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Abstract The problem of dynamic structural response dependent on random variations of design parameters is
presented in the paper. A variational formulation of the FEM equations of motion and the probability distribution
of time instant stochastic sensitivity are described. The suggested perturbation technique is completely second-
order accurate, unlike in conventional approach. For instance, three different structural systems, excited by
a Heaviside impact, are implemented and discussed. Numerical results for the first two probabilistic moments
of displacement sensitivity gradients are obtained by the mode superposition method. Concluding remarks
show that dynamic sensitivity analysis in the stochastic context better describes the real structural response
and allows us to find the appropriate design point.
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1 Introduction

Nowadays, buildings are often characterized by complicated forms and slenderness. Therefore, an appropriate
computational technique, such as the finite element method (FEM), which is implemented in most structural
analysis computer codes [1-3] is needed. Since designers are required to make the optimal use of building
materials, structures must inevitably be lightweight and strong, and this is exactly why design sensitivity
analysis [4,5] may be necessary. Sensitivity analysis can be carried out with respect to global [6,7] or local
design variables [8—12]. Global design variables are, e.g., the overall geometry, overall shape and topology.
Local design variables, such as cross-sectional area, element thickness, Young modulus, Poisson’s ratio, yield
stress, mass and loading, are considered in this paper. Besides static design sensitivity, dynamic sensitivity is
worth analyzing especially for structures exposed to wind or sea waves.

Uncertainty of design variables is included so far in building standards by empirical safety factors. For
more complex or less typical cases, however, standardized recommendations may not be sufficient. Making a
stochastic analysis is thus essential. It can be carried out by the spectral approach [13] or by the perturbational
approach [14—19], where all the functions of random variables are expanded exponentially. The stochastic and
sensitive formulations can be considered jointly for the same or different design variables, [18-21].

In the conventional perturbational approach, by using the first two probabilistic moments for random
variables on input, the first two probabilistic moments of the structural response are obtained on output,
wherein only the expectations are with second-order accuracy, and the cross-covariances are with first-order
accuracy [18,19]. In this paper, a modified version of these perturbation schemes for dynamic sensitivity is
presented, in which both probabilistic moments on output are second-order accurate, as for the static sensitivity
given in [22].
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After the introduction, in the second section the equations of motion are obtained in the context of FEM.
The third section describes the stochastic dynamic sensitivity for a time instant. In the next section, numerical
results of stochastic dynamic sensitivity analysis are shown for three different structural systems, with truss,
shell and beam elements. Summary remarks finish the paper.

2 Finite element model of dynamics

The variational Hamilton’s principle states that the real displacement field, among all permissible, satisfying
boundary and initial conditions at times #1, #; in the volume £2, makes stationary the functional of the total
energy. The total energy is the sum of kinetic energy 7', potential energy V and external forces work W,
leading to

t n
3/ (T—V)dt+8/ Wdr =0 (1)
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where p is the mass density, and = {ey1, e2, £33, V2612, V2613, v2e23}, u = {w;}, 0 = {i;}, =

{o11, 022, 022, V2012, V2013, \/5023} and t = {f;}, i = 1,2,3, are the strain, displacement, velocity, stress
and the boundary force vectors, respectively. By the engineering character of the paper, in Eq. (4) the body
forces are neglected.

As a result of the transformation described in [23,24], the FEM equation system of motion is obtained as

Mij+Cq+Kq=0Q 5)
where M = [Maﬂ], C = [Caﬂ] and K = [K()[ﬂ]’ q = {9¢}, 4 = {Gu}, 4§ = {Go) and Q = {Q4}, @ =
1,2, ..., N, are the mass, damping and stiffness matrices, nodal displacement, velocity, acceleration and load
vectors, respectively, with N being the system number of degrees of freedom. The explicit forms of the stiffness
and nodal load matrices for specific types of the finite elements can be found in [1-3], for instance.

For the sake of presentation transparency, the indicial notation will be used from now on. Equations (5)
are rewritten in the residual form, where twice repeated indices implying summation as

Qo — Kaggp — Capgp — Mg Gg =0 (6)

3 Time instant stochastic sensitivity

For the multi-degree-of-freedom (MDOF) system, at the time instant T = ¢, the structural response can be
defined by the function

1
® = G/ [ga(h,b; ), h]8( —1)dr, t€[0,T] )
0
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where ¢ denotes the running terminal time and §(# — t) is the Dirac delta distribution. The function (7) is
satisfying the equations of motion (5) and being an explicit and implicit function of the vector of design
variables h = {hd}, d=1,2,..., D, and the vector of random variablesb = {b"},r =1,2,..., R, i.e.,
Qu(h,b; 7) — Kog(h, b) gg(h, b; 7) — Cop(h, b) gg(h, b; 7)
- C{ﬂ(hvb)qﬁ(h7bv‘c):07 a,ﬁ=1,2,...,N
ge(h,b;0) =0, gu(h,b;0)=0 (8)

The first two probabilistic moments—expectations b " and cross-covariances Cov(b", b*) of the random
variables b" are defined as

+0o0
b =E[p] =/ b p (b")db" ©9)
Cov(b",b*) =E[(b" — by)(b* — b)) | = R(b", b*)+/ Var(b”") Var(b?) (10)
with
+o0o +o0o
R (", b%) = / / b p(b", b*)db db* (11)
Var = o’E*[b"] (12)

where R(b", b*), Var(b”, b*), p(b", b%) and a denote functions of correlation, variance, joint probability density
and the coefficient of variation, respectively.

The functions of random variables Kog, Cop, Mug, o and Q, will be handled by the perturbation scheme.
Assume that Kg, Cop, Mg, g and Q,, are twice differentiable with respect to the design variables h? and
the random variables b". Using the chain rule of differentiation, and since the running terminal time ¢ takes
on some a priori selected value in the time interval [0, T'], leads to the expression for the derivative of @ with
respect to 2% in the form

t
(1) = / [G'd(r) 8(t — 1) + Gol(r) i (1) 8(r — r)] dr
0
t
=G+ / Go(1) ¢ (1) 8(t — 7)dr (13)
0

where () is the first ordinary derivative with respect to the dth design variable, ()% and () 4 are the first partial
derivatives with respect to the dth design variable and «th nodal displacement, respectively. The components
G and G 4 in Eq. (13) are known, because G is an explicit function of its arguments. While g, are implicit
with respect to i, the derivatives ¢;¢ must be determined. Differentiating the equation of motion (8) with
respect to the design variables s, yields

Mapii (1) + Cap' (T) + Kapgf () — RA(1) =0 (14)
where
RA(1) = 0 (1) — Mbip(r) — Cibip(t) — Khap(t) (15)

To eliminate qjxd from (13), the adjoint system method is employed. Pre-multiplying (14) by the transpose of
an adjoint vector Ay (7), which is initially independent of random design variables, integrating by parts with
respect to T and equating the coefficients at q&d in the resulting equation and (13), we obtain the differential
equations of motion for the adjoint system in the form

Mophg(t) — Caphp(t) + Kaphp(t) = Go(t) 8(t — 1)
Ae() =0, Ao()=0, 7€[0,¢], tel0,T] (16)

Substituting (16) into (13) and taking into account (14) we obtain

t
(1) =G + / Ao (7) RY (1) d(7) (17)
0
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Now, the functions of random variables Myg, Cog, Kog, Ou» G.a» 48, Ao Maﬁ, Coffs’ Ka‘fg, Q'ad and G are

expanded around the expectations b " via the second-order perturbation, with a small parameter 6, generally
expressed as

. 1 ‘ .
(), b) = () +0()"Ab" + 3 O2()"SAL' AL, rs=1,2,....R (18)

where Ab" is the perturbational increment of " with respect to by, and ()9, ()" and ()" describe the zeroth,
first and second ordinary derivatives with respect to b".

The expansions of Myg, Cug, Kug, Qu, Ga, qp and Ay are substituted into (8) and (16). Equating the
coefficients of the given parameter 6 to zeroth, first and second power leads to

— 1 pair of the zero-order equations

MOG5(T) + Ca5 (1) + KIpa(r) = 05(1)
qo0)=0; ¢3(0)=0; tel0,t]; rel0,T]
MRy (1) — Coghy(r) + Kghy(t) = G (1)8(t — 1)
Woy=0; @)y=0, te[0,1]; 1€[0,T] (19)

— r pairs of the first-order equations

ﬂQﬁ (T) + Cagq,g (r) + KaﬂCIﬂ () = Q;(T)
g, 0)=0; ¢;0)=0; tel0,1]; tel0,T]
Moghiy (t) — Coghiy (1) + Kgghiy (v) = Gl (x, 1)
M) =0; Ar()=0; tel01]; tel0,T]
r=12...,R (20)

— 1 pair of the second-order equations
2 2
MO (0) + Coas” (1) + KQpay (1) = 0@ (1)

<2>(0)—0 ¢P0)=0; t€[0,1]; r€[0,T]
i@ = Coy (@ + ka0 = 6Pz, 1)

Mgl
AP0 =0; AP1)=0; te€l0,1]; tel0,T] (21)

where

(2)_1 irs ros
a =24 Cov®™b) 12, R (22)
2

A Cov(b”, b*)’

while the first- and second-order primary and adjoint generalized load vectors are defined by

0, (1) = Q) (1) — aﬂq,g(r) aﬁqg(r)—K;;qg(r)
Gl (r,1) = G (N8t — 7) — Miig (1) + Cophy(v) — Kiphp(r) (23)

02 () = [E 0 (1) — M&%q}’gs(r) — Cijpdiy (v) — Kijpqiy (1)
1 s 1
—3 Mg () — ;Jsfq/?(f)—5K&%SQB<T>]C0V<b’vb‘“>
@ LG
GP (1) = [5 Gy (08t — 1) — My, ﬂ(f)+caﬂ i (©) = Koph ()

;M”/\ﬁ( )+ 5 C”,\ %) - K”xo(r)](:ov(b’ b%) (24)
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Having solved the initial-terminal systems (19)—(21) for the zero-, first- and second-order primary and
adjointdisplacements, velocities and accelerations, the solution to the time instant stochastic sensitivity problem
can be received by setting 6 = 1 in the expansions of Myg, Cug, Kog, Qus Gas 48, 48> G8> Aa> Ao and Ay via
the second-order perturbation. In this way, the dynamic case of the second-order accurate expectations and
cross-covariances for the time instant sensitivity gradient are written, respectively, as

E [cb'd(t)] = G () + /Ot {Agm[xg(f) +2.2(0)] - D3<2>(r)x2(r)}dr
+ [%G'd;”(t) + /0 t [BE(T)rif (0) + cg”(r)xg(r)]dr]cOv(b’, b*)  (25)
Cov(®(1)), (1)) = (G-d?r(tl)G-e?S(tz)
+ G (1) /012 [AL (D)2 (1) + B (1)A0(v)]dr
+ G4 (1) /0 ) [Ad (D)2 (T) + BE ()28 (1) ]de

1 1) ) .
+ /0 /O {44503 @35 0)
+[AL B (v) + AW B (1) |45 (T)AG (v)
+ B (0B )29()2 (v)}dtdv

(n)[ G (1) + / C B @
+C§”(I)A2(t)]dt} [ (tz)[ G4 (1)
+ /0 ! [B(T)r () + c;’”(r)xg(r)]df})c(w(b’, b*)
+@ () /0 § [D® (102 (7) — A% (DA (1) ]de

t
+@ ‘() / 1 [DI@ ()20 (2) — AL ()P (1)]dr (26)
0
where

Ad(r) = 05%(1) — KJglqp(t) — C qﬂm g g ()
BY (v) = 04" (1) — Kyglaiy (1) — K" af (1) — Col iy (1)
Cai" (D) — MU (o) — Myg" G (v)

1 ; 1 rs Jroes
Ca™ (1) = 5 Q" (1) = Ko 4’ (1) = S Ko™ (1) = Cg" 45 (@)

1 1
= 5 Cus" a5 () = My (1) — 5 Mg i (v)
DI (r) = K3iqP (r) + COf qu)(z)Jngﬁdqu)(r) 27)

witht, 41,1, €[0,T];d,e=1,2,...,D;r,s =1,2,...,R;a, 8 =1,2,..., N.
It should be noted that the obtained cross-covariance matrix (26) is second-order accurate, and not the
first-order one as in [18].
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4 Numerical results

For illustration purposes, the dynamic sensitivity of displacement to random change of design parameters
for three different structural systems is considered. First, the example of simple structure is considered for
comparison the first- and second-order accuracy for the cross-covariance matrix. Next, the example known
from [18] and discussed earlier for static sensitivity in [22] is analyzed. The numerical results given below are
completely second-order accurate for the expectation vector and cross-covariance matrix, other than in [18].
Random design variables are defined by the thicknesses of shell elements and the cross-sectional areas of beam
elements. Expectations and standard deviations, being the square root of variances, of dynamic sensitivity are
presented in the graphs below. The stochastic sensitivity analysis is implemented by using a modified version
of the computer code POLSAP, [25].

Fig. 1 Truss structure—FEM model
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Fig.2 Dynamic displacement sensitivity of: a element No. 1, b element No. 2—cross-sectional areas as a random design variables
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Fig. 3 Cross-covariances for dynamic displacement sensitivity of: a element No. 1, b elements No. 1 and No. 2

X X
L=438
51 1
_ Doforiiiirercrcececccizioes C
4
4
/]
4
‘s < 2
N < 7
Il 4
a /
Ml
4
2 () Y | 60 10
77777 A77777777777777777777777. B

Fig. 4 Cylindrical shell—FEM model

4.1 Example 1: Two-element truss structure

The first example is only academic and is intended to show the difference between the first- and second-order
accurate cross-covariances of dynamic displacement sensitivity. The structure consisting of two truss elements
with a length L = 5m was analyzed, Fig. 1. The nodes A and B are locked on moving. The elements are
designed with material characterized by Young’s modulus e = 200 GPa and density p = 7.85 g/cm>. Random
design variables are defined as cross-sectional areas a”, r = 1, 2, with the means a, = E [a’] =5x 1073 m2.

The correlation function is of the form
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Table 1 Shell: eigenproblem—numerical results

Vibration form 1 2 3 4 5 6 7 8
Frequency f (Hz) 2.38 7.49 11.19 15.40 16.96 22.12 24.63 25.73

0.03_[m] —— Deterministic value

~——— Expected value
0.02
0.01
0 T I T I T I T I T l
0.0 1.0 2.0 3.0 4.0 5.0

Fig. 5 Displacements at the node A

v — S [ PRV A
R(ar, aS) — exp (%) exp (%) (28)

where A = 0.5 and the coefficient of variation @ = 0.02 are applied. The truss is loaded at the point C by the
constant force Q(7) = 1000kN, Fig. 1. The response function is described as

_lal_
qall

@ 1<0 (29)

where the allowable vertical displacement g,; = 0.05 at the node C is assumed.

A dynamic stochastic sensitivity analysis was carried out by the mode superposition technique using the
program MATHEMATICA, [26]. The periods for the first and second vibration forms were: T; = 8.87x 1073 s,
T» = 5.07 x 1073 s. Maximum vertical displacements at the node C were approx. 0.02 m.

The expectations of displacement sensitivity of the node C to the change of cross-sectional areas were
differed by 4 % from deterministic values, Fig. 2. The results of variance for dynamic displacement sensitivity
of element No. 1 and cross-covariance for sensitivity of elements No. 1 and No. 2 are shown in Fig. 3. The
calculations were done with first- and second-order accuracy. The covariances obtained with second-order
accuracy are characterized by more constant increase in the time than covariances with first-order accuracy.

4.2 Example 2: Cylindrical thin shell structure

In Example 2, the time distributions of the sensitivity gradient for a thin shell structure, which is a quarter of a
cylinder of radius R = 4.0 m and length L = 4.8 m, are considered, Fig. 4. The following boundary conditions
are adopted: along the bound AB the x-displacements, and y- and z-rotations are zero, BC is entirely free, CD
is fixed, along the bound DA the y-displacements, and x- and z-rotations are zero. The material is characterized
by Young’s modulus e = 10 GPa and Poisson’s ratio v = 0.3. The finite element mesh of the shell consists

of 60 equally rectangular elements. The shell thicknesses t",r = 1,2, ..., 60, are random design variables
with the means 7; = E [t’] = 0.1 m. The correlation function is described as
—|x" — x| =y =y

R, ) = _ _— 30

( ) = exp ( I3 exp I (30)

where A = 0.25 and the coefficient of variation @ = 0.08. The shell is loaded by constant force Q(r) = 10kN
at the point A, Fig. 4, as a Heaviside step function, on the time interval 7 = 5s divided into 2500 equal
steps.
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Fig. 6 Dynamic displacement sensitivity of: a el. No. 1, b el. No. 40, ¢ el. No. 60—shell thicknesses as a random design variables

The response function takes the form
1 t
(D:;/ / s(x —x*)g*(x, 1)dRdr, te€l[0,T] 31
0 Ja

where 8 is the Dirac delta function and §2 is the structure volume. The terminal conditions of the adjoint system
are L(t) = 0, A(r) = 0. We assume that the allowable displacement ¢, at the node A is 0.03.

A dynamic sensitivity analysis was carried out using the mode superposition technique with 10 lowest
eigensystems. First, solving eigenproblem, eigenvalues and eigenvectors were received. The frequency for
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Fig. 7 Frame structure: a nodes of FEM model, b beam elements
Table 2 Frame: eigenproblem—numerical results
Vibration form 1 2 3 4 5 6 7 8
Frequency f (Hz) 2.84 291 3.31 3.80 4.57 4.72 4.76 542

the first form of vibration was 2.38 Hz, Table 1. The 60 correlated random variables were transformed into
uncorrelated variables using 10 highest modes in the calculation.

The maximum displacements at the node A did not exceed 0.03 m, Fig. 5. The differences between the
expected and deterministic values were about 2 %. The numerical results of displacement sensitivity of the
node A to the change of element thicknesses for selected elements are shown in Fig. 6. The most sensitive
results were obtained with the shell element No. 1 being around node C. The standard deviation of displacement
sensitivity was about 30 % of the expectations.

4.3 Example 3: Frame structure

Example 3 concerns the time displacement response of a frame structure of length L, = 30 m, maximum
width L™ = 24 m, minimum height H™" = 5 m and maximum height H]"* = 10m, Fig. 7. The structure
was modeled with a FEM mesh with 124 beam elements. As for boundary conditions, nodes 1, 5, 15, 16, 30,
31, 49 and 115 are fixed. All the elements are designed with steel profiles characterized by Young’s modulus
e = 210 GPa and Poisson’s ratio v = 0.3. Random design variables are defined as cross-sectional areas a’,
with expectations ay = E [a’] = 7.49 x 107> m?. Moments of torsion and inertia are considered as a measure

of the cross-sectional areas squared, with 7, = 1.594 a? and I, =1, =0.797 a?. The correlation function is
described as
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Fig. 8 Displacements: a g, at the node 69, b g, at the node 97

R(ar’ aS) — eXp (#) eXp (M) exp (#) (32)

where A = 0.1 and the coefficient of variation « = 0.7 are adopted. The response function takes also the
form (31). The system is loaded at the point 93 by the constant force Qy(t) = 50kN, Fig. 7, as a Heaviside
function, on the time interval 7 = 5s divided into 2500 steps. The allowable displacement g, = 0.3 at the
node 93 is assumed.

A sensitivity analysis is also conducted using the mode superposition technique with 10 lowest eigensys-
tems. The frequency values for the first eight forms of vibration were presented in Table 2. It can be seen that
the differences between the following values are small. A set of 124 correlated random variables was converted
to a set of uncorrelated variables using 10 highest modes in the calculation.

The obtained displacements did not exceed the allowable limits. The results of displacements g, at the
node 69 and g, at the node 97 are shown in Fig. 8. The expected and deterministic values differ by about 3 %.

Figures 9 and 10 give the expectations and standard deviations of dynamic displacement sensitivity of the
node 93 to the change of cross-sectional areas of some elements. Elements No. 1, 27, 124 are distinguished
by great sensitivity values. Some graphs, e.g., for element No. 114, are quite regular, others, e.g., for elements
No. 1, 27, 41, 124, have varying amplitudes. The waveform for element No. 1, Fig. 9a), is characteristic for
systems with beat phenomenon. The standard deviations of displacement sensitivity with respect to the beam
cross-sectional areas were about 30-40 % of the expectations.

The numerical results of dynamic sensitivity analysis of the shell, Fig. 6, and of the frame, Figs. 9, 10,
show that the time-dependent sensitivities gain positive values periodically in time, except Fig. 9c). The graph
of sensitivity for element No. 1, Fig. 9a), particularly shows that positive values are higher than negative ones.
The fact suggests that to decrease displacements at the considered points, decreasing the thickness of shell
elements or the cross-sectional areas of beam elements may be appropriate. Such a proposition was already
discussed in terms of statics by Jablonka and Hien [22].
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Fig. 9 Dynamic displacement sensitivity of: a el. No. 1, b el. No. 27, ¢ el. No. 41—cross-sectional areas as a random design

variables

5 Concluding remarks

A modified perturbation scheme for stochastic systems in a dynamic context, described in this paper, leads to
completely second-order accurate both the probabilistic moments of time instant sensitivity. In a traditional per-
turbation scheme, only the expectations with second-order accuracy and first-order accurate cross-covariances

were formulated.
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Presented results prove that stochastic sensitivity analysis of dynamic systems may be important for design
purposes. Randomness of design parameters reflects the reality, inaccuracies in construction, slight destruction
of building elements. Time instant sensitivity analysis shows how the response of a system is dependent on
design parameters and reveals negative dynamic phenomena, e.g., beat effect. Dynamic sensitivity results
obtained in the stochastic context provide more information about the response of the system and allow us to
specify the so-called design point.

In the discussed examples, damping effects were omitted. Selecting the appropriate damping factor even
more reflects the real structural response. Taking into account damping effects is the problem of further analysis.
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