®nes six curved centerline coordinates sn, where n de-
notes the segment (n = HC, AC, PC, CC, UA, UP).
We further divide each canal segment at the center of
each ampulla in order to solve for the pressure di�er-
ential acting across the cupulae. Each segment is
modeled using the Eqs. (3.1)±(3.6) as a slender duct,
curved in space, and subject forces associated with
head movements. The pressures, Pn, and endolymph
volume displacements, Qe

n, appearing in these equations
are related to one another by pressure continuity and
conservation of ¯uid volume at each of the four bi-
furcation points. The superscript ``e'' denotes the
endolymph. Using continuity of pressure and conser-
vation of volume we can eliminate the pressure gradi-
ents and reduce the number of dependent variables to
three. After some algebra we ®nd

Me d
2~Qe

dt2
� Ce d

~Qe

dt
� Ke~Qe � ~F e ÿ D~P ; �3:8�

where the vector ~Qe contains the volume displacements
of the three cupulae

~Qe �
Qe

HC

Qe
AC

Qe
PC

24 35 ; �3:9�

and the vector D~P contains the three transcupular
pressure gradients

D~P �
DPHC

DPAC

DPPC

24 35 : �3:10�

The mass, damping and sti�ness matrices are

Me �
mHC ÿmUA ÿmUP

ÿmUA mAC ÿmCC

ÿmUP ÿmCC mPC

24 35 ; �3:11�

Ce �
cHC ÿcUA ÿcUP

ÿcUA cAC ÿcCC
ÿcUP ÿcCC cPC

24 35 ; �3:12�

and

Ke �
kHC ÿkUA ÿkUP

ÿkUA kAC ÿkCC
ÿkUP ÿkCC kPC

24 35 : �3:13�

Elements of these matrices are computed using Eqs.
(3.2)±(3.4). Note that the sti�ness matrix is zero if the
endolymph is modeled as an ideal Newtonian ¯uid. The
forcing vector is

~F e �
ÿfHC ÿ fUA ÿ fUP

ÿfAC ÿ fCC � fUA

ÿfPC � fCC � fUP

24 35 : �3:14�

4 Model for the cupulae

Equation (3.8) relates the volume displacements of
endolymph in the three canals to prescribed head
movements and pressure gradients across the three
cupulae. To close the system, we must also specify a
model for the cupulae. In most previous models of
semicircular canal mechanics it was assumed that the
cupulae were simple elastic structures (Steinhausen 1933;
Buskirk et al. 1976; Oman et al. 1987) or visco-elastic
structures (Rabbitt et al. 1994, 1998). These models
further assume that cupulae are impermeable to endo-
lymph. The ultrastructure of the cupula is not completely
consistent with this type of model. The cupulae are
porous and consist of hydrated mucopolysacharide gels
containing oriented ®ber networks (Hillman 1974; Silver
et al. 1997). Damiano (1997, 1999) attempted to incor-
porate the poro-elastic material behavior of the cupula
using bi-phasic mixture theory. In this theory, the cupula
was modeled as consisting of a ¯uid phase and a solid
phase, each of which occupies a certain volume fraction
of the space (Craine et al. 1970; Browen 1976; Mow et al.
1984). We follow a similar approach here by relating the
volume displacement of the solid-matrix phase of each
cupula to the corresponding interaction pressure gradient
using

Mc d
2~Qc

dt2
� Cc d

~Qc

dt
� Kc~Qc � D~P �~F c ; �4:15�

where Mc, Kc and Cc are diagonal and contain the
equivalent mass, sti�ness and viscosity of the HC, AC
and PC cupulae. The individual elements are again
calculated from Eqs. (3.2)± (3.4) but using the e�ective
density q! qc, viscosity l! lc and shear sti�ness
c! cc of the cupula. ~F c is the inertial forcing due to the
mass of each cupulae and is computed using Eq. (3.6)
where q is the total density including both the ¯uid and
solid constituents. The integrations in Eqs. (3.2)±(3.6)
are carried out through the thickness, hc of each cupula.
D~P is the interaction force between the solid-cupular
matrix and the endolymph. This interaction force is
assumed to be proportional to the relative velocities of
the ¯uid phase and the solid phase according to Darcy's
law such that the pressure gradient across the cupula is

D~P � C
d~Qe

dt
ÿ d~Qc

dt

 !
: �4:16�

This pressure gradient appears in the momentum
equations for the cupulae (4.15) and the endolymph
(3.8) and couples the volume displacement of the
cupulae to that of the endolymph. In Eq. (4.16), C is
inversely related to Darcy's constant Da, the solid-matrix
volume fraction w, and the cupular cross-sectional area
Ac, according to C � �DawAc�ÿ1.

5 Coupled three-canal model

Combining Eq. (3.8) describing endolymph ¯uid me-
chanics, Eq. (4.15) describing the visco-elastic response
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of the solid phase of the cupula, and Eq. (4.16)
describing the interaction between the endolymph and
the solid phase of the cupula we ®nd

M
d2~Q
dt2
� C

d~Q
dt
� K~Q � ~F : �5:17�

The dependent variables are the endolymph volume
¯ows in each canal and the cupular volume displace-
ments according to

~Q � ~Qe

~Qc

� �
: �5:18�

The mass, sti�ness and damping matrices are

M � Me 0
0 Mc

� �
; �5:19�

C � Ce � C ÿC

ÿC Cc � C

� �
; �5:20�

where C � CI, and

K � Ke 0
0 Kc

� �
: �5:21�

The ®rst three rows of the inertial forcing vector are
associated with the endolymph and the second three
rows with the cupulae following

~F � ~F e

~F c

� �
: �5:22�

For the special case of impermeable cupulae, C!1
and the cupular and endolymphatic volume displace-
ments become identical for each canal. In this case,

Eq. (5.17) reduce to a set of three equations for ~Q! ~Qc

(or ~Qe) withM!Me �Mc, C! Ce � Cc, K! Ke � Kc

and ~F ! ~F e �~F c.
As noted above, it is su�cient to use Eq. (3.6) rather

than Eq. (3.5). This is con®rmed by the form of
Eq. (5.22). Substitution of Eq. (3.5) into any row of
Eq. (5.22) results in an integral around a closed contour.
The integrand for the case of linear acceleration is a
constant, hence the contour integral evaluates to zero by
Stokes' theorem. The centripetal term also evaluates to
zero by application of Stokes' theorem. This proof also
requires one to apply the triple-product rule to convert
the cross products to inner products, and to note that
the labyrinth moves as a rigid body rendering the gra-
dient terms equal to zero.

6 Rotational eigendirections

Eq. (5.17) is a set of six, coupled, second-order
di�erential equations. These equations are particularly
simple in that all three matrices M, C and K, are
symmetric. The behavior of the system in response to
head movements is characterized by the solution of the
homogeneous equations, the eigenproblem. Solution of

the eigenproblem is facilitated by recasting the equations
into Hamilton's canonical form as

C? d
~Q?

dt
� K?~Q? � ~F ? ; �6:23�

where ~Q? is a 12-element vector containing the cupulae
volume displacements, endolymph volume displace-
ments and corresponding velocities as

~Q? �
d~Q
dt
~Q

" #
; �6:24�

The symmetric C? and K? matrices are

C? � 0 M
M C

� �
; �6:25�

and

K? � ÿM 0
0 K

� �
: �6:26�

The forcing vector ~F ? is

~F ? � ~0
~F

� �
: �6:27�

Considering the transient response, the solution to
the homogeneous version of Eq. (6.23) is ~Q? � ~Eeat.
This yields the eigenproblem D� aI� �~E �~0, where the
dynamical matrix D � C?ÿ1K?

ÿ �
. The transient part of

the solution can be written as a sum of eigenmodes such
that

~Q? �
X6
j�1

~E?
j e

ajt : �6:28�

It will be shown in the Sect. 7 that the system is
overdamped such that all 12 of the eigenvalues are real
valued negative numbers. A transient head movement
will therefore generate cupulae displacements that decay
in time as a sum of 12 time constants.

A natural question is, are there any special head
movements that excite only one of the eigenmodes and
thereby evoke only one time constant and synchronize
the temporal response of all three cupulae? To answer
this, we consider the forced system and employ an
eigenvector expansion of the form

~Q? �
X6
j�1

~E?
j Tj�t� ; �6:29�

Substituting this into Eq. (6.23), we ®nd that the time
response of the ith mode is governed by

~E?T
i C?~E?

i

ÿ � dTi

dt
� ~E?T

i K?~E?
i

ÿ �
Ti � ~E?T

i
~F ?

ÿ �
; �6:30�

where we have taken advantage of orthogonality of the
eigenvectors with respect to C?, K? and D?. Since the
eigenvectors form a complete basis, we can also expand
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the forcing ~F ?�t� �P6
j�1 D

?~E?
j wj�t�. Substitution into

Eq. (6.30) shows that we can excite only the ath mode by
selecting a forcing vector of the form ~F ?

a � D?~E?
awa�t�.

To determine if a single eigenmode can be excited by
pure rotational head movements, consider three inde-
pendent rotations about the ground-®xed unit base
vectors n̂1, n̂2 and n̂3. From this, apply Eqs. (3.6) and
(6.27) to compute ~F ?

1 ,
~F ?
2 and ~F ?

3 corresponding to
identical temporal rotations /�t� about three di�erent
base vectors. Once these values are computed the forcing
vector for an arbitrary rotation about another axis n̂ is
simply

~F ? � ~F ?
1 ; ~F

?
2 ; ~F

?
3

� �
n̂/�t� �6:31�

� J?n̂a/�t� ; �6:32�
where the matrix J? � ~F ?

1 ;
~F ?
2 ;
~F ?
3

� �
. Only the ath eigen-

mode will be excited by the movement if the direction of
head rotation n̂a is related to the eigendirection accord-
ing to

J?n̂a / D?~E?
a : �6:33�

This system of equations is overdetermined since the
vector n̂a has dimensions 1� 3 and the vector ~E?

a has
dimensions 1� 12. Hence, in the general case, it is not
possible to prescribe a unidirectional head rotation that
excites only one eigenmode of the labyrinth. There are
directions, however, that primarily excite one eigen-
mode. To estimate the relative fraction of energy
represented by eigenmode a following a transient
excitation, we take advantage of the eigenvector expan-
sion to write

va �
~E?

aJ
?n̂

~E?
aD

?~Ea

��� ���P12
j�1

~E?j J
?n̂a

~E?j D
?n̂

���� ���� : �6:34�

where n̂ is a unit vector in the direction of rotation. If
va � 1 then the eigenmode a would be excited alone, but
if va � 0 then eigenmode a would not be excited at all.
As reported below, we ®nd that some rotational
directions excite primarily one eigenmode. The possible
signi®cance of this is discussed following presentation of
numerical results.

7 Numerical results

7.1 Parameter studies

Simulations were carried out for a number of parameter
sets to gain some insight into the behavior of the model.
The 3D labyrinthine geometry and the physical proper-
ties of the endolymph are relatively well known and were
considered ®xed in the present simulations (Money et al.
1966; Steer et al. 1967; Money et al. 1971; Buskirk et al.
1976; Oman et al. 1987; Damiano and Rabbitt 1966;
Ghanem et al. 1998). The base parameter set is listed in
the Appendix. To compute the response of cupulae, a
speci®c head movement must also be speci®ed. Figure 2

provides the HC cupular volume displacement in the
form of Bode plots relative to sinusoidal angular head
velocity in the anatomical HC plane (gain, pl ��ÿ1 �s;
phase, deg, re: peak head velocity). Keeping with the
established convention in vestibular physiology, a phase
of 0�corresponds to peak head velocity, a phase of �90�
corresponds to peak head acceleration, and a phase of
ÿ90� corresponds to peak head displacement. Cupular
sti�ness and porosity as well endolymph sti�ness and
duct size were studied. In almost all cases considered, the
gain was relatively ¯at and the phase was near zero over
a majority of the physiological range of angular head
frequencies (0.01±10 Hz). The model predicted a de-
crease in gain and an increase in phase at low
frequencies and, typically, a decrease in gain and phase
at high frequencies. Figure 2A illustrates shifts in the
lower-corner resulting from changes in the cupular
elastic shear modulus cc. Solid curves are for moduli
ranging from 10 times less than the baseline to 10 times
greater than the baseline. As expected from Eq. (3.4), the
inverse trend was observed for changes in ampulla size
(or cupular area, not shown). Increasing porosity of the
cupula also shifted the lower corner to higher frequen-

Fig. 2A±D. Single canal parameter study. The in¯uence of changing
the elastic modulus (A, thin solid curves) and Darcy's constant
(B, short dashed curves) of the cupulae on the volume displacement of
the HC cupula (Gain, pl � degÿ1sÿ1, Phase, deg. re, peak head
velocity) are shown for rotation in the HC plane. Results are shown
relative to the baseline parameters (thick solid curves). Lower panels
show the in¯uence of adding sti�ness to the endolymph (C, dashed
curves) and changing the diameter of the membranous ducts (D, long
dashed curves)
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cies, but porosity had the additional in¯uence of
decreasing the midband gain and altering the behavior
of the upper corner (short dashed curves, Fig. 2B). The
endolymph was assumed to be Newtonian, having zero
shear sti�ness with the exception of example results in
Fig. 2C. Results show the in¯uence of increasing the
endolymphatic sti�ness ce from a level 100� less than
that of the cupula to a level 10 times less than the cupula.
Simulations indicate that even a very small endolym-
phatic sti�ness could signi®cantly alter the low frequen-
cy response. Endolymphatic sti�ness has not yet been
measured and hence was assumed to be zero in all but
the example simulations in Fig. 2C. Decreasing the
cross-sectional dimensions of the labyrinthine ducts by a
factor of 10 without changing the ampullary dimensions,
decreased the gain and increased the bandwidth (Fig.
2D). Changing the radius of the toroid without changing
the cross-sectional area had relatively little e�ect on the
dynamics due to the additional inertial force being o�set
primarily by additional viscous drag (not shown). The
results (Fig. 2) for the HC computed using the three-
canal model agree quite well with predictions of single-
canal models reported previously (Oman et al. 1987;
Damino and Rabbitt 1996; Damiano 1997; Rabbitt et al.
1998). This provides an important consistency check
between the current three-canal model and previous
single-canal models.

7.2 Maximal response directions

The advantage of the three-canal model over single-
canal models is that it allows for direct investigation of
directional coding. Of most interest are changes in
response to dynamics associated with various directions
of head rotation. Speci®c numerical results are provided
here for the right labyrinth undergoing rotations about
®xed axes. The model predicts a maximal response
direction (denoted n̂max) for each canal. Rotation about
this special axis maximizes the volume displacement of
the respective cupula. In accordance with this, rotation
about any axis orthogonal to n̂max nulls the cupular
volume displacement. The set of vectors perpendicular
to n̂max de®ne the null plane of the particular canal. Null
planes have been used previously to experimentally
determine maximal response directions (Estes et al.
1975; Reisine et al. 1988; Dickman 1996). The gain of
the HC cupula is illustrated in Fig. 3 as a function of
direction of canal rotation. Results vary slightly with
frequency as indicated below and are shown in Fig. 3 for
rotation at 1 Hz. The response is well described by a
cosine rule. In Fig. 3A, h corresponds to the angle
between a vector along the maximal response direction
and the axis of head rotation. A vector drawn from the
center of rotation (origin in Fig. 3B±E) to the circle (Fig.
3B; sphere in Fig. 3C±E) provides the gain for a head
rotation about the particular axis. Fig. 3C±E where the
bubbles provide 3D versions for the HC, AC and PC,
respectively. The maximal response direction is predict-
ed for rotations about the long axis of the double
bubble. The corresponding minimal response plane is

perpendicular to the maximal response direction (grey
square). Orthographic projections are shown in Fig. 4
along with the centerlines of the HC (solid), AC (short
dashed) and PC (long dashed).

7.3 Geometrical canal planes

Anatomical canal planes were determined by minimizing
the squared distance between the centerline of each

Fig. 3A±E. Maximal response directions. A and B show cupular
volume displacement gain as a function of angle h from the maximal
response direction. Results are normalized to a peak gain of one. In
B the length of the vector from the origin to the solid circular bubbles
provides the relative gain. Directional sensitivities of the HC, AC and
PC di�er only in the direction of maximal response n̂max. Three-
dimensional response bubbles are shown in C, D and E for the HC,
AC and PC, respectively. Results are shown relative to wire-frame
reconstructions of the labyrinth from a caudal viewpoint. Null planes
for each canal are indicated as gray surfaces passing directly between
the response bubbles
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slender duct and ¯at planes. Unit normal vectors
perpendicular to these geometrical canal planes are
provided in Table 1 for the HC, AC and PC (denoted
n̂geom). Results are reported relative to the head-®xed
coordinate system illustrated in Figs. 1, 3 and 4. In the
case of the HC, the maximal direction and a normal
vector perpendicular to the geometrical canal plane
di�er by �8:8�. The AC and PC show di�erences of
�16:8� and �3:8�, respectively. Di�erences between the
anatomical normal vectors and maximal response direc-
tions result primarily from ¯uid coupling between the
three canals in the model. These results were determined
using anatomical canal planes derived from the slender
portion of each canal. If we also include the common
crus and utricular segment in the computation, the
di�erence between anatomical and maximal response

directions is even greater on average. Hence, anatomical
canal planes, regardless of computation technique, are
predicted to be relatively crude indicators of the
maximal response directions of individual canals.

Maximal response directions are predicted to vary
slightly with the frequency of head oscillation. The av-
erage angle between the maximal response direction and
the anatomical canal direction is 8:67� � ÿ0:67�SD for
the HC, 17:0� � ÿ0:72�SD for the AC and
3:98� � ÿ0:34�SD for the PC. Averaging all results
(0.001±100Hz, three canals), the model predicts an av-
erage di�erence of 9:9� between anatomical canal planes
and the directions of maximal response. This prediction
falls well within the range of the data reported for other
species (Estes et al. 1975; Reisine et al. 1988; Dickman
1996). A summary showing anatomical canal directions
and maximal response directions is provided for 1 Hz
rotational stimulation in Fig. 6. Results are shown
graphically in orthographic projection form based on
the data in Table 1. These data were used to compute
angles between maximal response directions, geometric
response directions, and prime response directions. An-
gles between these vectors are summarized in Table 2.

7.4 Prime directions

The model also predicts that rotation about a maximal
response direction n̂max of one canal does not minimize

Fig. 4. Orthographic projections of maximal response directions.
Null planes (thick squares) and maximal response directions (wire-
frame bubbles) and prime directions (thick solid lines terminated by
solid circles) are shown in three orthogonal views for the HC (A), AC
(B) and PC (C). The prime directions are the rotational directions that
null two canals while maintaining a relatively large gain in the the
prime canal. Notice that the prime directions are not identical to the
maximal response directions

Table 1. Unit normal vectors

Normal vector X Y Z

n̂max
HC 0.044 0.284 )0.958

n̂geomHC 0.155 0.380 )0.912
n̂0HC )0.024 )0.306 )0.952
n̂max
AC )0.775 )0.596 0.212

n̂geomAC )0.676 )0.736 )0.025
n̂0AC )0.723 )0.653 )0.227
n̂max
PC )0.613 0.757 )0.228

n̂geomPC )0.651 0.713 )0.262
n̂0PC )0.559 0.802 0.212

Table 2. Euler angles

Vector 1 Vector 2 Euler Angle (�)

n̂max
HC n̂geomHC 8.8

n̂max
HC n̂0HC 41.6

n̂geomHC n̂0HC 34.6

n̂max
AC n̂geomAC 16.8

n̂max
AC n̂0AC 12.8

n̂geomAC n̂0AC 25.7

n̂max
PC n̂geomPC 3.8

n̂max
PC n̂0PC 28.4

n̂geomPC n̂0PC 25.8

n̂0HC n̂0AC 64.3

n̂0HC n̂0PC 115.7

n̂0AC n̂0PC 99.7
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the response of the two sister canals. Consider the
response of the AC and PC illustrated in Fig. 4. Null
response planes for the AC and PC lie perpendicular to
the maximal response directions sandwiched between the
response bubbles. These two planes intersect along a line
denoted, n̂0HC, the prime direction of the HC. Rotation
about this direction simultaneously nulls the response of
the AC and the PC while maintaining a large HC gain.
There are three such directions for each labyrinth, one
direction associated with each canal. Orientations of the
prime directions are illustrated relative to maximal
response directions in Fig. 4, and relative to each other
in Fig. 5. Numerical values are listed in Table 1. The
prime directions di�er from the maximal response
directions and from the anatomical canal planes, in this
model geometry, by an average of 28� and 29�,
respectively. It is signi®cant to note that rotation about
a prime direction is predicted to excite only one canal
nerve. For general 3D angular movements, the model
predicts that the motion is decomposed into base
vectorial components in the prime directions. Each of
these components is predicted to be carried by a single
canal nerve. As for the maximal response directions, the
prime directions are predicted to vary slightly with
stimulus frequency. The average angle between the
prime response direction and the anatomical canal
normal vector is 41:6� � ÿ0:13�SD for the HC,
13:0� � ÿ0:65�SD for the AC and 28:3� � ÿ1:05�SD
for the PC.

7.5 Three-canal response

Figure 7 provides Bode plots for the HC, AC and PC for
rotations about three di�erent axes associated with the
AC. Graphs on the left provide the gain and phase of

cupular volume displacement relative to head rotational
velocity. Graphs on the right provide the corresponding
gain and phase of endolymphatic volume displacement
in the ampullae. Endolymphatic volume displacements
are not identical to cupular displacements due to slight
porosity of the cupulae. The porosity alters the volume
displacement of the cupula primarily at low frequencies.
The top panels in Fig. 7A provide results for head
rotations about the AC maximal response direction
n̂max
AC . Center panels (Fig. 7B) are for rotations about a
normal vector perpendicular to the AC anatomical canal
plane n̂geomAC . Notice that the PC response is reduced when
rotating in the AC anatomical canal plane relative to
rotating about the AC maximal response direction.
Lower panels (Fig. 7C) show results for rotations about
the AC prime direction, n̂0AC, which maximizes the
cupular volume displacement in the AC relative to the
HC and PC. In C, both the PC and HC responses are
greatly reduced while the response of the AC is nearly
maximal. The prime and maximal response directions
were computed at 1 Hz and held ®xed to generate the
Bode plots. As a result, the HC and PC nulls in Fig. 7
are nearly perfect only at 1 Hz. Even without including
the frequency-dependence of the null plane, the HC and
PC responses are down by �100 relative to the AC. This
is not the case for rotations about the maximal response
direction (Fig. 7A) or the anatomical canal plane (Fig.
7B).

7.6 Eigenvalues and eigenvectors

The solution of the eigenproblem provides 12 real-
valued eigenvalues an and 12 corresponding eigenvectors
~En. Three of the eigenvalues are zero for the particular
parameter set used in this study. This would not be the

Fig. 5. Prime directions. The prime directions (thick solid lines
terminated with circles) and null planes (squares) from Fig. 4 are
replotted in orthographic views to illustrate their relative orientations.
The model predicts that the canals decompose 3D angular motions
into vectoral components along these prime directions, one associated
with each canal nerve

Fig. 6. Comparison of anatomical and physiological directions.
Orthographic projections of vectors along the maximal response
directions, prime directions, and anatomical canal plane normals are
shown. Prime response directions do not align with the maximal
response directions or anatomical directions in any canal
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case for a non-zero endolymphatic sti�ness. The nine
non-zero eigenfrequencies are a 2 (0.0064, 0.015, 0.029,
12.28, 16,56, 33.95, 4060, 4088, 4129) Hz. The ®rst six
eigenfrequencies correspond roughly to upper and lower
corner frequencies of traditional single-canal models
(Oman et al. 1987), but in the three-canal model they are

not a�liated with only one canal. These six frequencies
correspond to time constants ranging over 0:0047±24:9 s.
The values 0:0064, 0:015 and 0:029 Hz correspond to the
lower corners and are primarily responsible for the
attenuation in gain and upswing in phase at low
frequencies (Fig. 7). The values 12:28, 16:56 and 33:95
Hz correspond to the upper-corners and are primarily
responsible for the attenuation in cupular gain and roll-
o� in phase at high frequencies.

As described in the analysis above, the solution dur-
ing head rotation can be written using an eigenvector
expansion. Analytical results show, in general, that it is
not possible to excite exactly one eigenmode by a pure
head rotation about a single axis. Hence, one would
expect multiple time constants to be present in the dy-
namic response of each cupula. For some rotational
directions, however, it appears that the system responds
primarily in one eigenmode. Of special interest are the
prime directions n̂0 which represent the natural coordi-
nates of the labyrinth. Substitution of each of these
vectors into Eq. (6.34) shows that the three lowest
eigenmodes are dominant. For rotation about the HC
prime direction, n̂0HC, 98% of the response is in mode 1
(eigenfrequency 0.0064 Hz). For a transient rotation
about the AC prime direction, n̂0AC, 97% of the response
is in mode 2 (eigenfrequency 0.015 Hz). For rotation
about the PC prime direction, n̂0PC, 93% of the response
is in mode 3 (eigenfrequency 0.029 Hz). Hence, the
transient response is predicted to be dominated by three
eigenmodes and three eigenvectors regardless of rota-
tional direction. This indicates that three time constants,
one associated with each prime direction, may be ade-
quate to describe the macromechanical response of the
labyrinth.

8 Discussion

Results show the existence of maximal and prime
directions that are distinct from each other and from
anatomical canal directions. Di�erences between maxi-
mal, anatomical and prime directions are predicted by
the model to be a direct result of three-canal macrome-
chanics. There are two features that underlie these
predictions. The ®rst is the fact that individual canals are
not perfect toroids and do not lie in perfectly ¯at planes
(Oman et al. 1987). The other, more salient, feature is
¯uid coupling between the canals. Endolymph ¯ow in
one canal entrains ¯uid movement in the sister canals
owing to shared ¯uid in the utricular vestibule and
common crus (Muller and Verhagen 1988a, b). Multi-
canal interactions are facilitated by adverse pressure
gradients, which have been predicted to be particularly
large near canal bifurcation points (Rabbitt et al. 1998).
These e�ects shift the maximal response directions away
from the canal planes.

It is straightforward, and mathematically valid, to
decompose a head rotation into any of the three ca-
nonical sets of basis vectors ± maximal, prime or ana-
tomical. The question is which decomposition, if any, is
carried out by the semicircular canals? If we consider a

Fig. 7A±C. Dynamic response of the AC cupula and endolymph. AC
Bode plots providing the volume displacement of the AC cupula are
provided on the left and the corresponding Bode plots for volume
displacement of endolymph in the AC ampulla are provided on the
right. The top graphs (A) are for rotation about the axis which
maximizes the AC cupular gain. Center graphs (B) are for rotation in
the anatomical canal plane, and lower graphs (C) are for rotation
about the AC prime response direction. The direction of rotation is
indicated in the legend as n � �; ; �. Notice that there is very little
di�erence between the peak AC gain for rotation about any of the
three directions, but the HC and PC gains are highly attenuated for
rotation about the prime direction. The same trend follows for
endolymph displacement. Endolymph and cupular volume displace-
ments are not identical due to porosity of the cupula
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rotation about a maximal response direction of any
given canal, all three canal nerves are predicted to re-
spond. The system decomposes this rotation into three
components, one carried in each canal nerve. Hence,
head rotations are not resolved into components along
maximal response directions. The same ®nding holds for
rotation about anatomical canal planes. In contrast, if
we rotate about a prime direction all of the neural re-
sponse is predicted to be isolated to a single canal nerve.
This is consistent with directional sensitivities observed
in a�erent nerves (Estes et al. 1975; Reisine et al. 1988;
Dickman 1996). Therefore, the semicircular canals re-
solve angular head movements into vectorial compo-
nents along the prime directions. These directions can be
determined from experimental data, or estimated using a
model, by intersecting null planes for two canals. The
intersection de®nes a line which runs along the prime
direction for the third canal (Fig. 5).

Sensitivity of each canal in the present model obeys a
simple cosine rule. This means that a 20� deviation from
the maximal response direction causes only a 6% decline
in gain from the maximum value. The same 20� devia-
tion from a null plane causes the gain to recover 34% of
its maximum value. Hence, the null planes show a much
sharper spatial tuning than the maximal response di-
rections. The prime directions show the same sharp
tuning as the null planes.

Results suggest a very simple model to describe how
the semicircular canals decompose angular head move-
ments into separate vectorial components carried by
each canal nerve. The 3D angular acceleration of the

head,
�~X, written in terms of unit vectors in the prime

directions is

�~X � �XHCn̂0HC � �XACn̂0AC � �XPCn̂0PC ; �8:35�
where n̂0HC, n̂0AC and n̂0PC are the prime directions, and
�XHC, �XAC and �XPC are the scalar vectorial components
of acceleration which excite each canal separately. This
simple equation reproduces all of the directional behav-
ior of the 3D model including maximal response
directions and null planes. To use the equation, it is
necessary to experimentally determine the prime direc-
tions (or estimate the directions using a model such as
described above). It is valid only if the base vectors are
the prime directions. For example, use of the n̂max

instead of n̂0 would require a matrix multiplication, not a
simple vectorial addition. In interpreting the compo-
nents it is important to note that the n̂0 unit vectors are
non-orthogonal. For an orthogonal set of base vectors,
individual components are maximized for a stimulus in
the base direction. This is not the case for the non-
orthogonal decomposition, which result in a maximum
for a stimulus skewed at an angle relative to the base
vector.

Equation (8.35) can be applied in one of two ways.

The ®rst would be to determine
�~X from the components

�XHC, �XAC and �XPC, a task that must be carried out by
the brain to reconstruct/represent 3D angular head
movements on the basis of individual canal nerve re-
sponses. The second application would be to determine

how a 3D angular head acceleration is parsed to excite
each of the three canals. For this, Eq. (8.35) must be
inverted. The result is

�XHC
�XAC
�XPC

24 35 � Pÿ1
�~X � n̂0HC
�~X � n̂0AC
�~X � n̂0PC

2664
3775 ; �8:36�

where P is the matrix of direction cosines de®ned by
inner products of the prime unit vectors

P �
1 n̂0AC � n0HC n̂0PC � n0HC

n̂0HC � n0AC 1 n̂0PC � n0AC

n̂0HC � n0PC n̂0AC � n0PC 1

24 35 : �8:37�

Equation (8.36) embodies the directional decomposition
carried out by canal macromechanics. It is important to
note that the unit vectors n̂0 are de®ned in the head-®xed

system and hence the angular acceleration
�~Xinertial

must be resolved into the head-®xed system using

Eq. (3.7) to obtain
�~X prior to application of Eq. (8.35)

or Eq. (8.36).
The speci®c strategy used by the canals to encode the

direction of angular movement may be particularly im-
portant to function of the VOR. Computations required
to control the motion of the eyes in the presence of head
movements would be simpli®ed if individual semicircu-
lar canal directional sensitivities were aligned closely
with the extraocular muscle pulling directions. The
anatomy of both lateral-eyed and frontal-eyed animals
indicate that only a partial alignment is present and that
the alignment is insu�cient to account for the estab-
lished directional accuracy of the VOR (Ezure and Graf
1984a, b; Graf 1988). Models of the VOR therefore
postulate the existence of a coordinate system transfor-
mation, implemented by the central nervous system, to
map weighted canal signals to the appropriate extraoc-
ular muscles (Pellionisz and LlinaÈ s 1980; Robinson 1982;
Ezure and Graf 1984a; Pellionisz and Graf 1987; Pe-
terson et al. 1992). To determine the weighting, or
transformation, it is ®rst necessary to know how the
direction of angular movement is decomposed into
components carried by each nerve. Present results
strongly indicate that this decomposition is according to
prime directions, not canal planes or maximal response
directions. The relatively large di�erences predicted be-
tween canal planes, maximal response directions and
prime response directions indicate that this neural
transformation may be somewhat di�erent than previ-
ously reported.

It is well established that stimulation of bilateral
synergistic ampullary nerves mainly leads to contrac-
tion of one agonist-antagonist muscle pair in each eye
(SzentaÂ gothai 1950; Fluur 1959; Suzuki and Cohen
1964; Cohen et al. 1964; Suzuki et al. 1969; Ito et al.
1973; Ito et al. 1976). Eye movements resulting from
stimulation of a single ampullary nerve are slightly
more complicated. In cats, for example, stimulation of
a single HC ampullary nerve leads mainly to horizontal
eye movements in both eyes corresponding to activa-
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tion of the medial rectus in the ipsilateral eye and the
lateral rectus in the contralateral eye. Stimulation of a
single AC nerve leads to upward vertical movement in
the ipsilateral eye and torsional rolling in the contra-
lateral eye, while stimulation of a single PC nerve leads
to downward movement of the contralateral eye and
torsional rolling of the ipsilateral eye (Cohen and Su-
zuki 1962, 1963). The electrical stimulus used in these
studies primarily activates only one ampullary nerve at
a time. Hence, the single canal stimulus is nearly
equivalent to rotation about one of the prime direc-
tions described above (with the contralateral labyrinth
inactivated). This correspondence would suggest that
rotation about a prime direction of one labyrinth, in
the absence of input from the other labyrinth, would
lead to the same characteristic eye movements observed
during electrical stimulation. Consider rotation about
the AC prime direction indicated in Fig. 5. It is inter-
esting to note that n̂0AC appears to align quite well with
anatomical directions in the toad®sh associated with
vertical eye movements in the ipsilateral eye and pri-
marily with torsional movements in the contralateral
eye (plus some vertical in the contralateral eye). This
alignment is remarkably similar to the physiology re-
ported using electrical stimulation in other species.
Analogous correlations hold for the HC and PC. This
leads to the hypothesis that the VOR may be centrally
organized primarily according to prime directions of
the end organs. These prime directions are associated
with individual canal nerves, not canal planes or
maximal response directions. This hypothesis may be
important to the neural representation of 3D angular
movements. Future studies should experimentally test
of the correspondence between labyrinthine prime di-
rections and the kinematics of the ocular plant, perhaps
in a species with a highly developed VOR.

The model also predicts a partial correspondence
between the prime directions and eigenvectors of the
dynamical system of equations. The eigenmodes of the
system play a fundamental role in the transient re-
sponse and frequency dependence. It was shown above
that it is not possible to excite only one eigenmode
using head rotation about a single axis. Numerical re-
sults, however, indicate that it is possible to feed most
of the energy into a single eigenmode for rotations
about the prime directions. For complex movements
the model would predict the mechanical response to be
dominated by three eigenmodes, each of which is pri-
marily associated with a single prime direction and a
single canal nerve. The temporal response properties of
a single canal cupula would therefore be predicted to
be dominated by a single time constant irrespective of
the complexity of the angular movement. In addition,
the temporal response characteristics of single canal
a�erents are predicted by the model to be completely
insensitive to acceleration components in the sister-
canal prime directions.

In closing, there are several limitations to the model
that should be noted. The model only addresses ¯uid
and cupular volume displacements and it is not possi-
ble to extract detailed cupular displacement ®elds, ste-

reociliary bundle de¯ections, or neural responses. The
assumption of duct rigidity may not be valid for high
accelerations or at frequencies above �10 Hz (Rabbitt
et al. 1998). This is due to increasing translabyrinthine
pressures associated with high accelerations which are
believed to cause membranous duct and ampullary
distention. We have also assumed Poiseuille ¯ow which
gives the velocity-pro®le factor k � 8p. This is su�cient
below �10 Hz but introduces some error at higher
frequencies (Damiano and Rabbitt 1996). Although the
local cross-sectional area of each of the ducts and
ampullae was included, ellipticity was ignored. Ducts of
the ®sh labyrinth are relatively circular in cross-sec-
tional area, so this assumption has no discernable im-
pact on the present results (Ghanem et al. 1998).
Application of the model to humans or other species
with more elliptical ducts should include the correction
factor presented by Oman et al. (1987). The asymptotic
solution (Damiano and Rabbitt 1996) used in the
present model for the endolymph does not account for
local circulation in the ampullae, utricular vestibule or
CC. These ¯ows are expected to be small at low fre-
quencies but may have some e�ect at higher frequen-
cies (Makhijani et al. 1996). Data remain insu�cient to
quantify the in¯uence of local cross-sectional ¯ows.
With regard to the geometry, the model was applied to
the reconstructed morphology of the oyster toad®sh,
Opsanus tau (Ghanem et al. 1998). The existence of
prime directions certainly extends to other species, but
the speci®c numerical values cannot be extrapolated.
Comparison of experimental data to predictions of the
present model for various species remains a topic of
future work.

Appendix

Numerical values for parameters used in the model are listed in
Table 3.
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Utah.

Table 3. Parameter values

Parameter Value Units

qe 1:0 g � cmÿ3
le 8:5� 10ÿ3 dyn � sÿ1 � cmÿ1
ce 0 dyn � cmÿ2
qc 1:0 g � cmÿ3
lc 0:1 dyn � sÿ1 � cmÿ1
cc 2:0� 10ÿ1 dyn � cmÿ2
C 2:0� 105 dyn � sÿ1 � cmÿ5
Ac 1:0� 10ÿ2 cm2

hc 8:0� 10ÿ2 cm
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