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Abstract An improved one-dimensional beam model considering simultaneously the effects of interfacial
compliance and the large deflection for adherends and overlap is proposed for the unbalanced single-lap
joint (SLJ) under tensile loading. Based on the displacement compatibility condition of flexible interface, the
governing differential equations that captured the main features of geometrical nonlinearity for the unbalanced
SLJ are derived. The present model can obtain closed-form solutions for edge moment factors, transverse
deflections and interface stress distributions for the unbalanced SLJ. The compared results between the present
model, existing classical models and nonlinear finite element results validate the accuracy of the geometrically
nonlinear model. Finally, the influences of Young’s modulus ratio and thickness ratio on the edge moment
factors are studied with the present model.

Keywords Unbalanced single-lap joint - Geometrically nonlinear analysis - Flexible interface -
Edge moment factor - Interfacial stress

1 Introduction

Due to the outstanding advantages of efficiency and simplicity [1,2], the adhesive bonding technology has
been used extensively in aerospace engineering, automotive engineering and civil engineering. The simplest
form of the adhesive joint is the single-lap joint (SLJ), which has been incorporated into the ASTM and ISO
standards for determining adhesive properties and strength [3]. In order to further understand the interfacial
stress distributions and edge moment factors of single-lap joint under tensional load, many studies including
the analytical methods [4—8], experimental approaches [2,9—-15] and numerical methods [11,14—-19] have been
conducted on the single-lap joint. Along with the tensional load increases, the phenomenon of large rotation
for the single-lap joint will occur and the edge moment factor k will reduce due to the eccentric loading path
[20]. Just as Tsai and Morton [1] pointed out the large deflection effect for the adherends cannot be neglected
for the long single-lap joint (i.e., £/ > 1). Besides the large deflection of the adherends, the overlap geometric
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nonlinearity also can affect pronouncedly the adhesive stress due to large deflection [21]. Therefore, both
the geometric nonlinearity effect of the overlap and the adherends should be taken into account when the
geometrically nonlinear analysis for adhesively bonded single-lap joint is performed, i.e., the geometrically
nonlinear effect should be incorporated not only to determine the edge moment factor k at the overlap ends
but also to construct the equilibrium equations for adherends and adhesive in overlap region [21]. However,
once the geometrically nonlinear influence for the bonded region is incorporated into, the analytical solution
for the interfacial stress and the edge moment factor will be very difficult [20].

Some analytical models that incorporated only the large deflection effects of adherends have been proposed
for the balanced single-lap joint (i.e., the adherends have identical mechanics properties and geometries)
[22,23]. Goland and Reissner [24] presented one of the most classical solution for the balanced single-lap joint.
In their paper, the large deflection effect of adherends was considered when determining the edge moment
factor k. Meanwhile, the influence of the adherends bending and adhesive peel stress was incorporated into
the G-R model. Oplinger [25] tried to improve the Hart-Smith model through considering the geometrically
nonlinear effect of adherends coupled with the adhesive shear strain. In the Oplinger model, the influence
of adhesive thickness deformation was ignored. Compared with the G-R model, Hart-Smith model and the
Oplinger model, the L-T model presented more accurate solution for the edge moment factor and adhesive stress
due to incorporating simultaneously the effects of the large deflection for overlap and adherends [5,20,26].
Luo and Tong [20] provided the closed-form solutions for the balanced single-lap joint through considering
simultaneously adhesive peel stress and shear stress and the large deflection of overlap. Among L-T model,
two sets of novel fully coupled nonlinear governing equations for the transverse and longitudinal deflection
were constructed using the method of symmetric and antisymmetric deformation superposition. Then, the L-T
model was used to solve the problem of the geometrically nonlinear analysis for the composite single-lap joint
[5,26]. However, the L-T model is not applicable to the more general unbalanced/unsymmetric single-lap joint
(i.e., the adherends have different mechanics properties and/or geometries).

Compared with the balanced single-lap joint, the theoretical analysis of interface stress and edge moment
factors for the unbalanced single-lap joint is more complicated due to the fact that the edge loads in two end
sections of the overlap region are no more identical and difficult to determine. Some studies conducted the theo-
retical analysis for the unbalanced single-lap joint. Based on the finite element theory, a one-dimensional beam
model considering the effect of the large deflection of adherends was proposed for balanced and unbalanced
adhesively bonded single-lap joint by Srinivas [27]. Bigwood and Crocombe presented simplified equations for
adhesive stress distributions of unbalanced adhesively bonded single-lap joint based on one-dimensional beam
model (i.e., B-C model) [28]. Adams determined the edge moment factors for the unbalanced sing-lap joint
considering the necessity of the global equilibrium [29]. Cheng obtained the edge moment factors following
the idea of the G-R model, which emphasized the importance of global equilibrium and the deformation com-
patibility of overlap region after rotation (i.e., Cheng’s model) [30]. Meanwhile, the interfacial stresses were
obtained using the method of variation principle combined with 2D elasticity theory. Yang and Pang proposed
an analytical model for the unbalanced adhesively bonded composite single-lap joint based on the laminated
anisotropic theory [31]. Li modified the shear force results of two end sections for the Cheng model using the
simplified beam theory [32]. Taheri and Zou [33] provided an analytical solution for the unbalanced single-lap
joint based on the adhesive interface constitutive model and the sandwich plate theory. Lee and Kim[34]
proposed calculation formulas for the edge moment factor of the unbalanced single-lap joint as neglecting
the effect of the transverse shear force. All the aforementioned models for the unbalanced single-lap joint
incorporated only the effect of the large deflection for the adherends.

To our best knowledge, there is no closed-form solution for interfacial stress and edge moment factor in
the unbalanced single-lap joints when the adhesive strain and the geometrical nonlinear effect of overlap and
adherends were considered simultaneously. Meanwhile, the effect of the interfacial compliance on the adhesive
stress was neglected in most existing models for the adhesively bonded single-lap joint. Moreover, compared
with the balanced single-lap joint, the unbalanced single-lap joint is more widely used. There is significant
interest in designing the unbalanced single-lap joint which joins the adherends with different geometries and/or
dissimilar materials [32]. Therefore, for further understanding the mechanical property of unbalanced bond
single-lap joint and removing the disadvantage of neglecting the effect of the overlap geometric nonlinearity and
interfacial compliance, the fully coupled nonlinear analysis is performed using the improved one-dimensional
beam model, incorporating simultaneously the effects of interfacial compliance and the large defection for
overlap and adherends in this paper. Based on the displacement compatibility condition of the flexible interface
theory [35,36], the fully coupled nonlinear governing equations for the transverse and longitudinal deflection
of adherends in bonded region are constructed. Then, the closed-form solutions for the interface stress and
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Fig. 1 Schematic configuration for the unbalanced SLJ with tensile load: a geometrical parameters; b force equilibrium free-body
diagram

edge moment factor are obtained. The accuracy of the present solutions is validated through the comparisons
with the edge moment factor, adhesive stress and transverse deflection of the nonlinear finite element analysis
(i.e., NFEA) and the Cheng’s model (or B-C model). Finally, the parametric analysis concerning the edge
moment factors is performed.

2 Fully coupled nonlinear analysis
2.1 One-dimensional beam model

Considering the single-lap joint consists of joining adherends with different geometries and/or dissimilar
materials, as shown in Fig. 1. The upper adherend with thickness #; and the lower adherend with thickness
tr are bonded by an adhesive layer with thickness #,. The unbalanced single-lap joint is divided into four
sections: the upper adherend (i.e., Sect. 1) and the lower adherend (i.e., Sect. 2), Sects. 3 and 4. The width of
the unbalanced SLJ is b. The length of Sects. 3 and 4 are /] and I», respectively. And the length of bonded
region is L. The tensile load acted on the unbalanced single-lap joint is P.

In this study, the basic assumptions adopted are as follows:

Both the adhesive layer and two adherends behave linear-elastically.

The two adherends and the adhesive layer are boned perfectly.

The stress distributions of the adhesive layer are uniform across the thickness.

The effects of the large rotation for the adherends and the overlap are incorporated, i.e., the geometrically
nonlinear effect should be considered not only to determine the edge moment factor k at the overlap ends
but also to construct the equilibrium equations for adherends and adhesive in overlap region. Meanwhile,
the assumption of small strain is employed [5,20,26].

e

The infinitesimal isolated body of the unbalanced SLJ is shown in Fig. 2. By referring to Fig. 2, the
following equilibrium equations for the upper adherend and the lower adherend can be obtained as:

AN dN
L —br(x), ——= =—bt(x) (1)
dx dx
d d d d
991 _ o) —br I 922 s ) b oy 22 )
dx dx dx dx
dM; 0 bt @)+ N dw; dM; 0 bty () + N dw» 3)
JEE— —_ —7 _, — = — —7 —
dx P PN Tax I T

where N and N, are the axial force for the upper adherend and the lower adherend, respectively; Q1 and Q>
are the transverse shear force for the upper adherend and the lower adherend, respectively; M1 and M are the
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Fig. 2 Stress equilibrium of infinitesimal isolated body for the geometrically nonlinear analysis

bending moment for the upper adherend and the lower adherend, respectively; t (x) and o (x) are shear stress
and peel stress for the interface, respectively.
Meanwhile, from Fig. 2, the overall equilibrium of the infinitesimal isolated body can be obtained as:

Nr=Ni+N,=P “)
Or =01+ 0,=—-01=-05 )
My =M+ Mr+ Niri — Norp = P[—w —a (l{ +x) +r1] (6)

where N7, Mt and Qrt are the total axial force, bending moment and transverse force of the cross section in
bonded region, respectively; Q7, Q3 are the transverse force in two ends of the bonded region, respectively; 7
and rp are the distance between the neutral planes of bonded region and the upper adherend, and the distance
between the neutral planes of bonded region and the lower adherend, respectively; w is the transverse deflection
of the bonded region; « is the rotation angle of the SLJ, and o = (t; + 2t, + 2)/[2 (I1 + L 4 I1)].

As shown in Fig. 3, r| and r, can be defined as [32]:

n+n+2, t+n+2t,

N=s-——77"2 N2=5T7 1~ (7
2(1+A1/Ap) 2(1+ Az/Ap)
The transverse deflection w of the overlap region can be defined as:
w1 + wy
- 8
w > (®)
Therefore, Eq. (7) can be expressed as:
w; +w
MT=M1+M2+Nm—N2r2=P[—¥—a(ll+x)+r1} )

Based on the Euler-Bernoulli beam theory, the constitutive equations for the geometrically nonlinear
analysis can be expressed as:

du; 1 fdu;\* 1 (dw;\> d?w;
Ni=A | — + = (== (=) |-B— 10
|:dx+2(dx) AT dx? (19)

=g | QL (du 2+1 dw\*| _ | dw; an
P dre 2 \dx 2 \ dx " dx?
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Fig. 3 Neutral plane for the bonded region in unbalanced SLJ

where A;, B; and D; are axial extension, extension bending, and bending stiffness, respectively; for the isotropic
beam, B; = 0. By neglecting the nonlinear terms of the Egs. (10) and (11), the axial force and bending moment
of the isotropic beam can be obtained as [20]:

du,- dzw,-

N; = Aia§ M; = —Dim =172 (12)

2.2 Governing equation

Tsai et al pointed out that the local deformation near free ends of adhesive layer in bonded joint is affected
pronouncedly by the highly concentrated shear stress and peel stress of interface [37]. And the influence of the
interfacial shear stress and peel stress on the local deformation cannot be neglected. This standpoint has been
validated in plated beam using the interface deformable bilayer beam model [35,36]. As shown in Fig. 4, the
real deformed cross section for each adherend is nonlinear, which is different from the linear one presumed in
the most existing models. Therefore, in order to present an accurate closed-form solution for the unbalanced
SLJ, this study will incorporate simultaneously the effects of interface compliance and large deflection, which
are not considered in existing models of published literatures.

With referring to Fig. 4, the displacement compatibility conditions for the adhesive interface can be obtained
as [35,36]:

dw dw;
wy (x) — Cp1o (x) + Cs17 (x) E = w3 (x) + Cp20 (x) — Cs27 (x) E + 1487 (X) (13)
ty dwy (x) 1 dwy (x)
up (x) + = —Cat(x) =uz(x) — = + Ci2T (X) + 1gYxz (%) (14)
2 dx 2 dx
t; t;

15)

i=——F—; Ci=—F—
YT 0D T 1561
where Cy;i and Cg (i = 1,2) are the interfacial compliance coefficients for two adherends under interfacial
peel stress and interfacial shear stress, respectively.

The stress—strain relations of the adhesive layer are defined as [5,20,26]:

o (x) 10
E, 5 Yz () = G.

&z (x) = (16)
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Fig. 4 Displacement continuity condition along interface

Substantial researches have indicated that Eq. (16) is sufficiently accurate for the thin adhesive layer.
The nonlinear terms 7 (x) dw;/dx and t (x) dw,/dx in Eq. (13) are neglected. Then, differentiating Eq. (13)
with respect to x twice and combining with Eq. (16) yield:

d*wy (x)  d?ws (x) 1.\ d?*o (x)
= Cu +C - 17
dx? dx? + ( m G Ea) dx? {17
Substituting Eqgs. (1) and (3) into Eq. (2) yields:
1d*M, t; d*Ny N, d? 1d*M> ) d*N, N, d?
o)=L L ETL 5= 24,2002 RET ()

b dx2 ' 2b dx2 b dx2’ b dx2 T 2b dx2 T b dx?

To obtain the closed-form analytical solution for the unbalanced SLJ, the nonlinear terms in Eq. (18) should
be linearized. Based on the principle of stiffness distribution, the axial forces N1 and N> of the upper adherend
and lower adherend in the boned region are determined as follows:

AP AP
Ni=——F; No=—— (19)
A+ Ap A1+ Ay
Substituting Eq. (19) into Eq. (18) yields:
1d*M n d>°N AP d?
o) =551 + 2% @~ @A ol 20)
1d’M n d*N AP d?
o) = =57 Y 5w T @A G
Substituting Egs. (20) and (12) into Eq. (17) and combining with Egs. (4), (5) and (9) yields:
d6w1 n d5u1 n d4w1 n d3u1 n d2w1 n duy n £ 21
a a a a ajs— +ajew; = f (x
16 1455 2 1340 L) 15°4% 16W1
where
1A ] AP P PA 1

Dl la
§=— Cn1+Cn2+E— ;oai=———; ap ;a3 =

b . T Di(A +Ay) 2D> 4D\ Dy’
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1 D A P? ( ta )} 1 (r1 + 1) A 1P
apps=—-|{14+— —_— +Co+—1)|; as5=————"—ag=—7—;
" S[( Dz) WDy (A +Ap \ " T T E, BT T D, YT e,
Pa P (r1 +1)
——|—=« — T,
f ) S[Dz(H_X) D }

Differentiating Eq. (14) with respect to x once and combining with Egs. (4), (5) and (9) yield:

d*w; duy d*w duy
b b bis— + bigw; = g (x 22
dx4+13d3+14dx2+15dx+161 g (x) (22)
where
th P D ta 1 t. \ tih PAy ta \ Aq
- Coi+C+ ) biz= Cn1 +C CatCat )|
n 45D, ( nl + n2+Ea) 13 '7 |:( nl + Cn2 + Eu) 86 D; +( 51+ S2+Gu> bi|
1 HhA P? ta o Din 1 Ay A (r1+r)
by=-|———|(C C — ——— | bs=—\|(1+—4+—7777);
14 n[4sz(A1+Az)( et ) \2 T 2, 5= +A2+ 2D,
bio= 20 g0 =1 |5 Pall ) TG + o
]6_7]2D2’ g X _7” 2D o 1 X rl 7'2

Due to Egs. (1), (2) and (3) with the geometrically nonlinear character, Egs. (21) and (22) based on Eqgs. (1), (2)
and (3) capture the main features of the unbalanced SLJ under static tensile loading. The effects of large deflec-
tion are reflected through the terms @y (d*w;/dx*), ai4 (d>w;/dx?) in Eq. (21) and terms by4 (d*w) /dx?)
in Eq. (22). Meanwhile, the terms including Cy; and Cj; reflect the effect of interface compliance. That is, the
fully coupled nonlinear equations [i.e., Egs. (21) and (22)] have incorporated simultaneously the influences of
the large deflection and the interface compliance.

Eliminating w; from the fully coupled nonlinear equations [i.e., Egs. (21) and (22)] using the elimination
method, the differential governing equation for the unbalanced SLJ can be obtained as:

d’u; du; du, du; du
— + h11 +h +his— +hige— =h xX)+h X 23
S o7 T this g the 178 (X) + hig f (x) (23)
where
R 1
o= MWD 1 3.4); cp=— D (1=5,6); cip=——; di =
app —bis app —bis ap — b by —ci4
by —cii . 1 c17 dn
dijp=—"—"—(=3506)); dp=—""1 dg=—7—""—1 el1=—"——;
" by —cus big —c14 big —c14 ci4 —dis
clri—2 —dii . c1s cli-1 . el
ej=—"——(@(=3,5; eg=——"-—; ei=———(00=7,8; fii=—7—"—;
' ci4 —dig ci4 —dig " el —die f die — e17
dii—2 —eli . dis — e dy7 dig — e 11
f1i=M(l=3,5); fie=————; fl1=——"—; flg=—"3; gl1=—L;
dig — e17 die — e17 dig — e17 dig — e17 ey
eli-2) — fui . e1s — fie el6 els i — 81G+2) .
g = 2 8)17 il i=3,5; gi6= e17f ;o811 = a; 818 = 7hll . Ut G5} gi 2 (i =1,3);
hii = _fi = g (i=5,6); hy7= —&, hig = _fis =g
gn g1 g1
and 9 7 5 3
d’uq d'uy duq d’u duy
wy = — el Pt R S cad X 24
8l T 81T T8I s T 86T T8I g18.f (x) (24)

Equations (23) and (24) are valid for the geometrically nonlinear analysis of the general unbalanced single-lap
joint. When a1z = 0, b1a = c14 and b1 = ci16, Eqs. (23) and (24) can be reduced to the balanced SLIJ case.
Therefore, the differential governing equation for the balanced SLJ can be obtained as:

3
4 +dia% +dis =i f () +digg ()

d)cS

dwl+

(25)
—Cn‘f1 < 3{1 —cisS +eirf (x)
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where
by —cii . c17 1
/ ! /
=—— (1 =3,5; di-=—; dig=——.
li e 17 P 18 n
2.3 Closed-form solutions for the unbalanced SLJ
The characteristic equation of Eq. (23) is:
R (R®+h11R® + hisR* + hisR* + hig) = 0 (26)

Through numerical calculation, the roots of Eq. (26) can be obtained for one case as: =R, +R>,£R3 +i R4,0.

2.3.1 Deflections for upper adherend

The longitudinal deflection # and transverse deflection w for the upper adherend can be obtained as follows:

up = c1e®% 4 cre Ki¥ 43R 4 cqe KX 4 eR3% [¢5c08 (Rax) + ¢ sin (Rax)]

+e B [¢7 cos (Rax) + cg sin (Rax)] + co + uie (27)
w = Tic1eR% + Trcre ™ B* 4 Tae3e®* + Tycae % + B3 [Ts cos (Rax) + Tg sin (Rax)]

+ e B [T5 cos (Rax) + Ty sin (Rax)] + wie (28)

and

[ [hur hig
Uje = / I:hlég (x) + hléf(x)ildx

Si = (cng +9¢c6 RS Ry — 36¢s R R} — 84c6 RS R} + 126¢5 R R + 126¢6 RYR; — 84¢sR3RS
—36c6R3 R} + 9csR3 RS + coRY)

S = (C6R§ — 9cs RS Ry — 36c6 R} RY + 84csRSR; + 126¢6R3 Ry — 126c5 R Ry — 84¢6 Ry RS
+36csR3R] +9c6 R3RE — csRY) ;

S = (—C7R§ + 9cg RS Ry + 36¢7R] R — 84cg RS R — 126¢7 RS R} + 126¢3 RS RS + 84¢7R3 RS
—36csR3R] — 9c7R3RY + csRY)

Sy = (—CSR§ — 9¢7R8 Ry + 36cs R] RF + 84c7 RS R} — 126¢5 RS Ry — 126¢7 RS RS + 84cs R3 RS

+36c7R3R] — 9cs R3RY — c7R))

S5 = (c5R§ + TceRSRy — 21¢s RYRS — 356 RIR + 35¢sRIR] + 21¢6 RIR] — TesR3 RS — CGRZ)
So = (coRY = TesRSRy — 21c6RIRS + 35¢s RYR] + 35¢6 R R} — 21es RERT — TeoRa RS + ¢5R] )
S7 = (—c7R§ + TcgR§Ry + 21¢7RIRY — 35¢cs R§ RS — 35¢7R3 R + 21cs R RS + Te7 R3 RS — C8RZ)
Sy = (—c8R§ —7¢7R$Ry + 21cs R3RT + 35¢c7RR; — 35¢s RAR — 21¢7R3R] + 7c8R3R2+C7RZ)
So = (CSR§ +5c6R4Ry — 10cs RIR? — 10c6 R2R3 + Scs R3RY + c6R§) :

Sio = (C6R§ — 5¢sRRy — 10¢RIRS + 10csR2R] + Sce R R} — cSRZ) :

Si1 = (—c7R§ + ScgRY Ry + 106 RIRS — 10cs RERT — SerRyRY + csRy)

Stz = (—csR3 = Se7RYR4 + 10cs RIRS + 10¢ RIR — ScsRs R} — 7R3 ) ;

S13 = (CsR% + 3C6R§R4 — 3C5R3R§ — C6R2) ;o S = (C6R§ — 3C5R%R4 — 3C(,R3R£ + C5R2) ;
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Sis = (—c7R3 + 3csR3R4 + 3¢7R3R; — csR3);  Sie = (—csR3 — 3¢7R3 R4 + 3csR3R} + ¢7Rj3) ;

S17 = (csR3 + coR4) 5 S18 = (c6R3 —csRa);  S19 = (cgRa — c7R3); S20 = — (c7R4 + 3 R3)

T =— (guR? + glsRZ +g15Rf +g16R? + g17R1) ; = (gllR? + g13RZ +g15R? + gléRf +317R1) ;
T3 = — (gl1Rg+gl3R;+g15R§+816R3+g17R2) o Ty = (glle +g13R; + glng +816R§ +817R2) ;

Ts = — (g1151 + 81355 + 81559 + 16513 + £17517) ;. Te = — (81152 + 81356 + &15510 + 16514 + £17518) ;

T7 = — (21153 + 81357 + 215511 + g16515 + 817519) 5 T = — (g1154+81358 + 215512 + g16S16 + £17520) 5
du

1
Wie = =817 <+ g1sf (%)
X

where ¢; (i = 1,2, ...,9) are the unknown coefficients determined by the boundary condition and the defor-
mation compatibility conditions; u1. is the particular solution for Eq. (23); w. is determined by the Eq. (24).
2.3.2 Internal force and moment for upper adherend

By substituting Egs. (27) and (28) into the Eq. (12) and combining Egs. (1) and (3), the internal forces N, M
and Q1 for the upper adherend can be obtained as:

Ni = AjciR1e®* — AjcaRie B+ A c3 Rae®® — AjcqRye Ro¥
+ ¥ [A1S17 cos (Rax) + A1S1gsin (Rgx)] + e X [A1S19cos (R4x) + A1 Sy sin (R4x)] + Ny

(29)
My = =D Tic;R?e®" — D1 ThcpRie 1% — D T3c3R3e¢™" — Dy Tycy R3e™ 2"
— e [U] cos (Rax) + Uy sin (Rax)] — e B3% [U3 cos (Rax) + Uy sin (Rax)] (30)
01 = VieR¥ 4 Vye R pyzefod 4 vye Rex 4 oR3% Vs cos (Rax) + Ve sin (Rax)]
+ e B3 [V; cos (Ryx) + Vg sin (R4x)] + Q¢ (31)
and
duie
Nic=A ;
1C 1 dx

Ui = Dy (TsR3 + 2TsR3Rs — TsR}); U, = Dy (TeR3 — 2TsR3Rs — ToR3) ;
Us = Dy (T7R3 — 2TsR3Rs — T7R}); Us = Dy (TzR3 + 2T7R3Rs — Ty R3) ;

Vi = EAICIRI — DlTlClRl — ET]CIRI ;o Vo= D1T202R1 + EAICZRI + ET262R1 ;

1 2 ;P . 3. h 2, P :
Vi= | JAiR) = DiTscsRy — S TesRe ) Va= | DiTacaRy + S ArcaRy + S TacaRe ) ;

I3 P
Vs = 7 (A1817R3 + A1S18R4) — (U1 R3 + Uz Ry) — ) (TsR3 + TgR4)

1 P
Ve = | (U1R4 — UaR3) + 3 (A1S18R3 — A1S17Ry) — B (TeR3 — T5R4)

- ) p -
V7 = | (UsR3 — UsRy) + B} (A1S20R4 — A1S19R3) — B (TsR4 — T7R3)

1 P
Vg = [ (UsR3 + UsRy) — > (A1S20R3 + A1S19Rg) + > (TsR3 + T7R4)

n dzulc P dw.

=_A __
Qe =74147 ~ 7%
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2.3.3 Interfacial stress
Substituting Egs. (28), (29) and (31) into Egs. (1) and (2) yields:
T (x) = —clR2 Rix 4 %CQR%€7R1x+%C3R%€R2X + %CA;R%e*R”
+eR3x [Vo cos (Rax) + Vig sin (Rax)] + e~ [V1) cos (Ryx) + Vizsin (Rax)| + ¢ (32)
o (x) = Wic1e®F + Wacse B4 Wie3eR2% + Wycqe R2F
+ ™% [Ws cos (Rax) + We sin (Rax)] + e~ 3% [W7 cos (Rax) + Wy sin (Rax)] (33)

and

Ay Ay 2 2
Vo = 3 (C5R3 + 2c6R3 R4 — C5R4) Vio = 5 (06R3 —2¢5R3Ry — C6R4) ;

A Ay A d2u1
Vi = - (C7R§ —2cgR3R4 — C7Ri) ;o Vo= 5 (CSRg +2c7R3R4 — CSRA%) s = dxzc
Wi — t1A1R3 IDTR PTRZ Wo — IDTR4+ AR3+PTR2
1=\ DR = iRy o Wo=— | DiT2R, > 5 R
ws= (MAes _Iprrt - Prr2) wi=— (1pymrt + 1A R3 4+ DopyR2).
3= 22bl322b32, 4 = b142 2221742,
bl‘1
Ws =|— (VoR3 + VioR4) — — (Ul R3 +2UR3R4 — U1 R}) — b (T5R§ + 2T6R3 R4 — TsRi)] ;
_btl 1 2 2 P 2 2 .
We = 7 (VioR3 — VoRy) — Z (U2R3 —2U1R3R4 — U2R4) — % (T6R3 —2T5R3Ry — T6R4) )
| p
W=+ (—U3R} +2UsR3R4 + U3R}) + — (V12R4 = ViRs) - o (T7R3 — 2Ty R3 Ry — T7Rf)] ;
ol
Wy = |- (~UsR} — 2U3R3Ry + UsR}) — — (V12R3 +ViiRe) — o (TsR3 +2T7R3 Ry — T8R4)]

2.3.4 Deflections for lower adherend
Substituting Eqgs. (27), (28), (32) and (33) into Eqgs. (13) and (14) yields:

wy = chleRlx + chze_Rlx + X3€3€R2x + X4C4e_R2x
+ €™ [ X5 cos (Rax) + X sin (Rax)] + e~ F3¥ [X7 cos (Ryx) + Xgsin (Ren)] +wie  (34)
Uy = X9C1€ R Xiocre™ X+X11C38R2x + X12C4€7R2x
+ef% [X 13 cos (Rax) + X4 sin (Rax)] + ¢~ 5% [ X5 cos (Rax) + X16sin (Rax)] +uac  (35)
and

Wi, Xo= Tz— Cn1+Cn2+—)W2 ;

a

a

Ws | X4=

Q

Xs=|Ts—

Q

a

X7=|T7—{Cn1 +Cp2+ W7 | X8=

-
X3=|T3— (Cm +Cp2 +

(

(

Cu1 +Cp2 + _) Ws |

a Ll

)

) v x[n( J
Cat + Gz + ) Ws|: Xe= (cnl +Cn+ —) W

£)w wefne(

(

t 15 A
X9 = [1 + %T1R1 + = |:T1 Cui+Cn2+ —) Wi| R — (Csl +Cs2 + G_) —R%] ;
a
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X0 = l—t—szRl—t—2 (n1+an+—)W2 ( vl+Cv2+i)ﬂR12 ;
2 2 | E.) % G.) b

Xy = 1+t—1T3R2+t— (Cn1+an+—) W3 (Csl-I-ng-l-—) ﬂRg ;
2 2 E.) ] G.) b

X2 = 1—t—1T4R2—t—2 T4—( n1+Cn2+—)W4 (Csl+cs2+i)ﬂR% ;
2 2 E.) G.) b

X13=c¢5 + = (T5R3 + T6Ry4) +52 TsR3 — (Cnl +Cn2 + E_> R3Ws + To Ry

- (Cnl +Cp2+ E—a) R4We

a

- (Csl +Cs2+ G_a) Vo;

a

f H[ 3
X114 =c6+ > (TeR3 — T5R4) + B} ToR3 — (Cnl +Cn2 + E—a) R3We — T5Ry

a

t T t
+ (Cnl + Cn2 + EL) R4Ws | — (Csl + Cs2 + G—a) Vio;

a a

f [ t
Xis=c7+ 3 (TsR4 — T7R3) + bl TsRy — (Cnl +Cn2 + Ei> R4Wg — T7R3
. a

a

t T t
+ (Cnl +Cp2 + E—a) R3W7 | — (Csl + Cs2 + G—a) Vits

a

I 15} t
X6 =cg — > (TsR3 + T7R4) + £} —T3R3 + (Cnl +Cn2 + E—a) R3Wg — T7R4

a

t i t
A+ Cut + Co + = ) RaW7 | — (Cs1 + C2 + =) Vi;
E, i G,

n+ndwe
2 dx

t
urc = c9 +uje + Cs1+Cx2+Gi) TC

a

2.3.5 Internal force and moment for lower adherend

By substituting Egs. (34) and (35) into the Eq. (12) and combining Eqgs. (1) and (3), the internal forces N,, M>
and Q» for the lower adherend can be obtained as:

d2
My = —Dy duiz = chleRlx + Yzcze_Rlx + Y3C3€R2x + Y4C4e_R2x
X
+ e®3% [¥5 cos (Rax) + Ye sin (Rax)] + e ®3% [Y7 cos (Rax) + Yg sin (Rax)] (36)

Ny = A2X9R1C16R1x — A2X10R1C2€7RIX+A2X11R2€3€R2x — A2X12R20487R2x
+e™¥ [Yg cos (Rax) + Yig sin (Rax)] + e [Y11 cos (Rax) + Yiz sin (Rax)] + Noc -~ (37)
02 = Zic1eR8" 4 Zyere R1Y 4 Z3c3eR% + Zycgem R

+ e [Zs cos (Rax) + Zg sin (Rax)] + e B3 [Z7 cos (Rax) + Zg sin (R4x)] + Ozc (38)

and

[ t
Y =-D> (Cnl +Cp + —) ] Rl, =-D; [Tz - (Cnl +Cn2 + E—a) Wz} R%;

a

i 3
Y3 =—-Dy T3—(Cn1+Cn2+ )W]Rz, Yo =-D; |:T4_(Cnl+cn2+E_a) W4] R%;
L a

TsRS = (Cut + Coz + 4 ) R3Ws + 2T6R3Ry — 2 (Cut + Coz + 42 ) RaRaWe
+ (Cut + Coa + 4 ) R3Ws — TsR?

)




1284 Z. Jiang et al.

o | TR = (Cor o+ G ) RWe = 2T5Rs Ry 2 (Cor + oz + ) RaRaWs
6 = — L2 :
+(Cut + Co + 4) R3Ws — ToR?

o | TR (ot Gk ) REW — 2T5Rs Ry +2 (Con o oz + ) RaRaWy

7= L2 :
+ (Cnl + Cm2 + jg—) RiW; — T7R?

o | TR (o Gk ) REWs 4 2T1Rs Ry =2 (Con o oz + ) RaRaWy

§ = —L72 ;
+ (Cnl +Cp2 + é—”;) R3Wg — TyR;

Yo = Ao (X13R3 + X14R4); Y10 = A2 (X14R3 — X13R4) ; Y11 = A2 (X16R4 — X15R3) ;

duzc
Yi2 = —A2 (X16R3 + X15Ra) s Noc = Ap— =
A P !
Zi= R+ 2R - — (G + Ca+ -2 ) Wy Ry
2 2 Eq
nA P L
Zr = uR12—YQR1—— T — Cn1+Cn2+_a W2 Rip:
2 2 Eq
nAy , P la
Z3=1V3R+—R;, — — |3 — | C1 +Co+ — ) W3 | Ry ¢ ;
2 2 E,
Zi= 1220 v - Pl (o + Cot Y wa| Rol
4_{ 7 R 4R 5 4 nl n2 E, 418270

bt P t
Zs = (YsR3 + YeRy) + 72‘/9 iy |:T5R3 - (Cnl +Cn2 + Ei> R3Ws + ToR4
a

p -
- (Cnl + Cn2 + i) RyWs | ;

E,
bty Pl ty
Zs = (YoR3 — Y5R4) + 7V10 -3 TsR3; — | Ch1 + Cp2 + E R3We — T5R4
L a

, _
+ (Cnl + Cpp + Ei) R4Ws |

a

bty Pl t
Z7 = (YsR4 — Y7R3) + 7V11 ey T3Ry — (Cnl +Cn2 + EL) RyWg — T7R;3
L a

p -
+ (Cnl + Cn2 + EL) R3sWry |

a

bty P t
Zy = 7V12 — (Y3R3 + Y7R4) — 5 [_T8R3 + (Cnl +Cn2 + E—a) R3Wg — T7R4

a

; _
+ (Cnl +Cpo + Ei) RyW7 |

a

O =—71— =

2.3.6 Deflections for the outer adherend

Based on the classical beam theory, the governing equations for the region 3 and region 4 can be obtained as
[20]:

duz __
Alm =P

2
—D1dd 3 = P (—w3 — ax3)
X3

(0<x3<0) (39)
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dug __
Azm =

_p,Luws _ p [—w4 —a(+L+xg)+ —’1“’4’;2’“]

= =
dxjy

0=<x4 <D) (40)

The boundary conditions for the region 3 and region 4 can be expressed as:

2
xg =0 — Dzdd;g“ = Mik
4

x4=10l wyg =0

x3=0u3=0,w3 =0 [
; (4D

d*ws * ;
x3=0 —DI1==%=-M
dx% 1

In terms of Eqs. (41), (39) and (40) are solved and the deflections for the outer adherends can be obtained as:

usz = %x:{
M sinh(B)x3) O=x3=0) “42)
W3 = “punh(Bily) 93
Uug = AL;X4 + C
wy = — 22 cosh (Baxs) + O=x4=h) “3)

1% coth (Bala) sinh (Bxa) + 14525 — o (1) + L + xa)
where 1 = /P/D1;  po = /P/Ds.
2.3.7 Boundary condition
The unknown coefficients ¢y, ¢2, c3, c4, ¢s, ¢6, 7, 8, ¢9 and the edge moments M;, M3, QF, Q5 can be

determined by following boundary conditions, deformation compatibility conditions and global equilibrium
conditions:

N1 (0)=P, Q01(0)=-07, M (0)=—-M; (44)

N>(L)y=P, Q2(L)=-0Q5 My(L)y=M; (45)

| | dw dws 46)
Wlly=0 = W3lx3=1; » 7 = -

x=0 x3=[ dx —0 d)C3 .

dwsy dwy

;= Ly, —= el 47

w2kt w4|X4_0 dx x=L dxy x4=0 @0

Uily=o = u3lyy—y (48)
L [Pt +10+2t0)

0= 05—+ [—2 ) i - M§:| (49)

The coefficients ¢y, ¢2, c3, ¢4, ¢s, c6, €7, €8, 9 and M, M3, Q7 and Q3 can be determined through solving
Egs. (44)—(49). Then, the edge moment factor k| and k; can be obtained as follows:

oM} 2M;

“FPatw T Phtw G0

1

3 Verification and discussion

In order to validate the applicability and accuracy of the present model, the edge moment factors, the transverse
deflections of bonded region and interfacial stress distributions for the unbalanced SLJ are determined with four
different methods (i.e., the present model, nonlinear finite element analysis (NFEA), Cheng’s model or B-C
model) in this section. Then, the comparisons among the solutions of the four different models are conducted.
The geometrical parameters and material properties for the unbalanced SLJ are shown in Table 1. In case 1, 2
and 3, E,/E1 = 0.01, 0.05 and 0.1 corresponding to flexible, semiflexible and inflexible adhesive materials,
respectively.



1286 Z. Jiang et al.

Table 1 Material properties and geometrical parameters for unbalanced SLJ

Case Material properties Geometrical parameters P (N)
Upper adherend Lower adherend Adhesive layer
1 E| =70GPa, vi =0.34 E; = 140GPa, v, = 0.34 E, =0.7GPa, v, =04 Lh=h=40mm, tj =1, = 600
2mm, t;, = 0.2mm, b = 1 mm
2 E| =70GPa, vi =0.34 E, =280GPa, v, = 0.34 E, =3.5GPa, v, =04 Iy =1 =20mm, t{ =2mm, t, = 600
Imm, t, =0.2mm, b = | mm
3 E| =70GPa, vi =0.34 E; =35GPa, v, =0.34 E, =7.0GPa, v, =04 Iy =1, =80mm, tj =2mm, t, = 500

3mm, t, = 0.2mm, b = 1l mm

Region A /\ Region B
P : [1) | |
|4 e
[ - 4 —
" h ! L - L 1
(@)
A

D
(b) (©

Fig. 5 Boundary conditions and refined mesh near two free ends of adhesive layer for unbalanced SLJ: a boundary condition; b
refined mesh for region A; ¢ refined mesh for region B

3.1 Finite element model

The geometrically nonlinear finite element model for the unbalanced SLJ under the static tensile loading is
conducted with the finite element software ANSYS. The loading and boundary conditions for the typical
FE model are shown in Fig. 5a. Two adherends and the adhesive layer are meshed by the 2D plane strain
eight-node element (i.e., Plane82 element), which has large deflection capability. The material linearity is
employed in the geometrically nonlinear finite element model. In order to determine accurately the peak
interface stresses near two free ends of the adhesive layer, a very fine mesh with the smallest element of
dimensions 0.05 mm x 0.02 mm is used to mesh region A and region B, as shown in Fig. 5b. The adhesive
layer is divided into 10 sections along its thickness. During the geometrically nonlinear analysis for the typical
FE model, the Newton’s method is used and 40 equal load increments are employed. Based on the stress results
using the NFEA, the edge moment factors for the unbalanced SLJ can be determined as follows [11,29,38]:

OB—0A MNF _ btlzo'bendingl kNF _ bflzabendingl
2 ’ | (i |

Ubendingl = 6 - 3P(tl+ta) (51)
2 2
- __ oc—op NF __ bt50vending2  ; NF __ b150bending2
Obending2 = ~—5 > My = —=———. k)" = 350519
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where o4, 0p,0¢c and op are the longitudinal stresses of top/bottom surface points A, B, C and D, which are
shown in Fig. 5b, ¢; Opending! and opending2 are bending stresses at two edge sections for the bonded region,

respectively; M {V F Mév F are bending moments at two edge sections for the bonded region, respectively;
are bending moment factors at two edge sections for the bonded region, respectively.

and kéVF

3.2 Results and discussion

NF
kl

The edge moment factors for the unbalanced SLJ under static tensile loading obtained with the present model,
Cheng’s model and NFEA are presented along the parameter §;(L/2) in Figs. 6, 7 and 8. Similarly, the

0.9
08} 1
—a— NFEM
0.7 - —&— Cheng's Model 4
~ —a— Present Model
5 06} 1
3
&
;—é 05 g
=] |- -
S 04
o
2 03} 1
53]
02} ———t 1
Ol L L L L L L L L L L L L L L L L
o 1 2 3 4 5 6 71 8 9 10
BLR2)
(@)
Fig. 6 Edge moment factors for unbalanced SLJ under case
09
08| 1
—a— NFEM
0.7 —e— Cheng's Model
~ —— Present Model
5 06] .
3
&
:é 0.5+ g
g 04t 1
&
203} 1
m 2 > 2 b4
02} 1
01 L L L L L L L L L
o 1 2 3 4 5 6 7 8 9 10 11

L2

(a)

Edge moment factor k,
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0.6
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1: a edge moment factor k1; b edge moment factor k>
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)

o
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o
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o
[}

—&—NFEM
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—&— Present Model

5
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(b)

6

Fig. 7 Edge moment factors for unbalanced SLJ under case 2: a edge moment factor k1; b edge moment factor k>

Tk
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Fig. 8 Edge moment factors for unbalanced SLJ under case 3: a edge moment factor k1; b edge moment factor k»
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Fig. 9 Transverse deflections for unbalanced SLJ under case 1: a L = 100; b L = 200
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Fig. 10 Transverse deflections for unbalanced SLJ under case 2: a L
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Fig. 11 Transverse deflections for unbalanced SLJ under case 3: a L = 100; b L = 220

(b)

transverse deflections of the overlap region and interfacial stress components in the middle plane of adhesive
layer for the unbalanced SLJ determined with the present model, Cheng’s model (or B-C model) and NFEA
are presented along the normalized bonded length (i.e., § = x/L) in Figs. 9, 10, 11, 12, 13 and 14.

3.2.1 Edge moment factors

The edge moment factors for the unbalanced SLJ under case 1, 2 and 3 are shown in Figs. 6, 7 and 8. From
Figs. 6,7 and 8, it can be noted that the edge moment factors k| and k, decrease as 81 (L /2) increases gradually.
This phenomenon is induced by the eccentric loading path of unbalanced SLJ. Meanwhile, the edge moment
factors determined by the present model agree extremely well with the results of NFEA. The relative errors
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Fig. 12 Interfacial stresses for unbalanced SLJ with L = 200 under case 1: a shear stress along 0 < & < 0.2; b peel stress along
0 < & <0.2; ¢ shear stress along 0.8 < & < 1.0; d peel stress along 0.8 < £ < 1.0

between the present model and NFEA are <7 %. Comparatively speaking, the results predicted by the Cheng’s
model have more deviations, especially for the long SLJ (i.e., 1(L/2) > 1). The most relative error between
the Cheng’s model and NFEA is more than 30 % for the unbalanced long SLJ under case 1. The excessive
deviation is due to the fact that the geometric nonlinear effect of the overlap is neglected when the Cheng’s
model determined the edge moment factors. And the present model obtains the edge moment factors through
considering simultaneously the effects of the interfacial compliance and the large deflection for the overlap
and the adherends. That is, for the long unbalanced SLJ, the effects of the interfacial compliance and the large
deflection of the overlap region and the adherends cannot be neglected when the edge moment factors are
determined. Therefore, the present model considering simultaneously the geometrically nonlinear effect and
the interface compliance can predict accurately the edge moment factors for the unbalanced SLJ, whatever the
SLJ composed of flexible, semiflexible and inflexible adhesive layer.

3.2.2 Transverse deflections for bonded region

From Figs. 9, 10 and 11, it can be obtained that the transverse deflections in overlap region of the long
unbalanced SLJ predicted by the present model correlate extremely well with the results of the NFEA under
case 1, 2 and 3. Both the present analysis and the NFEA are the displacement-based solutions. The good
agreement in transverse deflections of the upper and lower adherend between the results predicted by present
model and the NFEA indicates vividly that the governing Eqgs. (23) and (24) capture the main features of
the geometrically nonlinearity for the unbalanced SLIJ under static tensile load. Comparatively speaking, the
Cheng’s model which neglected the geometrically nonlinear effect of the overlap predicted the transverse
deflections of overlap regions for the long unbalanced SLJ with large deviations. Therefore, the effects of the
interfacial compliance and the large deflection for the overlap and the adherends should not be neglected when
the transverse deflections of the overlap regions are determined.
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Fig. 13 Interfacial stresses for unbalanced SLJ with L = 200 under case 2: a shear stress along 0 < & < 0.2; b peel stress along
0 < & < 0.2; ¢ shear stress along 0.8 < & < 1.0; d peel stress along 0.8 < & < 1.0

3.2.3 Interfacial stress

In Figs. 12, 13 and 14, the comparisons for the shear stresses and peel stresses of adhesive interface in the
regions of 0 < & < 0.2 and 0.8 < & < 1.0 are presented. Due to the fact that the present model and B-C
model have the disadvantage of neglecting the variation of adhesive stresses through the thickness, the adhesive
stresses at middle plane are chosen for the results of NFEA, where the stress distribution is variable across the
thickness. From Figs. 12a, c, 13a, c and 14a, c, it can be obtained that the interfacial shear stresses of two free
ends determined by NFEA approach zero after reaching the peak values near the two free ends. The present
model and B-C model based on the one-dimensional beam theory cannot model the edge stress-free conditions,
which can be captured using the two-dimensional NFEA. Compared with the B-C model, the present model
based on the flexible interface theory predicts more accurate shear stresses for the long unbalanced SLJ. Except
for two free ends, the shear stresses of adhesive interface determined by the present model correlate extremely
well with the results predicted by NFEA. The small differences between the results of present model and
the NFEA are induced to treat linearly the nonlinear terms in Eq. (18) and neglect the nonlinear terms in
Egs. (10) and (13). Similarly, from the Figs. 12b, d, 13b, d and 14b, d, it can be noted that the peel stresses of
adhesive interface predicted by the present model agree well with the results determined by the NFEA. Due
to neglecting the effect of geometrically nonlinearity for overlap region and interfacial compliance, the B-C
model predicts the peel stresses of the adhesive interface with large deviations. Therefore, for adhesive stress
analysis of the unbalanced SLJ, the effects of the interfacial compliance and the large deflection for the overlap
and the adherends cannot be neglected.

Generally speaking, the geometrically nonlinear model based on flexible interface theory is validated
through comparing with Cheng’s model, B-C model and the NFEA. It is indicated vividly that the present
one-dimensional beam model can predicate accurately the edge moment factors, transverse deflections and
interfacial stresses for the unbalanced SLJ.
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Fig. 15 Edge moment factors for unbalanced SLJ vary with different £>/E|: a edge moment factor k1 ; b edge moment factor k»
4 Parametric study

For the unbalanced SLIJ under tensile loading, it is vital whether the edge moment factors are determined with
high accuracy. Therefore, in order to further understand the edge moment factors for the unbalanced SLJ,

the parametric studies concerning Young’s modulus ratio and thickness ratio are performed using the present
model in this section.

4.1 Effect of Young’s modulus ratio E>/E

The edge moment factors for the unbalanced SLJ with different E,>/FE| are shown in Fig. 15. From the
Fig. 15a, it can be noted that the edge moment factor k1 decreases gradually as the Young’s modulus ratio
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Fig. 16 Edge moment factors for unbalanced SLJ vary with different #, /71 : a edge moment factor k;; b edge moment factor k;

E»>/E increases when f1(L/2) < 4. While B1(L/2) approaches 10, the edge moment factor k; increases
firstly and then decreases as the E»/E increases. Similarly, from Fig. 15b it is obtained that the edge moment
factor ky increases gradually as E»/E| increases when f1(L/2) < 6. As 81(L/2) approaches 10, the edge
moment factor ky decreases firstly and then increases when the E,/E; increases.

4.2 Effect of thickness ratio #2 /1

From Fig. 16a, it can be obtained that the edge moment factor k; for the unbalanced SLJ increases as the
thickness ratio #,/#; increases gradually. Compared with the condition of B1(L/2) < 4, the increase in
amplifications of k; diminish when g1 (L/2) > 4, especially t,/¢; from 2 to 3. From Fig. 16b, it can be noted
that the edge moment factor k, increases gradually as #,/¢] increases when 3 < B1(L/2) < 7.5. In contrast,
when B1(L/2) approaches 0.7, the edge moment factor k, decreases gradually when the E»/E1 increases.

5 Conclusions

In this paper, the one-dimensional beam model considering simultaneously the effects of interface compliance
and large deflection for the overlap and the adherends is presented. The edge moment factors, transverse
deflections and interfacial stress distributions for the unbalanced SLJ under static tensile loading are predicted
with the present solutions. Meanwhile, the applicability and accuracy of the present model are validated
through comparing with the Cheng’s model, B-C model and the results of NFEA. Finally, the effects of
Young’s modulus ratio and thickness ratio on the edge moment factors are studied using the present model.
Some main conclusions are drawn, as follows:

(1) The governing equations based on the displacement compatibility condition of the flexible interface theory
can capture the main features of geometrical nonlinearity for the unbalanced SLJ under static tensile
loading.

(2) The present model can predict accurately the edge moment factors, transverse deflections and interfacial
stresses for the unbalanced SLJ, whatever the unbalanced SLJ is composed of flexible, semiflexible or
inflexible adhesive layer.

(3) As E»/E; increases, the edge moment factor k| decreases when f1(L/2) < 4 and the edge moment
factor k; increases gradually when g1 (L/2) < 6; as t,/t] increases, the edge moment factor k| increases
accordingly and the edge moment factor kj increases gradually when 3 < 81(L/2) < 7.5.

(4) To further understand the nonlinear behavior of the unbalanced SLJ under static tensile loading, the
theoretical studies considering the effects of the geometrically nonlinearity and material nonlinearity
should be performed in the future.
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