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Abstract It has been observed that the motion of the
arm end-point (the hand, fingertip or the tip of a pen)
is characterized by a number of regularities (kinematic
invariants). Trajectory is usually straight, and the veloc-
ity profile has a bell shape during point-to-point move-
ments. During drawing movements, a two-thirds power
law predicts the dependence of the end-point velocity
on the trajectory curvature. Although various principles
of movement organization have been discussed as pos-
sible origins of these kinematic invariants, the nature
of these movement trajectory characteristics remains
an open question. A kinematic model of cyclical arm
movements derived in the present study analytically
demonstrates that all three kinematic invariants can be
predicted from a two-joint approximation of the kine-
matic structure of the arm and from sinusoidal joint
motions. With this approach, explicit expressions for
two kinematic invariants, the two-thirds power law dur-
ing drawing movements and the velocity profile during
point-to-point movements are obtained as functions of
arm segment lengths and joint motion parameters. Addi-
tionally, less recognized kinematic invariants are also
derived from the model. The obtained analytical expres-
sions are further validated with experimental data. The
high accuracy of the predictions confirms practical util-
ity of the model, showing that the model is relevant to
human performance over a wide range of movements.
The results create a basis for the consolidation of var-
ious existing interpretations of kinematic invariants. In
particular, optimal control is discussed as a plausible
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1 Introduction

During arm movements, the trajectory of the end-point
(the hand or the tip of the index finger or a pen) is char-
acterized by a number of consistent kinematic charac-
teristics observed during various direction, amplitude,
speed, and load conditions. For instance, end-point tra-
jectory is usually close to a straight line, whereas the
velocity profile has a bell shape during point-to-point
movements (Georgopoulos et al. 1981; Morasso 1981;
Nelson 1983; Soechting and Lacquaniti 1981). Further,
there is a relationship between end-point velocity and
trajectory curvature when subjects draw elliptical shapes
(Lacquaniti et al. 1983; Viviani and Terzuolo 1982). This
relationship was described as a two-thirds power law in
terms of angular velocity and as a one-third power law
in terms of tangential velocity

V = K

C1/3
. (1)

Here V is tangential velocity of the end-point and C is
trajectory curvature. The coefficient K, which is often
referred to as a gain factor, is nearly constant. To avoid
confusion, the term “power law” will be used in refer-
ence to relationship (1). Although the power law has
also been considered in a more general form (Viviani
and Flash 1995); here, considerations will be limited to
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the commonly used form (1). The straight trajectory, the
bell-shaped velocity profile, and the power law will be
further referred to as kinematic invariants (KIs).

Although the KIs are consistent characteristics of
end-point motion, they are not absolute, as illustrated
by the multiple examples demonstrating their violations.
For instance, the gain factor K varies during handwrit-
ing and drawing movements across movement segments,
depending on the size and eccentricity of the elliptical
shapes drawn (Lacquaniti et al. 1983; Sternad and Schaal
1999; Viviani and Cenzato 1985; Viviani and Terzuolo
1982). While studying drawing movements in children
between 5 and 12 years of age, Viviani and Schneider
(1991) found age-dependent differences in K. During
point-to-point movements in the sagittal plane, Atkeson
and Hollerbach (1985) observed straighter movements
in the horizontal (anterioposterior) direction than in the
vertical (longitudinal) direction. In addition to move-
ment direction, increases in movement amplitude were
also shown to cause deviations from a straight trajectory
(Haggard and Richardson 1996; Pollick and Ishimura
1996).

Reasons underlying the KIs and their violations have
been the focus of extensive research. In some studies, the
KIs were considered to be preplanned movement char-
acteristics used by the central nervous system (CNS) to
make a choice from the many possible movements that
could be performed with the available degrees of free-
dom (Flash and Hogan 1985; Jordan et al. 1994; Morasso
1981). Other perspectives favoring central control as a
source for the KIs interpret them as a result of opti-
mization of some criterion. These may include mini-
mization of jerk (Hogan 1984; Richardson and Flash
2002; Viviani and Flash 1995), minimization of variance
caused by the inherent noise in the motor system (Harris
and Wolpert 1998), or the implementation of the phys-
ical principle of least action suggesting that the CNS
chooses the most economic way to execute a given path
(Lebedev et al. 2001). The central origin of the KIs is
supported by observations that the power law exhib-
its robustness under various tasks and conditions. For
instance, the power law was documented with relation
to isometric conditions (Massey et al. 1992), hand area
motor cortical activity (Schwartz 1994), and eye move-
ments during smooth pursuit (De’Sperati and Viviani
1997). Other studies argued that the KIs might be by-
products of mechanisms not related to central control.
Gribble et al. (1996) demonstrated that limb dynamics
and the spring-like properties of muscles could cause a
kinematic relationship (1). Todorov and Jordan (1998)
inferred the power law from the smoothness of end-
point trajectory. Schaal and Sternad (2001) advanced
these findings by demonstrating that both trajectory

smoothness, and hence, the power law can be accounted
for with forward kinematic transformations of the arm
and sinusoidal-like movements at the joints.

Although the proposed interpretations of the KIs are
different from each other, all aforementioned studies
reported a good fit of the theoretical predictions with
experimental data. This makes it difficult to distinguish
the true origin of the KIs among the variety of the sug-
gested principles. This uncertainty might be partially
caused by a lack of formal definitions that would allow
quantification of the KIs. For instance, the bell shape of
the velocity profile is under-defined because any smooth
single-peaked velocity profile can be described as having
this shape. Furthermore, the power law (1) is a general
relationship between velocity and curvature, whereas
the gain factor K and movement and/or task character-
istics defining its value are unknown. To provide strict
definitions of these KIs, factors that quantitatively define
the KI parameters (the peak, slopes, and smoothness of
the velocity profile, and the gain factor K) must be re-
vealed. This would help to clarify factors underlying the
KIs.

Although none of the previous investigations explic-
itly specified characteristics defining the KI parame-
ters, Schaal and Sternad (2001) suggested a possible
means for accomplishing this regarding the gain factor
K. They hypothesized that the power law emerges from
an approximation of arm kinematics with a linear model
and an estimation of joint movements with sinusoids. A
principal possibility to express K through the param-
eters of the arm’s kinematics structure and sinusoidal
joint movements is demonstrated in the appendix of that
study. However, an actual expression was not obtained,
probably, because three-dimensional movements were
considered, which makes arm kinematics too compli-
cated for obtaining an efficient analytical description
for K. For this reason, the validation of the hypothe-
sis was limited to an experimental demonstration that
non-linearities of arm kinematics caused by increases in
movement size result in larger violations of the power
law. Although these arguments suggest that the non-lin-
ear arm kinematics likely contribute to the power law
violations, they do not make it clear to what extent this
factor defines the power law and whether other factors
can also contribute to this KI. As a result, the power law
origins were not fully clarified. Furthermore, the role of
the arm’s kinematic structure and sinusoidal joint move-
ments was hypothesized by Schaal and Sternad (2001)
only with respect to the power law. The association be-
tween these factors and the production of the two KIs
related to point-to-point movements (i.e., the bell shape
of the velocity profile and straightness of the trajectory)
has never been considered.
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The purpose of the present study is to establish
explicit relationships between sinusoidal joint motions
and the KIs, and thus, to clarify the role of the arm’s
kinematic structure and sinusoidal joint movements in
emergence of the KIs. To achieve this goal, a model
of arm kinematics is developed for a simplified case
involving two-dimensional planar movements caused by
rotations at the shoulder and elbow. Periodic sinusoidal
rotations at the two joints are considered that result
in cyclical motion of the end-point. This model allows
examination of two types of movements that are usually
considered in KI studies and that can be distinguished
by relative phase between shoulder and elbow motions.
The first type is characterized by a relative phase that
differs from 0 and from π . These movements represent
continuous drawing of curvilinear shapes, such as ellip-
ses. They are used to examine the power law. The sec-
ond type is defined by a relative phase equal to 0 or to
π . Point-to-point movements have this property because
during these movements, both joints usually reverse mo-
tion simultaneously. This condition for relative phase is
used to address the straightness of trajectory and the
shape of the velocity profile. Because cyclical move-
ments are studied, a “dome” shape of the velocity profile
will be considered instead of the “bell” shape. This is be-
cause the bell shape is usually observed during discrete
movements due to zero acceleration at the initial and
final positions. During cyclical movements, acceleration
is not equal to zero at these extreme positions. There-
fore, a dome shape is a more appropriate description of
the velocity profile. In both cases, velocity has a single
peak.

The simplified model of arm kinematics derived here
explicitly predicts all three KIs. It also quantitatively
predicts the gain factor K and the dome shape of the
velocity profile and their dependence on characteris-
tics of the arm’s kinematic structure and joint rotations.
Furthermore, the model also clarifies the conditions for
KI violations. In addition to the three well-known KIs,
kinematic regularities in end-point motion that are less
recognized are predicted with the model. The major-
ity of the predictions are obtained with the assump-
tion that amplitudes of joint movements are small. To
validate the model for regular joint amplitudes, pre-
dicted values of the KI parameters (the gain factor
K, velocity peak, and trajectory straightness) are
compared with those experimentally obtained during
relatively large planar two-joint movements. The
remarkable fit of the analytical and experimental data
confirms a strong relation of the KIs to the approxi-
mation of arm kinematics with planar two-joint model
and sinusoidal joint motions. These results also point
to practical utility of the model, showing that it is

relevant to human performance over a wide range of
movements.

2 Methods

2.1 Kinematic model of the arm

A description of end-point motion depending on rota-
tions at the arm joints is developed in this section. To
facilitate analytical transformations, a simplified case of
planar two-joint (shoulder and elbow) arm movements
is considered, as schematically shown in Fig. 1. It is as-
sumed that the end-point E performs cyclical motion
around a center O. For instance, when circle drawing is
performed, the point O is the center of the circle. When
point-to-point movements are performed, the point O is
the middle of the line connecting the two targets. Abso-
lute Cartesian coordinate frame X,Y associated with the
trunk position and centered at the shoulder joint S is
used to describe position [ x(t), y(t)] of the end-point E
at each moment of time t. The joint angles are denoted
with γp and γd, where p and d correspond to the prox-
imal (shoulder) and distal (elbow) joint, respectively.
The angle γp is the angle between the upper arm and
the X axis, and γd is the angle complementary to the

p

d

Y

S

O(E)

p =
p

d = d

X

Fig. 1 Schematic representation of the arm model. The model
includes shoulder and elbow movements in the horizontal plane.
An orthogonal coordinate system X,Y is centered on the shoulder
joint S and the direction of the axes is associated with the trunk
position. Point O is a center of the working space where motion
of the arm endpoint E is performed. For instance, when a circle is
drawn, O is the circle center. Shoulder angle γp and elbow angle
γd describe current position of the arm. They are equal to αp and
αd when the end-point E is in the center O. Angles ϕp and ϕd
describe deviations of the upper and lower arm from the position
achieved when the hand is in the center O. The angle between
the line SO and the forearm is denoted by β. Explanations for the
other notations are given in the text
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relative angle γ between the upper and lower arm. The
assumption that cyclical movements are performed sug-
gests that the joint angles change as

γp(t) = αp + ϕp(t)

γd(t) = αd + ϕd(t),
(2)

where αp,αd are the shoulder and elbow angles when
the end-point E is in the center O and ϕp(t), ϕd(t) are
periodic functions describing joint motions as devia-
tions from αp and αd. Because joint movements are
usually close to sinusoids (Bernstein 1984; Buchanan
et al. 1997; Schaal and Sternad 2001; Soechting and Lac-
quaniti 1986; Soechting and Terzuolo 1987), they can
be approximated with the first term of the Fourier se-
ries, i.e., with a sinusoid of the movement frequency and
amplitude

ϕp(t) ∼= Ap sin (ωt)

ϕd(t) ∼= Ad sin (ωt + θ).
(3)

Here ω = 2π f , f is frequency of joint movements, Ap

and Ad are amplitudes of the distal and proximal joint,
respectively, θ is relative phase between the elbow and
shoulder movements measured in radians. Finally, it is
assumed that αd is not near 0 or π (which corresponds to
the physical limits for elbow rotation due to the muscu-
loskeletal structure of the elbow joint) and that neither
of Ap and Ad is trivial relative to the other (i.e., both
joints are involved in motion).

Relative phase θ provides the distinction between
point-to-point movements and movements involving
continuous drawing of curvilinear shapes. When θ is
equal to 0 or to π , the two joints simultaneously reverse
motion at the extreme points of the trajectory, resulting
in reversals of the end-point, and thus, in point-to-point
movements. This case (θ = 0 or θ = π) will be used to
consider the two KIs related to the trajectory straight-
ness and the bell shape of the velocity profile. When
there is a phase off-set between the shoulder and elbow
motions, i.e., θ differs from 0 and π ,curvilinear drawing
movements emerge (such as ellipse drawing) because
the end-point is constantly in motion. This case (θ �= 0
and θ �= π) will be used to study the power law.

Coordinates x and y of the arm end-point are ex-
pressed through the joint angles as

x = lp cos
(
γp

) + ld cos
(
γp + γd

)

y = lp sin
(
γp

) + ld sin
(
γp + γd

)
,

(4)

where lp, ld are lengths of the upper and lower arm,
respectively. Differentiation of (4) yields expressions

for ẋ, ẏ

ẋ = −lp sin
(
γp

)
γ̇p − ld sin

(
γp + γd

)(
γ̇p + γ̇d

)

ẏ = lp cos
(
γp

)
γ̇p + ld cos

(
γp + γd

)(
γ̇p + γ̇d

) (5)

and for ẍ, ÿ

ẍ = −lp cos
(
γp

)
γ̇ 2

p − lp sin
(
γp

)
γ̈p − ld cos

(
γp + γd

)

×(
γ̇p + γ̇d

)2 − ld sin
(
γp + γd

)(
γ̈p + γ̈d

)

ÿ = −lp sin
(
γp

)
γ̇ 2

p + lp cos
(
γp

)
γ̈p − ld sin

(
γp + γd

)

×(
γ̇p + γ̇d

)2 + ld cos
(
γp + γd

)(
γ̈p + γ̈d

)
.

(6)

These expressions are used in Sect. 3 to analytically de-
rive predictions about characteristics of end-point move-
ments during curvilinear-drawing tasks (θ �= 0 and θ �=
π) and point-to-point tasks (θ = 0 or θ = π), and to
demonstrate that the KIs are inherent features of the
model kinematics. Also, the following formula for cur-
vature C of end-point trajectory will be used

C =

∣∣∣∣
ẋ ẏ
ẍ ÿ

∣∣∣∣
(
ẋ2 + ẏ2

)3/2 = |ẋÿ − ẍẏ|
V3 . (7)

In addition to analytical conclusions, Sect. 3 includes
a demonstration of the validity of the theoretical predic-
tions with use of experimental data. The experimental
methods are described next.

2.2 Experimental design and procedure

Cyclical drawing of ovals and straight lines was per-
formed in the experiment. The oval drawing data are
used here to verify analytical predictions with respect
to the power law. The line-drawing tasks are utilized to
validate predictions for the two KIs related to point-to-
point movements. Line-drawing movements are a spe-
cific case of point-to-point movements (i.e., movements
during which θ = 0 or θ = π) that include an additional
constraint of a straight trajectory. The line drawing data
are used here to investigate whether there were move-
ments during which straightness of trajectory decreased
in spite of the explicit requirement to move along a
straight line, and whether these decreases were asso-
ciated with deviations of joint motions from sinusoids
and/or with deviations of θ from 0, π . The line-drawing
data are also used to test quantitative predictions with
respect to end-point velocity.

The experiment used in the present study is
described in detail in previous publications (Dounskaia
et al. 2002a,b). Therefore, only a brief description is
provided here. Arm motion during cyclical drawing of
elliptical shapes and straight lines was recorded. Ten
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right-handed subjects were recruited from the Arizona
State University campus to participate. All volunteers
received a brief explanation of the experiment, and they
signed an informed consent in accordance with policies
of the Human Subjects Institutional Review Board of
Arizona State University. Subjects moved the tip of the
index finger along templates presented on a horizontal
table in front of them. The templates were a circle of
18 cm diameter, four ellipses with principal diameters of
25 and 12.5 cm, and four lines with length of 30 cm. The
ellipses and lines were oriented in different directions:
anterior–posterior (“ vertical”), lateral (“ horizontal”),
tilted right, and tilted left. The templates had a common
center. Location of the center was individually adjusted
to the position of the fingertip when the shoulder angle
αp was π /9 (20◦) and the elbow angle αd was π /2 (90◦).

According to the requirements of the model, move-
ments were planar and performed by the shoulder and
elbow. Arm motion was performed in the horizontal
plane by adjusting the height of the table for each sub-
ject. Motion was restricted to rotations at the shoulder
and elbow, and the trunk and wrist were immobilized.
Two levels of cyclic frequency guided by a metronome
were used, 1.0 and 1.5 Hz. Each trial lasted for 12 s. Joint
and end-point movements were registered with use of an
OPTOTRAK 3D optoelectronic camera system. Infra-
red light emitting diodes were placed on the trunk (ster-
num), shoulder, elbow, and index fingernail of the right
arm. The OPTOTRAK data were filtered with 15 Hz
cut-off low-pass Butterworth digital filter and then used
to compute joint movement characteristics, such as fre-
quency, amplitude, and relative phase as described by
Dounskaia et al. (2002a). The data from the diode on
the fingertip were used to compute characteristics of
the arm end-point motion. End-point velocity was cal-
culated as V = √

ẋ2 + ẏ2 and curvature of the trajectory
was computed with (7), where x and y are coordinates
of the fingertip diode in the horizontal plane. Lengths
of the arm segments were determined for each subject
as lp = 0.18H and ld = lf + lh = 0.146H + 0.098H =
0.244H, where lf and lh are the lengths of the forearm
and hand, respectively, and H is the body height (Chaffin
and Andersson 1984).

3 Results

3.1 Analytical predictions for characteristics
of end-point movements

The KIs are analytically derived in this section for two
types of movements: curvilinear trajectories of the end-
point (such as a circle or an oval) that emerge when

relative phase θ between the shoulder and elbow
movements differs from 0 and π , and point-to-point
movements that require θ to be equal to 0 or π .

3.1.1 The power law while drawing curvilinear shapes
(θ �= 0 and θ �= π)

This KI can be derived from expression (7) for line cur-
vature C. When the sign of curvature is ignored and
curvature is always positive, this expression yields

V = (|ẋÿ − ẍẏ|)1/3

C1/3
. (8)

Comparison of (8) with (1) indicates that K is defined as

K = (|ẋÿ − ẍẏ|)1/3. (9)

It is shown in Appendix A that K defined by (9) varies
during movement and that the variations decrease and
K approaches a constant when joint amplitudes Ap, Ad
decrease. This result was obtained by Schaal and Sternad
(2001) with consideration of linear approximations of
arm kinematics. However, an expression for the con-
stant that estimates K was not obtained. Due to the
simplicity of the present model, an explicit estimation
of K through the kinematic parameters can be derived.
As shown in Appendix A, the following prediction can
be formulated

Prediction 1 The gain factor K in (1) can be approxi-
mated by

K∗ = ω
[
lpldApAd sin (αd) sin (θ)

]1/3. (10)

Note that although K can deviate from the constant
K∗ predicted by (10) when joint amplitudes are not
small, this deviation is limited due to the properties of
the function f (z) = z1/3 in (9). The value of f (z) changes
slowly in comparison with changes in the argument z for
all values of z that are not very small (approximately,
higher than 1.0), as shown in Fig. 2. This property can be
illustrated with an example of circle drawing with aver-
age joint movement parameters converted in degrees
Ap = 26.5◦, Ad = 35.9◦, θ = 135◦ documented in our
previous study (Dounskaia et al. 2002a). With the use
of 1.5 Hz cyclic frequency and of arm segment lengths
lp = 0.30 m and ld = 0.41 m calculated as described in
Sect. 2 for body height H = 1.7 m, (10) results in an
estimation K∗ = 1.74. Computed from (9) in assump-
tion that joint movements were sinusoidal, K is a peri-
odic function of time that varies between 1.58 and 1.88.
However, the argument z = |ẋÿ − ẍẏ| of the 1/3-power
function in (9) varies between 3.88 and 6.65. This exam-
ple demonstrates that z can vary substantially during
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Fig. 2 The plot of the function f (z) = z1/3 demonstrates that
the 1/3-power function rapidly increases when the argument has
small values. However, when the argument is higher than 1.0, the
function changes slowly. For instance, f (z) = 1.0 for z = 1.0 and
f (z) = 1.44 when z = 3

arm movements. However, if values of z remain suffi-
ciently high, K might be relatively constant due to the
properties of the 1/3-power function in (9). Note that (9)
does not include the limitations of the derived kinematic
model. The model only allowed the assessment of the
argument z for the example of a typical arm movement.
This suggests that power law (1) holds (approximately)
during any movement that results in sufficiently high
value of z. In other words, the power law follows from
the definition (7) of curvature C when the argument of
the 1/3-power function in (9) is sufficiently high (approx-
imately, higher than 1.0). The above numerical example
and the experimental data reported in Sect. 3.2 suggest
that typical arm movements performed with sinusoidal-
like joint motions satisfy this condition. Figure 2 also
shows that when z is small, relative variability of K is
high. However, absolute variability might be still small
because K is small.

The model allows further clarification of conditions
underlying the constancy of K by specifying the depen-
dence of K on kinematic parameters. Expression (10)
shows that K depends on motion frequency ω, lengths
of the upper and lower arm lp and ld, amplitudes Ap and
Ad of the shoulder and elbow motion, relative phase
θ , and the elbow angle αd achieved when the arm end-
point is located in the center of the working space. This
expression also reveals conditions for violation of the
power law (i.e., conditions for variability of K) dur-
ing movements described by the model. Appendix A
shows that variability of K might increase, first, in con-
ditions that make the argument z of the 1/3-power func-
tion in (9) highly variable. These conditions include
high joint amplitudes, and specifically, large range of
elbow motion that makes the approximation of the el-
bow angle with constant αd invalid. Second, conditions
that make the argument z small can result in significant

variability of K. For instance, K can vary dramatically
when θ is close to 0◦ or to π and when movement is
performed with the elbow position close to extreme flex-
ion or extension (αd = 0 or αd = π). Furthermore, the
argument z can be small when joint amplitudes are small.
Thus, both high and low amplitudes can cause increases
in K variability. High amplitudes can cause this effect be-
cause they increase the variability of z. Low amplitudes
can bring this argument in the region where the 1/3-
power function changes fast. This complex dependence
of K on joint amplitudes differs from that predicted by
Schaal and Sternad (2001), as considered in more detail
in Sect. 4.

Expression (10) was obtained with the assumption
that movements at the shoulder and elbow have the
same frequency. Lebedev et al. (2001) analytically dem-
onstrated that if movement frequencies at the two joints
are different, K is not constant but changes as a func-
tion of time and hence the power law does not hold.
This can also be shown with use of the present model.
It can be demonstrated that if ϕp and ϕd in (3) have
different frequencies, K cannot be approximated with a
constant.

3.1.2 Straightness of trajectory during point-to-point
movements (θ = 0 or θ = π)

It is demonstrated in this subsection that this KI is pre-
dicted by the model when θ = 0 or θ = π and Ap, Ad
are small. This can be shown by considering the repre-
sentation of trajectory curvature that follows from (7)

C = K3
/

V3. (11)

It is shown in Appendix A that K3 = F1+F2. Formula
(A2) in Appendix A also shows that F1 ≡ 0 when θ = 0
or θ = π , and hence, C = (F2/V)3. Since F2 depends
on the third power of Ap and Ad (see A2 in Appen-
dix A) and V depends only on the first power of joint
amplitudes [as observed from (13) derived further], F2
decreases faster than V, and therefore, C approaches
zero when joint amplitudes decrease. This justifies

Prediction 2 Cyclical point-to-point movements per-
formed with sinusoidal joint motions of small amplitude
will have nearly straight trajectories.

This prediction implies that decreases in trajectory
straightness might be caused by deviations of joint mo-
tions from sinusoids. Supportive experimental evidence
is presented in Sect. 3.2. Another possible reason for
curved trajectory is high joint amplitudes. This predic-
tion is in agreement with data reported by Haggard and
Richardson (1996) and by Pollick and Ishimura (1996).
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3.1.3 Dome-shaped velocity profile during
point-to-point movements (θ = 0 or θ = π)

This KI can be demonstrated by calculation of the end-
point tangential velocity as V = √

ẋ2 + ẏ2 with use of
(5), which results in

V2 = l2pϕ̇
2
p+l2d

(
ϕ̇p + ϕ̇d

)2 + 2lpld cos (αd + ϕd)
(
ϕ̇p + ϕ̇d

)
.

(12)

When sinusoidal approximations (3) of joint move-
ments with θ = 0 and θ = π are used, (12) becomes

V = ω|cos (ωt)|
√

L2A2
p + l2dA2

d ± AdAp

(
L2 + l2d − l2p

)
,

(13)

where L is the distance between the shoulder joint S and
the end-point E, “+” under the radical stands for θ = 0
and “−” stands for θ = π . The function |cos (ωt)| has a
dome shape because it is equal to zero at the extreme
points of the trajectory and it has a single maximum at
the midpoint. Changes in L are limited and monotonic
within each stroke (half cycle). Therefore, V has a single
peak, or in other words, it has a dome-shaped profile.
These considerations result in

Prediction 3 During cyclical point-to-point movements
performed with sinusoidal joint motions, each stroke
will have dome-shaped velocity V defined by (13) with
a peak value assessed by

Vpeak = ω

√

L2A2
d + l2pA2

p ± AdAp

(
L2 + l2d − l2p

)
, (14)

where L is the distance between the shoulder position S
and the midpoint O of the trajectory.

In contrast to representations (10) and (11), estima-
tions (13) and (14) are valid when joint amplitudes are
not small. This suggests that the dome shape of the veloc-
ity profile is a more robust KI as compared to the other
two KIs.

The above analytical considerations provide interpre-
tation for the three well-known kinematic invariants for
the case of cyclical movements: the power law while
drawing curvilinear shapes, and the straight trajectory
and single-peaked velocity profile during point-to-point
movements. Next, the derived model is used to make ex-
plicit two other invariants of end-point kinematics that
are useful for human movement research. These invar-
iants are related to the influence of joint coordination
patterns on the velocity and distance of the end-point
movement.

3.1.4 Dependence of peak velocity on shoulder and
elbow coordination pattern during point-to-point
movements (θ = 0 or θ = π)

There are only two possible shoulder and elbow coordi-
nation patterns during point-to-point movements. The
two joints either flex and extend simultaneously (θ = 0)
or flexion at one joint is accompanied by extension at the
other joint (θ = π). The dependence of the sign under
the radical in (13) and (14) on the joint coordination
pattern suggests

Consequence 1 During movements for the same dis-
tance, end-point peak velocity is higher when θ = 0
than when θ = π if characteristics of joint movements
are the same.

This prediction is supported in Appendix B and
illustrated in Fig. 3. In this figure, Vsf is the endpoint
velocity component produced by shoulder flexion. This
vector is orthogonal to SO. Vef and Vee are the velocity
components produced by elbow flexion and extension,
respectively. The figure shows that if |Vef| = |Vee|, the
end-point velocity is higher when the two joints rotate
in-phase (resulting in V2) than when they rotate anti-
phase (resulting in V1) due to the kinematic structure of
the arm.

VeeVef

Vsf V1
V2

Fig. 3 Dependence of arm endpoint velocity on joint coordina-
tion pattern. A vector of arm endpoint velocity emerges as a sum
of two vectors caused by rotations at the shoulder (this vector
is orthogonal to SO) and elbow (this vector is orthogonal to the
forearm), respectively. When the shoulder flexes and the elbow
extends, the endpoint velocity is described by vector V1 that is
equal to a sum of Vsf and Vee. When both the shoulder and el-
bow flex, the endpoint velocity is a sum of Vsf and Vef and is
the vector V2. If |Vef| = |Vee|, the resultant velocity is higher
when both joints flex than when one joint flexes and the other
extends
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Table 1 Mean and SD of movement characteristics

Templates

Elbow amplitude 35.9◦ 47.6◦ 27.4◦ 38.2◦ 31.9◦ 59.0◦ 11.7◦ 49.5◦ 41.4◦
SD 1.7◦ 1.8◦ 1.6◦ 1.9◦ 2.0◦ 2.4◦ 3.6◦ 1.8◦ 4.1◦
Shoulder amplitude 29.7◦ 32.7◦ 29.8◦ 22.7◦ 38.1◦ 32.3◦ 33.1◦ 6.7◦ 43.3◦
SD 2.5◦ 2.8◦ 2.5◦ 2.4◦ 2.2◦ 3.3◦ 3.4◦ 1.8◦ 5.0◦
Relative phase 140◦ 158◦ 120◦ 113◦ 148◦ 181◦ 47◦ 239◦ 181◦
SD 14.6◦ 15.9◦ 17.8◦ 8.6◦ 17.3◦ 2.1◦ 48.8◦ 82.3◦ 1.7◦
Elbow power portion 0.89 0.91 0.88 0.9 0.89 0.91 0.50 0.79 0.85
SD 0.04 0.04 0.05 0.04 0.04 0.04 0.25 0.12 0.13
Should. power portion 0.90 0.89 0.89 0.89 0.90 0.90 0.92 0.47 0.87
SD 0.04 0.10 0.06 0.04 0.06 0.04 0.04 0.25 0.10
Mean of β 38.3◦ 38.8◦ 36.6◦ 37.2◦ 38.3◦ 39.1◦ 35.7◦ 37.5◦ 38.0◦
SD 4.6◦ 4.6◦ 4.6◦ 4.5◦ 4.2◦ 4.3◦ 4.5◦ 4.6◦ 3.7◦
Range of β 11.0◦ 14.5◦ 8.7◦ 11.7◦ 9.9◦ 17.5◦ 3.2◦ 14.5◦ 12.2◦
SD 2.3◦ 3.5◦ 2.1◦ 2.8◦ 2.0◦ 4.1◦ 1.3◦ 4.3◦ 2.1◦

Angular values are given in degrees

3.1.5 Distance of point-to-point movements (θ = 0
or θ = π).

Another consequence of (13) can be formulated as

Consequence 2 Movement distance D of the arm end-
point is shorter during the in-phase (θ = 0) than during
anti-phase (θ = π) joint coordination pattern if joint
movement amplitudes are the same.

Support for Consequence 2 for the case of small
joint amplitudes is provided in Appendix C. The depen-
dence of end-point motion characteristics on joint coor-
dination patterns addressed by these two predictions is
important when arm movements in different directions
are studied (Hogan 1985; Graham et al. 2003).

The formulated predictions have been derived in
assumption of sinusoidal joint motions. Further, small
joint amplitudes were assumed for the majority of these
predictions. The extent to which these predictions are
violated during natural arm movements needs to be
investigated experimentally. The next section addresses
the experimental validation of Predictions 1, 2, and 3. It
is demonstrated that the three predictions are relevant
for relatively large movements and that expressions (10)
and (14) accurately assess K and the velocity peak. The
reported results show that the model is valid for human
movements over a range of typical behaviors, and that
the three KIs are related to the arm kinematics structure
and sinusoidal joint motions.

3.2 Experimental support

Characteristics of joint movements averaged across the
two frequency levels and across subjects are shown in
Table 1. Drawing the nine shapes required various com-
binations of elbow and shoulder movements, as observed

from the variations in shoulder and elbow amplitude and
relative phase shown in the top six rows of Table 1. The
next four rows in this table represent the power portion,
a characteristic used to verify whether joint movements
were close to sinusoids. The power portion is an assess-
ment of relative power attributed to the movement fre-
quency component obtained with the FFT analysis. To
compute power portion, first, a power spectrum for each
joint displacement profile was calculated with use of the
FFT analysis. Then a ratio was calculated between the
total power (that was estimated with a sum of power
spectrum values up to 10 Hz frequency) and the power
of the registered movement frequency in the interval
between +0.2 and −0.2 Hz. This ratio is representative
of a portion of the power related to the movement fre-
quency component. When joint excursion has a perfect
sinusoidal profile, this portion would be equal to 1.0.
Deviations of joint excursion from a sinusoid are char-
acterized by decreases in the power portion. Next these
and other results are considered separately for the oval
and circle drawing and for the line drawing.

3.2.1 Oval and circle drawing

As it was expected, relative phase differed from 0 and
fromπ for all five curvilinear shapes. The power portions
were close to 0.9 for all these shapes both at the shoulder
and elbow. Concentration of power in a small portion of
the frequency range suggests that joint movements were
close to sinusoids.

The experimental data were utilized to test Predic-
tion 1 that the gain factor K in (1) can be assessed with
(10) as a function of a number of movement param-
eters (ω, lp, ld, Ap, Ad, θ , andad). The average K values
computed for each trial with (10) and with (1) were
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Fig. 4 The experimentally obtained values of the gain factor K
(y-axis) plotted against K values predicted by the model (x-axis)
during circle and oval drawing. The experimental values were
computed directly from fingertip motion with use of empirical
relationship (1). The predicted values were computed with (10)
from individual arm segment lengths and characteristics of joint
movements. Each data point represents a single movement trial.
The regression line and the high R2 value demonstrate that the
model accurately predicted the experimental data

compared with each other. The calculations prescribed
by (10) were performed with the use of segment lengths
and mean values of frequency, amplitude, and relative
phase of joint movements calculated for each trial. The
experimental data of the end-point velocity and curva-
ture were used to compute K with (1). The experimen-
tal values of K plotted against the data predicted by
(10) are shown in Fig. 4 together with results of a lin-
ear regression analysis. The slope of the regression line
was close to 1.0 (b = 0.96), the intercept was close to
0.0 (a = 0.05), and the R2-value was high (R2 = 0.98).
These regression parameters demonstrate that the two
data sets were remarkably similar. This similarity con-
firms the validity of the K estimate given by (10). It also
shows that Prediction 1 can be valid for substantial joint
amplitudes, and not only for small joint amplitudes for
which this prediction was derived.

3.2.2 Line drawing

The requirement for these movements was to slide the
fingertip along a line template back and forth between
the two ends of the line. In other words, subjects were
required to perform point-to-point movements with
straight trajectory. This task potentially allows verifi-
cation of Predictions 2 and 3. Any deviation of the tra-
jectory from straightness or lack of dome shape in the
velocity profile should be associated with non-sinusoi-
dality of joint motions and/or deviation of θ from 0, π .
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Fig. 5 Mean power portion for the shoulder and elbow plotted
against trajectory straightness. The data points correspond to indi-
vidual trials performed at the two frequency levels. The data are
denoted by four different symbols corresponding to the four line
orientations. The regression line was computed for the data ob-
tained for all four line orientations. In spite of the requirement
to draw straight lines, trajectory straightness varied. Decreases
in straightness were associated with lower sinusoidality of joint
motions

If the velocity profile is dome shaped, then the peak
velocity should be predicted by (14).

Figure 5 demonstrates the relationship between tra-
jectory straightness and sinusoidality of joint motions.
Trajectory straightness was computed as a ratio between
the length of the line connecting the two extreme points
in each stroke and the maximal deviation of the
actual trajectory from this line. Thus, increases in this
characteristic correspond to improvements in trajec-
tory straightness. The vertical axis shows power por-
tion averaged for the shoulder and elbow. Obviously,
decreases in trajectory straightness were accompanied
with decreases in joint motion sinusoidality. However,
the relatively low correlation coefficient (R = 0.52)
shows that the sinusoidality was not the only factor
associated with decreases in trajectory straightness. In
particular, less straight movements were characterized
by deviations of θ from 0, π . This can be inferred from
an observation that trajectory straightness was lower for
the lines that were characterized by θ different from 0,π .
Figure 5 shows that trajectory was straighter while draw-
ing of the vertical and left-tilted lines than of the horizon-
tal and right-tilted lines. This observation was confirmed
by a 4 × 2 (Line × Frequency) ANOVA with repeated
measures applied to the straightness data. The main ef-
fect of the line factor was significant [F(3, 30) = 39.6,
P < 0.001]. Post hoc testing specified that straightness
was similar for the vertical and left-tilted line and it was
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Fig. 6 Individual data
obtained during drawing the
vertical line (left column) and
the horizontal line. The top
and medium panels show
angular displacements at the
joints and the bottom panels
demonstrate endpoint
velocity. During drawing the
vertical line, movements at
both joints were
sinusoidal-like and the hand
velocity was smooth and had
a single peak within each
cycle. During drawing the
horizontal line, elbow angular
displacement had more than
single peak within each cycle.
This was accompanied by
distortions of the bell shape in
the endpoint velocity profile
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higher for these lines than for the other two lines. Fur-
thermore, straightness was higher for the horizontal than
for the right-tilted line. The main effect of frequency was
also significant [F(1, 10) = 8.5, P < 0.05]. Straightness
decreased with increases in frequency level, specifically
for the horizontal and for the right-tilted line. However,
the interaction did not reach significance (P = 0.08).

The differences in the trajectory straightness across
the lines suggest that straightness decreased when θ

deviated from 0, π . Indeed, the data in Table 1 show
that while drawing the vertical and left-tilted line, rel-
ative phase θ was close to π . An example of joint mo-
tions while drawing the vertical line at 1.5 Hz frequency
is given in the left column of Fig. 6a. The joint displace-
ments were coordinated with θ ≈ π̃ and they were close
to sinusoidal with power portion equal to 0.89 and 0.93
at the shoulder and elbow, respectively. Relative phase
differed from the expected values while drawing the
horizontal and right-tilted line. The high SD suggests
that relative phase was not consistent and varied in a
wide range for these two lines. The reason for this is
that mean relative phase presented in Table 1 was com-
puted as an average of continuous relative phase dur-
ing the entire movement instead of only at the discrete
reversal points. Only one joint performed a sinusoidal
movement, whereas motion at the other joint had short
amplitude and was irregular during the drawing of these
two lines. This caused variations in relative phase during
each movement stroke, resulting in a variable mean rel-
ative phase. The joint amplitude and power portion data
in Table 1 confirm this statement, showing that drawing

the line tilted right was predominantly performed by the
elbow with an irregular motion of low amplitude at the
shoulder. While drawing the horizontal line, shoulder
motion was close to a sinusoid but elbow motion, on
average, was not sinusoidal. Visual inspection revealed
that elbow angular velocity often had two peaks within
each movement stroke. An example of a movement hav-
ing a two-peak angular velocity at the elbow is shown in
Fig. 6b. For this movement, power portion was 0.90 at
the shoulder and 0.55 at the elbow and mean θ was 0.76
(43.6◦).

These results support Prediction 2, showing that in
spite of the explicit requirement to move along a linear
template, trajectory straightness varied across the lines.
In general, lower straightness was associated with lower
sinusoidality of joint motions and deviations of θ from
0, π . Further, these results suggest validity of Prediction
2 for substantial amplitudes of joint motions and not
only for small amplitudes included in the formulation
of this prediction. Thus, straightness of trajectory often
observed during point-to-point movements might be in
many cases a mere consequence of sinusoidal-like joint
motions.

The data also supported Prediction 3 with respect to
the dome shape of the velocity profile whose peak is
predicted by (14). In agreement with this prediction,
velocity profile usually had smooth and symmetrical
dome shape while drawing the vertical and left-tilted
line (when both joint motions were close to sinusoids),
and this shape was often distorted while drawing the hor-
izontal and right-tilted line (when motion at one joint
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was not sinusoidal). This is illustrated in Fig. 6 where
the bottom panels show two examples of velocity pro-
files obtained for the vertical and horizontal line.

According to the prediction of the model, the dome
shape emerges due to the cosine function in (13). To
examine whether velocity profile was close to this shape,
power portion was computed for signed end-point veloc-
ity. The sign changed depending on the direction of
movement along the line template, which resulted in a
periodic bi-phasic velocity profile. Mean power portion
computed for these velocity profiles was 0.94 (SD = 0.03)
for the vertical line and 0.93 (SD = 0.04) for the tilted-
left line and it was 0.9 (SD = 0.03) and 0.88 (SD = 0.06)
for the horizontal and right-tilted line, respectively. A 4
× 2 (Line × Frequency) ANOVA with repeated mea-
sures revealed significant effect of line [F(3, 30) = 7.8,
P < 0.01]. Post hoc testing showed that power portion
was higher for the vertical and left tilted lines than for
the horizontal and right-tilted lines. The effect of fre-
quency was not significant (P = 0.4).

To verify that peak velocity is predicted by (14), peak
velocity was computed from (14) for each trial with
the use of individual segment lengths lp, ld; mean joint
amplitudes; and distance L from the shoulder position
to the middle of the line path. These data and the peak
velocity values registered by the fingernail marker were
regressed against each other. Figure 7 shows the results
of the regression analysis. The regression was character-
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Fig. 7 Experimentally obtained peak velocity of the arm end-
point (y-axis) plotted against peak velocity values predicted by the
model (x-axis) during drawing the four lines. The experimental
values were computed directly from fingertip motion. The pre-
dicted values were computed with (14) from individual arm seg-
ment lengths and characteristics of joint movements obtained for
each trial. Each data point represents a single movement trial. The
regression line and the high R2 value demonstrate that the model
accurately predicted the experimental data

ized by b = 0.84, a = 0.25, and R2 = 0.9, where b is
the slope and a is the intercept of the regression line.
Although the non-zero intercept shows that the pre-
dicted values were slightly lower than the experimen-
tal data, overall the results of the regression analysis
confirm the validity of (14) for the tested movements.
The good fit between the experimental and predicted
values obtained even though joint motions were not al-
ways sinusoidal and there was an additional constraint
to move along a straight line suggests that estimation
(14) is robust and might be applicable for a wide range
of point-to-point movements.

Since movement frequency and distance were the
same for all four lines, a direct verification of Conse-
quences 1 and 2 is not possible based on the present
experimental data. However, the results for joint ampli-
tudes provide an indirect support for Consequences
1 and 2. These data show that the sum of the joint
amplitudes was 42.7◦ while drawing the horizontal line
(which required simultaneous flexion and extension at
the shoulder and elbow, i.e. the in-phase coordination
pattern) and it was 89.1 and 83.4◦ while drawing the
vertical and left-tilted line, respectively (which required
combination of flexion and extension at the two joints,
i.e. the anti-phase coordination pattern). Drawing the
right-tilted line is not included in this analysis, because
it predominantly was a single-joint movement. Thus,
movement of the end-point for the same spatial distance
required twice shorter total angular distance at the two
joints during the in-phase than during the anti-phase
coordination pattern. This suggests that if amplitude of
each joint was the same in the two coordination patterns
and equal cyclic frequency was maintained, end-point
movement distance would be longer and velocity would
be higher during the in-phase pattern, as formulated in
Consequences 1 and 2.

The considerations in Appendix B underlying Conse-
quence 1 were based on the statement that the angle β
is always acute during arm movements. This statement
was supported by the experimental data. As shown in
the four bottom rows of Table 1, mean values of β were
similar across the shapes, which is consistent with the
common center of the shapes. Mean value of β com-
puted for all nine shapes was 40.2◦ and the mean range
of β was 11.6◦.

4 Discussion

Linear approximation of the arm kinematics structure
when joint movements are sinusoidal has been proposed
as a source of the constant gain factor K in the power law
(Schaal and Sternad 2001). However, this interpretation
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of the power law has not received stronger support than
other interpretations because an explicit expression for
K that would allow comparison of the analytically pre-
dicted K values with values obtained experimentally had
not been derived. The simplification of the arm model
by using planar two-degree-of-freedom movements in
the present study made it possible to obtain an analyt-
ical expression for K from the definition of trajectory
curvature C. This expression allowed reconstruction of
full picture, revealing all factors that influence K. In
particular, this expression showed that although K is a
time-varying characteristic, its variability is limited due
to the properties of the 1/3-power function included in
the expression for K. This expression also demonstrates
that in addition to increases in joint amplitudes distin-
guished by Schaal and Sternad (2001) as factors under-
lying variability in K, decreases in joint amplitude might
also cause increases in K variability due to functional
properties of K. The revealed complex dependence of
K variability on joint amplitudes and other kinematic
parameters suggests that the power law (i.e., constancy
of K) holds when the shoulder and elbow perform
smooth (sinusoidal-like) joint motions of moderate
amplitudes with substantial phase off-set (θ �= 0 and
θ �= π), and movements are performed in the medium
portion of the arm working space (the elbow angle is not
close to 0 or π).

In addition to the prediction of conditions for the
power law, the model has demonstrated that the arm’s
kinematic structure and sinusoidal joint movements also
predict the two KIs characterizing cyclical point-to-point
movements, i.e., the straightness of the end-point trajec-
tory and the dome shape of the velocity profile. It was
shown that the approximation of end-point trajectory
with a straight line naturally emerges when shoulder
and elbow amplitudes are relatively small, and that the
dome shape of the velocity profile is an inherent prop-
erty of sinusoidal joint motions even when amplitudes
of these motions are not small. Thus, the model revealed
that all three KIs might be related to a single phenome-
non, which is a novel finding that has not been proposed
previously.

Another important novelty of the present study is
that the derived analytical descriptions clarify definition
and provide quantification of the two KIs, the power
law and the dome shape of the velocity profile. Previous
studies formulated the power law as a linear depen-
dence between V and Cν with the power ν ≈ 1/3 and
a nearly constant gain factor K. Expression (9) specifies
that ν = 1/3 and K is a time-varying characteristic,
whereas expression (10) defines the constant estimation
of K and kinematic parameters determining it. Further-
more, it has been recognized in previous studies that the

velocity profile during point-to-point movements is
usually smooth, has a single peak, and is nearly
symmetrical. The bell and dome shapes were used to
describe this profile during discrete and cyclical move-
ments, respectively. Expression (13) specifies that during
cyclical movements, the velocity profile is an unsigned
cosine function whose peak can be estimated with (14)
from parameters of the arm structure and joint motions.
The obtained quantification of the two KIs creates a
mechanism for numerical and experimentally verifiable
predictions of the end-point trajectory characteristics as
well as for quantitative comparison of these character-
istics across different movement conditions and subject
groups.

The expressions predicting the KIs were derived with
the assumption of small amplitudes of joint movements.
However, many studies that experimentally documented
the KIs were not limited to small joint amplitudes. To test
the validity of the analytical predictions for joint ampli-
tudes that are not small, the predictions were tested
with use of experimental data collected while draw-
ing a set of relatively large circular, oval, and linear
shapes. The predictions related to the power law and
the dome shape of the velocity profile were confirmed
by comparison between the experimental data and the
data computed with (10) and (14). The good fit
maintained between the two data sets for various an-
thropometrical and kinematic parameters justifies appli-
cability of the corresponding predictions to natural arm
movements. Expression (13) defining the dome shape
of the velocity profile was further validated by doc-
umenting deviations of end-point velocity from the
cosine shape when motion at one joint was not sinusoi-
dal (Fig. 6). The prediction that in-phase and anti-phase
sinusoidal motions at the shoulder and elbow result in
straight trajectory was supported by the finding that tra-
jectory straightness varied across the lines in spite of
the explicit requirement to move along a straight-line
template, and that the decreases in straightness were
associated with deviations of joint motions from sinu-
soids and of relative phase from 0, π . Overall, these
results argue for validity of the derived model for a wide
range of arm movements and confirm the relation of the
three KIs to the kinematic structure of the arm and sinu-
soidal-like joint motions. Particularly, they show that K
and peak velocity can often be accurately predicted by
(10) and (14).

In addition to the three major KIs, two other reg-
ularities in end-point kinematics (Consequences 1 and
2) were deducted from the arm model. They predict
that for the same shoulder and elbow amplitudes, dis-
tance and velocity of the end-point movement will be
higher during the in-phase than the anti-phase joint
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coordination pattern. Indirect support for these predic-
tions was provided with shorter joint amplitudes during
the in-phase coordination pattern than during the anti-
phase pattern when end-point movement distance was
the same. The dependence of end-point kinematics on
joint coordination addressed in Consequences 1 and 2 is
important when joint control is compared across differ-
ent movement directions (Graham et al. 2003; Hogan
1985).

The finding that the KIs depend on kinematic param-
eters, such as arm segment lengths, joint movement
parameters, and others, has implications for some pre-
vious experimental observations and can be useful for
future research. For instance, the dependence on Ap and
Ad suggests that K can vary with changes in the size
of the shape. Evidence relevant to this prediction has
been provided by a number of studies (Lacquaniti et al.
1983; Schaal and Sternad 2001; Sternad and Schaal 1999;
Viviani and Cenzato 1985). The dependence on θ pre-
dicts that K can vary within shapes that require vari-
able phase off-set θ . This might be one of the reasons
for variations in K observed during handwriting and
drawing movements and described as movement seg-
mentation (Lacquaniti et al. 1983; Sternad and Schaal
1999; Viviani and Cenzato 1985; Viviani and Terzuolo
1982). The dependence on ld and lp suggests that draw-
ing the same shape by subjects with different length of
the arm segments would result in different K. Namely,
K would be higher when arm segments are longer. This
prediction is in agreement with the observation of age-
dependent differences in K during drawing movements
performed by children between 5 and 12 years of age
(Viviani and Schneider 1991). In this study, K in general
increased with increased age even though the value used
for approximation of the curvature power was lower
than 1/3 for younger children, which caused overestima-
tion of K.

While some evidence for the dependence of K on
the aforementioned parameters has been reported in
previous studies, and this dependence could also be de-
duced from the representation of K given in the appen-
dix by Schaal and Sternad (2001), the dependence of K
on sin(αd) established by (10) has not been discussed.
Nevertheless, this dependence suggests that K depends
on the average arm posture during motion. For instance,
K may vary across shapes whose locations require differ-
ent elbow angles. In particular, differences in K are ex-
pected when the same shape is drawn with the stretched
or flexed arm (αd is close to 0 or to π , and hence sin(αd)
is close to 0.0) as compared to drawing the shape with
αd close to π /2 where sin(αd) is close to 1.0. Further, the
dependence on sin(αd) suggests that K may significantly
vary within a shape produced with a stretched or flexed

arm (αd is close to 0 or to π) because sin(αd) is small and
highly variable in these arm positions, making K highly
variable due to the properties of the 1/3-power func-
tion in (9) that rapidly changes for small values of the
argument (Fig. 2). For the same reason, K can be highly
variable when narrow ellipses are drawn (θ is close to 0
or to π in this case, and hence, sin(θ) is small and highly
variable).

While the comparisons with the experimental data
suggest that the relation between the KIs and kine-
matic parameters is maintained over a wide range of
arm movements, the derived model has a number of
limitations. First, the present study was limited to cycli-
cal movements, and therefore, the findings do not ac-
count for some features of discrete movements, such as
the asymmetric velocity profile during pointing and the
dependence of velocity on the target size (Fitts 1954). It
is possible that expression (13) is applicable to discrete
pointing movements when the target is large, because
a number of studies reported that kinematic charac-
teristics of discrete and cyclical movements are similar
for large targets, and the differences emerge when the
target size is decreased (Adam et al. 1993; Buchanan
et al. 2004, 2003; Guiard 1993, 1997). Additional re-
search is necessary to investigate possible differences
in the trajectory shape and the velocity profile dur-
ing discrete and cyclical movements and how specific
components of discrete movements, such as motion ter-
mination (Dounskaia et al. 2005), contribute to these
differences.

Second, the model was limited to planar two-joint
movements, which was necessary to derive explicit ana-
lytical expressions for the KIs. Would the KIs be ob-
served when additional degrees of freedom are included
in motion? Apparently, values of the KI parameters
would differ from those predicted by the obtained for-
mulae because the kinematic structure of the arm would
be different. Moreover, some KIs are likely to be vio-
lated. Experimental support for this possibility with re-
spect to the power law has been provided by Schaal and
Sternad (2001). The bell (dome) shape of the velocity
profile is a robust KI that is likely maintained when a
degree of freedom is added; however, only if all degrees
of freedom change synchronously in the sinusoidal-like
fashion. An additional degree of freedom would vio-
late trajectory straightness during point-to-point move-
ments performed with sinusoidal joint motions. This can
be demonstrated analytically with use of simple consid-
erations of velocity vectors similar to those presented in
Fig. 3. It can be shown with this method that if the arm
end-point moves along a straight line, adding a degree
of freedom, such as wrist or humeral rotation, disrupts
the trajectory straightness.
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The third limitation of the model is that it addresses
only periodic motion near the center of the arm’s
practical workspace. In terms of joint kinematics, this
limitation implies a requirement for smooth, sinusoi-
dal-like motions of moderate amplitudes. Violations of
this requirement would differentially affect the three
KIs. The properties of the 1/3-power function in (9)
suggest that the power law would be valid for a wide
range of smooth joint motions. This is in agreement with
reported examples of movements that follow the power
law and that emerge from smooth but not strictly bi-
phasic sinusoidal joint motions of constant amplitude
(Viviani and Flash 1995). However, the requirement for
moderate but not small joint amplitudes might be critical
for this KI, again, due to the properties of the 1/3-power
function. The sinusoidal-like joint motions are proba-
bly important for a smooth single-peak velocity profile,
whereas the size of joint amplitudes is not critical. The
model predicts straight trajectory for sinusoidal joint
motions of small amplitude. This, however, does not ex-
clude a possibility that non-sinusoidal joint motions can
also result in relatively straight trajectories. For instance,
drawing the horizontal and right-tilted line in the pres-
ent experiment included non-sinusoidal motion at one
joint. Although end-point trajectory was less straight for
these lines as compared with the other two lines, it still
looked close to a straight line. Thus, the model does not
completely clarify the conditions for violation of this KI,
although this clarification would rely on a definition of
a curvature threshold under which a trajectory can still
be considered straight.

Although some of the KIs might be maintained when
joint motions are not strictly sinusoidal, overall, the pre-
sented results suggest that the KIs in end-point motion
are usually associated with smooth sinusoidal-like joint
motions of moderate amplitudes. Thus, instead of the
three KIs of end-point kinematics, a single KI of sinusoi-
dal joint motions can be considered. Although sinusoi-
dal joint motions have often been reported (Bernstein
1984; Buchanan et al. 1997; Schaal and Sternad 2001;
Soechting and Lacquaniti 1986; Soechting and Terzuolo
1987; Sternad and Schaal 1999), little research has ad-
dressed the reasons for their emergence. Schaal and
Sternad (2001) discussed central pattern generators as
a possible mechanism underlying sinusoidal joint move-
ments. Another possibility that stems from the study
by Gribble et al. (1996) is that spring-like properties of
muscles contribute to sinusoidal joint movements. This
hypothesis is supported by a consideration that force
produced by spring-like muscles is proportional to mus-
cle length. Such force would generate the same type of
single-joint movement as motion of a pendulum in the
gravitational force field, which is sinusoidal.

Thus, the KIs of end-point kinematics might be
by-products of a number of factors that cause sinusoidal
joint motions. However, it is also possible that sinusoi-
dal joint motions are, at least partially, a consequence of
incorporation of the three KIs in end-point trajectories
at the level of central control. The voluntary origin of
the KIs is evident from a consideration that movement
goals can, in principle, be achieved without the KIs. For
instance, it is possible to move along a curve instead of
the straight path during pointing, to produce velocity of
other than the bell shape, and to perform a curvilinear
movement that does not follow the power law. Further-
more, the KIs do not “automatically” emerge in end-
point motion but likely require a substantial effort to
be learned and maintained. For instance, path straight-
ness and smooth bell-shaped velocity profiles are not
observed in movements of infants at the early stages
of reaching acquisition and are progressively developed
with extensive practice (Berthier et al. 1999; Konczak
et al. 1997; Konczak and Dichgans 1997; Thelen et al.
1993; Von Hofsten 1991). Multiple velocity peaks and
deviations from the straight path are often observed in
reaching movements of patients with motor disorders
that have a central origin (Alberts 2000; Bastian et al.
1996; Castiello et al. 2000; Flash et al. 1992; Levin 1996;
Massaquoi and Hallet 1996).

The production of end-point trajectories character-
ized by the KIs might have various reasons. For in-
stance, it is possible that there is a tendency to provide
straightness of the visual representation of trajectory
during point-to-point movements (Miall and Haggard
1995; Wolpert et al. 1995) because it simplifies visual
images of movements and improves predictability and
controllability of motor performance. Also, it is possible
that the KIs are exploited to simplify neural coding of
arm movements, which is supported by observations of
the power law in the cortical representation of drawing
movements (Schwartz 1994; Schwartz and Moran 1999,
2000).

Thus, it is possible that the KIs emerge due to sinu-
soidal joint motions, but it is also possible that sinu-
soidal joint motions emerge due to the KIs. There is a
third alternative that both the KIs and sinusoidal joint
motions are by-products of a single factor, for example,
of an optimal control strategy. A number of relevant
optimization criteria have been proposed. Some of them
address properties of end-point trajectory, such as mini-
mal jerk, maximal smoothness, and minimal noise (Flash
and Hogan 1985; Harris and Wolpert 1998; Richardson
and Flash 2002; Schaal and Sternad 2001; Todorov and
Jordan 1998; Viviani and Flash 1995). Energy-related
minimization criteria can also result in the KIs (Lebedev
et al. 2001) as well as in sinusoidal joint motions because
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they are likely to minimize energy expenses, as suggested
by the consideration that motion of a free pendulum is a
sinusoid of the resonance frequency. Optimality of sinu-
soidal joint movements in terms of energy expenditure is
also supported by the finding that the preferred gait pat-
terns are rhythmic movements associated with minimal
levels of metabolic and mechanical energy consumption
(Diedrich and Warren 1995). All these optimization cri-
teria likely result in sinusoidal joint motions (and hence,
in the KIs) similar to how during translational motion
of a material point, the straight path yields minimiza-
tion of various cost functions, including movement time,
distance, jerk, performed work, and energy expenditure.

While research has been striving for distinguishing a
single factor that fully accounts for the KIs, it is also
possible that the KIs are a result of a harmonious com-
bination of various factors that compliment each other
to facilitate movement performance simultaneously at
different levels of the motor system. While the KIs might
simplify cognitive aspects of movement control, such
as planning and examination of performance, and en-
sure smooth and accurate movements of the end-point,
the human musculoskeletal system might have been ad-
justed in evolution to provide these kinematic charac-
teristics with minimal energy expenditure (Marzke and
Marzke 2000).

In conclusion, a planar two-joint model of cyclical
arm movements was derived to analytically predict a
number of regularities (kinematic invariants, KIs) that
have often been experimentally observed in end-point
trajectories. The model predicts the power law during
drawing movements, and the straight path and the dome
shape of the velocity profile during point-to-point move-
ments. It demonstrates that all three KIs are associated
with the planar two-joint approximation of the arm kine-
matics and with sinusoidal-like motions at the joints.
Explicit analytical expressions are obtained for two KIs,
the power law and the dome shape of the velocity pro-
file, that specify the quantitative dependence of these
KIs on parameters of arm kinematics and sinusoidal
joint motions. This creates a mechanism for experimen-
tally testable predictions about variations in end-point
motion characteristics across various movement condi-
tions and subject groups.

Appendix A: Approximation of the gain factor
K with a constant

Inserting (5) and (6) in (9) and using (2) and (3) results
in

K = (|F1 + F2|)1/3, (A1)

where

F1 = ω3[lpldApAd sin (αd + Ad sin (ωt + θ)) sin (θ)
]

(A2)

and

F2 = l2pA3
p cos3 (ωt)+ l2d

(
Ap + Ad

)3

×(cos (ωt)+ cos (ωt + θ))3 +
+ lpld cos (αd + Ad sin (ωt + θ))

{
Ap

(
Ap + Ad

)

× [(
Ap+Ad

)
(cos (ωt)+cos (ωt+θ))+Ap cos (ωt)

]}
.

(A3)

When Ad and Ap are small, K can be estimated by

K = ω
(
lpldApAd sin (αd) sin (θ)

)1/3. Indeed, when Ad
and Ap decrease, F1 can be approximated by a con-
stant R = ω3[lpldApAd sin (αd) sin (θ)

]
because αd is

usually not close to 0 or to π during human movements,
and therefore, variations in sin(αd + Adsin(ωt + θ)) are
small. F2 is a periodic function that varies around zero.
Although both F1 and F2 decrease when Ap and Ad
decrease, F2 decreases faster than F1 because F1 de-
pends on the second power of the joint amplitudes and
F2 depends on the third power of joint amplitudes. For
this reason, K can be approximated as K∗ = F1/3

1 .

Appendix B: Dependence of end-point velocity on joint
coordination pattern

Prediction 4 follows from (13) when cos(ωt) = 1 and the
term L2 + l2d − l2p is substituted by 2lpldcos(β), where β
is the angle between the distal segment and the line SE
(see Fig. 1). Then Vpeak can be expressed as

Vpeak = ω

√
L2A2

d + l2pA2
p ± 2LldAdAp cos (β). (B1)

When joint amplitudes are small, the distance L be-
tween the shoulder joint S and the end-point E is approx-
imately constant. Then Vpeak in (B1) is higher for θ = 0
(“+” under the radical) than for θ = π (“−” under the
radical) because β is always less than π/2 during move-
ments of the human arm. This property of the angle β
follows from the second triangle theorem that yields a
relationship

sin (β) = (
lp

/
ld

)
sin (ψ), (B2)

whereψ is the angle between the upper arm and SO. The
changes in the angle ψ are limited by 0 and π when the
elbow rotates from full extension to full flexion, which
provides an inequality

0 � sin (β) � lp
/

ld. (B3)
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With use of segment lengths lp = 0.18H and ld = 0.244H
(see Sect. 2), (B1) and (B2) result in the limits 0 ≤ β ≤
0.78 (47.5◦) for all possible arm configurations. Thus,
cos(β) is always positive, and therefore, endpoint veloc-
ity is higher when the two joints simultaneously flex or
extend than when they move anti-phase.

Appendix C: Dependence of movement distance
on joint coordination pattern

It is demonstrated in this appendix that sinusoidal move-
ments (3) at the shoulder and elbow result in longer
movement distance when θ = 0 than when θ = π .

Distance D between a position (x1, y1) of the end-
point defined by the joint angles γp1 = αp + ϕp1 and
γd1 = αd + ϕd1 and a position (x2, y2) when the joint
angles are γp2 = αp + ϕp2 and γd2 = αd + ϕd2, respec-
tively, is computed from D2 = �x2 + �y2, where δx =
x2 − x1 and δy = y2 − y1. Expressions for �x and �y
obtained from (4) are

�x = lp cos
(
αp + ϕp2

) + lp cos
(
αp + αd + ϕp2 + ϕd2

)

− lp cos
(
αp + ϕp1

) − lp cos
(
αp + αd + ϕp1 + ϕd1

)
,

�y = lp sin
(
αp + ϕp2

) + lp sin
(
αp + αd + ϕp2 + ϕd2

)

− lp sin
(
αp + ϕp1

) − lp sin
(
αp + αd + ϕp1 + ϕd1

)
.

(C1)

Expansion of the sine and cosine functions in (C1) in the
Taylor series around αp and αp + αd, respectively, yields

D2 = �x2 +�y2 = l2p
(
ϕp2 − ϕp2

)2

+l2d
(
ϕp2 + ϕd2 − ϕp1 − ϕd1

)2. (C2)

When the sinusoidal approximations (3) of joint
movements are used, one target is achieved when ωt =
π(2k+1/2) and the other target is achieved whenωt = π

(2k + 3/2), where k = 1, 2, . . .. Using these values, it can
be shown that

D2 = 4l2pA2
p + 4l2d

(
Ap + Ad

)2, when θ = 0, (C3)

and

D2 = 4l2pA2
p + 4l2d

(
Ap − Ad

)2, when θ = π . (C4)

Comparison of (C3) and (C4) demonstrates that the
distance D is longer when θ = 0 than when θ = π .
Since this result was obtained with use of the Taylor
series expansion, it is valid for small amplitudes of joint
movements.
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