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Abstract We determine the macrohomogeneity (Hill-Mandel type) condition in the dynamic response of
inhomogeneous micropolar (Cosserat) materials. The setting calls for small deformation gradients and curva-
tures, but without restrictions on the constitutive behavior and without any requirements of spatial periodicity.
The condition gives admissible boundary loadings, along with extra terms representing kinetic energy con-
tributions of both classical type and micropolar type. The said loadings involve various combinations of
average stresses and strains, along with couple-stresses and curvature-torsion tensors. If applied to a specific
microstructure in a computational mechanics approach, these boundary loadings will allow one to determine
scale-dependent homogenization toward a representative volume element (RVE) of an equivalent homoge-
neous micropolar medium in either elastic or inelastic settings. By restricting the continuum model to an
inhomogeneous Cauchy continuum and/or a quasi-static setting, the macrohomogeneity condition simplifies
to conventional versions.

Keywords Micropolar media - Cosserat media - Random media - Hill-Mandelcondition - Homogenization -
Macrohomogeneity

1 Introduction

Consider a micropolar (Cosserat) elastic continuum, whose each point has two vectorial degrees of freedom:
displacement (u;) and rotation (¢; ). Tractions on any face with the unit outer normal vector 7 j involve generally
asymmetric stress (7j;) and couple-stress tensors (i ;)

L =7tjn; m;=pNjinj (1.1)

The kinematics of the continuum is governed by the relations involving the generally asymmetric strain (y;;)
and curvature-torsion tensors (« ;)

Vii = Ui j — €kji®k  Kji = @i,j (1.2)

We do not assume ¢; = %e,- jkUk, j, which would imply a restricted (Koiter or couple-stress) continuum.
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The equations of motion are
Tji,j = Pl eijkTik + Wji,j = 1ij@;. (1.3)
In the setting of a kinematically infinitesimal theory relations (1.2) lead to
Vii = Ui,j — ekji%k  Kji = @i (1.4)

where the overdot indicates a material time derivative effectively equal to a partial time derivative.

Clearly, the setting is dynamic with small deformation gradients and curvatures but without any spe-
cific restrictions on the constitutive behavior, which can be elastic, viscoelastic, plastic and so on. Also we
impose no requirements of spatial periodicity or homogeneity on the material. In other words, the continuum
is spatially inhomogeneous (e.g., specified by random fields of stiffness tensors), thus modeling a spatially
heterogeneous material (e.g. a granular matter). In order to homogenize this continuum—i.e. to find a spatially
homogeneous micropolar medium with constant constitutive coefficients—one must first determine a mac-
rohomogeneity (Hill-Mandel type) condition in dynamic, or at least static, response of such inhomogeneous
micropolar media.

One can introduce a random micropolar medium B as an ensemble of deterministic realizations

B = {B(w); w € Q). (1.5)

where 2 is the sample space [1]. For instance, in the case of a linear elastic chiral material, B(w) stands for

three random fields of tensors Cl.(; ,21, l.(jzlz ;» and CSIZI appearing in Hooke’s law

1 3
Tij = Ci(j;zlykz + Ci(jlzlffkly
3 2
Mij = Ci(jjzlykl + Ci(ﬂzllfkl- (1.6)

In the case of a non-chiral micropolar material, we have Cl.(; ,21 and Cl.(jzlzl, while in the case of a Cauchy material

there is only Ci(jllZl with its three well-known symmetries. Just like in other situations, the new Hill-Mandel
condition is to hold for any mesoscale domain—i.e. a region B of finite extent relative to a typical (microscale)
grain size—in any specific realization B(w) of a B. We denote the volume of B(w) by V and its bounding
surface 0 B by S.

Note that the task at hand is different than the studies of the late nineties (begun in [2]) focused on finding
a homogeneous micropolar continuum smoothing a spatially heterogeneous Cauchy material. The latter trades
a highly detailed information on the Cauchy-type microstructure for a less detailed description via an equiva-
lent, homogeneous Cosserat continuum. The present study aims to trade a highly detailed information on an
inhomogeneous Cosserat microstructure for a description in terms of an equivalent, homogeneous Cosserat
continuum. Here, one can think of just about any micropolar-type material—such as a granular mass, beam
(or fiber) framework, stone or brick masonry [3—-5]—and recognize that it is not perfectly periodic but always
displays some disorder. The question which thus arises is: On what scale relative to the typical grain size is a
homogeneous micropolar continuum attained? With this issue in mind, in the next section we generalize the
original work by Li and Liu [6], while in the subsequent section we rely on the results of Onck [7].

2 Basic relations

In the setting of a kinematically infinitesimal theory, (1.1) is replaced by
Vji = tij — ekjiPk  Kji = Pij 2.1
where the overdot indicates a material time derivative equal to a partial time derivative.
Define the classical (i.e. associated with velocities) and micropolar (i.e. associated with rotations) kinetic
energy densities
1 .
ke = SPVIVE Vi =i
(2.2)
k= Slijwiw;  wi = @i
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and their volume averages
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We shall also need the volume averages of rates of kinetic energy densities

— ' 1

. —/k dV——/( pvz) dV:—/pviUidV / wiii;dV
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3 Macrohomogeneity condition in the presence of inertia

Consider the volume average of the classical stress power

_ , 1 . .
TijYij = V/Tji)/jidV = V/Tji (iti,j — exjigr) dV

14 14
1 . 1 .
= — [ tju;jdV — v TjiexjigrdV

1%

<

[(Tji”"i)’j —fji,ji‘i,j] dV — exjiTjipk

Il
<| =
< —_ <

= tji; — ke — ejiTjiPk
whereby we employed (1.1);—(1.4); and (2.5). Next, consider the product of volume averages

_— 1 . )
T Vij = Tjiv/ (iti,j — exjigr) AV
v
=t — (ke) — erjiTii o

where in the last equality we used the first equation of motion. It follows that

ivii = Tjivii = v (1 — Tank) (i — 11, jxj) dS — ke + (ke)
)%

This also leads to

Tji?ji _ﬁ?ji +:U«ji’%jz /'leKjl = (Tjtul i Tji i )t (Mlel j— ki Ki, j) — €kji (onfjt

(2.3)

2.4)

(2.5)

(3.1)

(3.2)

(3.3)

@i Tji)
(3.4)
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On the other hand, we derive

Wjikji = Wji Vji =

<|=

. 1.
wji%i jdV — Mjiv/‘ﬂi,jdv
4

<|=

. . 1 [
[(wjigi) j—mjirj@i]dV —Mjiv/(/)injds
av

. 1 . . 1 .
N«ki‘/’inkds—v/(l(ﬂi — eijkltjk) (PidV—Mjiv/(Pinde
s

<|=

<|—

M\ fn\ <\ <\

Vv

. — 1 ) 1 [,
ki @ingdS — kp, + —/eijkujk%‘dV - Mjiv/ﬁoinjds (3.5)
v s

while, separately, we determine

<|~

| _ _ .
V/nkltki (@i jxj)dS = ¢i / Ny ki XjdS = %‘,jv/ (1kix;) . dV
s

= ¢i,j%/ (kiok xj + puridjx) dV
1%
1
:(pi,jV//‘Lkl7kxjdV+(plejl
1%
— 1
:(pi,jv/ﬂkukxjd‘/-i-_/nkﬂkt(/)ljxjds (3.6)
1%
On account of Eq. (3.6), we find
1 - 1 , 1 ._
- V/nkﬂki (¢i,jxj)dS + V/nk,uvki ¢ijxj)dS + V/Mki,kxjwz‘,jdV (3.7
s 1%

Upon adding (3.7)—(3.5), we obtain

_ J— 1 - 1
WjiKji — ji Vjii = V/(nk,uvkiﬁoi — N fripi) dS — V/U«ki,k‘/’ids
s
+W (—niprigi jxj + nkite @i, jx;) dS + iy MkikXx;dV
\%

1 L 1 . —
= v/(mi — Tink) (@i — @i jxj)dS — V/Mki,k (¢i — ¢ijx;)dV (3.8)

Later on it will be useful to note that

— . 1

—eijk (L jk@r — Wjrpr) = / ekjilkjiordV + exjillji @k +
4
1

V (I(Dk— ]k])dv‘i‘ekjt/fLJMok
\%4

1 . =
= —kp + v / Ok jk, jdV + epjillii Ok (3.9)
v
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Substituting (3.3), (3.8), and (3.9) into (3.4) results in

- . —_ - - —_— 1 —_— . ~
TjiVji = TjiVji + Wjikji — LjiKji = V/(h‘ — Tang) (i — i jx;)dS
s

+V/(mi — Tane) (@i — @i jxj) dS + —ke + (ko) — km + V/Mki,kqﬂi,jx]'d\/ +ejitjior  (3.10)
s v

However, the last two terms on the right-hand side of the above equation are shown to be equal

(ﬂi,jv/[(l/«kixj) ok —Mki(Sjk]dVJr(ﬂkv/ekjiMjidV

\%4 |4
— 1 o — =1 .
=<ﬂi,jv/l/«kixjnkds_ﬂji/(ji_<ﬂkv/(ﬂjk,j_Iﬁok)dv
S \%
l -~ . _—T I\~ T\~
= v/l/«kink((ﬂi,jxj — i) dS —Wji Kji + (k) = (ki) (3.11)
S

As aresult, we arrive at the macrohomogeneity condition

- . —_ I —_— 1 —_ . —~
TjiVji = TjiVji * WjiKji — Lji Kji = V/(ti — Tang) (i — i jx;) dS
S

1 — - =
+V/(mi — k) (@i — @i jx;) dS — ke + (ke) — km + (ki) (3.12)
s

As observed in [6] in the absence of kinetic energies, of all the four combinations of boundary conditions, this
relation [i.e. (3.13) below] admits only one set, namely

1,'“ =1"ii,jxj m; :mnk Vx € 0B (313)

meaning that, say, no uniform traction boundary conditions (#; = Ty; nx) may be applied. This is bad news
given the well-known lower bound character of that condition—as opposed to the upper bound character
of (3.13);—in studies of scale-dependent homogenization and effective properties in mechanics of random
Cauchy materials [1]. This issue motivates the next section.

Clearly, in the quasi-static case (3.12) reduces to

D —_— - - —_— 1 —_— . —~
TjiVji = Tji Vji T WjiKji — Lji Kji = V/(fi — Tang) (i — i jx;)dS
s

1 . . -—
+ 7/ (m;i — fxine) (@i — @i,jx;) dS (3.14)
S

while in the non-micropolar (Cauchy) case we recover the classical Hill-Mandel condition

1 _ A
O‘j,’é‘jl' —0ji 8,'j = V/([i — O‘k,'nk) (ul' — Sl'jxj')dS, (315)
S

where 7;; and y;; have reverted, respectively, to the conventional (symmetric) tensors o;; and ¢;; of the clas-
sical continuum theory. Of course, one may also consider a non-micropolar (Cauchy) dynamic case where

—l%_c + (k) would have to be added on the RHS in (3.15).
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4 Onck’s homogenization of a cellular solid

In a separate study, Onck [7] considered homogenization of a micropolar cellular material, with the main result
that the total rate of work done on a finite volume V can be expressed in terms of either uniform kinematic or
traction boundary conditions involving symmetric as well as anti-symmetric stress and strain, along with the
couple-stress and curvature-torsion tensors. Since his study was done in quasi-static setting (i.e. without any
inertia terms), we do not express his key equations in rate form here. Thus, in the case of kinematic boundary
conditions, we have

ui =Ejixj @i = e +xji (xj = X)) “.1

which involves a split of the strain tensor into symmetric and anti-symmetric parts
Vi = H @ 5= VG @i =T 42

where X ; are the coordinates of an arbitrary reference point of the domain under consideration, ensuring
objectivity of the results. Thus, the work

W = 5i; + 1 §i =T Vi + Wi Kji 4.3)

becomes

|
I
|

i & + Bji @i + i i 44

where
_ 1
Oji = V (ﬁxj + fjx,‘) ds
S
— 1
13ji = ﬁelﬁ m,dS (45)
S
1
Mji = V/m, (x]- —Xj)dS
S

In the above we replace discrete summations over all the cellular surface elements of V appearing in Onck’s
study by integrals over dV. Also in the above we use the Cauchy stress tensor split into its symmetric and
anti-symmetric parts

Ti=05+Bji Ti=7n Bi =T (4.6)

Onck has also shown that the total rate of work done on a dV continuum element in the quasi-static case (i.e.,
in the absence of inertia forces), under traction boundary conditions

li =Tjix;j m,-:m?—i—u_j,'nj 4.7)
where

Vik _
m? = —%eiﬂﬁji where Vj = /le’lkds S = /ds(k) 4.8)
S S

With dV playing the role of B, in the above we again replace the discrete summations over all the surface
elements of B by the integrals over 0B = S.
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On account of (4.4), these relations lead to the following form of the macrohomogeneity condition for the
dynamic case:

TjiJ}ji _ﬁﬁ—'_ﬂjikjl i sz = /(tl - Tkznk) ijxj) N

O . 1 -~ e
+7 (mi —mi + Mjinj) | @i = Seijicji +&ji (xj = X;) |dS +

—ke + (ke) = Fom + (k) (4.9)
Thus, one can now set up four different types of boundary conditions
t(X) =Tgng and m;(x) =m) +Ljin; VxedB (4.10)
or
1
t(X) =Tgng and @ (X) = elﬂa], +&ji (x; —X;) VxedB 4.11)
or
mi(x) =m? +Tjn; and i;(x) =é;x; Vx€dB (4.12)
or
. — 1
ui(x) =é&j;x; and ¢ (x) = el,,ozﬂ +&ji (xj — X;) VxedB 4.13)

In the case of static loading, the rates are removed from these relations.

By a reference to minimum potential and complementary energy principles [8], the first and the fourth of
these would have a bounding character, while the second and third would likely result in some intermediate
response. In addition, one may also consider mixed-orthogonal boundary conditions

(ti (x) = Tgme) (it — &jixj) =0

and
. I — —
(m,-(x) — m? + Mj,-nj) |:(pl‘ — Eelj,-ajl- + I(jl‘(x]' — XJ)i| =0 VxeodB 4.14)

which would also lead to some intermediate responses [9]. Note here that, strictly speaking, an unambiguous
way of writing (4.14); involves orthogonal projections [10]

(i (x) — u?) ni=0and (8;; —nin;) [tj(wn; —;(x)] =0 Vx € 0B (4.15)

whereby the same type of equation may be set up for (4.14),.

5 Closure

The condition (4.9) gives admissible boundary loadings, along with extra terms representing kinetic energy
contributions of both classical and micropolar type. These loadings involve various combinations of average
stresses and strains, along with couple-stresses and curvature-torsion tensors. The proposed boundary condi-
tions may now be applied to a specific micropolar-type microstructure through a computational mechanics
approach. These boundary loadings would then allow one to determine the scale-dependent homogenization
(or “finite size scaling”) toward a representative volume element (RVE) of an equivalent homogeneous micro-
polar medium in either elastic or inelastic settings, analogous to many studies of such scaling in Cauchy-type
composites, see [1] and references therein for a review. It will be most interesting to determine whether the
scaling of the classical response (in terms of the t(y) relation) is faster or slower than the scaling of the
micropolar response (in terms of the p(k) relation) in specific types of random micropolar materials. By
restricting the continuum model to an inhomogeneous Cauchy continuum and/or a quasi-static setting, the
macrohomogeneity condition simplifies to conventional, well-known versions.
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