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Abstract In this paper, an analytical solution for the free vibration of rotating composite conical shells with
axial stiffeners (stringers) and circumferential stiffener (rings), is presented using an energy-based approach.
Ritz method is applied while stiffeners are treated as discrete elements. The conical shells are stiffened with
uniform interval and it is assumed that the stiffeners have the same material and geometric properties. The
study includes the effects of the coriolis and centrifugal accelerations, and the initial hoop tension. The results
obtained include the relationship between frequency parameter and circumferential wave number as well as
rotating speed at various angles. Influences of geometric properties on the frequency parameter are also dis-
cussed. In order to validate the present analysis, it is compared with other published works for a non-stiffened
conical shell; other comparison is made in the special case where the angle of the stiffened conical shell goes
to zero, i.e., stiffened cylindrical shell. Good agreement is observed and a new range of results is presented for
rotating stiffened conical shells which can be used as a benchmark to approximate solutions.

Keywords Rotating composite laminated conical shells · Stringer/ring stiffener · Natural Frequency ·
Energy method

1 Introduction

Circular and conical shell structures are increasingly being used in many engineering applications. Vibration
of shell structure has been extensively studied [1–3]. Rotating conical shells are being widely used in the drive
shafts of gas turbines, high-speed centrifugal separators, motors, and rotor systems.

Chen et al. [4] applied the finite-element method for rotating conical shells. Although rotating shells of
revolution are increasingly being used in many industries, most studies were restricted to the vibration analysis
of rotating cylindrical shells. They include the works by Lam on the rotating composite and sandwich-type
cylindrical shells [5,6] as well as a comparison study on different thin shell theories and also a discussion
on influence of boundary condition for rotating cylindrical shell [7,8]. Lam and Hua [9] analyzed the free
vibration of rotating circular conical shell. Zhao et al. [10] presented the free vibration analysis of simply
supported rotating cross-ply laminated cylindrical shells with axial and circumferential stiffeners, using an
energy approach. The effects of these stiffeners were evaluated via two methods: stiffeners treated as discrete
element; and with the properties of the stiffeners averaged over the shell surface by the smearing method.
Jafari and Bagheri investigated the free vibration analysis of simply supported rotating cylindrical shells with
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Fig. 1 Geometry of the stiffened rotating laminated conical shell

circumferential stiffeners, i.e., rings with non-uniform stiffeners eccentricity and non-uniform stiffeners spac-
ing distribution [11]. A few studies concerning free vibration analysis of conical shells have been carried out,
namely by Lim and Liew [12].

All the pervious studies dealt with only stiffened rotating cylindrical shell or rotating non-stiffened conical
shell. In the present study, an energy-based method is formulated to determine the effects of circumferential
wave number, number of stiffener, geometry of shell and rotating speed on the frequency characteristic of
stiffened rotating cross-ply laminated conical shells. Ritz method is applied while stiffeners are treated as dis-
crete method. Imposing the given boundary condition, the numerical eigenvalue equation for the free vibration
of the rotating composite conical shell are derived and then solved. Based on the eigensolution, results are
obtained to discuss the material orthotropic influence on the frequency characteristics. Variations of frequency
parameter with circumferential wave number are also studied for different rotating velocities as well as the
effects of number of stiffener on the frequency characteristics is investigated. By comparing with the results
available in the literature for the cases of stiffened rotating composite cylindrical shells and the non-stiffened
rotating composite conical shells, the accuracy of the present analysis is validated.

2 Theoretical formulation

The main emphasis of the analysis to determine the global response of the laminated component, for example,
fundamental vibration frequencies, and associated mode shapes, can often be accurately determined using
relatively simple equivalent single-layer laminated theories (ESL theories), especially for thin laminated shell.
The stiffened conical shell, as shown in Fig. 1, is considered to be thin, laminated, and composed of an arbitrary
number layers. In this figure, α is the half-cone angle, L the length, h the thickness, a and b the radii at two
ends, and � is the constant angular velocity of conical shell about its symmetrical and horizontal axis. The
reference surface of the conical shell is taken to be at its middle surface where an orthogonal co-ordinate
system (x, θ, z) is fixed, and rx = rx (x) is a radius at any co-ordinate point (x, θ, z). The displacement of the
shell in the x, θ and z directions are denoted by u, v, w, respectively. The depth and width of the stiffeners are
symbolized by ds (or r ), bs (or r ). Subscripts (s, r ) indicate the stringer and ring stiffeners, respectively. The
displacement from the middle surface of shell to the centroid of the stringer and ring are denoted by zs and zr ,
respectively.
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The strain energy for the composite conical shell is expressed as

Uε = 1

2

L∫

0

2π∫

0

εT [S]εRdθdx (1)

where [S] is the stiffness matrix and the strain vector ε can be written as

εT = {
e1 e2 γ κ1 κ2 2τ

}
(2)

where symbols e1, e2, and γ are middle surface strains and symbols κ1, κ2, and τ are middle surface curvatures
(the subscripts 1 and 2 denote the meridional x and circumferential θ directions). The geometric relations of
deformations for the reference surface of the conical shell can be written as
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It is assumed that the displacements are continuous functions of the thickness coordinate. This results in
continuous transverse strains.

And the stiffness matrix [S] for a cross-ply laminated shell is given by

[S] =

⎡
⎢⎢⎢⎢⎢⎣

A11 A12 A16 B11 B12 B16
A21 A22 A26 B21 B22 B26
A61 A62 A66 B61 B62 B66
B11 B12 B16 D11 D12 D16
B21 B22 B26 D21 D22 D26
B61 B62 B66 D61 D62 D66

⎤
⎥⎥⎥⎥⎥⎦

(4)

where A = [Ai j ], B = [Bi j ], and D = [Di j ] (i, j = 1, 2, 6) are extensional, coupling, and bending stiffness
matrixes. For an arbitrarily laminated composite shell, they can be rewritten as

Ai j =
N∑

k=1

Q̄k
i j (hk − hk+1)

Bi j = 1

2

N∑
k=1

Q̄k
i j (h

2
k − h2

k+1) (5)

Di j = 1

3

N∑
k=1

Q̄k
i j (h

3
k − h3

k+1)

where N is the number of total layers of the laminated composite conical shell. Parameters hk and hk+1 denote
the distance from the shell reference surface to the outer and inner surface of the kth layer as shown in Fig. 2.
Q̄k

i j is the element of the transformed reduced stiffness matrix for the kth layer defined as

Q̄k = P−1 Qk P (6)

where [P] is the transformation matrix for the principal material coordinate and the shell coordinate system
and is defined as

[P] =
⎡
⎣ cos2 β sin2 β 2 cos β sin β

sin2 β cos2 β −2 cos β sin β

− cos β sin β cos β sin β cos2 β − sin2 β

⎤
⎦ (7)
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Fig. 2 Cross-sectional view of the laminated conical shell

where β is the orientation of the fibers and [Q] is reduced stiffness matrix defined as

[Q] =
⎡
⎣ Q11 Q12 0

Q21 Q22 0
0 0 Q66

⎤
⎦ (8)

and the material constants in the reduced stiffness matrix [Q] defined as

Q11 = E11

1 − υ12υ21
, Q12 = Q21 = υ12 E22

1 − υ12υ21
,

Q22 = E22

1 − υ12υ21
, Q66 = G12

(9)

where E11 and E22 are the elastic modules, G12 the shear modulus, and υ12 and υ21 the Poisson’s ratios.
We should define the work carried out on the shell due to the centrifugal force generated by rotation. The

work done on the shell can be written as

Uh = 1

2

L∫

0

2π∫

0

Nθ

[
1

rx

∂v

∂θ
+ u sin α + w cos α

rx

]2

rx dxdθ (10)

where Nθ is the initial hoop stress due to centrifugal force and defined as

Nθ = ρh�2r2
x (x) (11)

where rx (x) = a + x sin α.
The kinetic energy of the rotating conical shell is expressed as

T = 1

2
ρh

2π∫

0

L∫

0

�V . �V rx dxdθ (12)

where �V is the velocity vector at any point of the shell and given by

�V = �̇r +
(
� cos α�i − � sin α�k

)
× �r (13)

Here (·) presents differentiation with respect to time.
In Eq. (13) the displacement vector is written as

�r = u�i + v �j + w�k (14)

where �i, �j and �k, respectively, denote the unit vectors in the x , θ , and z directions in the nonrotating frame.
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The stiffeners (rings and stringers) are assumed to be an integral part of the shell and have been directly
included in the analysis. In order to maintain displacement compatibility between the stiffeners and the stiffened
shell, a special transformation is used here. The transformation includes coupling effects due to the eccentric
stiffener placement. It should be also noted that the displacements vary through the stiffeners depth. Therefore,
the displacement of a point at distance z from the shell middle surface for the stiffeners can be expressed by
shell displacement function.

us = u − z
∂w

∂x
, vs = v − z

R

∂w

∂θ
, ws = w (15)

The strain of the stringers in the meridional direction and the strain of the rings in the circumferential direction
are defined as

εsx = ∂u

∂x
− z

∂2w

∂x2 (16)

εrθ = 1

rx

(
∂v

∂θ
− z

rx

∂2w

∂θ2 + u sin α − z sin α
∂w

∂x
+ w cos α

)
(17)

Using the discrete stiffener theory, the strain energy for the stringer can be written as

Us = 1

2
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k=1

Esk
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0
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ε2
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2
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0

[
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)2
]

dx (18)

where Gsk Jsk , and Ask are the torsional stiffness and the cross sectional area of the kth stringer, respectively,
and Ns is the number of stringer.

For the ring, the strain energy can be written as

Ur = 1

2
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2π∫

0

∫

Ark

ε2
rθdArkdx + 1

2
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Grk Jrk

2π∫

0

[
1
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(
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)2
]

rxkdθ (19)

where Grk Jrk and Ark are the torsional stiffness and the cross sectional area of the kth ring, respectively, and
Ns is the number of stringer.

Next, the kinetic energy for the stringers and rings may be written as

Ts = 1

2
ρsk

Ns∑
k=1

L∫

0

∫

Ask

[
u̇2

s + v̇2
s + ẇ2

s + �2v2
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+ 2� cos α (v̇sws − ẇsvs) + �2 (ws cos α + us sin α)

]
dAskdx (20)

Tr = 1

2
ρsk
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2π∫

0

∫

Ark

[
u̇2

r + v̇2
r + ẇ2

r + �2v2
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+ 2� cos α (v̇rwr − ẇrvr ) + �2 (wr cos α + ur sin α)

]
rxkdArkdθ (21)

where ρs(orr)k is the density of the kth stringer (or ring).
In the case of stringer, the hoop stress is not presented by centrifugal force, but the work done on the ring

is similar to that of shell. Therefore, the work expressions for the stringer and ring are

Ush = 0 (22)

Urh = 1

2

Nr∑
k=1

2π∫

0

∫

Ark

Nθ

[
1

rxk

∂vr

∂θ
+ ur sin α + wr cos α

rxk

]2

rxkdArkdθ (23)

The considered conical shell is simply supported at both meridional ends. The mathematical expression for
this boundary condition are given by

v = w = Mx = Nx = 0 at x = 0, L (24)
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Table 1 The geometrical parameters and material properties of the stiffeners used in the present study

Stiffener type Stringer Ring

Depth (mm) 8 8
Width (mm) 2 2
E (N/m2) 3.0E11 3.0E11
υ 0.3 0.3
ρ(kg/m3) 1643 1643

The admissible displacement functions satisfying the boundary condition have the following forms:

u = U cos(λx) [cos(nθ) cos(ωt) − sin(nθ) sin(ωt)]

v = V sin(λx) [sin(nθ) cos(ωt) + cos(nθ) sin(ωt)] (25)

w = W sin(λx) [cos(nθ) cos(ωt) − sin(nθ) sin(ωt)]

where λ = mπ
L and U, V, W are the amplitudes for each direction and ω is the natural frequency.

Therefore, the energy functional of stiffened rotating composite conical shell can be written as

� = T + Tr + Ts − Uh − Uε − Us − Ur − Urh (26)

Substituting Eq. (25) into Eq. (26) and then applying Hamilton’s principle to the energy functional yields the
following matrix relationship [13]

⎡
⎣ L11 L12 L13

L21 L22 L23
L31 L32 L33

⎤
⎦
⎧⎨
⎩

U
V
W

⎫⎬
⎭ = 0 (27)

where the coefficients Li j (i, j = 1, 2, 3) are given in detail in Appendix A.
For convenience in solving of eigenvalue equation, rewriting resulting according to ω, the eigenvalue

equation is obtained on following matrix form,

[H1ω
2 + H2ω + H3]d = 0 (28)

where d = [U V W ]′.
Equation (28) is a non-standard eigenvalue equation. For a given frequency, it can be transformed equiva-

lently into a standard form of eigenvalue equation as
([

0 I
−H3 −H2

]
−
[

I 0
0 H1

]
ω

){
d
ωd

}
= 0 (29)

where I is the 3 × 3 identity matrix.
Using a conventional eigenvalue approach, the standard eigenvalue equation (29) can be solved and six

eigenvalues for ωi are obtained. From these eigenvalues, the two real eigenvalues, one positive and the other
negative, whose absolute values are the smallest, are chosen. These two eigenvalues are the eigensolution, and
they correspond, respectively, to the backward- and forward-traveling waves.

3 Numerical result

The geometrical dimensions and material properties of the stiffeners used in the present study are given in
Table 1. To check the validity of the present analysis, three comparisons are made with results in the litera-
ture. The first comparison, as shown in Table 2, is for a non-stiffened non-rotating conical shell. The second,
Fig. 3, is for a non-rotating stiffened cylindrical shell by taking α = 0 into the present formulations. The last
comparisons as shown in Fig. 4, is for rotating stiffened cylindrical shell by taking α = 0 into the present
formulations. In these three comparisons, shells have simply supported boundary conditions in the both ends.

The above comparisons show very good agreement between the present computed results and those in
the literature and thus indicate the accuracy of the present work. In all of the results, the lamination scheme
is [0◦/90◦/0◦], the shell material property parameters used are E11/E22 = 2.5 and υ12 = 0.26, and ρ =
1,643 (kg/m3).
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Table 2 Comparison of the frequency parameter f = ωb
√

((1 − υ2)ρ/E) for the free vibration of non-rotating truncated circular
conical shell with simply supported boundary condition

n α = 30◦ α = 45◦ α = 60◦

Present study [14] Present study [14] Present study [14]

1 0.9142 – 0.7604 – 0.5411 –
2 0.8309 0.8324 0.7243 0.7264 0.5238 0.5255
3 0.7231 0.7234 0.6715 0.6728 0.4974 0.4987
4 0.6137 0.6132 0.6098 0.6103 0.4648 0.4656
5 0.5148 0.5141 0.5457 0.5457 0.4287 0.4292
6 0.4310 0.4304 0.4840 0.4837 0.3919 0.3921
7 0.3622 0.3620 0.4274 0.4271 0.3560 0.3561
8 0.3068 0.3070 0.3771 0.3769 0.3223 0.3225
9 0.2626 0.2634 0.3332 0.3333 0.2915 0.2919
(m = 1, υ = 0.3, h/b = 0.001, Lsinα/b = 0.25, E11 = E22 = 7.6 × 109, G12 = 4.1 × 109)

Fig. 3 Variation of the natural frequencies for the non-rotating and orthogonally stiffened composite cylindrical shell with the
circumferential wave number. Comparison of results from present study with those reported in [10]

Fig. 4 Variation of the natural frequencies for the rotating and orthogonally stiffened composite cylindrical shell with the cir-
cumferential wave number. Comparison of results from present study with those reported in [10]
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Fig. 5 Variation of the natural frequencies for the rotating and ring stiffened composite conical shell with the circumferen-
tial wave number at various different numbers of rings. Lamination scheme [0◦/90◦/0◦], L/a = 8, h/a = 0.008, m = 1,
Ns = 0, � = 10(rev/s), α = 5◦

Fig. 6 Variation of the natural frequencies for the rotating and ring stiffened composite conical shell with the circumferen-
tial wave number at various different numbers of rings. Lamination scheme [0◦/90◦/0◦], L/a = 8, h/a = 0.008, m = 1,
Ns = 0, � = 10(rev/s), α = 30◦

Figures 5 and 6, respectively, illustrate the effects of the number of rings on the frequencies of the stiffened
rotating conical shell with different cone angles, namely, α = 5◦ and 30◦. In these cases, the number of the
stringers is 0. From the figures it can be observed that, at small circumferential wave number, i.e., n equal to
1 and 2, influence of number of rings is insignificant. At large circumferential wave number n, the frequency
increases with number of rings, and the increasing gradient becomes small with the increase in the number of
rings. However, it is also seen from Figs. 5 and 6 that the frequencies of the shell show small change when the
rings number is increased from 15, as well as influence of rings on frequency in both case is similar.

Figure 7 depicts the effects of the numbers of stringer on the backward-traveling wave for the rotating
stringer-stiffened conical shell. In this case, the numbers of stringers are 0, 20, and 40, and speed of rotation
is 10(rev/s), where no ring is presented. It is observed that, at small circumferential wave number, influence
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Fig. 7 Variation of the natural frequencies for the rotating and stringer stiffened composite conical shell with the circumferential
wave number at various different numbers of stringers. Lamination scheme [0◦/90◦/0◦], L/a = 8, h/a = 0.008, m = 1,
Nr = 0, � = 10(rev/s), α = 15◦

Fig. 8 Variation of the bifurcation of natural frequencies for a rotating and stiffened composite conical shell with different number
of rings. Lamination scheme [0◦/90◦/0◦], L/a = 8, h/a = 0.004, m = 1, n = 3, Ns = 5, α = 15◦

of number of stringer is insignificant. At large circumferential wave number, just at frequencies more than
fundamental frequency, the frequency will be decreased where the number of stringers is increased. There is a
main difference observed between conical and cylindrical shells, comparing the effects of stringers on natural
frequency, because, the radius of conical shell is increased along the axial axis and then the inertial forces of
stringers are increased. Therefore, the natural frequency of the shell is decreased where as the cylindrical shell
behaves in opposite way.

Figure 8 illustrates the effects of the number of rings on the frequencies of the rotating conical shells for
mode (1, 3). It is observed that at small rotating speed, the frequencies of the shells generally increase with
the increase of the number of the rings for both forward and backward waves. At higher speeds, the difference
between natural frequency of stiffened shell and un-stiffened shell is neglected and the curves are going to
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Fig. 9 Variation of the bifurcation of natural frequencies for a rotating and stiffened composite conical shell with different number
of stringers. Lamination scheme [0◦/90◦/0◦], L/a = 8, h/a = 0.004, m = 1, n = 3, Nr = 0, α = 15◦

Fig. 10 Variation of the natural frequencies for the rotating and un-stiffened composite conical shell with the circumferential
wave number at various different thickness of shell. Lamination scheme [0◦/90◦/0◦], L/a = 10, m = 1, � = 10(rev/s), α = 15◦

be coincident. This is due to the fact that the inertial terms of stiffened shell are more considerable than the
stiffness terms.

Figure 9 depicts the coupled effects of variation of stringer and density of stringers on the frequency char-
acteristics. As shown in Fig. 9, when the density of stringers is equal to the density of the shell, the number
of stringer has no influence on frequency characteristics. However, increasing the number of stringers, when
the density of stringers is decreased without any change in stiffness, results in the increases of frequency
characteristics.

In order to discuss the influence of thickness of the shell on the frequency characteristics of a rotating
un-stiffened conical shell and rotating stiffened conical shell, Figs. 10 and 11 are generated. In these figures,
relationship between frequency and circumferential wave numbers for the four different thicknesses is pre-
sented. From Figs. 10 and 11, it can be seen that, the influence of thickness of the shell on forward and backward
wave frequency characteristic is more significant when circumferential wave number (n) is large. Also, com-
paring these two figures at each wave number (for example mode number 12) reveals that the influence of
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Fig. 11 Variation of the natural frequencies for the rotating and stiffened composite conical shell with the circumferential wave
number at various different thickness of shell. Lamination scheme [0◦/90◦/0◦], L/a = 10, m = 1, � = 10(rev/s), Ns =
20, Nr = 10, α = 15◦

thickness on un-stiffened shell is more considerable than on the stiffened shell. Moreover, the comparison of
natural frequency of stiffened and un-stiffened shell with different shell thicknesses is another justification for
using light stiffened shells in the place of heavy un-stiffened shells with the same order of natural frequencies.

4 Conclusions

The free vibration analysis of the stiffened, simply-supported, rotating cross-ply laminated conical shells has
been investigated via Ritz method by treating the stiffeners as discrete elements. The eigenvalue equation
results have been validated by comparing with the previously published results for the non-rotating conical
shell without stiffener and the orthogonally stiffened rotating composite cylindrical shells.

Generally, using the ring stiffeners in construction of low rotating speed conical shell lead to increase
of natural frequency. However, the effect of stringers on natural frequency depends on stiffener density and
rotating speed of the shell. In addition, as anticipated, the increase in shell thickness leads to increase of natural
frequency, but this effect for stiffened shell is not considerable.

Appendix A
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where λ = mπ/L , Sα = sin α, Cα = cos α, Sx = sin(λx), Cx = cos(λx), Sk = sin(λxk), Ck = cos(λxk).
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L21 = 4πρh�ωSα
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⎠ (A5)

L23 = 4πρh�ωCα
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(A9)

where Ios = Is + Z2
s As, Ior = Ir + Z2

r Ar . Is and Ir are the moments of inertia of the stringers and rings about
their centroidal axes, respectively, and the respective polar moments of inertia are

Js = 1

3
bsh3

s , Jr = 1

3
br h3

r
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