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Abstract A general solution is obtained for a magneto-electro-elastic half-space x3 > 0 subjected to arbitrary
point forces or arbitrary point dislocations, as well as electric and magnetic influence by using two-dimensional
Fourier transform. The final results are presented as single integrals over a unit circle. Using the theory of
generalized functions, all basic parameters at the half-space boundary are defined in a finite form, and no
computation of any integral is needed. Knowledge of Green’s functions in finite form allows us to derive the
governing integral equations for the normal and tangential contact and crack problems, as well as to establish
certain relationship between the kernels of the relevant integral equations. We also established some interesting
general properties of the determinants, which might be new.
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1 Introduction

Contemporary nanotechnology and intelligent material systems require further development of mathematical
methods for treatment of various problems of practical interest in magneto-electro-elastic (MEE) composites.
Quite a few publications appeared in the past 20 years devoted to generally anisotropic MEE materials, as
well as to various particular cases, such as the case of transverse isotropy, piezoelasticity. We refer mainly
to books, which compile various results in specific fields. Ding and Chen [2] published solutions to various
three-dimensional problems in transversely isotropic piezoelastic bodies. The most general case of transverse
isotropy was considered by Hou et al. [S], where they gave fundamental solutions for the case of thermo-
magneto-electro-elastic body.

The first book on anisotropic elasticity was published by Lekhnitskii [7]. More advanced results on
anisotropic elasticity can be found in Ting [12]. Efficient method of computation of Green’s function and
their derivatives suitable for BEM was published by Shiah et al. [11]. The residue approach to derive Green’s
function in the case of multiple roots was employed by Phan et al. [10]. Yet another approach to evaluation
of Green’s function by using advanced Stroh’s formalism and Radon transform is presented in Xie et al. [13].
One of the earliest treatments of the problem of evaluation of Green’s function for magneto-electro-elastic
anisotropic body was achieved by Pan [8]. Evaluation of Green’s function as well as it derivatives can found
in Buroni and Saez [1].

Recently, Pan and Chen published their book [9], where detailed results are given for the most general case
of anisotropic MEE materials, as well as for particular cases of transverse isotropy and isotropy. There seems
to be no publication on relationship between contact and crack problems in MEE materials, similar to the one
described below. This article may be considered as generalization of recently published results ([3] and [4]).
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2 Mathematical formulation of the problem and its solution

We consider magneto-electro-elastic half-space subjected to electric and mechanical point sources. Such half-
space (x3 > 0) is described by 5 partial differential equations of second order

5 3 P
0 uy
Z Z Aktmn 5~ = 0,n=1,2,3,4,5. (1)

Here ayymn are physical constants; uy, up and u3 are the displacements of the half-space in the directions
of x1, x2 and x3, respectively, 14 and us are the electric and magnetic potentials. Without loss of generality,
we presume that this half-space is subject to the following boundary conditions at x3 = 0

3
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bkmnﬂ Zans(xl,xﬁyn: 19273’495' (2)
0Xy,
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Here by, are physical constants, which have certain relation with the set axumn; o, are given source
intensities, some of which could be zero as well; (-, -) is the two-dimensional Dirac delta function.
We presume the solution in the form of two-dimensional Fourier transforms:

5
1 oo o0

= 2_/ / D s exp(—gsx3) expl—i(x1€1 + x2€2)ldE1dEs, k=1,...5, 3)
T J =00 J—oo (T

Here ug, and & are yet unknown functions of £ and &;. Substitution of (3) in the set (1) and application
of inverse Fourier transform leads to the following

My Mg Mz Mg Mis Uiy
Moy Moy Moz Moy Mos U
M3y M3y M3z3 M3zg M3s uzs | =0. 4)
Mayy Mag Maz Mag Mys U4s
Ms1 Msy Msz Msg Mss usg

The general component of the matrix M is defined as

2 2 2
Mij = aj33i¢* +i¢ (Z ajisif + Y ajzm-sm> — > Gimifmés. (5)

t=1 m=1 t,m=1

As system of linear algebraic equation (4) is homogeneous, it can have non-trivial solutions, only if the
determinant of M is zero. This leads to the tenth-order algebraic equation with respect to ¢

10

Y iths(E1, )¢ =0 (6)

s=0

Here i = +/—1 is the imaginary unit; /; are homogeneous polynomials of & and &, with real coefficients
of the total order of 5. This means that (6) can be factorized as follows

5
ho[ [ =)@ + &) =0, (7)

s=1
where ¢ are the roots of (6) and the overbar indicates the complex conjugate value. The structure of (7)
confirms that 5 of the roots ¢, will have positive real parts, while the remaining 5 will have negative real parts.

We take only the roots with positive real parts in order to keep the integrals in (3) convergent.
We can find the non-trivial solutions of (4) by assuming

ukSZXkSu1S7 k=21 394a5; § = 172937475 (8)
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and
Xi;=1 fors=1,2,3,4,5. ©)]

The parameters X, for k = 2, 3, 4, 5 can be found from the set of linear algebraic equations

Mi12(8s) Mi3(&s) Mia(gy) Mis(&s) Xos —Mi1(&s)
M22(&5) M3 (L) Maa(Ls) Mas(&s) Xas | | = M21(&s) (10)
M32(85) M33 (&) M3a(Ls) M3s(&s) Xas | | =M3z1(&)
Mz (L) Mz (L) Maa(Ls) Mas(&s) Xsg — M1 (&)

After the parameters X}, are found, the remaining parameters u#1; can be defined from the boundary
conditions (2), which will lead to the set of linear algebraic equations with respect to 1y, namely,

C11 C12 C13 C14 Ci5 up ay /2w
Ca1 Cx2 C23 Co4 Cos Ui ar/2m
C31 C32 C33 C34 C35 uiz | = | az/2mw |, (1)
Ca41 Ca2 C43 Cyaq Cys | | u14 o4 /27
Cs1 Csa Cs3 Cs4 Css uis as /2w
where
5
Cps = Zst(_bklniEl — broni&s — bizn&s). (12)
k=1

The solution of (11) will take the form

5

1
iy = — Z S (=D, (13)

Lnl

Here D, is the determinant of the matrix C and Dé’”) is its minor, corresponding to the nth row and sth
column. Now substitution of (13) into (3) gives the complete solution in the form

1 o0 (’l s)
u(x1, %2, %3) = — / / ZXkSZan( 1)”“ expl—x3¢s — i (x181 + x262)]d&1dEs. (14)

Taking into consideration that Xy is homogeneous with respect to & and & of the order zero, ¢ is

homogeneous of the order 1; D(" %) and D, are homogeneous of the orders 4 and 5, respectively, the introduction
of polar coordinates

& = pcosv, & = psin?d (15)

allows us to compute the integral with respect to p and simplify (14) as follows

e &, (= )" X, () DI (9)
ur(x1, %2, %3) = 3 og Z Z D.()[x385(8) + i (x] cos ¥ + x7 sin 0)]dﬂ' (16)

The solution may be considered in principle as finished, since all the parameters of interest can now be
computed by simple differentiation of (16). We should note though that (16) is not valid at x3 = 0. A different
procedure needs to be followed. The integral (14) will take the form

1 2 s ("3)(19)
w3, 0) = | /0 Zst(ﬁ)Zan( 2

x exp[—ip(x1 cosﬂ + x3 sin ¥)]dpdd. (17)

n=1
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Since p enters only the exponential, we can use the theory of generalized functions to get

o
/ exp[—ip(x1cos? + xpsin)]dp = (x| cos ¥ + xp sin ). (18)
0
Here §(-) is the Dirac delta function. The following property of delta functions can be found in [6]
50 — Vy)
SO = )  ——— 19)
Z Lf'(0n)]

n

where 9, are all the roots of equation f(¢#) = 0. In our case, f () = x| cos ¥ + x3 sin ¥ and we have 2 roots
in the interval 0 < ¢ < 27

V=1 — tan_l(xl/xz), Vo = 2w — tan_l(xl/xz) (20)

|F' @0l =1f )] = /xf + 3. 2D

Now the final result will take the form

{ 5 5 DI (—x3, x1)
_ g o (— s e U 22
ug(x1, x2, 0) 271\ €|:§ Jes ( x2vX1)Za"( ) D.(—x2, x1) :| 22

with

n=1

Here \Re stands for the real part of the expression to follow and each parameter with the arguments
(—x2, x1) is understood as similar parameter in the article with & formally replaced by —x; and &; is replaced
by x;. In order to better visualize (22), we may deduce that

5
D X (—x2, x) (= 1) DI (=xp, x1) = Den, (23)
s=1
which is the determinant of the matrix C(see 11) with the nth row replaced by Xjs. Now (22) can be rewritten
as

1 >\ Den(—x2, x1)
Mk(Xl,xz, 0) = E\Re [Zanm:| . (24)

n=1

Now we can proceed to application of the results of this section to contact and crack problems.

3 Normal contact and crack problems and their relationship

Presume that we have a magneto-electro-elastic generally anisotropic half-space x3 > 0, which is indented by
a rigid punch, whose surface may be described in the system of coordinates (x1, x2, x3) as

x = w(xy, x2). (25)

In the general case, the domain of contact S should be considered unknown. The governing integral equation
can be presented in the form

/ / Ko(x1 — x10, X2 — X20)03(x10, X20)dx10dx20 = § — w(x1, x2). (26)
s

Here § denotes yet unknown (in general case) maximum penetration of the punch. The kernel K. in (26)
represents the normal displacement of the point (x1, x2, 0) of our half-space due to the action of a unit normal
force applied at the point (x9, x29, 0). The result is readily available from (24) by taking all «t;, = 0, except
a3 = —1. This means that

27)

1 Dc33(—x2, x1)
Kc(x1,x2) = —E\Re [—C .

Dc(—=x32, x1)
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For the purpose of clarity, we write below explicitly that D33 is the determinant of the following matrix

Ci1 Ci2 Ci3 Cis Cis
Co1 Cop Cr3 Coa Cos
D33 = || X31 A3 A3z X34 A5 . (28)
C41 Cap C43 Cas Cys
Cs1 Cs2 Cs3 Csy Css

Now we turn to the investigation of the normal crack problem. We have a flat crack of shape S, located
in the plane x3 = 0 of a magneto-electro-elastic generally anisotropic space. This crack is being opened by a
normal stress

033 = —0330(x1, x2) for (x1, x2) € S. (29)

Due to the symmetry of the problem, it can be reduced to the one for the half-space, subjected to a unit
normal dislocation with the boundary conditions, leading to the set of linear algebraic equations

Ci1 C12 C13 Cis Cis Uy 0
Ca1 Cx Co3 Cos Cos u12 0
A3 A3 A3z A3y Azs uiz | =112 |, (30)
Ca1 Ca2 Cs43 Caq Css U4 0
Cs1 Cs2 Cs3 Css4 Css uis 0

Its solution will have the form

s n(3.s)

(_1)3+9D.

uyy = —————3 (31)
2w D33

where D(g3 is the minor of D33, with the third row and sth column deleted. Taking into consideration that

033(x1, x2,0) = / / ZC3sM1s expl—i(x1§1 + x262)1d§1d8. (32)

and that
Z C3(=1)**DEY = D, (33)
we may conclude that the normal stress at the surface of the half-space due to a unit normal dislocation will

be defined as
( 0) ! /Oo /oo De
033(x1, x2,0) = —
472 —00J—o0 De33

Utilization of (14) allows us to write the following expression for the normal displacements on the boundary
of half-space due to a unit normal concentrated force as

exp[—i(x1§1 + x282)1d&1d&>. (34)

1 oo o0 DC .
u3(x1,%2,0) = / / D” expl—i (x1£1 + x282)1dEdEy. (35)

Since the kernels of governing integral equations of the normal crack and contact problems come directly
from (34) and (35), respectively, we may conclude that the integrands of Fourier transforms of both kernels
are inverse to each other.

Recalling that D.33 and D, are homogeneous with respect to &1 and & of the order 4 and 5, respectively,
we may conclude that the integration in (34) is divergent. In order to regularize (34), we rewrite it as follows:

1 00 poo D, .
o33 (01, 12,0 = — 77 Ap f_ ) /_ e py S+ ukades (36)
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Here

92 92

Ap=—+ —.
! 8x12 8x22

(37

Now the integration in (36) is convergent and may be performed in exactly the same manner, as it was
done in (15-21). The final result is

D¢ (—x2, x1)
X7+ x3De33(—x2, x1)

This result allows us to formulate the governing integral equation of the normal crack problem for a flat
crack of the shape S, located in the plane x3 = 0 of the magneto-electro-elastic anisotropic space and subjected
to normal pressure 0339 as follows:

(38)

1
033(x1, x2,0) = _E\Re A2

/ chr(xl — X10, X2 — x20)u3(x10, X20)dx10dX20 = 0330(X1, X2)
s
with

D¢ (—x2, x1)

VX1 + x3De3z(—x2, x1)

1
Ker(x1,x2) = - \Re | A1 (39)
T

4 Tangential contact problems

We consider a magneto-electro-elastic anisotropic half-space x3 > 0. We presume that inside an arbitrary
domain § in the plane x3 = 0 some arbitrary tangential displacements u1(x1, x2) and us(x1, x2) in the
directions of the axes Ox;| and Ox», respectively, are prescribed, while the rest of the boundary is free of
tangential stresses, and the normal stress vanishes all over the boundary x3 = 0. There is also no outside
electrical or magnetic interference. We need to derive governing integral equations, relating the tangential
displacements with tangential stresses.

The set of governing integral equations can be written in the following form

up = //Kn(m — X10, X2 — X20)731(X10, X20)dx10dx20
s
+//K12(X1 — X10, X2 — X20) T23(X10, X20)dx10dx20, (40)
s
up = //Kzl(xl — X10, X2 — X20) 731 (X10, X20)dx10dx20
s

+/fK22(X1 — X10, X2 — X20)723(X10, x20)dx10dx20. 41)
s

Here K is the displacement in the i direction of the point (x1, x, 0) due to a unit force P; applied at the point
(x10, x20, 0). We can find K;; as a solution of a particular case of (11) withay = =P, a0 = — P2, a3 = 04 =
as = 0. Here P; and P, are unit concentrated forces applied at the coordinates origin in the directions Ox
and Oxy, respectively. According to (13), the solution will take the form

(-1’
2w D,

Uiy = (Pl D) — Pzz)gm) for s = 1,2,3,4,5. (42)
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Taking into consideration that

5
Z(_I)SDEI,S) —
s=1

5
_ Z(_l)s D25
C
s=1

5
D (=D =

s=1

1 1 1 1 1
C21 C22 C23 C24 Co5

—||C31 C32 C33 C34 C35

C41 C42 C43 Cy4 Cys
Cs1 Cs2 Cs3 Cs4 Cs5

Ci1 C12 C13 C14 Ci5
1 1 1 1 1

= —||C31 C32 C33 C34 C35

Ca1 C42 Cy3 Ca4 Cas
Cs1 Cs2 C53 Cs4 Cs5

X21 X X23 Xo4 X5
Ca1 Co C23 Co4 Cos
—1|[C31 C32 C33 C34 C35| = Doy,
C41 Cao C43 Cas Cys

we may conclude that

1 o0
Ki1(x1,x2) = ?/

Kin(x1,x0) = —

1
K71(x1,x2) = 7/

e¢]

o D¢

© Doy
. D.

4
472
4 2

D

Cs1 Cs2 Cs3 Cs4 Css

Ci1 Ci2 Ci3 Cig Ci5
5 X1 Xy Xo3 X4 Xos
—Z(—l)stxDéz’s) = —|C31 C3 C33 C3s C35| = D,
s=1 C41 Cao C43 Cas Cys
Cs1 Cs2 Cs3 Cs4 Css

= Dy,

= Dy,

D
L expl—i (x1£] + x262)]dE d&y,

* [ D _
- /;oo D. exp[—i (x1&1 + x282)1d&1d&
/ exp[—i(x1&1 + x2&2)]d&1dé,

1 [ Dy .
K»(x1,x2) = m/ / exp[—i(x1§1 + x2£2)1d&1dés.

(43)

(44)

(45)

(46)

(47)

(48)

(49)

(50)

Since D1, D12, D1 and Dy are homogeneous in &; and &; of the order 4 and D, is homogeneous of the
order 5, the integrals in (47-50) can be computed in the same way as it was done (15-21). The final results are

1 (Dii(=x2,x1)  Di1(x2, —x1)
Kii(x1,x) = — ,

4 \ Dc(—x2, x1) Dc(x2, —x1)

1 (Diao(—=x2,x1)  Dia(x2, —x1)
Ki2(x1,x2) = —

4w \ D¢(—x2, x1) D.(x2, —x1)

1 (Dai(=x2,x1)  D21(x2, —x1)
Ko (x1,x2) = —

4w \ De(—x2, x1) D (x2, —x1)

1 (Dy(—x2,x1)  Dp(xz, —x1)
K»n(x1,x) = — .

47T Dc(_XQ,X]) DC(-x27 _-xl)

(51

(52)

(33)

(54)

Since the first term in (51-54) is complex conjugate to the second, the final results there will be real, as
they should. The basic derivation for the governing integral equations of the tangential contact problem for a
magneto-electro-elastic anisotropic half-space may be considered finished.
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5 Tangential crack problems

Now we start the derivation of the governing integral equations for the tangential crack problem. We have a flat
crack of shape S, located in the plane x3 = 0. Crack faces are subjected to the tangential stresses 7319(x1, X2)
and 130 (x1, x2), acting in opposite directions. Due to symmetry, the problem can be reduced to that for a
half-space with the following boundary conditions at x3 = 0

731 = —1310(X1, X2), 723 = —1230(x1, X2) for (x1,x2) C S, (55)
uy =uy =0 for (xy,x3) ¢ S; 033 =0for — oo < (xq, x3) < 0. (56)

The conditions in (56) become evident from the fact that tangential stresses applied to the crack faces are
anti-symmetric with respect to the plane x3 = 0, as well as from the presumption that electrical displacement
and magnetic induction are presumed zero all over the plane x3 = 0. The governing integral equations may
be written in the form

/S/K?] (x1 = X10, X2 — X20)10(x10, X20)dx10dx20 +

+/S/K?2(X1 — X10, X2 — X20)u20(x10, X20)dx10dX20 = —7310, (57)
/s/ K3\ (x1 — x10, X2 — x20)u10(x10. X20)dx10dx20 +

+/S/K§2(x1 — X10, X2 — x20)u20(x10, X20)dx10dx20 = —7320. (58)

The physical meaning of ng is the tangential stress in the direction x,, at the point (x1, x2, 0) due to a unit
dislocation in the direction xj at the point (x19, x20, 0). The auxiliary problem to be solved has the boundary
conditions at x3 = 0

033=0, wu;p=upd(x; —0,x2—-0), wuy=uzd(x; —0,x2—0). (59

Instead of (11) we shall have the following set of equations

1 1 1 1 1 Uil uyo/2mw

Ap1 Ao Az Apg Aps up u/2m

C31 C32 C33 C34 Css ui | = 0 (60)
Ca1 Cg2 Cs43 Caq Cys ui4 0

Cs1 Cs2 Cs3 Cs4 Css uis 0

The solution of (60) will have the form

((—1)1+“D“’5)u10 + (—1)2“1)(2%20) for s =1,2,3,4,5. 61)

Uis = crt crt

27 Dyt
Here

1 1 1 1 1
X1 X X2z Xog4 Xos
Deri = |[C31 C32 C33 C34 C3s (62)
Ca1 Ca2 C43 Caq Css
Cs1 Cs2 Cs3 Cs4 Css

and Déft’s) are the minors of the first order, corresponding to nth row and sth column.

1 e’} o0 DO .
K (x1, x2) = ye3 / / D“t exp[—i(x1& + xom)]dédn, (63)
—00 —00 Crl

Ky ( Y L R - P ded 64
121 X2) = D teXP[ 1(x1§ + xom)]dédn, (64)
—00 J —00 Cr
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K9 (x1,x2) = / / 2L expl—i (x1£ + x2n)1dEdn, (65)
o0 crt

K% (x1,x2) = / / D2 exploi(né + vomIdédn, 66)

crt
with
Ci1 Ci2 Ci3 Cis Cis
| 1 X21 Xop Xo3 Xo4 Xos
DY = Z( D'*CD” = ||C31 C32 C33 C34 C3s| = —Dn (67)

s=1 Ca1 Ca2 Cy3 Cyq Cys
Cs1 Csy Cs3 Csa Css

Ci1 C12 C13 C14 Ci5

1 1 1 1 1
DY, = Z( 1)2+5C, DY = — || Ca1 C32 C33 Cag Cas| = Dia (68)
s=1 C41 C4p Cy3 Cag Cas

Cs1 Cs2 Cs3 Cs4 Cs5
X1 X Koz Xog Xos

o 5 | (1) Ca1 Cxn C23 Coq Cos
Dy, = Z(—l) 0Dy = — | C31 C32 C33 C34 C3s|| = Doy (69)
s=1 C41 Cq2 Cy3 Caq Cys

Cs1 Cs2 Cs3 Cs4 Css
Here we used the property of determinant to change its sign, when two rows interchange places.

1 1 1 1 1
5 C21 C22 C23 C24 Ca5
DY, = Z(—I)ZJ”C DG = ||C31 C32 C33 C34 C35| = —Dyy (70)
Ca1 C42 C43 Ca4 Css
Cs1 Cs2 Cs3 Cs4 Css

6 Additional relationships between contact and crack problems
Equations (67-70) provide clear connections between tangential contact and crack problems, and the relation-

ship does not end there. In order to make an educated guess, we may present Egs. (40—41) in a schematic form
as follows

Dy Dy Dy
up = 31 + T23, up = 31 + 3 (71)
D, D, D, D,
The solution of the algebraic equations (71) will take the form
Dyuy — Diouy Dijuz — Dajuy
3] = D. 13 = D, (72)
D11D2 — D12 Dsy D11D2 — D12 Dy
Using the same schematic, we can rewrite Eqs. (57-58) as follows
DO D(l)z D21 D22
— 13 = Ly + uz,  —T3 = up + (73)
Dcrt Dcrt Dcrt Dcrt

Comparing (72) with (73) and taking into consideration (67-70), we may conclude that they would be
identical, if an additional relationship held, namely,

D11D2y — D12 D21 = Dy De. (74)
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In matrix form, Eq. (74) will take the form

C21 C22 C23 Co4 Cos| | X21 X2 X3 X4 Xos 1 1 1 1 1 ||Ca Cx Ca3 Coq Cos
C31 C32 C33 C34 C35| | C31 C32 C33 C3a C35|| — (|C31 C32 C33 C34 C35| ||C31 C32 C33 C34 C35| =
C41C42 C43 Cua Cys| | Ca1 Cao Caz Casa Cys C41C42 C43 C44 Cys| | Ca1 Cao Caz Cas Cys
Cs1 C52 C53 C54 Cs5) ||Cs1 Csp Cs3 Csa Css Cs1 Cs52 Cs53 Cs54 Cs5| ||Cs1 Cs2 Cs3 Csa Css

C11 C12 C13 C14 Ci5 1 1 1 1 1
C21 C22 C23 Co4 Cos5| | X21 X2 X3 X4 X5
= ||C31 C32 C33 C34 C35]| |[C31 C32 C33 C34 C3s . (75)
C41 C42 C43 C44 Cas| [ Ca1 Ca2 Ca3 Caq Cys
Cs1 Cs2 Cs53 Cs4 Css|| |Cs1 Cs2 Cs3 Csq Css

I 1 1 1 1[|Cn Ci2 Ciz3 Cia Cis Ci1 C12 C13 C14 Ci5| || X21 X2 X3 Xo4 X5

One can verify directly that (75) is indeed an identity for arbitrary values of C,, A and that we can
replace the row of ‘1’ by arbitrary values of ), and the identity will still hold. One can also verify that such
relationship will be valid for matrices of arbitrary order. Thus, we have proven that the integrands in the Fourier
integral transform of the kernels of the governing integral equations for tangential contact and crack problems
are related to one another as if they were in linear algebraic equations.

Taking into consideration that ng in (63-66) are homogeneous with respect to &1 and &, of the order 4
and D¢y is homogeneous of the order 3, we may conclude that the integrals (63—66) are divergent. They can
be regularized and computed, as it was done in (36-38) and the final result is

\/xlz + x5 Dere(—x2, X1)

for (n, k) = 1, 2.

1
Knk(x1,x2) = —=—\Re | A2
21
We remind that Aj; is defined in (37).

7 Discussion

By method of trial and error, we established several properties of determinants, which are valid for determinants
of arbitrary order and might be new. We show the properties on determinants of the third order, but generalization
to an arbitrary order would be clear. We have two determinants

aiy ap a3 b11 b1z b13
D, = ||az1 axn ax|,  Dp = |ba b br3|. (76)
asy asp as3 b31 b3y b33
Let us combine them as follows
b1 b12 bi3 ay aps as ap ap ais
di = ||ao1 ax axs|,  dip = ||b11 b2 b1z, di3 = |a21 axn ax (77
as| asy ass asy asy ass b11 b1z bi3
ba1 by b3 ay ap as ap ap ais
doy = ||ao1 a2 az3||,  dyp = ||b21 b b3, daz = |a21 ax ax; (78)
as| asy ass asy asy ass ba1 by b3
b3y b3z b33 ap ap as ap ap ais
d31 = ||ao1 a2 ax3||,  dszp = ||b31 b3 b33, d3z = |a21 axn ax (79
az| az ass as| az as; b3y b3z b33

The interesting result is obtained, if we compute the determinant

diy di2 di3 )
Dy = ||d21 dx do3| = DDy, (80)
d31 d32 d33
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If we take matrices {a;; } and {b;;} of rank n and create the matrix {d;;} by mixing them in the same manner,

as in (77-79), then the determinant of the matrix {d;;} will be equal to DZ*I Dy.

Yet another interesting property can be demonstrated on the following example. We have three linear

algebraic equations, which can be written in matrix form as

di di2 di3 X1 i
day doo dy3 x| =|»]. (81)
d31 d3z d33 X3 3
The solution will have the form
X1 1 811 812 813 V1
x| = 821 822 823 . (82)
x3 DaD | 31 33 g33 | | ¥3
Here
aii a2 a3 b1 b12 b13 b11 b1z bi3
g1 = |ba1 boa b23||, g2 = |lan aiz a13||, 813 = |b21 b b3, (83)
b3y b3z b33 b31 b32 b33 a a2 ais
a1 ax a3 b1 b12 b13 b11 b1z b13
821 = |b21 boy ba3||, g2 = ||a21 a2 a3l ., 823 = |b21 b2 b2z, (84)
b31 b3 b33 b31 b3y b33 any a a3
as| az asz b1 b12 b13 b1 b1z bi3
831 = |b21 boa b23||, g3 = |laz1 az2 az3|,  g33 = |b21 b b2z . (85)
b31 b3 b33 b31 b3y b33 asy asp as;

The rule of creation of the inverse matrix can be deduced just by observation of (83-85). If we call creation

of the matrix {d;;} as mosaic of matrix {b;;} into matrix {a;}, then creation of the inverse matrix {g;x} we call
mosaic of the matrix {a;;} into matrix {b;;} and divided by the product of D, and Dj,. It is obvious that similar
rule will be true for the matrices of arbitrary rank n. We do not know whether these properties are new in the
theory of matrices and determinants, but they are certainly beautiful.
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