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Abstract The bending analysis of a thin rectangular plate is carried out in the framework of the second
gradient elasticity. In contrast to the classical plate theory, the gradient elasticity can capture the size effects
by introducing internal length. In second gradient elasticity model, two internal lengths are present, and the
potential energy function is assumed to be quadratic function in terms of strain, first- and second-order gradient
strain. Second gradient theory captures the size effects of a structure with high strain gradients more effectively
rather than first strain gradient elasticity. Adopting the Kirchhoff’s theory of plate, the plane stress dimension
reduction is applied to the stress field, and the governing equation and possible boundary conditions are derived
in a variational approach. The governing partial differential equation can be simplified to the first gradient or
classical elasticity by setting first or both internal lengths equal to zero, respectively. The clamped and simply
supported boundary conditions are derived from the variational equations. As an example, static, stability and
free vibration analyses of a simply supported rectangular plate are presented analytically.
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1 Introduction

Plates are one of the most commonly used structures in different applications. Due to the specific geometrical
properties, the analysis of these structures is usually carried out with the aid of dimension reduction assumptions.
The Kirchhoff theory of plates is a quite popular model for thin plates. The problem of Kirchhoff plate in the
framework of classical elasticity is dealt extensively in the literature [1].

In the classical elasticity, the lack of characteristic length results in a formulation independent of the scale
of the structures. This issue has been dealt with in the gradient elasticity framework. For instance, in the strain
gradient elasticity theory, the strain energy is generalized and is not simply a function of strain but also depend
on the gradient of strain. Thus, an internal length will appear in the constitutive equations. In the first strain
gradient elasticity, the strain energy is assumed to be a quadratic function in terms of strain and first-order
gradient strain, while in the second strain gradient elasticity, the strain energy is a function of strain, first- and
second-order gradient strain.

Recently, the analysis of the gradient elastic plates has been the topic of some investigations. Papargyri-
Beskou and Beskos [2], using the equilibrium equations, derived the sixth-order governing equation of gradient
elastic flexural Kirchhoff plates. As was expected, this approach presents no information about the modeling
of the boundary conditions. Later, Papargyri-Beskou et al. [3] presented a variational formulation of the same
problem and derived the governing equation as well as possible boundary conditions. Lazopoulos [4] derived
the governing plate equation with its boundary conditions through a variational method. A new Kirchhoff
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plate model based on a modified couple stress theory was reported by Tsiatas [5]. It should be noted that the
resulting boundary value problem is of the fourth order instead of existing gradient theories which is of the
sixth order.

The above-mentioned formulations considered one material length scale parameter. Wang et al. [6] devel-
oped a size-dependent Kirchhoff micro-plate model based on the strain gradient elasticity theory. Their model
contains three material length scale parameters to capture the size effect. They have solved the problem of
a simply supported micro-plate. Furthermore, Ashoori Movassagh and Mahmoodi [7] presented a Kirchhoff
micro-plate model based on the modified strain gradient elasticity theory. Their analysis is general and can be
reduced to the modified couple stress plate model or classical plate model once two or all material length scale
parameters in the theory are set zero, respectively.

Second gradient elasticity can capture the size effects more effectively than the first gradient theory [8,9].
Recently, second gradient elasticity has been the topic of investigations in the generalized continuum mechanics.
Dell’isola et al. [8] investigated the Generalized hooke’s law for isotropic second gradient materials. Lazar
et al. [9] analyzed the dislocations in the second strain gradient elasticity. These studies motivate the analysis
of plates in the second gradient elasticity.

Similar to the classical elasticity, the analytical solution is limited to special cases such as simply supported
micro-plates. Some of the numerical techniques have been extended to the problem of gradient elasticity. In
the territory of the Kirchhoff micro-plate, Tsiatas [5] applied the method of fundamental solutions (which
is a boundary-type meshless method) to a plate model in the modified couple stress theory. The extended
Kantorovich method is applied successfully to a micro-plate model based on the modified strain gradient
elasticity theory [7]. Ahmadi et al. [10] presented the static deflection analysis of flexural simply supported
sectorial micro-plate using p-version finite element method. Furthermore, a higher continuity finite element
method was used by Ahmadi and Farahmand [11] for the static deflection analysis of flexural rectangular
micro-plate.

The boundary element method has also been proved to be capable for the static and dynamic analysis of
strain gradient elastic solids and structures [12,13]. Fischer et al. [14] extended the concept of isogeometric
analysis toward the numerical solution of the problem of gradient elasticity in two dimensions. Differential
quadrature method (DQM) is another technique which is used by Wang and Wang [15] to determine the
dynamic behavior of a micro-cantilever plate. They applied the DQM to the governing equation obtained by
Tsiatas [5].

In the present article, the bending analysis of the Kirchhoff plate is carried out in a simplified second
gradient elasticity formulation. The variational approach provides the governing differential equation as well
as possible boundary conditions of the second gradient elasticity. By setting first or both internal lengths equal
to zero, this general case can be simplified to the first gradient or classical elasticity, respectively. In the case
of a simply supported rectangular plate, the analytical solution is provided for three boundary value problems
dealing with the static, stability and free vibration of the plate.

2 Second strain gradient elasticity

For a linear elastic solid, the potential energy function, W, is assumed to be quadratic function in terms of
strain, first-order gradient strain and second-order gradient strain [16]

W =W (eij, deij, didkeij) (1
while in a compatible situation (defect-free), the elastic strain is a function of gradient of the displacement as

1
Eij =€ji =5 (wji+uij) (2)

while u; ; is the gradient of the displacement field. In the gradient elasticity, the general stress tensors (including

the classical and hyper-stress components) are defined as

aw . aw . aw 3)
Oiji=——, Tjki=—, Tijki=m—"
ij agij ) ijk 38,'1"]( s ijkl 88,'1',](]

while Sij,k = akgij and 8ij,kl = 8[8k8ij.
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A simplified second strain gradient model can be defined in the following form [9]
1 1, 1 4
W= Ecijklgijekl + El Cijmn&mn,k€ijk + El CijmnEmn,kIEij ki 4

where [ and [’ are internal lengths, and C; jx; is the stiffness tensor of an isotropic material
Cijii = Aijdki + 1 (8ikdji + 8 jxdir) - %)

where A and p are Lame’s constants. Thus, the potential energy function for an isotropic material will be

1 1 1
W= §K8iz8kk + peijeij + 12 (E)»Bii,kEjj,k + MEzj,kBij,k) +11 (EAEjj,kzé‘u,kz + l/«gij,klgij,kl) (6)

Consequently, the general stress tensors (3) are simplified to
0ij = Ajjekk + 2usij
Tk =1 (ASijemm.k + 218ij k) (7
Tijkr = 1" (ASij€mm ki + 2188i),k1)

For the sake of simplicity, dimension reduction is useful in the gradient elasticity analysis of thin plate structures.
Similar to the classical elasticity where Hooke’s law can be simplified for plane stress assumption, the general
stress tensors in-plane stress can be assumed as
Oup = A'8apeyy + 2UEap, 07z = Aeyy, o, By =X,y
2 2
Topk = 1"0up ks Tk = 17075k k=x,yz ®)

14 14
TaBkm = [ OaB.km> Tzzkm = l Ozz.km k,l=x,y,z

while M’ = vE/(1 —v?) and u = E/2(1 4 v).

3 Governing equations of the Kirchhoff’s plate model

An initially flat thin rectangular plate of constant thickness /4, length a and width b is considered (Fig. 1).
The plate is made of homogeneous and isotropic elastic material. A lateral load ¢ = ¢ (x, y) is applied on the
plate’s upper flat surface. Adopting the Kirchhoff’s theory of plates, the plate can be geometrically described
by its mid-plane occupying the two-dimensional domain §2 bounded by the curve I". Following the Kirchhoff’s
theory, the displacements of the plate are

Ug(X,y,2) =—zwge ¢ =x,y

9
uz(x,y,z2) =wkx,y) 2

where u,, uy, and u, represent the x, y and z components of the displacement vector, respectively.

Fig. 1 Thin plate: geometrically described by its mid-plane §2 in the (x, y) plane bounded by the curve I"
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Considering Eq. (9), the Kirchhoff’s theory assumptions result in the following nonzero strain tensor
components

Eap = —IW B (10)

The nonzero stress components can be determined by applying (10) to (8) (“Appendix A”).
The governing equation of the plate can be derived through the variational method. In the framework of
the second strain gradient elasticity, the first variation of the strain energy is defined by,

SU = / (o,-j8s,-j + Tijkdeij K + ‘L’,'jk158,'j,k1) dv (11D
\%4

while V is the region occupied by the plate. Using the strain (10) and general stress components (8), the
variation of the strain energy for a Kirchhoff’s plate is

SU = — / (200pdW ap + 2020ap,y 8w apy + P0up 5w ap + 21" 0up 18w apyi + 204 00p 1, 8W opy) dv
\%
(12)

To apply the dimension reduction for the Kirchhoff’s theory of plates, definition of the general bending moments
is useful. The variation of the strain energy in terms of bending moments is

U = —/ (Maﬂtsw)aﬁ + 12]\_]0,/3811),(1‘3 + lea,g,yéw,aﬂy + 21/4Naﬂ,y8w,aﬁy + l/4M01ﬁ,)/K8w,C(ﬁyK) da

$2
(13)

while §2 is the mid-plane of the plate in the (x, y) plane and the general bending moments are defined as

/2 h)2
Naﬁ = / oup,zdz, Myp = / z0pdz (14)
—h2 —h2

In view of the stress components given in “Appendix A”, the general bending moments in term of deflection
take the form

_ h3
Nop = h (=X 8apw,yy — 2uw op) . Map = - (—=NSapw,yy — 21w op) (15)
in which D = Eh3/12(1 — v?). Applying the Green’s theorem to (13) yields

8U = / [~ (1 = 12V?) Mpap — (I = 20*V?) Nogap — "' V* Mg op | Swda
2
+

[(1 = 12V?) Moo + (17 = 20*V?) Nop.o + 1"V My apic | ngdwds

while V2 =3, V* = 3,y .
Moreover, the variation of the work of the external force including the lateral load is,

§W :/qud.Q (17
2
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The principle of virtual work reads
SW =68U (18)

Considering the variation of the strain energy (16) and the variation of the work of the external force (17),
principle of virtual work (18) yields

/ [ (1 = PV?) Mypap — (I = 20"V?) Nogap — " V* Mo ap — q] Swda = 0 (19a)
2

and
Jr [(1=12V%) Moo + (17 = 21*V?) Nog .o + 4V Moy apic | ngdwds = 0

[
[ [ (1 =12V2%) Mop — (17 = 21"*V?) Nop — I My apyic | nadw gds = 0
fr [(_leaﬁ,V - 21/41{7&/3,1/ + l’4M,<y,a5K) ”sz,aﬂ] ds=0

[ [ Map ycnadw py]ds =0

Due to the fundamental lemma of calculus of variation, the variational equation (19a) results in the governing
equilibrium equation,

(19b)

— (1 =1PV?) Mog.ap — (I* = 20*V?) Nypap — 1"V Mupap = q (20a)

Taking into account the definition of the moments (15), the total differential order of the governing differential
equation (20a) in terms of the displacement of plate is 8. Therefore, four boundary conditions for each edge
of plate are expected. The variational boundary equation (19b), in view of the fundamental lemma of calculus
of variation, gives the four expected consistent boundary conditions for the rectangular plate

[(1 = 2V?) Mypo + (17 = 20*V?) Nego + 1"V My apc|np =0 or sw=0

[_ (1 - lzvz) Myp — (12 - 21/4V2) Naﬁ - lMMVKﬂﬂyK] ng =0 or dwp =0 (20b)
(=1>Map,y — 20" Nog.y + "My apic) ny =0 or Swes =0

My yicng =0 or dw gy =0

These equations list all the possible boundary conditions of the second gradient elastic plate which refer to either

prescribed boundary deformations or prescribed boundary actions (in terms of general bending moments). For

any specific types of boundaries, appropriate conditions can be selected among the above-mentioned conditions.
In the case of a simply supported plate, the conditions for the boundaries of the plate are selected as

Sw=20
[— (1= 12V?) Myp — (I = 2I"*V?) Nog — I"*My.ayic] na = 0 o
(=1*Mapy — 20" Nap.y + 1" My apc) ny = 0
Mup g =0
while for a rectangular plate, Eq. (21) reach
(w =20
— (1 =12V2) My, — (I = 20"*V?) Nyy — "My xxyc = 0
My — 2 N+ 1 My e = 0 Wb
M @)
—(1- lzvz) Myy — (12 - 21/4V2) Nyy ="My yypc =0
~PMyyy = 20" Nyy y + 1" My yyc = 0 wor=he
[ Myy,yy =0
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Setting [ = I = 0 or I’ = 0, the classical boundary conditions and the first gradient elasticity boundary
conditions are achieved, respectively.
In the case of a clamped plate, the boundary conditions are selected as

Sw=20
dwpg =0
- 23
(=1>Map,y — 20"* Nog.y + "My apc) 1y = 0 =
" Mg, yeng =0

which for a rectangular plate are simplified to

w=20

wy =0

_lexx,x - 2l/4]\_]xx,x + l/4MKx,xx/c =0
L Mxx,xx =0

at x =0,a

24
W= 0 (24)

wy=0
_leyy,y - 21/4N>'y,y + 1/4M/<y,y,vl< =0
Myy yy =0

at y=0,b

Using Eq. (15), the governing differential equation (20a) can be written in term of the deflection in the following
form

Y\ o4 2 "\ o6 48 q

where V4, V© and V¥ are given explicitly by

4 4 4
v4 = 8_ + 28— + 8_
dx* ax2ay? = 9yt
90 96 96 90
Vo= — +3 3 — 26
9x6 + dx40y? + dx2oy* + 9y0 (26)
98 98 98 38 98
v8 = +6

14 4 i
dx8 + 9x69y? dx4oy* + 9x29y° + 3y

and D = W3\ +2p)/12 = ER3/[12(1 — v)].
It is observed that for [ = I’ = 0, the Eq. (25) leads to the classical Kirchhoff plate governing equation [1],

DViw =g (27)

and for I’ = 0, it leads to the equation for the first strain gradient theory [4],
12
(1 + 12ﬁ) DV*w —I’DVw =g. (28)

Due to different constitutive equations, the above governing equation is different from the one derived by
Papargyri-Beskou et al. [3].

For a straightforward stability analysis, considering finite strain will directly lead to the proper governing
equation. However, the current static analysis can be applied for stability analysis by augmenting Eq. (25) with
the terms originated from the in-plane forces. The effect of the in-plane forces can be modeled similar to the
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classical elasticity [17]. Consider a plate under the in-plane constant normal compressive (Py, Py) and shear
forces (Pyxy). The governing equation of equilibrium (25) for this case takes the form

P, 9%w Py, 9*w P, d%w
= +2- = + 2209 (29
D ox D 0x0x D dy D

! 4 2 ! 6 1478
(1+12h2>v w—(l +24h2)v w+ Vi +

Once the plate is under dynamic loading ¢ (x, y, t), it undergoes deflection w = w(x, y, t), where ¢ denotes
time. Similar to the classical elasticity, an inertial force phd?w /31> appears in the equilibrium equation, where
p is the mass per unit volume of the plate [18]. Thus, the governing equation of motion of a second gradient
elastic flexural plate takes the form

2\ 4 2 "\ o6 48 ph 3w q(x,y,1)
(l+12h—2)Vw—(l +24ﬁ)vw+lvw+D8t2_T (30)

It should be mentioned that by using the Hamilton’ principle, the motion equation for the dynamic analysis of
plate can be derived directly.

4 Simply supported rectangular plate

Among the plates with different boundary conditions, simply supported rectangular plate can be solved analyt-
ically with the aid of Fourier series as in classical elasticity [1]. In this section, the static, stability and dynamic
analyses of the simply supported rectangular plate are presented.

4.1 Static analysis of simply supported rectangular plate

The governing equation (25) and the boundary conditions (22) describe the behavior of a rectangular plate
with simply supported boundaries. In this case, a solution is assumed of the form

w(x,y) = Z Z Winn sm nzy 3D

m=1n=1

which fulfills the boundary conditions (22). The applied static load g can also be expressed in a similar
sinusoidal series form,

gy = Z qun sin = sin (32)

m=1n=1

while for a general loading, gy, is

b
4 [ X . nwy
Gmn = — q(x y) sin = sin 2 ddy. (33)
ab b
0

Substitution of (31, 32) into (25) yields an expression for wy,, of the form
Winn = Gun/ { DAL, [(1+ 1212/ h?) + (I + 241"/ h?) Ay +1* A2} (34)

while A,,, = (mm/a)® + (n/b)?. In the case of the classical elasticity, (I = I’ = 0), the expression is
simplified to wfnln = Qmn /(DA,2,M) [1], and in the case of the first gradient elasticity (I’ = 0), it is reduced to

(4]
Won = gmn/ {DAZ, [(1+ 1202/ 1?) + 2 A ]} (35)

To shed more light on the plate deformation, the second strain gradient elasticity can be written with respect
to classical case as



1142 S. M. Mousavi, J. Paavola

Winn 1

= 36
wel (14 1212/ h?) + (12 4+ 241"/ h?) Apn + 4 A2, (50)

For a square plate (@ = b) under a simple loading, such asq(x, y) = go sin Z* sin %, Eq. (36) yields
Wmn 1 (37)

w1 1212/ k2 42 (142414 12h2) (ml fa)? + 4 (]’ Ja)*

It is observed that increasing the first and second gradient lengths reduces the plate’s deflection. Equation (37)
depicts the plate’s deflection with geometrical quantities (a, &) and for any combination of internal lengths
).

4.2 Stability analysis of simply supported rectangular plate

Equation (29) belongs to the stability analysis of a plate under general in-plane loadings. As an example,

consider a plate under in-plane loading along x-axis direction (Py). Thus, the governing equation of the plate
(29) is reduced to

Y o4 2 "\ oo g8 Py 9w
(1+12ﬁ)v w—(l +24ﬁ)v w+1 Vw+3w=0 (38)

Once again, the solution (31) fulfills the boundary conditions. Thus, for a square plate (a = b), substitution of
(31) into (38) produces following expression for P,

Po = DAL, [(1+ 1217/ h?) + (I* + 241"/ h?) A + 14 AL, ] / (mm /a)? (39)
Minimizing the value of P, over (m, n), the critical load for a square plate of side a takes the form
P = 4D (w/a)* [(1 + 1217/ h?) + 2 (12 + 241 / 1) (w/a)? + 41"* (/a)*] / (/a)? (40)

while this expression (40) is reduced to the classical critical load value forl =" = 0 [17].

4.3 Free vibration of simply supported rectangular plate

The governing equation of motion (30) for the free flexural vibrations of a simply supported rectangular plate
reads

(1 + 122—22) Vi — (12 + 24%) Vow + Vi + p_ga;% =0 (41)
Equation (41) with conditions (22) has a solution of the form
w(x,y,t)= i i Wyyp SIN mrx sin nry sin (wt) 42)
a b

m=1 n=1

while w is the vibrational frequency. Substitution of (42) in motion equation (41) gives the expression for
vibrational frequency as

0 = Ay D [(14 1202/ B2) + (1 4+ 2414/ 1?) Ay + 1* A2, ] /o 43)

The frequency of the classical plate is obtained by substitution of / =" = 0 in Eq. (43) [18].
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5 Conclusion

The Kirchhoff’s theory of plate is formulated in the second strain gradient elasticity. The potential energy
function is assumed to be quadratic function in terms of strain, first-order gradient strain and second-order
gradient strain. The governing equation and the possible boundary conditions are derived in a variational
approach. The application of the second strain gradient elasticity results in scale sensitivity of the model
with first and second gradient lengths. Furthermore, the simply supported and clamped boundary conditions
are determined from variational equations. The governing equation is extended to analyze the stability and
dynamic problems. The static, stability and free vibration analyses of a micro-plate with simply supported
boundaries are carried out analytically. The results depict that the deflection decreases with increasing values
of first and second internal lengths. Once the internal lengths are set zero, the solution in the classical elasticity
is obtained.

Appendix A

The nonzero stress components of second gradient elasticity for the Kirchhoff’s theory of plate are

Oup = —A 8apzW yy — 2UZW ap, 02z = —AZW,yy o By =xy
Tapk = —lzaaﬂzw,wk — 212,uzw,a,3k, Tyzk = —lzkzw,yyk k= X, ¥, 2 (Al)
Tapkm = _1/48aﬁzw,yykm - 21/4ﬂzw,aﬂkm’ Tzzkm = 1/4)\Zw,yykm k,l=x,y,z
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