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Abstract We present an analytical solution (in series form) to the plane strain problem associated with an
edge dislocation in the vicinity of a circular elastic inhomogeneity with a ‘mixed-type imperfect interface.” The
latter is a representation of the interfacial region in which the inhomogeneity and the matrix are endowed with
separate and distinct Gurtin—-Murdoch surface elasticities and bonded together through a spring-type imperfect
interface. The coefficients in the resulting series solution are determined in a rather elegant manner requiring
only the inverse of a number of 4 x4 real symmetric positive definite matrices. The stress distribution in the
composite structure and the normalized image force acting on the edge dislocation are found to be dependent on
six size-dependent dimensionless parameters, among which four arise from the associated surface elasticities
and two from the linear spring model of the interface. Asymptotic expressions for the image force when
the dislocation is located at a remote distance from the inhomogeneity are also obtained analytically. The
correctness of the solution is verified both numerically and analytically by comparison with existing results in
the literature. Most importantly, our numerical results indicate that it is possible to find multiple equilibrium
positions for the edge dislocation.

Keywords Mixed-type imperfect interface - Circular inhomogeneity - Edge dislocation - Image force - Size
dependency

1 Introduction

The interaction of dislocations with elastic inhomogeneities has attracted the attention of theoreticians and
practitioners alike (see, for example, [3-7,12,19,23-25]). The inhomogeneity—matrix interface remains a
critical focus point in the analysis of the dislocation—inhomogeneity interaction problem. In an effort to allow
tractability of the ensuing mathematical models, early studies assumed an idealized model of the interface,
for example, perfectly bonded [5,6] or sliding [4]. In an effort to more accurately model the influence of
the interface, in particular to account for interface damage (for example, debonding, sliding and/or micro-
cracking across the interface), the linear spring model has been introduced into the dislocation—inhomogeneity
interaction problem [7,19,23]. This more comprehensive interface model is based on the assumption that
tractions are continuous, but displacements are discontinuous across the interface. More precisely, jumps in the
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displacement components are proportional to their respective interface traction components in terms of ‘spring-
factor-type’ interface parameters [16]. The linear spring interface model is also referred to as a ‘soft interface’
since it is particularly appropriate when modeling a soft and thin interphase layer lying between two elastic
media [1]. It is well known that when composite assemblies involving elastic inhomogeneities are analyzed at
much smaller length scales (for example, at the nanoscale), the increasing surface area-to-bulk volume ratio
means that the effects of surface mechanics (on all surfaces involved in the assembly) play a significant role
in the overall deformation of the composite [17]. One of the most commonly adopted ‘surface models’ is the
continuum-based surface/interface model of Gurtin and Murdoch [9-11]. In the absence of residual surface
tension, the Gurtin—-Murdoch model is strictly equivalent to the membrane-type stiff interface referred to in [1,
2]. The Gurtin—-Murdoch model has recently been incorporated into the study of the dislocation—inhomogeneity
interaction problem [8,13,20]. Most recently, the current authors [21,22] have proposed the so-called mixed-
type imperfect interface model to account for the most accurate representation of possible interface damage in
nanosized inhomogeneities. In this interface model, both the inhomogeneity and the matrix are endowed with
separate and distinct surface elasticities and bonded through a spring-type imperfect interface. This allows for
a comprehensive account of the contribution of each of the surfaces involved in the mechanical analysis.

In this paper, the mixed-type imperfect interface is incorporated into the interaction problem of an edge
dislocation near a circular elastic inhomogeneity. A simple and effective method based on analytic continu-
ation is proposed to solve the interaction problem with highly unusual and nonstandard boundary/interface
conditions. The image force acting on the edge dislocation is also derived using the analytic solution obtained
and the Peach—Koehler formula [3]. The size dependency of the induced stress field and the normalized image
force is clearly demonstrated. The correctness of the obtained solution is carefully verified by comparison with
the classical solutions of Dundurs [3] for a perfectly bonded interface and Dundurs and Gangadharan [4] for
a sliding interface.

The paper is structured as follows: In Sect. 2, the bulk elasticity, the surface elasticity and the spring-
type imperfect interface models are reviewed briefly for completeness. In Sect. 3, an analytic solution to the
dislocation—inhomogeneity interaction problem is subsequently derived. Explicit expressions for the image
force in the case of gliding and climbing dislocations are presented in Sect. 4 as well as analytic results for the
long-range interaction results when the dislocation is located remotely with respect to the inhomogeneity.

2 Formulation
2.1 The bulk elasticity

In what follows, unless otherwise stated, Latin indices i, j, k take the values 1,2,3 and we sum over repeated
indices. In a Cartesian coordinate system {x; }, the equilibrium equations and the constitutive relations describ-
ing the deformation of a linearly elastic, homogeneous and isotropic bulk solid are given by
1
0ij.j = 0.0 = 2peij + hewdij. &ij = 5 i j +1ji), ey

where A and p are Lamé constants, o;; and ¢;; are, respectively, the Cartesian components of the stress and
strain tensors in the bulk material, u; is the ith component of the displacement vector, and §;; is the Kronecker
delta.

For plane strain problems, the stresses, displacements and associated stress functions ¢i, ¢» can be
expressed in terms of two analytic functions ¢(z) and ¥ (z) of the complex variable z = x| + ix, as [14,18]

o11 +0n =2 [fp/(Z) +W] ,
oy — o011 + 2io1n = 2[2¢"(2) + ¥/ (2)].,
2u(ur +iu2) = ke(2) = 2¢'(2) = ¥ (2),
b1 +itr =10+ @+ 7@, @

where k = 3 —4v in which v(0 < v < 1/2) is Poisson’s ratio. In addition, the stresses are related to the stress
functions through [18]

o1l = =912, 012 =P1,1,
021 = =22, 022 =2 1. 3
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Let #; and 7, be traction components along the x- and x,-directions, respectively, on a boundary L. If s is the
arc length measured along L such that, when facing the direction of increasing s, the material remains on the
left-hand side, and it can be shown that [18]

_d(¢1 +i¢n)

th+in = i

“)

2.2 The Gurtin—-Murdoch surface elasticity

The equilibrium conditions on a surface incorporating interface/surface elasticity according to the Gurtin—
Murdoch theory can be expressed as [9—-11,15]:

[owjnje,] + 05/3, pey =0, (tangential direction)

[0ijnin;] = o,4Kep, (normal direction) (5)

where n; is the ith component of the outward unit normal vector to the surface, [*] denotes the jump across
the surface, and o; 5 and kg are the components of the surface stress tensor and the surface curvature tensor,
respectively. In addition, the constitutive equations on the isotropic surface are given by

035 = 008ap + 2(tts — 00)3 + (ks + 00)e},, S, ©

where 8;5 are the components of the surface strain tensor, oy is the surface tension, and A and p; are the two
surface Lamé constants.

‘We mention that in Egs. (5) and (6), the Greek indices «, 8 and y take on values of the surface components.
For example, in the case of circular cylindrical fibers, «, 8, y each takes on the values 6, z.

2.3 The spring-type imperfect interface

Denote by u, and ug the respective components of the displacement vector, normal and tangential to the
inhomogeneity—matrix interface L and o,,,0,¢ the normal and shear components, respectively, of the traction
along the interface L. The interface conditions on the spring-type imperfect interface are [1].

loyr +i0r9] =0, 00y = ki [u,], 079 = kolug], on L, @)

where k, and ky are two nonnegative interface parameters and [«] = [*]3; — [*]; denotes the jump across L
(with subscripts ‘M’ and ‘I’ denoting the matrix and inhomogeneity, respectively).

3 An edge dislocation near a circular inhomogeneity with a mixed-type imperfect interface

Consider a domain in 92, infinite in extent, containing a single circular elastic inhomogeneity with elastic
properties different from those of the surrounding matrix, as shown in Fig. 1. The inhomogeneity, with its
center at the origin of the coordinate system and radius R, occupies a region denoted by Sj. The matrix
occupies the region S>, and the inhomogeneity—matrix interface is represented by the curve L. In what follows,
the subscripts 1 and 2 [or the superscripts (1) and (2)] are used to identify the respective quantities in S; and
S>. Separate surface elasticities are simultaneously incorporated into the surface of the inhomogeneity and
into that of the matrix. In addition, the two phases are bonded through a spring-type imperfect interface as
described above. An edge dislocation with Burgers vector (b1, b>) is located at (£, 0) on the xj-axis in the
matrix. The composite remains free from any other external loading.

If we assume that the interface L is coherent (i.e., szﬁ = gqp) With respect to either the inhomogeneity
or the matrix, it follows from Eqgs. (5) and (6) that the boundary conditions on the surfaces of the circular
inhomogeneity and the surrounding matrix can be written in the form



90 X. Wang, P. Schiavone

Matrix S,

Circular|/Inhomogeneity S,

Mixed-Type Imperfect Interface L

Fig. 1 An edge dislocation near a circular inhomogeneity with a mixed-type imperfect interface

€] M [ 42,0 (1 (1 7
0 o) = (70_ JO_ 0 Uy C0(uy +1u9 ) )
(0, +i0,y") — (0., +i0,4) = — R + R2 1 592 i 59 —u, |,
on the surface of the inhomogeneity, (®)
(2) @) [ 52,2 (2) 2) 7
J, 0°u 0wy 4 iuy )
2 () 0 : 6 0 2
(arr+ 9)_(0()_{_10 )=— R +F i 592 i " —uﬁ) i
on the surface of the matrix, ©)

where J(j) 2u§j) +A§j) —cr(;j) >0,j=1,2,and

. kr + k
cr —|—10r9 _crr";—l-lar'g :rTg[

(uﬁz) + iuéz)) — (uil) + iuél))]

kr - k . .
+ 5 [ =) — @ — ] (10)

According to Eq. (7), Egs. (8)—(10) describe a mixed-type imperfect interface under inplane deformations.
The imperfect interface model in Eqs. (8)-(10) contains six nonnegative imperfect interface parameters

Jél) J (2), (l), (2) , kr, kg. In order to solve the boundary value problem, we introduce the following
analytlcal contlnuatlons

01(2) = =28, (R*/2) — ¥1(R*/2), Iz| > R,
02(2) = —2@,(R*/2) — ¥2(R*/2), |zl < R. (11)

Consequently, the boundary conditions in Egs. (8)—(10) can be concisely expressed in terms of ¢1(z), ¢2(z)
and their analytic continuations are as follows

oT@—¢ ! [ (o) — ket [ (k22795 (2) Jrz’1 97 @) = & (az o (2) +z’1<p1—(z))]
e [B (ea2pf o 207 (R/2)) = &2 (k267 R/ + 26 f @)
e (—llm{/qz of (@) — K19/} (z) +K1z<p”+(z) +2707 @) -9 (@) +z¢>”f(z)} )
iz o (@) — k19T @ + 2707 (@) — 97 (@) — Re {kiz o) () + 27 oy ()

lz| = R,
- R 2Ry

(12)
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03H@ = ¢ @ + e [ R (e w{(z)+z" F@) - & (e @+ 279 )]

e [ B (a2 (R2/2) + 205 (R2/2) = B2 (k267 (R2/2) + 26 (R2/2)| .
| = I\,
O e —ilm [/czz”(pz_ (z) — K2(,02_ (z) + KZZ(PZ_(Z) +z~ wf(z) - §02+(z) + z¢;+(z)]
S / , ,
T o107 @) — e (@ 4 270 (@) — 0 (2) — Re floz 0y () + 2 of ()
(13)

where the superscripts ‘+’ and ‘—’ denote limiting values as we approach the interface L from either the inside
or outside, respectively.

The two analytic functions ¢1(z), ¢2(z) and their analytic continuations can be written in terms of the
following convergent series:

+°8X R™ : lz| < R,
¢1(2) = S
—-X1R™ Z+ YnR z7 " |z| > R, .
= R%JE R2<R2—52) A +o0 .
(02(Z) = —Aln z + &3 —RZJE + n=0 B,R™"7", |z| < R,
Aln(z —§) + 25 ARz, 2] > R,
where X, Y,, Ay, B,,n=0,1,2,..., 400 are unknown complex coefficients to be determined and
by —ib
_ pa(b 1)' )
7k + 1)

Substituting Eq. (14) into the boundary conditions in Egs. (12) and (13), and equating coefficients of like-powers
of z = Re!?, we finally arrive at the following sets of linear algebraic equations
[2+ oG =D+ x@+ D4y = D] Xy +[24+ pler = D) = x(1+ k1) +y1Ge — D] X,
~T(p +)B1 = T(p — x)Bi = —=4R8 111 + T2 (p + X)E1 + Tiea(p = %) En.
[p(1 = k1) = x (T +xD] X1+ [p(1 — k1) + x (1 + kD] X
+[24+ T+ x)+r] B +[T(—x) +r]B
= —4R8p2 + [2 — Ti2(p + x) — yax2] E1 = [Tka(p — x) + vak2] En, (16)

pX : = & o s
(I+rkyDX2 + P [T (k2 Ao + k2Eo + Bo) — (k1 X0 + Yo)] =0,

pX : = | & o
(I+y2)By — b x [T (k2A0 + k2Eo + Bo) — (k1 Xo + Y0)| = (1 — k2y2) Ea,

[(k2Ex + By) — k1 X2 = —% [T (k240 + k2 Eg + Bo) — (k1 X0 + Y0)] . (17)
[2n + k100 + x) + k11| Xu + [0 — x —n(n =201 Yaa = T(0 + ) By — k2T (p — X)Ap—2
=Tk2(p + X)En + T(p — x)Fu-2,
ki[p—x —yinn =2 Xy + [200 —=2) + o+ x + y1(n —2)*] Y2 = T(p — x) By — Tka(p + x) An—2
=Tk2(p — X)En + T(p + x)Fu-2,
—k1(p+ )Xn — (p = )¥u2 + [20+T(p + x) + v2n?| By + k2 [T (p — %) — yon(n — 2)] A,
= [2n — k2T (p + x) — n*k2y2] En + [y2n(n —2) = T(p — )] Faa,
—k1(p = )Xn — (04 0 Y2+ [T (0 — x) —n(n —2)y2] B,
+[200 —2) + 12T (p + X) + K272 (n — 2)°) A,
=K [yan(n =2) =T(p — )| En + [2(n —2) — F(p +X) = y2(n — 2)*| Fa,
n=3,4,..., 400, (18)

where the dimensionless parameters p, x, ¥1, Y2, 81, 2 and I" are defined by

Rk Rky g0 N L L o
= ’X= 7y1: 7y2= b 1= 9 2= b = b
21 21 2Ruy 2Rua 2R 2Ru u2
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and the loading parameters Ey, E,,, F,,,n = 1,2, ..., 400 by

) =G @) ()
Eo=AIln(-&),E,=—\—) . F,=——-A)|—=) +A[|—= , n=1,2,...,+00. (20)
n \ & n 3 §

It is clear from the definitions in Eq. (19) that the four size-dependent parameters y1, y», 81 and ; arise from
surface elasticities and that the two size-dependent parameters p and x arise from the spring-type imperfect
interface. The two coefficients X| and Bj can then be uniquely determined by solving Eq. (16), leading to

ToE| (s + 1) — 2R81 1 (1 + Tp + y2) — 2RpSypal  T(ka + 1),
L 0Tt R Gt — D] D a1
_ plkr — D(pTioE} —2Ré111) + [24 (0 + yD) 1 = D] [(1 = y2x2 — pTk2) E} — 2RS35 B
- (1+Tp+y) 2+ (o +yDki — D] = pT ke — 1) b

B

2h

where E| and E{ are, respectively, the real and imaginary parts of E;. Interestingly, the imaginary parts of
X1 and B; are independent of b, and the existence of the mixed-type interface. In addition, the imaginary part
of X is also independent of the elastic properties of the matrix, while that of Bj is independent of the elastic
properties of the inhomogeneity.

The three coefficients X2, B and k1 X + Yo — I'(k2Ag + Bo) can be uniquely determined as follows by
solving Eq. (17)

X, = ErpxTlca + 1)
o+ 00 +kiy)A+ 1) +px [T +x1(L+Tyi + )]
_ Ex{(p+ )0 +xay)( —k2y2) + px [€1 — k2T — k12 (Ty1 + )]}
0+ 00 +riyDA+ ) +ox [T +xi1(L+Ty + )]
ExT(p — x) (k2 + (A 4+ x171)

(o + X)L+ k1yD)(L+2) + px [T + k1 (1 + Ty + 12)]

B

kK1 Xo+ Yy —T'(kpAg + By) =

+ I'kr Ey.
(22)

The four coefficients Xg, Yy, Ag and By are constrained by Eq. (22)3. Setting Xg = Bg = 0 and Ag = —«2 Ey,
the left coefficient Yj can be uniquely determined from Eq. (22)3 as

Yo = ExT(p — ) (k2 + 1D)(A +x11)
o+ 0 +kiyDA+ ) +px [T +c1(1+Ty+m)]

(23)

The coefficients X,,, Y,,—2, By, Ap—2,n = 3,4, ..., 400 are then uniquely determined by solving Eq. (18):

K1 Xy 0 0

Yy _ 0 2k + 1) —1 0 .

F@n =-T K’_Q,En TQV[ nKin’l , n —3,4,...,“[‘00, (24)
CioAn—2 Fno (n—=2)F,—

where

et+x  p—x —(+x) x—0p
Q =| P~ Xx Ptx x=p -0+
" —(o+x) x—p p+x pP—x

x—p —(o+x) p—x p+x

2t yin? —yin(n —2) 0 0 (25)
—yin(n —2) 2(n —2) + y1(n — 2)? 0 0
2n+yon® (n—2)
’ ’ " Ffw 2) 2 _2>m; (n-2)2
nn— n— n—
0 0 —B r I'io + = r
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It can be shown in a relatively straightforward manner that Q,, is a positive definite real symmetric matrix.
From Eq. (24), we can see that to determine the unknown coefficients it is sufficient to find the inverse of the
4 x4 matrices Q,,,n = 3,4, ..., 4o00.

All of the coefficients in the expressions for ¢;(z), ¢2(z) and their analytic continuations have now been
completely determined. The two original analytic functions v (z) defined in the inhomogeneity and v(z)
defined in the matrix can also be conveniently obtained from Eqs. (11) and (14) as

+o0o
Y1(2) == D [Yu+ (1 + 2 Xpi2] R, |2l < R;
n=0
2 2
Ya() = Alnz —§) — =2 — [A n(—¢) + 26 8D Bo}
z—¢& &
R B +o0 _
+ (EA — Bl) Rz '+ Z [(n —2)Ay—> — B,]R"z™", |z| > R. (26)

n=2

By substituting the analytic functions obtained into Eq. (2), we arrive at the stress field in the composite. It
is clear from the above analysis that the induced stress field in the composite depends on the six size-dependent
parameters p, x, Y1, V2,61 and 8>.

In particular, the average mean stress within the inhomogeneity and the rigid body rotation at the center of
the circular inhomogeneity can be given quite simply by

Ay [f,—b; +281(1+Tp+ ) + 2,082]

<ol +op>=-— s
(1+Tp+y)[24 (0 +yDki — D] = p?Tki — 1)

27)

1

o = 5(142,1 —uip) = atz =0, (28)

b
2mE’
where <*> denotes the average. From Eq. (27), we can see that the sign of the average mean stress is simply
opposite to that of the sum of the three terms in the square brackets in the numerator. Interestingly, the rigid
body rotation at the center of the inhomogeneity in Eq. (28) is independent of the elastic properties of the
composite, the imperfection of the interface and the component b, of the Burgers vector.

4 Image force on the edge dislocation
Using the Peach—Koehler formula [3], we can derive the image force acting on the edge dislocation. We will

discuss two cases in detail: (1) The Burgers vector is normal to the interface with b1 # 0 and b, = 0; (2) the
Burgers vector is directed tangentially to the interface with b, # 0 and b; = 0.

4.1 The case by #0,by =0

The image force acting on the gliding dislocation can be given explicitly by

_ 7Rk + I)F _ e+ 0d+kyDd = k2y2) + px [k1 — k2l — k12a(Ty1 + 12)] s

F* | =
pab? (p+ X)L+ k1)L + ) +px [T +x1(1+ Ty + )]

+ +§ = g o= D20 = 2 4 [k 4 k5 nn - 2)])

n=3 0 (29)
+o00
2k + 1) -3 2 -1 2 -1 0
+F—KznZ=;nn [0, 0, —nn=, Ky (n —2)(nn —n—f—l)]Qn Ko ,

n—1—(n—2)n?
F, =0,
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Fig. 2 Normalized image force F* on a gliding dislocation for different values of the parameters y1, y2, p and x with ' =
5,k =kp =2

where F) and F; are, respectively, the image force components along the xi- and x»-directions and n =
R/E,—1 < n < 1.1t is seen from the above expression that the normalized image force F* depends on
the four size-dependent parameters yj, y2, p and x. In other words, the normalized image force is also size
dependent. It is also clear from the above expression that F* is an odd function of 7. It has been verified
numerically (using MATLAB) that: (1) when choosing y; = y» = 0 and p, x — 00, Eq. (29) recovers
Eq. (7.8) in [3] in the case of a perfect interface; (2) when choosing y; = y» = x = 0 and p — 00, Eq.
(29) recovers Eq. (15) in [4] for a sliding interface. These results verify numerically, to a certain extent, the
correctness of the solution obtained. We illustrate in Fig. 2 the normalized image force for different values of
the parameters yy, y2, p and x with I' = 5, k1 = ko = 2. The set of parameters y; = y» = 0,p = x = ©©
corresponds to a perfect interface [3], while the set y; = y» = 0, p = 00, x = 0 describes the sliding interface
[4]. From Fig. 2, we can see that the gliding dislocation is repelled from the inhomogeneity when the interface
is assumed to be perfect or sliding; there exist inner stable and outer unstable equilibrium positions for the
gliding dislocation (recall that = R/&) when y; = 1,2 = 3, p = 30, x = 0. This fact implies that the
mixed-type imperfect interface will exert a significant influence on the stability of the dislocation.

When the dislocation is located far from the inhomogeneity, the asymptotic expression for the image force
can be obtained from Eq. (29) as

32+3m) [2+ Gk + D]

+p F + 21 + 2T + 71 (I + 1661 + 3Tk1) + 3923 + k1) + 24k11172]
+x [6 4 261 + 2T + y1(T 4 4k + 3Tk1) + 3123 + k1) + 6k17172]
+2px [2(T + k1) + 361 Tyt + 12)]

K2 32+ 1B+ D][2+ 1202 + 3)]
[m [T+ (16 + 3D)k; + 3Tk2 + 9T k1k2] + 12 [9 + 361 + (3 + 16Dk + K1K2]
+8y1y2 [Bk1 + Tk + (1 + 3D)k1k2] + 2B + T + k1 + 3Tk2)
Y1 [T+ @+30)k; + 3Tk + 9T k162] + v2 [9 + 361 + B+ 4D)ko + k1k2]
2912 Br1 +Tia + (1 +30)k1x62] +2(3 4+ T 4+ k1 + 3Tkp)
L +2px [2(C + k) (T2 + 1) + (Cy1 + y2) Be1 (T + 1) + k2 (T + «1)]] i

+0(°), n — 0. 30)

(k2 + 1)

Below, we present several typical examples to illustrate the solution and simultaneously verify its correctness.

e 0, X > 00
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In this case, Eq. (30) reduces to

AP 20+ = D+ Ty + 1) Gl + T — 26)]
2T +x)Tr2 + D)+ Tyt 4+ 12) B (Tia + 1) + io(C + k)]

*

€1y

which indicates that T'y; + 35 = (J3" 4 J{”)/(2Rp2) can now be taken whole. If we further assume that
Y1 = y2 = 0, Eq. (31) becomes

4P — 1)
* _ 32
Ty +1 32)
which is just Eq. (7.13) in [3] for a perfect interface.
® VI =WV = 0
In this case, the surface elasticities are absent. Consequently, Eq. (30) reduces to
g _ A0 1=6+ (p + 0T =3 — 1) +2px (N = (T +x1)] &)
6+ (p+ x)B+T +x1 +30k2) +2px (T + k) Tia + 1)
If we further assume that x = 0 and p — oo, Eq. (33) becomes
42l —3 —
«_ An( K1) ’ (34)
34T +k1+ 3Tk
which is just Eq. (19) in [4] for a sliding interface.
e p=x=0
In this case, Eq. (30) becomes
873 (y2 —
o n”(y2 — k2) (35)

2+ i +3)]

which is independent of the elastic properties of the inhomogeneity. If we further assume that y» = 0, Eq. (35)
becomes
F* = —4n’, (36)

which is just the result of a gliding dislocation located far from a traction-free hole. Equation (36) can also be
obtained by setting I' = 0 in Eqs. (32) or (34).

42 by #0,b1 =0
The image force acting on the climbing dislocation can be given explicitly by

TRUa 1) 2R+ 1) pla = DAT+[24 o+ = D)8 -
112b3 by  (1+Tp+m)[2+ (p+yDk — D] = p2C ke — 1)
PTGk = D2 =D+ 24+ (0 +yDa = D] 2+ (0 —e)Tp + )] 5
(T+Tp+1) 2+ (o + 76k — D] = p2Ter — 1) !
(o 00+ k)1 —Kkay2) + px [k1 — 12l —kia(Tyr + )] 5
0+ 0 +kiyD+y2) 4+ px [T +k1(1+ Ty + y2)]

Fy =

(37

+00
+> {Kz_l(l’l =3 =205 ' (n — D(n = 3) + 1 [Kz + ey n(n 2)]}

n=3
+00 0
2(k2 + 1) 203 2 -1 210! 0
+F—K22n [0.0. 0%, &5 ' (n —2)(n = 3 —nn?) ]Q, o

n=3 n—2)n%*—n+3
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Fig. 3 Normalized image force F, on a climbing dislocation for different values of the parameters yi, y2, p and x with ' =
3,ki=ky=2and§; =8 =0

It is clear from the above expression that the normalized image force F, depends on all six size-dependent
parameters yi, v2, 61, 62, p and x. The existence of residual surface tensions means that F, in Eq. (37) is
no longer an odd function of 7. It has been verified numerically (using MATLAB) that: (1) when choosing
y1 =y =61 = 8 = 0and p, x — o0, Eq. (37) recovers Eq. (7.9) in [3] for a perfect interface; (2) when
choosing y; = y» =81 =6 = x = 0and p — o0, Eq. (37) recovers Eq. (16) in [4] for a sliding interface.
Thus, the correctness of the solution has also been verified numerically. Figure 3 shows the normalized image
force on a climbing dislocation for different values of the parameters y1, y», p and y with[' =3, k] =k =2
and §; = 8, = 0. It is observed from Fig. 3 that the climbing dislocation is repelled from the inhomogeneity
when the interface is perfect with y; = y» = 0, p = x = o0; there is an unstable equilibrium position for the
climbing dislocation when the interface is sliding freely with y; = y» = 0, p = 00, x = 0; and there exist
an inner stable equilibrium position and an outer unstable equilibrium position for the climbing dislocation
when y; = y» = 0.1, p = 30, x = 0. The results in Figs. 2 and 3 indicate that it is possible to find multiple
equilibrium positions for an edge dislocation interacting with a circular inhomogeneity with a mixed-type
imperfect interface.

When the dislocation is located far from the inhomogeneity, the asymptotic expression for the image force
can be extracted from Eq. (37) as

_ 2iaby {pci = DOT + 24 (0 +yD (k1 — D] 8}
(I+Tp+1) 2+ (o + ki — D] = p2Ter — 1)
_ mbi PTGk = D2 = D+ [24 (0 +y) i = D] [2+ (1 = k) (Tp + )]
TRy + 1) (1+Tp+y) 2+ (o +yDi — D] = pTlr — 1)
n—0, (38)

1=

7+ 0@),

which is independent of x. The existence of residual surface tensions means that the magnitude of the image
force on a climbing dislocation decays slower than that on a gliding dislocation as the dislocation moves away
from the inhomogeneity. It is seen from Eq. (38) that the sign of F is simply opposite to that of b, when the
climbing dislocation is very far from the inhomogeneity. Below, several examples are presented to illustrate
the solution serving also to verify the correctness of the solution.

e p— 00
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In this case, Eq. (38) reduces to

_ 2paby(ki — DT +8) 5
A+ —-DTyn+mt+

b} 20— 1) =20k — D) = Ty + y) e — Dl — 1)
TR(c2+ 1) X+ G- DTy +m+ D) T

F =

(39)

which also indicates that both Ty; + 2 = (J3" + J$?)/QRu2) and T'8; + 8 = (o) + 6”)/ 2R 2) are
now taken as whole. If we further assume that y; = y» = §; = 62 = 0, Eq. (39) becomes

_ 27 [P = 1) — (k1 = D))

Fy
24+ Kk — 1

, (40)

which is just Eq. (7.14) in [3] for a perfect interface and Eq. (20) in [4] for a sliding interface. Clearly, Eq. (40)
is valid for any value of .

ey =p»=65§6=665=0
Now the surface elasticities are absent. In this case, Eq. (38) reduces to

44200k =1 -T2 — 1)]773

F, = 41)
24 pQ2r+x1—1)
e p=0
In this case, Eq. (38) reduces to
2u2b)8 b 2 1—
Flz_,uzzz 2 Maby + (1 —k2) 5 42)
1+ TR(k2 + 1) I+

which is independent of the elastic properties of the inhomogeneity. If we further assume that y» = §, = 0,
Eq. (42) becomes
Fy = =2, (43)

which is just the result of a climbing dislocation located far from a traction-free hole. Equation (43) can also
be obtained by setting I' = 0 in Egs. (40) or (41).

5 Conclusions

In this work, we have derived a rigorous solution to the problem of an edge dislocation interacting with a circular
elastic inhomogeneity with a mixed-type imperfect interface. The mixed-type imperfect interface is introduced
to reflect the complicated and more realistic scenario in which a soft interface represented by the spring model is
bounded by two stiff interfaces arising from Gurtin-Murdoch surface elasticities. The boundary conditions on
the mixed-type interface are concisely expressed in terms of ¢1(z), ¢2(z) and their analytic continuations. All
of the complex coefficients appearing in each of these four analytic functions are obtained in a quasi-decoupled
manner: X and B are determined by solving the two coupled linear algebraic equations in Eq. (16); X2, B>
and k1 X + Yo — I'(kp Ao + Bo) are determined by solving the three coupled linear algebraic equations in Eq.
(17); and X,,, Y,—2, B, and A,_; for a certain value of n(> 3) can be determined by solving the four coupled
linear algebraic equations in Eq. (18). The stress field and the image force acting on the edge dislocation can
then be conveniently derived from the obtained analytic functions. Analytic expressions for the image force
on gliding and climbing dislocations are presented. It is observed that in general the normalized image force
depends on six size-dependent parameters y1, y2, 81, 82, p and y, the first four of which result from surface
elasticities and the latter two from the linear spring model. The solution to the problem of an edge dislocation
inside a circular inhomogeneity with a mixed-type imperfect interface can be derived quite similarly.
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