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Abstract To draw conclusions as regards the stability and modelling limits of the investigated continuum, we
consider a family of infinitesimal isotropic generalized continuum models (Mindlin—Eringen micromorphic,
relaxed micromorphic continuum, Cosserat, micropolar, microstretch, microstrain, microvoid, indeterminate
couple stress, second gradient elasticity, etc.) and solve analytically the simple shear problem of an infinite
stripe. A qualitative measure characterizing the different generalized continuum moduli is given by the shear
stiffness p*. This stiffness is in general length-scale dependent. Interesting limit cases are highlighted, which
allow to interpret some of the appearing material parameter of the investigated continua.

Keywords Generalized continua - Simple shear - Shear stiffness - Characteristic length - Size-effect -
Micromorphic continuum - Cosserat continuum - Gradient elasticity

1 Introduction

Today there exists a huge variety of small strain, linear generalized continuum models that allow to extend the
modelling capabilities to include size dependent response. We mention Mindlin—Eringen micromorphic [7,8,
10,22], relaxed micromorphic continuum [4,26,27], Cosserat [3,17,25,28-30], micropolar, microstretch [22,
27], microstrain [11], microvoid [27], indeterminate couple stress [12,20,23,30,31], second gradient elasticity
[22,29], etc.

The basic problem of all these theories, even for the infinitesimal strain isotropic case under consideration
here, is the huge number of newly appearing constitutive coefficient which need to be determined and physi-
cally interpreted. Homogeneous tests fail to reveal the inherent size effects, and are therefore not sufficient to
determine and interpret those constitutive coefficients that are connected to these size effects. To gain further
insight, it is therefore mandatory to investigate boundary values problems which produce some inhomogenes
response (as it can be seen in real or virtual experiments [6,32—-34,37,40]). There exist a couple of inhomoge-
neous analytical solutions to simple shear [1,2,5,9,14,16,18,19,21,34,39,41], pure bending and torsion for
some of the simpler models mentioned above.
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Fig. 1 Sketch of an infinite stripe subjected to simple shear boundary conditions

Cosserat theory has widely been used to model such size effects since respective analytical solutions are
available (and Cosserat has less parameters of course) whereas few analytical solutions are available for more
general classes of micromorphic theories (except those which are already cited) and that such solutions are
necessary to promote micromorphic theories.

In this paper, we focus on the analytical solution for the simple shear of an infinite stripe, which we provide
for a family of generalized continua. The method to obtain these solutions of linear problems is fairly standard,
but still needs a concentrated effort. The deep interest occurs in comparing the resulting size-dependent shear
stiffness
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where & is force-stress tensor and y is the shear deformation for the classical shear problem. The factor p*
will, in general, depend on a length-scale parameter (L. > 0), the height & of the stripe (Fig. 1), and on the
other parameters of the generalized continua. It is clear that for material samples with infinite relative width
(corresponding to L. — 0, viz h — 00), we need to recover the classical size-independent shear modulus
W* = [macro- This imposes already some telling relations between the remaining parameters of the model.

Another interesting limit case concerns the shear stiffness for arbitrary “flat” samples (A — 0), which
correspond to L, — oo. Then, typically, u*|,— o0 is an increasing function of L.. Whether or not there
exists an upper bound on the shear stiffness depends then on the specific model. Typically, gradient elasticity
(including the indeterminate couple stress model) exhibits an unphysical stiffness singularity. Other more
general models may have the same stiffness singularity in conjunction with the limit to infinity for further
material parameters.

As a first result we can note that the simple shear of an infinite block is triggering an inhomogeneous
solution when forced by the boundary condition, but this inhomogeneity remains for many of the investigated
models “tame”, in the sense that the shear stiffness remains bounded as L. — oo (h — 0). We expect this to
change completely when we repeat this kind of investigation for the pure bending case in a future contribution.

Since we aim at a readable exposition, we use direct tensor notation alongside index-notation. Moreover,
due to the large number of constitutive coefficients, especially in the curvature energies of the different models,
we have opted to simplify the curvature expressions to a 1-parameter format for the classical micromorphic
model, the microstrain model and the gradient elasticity model. For all other models, the effective curvature
parameters are completely taken into account; nevertheless, they simplify considerably for the chosen 2D
simple shear problem.

All our investigated generalized continuum models are in one way or another derived from the general
Mindlin—Eringen [22] micromorphic framework. They differ in the choice of the additional independent
degrees of freedom (Cosserat: 3 rotation dof, microstrain: 6 strain dof, etc.) besides the classical 3 translation
degrees of freedom. They also differ in the choice of curvature parameters. The different curvature terms
also presuppose according different boundary conditions, e.g., if the full gradient of the micro distortion P is
used as curvature (as in the classical micromorphic model) ||V P |2, then one can impose Dirichlet boundary
conditions on P completely. If, on the other hand, only the Curl of the micro distortion P is controlled, as in
the relaxed micromorphic model ||Curl P ||?, then only tangential boundary conditions on P can be prescribed.

In second gradient elasticity, one controls H Viu “2 and accordingly, the values of Vu at the boundary can

be given, similarly for the indeterminate-couple stress model, in which || Vcurl || is controlled and one may
prescribe the values of curl # at the boundary. For the Cosserat model, the curvature measure can be taken to be
|Curl A||?, fora skew-symmetric matrix A. Since Curl controls all first partial derivatives of A, the tangential
condition for skew-symmetric A is equivalent to a full Dirichlet condition.
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The apparent size-effect inherent in all these theories is strongly related to the employed Dirichlet boundary
conditions for the additional (or higher order) terms. Indeed, if the additional degrees of freedom are left free
at the upper and lower surface (for simple shear), then the solution turns into the homogeneous classical simple
shear solution without size effects.

A long version of the paper, including all the technical details, can be found in [36].

1.1 Notation

For vectors a, b € R", we consider the scalar product (a, b) := Y, a; b; € R, the (squared) norm la|? :=
(a, a) and the dyadic product a ® b := (ai bj). 1 g € R™*", Similarly, for tensors P, @ € R**" with

Cartesian coordinates P;; and Q;;, we define the scalar product (P, Q) := Zf j=1 Pij Q;j € R and the

.....

.....

and the skew-symmetric part skew P := %(P — PT). The Lie-Algebra of skew-symmetric matrices is denoted

by so(3) :={A € R33 | AT = —A}. The identity matrix is denoted by 1, so that the trace of a matrix P is
given by trP := (P, 1). The gradient and the curl for a vector field u are defined as

Uil U12 U13 Uz — U3
Vu=|uyiupuyz|, culu=Vxu=\_uy3—uszi|. (D)
Uz uzz u33 Uzl —ur2

Moreover, we introduce the Curl and the Div operators of the matrix P as:

curl (P11, P12, P13) div (P11, P2, P13)
Curl P = curl (Pz] s Pzz, P23) s DivP = div (P21 s Pzz, P23) . (2)
curl (P31, P3, P33) div (P31, P, P33)

2 Simple shear for the isotropic Cauchy continuum

The expression of the strain energy for an isotropic Cauchy continuum is

A
W (Vi) = pmacro symVa||* + =220 (Var) (3)
while the equilibrium equations without body forces are
Div [2 pmacro SYmVa 4 Amacro tr (V) 1] = 0. 4)

The boundary conditions for the simple shear problemare (x> = 0) = 0,u1(x = h) =y h,uz(xo =0) =0,
and uy(xo = h) = 0 (see Fig. 1). The displacement fields solution and the shear stiffness for the simple shear
problem are the following:

012
up(x2) =yxz, uz(xy)=0, w* = 7 = Mmacro- (5)

Here and in the remainder of this work, the elastic coefficients u;, A; are expressed in [MPa], the shear
deformation y is dimensionless, the lengths L. and the thickness % in meter [m].
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3 Classical Mindlin-Eringen formulation

The classical micromorphic model couples the displacement # € R3 with an affine field P € R3*3, called the
micro-distortion. In the isotropic case, the elastic energy can be represented as

W (Vu, P,VP) =1 |lsym Vu|“ + Etr (Vu) + ?tr (Vu — P)
b b
+ 72 IVu — P|* + 33 (Vu— P, (Vu — P)7)
+gi1tr (Vu)tr (Vu — P)

1
+ g2 (symVu, (Vu — P)T) + E(AVP, VP)

~ i by by bs
= WEij€ij T+ 5 € €jj Vi Vij o Vi Vip o Vi Vi

+ 81vii€jj + &2 (Vij + Vji ) €ij + a1 Xiik Xkjj + a2 Xiik Xjkj

1 1

+ 5 as Xiik Xjjk + 5 as Xijj Xikk +as Xijj Xkik (6)
1 1

+ 5 as Xiji Xkjk + 5 aio Xijk Xijk + ain Xijk Xjki
1 1 1

+ 5 a3 Xijk Xikj + 5 a4 Xijk Xjik + 3 ais Xijk Xkji

where € = sym Vu is the symmetric part of the gradient of the displacement field, y = Vu — P is the
difference between the gradient of the displacement field and the micro-distortion tensor, and x;jx = Pjx,; is
the gradient of the micro-distortion.

To the authors knowledge, the only simple shear analytical solution available in the literature for this model
is obtained for a very restrictive choice of parameters [15,41] . In that specific case, the simple shear solution
for the micro-distortion field P obtains the format

0 Pi2(x2) 0 0uip(x2)0
P=|10 0 O and Vu=|10 0 O0]. @)
0 0 0 0 0 0

In general, such a format of the solution is not to be expected. While it is possible to construct the general
simple shear solution to the classical micromorphic model Eq. (6), for comparison with our other models we
consider the energy

Me + Mmicro + Me Me + Mmicro — Me

W(Vu, P,VP) = 5 Vu — P|I*> + 5 (Vu — P, (Vu — P)T)
Ae +2}\micro tr2 (Vu — P)
)\' .
+ Lmicro llsym Vau||* + %trz (Vu) (®)

— 2 lmicro (Vu — P, sym Vu)
L2
— hmicro tr (Vi — P tr (Vi) + MT VP,

being a special case of Eq. (6), by setting the values of the elastic parameters as follow (see [24])
ﬁ = Mmicro » ’X = Amicro » bl = Ae + Amicro
by = e + MUmicro + e s b3 = e + Mmicro — Me 9)

2
81 = —Amicros 82 = —2lmicro, dl10 =M1 Lc s
ag1,2,3,4,5,8,11,13,14,15y = 0..

! The following energy expression has beenusedin [41]: W (Vu, P, VP) = u |lsym Vu|>4+1/2tr (Vu)+a | Vu — P|*>+
ar/2tr> (Vu — P) + 1 L%/Z |V P||?. This formulations is not reconcilable with the relaxed micromorphic model even if we
neglect the curvature part.
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We are going to show results for this model in its simplified form Eq. (8) in Sect. 8.

4 Micro-void and micro-stretch model

The expression of the strain energy for the isotropic micro-void continuum with a single curvature parameter
(3+1=4 dof’s) can be written as:

A
W (Vu, w, Curl (wl)) = e |lsymVu — ol + 5&2 (Vi — o1) + fmicro 01|
5 (10)

L
“2 ¢ ||Curl (1),

Amicro

+ Ttrz (wl) +

Here, » : R? — R describes the additional micro-voids degree of freedom. On the other hand the expression
of the strain energy for the isotropic micro-stretch continuum with a single curvature parameter (3+3+1=7
dof’s) can be written as [27]:

A
W (Vu, A, , Curl (A — wl)) = |symVu — ol ||> + Eetrz (Vu — wl) + pe |Iskew (Vu — A)|?
5 (11)

L
“2 ¢ ||Curl (A + w1)|2,

where A € s0(3) and w € R. Both these micro-void and micro-stretch models can be obtained as special cases
of the relaxed micromorphic model and because of that, the full solution is not reported in this work.

Amicro

+ MUmicro ”w]]-”2 + tl‘2 (01) +

5 Simple shear for the isotropic relaxed micromorphic model

The expression of the strain energy for the isotropic relaxed micromorphic continuum is:

A
W (Vu, P, Curl P) = p, |lsym (Vu — P)||> + Eetrz (Vu — P)

+ te liskew (Ve — P)|I* + fimicro lIsym P> (12)
Ami L2
+ %trz (P) + % Curl P2,

while the equilibrium equations without body forces are the following:
G
Div [2p sym (Vu — P) + Aotr (Vu — P) 1 + 2pc skew (Vu — P)| =0, (13)
G — 2imicro SYM P — Amicrott (P) 1 — w L2 Curl Curl P = 0.

Note that contrary to the full micromorphic model, the momentum stress tensor m = i L% Curl P remains
of second order due to the Curl operator. It can be noted that & can be obtained from Eq. (13); and substituted
into Eq. (13)1. This allows us to obtain the following relation

Div [zﬂmicro sym P + Amicrotr (P) ]]-] =0, (14)

which can be seen as a classical elastic equilibrium equation at the micro-level. Due to the fact that the shear
problem is point symmetric with respect to the center of the stripe, the following assumptions have been made
on the structure of # and P (for the solution with no ansatz see [36]):

uy(x2) 0  Pn(x2)0
u=| o |. P=|Pixay 0 o0}. (15)
0 0 0 0

The boundary conditions for the simple shear are the following:

ui(o=0)=0, uixr=h)=yh,Py(=0=0, Pyx2=h)=0. (16)
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Fig. 2 Profile of the dimensionless displacement field for the relaxed micromorphic model for f; = 1.117, f = 0.715 and

different values of L. = { 0.4,1.25,2.,3.3, 100}. It is interesting to observe that there appears the maximal inhomogeneity in
the displacement not for L, — 0o (also equivalent to # — 0) but at an intermediate value

The constraint on the components of P is given by the compatibility condition Vu - T = P - T, where 7 is the
tangential unit vector on the upper and lower surface.

After substituting the expressions Eq. (15) in Eq. (13), the non-trivial equilibrium equations reduces to the
following:

(e + e) Ply (x2) + (e — pe) Pyy (x2) — (e + pe) uf (x2) =0,

(te + Hmicro + te) P12 (x2) + (e + Hmicro — te) Pa1 (x2) — (e + e) uy (x2) =0,

(te + Hmicro — Me) P12 (x2) + (fte + Mmicro + te) Pa1 (x2) — (tte — i) u/] (x2) — chﬂ P2N1 (x2) =0.
(17)

After applying the boundary conditions Eq. (16), the expressions of the nonzero components of the dis-
placement and micro-distortion fields result to be:

HLe | S1(h —2x2) 2x; fih HLe | fih
~—~—sinh | —— ) + —=cosh — ~~——sinh
h L. h L. h L. )/_h

i) = AR\ fole . [ fih 2
cosh — sinh
L. h L.
. ) (f 1(h — X2)>
sinh 7 .
P21 (X2) — C micro )/’
cosh ) f2L sinh (M) e + Umicro
L. L.
h—
cosh ( ) ¢ + sinh ( ) sinh (@) Mmicro 1
Pia(x2) = Le S

ys
h flh _ S2Le sinh Sih He + Mmicro
L. h L.

Mclle 1 M Mmicro
= | — =— . (18)
S (e + te) f2 f1 (e + te) (e + Mmicro)

A plot of the displacement field while varying L. is shown in Fig. 2.
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(pcthe ﬂlmicro)
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Fig. 3 The apparent shear stiffness ©* governed by pmacro (for L. = 0) and m% (for L, — o0). In all possible
limit cases (except micro — 00) the relaxed micromorphic model has bounded shear stiffness. The maximum possible shear
stiffness is given by fmicro- The values of the elastic parameters that have been used are: © = 1, u, = 1.25, tmicro = 5, and

e = {1000, 4.3, 3, 1,0.00001}

It is worth to be highlighted that sym P results to be constant, which satisfies trivially Eq. (14). The
following relation is a measure of the apparent shear stiffness (see Fig. 3)
* @ . 1 Me Kmicro (19)
v 1- fake tanh (jzh) Ie + [micro
c

u

6 Simple shear for the isotropic Cosserat continuum

The expression of the strain energy for the Cosserat continuum can be written as:

A
W (Vu, A, Curl A) = . ||sym Vu||2 + ?etr2 (Vu)
2 (20)
2 /’LLC 2
+ we lIskew (Vu — A) ||~ + - [Curl A|~,

where A € s50(3). The equilibrium equations without body forces are the following:
G

Div [2pe sym Ve + Aotr (Vu) 1 + 2. skew (Vu — A)| =0, 2D
2410 skew (Vi — A) — ju L2 skew CurlCurl A = 0.

This model is a special limit case of the relaxed micromorphic model for pmicro — 00 -

Due to the symmetry of the shear problem the following assumptions are made on the structure of u# and
A:

ui(x2) 0 A21(x2) 0
u = 0 s A= —A2] ()Cz) 0 0 . (22)
0 0 0 0

The boundary conditions for the simple shear are the following:
up(x2=0)=0, uiyxa=h)=yh,Anx2=0)=0, Aynkx2=h)=0 (23)

The constraint on the components of A are given by the compatibility condition Vu - T = A - T, where 7 is
the tangential unit vector on the upper and lower surface. The resulting combination constrains A to be zero
at the upper and lower surface.
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(He+pe) T

Mmacro U

0 0.625 1.25 1.875 25
h/Le
Fig. 4 The Cosserat model and its shear stiffness response p* as a function of L.. For 0 < pu, < oo we observe bounded
shear stiffness, for all values of the characteristic size L.. For ;1. — oo the solution of the indeterminate couple stress model is
retrieved for which the shear stiffness is singular for L. — oo (h — 0) due to the applied boundary conditions. Also, @, — oo

generate a singularity for L. — oo. The values of the elastic parameters that have been used are: 1 = 1, u, = 1.25, and
e = {1000, 4.3, 3, 1,0.00001}

After substituting the expressions Eq. (22) in Eq. (21), the non-trivial equilibrium equations reduces to the
following (for the solution with no ansatz see [36]):

(K¢ + Me) Mlll(x2) -2 e A/21 (x2) =0,

1
K L2 A (x2) — 2 pe Aar (x2) 4 pe ) (x2) = 0. (24)

After applying the boundary conditions Eq. (23), the expressions of the nonzero components of the displacement
and micro-distortion fields result to be (see also [14,30]):

& sinh (—fl(h _ 2x2)) + @ cosh (f1h> — fake sinh (f1h>
h h L yh

L. L. h .
up (x2) = ~ —,
Jih f2Le . fih 2
cosh — ~~——sinh
L. h L.
sinh (—fixz) sinh (—fl (hL_ xZ))
Az (x2) = — - < Vs

Ak fLe . ( fih
cosh — sinh
L. h L.

fi = Melle
Vi (e + pe)

= 1 e

L 25)

The following relation is a measure of the higher-order stiffness (see Fig. 4)

. 1
w= (26)

~ Ue.

L h

1— foke tanh i
h L.




Analytical solutions of the simple shear problem 2245

7 Simple shear for the isotropic indeterminate couple stress continuum

From the Cosserat model, we obtain the indeterminate couple stress model by constraining A = skewVu. The
expression of the strain energy for the indeterminate couple stress continuum is:

2, re o 1L 2
W (Vu, Curl skewVu) = . ||symVu|~ + ?tr (Vu) + > ||[Curl skew Vu ||~ , 27
while the equilibrium equations without body forces are the following:
Div [2pesymVu + Aotr (Vu) 1+ p L2 skew Curl Curl skewVu] = 0. (28)

This model is a special limit case of the Cosserat model for Cosserat couple modulus @, — o0.
Due to the shear problem symmetry the following structure of u = (u 1(x2), 0, O)T has been chosen (for
the solution with no ansatz see [36]). The boundary conditions for the simple shear are the following:
uixz=0)=0, uixo=h)=yh,
(2 =0)=0, uj(xa=h)=0. (29)
The constraint on the components of Vu are given by the compatibility condition skew Vu - T = 0, where t
is the tangential unit vector on the upper and lower surface.

After substituting the displacement field in Eq. (28), the non-trivial equilibrium equation reduces to the
following

1
peu(x2) = 2 i Liui (1) =0. (30)

After applying the boundary conditions Eq. (29), the expression of the nonzero component of the displacement

field results to be:
_LC sinh M + 2ﬁcosh fah — _LC sinh fah
Fih Le h Lo ) Fih \ Le ) yn

o) = fih L. fih 2
cosh — ——sinh
L. fi1h L.
He

fi=/]—. 31
"

The following relation is a measure of the higher-order stiffness, and it can be seen in Fig. 4

" 1
ut = (32)

3 1 He -
1 — —< tanh J1
fih Lc

7.1 Simple shear for the isotropic symmetric couple stress continuum

The expression of the strain energy for the isotropic symmetric couple stress continuum is:

2

_ 2, Pe 2 wL; 2
W (Vu, Curl symVu) = . ||symVu|~ + ?tr (Vu) + > [|Curl sym Vu||~, (33)
while the equilibrium equations without body forces are the following:
Div [2pesymVu + A.tr (Vi) 1 + 1 L2 sym Curl Curl symVau] = 0. (34)

As it is shown in the appendix of [36], Curl sym Vu = —Curl skew Vu, which implies that the energy for
this model, Eq. (33), is the same as the indeterminate couple stress continuum energy Eq. (27).
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Furthermore, these two models share the same equilibrium equations (Egs. (28) and (34)) since it is
possible to prove that Div [sym Curl Curl symVu] = Div [skew Curl Curl skewVu].

The following expressions show how, in general, the boundary conditions of the symmetric couple stress
continuum model (sym Vu - T = 0) differ from the ones for the indeterminate couple stress model (skew Vu -
7 =0):

2u1’1 1 0
symVu-t=—-|ui2+u |, skewVu -t =—-{uz1—ui2| . (35)
u13+u3 U3zl —u13

However, for the simple shear problem, since uy = 0 and the displacement field does not depend on the
coordinate x1, Egs. (35); and (35), end up to be the same:

uro T
symVu~r=—symVu-r=(O,T’,0) s (36)
making this model completely equivalent to the indeterminate couple stress model for the simple shear problem.

Observe as well that Eq. (33) can be seen as a degenerate case of Mindlin’s strain gradient continuum
Eq. (53) (Form I of [22]).

7.2 Simple shear for the isotropic modified couple stress continuum and for the isotropic
“pseudo-consistent” couple stress continuum

The expression of the strain energy for the isotropic modified couple stress continuum is:

—
2
= |symCurlskew Vu|? .  (37)

A
W (Vu, Curl skewVu) = p, |symVu|? + ?etrz (Vu) +

This energy is equivalent to the one of the isotropic indeterminate couple stress continuum beside a constant
multiplying the curvature term (expressed via the different notation for length-scale parameter L.) and this
can be seen thanks to the calculation reported in the appendix of [36].
The expression of the strain energy for the “pseudo-consistent” couple stress continuum is [12,31]:
—2

L
K e ||skewCurlskequ||2. (38)

A
W (Vu, Curl skewVu) = p, [[symVul|> + ?etr2 (Vu) +
The authors of [31] have argued that the curvature term in the couple stress model should only depend on
|Iskew Curl skew Vu||. In appendix of [36], it is possible to see that for simple shear, the solution coincides
with the modified couple stress model and the indeterminate couple stress model. Differences are expected to
appear for other boundary value problems like bending.

8 Simple shear for the classical isotropic micromorphic continuum without mixed terms

The expression of the strain energy for the classical isotropic micromorphic continuum without mixed terms
(like (symP, sym (Vu — P)), etc.) can be written as:

A
W (Vu, P,V P) =, |lsym (Vu — P)||*> + ?etrz (Vu — P) + pic |Iskew (Vu — P)|)?

Ami w L? (39
+ fmicro llsym P1? + =252 (P) + =< [V PII?,
while the equilibrium equations without body forces are the following:
G
Div [2p, sym (Vu — P) + Aotr (Vu — P) 1 + 2pc skew (Vu — P)| =0, (40)

G — 2imicro SYM P — Amicrotr (P) 1 + uL2 Div [VP] = 0.
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HMmicro

Hmacro
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Fig. 5 The classical micromorphic model without mixed terms. Plot of the shear stiffness as a function of L. For small L.

(h — 00), the shear stiffness is given by fimacro, Where fmacro = % For large L. (h — 0), the shear stiffness is given by
e + 1e. If either p, or e — 00, there is a singularity appearing in the shear stiffness for L, — oo (h — 0). The values of the

elastic parameters that have been used are: © = 1, i, = 1.25, tmicro = 5, and p. = {1000, 4.3, 3, 1, 0.00001}

Observe that the momentum stress tensor m = w L2 V P is of third order. The following assumptions are
made on the structure of # and P due to the symmetry of the shear problem (for the solution with no ansatz
see [36]):

u(x2) 0 Pppx2)0
u= 0 , P =\ Py(xp) 0o O0]. 41
0 0 0 0

The boundary conditions for the simple shear are the following:
ui(x2=0=0, uilxa=h)y=yh, Px2=0=0, Pxx=h)=0. (42)

It is important to underline that the constraint is applied on all the components of P at the upper and lower
surface. After substituting the expressions Eq. (41) in Eq. (40), the non-trivial equilibrium equations reduces
to the following:

(te + e) P1/2 (x2) + (e — 1e) P2/1 (x2) — (Ke + tie) u/l/ (x2) =0,
(Me + Mmicro + He) P12 (x2) + (the + tmicro — Me) P21 (x2) — (e + the) u/l (x2) — Lg Pl//z (x2) =0,

(Me + fmicro — Me) P12 (x2) + (the + tmicro + te) P21 (x2) — (e — fhe) u/l (x2) — Lg P2//1 (x2) =0.
(43)

After applying the boundary conditions Eq. (42), it is possible to obtain the analytical solution which
unfortunately is too complicated to be reported here (see [36] for further details). Nevertheless, it is possible
to plot how the apparent stiffness behaves while changing u. and L. (see Fig. 5)

9 Simple shear for Forest’s micro-strain model with mixed terms

The micro-strain model considers a symmetric micro-distortion P = § € Sym(3) and mixed terms like
(S, symVu —S), etc. The expression of the isotropic strain energy for Forest’s micro-strain continuum [11,15]
with (3+6=9) degrees of freedom but with just one elastic curvature parameter is:

A
W (Vu, S, VS) =, [symVu — S| + gtﬁ (Vi — S) + fmicro | S|
micro

A
+ Ttr2 (S) + 24tmix (S, symVu — S) (44)

uL? 2
+ Amixtr (8) tr (Vu — S) + - VS|,
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where § € Sym(3). The equilibrium equations without body forces are the following:
G

DWPW®WNu—$+MHWu—$1+MmmS+meM$H:0,m@
2pte (symVu — 8) + Aotr (Vi — 8) 1 — 2 (micro — 2Mmixed) S — (Amicro — 2Amixed) tr (S) 1
—2 mixed SYMVu — Amixed tr (V) 1+ w L2 Div [VS] = 0.

It is worth noticing the relation of this model to the relaxed micromorphic models: The curvature measure is
based on Vsym P instead of Curl P, . = 0 and the relaxed micromorphic model does not feature mixed terms.
Such a model has also been proposed by [38] under the name “reduced micromorphic model” (“RMM”) [38].
It is also worth to highlight that, for the simple shear, the positive definiteness of the material is guaranteed
when the following relations hold

e >0, fmicro > 0, I’L%ﬁx < Me Mmicro - (46)

Due to the shear problem symmetry, the structure of # and S has been chosen as follow (for the solution
with no ansatz see [36]):

ui(x2) 0 S12(x2) 0
u = 0 o S=| Sin(x) 0o 0]. “@n
0 0 0O 0

The boundary conditions for the simple shear are the following:
up(x2=0)=0, ui(xa=h)=yhSnpx=0)=0, Spkx=h)=0. (48)

It is important to underline that the constraint is, in general, on all the components of S.

After substituting the expressions Eq. (47) in Eq. (45), the non-trivial equilibrium equations reduces to the
following:

2 (mix — Me) Siz(XZ) + We ”/1/()52) =0, (49)

2 (e + Mmicro — 2mix) S12(x2) — (e — Mmix) 14/1 (x2) — 1 LZ 1/2(x2) =0,

After applying the boundary conditions Eq. (48), the solution of Eq. (49) for u1 (x2) and S12(x2) is the following:

& (sinh (—fl (h — 2x2)> — sinh (M)) + 2 cosh (flh>
fih 2L, 2L. h 2L.

up(x2) = i Y — b,
cosh — sinh
2L, fl h 2L,
fih f1(h —2x3)
cosh —cosh | I—— ==
S12(x2) = 2L 2L, He — Mmix y
2 cosh flh — %E sinh M He + Mmicro — 2Mmix ' (50)
2L, fi h 2L,
fii= \/2 (Mellvmicro — /J“rznix)
' Ml fhe ’
f3 . (e — Mmix) 2

- Me (e + Mmicro — 2Mmix) ’

The following relation is a measure of the higher-order stiffness (see Fig. 6)

ut = 1 MeMmicro — l’l/rznix
2f3 L (M) He + Mmicro — 2/'Lmix.

1 — —=———tanh
f1 h 2L,

(D
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\m
He(Hmix)
Hmix
\\ s
Hmacro 0
0 1.25 25 3.75 5.

h/Le

Fig. 6 The size-dependent shear stiffness p* for Forest’s micro-strain model. The values of the elastic parameters that have been
used are: u = 1, p = {1, 1.25,2,2.56, 21.25}, ttmicro = 5, and umix = {1, 2, 3, 3.5, 10}

2
Me Kmicro — Mpix

. . . Me Tt Wmicro — 2 fmix
is possible to evaluate ., with respect to the other constant:

= MUmacro (for pmix = 0 the classic value is retrieved) it

Since the limit ©*|;, 0 =

Ly = Mmicro Mmacro — 2Mmacro Mmix + V“rznix ) (52)

Mmicro — Mmacro

If tmacro 18 finite, if pmix — oo we then have p, — oo too. It is possible decide to keep (. finite, but this
will imply that if pmix — 00, then tmacro — 00 too, which is not desirable.

10 Simple shear for the second gradient continuum

The expression of the strain energy for the isotropic second gradient continuum is:

2 5 Amicro, 2 ML% 2 1%
W(Vu, v u) = pmier lsym Vau|[? 4“2 (Vi) 4+ 52 | 2| (53)
1
0
0.751
L
x
" 05+
) Le
0251
0
0 0.‘25 0.‘5 0,‘75 1

u/(yh)

Fig. 7 Profile of the dimensionless displacement field for the second gradient model for f; = 2.236 and different values of
L. ={0.01,0.1,0.2, 0.4, 1000}. Note that the deviation from the linear distribution due to the boundary conditions is maximal
for L. — oo (also equivalent to 7 — 0)
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while the equilibrium equations without body forces are the following:

Div [ 2 tmicro SYM VU — Apicrotr (V) 1 + p LZ Div [Vzu]] =0. (54)
Due to the shear problem symmetry the following structure of # = (u1(x2),0,0)” has been chosen. The
boundary conditions for the simple shear are the following:

u(x2=0=0, uy(xo=h)=yh,
Wi (xa=0)=0, uj(xx=h)=0. (55)

After substituting the expression of the displacement field in Eq. (54), the non-trivial equilibrium equation
reduces to the following:

fmicrott] (x2) — nL2ul? (x2) = 0. (56)

After applying the boundary conditions to the solution of Eq. (56), it results that u1 (x2) is:

L (sinh (—fl(h _ 2x2)> — sinh <f1h>> + 2 cosh <f1h>
fih 2L, 2L, h 2L, "

n) = AR\ 2L. . [ ik
cosh — sinh
2L.) " ik 2L,

fi = M micro . (57)
m

’

A plot of the displacement profile while varying L. is shown in Fig. 7. The following relation is a measure of
the higher-order stiffness

" 1

Mmicro -

2L h

1 — ==X tanh fi
flh 2L,

which is shown in the Sect. 8 in Fig. 5. Note that here, the size-independent macroscopic shear stiffness u*
for L. — 0 (h — o0) is given by [micro -

11 Limit cases for the relaxed micromorphic continuum

In this section, we will discuss the limit cases for the relaxed micromorphic model and in particular how it
behaves for 0 <— L. — 00, and how to retrieve from it the Cosserat model (Sect. 11.3) and the indeterminate
couple stress model (Sect. 11.4) as special cases.

11.1 Limit case for yu, — o0

This limit implies that sym P = sym Vu and the classic linear elastic solution at the micro-scale (macro =
Mmicro Me/ (Mmicro + Me) = Mmicro) 18 Tetrieved:

up =yx, u* = [micro (59

JLe—> 00 JLe—> 00

11.2 Limit case for w,
11.2.1 po — 0

The classic linear elastic solution at the macro-scale is retrieved:

MmicroM
ui =Yy X2, w* = = Mmacro (60)

He—0 pe—>0 Mmicro + Me
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11.2.2 jte — 00

This limit implies that skew P = skew Vu. The solution has identical structure to Eq. (18) in which f} and
J> are replaced with their limits ( f; = /ite/p and fo = micro/ (f1 (e + Mmicro)))- The following solution

is retrieved:
fLe . fi(h —2x2) 2x2 fih frLe . fih
~~——gsinh | —— |} + — cosh — ~——ginh
h st L, h €08 L, h st L. ) vh

u — = = By ’
Hyremoo fih\  BLc . (fih 2
cosh — ~~——sinh

L. h L.
—~ =0 -
sinh (f£x2) sinh (—fl( 2 x2)> .
Py Bty c M micro v, 61)
fe—00 <f ) 2L <f1h> He + Kmicro
cosh
C LC
cosh Sih L fixa sinh Ji(h — x2) _
. L. e L. —Lc Mmicro 1 ,
12 = -~
Je—> 00 f] sz . fih Me + Mmicro
cosh sinh
L. h L.

The following relation is a measure of the higher-order stiffness

u* _ _ 1 _ e Mmicro . (62)
He—>00 1 foL, tanh (f]h) e + Mmicro
L¢

11.3 Limit case for pmicro — 00 (Cosserat, Sect. 6)

This limit implies that sym P = 0, therefore P = A € 50(3). The solution has a similar structure to Eq. (18)
in which f> is replaced with its limit (f> = u./(f1(Le + 1)), While f1 does not change. It is important to
highlight that for this limit the solution for a Cosserat continuum is retrieved:

fLe . (filh—2x2)\  2x fih\  fLe . [ fik
sinh + —=cosh — sinh
_ h L. h L. h L. ﬁ

ui

Mmicro—> 00O N flh ﬁLc . flh 2 '
cosh 7 - sinh T
¢ h ¢ ) (63)
h (_fzxz) sinh (—fl 2 2 )
P> =—Pp =— - ~ < Vs
Mmicro—> 00

Mmicro— 00 flh fZLC . flh
cosh — sinh
L. h L.

The following relation is a measure of the higher-order stiffness

= ! . (64)

e
micro > L. h
: > 1- % tanh <f1 )

c

*

uw

11.4 Limit case for pmicro — 00 and ., — oo (indet. couple stress, Sect. 7)

These limits imply that sym P = 0 and that skew P = skew Vu. The solution has a similar structure to Eq. (18)
in which f1 and f> are replaced with their limits (f{ = 1/f, = /1te/pt). It is important to highlight that
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for these limits, regardless the order in which they are taken, the solution for an indeterminate couple stress
continuum is retrieved:

_Lc sinh M —l—&cosh fih —_LC sinh ik
f1h L. h L. fih L. vh

u1’

Mmicro—> 00 - F h L f h 2 ’
cosh J1 — —% sinh /i
L. f1h L.
_ _ (65)
h—
sinh f1x2 sinh —f]( x2)
L, L.
P21u*—>oo:_P12/4*—>oo=_ = B =\
cosh f—l — —< sinh f—l
LC flh LC
The following relation is a measure of the higher-order stiffness:
N 1
128 oiera s 00 = I 1 Me- (66)
1 — =< tanh /1
Fih L
11.5 Limit case for the characteristic length L.
11.5.1 L. — 0
Similarly to the limit for ;. — 0, the classic linear elastic solution at the macro-scale is retrieved:
ui L0 =V X2,
% MmicroMe
P e . 67
Los0 timicro + fhe Mmacro (67)

1152 L, — o0

This limit implies that Curl P = 0 which requires that P has to be the gradient of a vector field ¢ (see appendix
of [36] for more details). Differently to the limit for u, — 00, a classical linear elastic solution in between
the micro- and the macro-scale is retrieved:

uy =Y X2,

L.—00

(e + He) Mmicro
= < Mmicro- (68)
Le—00 He + e + Umicro

*

12 Discussion

From the previous sections, it is possible to see how the shear stiffness behaves when the ratio between the
thickness and the characteristic length #/L. and the other elastic parameters tend to infinity or to zero. The
Cosserat model, the classical micromorphic model (excluding when it collapse to the second gradient model),
and the microstrain model cannot be distinguished qualitatively from the size effect under simple shear, but
they exhibit a qualitatively different behavior for thin specimens under bending [13,35,37]. Contrary to all the
other models seen in this work, the relaxed micromorphic model is always bounded, with the only exception
for the limit of pmicro — o0 when h/L. — 0, since the relaxed micromorphic model then degenerates
into the Cosserat model which in turn collapses itself into the indeterminate couple stress model. The relaxed
micromorphic model shows also a good balance between the complexity of its solution and the amount of work
required in order to obtain that simple and manageable explicit solution (contrary to the classical micromorphic
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model and the micro-strain model), the physical reasonableness of having a bounded shear stiffness regardless
the value of the ratio /L. (contrary to the Cosserat model, the indeterminate couple stress model and, the
second gradient model), and the freedom given by having more than one elastic parameter (contrary to the
indeterminate couple stress model and the second gradient model).

13 Summary and conclusions

In the present paper, closed-form solutions of the simple shear problem have been derived for several isotropic
linear-elastic micromorphic models, namely for the relaxed micromorphic continuum, the Cosserat continuum,
a fully micromorphic continuum and a micro-strain continuum.

Limiting cases like the strain-gradient continuum and the indeterminate couple-stress continuum are con-
sidered. Both of the latter show an unbounded shear stiffness if the height of the shear strip becomes very small
compared to the intrinsic length L., which is a physically questionable prediction. In contrast, the stiffness
remains bounded for the unconstrained micromorphic models.

Furthermore, the derived solutions show the individual effect of each of the constitutive parameters on the
effective shear stiffness of a thin layer. Consequently, these solutions offer a way to calibrate the constitutive
parameters, except the bulk moduli, from a series of respective real or virtual shear experiments with a number
of specimens of different height /. In this context, it shall be pointed out that the unconstrained models (relaxed
micromorphic, Cosserat, micro-strain and full micromorphic) yield qualitatively comparable results, so that
a parameter set can be presumably calibrated for each of these models from a series of the aforementioned
shear experiments. However, the predictions of these models will differ for size effects under other loading
conditions. It is thus an important future task to find and compare the predictions of these models for other
loading conditions, like bending or torsion, and to compare their predictions with respective (real or virtual)
experiments and to derive guidelines for a favorable choice among the numerous available micromorphic
continuum models.
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