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Abstract An exact analysis of frictional contact of anisotropic piezoelectric materials indented by a rigid flat
or semi-parabolic stamp is conducted. Fundamental solutions that can lead to the real values of physical quanti-
ties are detailed for each eigenvalue distribution. The complicated mixed boundary value problems are reduced
into a singular integral equation of the second kind in terms of the unknown surface contact stress beneath
the stamp. Employing excellent properties of Jacobi Polynomials, the exact solution of the reduced second
kind singular integral equation can be obtained. Exact and explicit expressions of various surface stresses and
electric displacement are given in terms of elementary functions. Relationships between the applied load and
contact area are derived, and stress intensity factors at stamp edges are given. Numerical results are presented
to show the effects of the friction coefficient on various surface stresses and electric displacement. The present
investigation could provide a scientific basis for the theoretical and experimental test of contact behaviors of
anisotropic piezoelectric materials.

Keywords Frictional contact - Anisotropic piezoelectric materials - Rigid stamp - Singular integral equation -
Exact solutions

1 Introduction

Piezoelectric materials can deform when subjected to an electric field and, conversely, they generate electric
charge when subjected to a mechanical loading (Sosa and Castro [19]). Due to their coupling electromechanical
properties, piezoelectric materials are widely used in sensors and actuators in the field of smart materials and
structures. A lot of theoretical studies on piezoelectric materials have been done, e.g. Ding et al. [3-5].
However, subjected to a highly localized loading exerted by a rigid body, piezoelectric materials could lose
their serviceability. Thus, contact problems of piezoelectric materials have drawn much attention of research-
ers. Matysiak [15] investigated contact over a piezoelectro-elastic half-space indented by a rigid conducting
stamp. Podilchuk and Tkachenko [16] obtained the explicit solution of the problem of a rigid stamp with a
semi-parabolic cross-section and flat base pressed into an elastic piezoelectric ceramic half-space. Giannako-
poulos and Suresh [8] presented a general theory for the axisymmetric indentation of piezoelectric solids within
the contexts of conducting and insulting stamps. Chen [1] conducted a contact analysis for a three-dimensional
transversely isotropic piezoelectric half-space. Ramirez and Heyliger [18] applied the local/global stiffness
matrix framework to investigate the contact problem with piezoelectric materials exhibiting hexagonal sym-
metry, which generate only real eigenvalues. Later, Ramirez [17] used the same approach to investigate the
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contact problem with piezoelectric materials, which can generate complex eigenvalues. Wang and Han [22]
gave exact solutions of the axisymmetric contact problem of a piezoelectric layer with a circular indenter on
its surface. Recently, Wang et al. [23] investigated the contact of a piezoelectric layer with a finite thickness
indented by insulting or conducting stamps on its surface, in which thickness effect on contact behavior was
addressed. All above-mentioned contact problems involving piezoelectric materials were smooth.

Frictional shear stress may arise inside the contact region between rigid stamp and piezoelectric materials.
Thus, some researchers devoted to frictional contact problems of piezoelectric materials. For example, Kara-
petian et al. [12] conducted nanoelectromechanics analysis of frictional piezoelectric indentation. Makagon
et al. [14] addressed the indentation and frictional sliding of spherical and conical stamps into piezoelectric
half-space. Contact problems of inhomogeneous piezoelectric materials were also concerned. For example,
Ke et al. [13] considered the frictional contact of the inhomogeneous piezoelectric layered half-plane.

All the contact problems mentioned above were about transversely isotropic piezoelectric materials. How-
ever, piezoelectric materials are naturally anisotropic. Therefore, the anisotropy of piezoelectric materials
should be considered. Relatively few discussions have been devoted to contact problems of anisotropic pie-
zoelectric materials. Employing Stroh’s formalism, Chung and Ting [2] studied the problems of an angularly
inhomogeneous anisotropic piezoelectric materials subjected to a line force, line charge, and line dislocation at
the center of the material. Fan et al. [7] used a Stroh formalism approach to solve the two-dimensional contact
problem of a piezoelectric half-plane and obtained solutions with loads acting on the boundary of an aniso-
tropic piezoelectric half-plane. To the authors’ knowledge, the exact solution of the frictional contact problem
of anisotropic piezoelectric materials subjected to a rigid stamp has not been reported due to its complexity.

In the present paper, an exact analysis of frictional contact of anisotropic piezoelectric materials under a
rigid stamp, which possesses a flat or semi-parabolic profile, is conducted. For the commercially available
anisotropic piezoelectric materials, there are three cases of eigenvalue distribution. For each case, fundamental
solutions that can lead to real values of physical quantities are derived. The titled problem is reduced into a
second kind singular integral equation, which can be solved exactly by using excellent properties of Jacobi
Polynomials. Explicit expressions of various surface stresses and electric displacement are given in elemen-
tary functions for either a flat stamp or a semi-parabolic stamp. Relationships between the applied mechanical
loading and the contact area are presented, and stress intensity factors at stamp edges are defined. Figures
are plotted to show the influences of the friction coefficient on various surface stresses and electric displace-
ment. The present results could provide a theoretical basis for contact behaviors of anisotropic piezoelectric
materials.

2 Basic equations

To illustrate the problem considered in this study, Fig. 1 shows the indentation problem of a semi-finite
anisotropic piezoelectric material under a rigid stamp, which possesses a flat or semi-parabolic profile. The
anisotropic piezoelectric materials, placed in rectangular coordinates, are poled along the positive z axis. It is
modeled that the stamp and anisotropic piezoelectric materials are in relative motion, that is,

Q=py-P

where ¢ is the coefficient of friction, which is a constant inside the contact area; P and Q are the resultant
normal and tangential forces, respectively.
For anisotropic piezoelectric materials, the coupled constitutive equations are given as

0ij = Cijkierl + €ijk Pk (D
D; = eixier— €ik dk 2

where o;; is stress component, D; is electric displacement component, ¢ represents the electric potential,
and Cjjx, ejxl, and € stand for the elastic coefficients, piezoelectric coefficients, and dielectric coefficients,
respectively. The subscript after a comma represents partial differentiation. The strain gg; is given by

1
fK = (tp, + ur k) 3)

where u; is displacement components.
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Fig. 1 Geometry of the frictional contact problem of anisotropic piezoelectric materials indented by: a a flat stamp, b a semi-
parabolic stamp

The equations of equilibrium and Maxwell’s equation without generalized body force are given as follows:

0ij,j =0 “)
Di; =0 5
In the present study, since sliding contact model is assumed, Eq. (5) is of static state and relative velocity does

not appear.
For a two-dimensional y-independent problem, a generalized deformation field is expressed as

u=ui(x,2),v=uz(x,2), w =u3x,z),¢p=9¢(x,z2)

Inserting constitution Egs. (1) and (2) into Egs.(4) and (5) leads to the following governing equations for
the anisotropic piezoelectric materials in terms of elastic displacements and electric potential (Tiersten [20],
Ramirez and Heylinger [18], Ramirez [17]):

9%u 9%u 9%v 9%v 92w 9%
iy 3 + 5597 + 1633 + 4553 + (c13+ Css)m + (e31 + elS)m =0 (6)
02u 02u 9%v a%v 92w 9%¢
1637 + 0453—Z2 + 6653 + 044@ + (c36 + C4s)m + (e36 + 614)@ =0 @)
2 2 2 2 2 2
(c13 + Css)(,fx—;;z + (c36 + Czts)aax—;)Z + 6552715 + 6338871;) + 615% + 633% =0 (8)
02u 9%v 92w 9%w 9% 9%¢
(e15 + 631)F81 + (e14 + 636)F8Z + €5y + 8333—Z2— €11 P €33 32 0 9)

Note for convenience, C;jx; and e;x; in Egs. (1) and (2) are replaced by ¢, and e,,,, in Eqs. (6-9) and thereafter,
respectively.
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3 Fundamental solutions
3.1 Eigenvalue analysis

The solutions of Eqgs. (7-9) may be written in the following forms:
0 o

u(x,z) = / Ueo (@, 2) e dow, v(x,z) = / Vew (@, 2) e de

—00 —0o0

w(x,z) = / W (0, 2) e dw (10)

—00
o0

6 (x.2) = / oy (@, 2) e deo (1)
—00
where i2 = —1.

Substituting Egs. (10) and (11) into the piezoelectric governing equations (6-9) yields the following equa-
tions:

92U, 9%V, oW,
—0*c11Ucw + C55——5 — 07C16Vew + Cas——5 — i@ (C13 + C55) ———
0z 9z 0z
0d
—iw(e31 + e15) azcw =0 (12)
32U, 92V, AW,
—w?c16Uce + c15 ;w — w?co6Vew + c1a ;w —iw(c36 + Ca5) ———
9z 0z 0z
. a(DCCU
—iw(e3s + e14) 2z 0 (13)
aU, av, 2w,
—iw(c13 + c55)—— — iw(c36 + C45) —— — W 55 Wew + 33—
0z 0z 0z
2
—w?e15®ey + 6337“0 =0 (14)
aU, av, %W,
—iw(ers + e31)—— — iw(e1s + e36)—— — W e1sWew + 33— + @ €11 Py
0z 0z a9z
92d,
— e Tz“’ =0 (15)

The solutions of Eqs. (12—15) in the transformed domain are sought in the forms of

[Uco @, 2) Vew (@, 2) Wew (0.2) Pew (@,2)]" = [U9, VO, WO, @0 1" eleln:

where the superscript “7” stands for the transposition of a vector, and unknown Fourier coefficients
Ul vo WO and @0, are related to the following equation:

T

G x[Ud, vl wi, o), ] =0 (16)

with the matrix G = (gmn) (m,n =1, 2,3, 4) given in Appendix, and the eigenvalue 7 is the root of the
following characteristic equation:

det[G] =0 (17)

For a semi-infinite piezoelectric material, the following conditions at infinity should be fulfilled:

u(x,z),v(x, z), wx, z), p(x,z) - 0, x2+72 — o0
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It deserves emphasizing that the solution is three-dimensional in the sense that the displacement component
v(x, z) along y axis is nonzero because of the anisotropy of the material. Thus, the characteristic equation Eq.
(17)1s of eight-degree, and there are three cases of eigenvalue distribution available for semi-infinite anisotropic
piezoelectric materials. While for isotropic piezoelectric materials, the corresponding characteristic equation
is of six-degree and there are only two cases (Zhou and Lee [24]) of eigenvalue distribution available.

For the commercially available piezoelectric materials, the eigenvalues, which are usually distinctive, are
of the following forms:

— Case A: four pairs of opposite real roots

N =-—1N5=0[,N2=—N¢=02,1N3=—07 =03,N4 = —N§ = 04 (18)

— Case B: two pairs of opposite real roots and two pairs of complex conjugate roots (no purely imaginary
roots)

n=-ns=01,n=—N6=0213=—n7=03+i03, 14 =—ng =03 —io3  (19)
— Case C: four pairs of complex conjugate roots (no purely imaginary roots)

N =-—ns5s=01+i0],n2=—N¢ =01 —1i01,N3 = —N7 =03 +1i03 N4 =—nNg =03 — 1003
(20)

In Egs. (18-20) 0, > O and 0, > O0(n = 1, 2, 3, 4) are real numbers.

3.2 Fundamental solutions

For each case of the eigenvalue distribution, the fundamental solutions [U,, (@, z) Ve (@, 2) Wew (0, 2) P
(w, 2)]T can be given.

— Case A: four pairs of opposite real roots

4 4
Upo (@, 2) = Z Mje“‘"”-"z, Vew (@, 7) = Z f(oj)Mjelcu|0jZ
i=1

j=1
4
Weo (@,2) = D —isgn(w)g(0,) M el 1)
j=1
4
Dy (@,2) = D —isgn(@)h(o))M;e!”% (22)
j=1

where known functions f(1), g(n) and h(n) are given as

S = fom/fpm, g@m = gom)/fom), h(n) = ho(n)/ fp (M) (23)

Here fo(n), fp(1), go(n) and ho(y) are given in Appendix.
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— Case B: two pairs of opposite real roots and two pairs of complex conjugate roots (no purely imaginary
roots)

2
Ucw (@,2) = D M€l  [cos(|o] 032) M3 + sin(|w| 032) My] 1%
j=1

2
Vew (@,2) = D f(0))M;e”** +{[T'y cos(lw] 032) — Ay sin(|w]| 932)]
j=1

M3 + [Ay cos(|w| 032) + Ty sin(|w| 032)] My} e!®1o3 (24)

2
Weo (@.2) = > [ =i - sen(@)g(0)) ;e | ~ i - sn()
j:l
{[Tyw cos(lw| 032) — Aw sin(|w| 032)] M3 + [Aw cos(|w| 032)
+ Tw sin(Jw| 032)] My} €103

2
Doy (@,2) = Z [—i . Sgn(w)h(oj)Mje|w|0jZ]
j=1
—i-sgn(w) {[Te cos(|w| 03z) — Ag sin(|w| 032)] M3
4 [Ag cos(|w| 032) + T sin(Jw| 032)] My} el@lo3z (25)

where

'y =Rel[f (3)], Ay =Im[f (n3)], T'w = Re[g (m3)], Aw = Im[g (73)]
I'e =Re[h(m3)], Ao =Im[h (n3)], 3 =03 +io3

Here, Re[] and Im[] stand for real part and imaginary part, respectively.
— Case C: four pairs of complex conjugate roots (no purely imaginary roots)

2
Uew (0, 2) = Z [cos(lw| 02— 12)Maj_1 + sin(|o| 02j-12) My ] e!®1o2i=1
=1

2
Ve @,2) = D { [TV costloo] o2j-12) = A sin(o] 02j-12) | Mo

=1
+ [A(Vj) cos(lw| o2,-12) + T sin(lo] azj_lz)] sz} el0l02j-12 (26)
2 . .
Weo (@,2) = > =i - sen(@) {[ ] cos(lo]o2j-12) = AF sin(wl 02j-12)] Mo
j=1

+ [A%) cos(lw| 02j-12) + F%) sin(w| 02j71z)] sz} el®lo2j-12

2
Do (@,2) = X —i - sen(@) {[ I cos((] 02j-12) = AY sin(] 02j-12)| M2
j=1

* [Ag) cos(lo| 02j-12) + g sin(lo| Uzj_1z)] sz} el@lo2j-12 27)
where
Iy =Re[f (mj-1)]. AY =1Im[f (n2j-1)]. Ty = Re[g (m2j-1)]
A =g ()] T = Re[h (12j-1)] A5 = 1m [k (2j1)] = 1.2
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In Egs. (21), (22) and (24-27), M;(j = 1, 2, 3, 4) are unknown functions to be determined from
boundary conditions.

3.3 Expressions of physical quantities

Considering Eqgs. (21), (22), (24-27), and substituting Eqgs. (10) and (11) into Egs. (1) and (2) yield the following
expressions of stresses and electric displacement:

00 4

ol 25 (@, )M j (@) ™" do

Oxx j

|
3
T

N

I
\8
.M-P

o] Qﬁsj)(a), DM (w)e " dw

\
3

o] szg; (@, )M j(w)e " dw

2

[
\8
M =

|
3
T

] szgf; (@, )M j(w)e " dw (28)

%Q

I
\8
.M-P

|
3
T

] Q) (@, )M (@)e ™ do

N

Il
\8
.M-P

|
3
T

\8
.M-P

D. = o] 2 (0, )M j()e " do (29)

J

|
3
T

where known functions Qf;]).(w, D(m=0,1,2,3,j=1,2,3,4) and szf;;.)(w, D =0,1,j=1,2,3,4) are
given in Appendix.

3.4 Boundary conditions
The vertical displacement inside the contact area is denoted as wq(x), which is known a priori. The surface

contact stress p(x) and surface shear stress ¢ (x) are unknown inside the contact area. Outside the contact area,
the stress is free. The total force along the z axis in the contact area is equal to the indentation force P.

w(x,0) =wo(x), —a <x <b (30)
0,;(x,0) =—px), —a<x<b (31)
0,:(x,0)=0,x < —aorx>D>b (32)
0x;(x,0) = —q(x), —a<x <b (33)
0yz(x,00 =0, x < —aorx >b (34)
Uyz(x, 0) =0, [x] < 400 (35)
b
/p(x)dx =P (36)

—a

Coulomb friction condition is modeled inside the contact area, and then the following condition should be
satisfied

0xz(x,0) = pyroy(x,0), —a<x <b (37)
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For a perfectly insulating stamp, the electric boundary condition is given as follows:
D, (x,0) =0, |x| < oo (38)

Considering the boundary conditions (31-35), (37), and (38) yields the following expressions for unknown
functions M; (j = 1,2, 3,4):

My =S0r [Fr (@) Hij — Gy (@) Hyjl, j=1,2,3,4 (39

where H is the determinant and H;; (i, j = 1,2, 3, 4) are the cofactors of the following matrix:

QW (,0) QY (,0) 21 (,0) %) (@,0) |
Q) (@, 0) Q8 (@, 0) 28 (@, 0) 2F) (@, 0)
QY (@, 0) QF) (@, 0) Q% (@, 0) 2% (@, 0)

Q% (,0) 2%, 0) 29, 0) 2\ (,0)

and functions Fy and G s are given as follows:

b b
1 1
Fr@) = o [ p©) e G (o) = o [ a@reas
—a —a
4 Integral equations

Inspecting the third equation of Egs. (21), (24), (26), and (39), and differentiating the third equation of Eq.
(10) lead to the following equation:

ow (x, 0)

- // (L1ysin[o & — )] p&) + Liz cos [0 & — 0)]q(E)) dods x| < oo

—a 0

Due to their physical interest, the in-plane stress on the surface and in-plane electric displacement can also
be obtained as

b oo
1
oxx (x,0) = ;//{LZl cos[w (§ —x)] p(§) + Lasin[w (§ —x)]g(§)} dwds  |x] < 00

—a 0

1 o0
Dy(x,0) = ;//{lesin[w(s ~ 01 pE) + Licos[w € — 0)]1q@)dwds  |x] < 0o

—a 0

where

! ; H; ) ! ; H;
L =2 (=1/0j@,0—F Ln=i Y (=10, 0)—*

J'—l J'—l

s s H2
L21=Z( /) 0) L22—ZZ( DI (.0

j=1

e e Hyj
Ly =i Z( D/ Q) (@ Lng( DI @, 0= (40)
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where ©;(w,0)(j = 1,2,3,4) are the values of ©;(w,z) (j =1,2,3,4) at z = 0 and O(w,2)(j =
1,2, 3, 4) are given in Appendix.
Considering the following relations:

/sin [w (€ —x)]dw = %‘%x’ /cos [w(E —x)]dow =76(& —x)
0 0

where §(-) is the Dirac delta function, and taking into account Eq. (37) produce the following second type
singular integral equation:

ow (x, 0)
0x

Ly
E—x

b
1
— Lipsp(x) + ;/ pE)E, x| < oo @1)

To complete the stated problem, the equilibrium condition (36) should be fulfilled. Based on the solution of
Egs. (41) and (36), the in-plane stress and in-plane electric displacement on the surface can be determined as

Ly
E—x

b
1
oxx (x,0) = L1 p(x) + ;/ pnrpE)dg, x| < oo (42)

L3
— xp(E)dé, [x] < o0 (43)

b
1
Dy (x,0) = Lyypis p(x) + ;/é

Note that in Eqs. (41-43) p(x) = g(x) = 0 for x ¢ [—a, b], and they are the extensions of Galin’s equations
[11] for classical elasticity to piezoelectric media.

5 Exact solutions for a frictional flat stamp
The indentation depth appearing in Eq. (30) is of a constant value inside the contact region for a flat stamp,
then

dwo (x)
ax

0

wo (x) = constant,

Noting b = a and introducing the following normalized quantities:
x =as, & =ag, —a< (x, &) <a,—-1<(,2)<1 px) = @(s) 44)
then Egs. (41) and (36) can be written as

1
1 L
Liz-pys-o(s)+ —/iw(;)dq =0, Is|<1 (45)
T —s
-1
1
P
/ p(0)ds = (46)

-1

The solution to Egs. (45) and (46) may be expressed as the following form in terms of Jacobi Polynomials
(Erdogan [6]):

o) =) > ;PP @), gl <] (47)
j=0
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where ¢;(j > 0) is unknown coefficient to be determined, and @ (¢) is the weight function and is given as

o) =>10-0"1+0)", |gl<1 (48)

where P ;t’ﬂ>(~) are Jacobi Polynomials related to the weight function @ (-).
The index of the integral equation is defined by

ko=—(+1)=1
Due to the physics of the problem for the flat stamp, T and ¢ are given as

c>0rt=-5,9==2-1
—0- 7 — 1 _ 1
5‘—077——7,'[9——7

c<0it=£-1,0=-%

where

L
g:”inlz,tans:‘%) (49)

Considering the following property of Jacobi Polynomials:

Ly

TG Ol < 150

pnrLino ()P () +

1 (T.9)
L @ (§)P; (&)
i /—’ p(0)d¢ =
T —s
—1

and inserting Eq. (47) into Eq. (45) lead to the following expression:

- (—7,~9)
Zl s -1 (e =0, Is| <1
J:

From the linear independence of the Jacobi Polynomials P;T’ﬁ)(-), one may see Eq. (47) has only one
nonzero coefficient cg. Then, Eq. (47) becomes

(@) =col =)L +0)", [¢] <1 (51
Substituting Eq. (51) into Eq. (46) and using the relation (here 7 + ¢ = —1)

1
2D ( £ DI + 1)
/ w(£)d¢ = (52)
CT+9+2)
-1
one can determine the coefficient ¢q as follows:
o= _200 sin(rr ) 53)
T
where
P
o) = —
0 2a

Considering Eqs. (31), (44), (51), and (53), one can obtain the contact stress distribution

0z (x,0) = 20ITD () _ Xyr (4 DD iy} < g (54)
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With the consideration of Eq. (32), Egs. (54) and (55) can be rewritten as
wr L
Lyp(x) + 55 J £ pE)dE, |x] > a
oxx (x,0) = a L 0 (55)
EL [ #2p$)ds, x| < a
0
1L
Lypsp() + 5 [ 25 p@)dE, x| > a
Dy (x,0) = 0 (56)

+ [ £Lp&)de, x| <a
0

Considering Eqgs. (32), (42), and (43), one can rewrite Egs. (55) and (56) in the following closed-form

(Guler and Erdogan [9]):

oxx (x,0) = Ly-py
Lawsyg (),

i 9, Ls
Dy (x,0) =  220sinGro) I Lypp (1 — 57 (1 4+ 2)? 4 BLH; (x), x| <a

L
ZLHp (x),
In Egs. (57) and (58), Hz (x) is given as

—(I—Z—C)T(—)a—‘—l)ﬂ, X < —a

Hp (x) =

Sln(JTT) ()a_c _ l)r(l + 3)7}’ X >a

The mode I stress intensity factor at the edges of the flat stamp can be defined as

. px) _ 0
Fl(a):)ll_rg 59 (a —x) T:a—T

. px) _ o

Fi(-a) = lim ==@+x07" = -5

The friction coefficient 1y = 0 leads to T = ¢ = —1/2, then Egs. (59) and (60) become

P

Fi(a) = Fi(—a) = cov/a = aa

Especially, when friction coefficient i s = 0,, the surface contact stress (54) becomes

0,:(x,0) = —gx/az —x2, x| <a

_ 20psin(r7) { Lot(1— 571+ 57 4 B2, () x| <a
T

(1 =271+ %) cos(nt), —a <x <a

(57)

(58)

(39)

(60)

(61)

This formula, dependent on applied load P, is just the same as the result for isotropic piezoelectric materials

given by Wang et al. [23] (note in [23] Py = P/2), which justifies our derivation.

6 Exact solutions for a frictional semi-parabolic stamp
The profile for a semi-parabolic stamp is given by

x2 dwo(x) X
wo(x)z—Co—i—ﬁ, ox ZE’ O<x<b

Noting a = 0 and defining

b b
x=06+D.&=70@+1D,p&x) =0

(62)
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then Egs. (41) and (36) can be written as

L <)+1/1L”()d—b<)|| 1 (63)
Ry es) + = {TSQDC C—ﬁgS,S<
-1
1
2P
/ o) =" (64)
-1
where
g(s) =s+1

The solution of Egs. (63) and (64) may be assumed as the same form given in Eq. (47) with eight function
@ (-) given in Eq. (48).
The index of the semi-parabolic stamp is defined as

ko=—(+19)=0

where t and ¢ are given as follows:

c>0:t=1-%,9=~-1+%,
1 1

g—O 1':3,19:—7

c<0:t=%9=-=%

where ¢ is the same as that given in Eq. (49).
Inserting Eq. (47) into Eq. (63) and taking account into relation Eq. (52) produce the following expression:

S Ly pl-T.—9) b
Z Sin(nl-l[) ijl’ (S)Cj = ﬁg(s)a ls] <1 (65)

The function g(s) can be expanded into a series of Jacobi Polynomials P;_T’_ﬁ) )

g)=s+1=P " ) +U+0)P ") (66)

Comparing the right-hand side of Eq. (65) and the left-hand side of Eq. (66), one can obtain nonzero
coefficients as follows:

co = % sin(wt), ¢ = % sin(r T)

Thus, the solution of the stated problem can be obtained as

b(1 427 +¢)

R sin(o)(1— )" (1 4+0)7, |zl <1 (67)

1
p(&) = @) > P =
j=0
One edge of the present semi-parabolic stamp is unknown a priori, which can be determined by consid-
ering the equilibrium equation. Employing the orthogonality of the Jacobi Polynomials and relation (52) and
substituting Eq. (67) into Eq. (64) yield
_n~r~(1+r)b2
N 2R

Eq. (68) reveals the relationship between the applied load and contact area.
The contact stress distribution in physical coordinates can be obtained by using Egs. (31), (62), and (67)

Uzz(x)z_bsinR(nr) (b;x) (f+%), 0<x<b (69)

P (68)
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In this case, the in-plane stress on the surface and in-plane electric displacement can be rewritten as

b

Lop()+ 5 [ £2pE)ds, 0 <x <b
oxx (x,0) = b 0 (70)

EL [ £#2p@©)dé, x<0,x>b

L 0
b

Lyppsp(e) + £ [ £LpE)dE, 0 <x <b
Di(x,00=1 , 0 an

1 [ ELp#)de, x<0,x>b

0

Considering Egs. (62) and (67), one can rewrite Eqgs. (70) and (71) in the following closed-form (Guler
and Erdogan [10]) based on Eq. (69):

1
Loy sin(ro)(55)T(r + 3) + 21280 S 1, (x), 0 < x < b

b T n=0
oxx (x,0) = R . 1 N (72)
% Zzn"‘f > H,(x), x<0,x>b
n=0
1
p | Loz sinGo) T (@ + ) + 5 Z n(X), 0 <x <b
Dy (x,0) = R 1 n=0 (73)
%Tl ZOHn(x), x<0,x>0b
n=»

In Egs. (72) and (73), H,(x)(n = 1, 2) are
(x )t 1, x <0

SlIl(jT.[) ETX;T COS(TL"L’) — 1 O<x <b

X
2x 27T
Hy(x) = P{"" (— - 1) Ho(x) + —

Ho (x) =

x>Db
X

b sin(rrT)

The mode I stress intensity factor at the edge (x = 0) of the semi-parabolic stamp can be defined as

b*tl . . sin(wT)
R

F1(0) = 111% x"p(x) = (74)

The friction coefficient 1ty = 0 leads to T = —1 = 1/2, then Eq. (74) becomes

SRS
w [STI]

Fr(0) =

7 Numerical results and discussions

For the foregoing analysis, the piezoelectric ceramic PZT —5A (Vel and Batra [21]) is considered. The elastic
constants are c11 = 99.201 x 10° N/m?, ¢13 = 50.778 x 10° N/m?, c16 = 99.201 x 10° N/m?, ¢33 = 86.856 x
10° N/m2, ¢36 = 50.778 x 10° N/m?, cas = 21.100 x 10° N/m2, c45 = 54.016 x 10° N/m?, ¢s5 = 21.100 x
10° N/m?, and ¢ = 22.593 x 10° N/m?2. The nonzero piezoelectric constants are e3; = —7.209 C/m?, e33 =
15.118 C/m?, e36 = —7.029 C/m?, e14 = 12.322C/m? and e;5 = 12.322 C/m?. The dielectric constants are
€11=15.3 x 1072 F/m, and €33= 15 x 10~? F/m. Here, since the coefficients ¢}, c36, C45, €14, and ez could
not be found in the open literature, the values are assumed.
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Fig. 2 The influence of the friction coefficient w y on the powers of stress singularity under a flat stamp
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Fig. 3 The influence of the friction coefficient i s on the normalized stress intensity factor under a flat stamp

7.1 Contact behaviors under the frictional flat stamp

Figure 2 shows the variation of powers of stress singularity at the leading (x = —a) and the trailing (x = a)
edges of the flat stamp with the friction coefficient s changing. It can be seen || > [¢}|, which illustrates
the singularity at the trailing edge of the flat stamp is stronger than that at the trailing edge. Therefore, greater
stress concentration exists around the trailing edge. As uy — 0,9 — — Landt — —% giving the traditional
singularity at the flat stamp edges. The magnitude of 7 increases and t — —1 when u s becomes greater,
while that of ¢ decreases and % — 0.

Figure 3 shows the effects of the friction coefficient u ¢ on the normalized stress intensity factors F7(1)/Foi
and F;(—1)/Fp, where Fo; = Pa” and Fpy = Pa’. It can be seen that after the normalization, the normal-
ized stress intensity factors are the same at the trailing edge and the leading edge. Figure 3 also demonstrates
that the normalized stress intensity factors increase when the sliding contact interface between the stamp and
piezoelectric materials becomes less frictional.

Figures 4,5, and 6 show that the near-edge response that the severe stress concentrations exist around
edges of the flat stamp. The magnitudes of all the surface stresses, that is, o;,(x, 0) /09, ox;(x, 0)/0p, and
oxx(x,0)/00 (00 = P/2a) at the trailing edge are greater than those at the leading edge.

In addition, Fig. 4 depicts that the surface contact stress o;;(x, 0) /o9 is compressive beneath the stamp.
The curve when the friction coefficient ¢ = 0 denoting frictionless contact is symmetric, which shows the
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Fig. 5 The influence of the friction coefficient 1 ¢ on the surface shear stress distribution oy (x, 0) /oo under a flat stamp
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Fig. 6 The influence of the friction coefficient 1 ¢ on the surface in-plane distribution oy (x, 0) /o under a flat stamp
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D_(x, 0)/D,

Fig. 7 The influence of the friction coefficient 1 ¢ on the surface electric displacement distribution D, (x, 0)/ Do under a flat
stamp

validity of the present program. With the sliding contact interface between the stamp and piezoelectric materi-
als becoming more frictional, the surface contact stress intensifies at the trailing edge of the flat stamp, while
becomes weaker at the leading edge of the flat stamp.

Figure 5 also illustrates the surface shear stress oy (x, 0) /o9 is compressive when p ¢ > 0. The magnitude
of oy, (x, 0)/op enhances with the increasing of friction coefficient.

Figure 6 also depicts the in-plane surface stress o (x, 0) /09 is unbounded and discontinuous at both the
trailing edge and the leading edge of the flat stamp. The in-plane surface stress intensifies at the trailing edge
of the flat stamp, while becomes weaker at the leading edge of the flat stamp with the increasing of friction
coefficient. The in-plane surface stress becomes more compressive behind the leading edge (x < —a), while
tends to more tensile before the trailing edge (x > a) with the contact becoming more frictional.

Figure 7 shows the distribution of the surface electric displacement D, (x, 0)/ Do under a flat stamp, where
the magnitude of Dy is P/2a. It can be seen that the surface electric displacement is unbounded and discon-
tinuous at both edges of the flat stamp. The surface electric displacement is positive when x < —a, while
becomes negative when either |x| < a or x > a. As the contact becomes more frictional, the magnitude of the
surface electric displacement decreases when x < —a, while increases when either |x| < a or x > a.

7.2 Contact behaviors under the frictional semi-parabolic stamp

Figure 8 shows the variation of powers of stress singularity at the edges of the semi-parabolic stamp with
the friction coefficient 1 ¢ changing. It can be seen that T is positive and ¢ is negative due to the physics of

the problem. As s — 0, the singularities T — %and Y — —%. With the friction coefficient 1y becoming
greater, the singularities 7 — 0 and % — 0.

Figures 9, 10, 11, and 12 show the influences of the friction coefficient u ; on various distributions of
surface stresses o,,(x, 0)/0g, oy (x, 0) /09, and oy, (x, 0) /oo (69 = P/R), and the distribution of the surface
electric displacement D, (x, 0)/ Do (the magnitude of Dy is P/R) under a semi-parabolic stamp. It can be seen
that the contact region becomes wider with the sliding contact interface between the stamp and piezoelectric
materials becoming more frictional.

In addition, Figures 9 and 10 demonstrate that the surface contact stress o;;(x, 0)/o¢p and surface shear
stress oy, (x, 0)/op are unbounded at the leading edge (x = 0) and are equal to zero at another edge (x = b).
With the friction coefficient 1 s becoming greater, the surface contact stress o, (x, 0)/og at the leading edge
weakens, while surface shear stress oy, (x, 0)/og intensifies.

Figure 11 shows the surface in-plane stress o, (x, 0)/og is unbounded and discontinuous at the leading
edge (x = 0). There is a tensile spike at another edge (x = b) for the surface in-plane stress oy, (x, 0)/0p. As
the friction coefficient u ¢ increases, the surface in-plane stress oy (x, 0) /oy at the leading edge weakens.
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Fig. 8 The influence of the friction coefficient 1 y on the powers of stress singularity under a semi-parabolic stamp
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Fig. 11 The influence of the friction coefficient 1 ¢ on the surface in-plane distribution oy (x, 0)/0( under a semi-parabolic
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Fig. 12 The influence of the friction coefficient w ¢ on the surface electric displacement distribution Dy (x,0)/Do under a
semi-parabolic stamp

Figure 12 depicts the surface electric displacement D, (x, 0)/Dy is unbounded and discontinuous at the
leading edge (x = 0). The surface electric displacement D, (x,0)/Dy at the leading edge intensifies with
enhancing the friction coefficient 4 f.

8 Conclusions

The present paper conducts an exact analysis of frictional contact of anisotropic piezoelectric materials under a
rigid stamp, which possesses a flat or semi-parabolic foundation. There are three cases of eigenvalue distribu-
tion for the commercially available anisotropic piezoelectric materials. For each case, fundamental solutions
that can lead to real values of physical quantities are given. The stated problems can be reduced into a singular
integral equation of the second kind, which can be solved exactly. For either a flat stamp or a semi-parabolic
stamp, explicit expressions of various surface stresses and electric displacement are derived. Moreover, rela-
tionships between the applied load and contact area are obtained and stress intensity factors at stamp edges are
given. Finally, figures are plotted to clearly illustrate the effects of the friction coefficient on various surface
stresses and electric displacement.
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The present study could provide a scientific basis for the theoretical and experimental test of contact
behaviors of anisotropic piezoelectric materials.
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Appendix
1.  The matrix G = (gmn) (m,n =1,2,3,4) appearing in Eq. (16)

8mn = &um, m,n=1,2,34

g1l =cssn> —ci1, 812 =casn” —cle, g13 = —i -sgn(w) - g3, g14 = —i - sgn(w) - g3,
822 = cuun’ — ce6, 823 = —i -sgn(®) - g%5, g4 = —i - sgn(w) - g,

833 = C33° — 55, 834 = e’ —els, Qa4 =€33 N°— €11

where sgn(-) denotes the sign function, and 8(1)3’ g?4, g(2)3 and gg4 are given as

8(1)3 = (c13+css)n. gl = (ez1 +e1s)n, 8(2)3 = (c36+cas)n, goy = (e36 +e1a)n

Here
8mn = &nm> gg,n = g,?m
2. Expressions of fo(n). fp(n). go(n) and ho(n) appearing in Eq. (23)

fon) = 81185834 — 811894833 — 821813834 + 821814833 — 831813854 + 831814853
fo(m) = —812833834 + 812834833 + 8228?3834 - gzzg(f4g33 + gé’zg?gg& - 8228(1)4833
go(n) = —g12821834 — 812834821 + 822811834 + gzzg(f4ggl + g22g11g84 - 8228(1)4821
ho(n) = 812821821 + 212821833 — gzzg?3g§)1 — 822811833 + ggzg%gzl - g&gng&
3. Expressions of Q;j}(w, D@m= 0,1,2,3,j = 1,2,3,4) and Q,(;)(a), D n=0,1,j = 1,234

appearing in Egs. (28) and (29)
For Case A

Q(()‘;)(w,z) = —i - sgn() [e11 + c16£(0)) + c130;8(0) + es10jh(0))] %, j=1,2,3,4

SZESJ.)(w, 2) = —i - sgn() [c13 + c36.f (0)) + €33078(0)) + e330;h(0)) ] €%, j=1,2,3.4

ng)(“)’ 2) = {css[0j — g(0))] + cuso; f(0) — e1sh(o)}e!®i%,  j=1,2,3,4
Q) (@, 2) = {eas [0j — 8(0))] + caso; f(0)) — erah(op} e, j=1,2,3,4
Q) (@.2) = {ers [0 — g(0))] + e1a0j f(0))+ €11 hoj)} el j=1,2.3.4
Q) (@, 2) = —i - sgn(@) [e31 + 36 (0)) + €330,8(0))— €33 0h(0)] 17, j=1,2,3,4

For Case B
Q) (@,2) = —i - sgn(@) [c11 + c16f (0)) + c130,8(0)) + ez10;h(0))] 1%, j =12

Qéé)(w, z) = —i - sgn(w) {[c11 + c16l'y + c13 (03T'w — 03Aw)
+e31 (03T — 03A0)] cos(|w| 032) — [c16Ay + c13 (03Aw + o3Tw)
+e31 (03A0 + 03T 0)]sin(Jw| 032)} el®1o3

Q) (@, 2) = —i - sgn(w) {[ci6Ay + 13 (03Aw + 03Tw)
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+e31 (03A0 + 03lg)] cos(|w| 032) + [c11 + 16Ty + c13 (03T'w — 03Aw)
+e31 (03T — 03A0)]sin(jw] 032)} €13
Q(f,»)(w, 2) = —i - sgn(®) [c13 + 36 £ (0)) + €330, 8(0)) + ex30;h(0))] 1%, j =1,2
9(1‘;)(‘0’ 7) = —i -sgn(w) {[c13 + c36'v + ¢33 (03T'w — 03A W)
+e33 (03 e — 03Ag)] cos(|w| 032) — [c36Av + ¢33 (03Aw + 03"w)
+e33 (03A0 + 03T0)] sin(jw] 632)} €1
Q) (0.2) = —i - sgn(w) {[e36Ay + ¢33 (03Aw + 03T'w)
+e33 (03A0 + 030¢)] cos(|w| 032) + [c13 + 36V + ¢33 (03T'w — 03 A W)
+e33 (03T — 03A0)]sin(jw] 032)} €1
ng)(w, 2) ={ess[oj — g(0))] + casoj f(0)) — elsh(oj)}e‘wlojz, Jj=12
Q%)(w, z) = {[css (03 — T'w) + cas5 (03Tv —03Ay) — ejsTp] cos(lw| 032)
+[css (=03 + Aw) — cus (03Ty + 03Av) + e15Ag] sin(|w| 032)} €19
Qgl)(w, 7) = {[css5 (03 — Aw) + ca5 (03'y + 03Ay) — e15Ag] cos(|w| 032)
+[css (03 — Tw) + cus (03T'y — 03Ay) — ersTp] sin(Jw| 032)} €19
Qg“}(w, 2) = {cas [0 — g(0))] + caa0j f(0)) — ersh(0))} 1007, j=1,2
QY (0. 2) = {[eas (03 — Tw) + caa (03Ty — 03AY) — e1alo] cos(|o] 032)
+[cas (=03 + Aw) — cas (03Tv + 03Av) + e1a Ao sin(|w| 032)} €10
Q) (0. 2) = {[eas (03 — Aw) + cas (03T + 03Av) — e14A¢] cos(|w]| 732)
+[cas (03 — Tw) + cas (03Ty — 03Ay) — e1alp] sin(|w| 032)} €19
Q((fj)(a), 2) ={eis[oj — g(0))] + ews0j f(0j)+ €11 h(oj)}el“""fz, j=1,2
Q47 (. 2) = {le1s (03 — Tw) + e14 (03T — 03Ay) + €11 Tol cos(lw]| 032)
+leis (=03 + Aw) — e14 (03T + 03Ay) — €11 Aglsin(lo] 032)} €1
Q(()Z)(w, z) ={le15 (03 — Aw) +e14 (03'y +03Ay) + €11 Aol cos(|w| 032)
+[eis (03 — 'w) + e1a (03T'v — 03Ay) + €11 Tolsin(lw| o32)} e
ij)(a), 7) = —i - sgn(w) [e31 +e36f(0)) +e330;8(0))— €33 ojh(oj)] elelojz, j=12

lwlo3z

Q%)(w, 7) = —i -sgn(w) {[e31 + e36I'y + e33 (037w — 03AWw)
— €33 (03T'p —03A0)]cos(|w| 032) — [e36Av + €33 (03Aw + 03T'w)
— €33 (030 + 03T0)]sin(|w] 032)} €173
Q1 (@.2) = —i - sgn(w) {[le3sAy + e33 (03Aw + o3 w)
— €33 (03A¢ + 03T ¢)] cos(|w| 032) + [e31 + €36y + €33 (03w — 03AW)
— €33 (03T¢ — 03A0)] sin(lw] 032)} €1

For Case C

; 1 1 1
Q(()Sl)(w, 7) = —i - sgn(w) {[611 + cml’g,) +c13 (olI‘%,V) — 01A§V))
+ e31 (Olrg) — UlAg)):I cos(lw|o12) — I:CléAi/l) +c13 (OIAE;:/) + 0'11_‘;1,))
et (018 + alrg))] sin(|| glz)} SJolorz
] ; 1 1 1
Q(()Az)(w, z) = —i - sgn(w) {[cmA(v) +c13 (olA(W) + a]F&,))

+ e3q (olAg) + o1 Ffbl))] cos(lw|o1z) + [cn + Clﬁrg/l) +c13 (olF;l,) — alA(Wl,))
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Q) (. 2) =

Q) (0.2) =

Q¥ (w,2) =

QY (w.2) =

QY (w,2) =

QY (w,2) =

Q) (@, 2) =

QY (w.2) =

Q5 (. 2) =

Q) (w.2) =

Q) (@, 2) =

e (1) = 1ay)) | sin(lel o12) | ell1%

—i - sgn(w) {[011 + C]6F§/2) +c13 <03F§42,) — @A%‘z,))

+ e31 (03F$) — 03Ag))] cos(|w| 032) — [cmA%,z) + c13 (03A(v12/) + 031*%))

+ e31 (03Af§) + 031“5?)] sin(|w| a3z)} elelosz

—i - sgn(w) {[clﬁAg) +c13 (03A§f,) + agF%Z,))

+ e3q (03A£§) + 03Ff1,2))] cos(|w| o3z) + [cn + c161"§,2) + 13 (03F€12,) — 03A§42,))
tean (031§ = 03a8)) | sin(le 732 | €155

—i - sgn(w) {[013 + C36F§/1) + ¢33 (olF&l,) — ‘71A<v11/))

+ e33 (olI‘g) - olAg))] cos(|w| o12) — [036A(Vl) + ¢33 (olAg,‘l,) + ong,‘],))
+e33 (01A$) + 011“8))] sin(|w| alz)} elwlorz

—i - sgn(w) {[6‘36A§/1) + ¢33 (OIA%,) + crlFE,‘l,))

+ e33 (olAg) + o1 Fg))] cos(lw|o12) + [613 + C3()F€/1) + ¢33 (011"&1,) — alA(ul,))
o33 (T’ — o185 ) sin(lel o12) | elr?

—i - sgn(w) {[613 + 036F§/2) + ¢33 (03F$) - G3A§42/))

+ e33 (031“51,2) — @AQ)] cos(|w| o3z) — [036A§,2) + ¢33 (03A§42,) + U3F£‘2,))
+e33 (03Ag) + 031"513))] sin(|w] 031)} elelos

—i - sgn(w) {[C36A§/2) + ¢33 (03A§f,) + 031"%2,))

+e33 (03Ag) + 03Fg))] cos(|w| o3z) + [013 + C361"$,2) + ¢33 (03F5‘2,) - 03A§42,))

+e33 (03Fg) — G3Ag))] sin(|o| o'3z)} el@losz

——

[ 1 1 1 1
cs5 (01 — F%/V)) + c45 (Oll_'g/) — OlAg/)) — 6151_'((1))] cos(lw| 012)

+

C55 (—01 + Ag;:/)) — C45 (O'l]"%/l) =+ OIAS)) =+ elSAg):I sin(|a)| O'IZ)} elw\alz

—t—

cs5 (01 — Ai;lv)) + ca5 (oﬂ“i,” + OlAi/l)) — elsAg)] cos(|w| o12)

_|_

C55 (01 — F&l/)) + c45 (011—‘8) — O’]Ai/l)) — €15F$)] sin(la)l 012)} e|w|01z
I 2 2 2 2
cs5 (03 — Fg,v)) + c45 (03F§,) — U3A(V)) — 615F((I>)] cos(|w| 0372)

C55 (_03 + Ag}[zl)) — C45 (0'3F§/2> + 03A§/2)) =+ 615Ag)] sm(|a)| GSZ)} e|w|03z

—_——

+

——

cs5 (0'3 — Ag,‘z,)) + c45 (U3F€/2) + 03A§/2)) — 615A$):| cos(|lw| 032)

+

css (03 - Féxzz)) + cas (03F§/2) - GsA(vZ)) - elsFéf)] sin(|w| 631)} elwlos?

1 1 1 1
C45 (01 — ng)) + caa (011“%,) — alA(v)) — e14F£D)] cos(lw| 012)

—t—

C45 (_U] + Ag);l/)) — C44 (O‘lrg/l) =+ OIA(VI)) —+ 614A$)] SlIl(|(,()| U]Z)} e|w|0]z

+
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Q) (. 2)

Il
oy

45 (01 - A(v:/)) + ca4 (Glrg/l) + OlA(Vl)) - 614A$)] cos(lw| 012)

+ | cas (01 — 1"&1,)) + cas (OIFS) — alA(Vl)) — 614F$)] sin(|o| alz)} el@lorz

2 2 2 2
Q%)(a), z) = _045 (03 — F%/V)) + ca4 (03F€/) — U3A§/)) — 614Fé)):| cos(|lw| 032)

——

+ | cas (—03 + Ag/)) — Ca4 (asrg) + 03A§/2)) + 614Ag)] sin(|o| 031)} ololose

QY (w.2) =

——

45 (03 - A%‘Z/)) + cas (031“3) + 03A§/2)) - 614Ag)] cos(|w| 03z)
+ | cas (03 - Féi)) + ca4 (031"%/2) - U3A(v2)) - 614F§1>2)] sin(|o| 03Z)} el@loss

Q) (@.2) =

——

e1s (01 — Fg‘l/)) + ey (011—‘%/1) — O'1A§/1)) + €11 F((Dl)il cos(|lw| o12)

T e (_Ul + Ag,‘l,)) —ely (mF(V“ + 01A(V1)) — €11 Ag)] sin(|w Glz)} elelorz

Q) (w,2) =

——

els ((71 — Ag}‘l,)) +e1s ((711_'%/1) + OlA(Vl)) + €n Ag)] cos(lw| o12)

+ |eis (01 - F%l/)) +eis (01F§/1) - O'lA(vl)) + €11 F<(1>l):| sin(|o| Glz)} elolorz

2 2 2 2
9(()63)(60, 7) = e1s (03 - Fév)) +ea (03F(V) — G3A§,)) +en FED)] cos(|w| 032)

—t—

+|eis (—63 + A(v%,)) ar (G3F§/2) + 03A§/2)) — €11 Aﬁﬁ)] sin(lw| 032)} elvlosz

I 2 2 2 2
Q) (w.2) = {_els ((;3 — A(W)) e (agr(v> 4 03A(V)) t e AED)] cos(|w| 032)

+ -"’15 (03 - Fgl%)) +eis (03F§/2) - 03A(V2)) + €11 Fg)] sin(jo| o3z)} el®103z
Q) (@, 2) = —i - sgn(w) {[631 +esly) +ea (011“%,[1,) — alAg,))
— €33 (011“8) - UIAg))] cos(|w|o12) — [636A(Vl) +e33 (01A(W1,) + 011“%1,))
— €33 (01A$) + ong))] sin(|w| glz)} el@loiz
Q) (w,2) = —i - sgn(w) {[[636A(V1) +e33 (olA(ul,) + olF&l,))
— €33 (01A$) + olrg))] cos(|lw|o1z) + [631 + 636F€/1) + e33 (011*%1,) - O'IAS,))
— €33 (01F$) - olAg))] sin(|w| 01Z)} el@loiz
Q(183)(“’7 z) = —i - sgn(w) {[631 + 636F§/2) + e33 (03F$42,) — 03A§,[2,))
— €33 (031“33) — 03AE§))] cos(|lw| 037) — |:€3(,A(V2) + e33 (03A§,[2,) + 03F$42,>)
— €33 (03A§§) + 03F£D2))] sin(|w] 031)} el@losz
Q) (.2) = —i - sgn(w) {[[636A(V2) +e33 (03A§42/) + 03F§l2,))
— &5 (0382 + 037D costlol 032) + [e31 + es6TP + e (03T — 038D)
— e (0§ = 03A8) | sin(wl 03 153

4. Expressions of O j(w, 2)(j = 1,2, 3, 4) appearing in Eq. (40)
For Case A

0j(w,z) = —i - sgn(w)g(o;)e!®o?, j =1,2,3,4
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For Case B
0w, 2) = —i - sgn(@)g(0))el”7%, j=1,2
O3(w, 2) = —i - sgn() [T'w cos(|w| 632) — Ay sin(jw] 32)] €1
O4(w, 2) = —i - sgn() [Aw cos(lo] 032) + Ty sin(lo] 032)] !
For Case C
O1(w, 2) = —i - sgn(w) 1"%,[1,) cos(|w|o12) — A%,) sin(|w| 012) | e/®lo1
O (w, 7) = —i - sgn(w) A;l,) cos(|w|o12) + Fé[l,) sin(lw| o1z2) | el®1012
. (L) A 1 lwlosz
O3(w, z) = —i - sgn(w) | I'y, cos(lw| 032) — Ay sin(|w| 032) | e
. [ () @) 1 lwlosz
O4(w, z) = —i -sgn(w) | Ay, cos(|w| 032) + 'y, sin(|w| 032) | e
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