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Abstract A transversely isotropic plate of functionally graded material (FGM) with an elliptical hole subjected
tonon-lateral loads is analyzed by employing England—Spencer plate theory. The problem is analytically solved
by determining the four analytic functions in the general solution to the governing equations when there are
no transverse forces acting on the plate surfaces. Three kinds of basic problems are classified according to
the boundary conditions. For the first kind problem, which is studied in detail in the paper, the boundary
conditions expressed by four real functions are rewritten as two complex function equations. The problem
is eventually transformed to a complex function theory problem. Three-dimensional elasticity solutions are
obtained for a transversely isotropic FGM plate containing an elliptical hole subject to loads at infinity or on
the hole boundary. The conformal mapping technology is used along with the Cauchy integral method. Explicit
expressions for the concentration factors of resultant forces are also presented. The present elasticity solutions
are exactly the same as those available in the literature if the FGM degenerates to the homogeneous material.
When the elliptical hole becomes a circular one, the present elasticity solutions are also found consistent with
those obtained in the authors’ previous work.
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1 Introduction

Homogeneous elastic plates perforated by various holes have widely been used in engineering fields (such
as in the design of advanced machinery, pressure vessels, aerospace structures). Their static and dynamic
behaviors have been investigated efficiently by different methods, among which the complex variable method
is typical. It has been developed and adopted for plane problems in elasticity due to their effectiveness in
solving boundary value problems. A series of analytical results for plates with holes have been obtained by the
complex variable method as illustrated in the classic books by Muskhelishvili [1], Savin [2] and Lekhnitskii [3].
Recently, using the Schwarz’s alternating method and the Muskhelishvili’s complex variable method, Zhang
et al. [4] derived an efficient and accurate stress solution for an infinite elastic plate around two elliptic holes,
subjected to uniform loads on the hole boundaries and at infinity. Pan et al. [5] studied the stress distribution
around a rectangular hole in a finite plate under uniaxial tension by using the Muskhelishvili’s complex variable
method together with the proposed stress functions. Using Muskhelishvili’s complex variable method and the
conformal mapping technique, Sharma [6] determined analytically the moment distribution around polygonal
holes in an infinite isotropic plate subjected to bending/twisting moment at infinity.

As a new type of composite materials, functionally graded materials (FGMs) can be designed artificially
and neatly in which the volume fractions of different constituent materials vary continuously from one side
to the other, hence leading to no significant internal interface in them. There are a few papers dealing with
FGM plates with holes, but most of them considered only two-dimensional (2D) problems and assumed
the material is graded along the in-plane radial direction. For instance, Zhang et al. [7] obtained an exact
thermoelastic solution for an infinite functionally graded plate with a circular hole when the temperature field
varies arbitrarily in the radial direction. Kubair and Bhanu-Chandar [8] investigated the stress concentration
around a circular hole in FGM panels under uniaxial tension via an isoparametric finite element formulation.
Kubair [9] obtained closed-form expressions for the stresses and displacements in infinite FGM plates without
and with holes subjected to anti-plane shear loading. Stress distributions in infinite and finite FGM plates with
a circular hole under arbitrary in-plane uniform loads were studied by Yang et al. [10,11], respectively, using
the complex variable method combined with the least squares boundary collocation technique. Mohammadi
et al. [12] obtained analytical solutions for stress concentration around a circular hole in an infinite FGM plate
subjected to uniform biaxial tension and pure shear loading. There are relatively much few studies on three-
dimensional (3D) problems of FGM plates with the material properties varying along the thickness direction.
Based on the 3D elasticity theory and using a graded boundary element method, Ashrafi et al. [13] presented a
static analysis of FGM plates with circular holes subjected to biaxial tensions; they assumed that the material
properties vary through the thickness or longitudinal direction in an exponential way.

Based on the 3D theory of elasticity, Spencer and his coauthors (see, for example, Mian and Spencer [14])
have developed a procedure for deriving exact solutions for isotropic FGM plates with tractions-free surfaces
by formulating and solving a much simpler 2D plate problem. The material properties can vary arbitrarily with
the thickness coordinate. Yang et al. [15] extended the work of Mian and Spencer [14] to a transversely isotropic
FGM rectangular plate with opposite edges simply supported and subjected to a uniform load acting on the
top and bottom surfaces. Using the complex function theory, England and Spencer [16] reformulated the plate
theory in Mian and Spencer [14] in terms of four analytical functions. Hereinafter, this complex formulation
will be referred to as England—Spencer plate theory. England [17] further investigated the elastic field in an
FGM plate containing a cylindrical hole or a line crack through its thickness under a uniform force field at
infinity. England [18] generalized the above plate theory to the case involving the effect of top-surface pressure,
which satisfies the biharmonic equation or the higher-order ones. Yang et al. [19,20] extended the England—
Spencer plate theory to transversely isotropic FGM plates and obtained a series of 3D elasticity solutions for
FGM rectangular and annular plates. Recently, by using Laurent’s theorem to express each complex potential
as a power series, Yang et al. [21] studied the resultant force concentration in an infinite plate with a circular
hole subject to loads at infinity as well as the elastic field in an infinite plate subject to concentrated loads and
moments at the origin.

To the best of the authors’ knowledge, the 3D problem of FGM plates with elliptical hole has not been
addressed. The purpose of this paper is to investigate the 3D equilibrium of a transversely isotropic FGM plate
containing an elliptical hole subject to loads applied on the cylindrical boundaries of the plate by using Cauchy
integrals. The analysis is based on England—Spencer plate theory and is a further extension of the authors’
previous work (Yang et al. [19-21]). The outline of the paper is as follows: The main formulas obtained in our
previous papers (Yang et al. [19-21]) are summarized in Sect. 2. According to the boundary conditions on the
hole edge, three basic kinds of boundary value problems are classified in Sect. 3. As an example, Sect. 4 shows
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how to convert the first kind problem into a complex function theory problem. Based on the Cauchy integral
method and the conformal mapping technology, a mathematical procedure is developed to study the problems
of an infinite plate with an elliptical hole in Sect. 5. 3D elasticity solutions for such a plate subject to external
loads at infinity and on the edge of the hole are presented in Sects. 6 and 7, respectively. The validity and
accuracy of the derived solutions are checked by comparing with the ones available in the literature. Section
8 presents some numerical results, and Sect. 9 summarizes the work of the paper.

2 England-Spencer plate theory

A transversely isotropic FGM plate, bounded by the planes z = =+h/2, with the z-axis of the Cartesian
coordinates vertically upward, is considered here. The xy plane is the isotropic plane of the material which
coincides with the mid-plane of the plate. If the plate is only subject to normal biharmonic pressure p (x, y) on
the upper surface, we have o, = —p (x, y),00; =0y, =0atz =h/2and o; = 0,; =0y, =0atz = —h/2.

According to the England—Spencer plate theory (England and Spencer [16]; England [18]), we seek the
displacement field in the following form:

3
utiv=ua+iv+ 25 (R1A + Row + RV + R3V40 + RyVOw)
w=w+TiA+ DV + T3V + TuVow, 2.1

where u = u(x, y), v = v(x, y), and w = w(x, y) are the mid-plane displacements, Ry, ... R4, T1, ... T4 are
functions of z, and

, ¥ .
A=u,+vy, V Zmﬁ-m, {=x+iy, {=x—1y,
0 d d d d d
PR A YU A 2.2)

¢  9x Ay 9r  ox Ay

Yang et al. [19] showed that the expressions of functions R; (j =0,...,4)and Ty (k=1,...,4) and the
following governing equations could be obtained by making use of the stress boundary conditions on the upper
and lower surfaces of the plate:

)
P [kK1A + 62 V20 + k3VH0 + ks VoD + i (x, y)] = 0, (2.3)

St (h/2) V% = —p (x, y) + S0 V2p (x,y), (2.4)

where Q (x, y) = v, — i,y and the expressions of constants k1, k2, K3, K4, S21 and Sy (h/2) can be found from
Appendix of Yang et al. [19].
When p (x, y) =0, Eq. (2.4) gives rise to V4w = 0, and hence Eq. (2.1) becomes:

9
u+iv=ﬁ+i6+2£(R1A+RolD+R2V2lZJ),

w=w+TA + V0, (2.5)

which was obtained in Yang et al. [15]. It becomes identical with that obtained by Mian and Spencer [14] if
the material degenerates from transverse isotropy to isotropy. With Eq. (2.5), the expressions of the mid-plane
displacements and resultant forces may be expressed in terms of four analytical functions («(¢), B(¢), ¢ (&)
and ¥ (¢)) as follows:
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Fig. 1 FGM plate with holes and the coordinates: a 3D view, b front view, and ¢ top view
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where a1, az, as, ae, a7, by, ba, bs, be, b7, bg are real constants (see [19]) and the prime represents derivative
with respect to ¢. Equations (2.6)—(2.12) are the general solution to the corresponding homogeneous equations
of Egs. (2.3) and (2.4). It can be used to solve various problems of FGM plates subject to loads applied on the
cylindrical boundary.

3 Boundary conditions and basic problems

In England—Spencer plate theory, there are only four analytical functions in the general solution and they fully
determine the mid-plane displacements of the plate. Therefore, it is impossible for the three-dimensional exact
solutions which are derived based on these analytical functions to meet the cylindrical boundary conditions of
the plate point by point. However, we can in an approximate sense allow the three-dimensional solutions just
to meet four specified boundary conditions on the boundary L of the region S in the plate. The region S can be
either simply connected or multiply connected, and accordingly the boundary L can be either a single smooth
contour or a collection of contours Ly, L2, ..., Ly, L1 (for a finite region) or a collection of contours
Ly, Ly, ..., L, (foraninfinite region). As a result, the original boundary value problem in three-dimensional
elasticity is transformed into a 2D one which just concerns the deformation of the mid-plane of the plate. An
FGM plate with holes is shown in Fig. 1 along with the coordinates. Suppose that the mid-plane displacements
and resultant forces of the plate are all continuous in the region S and to the boundary L. The following three
kinds of boundary conditions are considered from the viewpoint of mechanics:
(1) Free boundary conditions

b b b oM, (t )
Np (1) =N, (s), Npt (1) = Ny (5), My (1) =M, (s), QOn@)+ s P (s), 3.1)
b
where N,? (s), N,ft (s), M,’; (s), M,’;, (s), Qﬁ (s), and p(s) = Qz (s) + % are known functions on the
boundary L, corresponding to the normal force, tangential force, moment, torque, shear force and the effective
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Fig. 2 Mid-plane of an infinite FGM plate containing a hole

shear force, respectively; s is the arc length measured from a certain point on L in a specified direction;
subscripts n and ¢ represent the outward normal and tangential direction of L (see Fig. 2 for an infinite plate
with a hole), respectively; and t = x (s) 4 iy (s) is a point on L with x (s) and y (s) being the coordinates of
the boundary point. Obviously, there is a one-to-one mapping between ¢ and s.

(2) Clamped boundary conditions

_ —p - —p - - dw (1)
u)y=u (s), v(@)=v"0s), w)=w"(s), 5 =Wy (s), (3.2)
n
where i? (s), 9% (s), w? (s) and W, (s) are known functions on the boundary L.
(3) Simply supported boundary conditions
No ()= NP (s), My () =M} (s), @) =w"(), i @) =i(s), (3.3)

where u; () is the displacement component in the tangential direction of the point on L and L‘tﬁ’ (s) is the known
function.

The boundary value problem of a plate with the free boundary conditions on the boundary L is classified
as the first kind basic problem, while that of a plate with clamped or simply supported boundary conditions
on L is classified as the second or third kind basic problem. In addition, there can be mixed types of boundary
conditions on L. In fact, many interesting and important problems have mixed boundary conditions, such as
the problem of a rectangular plate with two opposite edges simply supported and the problem of a cantilever
rectangular plate.

By virtue of Egs. (2.6)—(2.12), the terms in the left-hand sides of Egs. (3.1)—(3.3) can be expressed by the
boundary values of the four analytical functions « (¢), B (¢), ¢ (¢), ¥ (¢) and their derivatives. Eventually,
the four analytical functions can be determined from the boundary conditions. To proceed, the following
transform for the displacement and stress components between coordinates (n, t) and coordinates (x, y)
shall be adopted:

in +iil; = (i +iv)e 'O, (3.4)

op+o0r =0y +o0y, 0 —0y+ 2ty = (O'y — oy + 2irxy) eZUi, 3.5
Nu+ Nt = Ny + Ny, Ny — Ny + 20Ny = (Ny — Ny +2iNyy) 29, (3.6)
My + My = My + My, M, — My +2iMy = (My — My +2iMy,) 29, (3.7)

where O is the angle between the axes n and x, and

2
(Nn’ Ntant,Mn,Mt:Mnt)z (Unaat’rrllvanzsatz’ fntz)dz- (38)

_h
2

4 The first kind basic problem

The mid-plane displacements and resultant forces are expressed in terms of the four analytical functions. If the
boundary conditions can be rewritten as two complex function equations by an appropriate combination, we
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will lead to a complex function theory problem. That is, we are facing with the task to determine the expressions
of the four analytical functions in the region S when the values of the two function equations consisting of the
four analytical functions and their derivatives are known on the boundary L. In the process of transforming Eq.
(3.1), (3.2) or (3.3) to two complex function equations, it will facilitate solving these two equations if we can
perform integration along L so as to reduce the order of derivatives of the complex functions in the boundary
conditions. In the following, the first kind basic problem will be addressed in detail for illustration.

Firstly, integrating Eq. (3.1)4 along L leads to

Q + My = P (s) + eo, 4.1

where e is a real integral constant, and

0 () =/Q,,ds, P(s):/p(s)ds =/Qf; (s)ds + M?, (s). 4.2)

Combining Egs. (3.1); with (3.1); and Egs. (3.1)3 with (4.1), respectively, we obtain the following complex
forms

Ny (t) = iNg; (t) = NP (s) = iN?, (s). (4.3)
M, (1) —iMy; (1) —iQ (t) = MP (s) — i P (s) — ieo. (4.4)

By multiplying Eqgs. (4.3) and (4.4) by e O and integrating along L, respectively, we find that
/ (Nan = iNyn) ds = / (V2 () = iNg, ()| e s, 4.5)
/ (Man = My — 1070 ds = / (M5 (5) — 1P () —ieo | e 0, “.6)

where the expressions of Ny, Ny,, My, and M, are shown to be

h h
2 2
(anv Nyp, Qn) z/h (Xn, Yu, Zp)dz, (Mxn» Myn) = N (Xn, Yp)zdz, 4.7
-2 -2
in which X,,, Y,,, Z, are stresses acting at the point (x, y, z) on the cylindrical surface perpendicular to the

mid-plane of the plate. They are exerted on the cylindrical surface from the positive side of the normal n.
Meanwhile, the following equations have been used

Ny = iNys = (Ngy — iNyy) €0, My — iMye = (Myn — iMyy,) €'5. 4.8)
We have

(an’ Nyna Ons Myp, Myn) = (N)m nya Qxz> My, Mxy) cos (1, x)
+ (Nxy, Ny, Qyz. Myy, My) cos (n, y) . (4.9)

Substituting Eq. (4.9)3 into Eq. (4.2); and making use of Eq. (2.12), we obtain

1 . / YN / 27 (N
0=—3i{-Ci+a) [0 ©) & O]+ @ —bo [F ) -F @]} (4.10)
Substituting Eq. (4.9) into Egs. (4.5) and (4.6) gives
%/ [(Ny = Ny +2iNyy) d¢ + (Nx + Ny) dZ] = / [Nf (s) — iN?, (s)] d(x —iy). 4.11)
1

5/ [(M, — M, +2iM,,)d¢ + (M, + M, —2iQ) dZ] = / [M,’; (s)—iP(s) — ieo] d(x —iy).
(4.12)
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Substituting Eqgs. (2.8) and (2.9) into Eq. (4.11) and Egs. (2.10), (2.11) and (4.10) into Eq. (4.12) and then
integrating gives rise to

ar [1¢" (1) + ¢ () + v O] +4ax [T (1) + B (D] + 2a6a’ (1) — as¢” (1)

—arp’(t)=f=fi—ifr+ci, o (4.13)
ae [1¢" (1) + ¥ ()] + b6l B’ (t) + by’ (t) — bs¢” (1) — bgB” (1) — (2b1 + ag) ¢ (1)
+ @by —be) (1) =F = f3—ifs+ieri +c2, (4.14)
where c¢; and ¢ are complex constants, e; = —2e(, and
fi—ifs = 2/ [N}; (s) — iN?, (s)] dx —iy) = —Zi/ [an (s) —iND, (s)]ds, (4.15)
f—ify = 2/ [M,’; (s)—iP (s)]d(x —iy) = —Zi/ [Mf;n (s) — iM%, (s) —iZ" (s)e—l“]ds,
(4.16)
where an (s), an (s), Q,’j (s), an (s) and M;’,n (s) can be calculated from Eq. (4.7) and
ZP () = / 05 (s) ds. 4.17)

By virtue of Eq. (4.8)1, it can be found that the following equations are equivalent to the boundary conditions
(3.1)

Nin () = iNy, (1) = N, (s) — iND, ().
My, (1) — iMy (1) —iQ (1) = MP (s) —i P (s) — ieo. (4.18)

Equations (4.13) and (4.14) are the complex forms of the boundary conditions (3.1) or (4.18) which contain
three integral constants ¢y, ¢ and e;. In a multiply connected region, these three integral constants are generally
different along the contours. However, the three constants always can be made zero along a certain contour. For
a finite singly connected region, the holomorphic functions « (¢), B (¢), ¢ (¢) and ¥ (¢) can be determined
from the boundary conditions (4.13) and (4.14) on only one boundary L. The integral constant ¢ in Eq. (4.14)
can be taken as zero since B, (the imaginary part of 81) with the term i3, ¢ in the function 8 (¢), which doesn’t
show up in the expressions of the mid-plane displacements and resultant forces of the plate, can be arbitrary.
Constants ¢ and ¢, along with constants By and ¢ in functions 8 (¢) and ¢ (¢) simultaneously contribute
to the constant terms in Eqgs. (4.13) and (4.14). Thus, we can also take ¢; = 0 and ¢; = 0 because of the
arbitrariness of the constants ¢g and By (see Eq. (2.16) in Yang et al. [21]).

For an infinite region S containing a hole, as shown in Fig. 2, L becomes the boundary of the hole and the
integral constants can be treated in the same way. It is noted that the four holomorphic functions are usually
multi-valued, with the following expressions under the boundedness condition for resultant forces at infinity
(see Yang et al. [21])

a(f) = BZIne + Aln¢ + a1 + aal? + g (£), (4.19)
B (&) = BIn¢ + B1¢ + Bo (¢), (4.20)
¢ (&) =CIng + ¢1& + o (£), (4.21)
Y (&) = BiIng + Y1 ¢ + o (¢), (4.22)

where

C=x5(X+1iY), B=ke(My —iMx)+ k7 (X +1iY),
B =« (My +iMyx) + k9 (X —iY). 4.23)

n=1

It can be shown that a3, ¢; (the real part of ¢1), B; (the real part of 81) and v are related to the stresses at
infinity; ¢| (the imaginary part of ¢) is proportional to the rigid-body rotation at infinity and hence can be
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taken as zero; B (the imaginary part of B1) has no relation with the displacements and resultant forces and
can be taken as zero; « is related to the rigid-body rotation but nothing with the resultant forces and may be
chosen arbitrarily.

Substituting Egs. (4.19)—(4.22) into Egs. (4.13) and (4.14) leads to the task to determine the expressions of
the four holomorphic functions o (¢), Bo (¢), ¢o (¢) and g (¢) in the region S. The corresponding boundary
conditions are as follows

ay [T (1) + o (1) + Yo ()] + 4az [1By (1) + Bo (1)] + 2asaxy (1) — asey (1)

—arBl ()= [0 = f{ —ify, (4.25)
bray (1) + (8b2 — be) fo (1) — (2b1 + ag) ¢o (1) + asWo (1) + astdg (1) + bet i (1)
—bsepf (1) — bgBy (1) = FO = f9 —ify, (4.26)

where

L —ifs = fi—ifs —2a6 (B +o1) — (@ +4dasax) t — [ar (¢1 + ¢1)
+ day (B1 + B1)| T — (@ C +4arB) it~ — 2a6At™" — (asC +a7B)t™?

1 - _
at 1C) + 2a6Bi| Int. (4.27)

— (alé —|—4a2l_3) Int — |:a1 (ZK—QB’ —
K1 K1 —

A —if) = fs—ifs — b7 (B+a1) — (asy1 +2b7a2) t — [asgy + bepi
— (2by +ae) 1 + (8by — be) 1| — (a6C + bB) it~ — by At~
— (bsC +bgB)t ™ — [(8b2 — bg) B — (2by + ag) C|Inf

_ 1 - _
— [% (293 _at C) + b7B} Int. (4.28)
K k1 — 1

Equations (4.25) and (4.26) show that the right-hand sides should be single-valued functions of ¢ along the
contours, which can be proved by using Eqs. (4.27) and (4.28).

In the first kind basic problem, the function &’ (¢) rather than « (¢) appears in the expressions of the
resultant forces and boundary conditions. For convenience, the following new function is introduced

AQ)=d (). (4.29)
Equations (4.13) and (4.14) can be rewritten in the following matrix forms

[E1{® ()} +[F1i{®@ ()} +[G1{® (1)} + [HI{¥ (1)} = {0}, (4.30)

where {Q}:{f, I:"}T,fzf] —ifyand F = f3 —ify, and

[E]_|:—2b1—a6 8,,2_,96] [F]—[a6 b } [G]—[_bs —bg]’
[H]Z[Zé iﬂ {qsm}:[%”, {wa)}:wg;}- “31)

The conjugate expression of Eq. (4.30) is as follows

[EH{® )+ [F1t {® 0} +[G1{e ) +[HI{¥ )} =10} (4.32)



1400 B. Yang et al.

5 Conformal mapping

Suppose that the two complex variables ¢ and 7 are related by

t=w), (.1

where the function w (1) is a single-valued analytic function within a certain domain > in the complex plane
n. Equation (5.1) means that each point 7 in the domain > corresponds to a point ¢ within a certain domain S
in the plane ¢ and that is true vice versa. To ensure that the conformal transformation is mutually one-to-one,
@’ (n) cannot be zero in the domain .

If domains > and S all are infinite and correspond with each other at infinity, we have

wm =Rn+POn), (5.2)

where R is a constant. Function P (7) is holomorphic in an infinite domain, which means that it is holomorphic
in any finite part of this domain, while it can be expressed in the following series form for sufficiently large

121
> a
P(n):ao—i-zn—z.
n=1

As for the transformation which maps the infinite region S surrounded by a simple and closed contour L in

the ¢ plane into >, the exterior of the unit circle y, in the n plane, we use ¢ = ¢ to represent a point on L and

n = o = ¢'? apoint on y. Suppose that Eq. (5.1) is continuous to the boundary and hence we have t = w (o).
Now let us use ¢ (¢) to represent ¢ (¢) that was used earlier and introduce the following new notations

d»m) =¢1(¢) =¢1lwm]. (5.3)
/ dg¢1(¢) do(n)  do(n)dn
= = = — = 54
¢, (%) dC a a dc =¢' (n) ’(n) (5.4
17 1
o= [¢ T )} [¢ W (n)} o ()
” / o (m
= —_—. (5.5)
= ¢" () /( oS
Similar formulas can be established for a1 (¢), 81 (¢) and ¥ (¢). For example, we have
a(m) =a1 () =alo®]. (5.6)
and
A =A1)=A1[lo(m]. (5.7)

By making use of Egs. (5.3), (5.4), (5.5) and (5.7), we can rewrite Eqgs. (4.30) and (4.32) in the following form

@ () o)} +[G] 2
o' (0) /( )

~1612 (( ))3 {@ @)Y +[HI{¥ (0)) = {Q}, (5.8)

{@ (0))"

[E]{¢(o)}+[F]—{q>( )} + 1G] — 2{<1!>( n}'

~1612

{CD @) +HI{¥ (@)} =1{0}. (5.9)

04 (a)

in which {Q} is expressed as a function of o by virtue of t = w (o), and

(@ (o)) = {ﬁg], W (0)) = [f((fj; } (5.10)
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For an infinite region S containing a hole, we may obtain from Eq. (4.19) that
A@Q) =o' (§) =BIng +20¢ + Ao (0), (5.11)

where
Ag(@) =B+ A far+ o) =B+ar+Ar =D ne 07 = A+ D AT (512)

Obviously
Ao=B+ai, A.1=A, A,=—m—Da_pp1, (n=2,3,..). (5.13)

Just as Bo (¢), ¢o (¢) and Yo (¢), Ao (¢) in Eq. (5.12) is also a holomorphic function in the infinite region. It
will be more convenient to use B (¢), ¢ (¢), ¥ (¢) and A (¢) in solving the first kind basic problem.
The exterior of an ellipse can be mapped conformally onto that of a circle by

m a+b a—>b
{=w(m=R{n+—), R= >0, 0<m= <1, (5.14)
n 2 a+b

where a and b are semi-major and minor axes of the ellipse.
By substituting Eq. (5.14) into Egs. (4.20)—(4.22), (5.11), (4.24) and (5.12), we obtain

B (n) = Blan + RByn+ po (), (5.15)
¢ (n) = Clnn + Ry +¢o (n) , (5.16)
¥ () = Bilnn + Ry + Yo (n) (5.17)
A (n) = Blnn + 20 Rn + Ao (n), (5.18)

where Bo (1), ¢o (1), Yo (1) and Ag (1) are all holomorphic in the infinite region.
Equations (5.15)—(5.18) can be rewritten in the following matrix form

{@(n>}=[j’;%]=|§]1nn+R[‘§1]n+{¢o<n>} (5.19)
w o) = |f((,’77))] = [2‘ ]lnn+R [‘2@2|n+{%(n>}, (5.20)

in which
(@0 ()} = [f;g o ] (W () = [fg o ] (5.21)

By substituting the boundary values of functions {@ (n)} and {¥ (1)} in Egs. (5.19) and (5.20) into Eq. (5.8),
we have

- 1
[E1{®0 (o)} + [F] ,(( )){050( ) +16G]l ——— o (@) 5 {0 (0)}"

—161 2D @y (o)) + [H1 10 (0)) = {0}, (5.22)
o' (o)
where _
S0V [ A C B o] 1 C| w(o)
1=t -y on[5] 22
_ ¢i} (o) HC} 1 [C] @) 5.3
RUr] {ﬁi W' (o) TG B 020’ (0)? 191 B 0w (0)? 029
¢. w// (U) B] 1//]
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The conjugate formula of Eq. (5.22) is
(E1(®0 (@) +[Fl == {Cbo @) +161= 5 (@ @)}
o)
- (6] (( 2 (@) + 11 {To @) = {0} (5.24)
'
Substituting Eq. (5.14) into Egs. (5.22)—(5.24) leads to
_— l+mo? , ot "
[E]{@0 ()} + [Flo——— (@0 (0)) + [G] —————— (@) (o))
oc—m R2 (02 _ m)
2mo3 _
— (61— (@ ()Y + [H]{¥ (o)} = {0°} . (5.25)
R? (02 —m)
0y _ _ 1 _ C| Lmo?
{0°} = {Q}+[E][ ]lna R[E][ﬂi]” [F][B] o2 —m
o l+mo? o?
—R[F] [ ! } —+ [G] 3
i R? (02 — m) (5.26)
+16] [ ] —2’""2 + RIG] i o ] _ o |
B] R2 (02 —m)’ Pr] R2 (02— m)’
—[H][B ]lno—R[H][wl ]a.
E]{® LT G ! N
[E]{Po (o)} + 1 ]m{ O(U)} +1 ]m{ 0(0)}
2mo3 —_— —_— 0
_[G]Rz(l——mo2)3{¢0 (@)} +[HI{% (o)} ={0"}. (5.27)
0] _ _ _ oM _ C:‘ o+ m
{0 =10} [E]I2 ]lno RE] [_ﬁ] ]o [Z][B] pp—
_ o] ottm I ¢ ] o
RIF] [ﬁi ] o (1 —mo?) 191 5 R2 (1 —mo?)?
_ 4 3 (5.28)
C 2mo 1) 2mo
+[G][ —]—+R[G][ 1]
1% R%(1— maz) Pi) g2 (1 —mo?)
By (4
+[H][B ]lna—R[H]<2&2};
For an infinite plate with an elliptical hole, we suppose ¢g (c0) = 0 and By (co0) = 0, namely
{®o (00)} = 0. (5.29)
The function {@(n)}, which is holomorphic outside the unit circle, can be expanded as
(@0} =D (Pl (5.30)
k=1
where {@;} is a constant coefficient array and hence
(@0 (MY = =D k@™, {(@o )Y =Dk (k+ 1) {Pr)n 2 (5.31)

k=1 k=1
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By rewriting Eq. (5.25) in terms of Cauchy integral, that is, by multiplying each term in Eq. (5.25) with %

where |n| > | and then integrating along y, we can find

n? 4
{@ M) =16l ————
o (n R )’

2mn? 1 01 d
Hm—Jﬂ—ﬂ%mWﬂmwmm+mmmwhhf/Eui.(mm
R2 (% —m) 2mi o—n

—[F] 77 {®o (M}’

14

from which we can obtain the expression of {¥ (1)} once the function @¢ (1) and the integral at the right-hand
side are known. Notice that the term {¥) (c0)} may be omitted since it has no effect on the resultant forces in
the plate.

Now let us examine Eq. (5.27), which is conjugate to Eq. (5.25). Rewriting Eq. (5.27) in terms of Cauchy
integral eventually leads to

014
~[E) @0 )} = 5 /m}U,W>L (5.33)

from which we can obtain the expression of {®y(n)} once the Cauchy integral of {0} is known. In the
following, the two integrals at the right-hand sides of Eqgs. (5.32) and (5.33) will be calculated. The calculation
is either easy or complex, depending on the nature of the problem studied.

6 An infinite plate with an elliptical hole subject to loads at infinity

We consider a plate with a free elliptical hole, but subject to loads N1, N», N2, My, M>, M1; at infinity. It
can be found that fj —if, =0, f3 —ifs =0,C =0, B =0, and B; = 0. Suppose the angle between the
direction of N; and the x-axis is ® and N, is perpendicular to N;. The following transform relations between
Cartesian coordinates and curvilinear coordinates shall be adopted

N® +NZ =N+ Ny, NE—NZ+2NX = (Ny — Ny +2iNpp) e 2©,
MP+MP =M+ My, MP = MP +2iM = (My — My +2iMpp) e 2©. 6.

Notice the following expressions (see Yang et al. [21])

()=t (R () (R e

B M + M? 200 M — M +2i MY
Therefore
N -1 | Ni+ M (4] - —Ni+2iNi | _-2ie
“l W] M+ [0 20 [T My by i € (6.3)
where [D] = Cilbl 26222 :| Hence, the constants ¢;, 8;, o2 and ¥ can be completely determined.

The following Cauchy integrals can be calculated from Egs. (5.26) and (5.28)

f{QOi = RIE] - [¢1]+R[F][¢i]—(l+m2)"

271150— ‘ 3 P A n?—m (6.4)
m ? U
——[G]{ ]—3 Inl > L.

R Bi (nz—m)
L —{Qo}dasz[F]H(pi]l-i- R[H]I‘/_’1 }1 Inl > 1 (6.5)
2ni ) o —n Bifn 202 ) n’ . .
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By substituting Eq. (6.5) into (5.33), we obtain

1
(@0 ) = R{y°} o (6.6)
where _
¥’} = -—mlET"[F] {‘l’i } —[E]"'[H] { id } (6.7)
Bi 20 |- ’
By substituting Eqgs. (6.4) and (6.6) into Eq. (5.32) and omitting the constant terms, we obtain
_ 1+mn? 2 _ n
17 =R[H]'[F1{yYV ——" _ _ Z 'y —L
{Wo(m}=RIH]I™'[ ]{y}n(nz_m) Ao ]{y}(nz_m)3 o
RUAEL S+ R (L m?) (7 1)~ 2 Gy — [¢i ] S
n n”—-m R (n? — m)3 By
Substituting Eqgs. (6.6) and (6.8) into Egs. (5.19) and (5.20) leads to
(@ (n)}=R[¢i]n+R{y0}1. 6.9)
B n
{‘P(n)}=R[wl ]n+R[H]—1[F]{ oy L2 gy gy T
202 IREICE Ty’ (6.10)
I 2\ 171! n__o_2mo n’ [45'1 } '
(R[H] [E]]7 +R(1+m?) [HI7'[F] 7w R [H]™ [G] e —m? ) LB ]
The resultant forces and moments in the plate can be expressed in the following matrix form
[ANAJEF% } = 2[DIRe{® (0)Y, ©.11)
[ A } — [F1E (@ ©)) + G ©)) +[H (¥ )Y . 6.12)

where {@ ()} = {® ()} /o' (n).

It is very simple to evaluate the resultant forces on the boundary of the hole. The polar coordinates are
adopted here to describe a point in the complex plane 7, namely n = pe'’. p = 1 corresponds to the unit circle
and also the boundary of the elliptical hole. Coordinates p and 6 can be interpreted as curvilinear coordinates
in the plane 7. By making use of the relations N, + N9 = Ny + Ny and M, + Mg = M, + M,, we find
N, = 0and M, = 0 on the boundary of the hole and

Ny _ / 772
[ M, ] =2[D] Re({(D (m} FIroE) (772 - m) )p=1 . (6.13)
Substituting Eq. (6.9) into Eq. (6.13) leads to
N . > o2i0

By substituting Eqgs. (6.7) and (6.3) into (6.14a) and noticing the relationship [F'] = 2[ D] — [E], we obtain

No | _ N1+ N2 -1 N1+ N
L =re [0 0 | +2imnter (| 30002 |+
Ny — N1 —2iNp2 20 e —m
My — My —2iM 1 —2mcos260 +m?2 |’

(6.14b)
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That is
No | _|[Ni+DMN2 1] Ni+ N 2
[Me}—[M1+M2]+2[D][E] ({MlJer} (mcos20 —m?) +
AN422__11\(411 [cos2(© — ) —mcos20] + (6.14c¢)

1
1 —2mcos20 +m?’

N2 . .
2 [ Mi» ] [sin2 (® — 0) — m sin 2@])

Let [DI[E]"! = (d;’j), in which

=1 di,=0, d5 = (bibs+4ach2)/J, d5, =4(a1by+ arb1)/J,
J = ay (8by — bg) + 4as (2b1 + ag) . (6.15)

We can find from Eqgs. (6.14c) and (6.15) that Ny on the boundary of the hole is independent of M|, M>, M1,
and the material constants. Its expression is as follows
1

No = 1 —m?) (N1 + Na) +2[cos2(® — ) — 20]1(N> — N
0 1—2m00529+m2{( m)( 1+ N2) + 2 [cos 2( ) —mcos20] (N, )

+ 4[sin2(® — 0) — m sin20] Ny2} . (6.16)

For a single load, we may define the resultant force concentration factors (RFCFs) K;; as follows

Ki1 = Ngmax (a,0)/N, Kiz = Mgmax (a,0)/M, (i =1,2,3). (6.17)
where i = 1 corresponds to uniaxial tension (N = Ny, M; = 0) or cylindrical bending (M = M;, N; = 0);
i = 2 to equi-biaxial tension (N = N1 = Na, M| = M, = 0) or pure bending (M = M| = M, N1 =N,

= 0); and i = 3 to pure shear (N = N2, M2 = 0) or pure torsion (M = Mjp, Njz = 0). In the following,
six special cases will be discussed.

6.1 Uniaxial tension

In this case, we have N| = N, N» = Ny = 0. It can be obtained from Eq. (6.16) that

No — 1 —m? —2cos2(® — 6) + 2m cos 20
0= 1 —2mcos26 + m?

which is the same as the result that is obtained by integrating along the thickness direction the stress component
op in an isotropic and homogeneous plate as in Muskhelishvili [1]. When N; = N is perpendicular to the
major axis of the elliptical hole (namely ® = m/2), it can be found from Eq. (6.18) that the maximum Ny
appears at & = 0 and & = 7 (namely both ends of the major axis) with its value being

3

My (1 n 25) N. (6.19)
1—m b

Therefore, the resultant force concentration factor is K17 = 1+ 2a/b. It means that the more flat the elliptical
hole, the greater the K1;. K11 will tend to infinity as b — 0.

N, (6.18)

(No)max =

6.2 Equi-biaxial tension

In this case, we have N = N> = N, and N, = 0. It can be obtained from Eq. (6.16) that
2(1-m*) N

Ny = , 6.20
O = 1 " 2mcos26 +m? (6.20)
which shows that the maximum Ny appears at 6 = 0 and & = 7 with the value being
1
(N = 22N = 22N, 6.21)
1—m b

Therefore, the resultant force concentration factor is K>; = 2a/b.
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6.3 Pure shear

In this case, we have N2 = N, and N1 = N, = 0. It can be obtained from Eq. (6.16) that

4[sin2(® — 0) —msin20]
Ng =
1 — 2m cos 20 + m?

(6.22)

which shows that Ny is dependent of 6 and ®. When ® = 0, the extremum of Ny occurs at & = 6y and
6 = 7 =+ 6, where cos 26y = 2m /(1 + m?) and sin 26y = (1 — m?)/(1 + m?). The extrema are given by

4N

(No)extremum = S
—m

(6.23)
Therefore, the resultant force concentration factor is K31 = 4/(1 — m2) =24a/b+b/a.

6.4 Cylindrical bending (® = 7/2)

In this case, we have M| = M, M, = M = 0,and N = N, = N> = 0. It can be obtained from Eq. (6.14c¢)
that
2(1 +m) Mds5, (cos20 — m)

1 4+ m? — 2m cos 20

which shows that the maximum My occurs at @ = 0 and 6 = 7 and the resultant force concentration factor is
K2 =142d5,(1+m)/(1 —m) =1+ 2d5,a/b.

My =M + , (6.24)

6.5 Pure bending

In this case, we have M| = M> = M, M2 = 0,and N1 = N, = N3 = 0. It can be obtained from Eq. (6.14c)

that
dmMdy, (cos 20 — m)

1 +m?2—2mcos20 ’

which indicates that My reaches its maximum at § = 0 and # = & with the resultant force concentration factor
Ky =244d5,m/(1 —m) =2 —2d5,(1 —a/b).

Mo = 2M + (6.25)

6.6 Pure torsion (® = 0)

In this case, we have M| = My =0, M2 = M, and N1 = N, = N2 = 0. It can be obtained from Eq. (6.14c¢)
that
4Mds5, sin 260

My = — .
o 1 4+ m? — 2mcos 20

(6.26)

. 1 .
This expression indicates that My obtains its extremum at 6 = 5 arccos [2m /(1 + mz)] with the resultant

force concentration factor K3, = d3,(2+a/b + b/a).
For a circular hole, we have m = 0 and ® = 0. In this case, we find that Eq. (6.14b) is exactly the same
as Eq. (7.5) in Yang et al. [21].

7 An infinite plate with an elliptical hole subject to loads on the boundary of the hole
7.1 Uniform loads applied on the boundary of the hole
o Mfl’ and Mfl’t applied uniformly on the boundary of the

elliptical hole. No loads are applied at infinity. In this case, we know that the constants ¢;, 8}, a2 and v are
all zero. The loads applied on the boundary of the elliptical hole should constitute a balanced system of forces,

We consider an infinite plate subject to loads N,l,’ , Nb
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requiring that the principal force vector and principal moment be zero. Thus, we have C = 0, B = 0, and

By = 0. By making use of Eq. (4.2); and Qf; (s) = 0, we obtain from Eqgs. (4.15); and (4.16); that
- 1
fi—ifs = 2/ [N,’; (s) — iN, (s)] df = 2R (N,’; ~iNy},) (; + ma) .
_ 1
fi—ifs = 2/ [M,’; (5)—iP (s)] dg =2R (M} - im},) (; +mo) .
It can be found from Egs. (5.26) and (5.28) that
500 _ (A1 i Ny —iNy | (1
I e b A [ R
o _[fitif] _, g [Ny +iNy | (m
(ol = {f3+if4} _2R[M,’§+iM,’§, (o +o).

Hence

~0 . 0 .

1 /{Q}d0:_2§ N} —iND, 1 [{Q%do _  mR[N}+iN}

2ri o—1 n | ML —iMb, 2mi o—1 n | ME+im?,
Y 14

Substituting Eq. (7.5); into Eq. (5.33) gives
1 1
{@o(m}=R{y'} p

in which
('} =2mE1 W] 4N

nt»

T
MP iM,’f,} .
Substituting Eqgs. (7.5)1 and (7.6) into Eq. (5.32) leads to

(W () = 2% (HY™ [N] = in

nt»

. r _ 1+mn?
Mﬁ—sz;t} + R[H] I[F]{yl}n ’

(n* — m)

n 2 -1 1
(772_—’")3—;[['1] [G1{r'}

Therefore, we can obtain from Eqs. (5.19) and (5.20) that

(@} ={Po(m}, {¥m}={¥},

where the expressions of @o(n) and ¥y (n) are shown in Egs. (7.6) and (7.8).

2m _1 1 n
—— [HI7'[G] {r'} ;

(2 —m)*

7.2 Uniform loads applied on part of boundary of the hole

We now consider the case that uniform loads N?, N?,,

(7.1)

(7.2)

(7.3)

(7.4)

(7.5)

(7.6)

(7.7

(7.8)

(7.9)

M? and M?, are applied only on the arc #1#, of the

boundary of the elliptical hole where #; and 7, correspond to the points o1 and o, on the boundary of the unit
circle hole, as shown in Fig. 3. Meanwhile, no loads are applied at infinity, which ensures that the constants
®1, By, a2 and ¥ are all zero. By starting from the point #; and calculating the line integral in a clockwise

manner, just as Egs. (7.1) and (7.2), we find that
fi —if» =0, tonthearct;Mt,,
fi—ifr=2 (N,l,’ - iN,ll’,) (f —1), tonthearc i,
fz—ifas =0, tonthearctiMty,
fr—ify =2 (Mf — iM,lft) (t_— t_z) , ton the arc 7.

(7.10)

(7.11)
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AN
P B

¢ Plane 1 Plane

Fig. 3 Schematic diagram of an elliptic hole

By virtue of Egs. (3.10)1 and (3.12); in Yang et al. [21], we obtain the following expressions of the principal
vectors and moments

X —iY = /: [N};n (s) —iN?, (s)] ds = i/: (NP —inp)aE =i (NP —iNE) (0 —) . (7.12)

151 f — _ —
My — iMy = —i/ [an (s) —iMD, (s)] ds =/ (Mh —iml) ag = (M) —iml,) (7 — 7).,
t [§)

2

(7.13)
where
11=R(0’1+ﬁ), t2=R(02+ﬁ). (7.14)
(3] o)
As aresult, Egs. (5.26) and (5.28) can be simplified to
S _ | fi—if2 C C | l+mo?
{Q}—[ﬁvﬂﬂ}+{ﬂ[ ]ma [N[B]Gz_m+
c o2 G| [ ] o’ [ ] (7.15)
[G] —_—+ no,
Bl R2 (62— m)? R2 (02 —m)’
(@)= [ 15 {5 me [ 5] 72
c o2 é mo — (7.16)
(Gl 5 +[G]H— +[H][ ]1 ,
B g2 (l — m02)2 B (1 — mcrz) e

where the constants C, B, By can be determined from Eqs. (4.23), (7.12) and (7.13), respectively; f1 —if>
and f3 — i f4 can be determined from Eqgs. (7.10) and (7.11), respectively.

By rewriting Egs. (7.15) and (7.16) in terms of Cauchy integrals and then integrating along y, omitting the
constant terms that are irrelevant to the resultants forces, we can obtain

{0°} R [ NP —iN? 1 o (1 o =1
= 24 (- 1
2ﬂlf0—r] T omi Mb—iMb nnal+ n—i—mn nal—n
NP —iN?® oy — c) l+mn?
—.[M"b_liﬂ/;ztylln -I-[F][ ]2_71
n_ nt o1 —1n nT—m
A 5 (7.17)
+(wﬂ3]—w13}ﬁmm—m—mm

C n? c 2mn?
_ [G][B]—Rz(nz—m)z _[G]IB]—RZ(nz_m)3'
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Lf@da_ R [Nb+’Nb ][—Tln9+(n+ﬂ)m"2_”}

2niy, 0 —n MP +imb n o] n o1 —n
B tz Nb—i—sz 221 (7.18)
Mb+ Mrlz)t 01—

([H][B ]—[ﬂ'g])[ln(ol —n) —Inn].

Substituting Eq. (7.18) into Eq. (5.33) yields

b b _
{¢0(n)}———[E] 'm,ﬁ”"b][ ’"m_+(n+ )m""‘ ’7]
NP+ NP ’”_ nooa (N (7.19)
+;[E11[Mbile] 2= ( ]l[H][ ]—IB])[ln(ol—n)—mn].

Substituting Eq. (7.17) into Eq. (5.32) gives

R NP — iNb 1. o 1 02 —1
V7 =——[H] e =4 —-+mr)n
o (m} m'[ ] [Mb—zM,th n " o

) 1| NP —iN?, 02— 1 4 C| l+mn
+;[H] [MS__’Mrl:t]mUl - ~ HLF B] n? —m
B
— [H]™! ([E][ g ] — [H] [ 5 ]) [In (o1 — ) — In7]
2 _ c 2mn? (7.20)
+[H]1[G][ 1 +[H]1[G][ —
B R (2 = m)? B R (2 = m)’
4
1 Ui ”
p G rwr—s {0 ()
» 2mn?
+ 1 (161 =22 (g T | @0
R2 (772 _ m) —m
It can be obtained from Eqs. (5.19) and (5.20) that
B
@ () = [g]mn +igo ), (¥ () = [Bl ] Inn + (% ()} (7.21)

where the expressions of ¢g (1) and ¥y(n) are shown in Egs. (7.19) and (7.20).
If the uniform loads are applied over the total boundary of the elliptical hole, we have

02 .
th=1t, o]=o0p, In—=2mi. (7.22)
a1

Consequently, Eq. (7.21) becomes identical with Eq. (7.9).

With the above solution in hand, the problem of any concentrated force applied on the boundary of the
elliptical hole can be solved by illimitably reducing the size of the arc #;f, while increasing the load magnitude.
Similarly, it is very convenient to obtain the analytical solution when an arbitrary number of concentrated forces
of any magnitude applied on the boundary of the elliptical hole.

8 Numerical results and discussions

Consider an infinite FGM plate containing an elliptical hole subject to a uniform pressure N,ll’ applied on the
edge of the elliptical hole. Let # = 0.2m. The material parameters of the infinite plate are assumed to be of
the form (Yang et al. [12])

@+h/2)

cj=che h . (i, j=12,...,6), @.1)
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where c?‘ are material parameters at z = —/ /2 which are given in Table 1. The parameter A is the gradient index

reflecting the degree of material inhomogeneity. Obviously, A = O corresponds to homogeneous materials.
The hole in the plate has an important effect on the strength of the plate. The following results will focus
on the impact of the gradient index A and the shape of the hole a /b on the stress field in the plate. Unless stated
otherwise, we take # = 0,a = Im, and z = h/2.
Figure 4 shows the distribution of the normalized hoop stress oy /o in the p-direction for a/b = 2 and
different values of A. It is noted that o = N,’l’ /h,and p = 1 corresponds to the boundary of the elliptical hole.
We can find that the maximum absolute value of the normalized hoop stress at the boundary of the elliptical

hole occurs when A = 2 and the minimum absolute value is obtained when A = —2. There is a clear inflection
point at p = 1.5 for all three curves in the figure. As expected, the normalized hoop stress tends to zero at
infinity.

Figure 5 depicts the distribution of the normalized hoop stress op/o at p = 1.5 in the #-direction for
a/b = 2 and different values of A. It can be found that the distribution of the normalized hoop stress for A = 2
is not the same as that for . = 0 and A = —2. The line of 0 = 7/2 and 8 = 37 /2 is the line of symmetry for
the distribution of the normalized hoop stress.

In Fig. 6, the distribution of the normalized hoop stress oy /o at p = 2, 8 = 0 and 7 in the z-direction for
a/b = 2 and different values of X is presented. The distributions of the normalized hoop stress for A = —2
and A = 2 show an interesting mirror-reversed relation, which is not obvious from the material model (8.1).
However, this property holds strictly and a proof for a particular case is given for illustration in “11”. It can be
observed that the normalized hoop stress basically keeps constant along the thickness of the plate for A = 0.
The maximum value occurs at z = —h /2 for . = —2, where the stiffness is the largest. Similarly, the maximum

Table 1 Elastic constants of Al;O3 (unit: GPa)

0 0 0 0 0
cn ‘12 €13 €33 Css
460.2 174.7 127.4 509.5 126.9

A=2 mmmmmed=0 — - — =2

P

Fig. 4 Distribution of normalized hoop stress oy /o in the p-direction for a/b = 2 and different values of A

0.25

0 n/4 n/2 3n/4 n Sm/4  3m/2  Tn/4 2n
6

Fig. 5 Distribution of normalized hoop stress oy /o at p = 1.5 in the 6-direction for a/b = 2 and different values of A
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value occurs at z = h/2 for A = 2. It is also noted that the normalized hoop stress values for 6 = 0 are the
same as those for & = m due to the symmetry of the problem.

In Fig. 7, the curves of the normalized hoop stress ogp /o at p = 1.5 versus A for different values of a/b
are depicted. It is shown that the normalized hoop stress first slowly decreases and then rapidly increases with
A, and the turning point is in the vicinity of A = 1. The larger the value of a/b, the more obvious the turning.
The absolute value of the normalized hoop stress increases with a /b for certain A.

Figure 8 shows the distribution of the normalized hoop stress oy /o in the z-direction for A = 0, a/b = 2
and different values of p. In order to discuss the approximation caused by using Saint-Venant principle on the
hole edge, a comparison is made between the 2D elasticity solution [1] and our 3D elasticity solution. It is

-0.125

-0.25

%)

-0.375

05 . .
-05 -04 -03 -02 -01 0 01 02 03 04 05

z/h
Fig. 6 Distribution of normalized hoop stress op /o at p = 2,6 = 0 and 7 in the z-direction for a/b = 2 and different values of
A
3.5
3+

Oy/C

Fig. 7 Distribution of normalized hoop stress oy /o at p = 1.5 versus X for different values of a/b

0.5
1n_—-—A—-—A-—--a-—-a—-—-A—-—A—»—A-—--ﬁ-—-A—-—n
L S S S S NS TP S S
3D(p=1) - 3D(p=1.2)
L 2 — = =3D(p=1.4) o 2D(p=1)
© st o 2D(p=1.2) A 2D(p=1.4)
3 B0 0o o o o o [= I = I = B
3.5 . . . .
-0.5 -0.3 -0.1 0.1 0.3 0.5

z/h

Fig. 8 Distribution of normalized hoop stress oy /o in the z-direction for A = 0, a/b = 2 and different values of p



1412 B. Yang et al.

noted that the 2D elasticity solution is accurate enough because Saint-Venant principle is not employed and
the uniform distribution of the 2D elasticity solution in the thickness of the plate can be established for the
problem of an elliptical hole subject to a uniform pressure applied on the boundary. It is seen that there is a
distinct difference between the 2D and 3D elasticity solutions on the edge of the hole. Outside the domain
from the edge of the hole with the size of about the thickness of the plate, the present 3D elasticity solution
agrees well with the 2D elasticity solution.

9 Conclusions

England—Spencer plate theory for a transversely isotropic functionally graded plate expresses the general
solution of the governing equations in terms of four analytical functions. In an approximate sense, the boundary
conditions can be expressed by four real functions, which correspond to the general solution. In this paper, we
show that for the first kind basic problem, the boundary conditions can be rewritten as two complex function
equations, thus eventually transforming the original problem into a complex function theory problem. This
enables us to solve the equilibrium problems of FGM plates subject to different loads applied on the boundary
of the plate by using the conformal mapping technology and the Cauchy integral method.

3D elasticity solutions are obtained for a transversely isotropic FGM plate containing an elliptical hole
subject to loads at infinity or on the boundary of the hole. As for the case of loads applied at infinity, the
analytical expressions and concentration factors of the resultant forces Ny and My for six typical cases are
presented. It is found that the expression of the resultant force Ng on the boundary of the elliptical hole in an
FGM plate is exactly the same as that in a homogeneous plate and is also independent of the material constants
and moments applied at infinity. When the elliptical hole degenerates to the circular one, the present elasticity
solutions are consistent with those obtained in our previous work [21]. Numerical results are presented to
consider an infinite FGM plate containing an elliptical hole subject to internal pressure applied uniformly on
the hole boundary. It is shown that the gradient index and the shape of the hole have a serious impact on the
stress field near the hole and little effect far away from the hole, where the stresses vanish at infinity.

It is strengthened that the obtained analytical solutions exactly satisfy the equilibrium equations of the
plate and the traction boundary conditions on the upper and lower surfaces of the plate. Approximations are
only made to satisfy the boundary conditions on the cylindrical edge of the plate. Outside the domain from the
edge of the hole with the size of about the thickness of the plate, the present elasticity solutions are accurate
enough to serve as a benchmark to check the validity and accuracy of any simplified plate theories or numerical
methods when employed in the analysis of FGM plates.
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11 Appendix

If there is no transverse load applied on the top and bottom of the plate, the expressions of the in-plane stresses
in the plate are [19]:

c? 2 _
oy +oy= C11+C12—2£ [F[W(C)-ﬂﬁ’({)] .
4+ 2) [p o7 |
oy — 0x + 2i0xy, = 4ces [CP" (O + ¥ ()] — ;166_661 Ri19" (£)
+ 8co6 (z + Z—?) ¢B” (£) + 8cesza” (¢) (11.2)

— 32ce6 (Rz - Z—le) B ().
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Without loss of generality, we consider for illustration an infinite plate with a circular hole. In this case, m = 0,
and we have from Eq. (7.7) that

{y'} =1{0}. (11.3)
Substituting Eq. (11.3) into Egs. (7.6) and (7.8) and noticing Egs. (7.9), (5.19) and (5.20), we obtain

¢ =0, B =0,

2R bIN? b7N?
= — = B [ — s
¥ (n) 7 by — 242 1 (m) arbr — 2a2
2R agN? agN?
o () = — = By () —— (11.4)
n ayby — 2(16 a\by — 2(16
from which we can further derive
#()=0, B(&)=0,
by N? agN?
¥ (§) = B2 () " & ()= By ({) — (11.5)
ayby — 2ag ayby — 2ag
Substituting Eqgs. (8.1) and (11.5) into Egs. (11.1) and (11.2) leads to
oy +oy,=0. (11.6)
z
A —+0‘5) b —2
oy — 0y + 2ioey = 4NP By (£) Qe <h 1T et (11.7)
arby — 2ag
Substituting Eq. (8.1) into the expressions of constants a1, ag and b7 defined in [19] gives rise to
h/2 h
ay = 4/ ce6 (2) dz = dcgee’ — (eo‘SA - e’O‘S)‘) = 4c2e’* A1 (L),
—hJ2 A
2 2
4 (h/2 — 2,0 A0.5% h_ 0.5 —0.51) _ h_ 0.5 _ o—0.5%
ag = 4f_h/2 ce6 (2) 2dz = 4cgge 5 (0% +e702%) 2 (e e 0-5%)
= 4cQee"* A6 (1)
3 3 3
_ g [h/2 24, — .0 ,0.51 h 2h 0.51 —0.5% h” o5 —0.51
b =38 [T}, ce6 (2) 2°dz = 8cgge [(H+A_3) (e9* —e )—ﬁ(e +e70%) (118)
= 8c0se?*B7 (1)
As we can see, both A (1) and B7()\) are even functions of A, and Ag (L) is an odd function of A.
Making use of Eq. (11.8), we can obtain from Eq. (11.7) that
z
A= B7(A) —2Ag(A
oy — 0y + 2iogy =€ h By (£) NP 1) — 246(4)z (11.9)

A1V B7(A) —2AZ(0)

Then, itis obvious that all the three in-plane stresses oy, oy and oy, (or oy, 0y and 0,¢) have the mirror-reversed

relationship between the pairs (A, z) and (—A, —z) when a uniform pressure N,’l’ is applied on the edge of a
circular hole. For the elliptical hole, the proof is similar, but more tedious, and it is left for the interested reader.
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