
Arch Appl Mech (2009) 79: 741–751
DOI 10.1007/s00419-008-0250-5

ORIGINAL

Abdullah H. M. AlEssa

One-dimensional finite element heat transfer solution
of a fin with triangular perforations of bases parallel
and towered its base

Received: 25 October 2007 / Accepted: 17 June 2008 / Published online: 4 July 2008
© Springer-Verlag 2008

Abstract Heat transfer dissipation from a horizontal rectangular fin embedded with equilateral triangular
perforations is computed numerically using one-dimensional finite element technique. The bases of the tri-
angles are parallel and toward the fin base. The body of the fin is discretized into a number of subdivisions
(finite elements). The number of these elements can be altered as required according to the automatic mesh
generation. The heat dissipation of the perforated fin is computed and compared with that of the solid one
of the same dimensions and same thermal properties. The comparison refers to acceptable results and heat
dissipation enhancement due to certain perforation.
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List of symbols

A cross sectional area of the solid fin (m2)
Ac cross sectional area of the triangle perforation (m2)

Ae cross sectional area of the finite element (m2)

Apc area of the inner surface of the perforation (m2)

Aps area of the perforated surface of the fin (m2)
b triangle perforation dimension (m)
h heat transfer coefficient (W/m2◦C)
hpc heat transfer coefficient of the inner surface of the perforation (W/m2◦C)
hps heat transfer coefficient of the perforated surface of the fin (W/m2 ◦C)
hs heat transfer coefficient of surface of the two sides of the fin (W/m2 ◦C)
ht heat transfer coefficient of the fin tip (W/m2 ◦C)
k thermal conductivity of fin material (W/m ◦C)
L fin length (m)
l vector unit (m)
Le finite element length (m)
N number of perforations
P fin perimeter (m)
Pe finite element perimeter (m)
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Q fin heat dissipation rate (W)
RQF ratio of heat dissipation rate of perforated fin to

that of non-perforated (solid) one
S perforation spacing (m)
t fin thickness (m)
Ve finite element volume (m3)
W fin width (m)

Subscripts and superscripts

b fin base
e finite element
max maximum
pf perforated fin
pc inner surface of the perforation (lining surface of the perforation)
ps perforated surface which is the remaining

solid portion of the perforated fin
s solid surfaces of the fin sides
sf solid (non-perforated) fin
t fin tip
x in or along the direction of x-axis
y in or along the direction of y-axis
z in or along the direction of z-axis
∞ ambient

1 Introduction

Compact heat exchangers are designed in configurations that have a large heat transfer surface area per unit
of volume. The large area per unit of volume can be attained by attaching extended surfaces (fins). The fins of
the plate-fin surfaces are frequently cut into segments or otherwise interrupted in various ways. These mod-
ifications are for increasing the heat transfer coefficient and sometimes to increase heat transfer surface area
[1,2]. It is worth mentioning that a large number of studies have been conducted to find the optimum shape
of fins (rectangular, triangular, pin, wavy, serrated, and slotted). Some of these studies are based on splitting
a certain dimension of the fin in an optimal way provided that the total volume of the fin material is fixed.
Others have introduced some shape modifications by cutting some material from the fin to make cavities,
holes, slots, grooves, or perforations through the fin body [2–5]. Due to the high demand for lightweight,
compact, and economical fins, the optimization of fin size is of great importance [6]. Therefore, fins must be
designed to achieve maximum heat removal with minimum material expenditure taking into account, however,
the ease of manufacturing of the fin shape. One popular heat transfer augmentation technique involves the
use of rough surfaces of different configurations. The surface roughness aims at promoting surface turbulence
that is intended mainly to increase the heat transfer coefficient rather than the surface area [1]. Several other
researchers reported a similar trend for interrupted (e.g., perforated) fins attributing the improvement to the
restarting of the thermal boundary layer after each interruption indicating that the increase in convection coef-
ficient is more than enough to offset lost area, if there is any [2,6,7]. The fin industry has been engaged in
continuous research to reduce the fin size, weight and cost. The reduction in fin size and cost is achieved by the
enhancement of heat transfer carried out by the fins. This enhancement can be accomplished by the following
means:

1. Increasing the ratio of the heat transfer surface area of the fin to its volume.
2. Manufacturing fins from materials having high thermal conductivity.
3. Increasing the heat transfer coefficient between the fin and its surroundings.

Perforated plates or perforated fins represent an example of surface interruption [3]. They are widely used for
multiple-plate heat exchangers, film cooling (e.g., of turbine blades), and solar collector applications [8]. This
study aims mainly to solve the problem of heat transfer from a fin with triangular surface perforations.
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Fig. 1 The fin with equilateral triangular perforations

2 Assumption for analysis

The study of most heat transfer references shows that the classical analyses of fins employ a one-dimensional
heat conduction model. The Biot number is very small (less than 0.01), therefore a one-dimensional solution
can be considered [9,10]. The analysis and results reported in this study are based on the following assumptions:

1. Steady-state, one-dimensional analysis.
2. The fin material is homogeneous and isotropic with constant thermal conductivity.
3. No heat sources/sinks in the fin body.
4. Uniform base and ambient temperatures.
5. The surface heat transfer coefficients are uniform.

3 Heat transfer analysis

The perforated fin with triangular perforations which is considered in this study is shown in Fig. 1. Figure 2
shows the symmetry part considered for heat transfer analysis (shown hatched). For this part the transverse
Biot number in or along the direction of z-axis (Biz) can be calculated by (Biz = hpct/2k) and the transverse
Biot number in or along the direction of y-axis (Biy) can be calculated by

(
Biy = hps(Sy + b/2)/k

)
. Since the

values of (Biz) and (Biy) are less than 0.01, the heat transfer in (z) and (y) directions can be assumed lumped
and a one-dimensional solution can be considered. If the values of (Biz) and (Biy) are greater than 0.01, then
the heat transfer solution must be two or three dimensions. In this study the parameters of the perforated fin
are taken as they lead to values of (Biz) and (Biy) smaller than 0.01. Based on the above assumptions, the
energy equation of the fin along with the boundary conditions and according to Figs. 1, 2 and 3 may be stated
as below [11]

k
d2T

dx2 = 0 (1)

The associated boundary conditions are

1. At the base surface (x =0)

T = Tb (2)
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Fig. 2 The symmetrical hatched part used in the mathematical formulation of the perforated fin
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Fig. 3 Expanded symmetrical part with the three regions A, B and C considered in the mathematical formulation (1, 2, 3,. . ..
Numbers of the linear finite elements)

2. At the perforated surfaces and the tip of the fin

k Ae
dT

dx
lx + hps Aps(T − T∞) + hpc Apc(T − T∞) + ht At(Tt − T∞) = 0 (3)

In this study, the energy equation shown in (1) is solved numerically utilizing the one dimensional finite-
element technique. The corresponding variational statement as it is described in [11] has the following
form:

In = 1

2

∫∫∫

Ve

k

(
dT

dx

)2

dV + 1

2

∫∫

Aps

hps(T − T∞)2dAps

+1

2

∫∫

Apc

hpc(T − T∞)2dApc +
∫∫

At

ht(Tt − T∞)T dAt (4)

The variational approach in matrix notation [11] is used in formulating the algebraic equations of the prob-
lem of this perforated fin. The formulation of these equations can be found in detail in [11]. The perforated
fin elements and body discretization of the symmetry part are shown in Figs. 2 and 3. As shown in Fig. 3,
surrounding each semi-perforation there are three regions labeled A, B, and C. These regions which repeat
themselves along x direction around each perforation are considered in formulating the discretization mesh
and finite element equations. The regions A and C are divided into N f elements each, while the region B



One-Dimensional finite element heat transfer Solution 745

60

80

100

0 20 40

t=4 [mm]
b=8 [mm]

x [mm]

60

80

100

0 15 30 45

k=500 [W/m.°C]

k=300 [W/m.°C]

k=100 [W/m.°C]

k=60 [W/m.°C]

k=20 [W/m.°C]

t=2 [mm]
b=4 [mm]

x [mm]

T
p

f[°
C

]

Fig. 4 Temperature distribution of the perforated fin along its length

is divided into Nt elements each. The perforated fin length and width can be computed by the following
equations:

L = Nx (2Sx + bSin (60◦)) (5)

W = Ny(2Sy + b) (6)

To compare the perforated fin with the solid one, their dimensions (length, width, and thickness) are con-
sidered the same. The solid and perforated fin heat transfer surfaces can be computed by the following
equations:

Asf = P L + W t (7)

Apf = Asf + Nx Ny(Apc − 2Ac)

= Asf + Nx Ny(3bt − b2Sin(60◦)) (8)

The total number of elements Ne and the total number of nodes Nn are expressed as:

Ne = Nx (2N f + Nt ) (9)

Nn = Ne + 1 (10)

The results of this solution are the perforated fin temperature distribution along its length direction (x coor-
dinate). Once the temperature distribution along the perforated fin length is obtained, the heat dissipation
rate from the perforated fin (Qpf) can be computed by one of the following three expressions:
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Fig. 5 Temperature difference between that of the solid fin and that of the perforated one along its length

1. The expression of heat dissipation that depends on the integration over all the perforated fin surfaces which
can be converted into summation over all finite elements as shown here:

Q1 = 2Ny

Ne∑

I=1

(
TI + TI+1

2
− T∞

) (
hps

(
Pe(I ) + Pe(I + 1)

2

)
Le(I )hpcLpc(I )t

)

+Qt + Qs (11)

where Qt and Qs are the heat dissipation from the tip and the two sides of the perforated fin, and can be
calculated by the following expressions:

Qt = At ht (Tt − T∞) (12)

Qs = 2
Ne∑

I=1

(
TI + TI+1

2
− T∞

)
(hsLe(I )t) (13)

2. The expression of heat dissipation that depends on Fourier’s Law:

Q2 = −k A

(
dT

dx

)

at x=0
= −2Nykt

(
Sy + b/2

) (
dT

dx

)

at x=0
(14)

The first derivative of the temperature distribution at (x = 0) can be approximated by using the two tem-
peratures of the two nodes of the first finite element of the fin as shown in the following expression:

Q2 = 2Nykt (Sy + b/2)
T1 − T2

Le
(15)
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Fig. 6 Heat dissipation rate of the perforated fin as a function of its thermal conductivity for various triangular perforation
dimensions

3. The expression of heat dissipation that depends on the first equation of the algebraic equation system which
can be expressed as:

Q3 = 2Ny(GK(1, 1)T1 + GK(1, 2)T2) (16)

where GK(1,1) and GK(1,2) are the first and second constants of the first algebraic equation in the finite
element solution.
The theoretical maximum heat dissipation of the fin is obtained when the temperature of the whole fin
body equals the fin base temperature and it can be computed by the following expression:

Qpf,max = (Apshps + Nx Ny Apchpc + Atht + Ashs)(Tb − T∞) (17)

The fin efficiency is defined as the ratio of the heat transfer from the fin in its actual temperature distribution
to its maximum heat transfer. Consequently, the fin efficiency is expressed as

ηpf = Qpf/Qpf,max (18)

In order to compare performance of the perforated fin with that of the solid (non-perforated) one of the
same dimensions, the equations of the solid fin consider convection heat transfer from its tip as described
in case A, Table 3.4, p. 118 of the Ref. [12] are used. The ratio of the heat dissipation of the perforated fin
to that of the solid one (RQF) is introduced and given by:

RQF = Qpf/Qsf (19)
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Fig. 7 Fin dissipation rate as a function of the finite element number of the perforated fin

4 Result and discussion

It is believed that comparing the perforated fin with its solid counterpart is the best means to evaluate the
difference in heat transfer brought about by introducing the fin perforations. In the following analysis, verifi-
cation, and discussion, and where there is a comparison between the two fins, it is assumed that both fins have
the same dimensions (L = 50, W = 100 mm), same thermal conductivity, same heat transfer coefficient for all
surfaces of the perforated and solid fins (h = hpc = hps = hs = ht), and same base temperature (Tb = 100◦C)
and ambient temperature (T∞ = 20◦C). The other values are mentioned in their suitable places.

4.1 Temperature distribution of the perforated fin

The temperature distribution along the fin length has an important effect on the fin’s performance. Higher fin
temperatures can be obtained as the fin’s thermal conduction resistance is decreased. The temperature distribu-
tion of the perforated fin (Tpf) along the x-coordinate is plotted in Fig. 4. From the figure it is obvious that the
temperature distributions show non uniform curves caused by perforations which lead to varying area of cross
sections along the fin’s length and then lead to varying thermal resistance in the fin. The effect of variation of
cross sectional area of the perforated fin on thermal resistance decreases as the thermal conductivity increases
so the curves become more uniform. To compare the temperature distribution of the perforated fin with that
of the solid one, the temperature difference distribution of the solid fin and the perforated fin (Tsf − Tpf) is
plotted in Fig. 5. As shown in the figure it is obvious that the temperatures along the solid fin are higher than
those of the perforated one in all cases. This is because the thermal conduction resistance of the perforated fin
is always higher than that of the corresponding non-perforated one. As the thermal conductivity increases the
difference (Tsf −Tpf) decreases and it approaches zero as the thermal conductivity approaches infinity. That is,
because as thermal conductivity approaches infinity then the fin (solid or perforated) becomes isothermal with
the base temperature (Tb). Figures 4 and 5 show that the temperature difference (temperature drop) between
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Fig. 8 Fin dissipation rate difference between the maximum value and the actual one of the perforated fin as a function of the
thermal conductivity

the fin base and its tip increases as the triangular perforation dimension (b) is increased. This is because the
thermal resistance of the perforated fin increases as (b) is increased. Consequently, from only a temperature
distribution viewpoint, it would be recommended to use a perforation with dimensions as small as possible.
Also it can be deduced from temperature distribution that fin temperatures increase as the fin thickness is
increased. This is readily explained by the fact that the thermal resistance of the perforated fin decreases as
the fin thickness is increased. Therefore, from the temperature distribution viewpoint, it is preferable to use
as large as possible fin thickness. The temperature and temperature difference distributions shown in Figs. 4
and 5 indicate acceptable results as they are compared with those of the solid fin.

4.2 Heat dissipation rate of the perforated fin

The heat dissipation rates (Q1, Q2, Q3 and Qpf,max) of the perforated fin are plotted in terms of fin thermal
conductivity with various triangular perforation dimension (b) and fin thickness as shown in Fig. 6. The results
show that Q1 differs from the values of Q2, Q3. The value of Q1 seems acceptable because it does not exceed
the maximum value (Qpf,max). The values of Q2 and Q3 seem unacceptable because they fluctuate around
and exceed the maximum value (Qpf,max). The reason for wrong values of Q2 and Q3 is that these values are
computed by Eqs. (15, 16) in which the calculations depend on the temperatures (T1 and T2) at the two sides of
the first finite element. This means that any error in (T1 and T2) will be significantly reflected on the values of
Q2, Q3. The value Q1 depends on all temperatures T1, T2, T3, . . . , Tn of the finite elements. This means that
the errors in the finite element temperatures will diminish one another. To check the stability and convergence
of the perforated fin heat dissipations (Q1, Q2, Q3) according to the finite element number in the discretization
mesh, they are plotted as a function of (Ne) in Fig. 7. Again Q1 gives good stability and convergence, while
Q2 and Q3 fluctuate irregularly below or around the (Qpf,max). From the previous results the perforated fin’s
heat dissipation computed according to the integration overall the fin heat transfer surface Q1 is more accurate
and acceptable. So, it will be adapted in the following calculation.
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Fig. 9 Heat dissipation ratio of the perforated fin to that of the non perforated one as a function of the triangular perforation
dimension

4.3 Verification of the perforated fin heat dissipation rate (Q1)

For more verification of Q1, the difference (Qpf,max − Q1) as a function of fin thermal conductivity for various
fin thicknesses and perforation dimensions is plotted in Fig. 8. The theoretical knowledge of the fin analy-
sis implies a positive difference of (Qpf,max − Q1) and it converges to zero as the fin thermal conductivity
approaches very high values. The results in Fig. 8 are consistent with the theoretical knowledge mentioned
above. To compare the perforated fin heat dissipation rate with that of the solid one, RQF is plotted as a
function of perforation dimension as shown in Fig. 9. It is theoretically expected that RQF should converge
to (RQF = 1) as the perforation dimension approaches very small values. This situation is easily observed in
Fig. 9. From Fig. 9 it can be deduced that the perforations for certain values of perforation dimension lead to
heat transfer enhancement. This means that the use of perforation with certain values of perforation dimension
leads to heat transfer enhancement, while the other values lead to heat transfer retardation.

4.4 Perforated fin efficiency (ηpf)

The perforated fin efficiency according to the value of (Q1) is plotted in Fig. 10. The efficiency has uniform
curves with very small wiggles that converge to 100% as the fin’s thermal conductivity approaches very high
values. This result seems correct and acceptable.

5 Conclusions

1. The one-dimensional heat transfer solution of the perforated fin leads to acceptable results as the Biot
Number in lateral directions less than 0.01.
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Fig. 10 Perforated fin efficiency as a function of its thermal conductivity for various fin thicknesses and triangular perforation
dimensions

2. The geometric modification made by perforation improves the performance of the fin for certain perforation
dimensions.

3. The effect of thermal conduction resistance of the fin due to perforation can be decreased as its thermal
conductivity is increased.

References

1. Bergles, A.E.: Technique to augment heat transfer. In Handbook of heat transfer Applications. In: Rohsenow W.M., Hartnett
J.P., Ganic E.N. (eds.), Chap. 3, 2nd edn. McGraw-Hill Book company, New York (1985)

2. Shah, R.K.: Classification of heat exchangers. In: Kakac, S., Bergles, A., Mayinger, F. (eds.) Heat Exchangers, Thermal-
Hydraulic Fundamentals and Design. Hemisphere Publishing, New York (1981)

3. Mullisen, R., Loehrke, R.: A study of flow mechanisms responsible for heat transfer enhancement in interrupted-plate heat
exchangers. J. Heat Transfer (Trans. ASME) 108, 377–385 (1986)

4. Prasad, B.V.S.S.S., Gupta, A.V.S.S.K.S.: Note on the performance of an optimal straight rectangular fin with a semicircular
cut at the tip. Heat transfer Eng. vol. 14, no. 1 (1998)

5. Al-Essa, A.H.: Enhancement of thermal performance of fins subjected to natural convection through body perforation.
PhD Thesis, Department of Mechanical Engineering, University of Baghdad, Iraq and Jordan University of Science and
Technology (2000)

6. Sparrow, E.M., Carranco Oritz, M.: Heat transfer coefficient for the upstream face of a perforated plate positioned normal
to an oncoming flow. Int. J. Heat Mass Transfer 25(1), 127–135 (1982)

7. Al-Essa, A.H., Al-Hussien, F.M.S.: The effect of orientation of square perforations on the heat transfer enhancement from a
fin subjected to natural convection. Heat Mass Transfer 40, 509–515 (2004)

8. Kutscher, C.F.: Heat exchange effectiveness and pressure drop for air flow through perforated plates with and without
crosswind. J. Heat Transfer 116, 391–399 (1994)

9. Razelos, P., Georgiou, E.: Two-Dimensional effects and design criteria for convective extended surfaces. Heat Transfer
Eng. 13(3), 38–48 (1992)

10. Aziz, A., Lunadini, V.: Multidimensional steady conduction in convicting, radiating, and convicting-radiating fins and fin
assemblies. Heat Transfer Eng. 16(1), 32–64 (1995)

11. Rao, S.S.: The Finite Element Method in Engineering, 2nd edn. Pergamon, Elmsford (1989)
12. Incropera, F.P., Dewitt, D.P.: Fundamentals of Heat and Mass Transfer, 4th edn. Wiley, New York (1996)


	Introduction
	Assumption for analysis
	Heat transfer analysis
	Result and discussion
	Conclusions


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


