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Abstract This article deals with the dynamic analysis of train–track–bridge interaction system using the finite
element method. In this interaction system, each four-wheelset vehicle in the train is modeled by a mass–
spring–damper system with 10 degrees of freedom; the rails and the bridge decks are modeled as a number of
Bernoulli–Euler beam elements, while the elasticity and damping properties of the rail bed are represented by
continuous springs and dampers. The equation of motion for the interaction system is presented in matrix form
with time-dependent coefficients. The correctness of the proposed procedure is illustrated by a comparison
with the numerical result from the existing literature. Several numerical examples are chosen to investigate
the effect of two types of vehicle models, two types of bridge models and three damping values of bridge on
the maximum dynamic responses of train, track and bridges.

Keywords Train–track–bridge interaction · Finite element method · Dynamic response · Moving train ·
Railway track · Railway bridge

1 Introduction

Research on the interaction between traveling vehicles and guideway systems has been abundant. It is not the
purpose herein to make a comprehensive review of all the related works. For readers who are interested in a
general view of this subject, the survey paper prepared by Kortuem and Wormley [12] may be consulted. The
vibrations caused by the passage of vehicles have become an important consideration in the design of bridges.
In particular, Au et al. [1] pointed out that the interaction problem between the moving vehicles and the bridge
structures has attracted much attention during the last three decades. Here only some of the relevant literature
is mentioned. In most of the previous studies, however, much work such as [2,4,6,9–11,14,16,18,20,22,27,
28,30] completely neglected the effects of the track structure.

Some researchers only partially accounted for the effects of the track structures in the investigation of
vehicle–bridge interaction. For example, Wiriyachai et al. [25], Chu et al. [7] and Wang et al. [24], took into
account the elastic properties of track structures by computing the combined stiffness of track and bridge
structures. Yang and Yau [29] as well as Yau et al. [31] accounted for the ballast stiffness of the track structure
by continuously distributed springs while implicitly neglecting the flexural stiffness of the rail. However, the
damping properties of the track structures have not been taken into account in their studies. Furthermore, the
vibration of the track structures could not be analyzed simultaneously in their models.

Recently, the dynamic response of track structures resting on bridges under the action of moving trains
has attracted attention from researchers. Le et al. [13] reported some numerical work and field measurements
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on ballast mats on high-speed bridges. In their study, the track and the bridge were modeled by conventional
Timoshenko beam finite elements. Sleepers and ballast were modeled as lump masses interconnected with
spring–damper systems. Spring–damper systems in parallel are also used to model the connection between the
rail and sleeper as well as between the ballast and bridge. Cheng et al. [5] presented a bridge–track–vehicle
element for investigating the interactions among a moving train, track and bridge. In their paper, the vehicle is
modeled as two one-axle mass–spring–damper systems. In order to simulate the interaction between the front
and rear wheelsets of a two-wheelset vehicle, Lou [15] presented a vehicle–track–bridge interaction element
considering the effect of vehicle pitching. Wu and Yang [26] dealt with the two-dimensional steady-state
response and riding comfort of a train moving over a series of simply supported railway bridges, together with
the impact response of the rails and bridges. In their study, the dynamic response of the vehicle–rails–bridge
interaction system was solved by a condensation technique [23]. Lou and Zeng [19] derived the equations
of motion of the vehicle–track–bridge interaction element with two types of vehicle models by means of the
principle of a stationary value of total potential energy of dynamic system presented by Zeng [32,33], in which
the contact forces between vehicle and rails were regarded as internal forces. In their study, the one vehicle
model was modeled as a one-foot mass–spring–damper system having two degrees of freedom, and the other
was modeled as a four-wheelset mass–spring–damper system with two-stage suspension system possessing 10
degrees of freedom (DOFs). Recently, Lou [17] compared two types of deflection functions for analysing the
responses of the rail and the bridge under static or moving vehicles. One type is the shape functions of a beam
element described by the cubic Hermitian interpolation functions in the finite element method, and the other
is the deflection of a beam described by the superimposing modes in the modal analysis method. However, in
his study, the vehicle was modeled as a two-wheelset mass–spring–damper system with four DOFs, and only
a simply supported bridge was analyzed.

The aim of this article is to investigate the dynamic responses of the interaction system consisting of a
moving train, track and bridge by using the finite element method. This article can be regarded as an extension
of the theory presented in [19] . The enhancements introduced in the current work for the train model (series
of four-wheelset vehicles) and the possibility to consider multi-span continuous beams to model bridges (and
not only single-span simply supported bridges) permits more-realistic analyses. The parametric studies on the
dynamic response of the train–track–bridge system will be carried out in this article for various types of bridges
and for different damping values of the bridge. In addition, the effect of various types of vehicle models on
the dynamic response of the train–track–bridge system will also be studied.

2 Models of train, track and bridge

Figure 1 shows a train consisting of a series of identical four-wheelset vehicles moving on a track structure
resting on a series of multi-span continuous beams to model railway bridges and the two approach embank-
ments. The train comprises Nv identical vehicles numbered 1, 2, …, Nv from left to right and proceeds with
speed v and acceleration a at time t along the longitudinal direction. It is assumed that each wheelset of all
vehicles always maintains contact with the rails, that is, the separation between the wheelset and the rails is
not considered in this article. Each vehicle in the train is modeled as a mass–spring–damper system consisting
of a car body, two bogie frames, four wheelsets and two-stage suspensions. As shown in Fig. 2, the car body
is modeled as a rigid body with a mass mc and a moment of inertia Jc about the transverse horizontal axis
through its center of gravity. Similarly, each bogie frame is considered as a rigid body having a mass mt and
a moment of inertia Jt about the transverse horizontal axis through its center of gravity. Each wheelset has a
mass mw. The spring and shock absorber in the primary suspension for each wheelset are characterized by
spring stiffness kp and damping coefficient cp, respectively. Likewise the secondary suspension between car
body and each bogie frame is characterized by spring stiffness ks and damping coefficient cs. As the car body
is assumed to be rigid, the motion of the j th vehicle may be described by the vertical displacement yc j and
rotation θc j at its center of gravity, where the subscript j denotes the vehicle number. Similarly, the motions
of the rear bogie frame of the j th vehicle may be described by the vertical displacement yt1 j and rotation
θt1 j at its center of gravity; the motions of the front bogie frame of the j th vehicle may be described by the
vertical displacement yt2 j and rotation θt2 j at its center of gravity. The motion of the four wheelsets from
left to right of the j th vehicle may be described by the vertical displacements yw1 j , yw2 j , yw3 j and yw4 j ,
respectively. Therefore, the total number of DOFs for each vehicle is 10. However, the vertical displacement
of each wheelset is constrained by the displacement of the rails. Consequently, the independent DOFs for each
vehicle become six. It is assumed that the downward vertical displacements and clockwise direction rotation
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Fig. 1 A typical train–track–bridge interaction system
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Fig. 2 A vehicle–track–bridge interaction system with the j th vehicle

of vehicle are taken as positive and that they are measured with reference to their respective static equilibrium
positions before coming onto the track concerned.

As shown in Fig. 1, the track is divided into three segments, i.e., the left, central and right track segments, to
describe conveniently the matrices of the rail–bridge interaction in Sect. 3.6. The left track segment is the track
supported on the left embankment, i.e., the track between the left end and point A (point A is above the left end
point of the first bridge). Similarly, the right track segment is the track supported on the right embankment, i.e.,
the track between the right end and point B (point B is above the right end point of the Nbth bridge). The central
track segment is the track on the bridges, i.e., the track between points A and B. The two rails are effectively
treated as one in the subsequent analysis. The rail is modeled as a linear elastic Bernoulli–Euler beam with
finite length, and the bridge decks are modeled as a series of multi-span continuous Bernoulli–Euler beams.
The elasticity and damping properties of the rail bed are represented by continuous springs with stiffness krb
and dampers with damping coefficient crb. On the basis of the finite element method, the rail is divided into
a number of beam elements of equal length l, and the bridges are also divided into a series of beam elements
of equal length l. It is assumed that the damping of the rail is neglected, and the bridges have linear viscous
damping. In addition, neglecting axial deformations of the rail and bridges, each node of the rail and bridges
has two DOFs, i.e., vertical displacement and rotation.

It is assumed that the downward deflections of rail and bridge deck are taken as positive and that they are
measured with reference to their respective vertical static equilibrium positions. Let r(x) denotes the initial
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top surface irregularities of rail and is measured with reference to smooth profile of rail, i.e., r(x) = 0 if the
top surface of rail is smooth. It is considered positive in the downward direction.

3 Equation of motion for train–track–bridge interaction system

By using the principle of a stationary value of total potential energy of a dynamic system presented by Zeng
[32,33], one can derive the equation of motion for the train–track–bridge interaction system. For the cubic
Hermitian interpolation functions being used for the shape functions of the beam elements of rail and bridge,
the equation can be written in submatrix form as

⎡
⎣

Mvv 0 0
0 Mrr 0
0 0 Mbb

⎤
⎦

⎧⎨
⎩

Ẍv

Ẍr

Ẍb

⎫⎬
⎭ +

⎡
⎣

Cvv Cvr 0
Crv Crr Crb
0 Cbr Cbb

⎤
⎦

⎧⎨
⎩

Ẋv

Ẋr

Ẋb

⎫⎬
⎭ +

⎡
⎣

Kvv Kvr 0
Krv Krr Krb
0 Kbr Kbb

⎤
⎦

⎧⎨
⎩

Xv
Xr
Xb

⎫⎬
⎭ =

⎧⎨
⎩

Fv
Fr
Fb

⎫⎬
⎭

(1)

where the subscripts ‘v’, ‘r’, and ‘b” denote the vehicles, rail, and bridges, respectively. The displacement
vectors, the mass, stiffness and damping matrices, and the load vectors of the vehicles, rail, and bridges are
explained as follows.

3.1 Displacement vectors

It is assumed that the number of vehicles on the track concerned is Nv. The vehicles displacement vector Xv
with order (6 × Nv) × 1 can be written

Xv = [ Xv1 Xv2 · · · XvNv ]T (2)

where the superscript ‘T’ denotes the transpose of the matrix and Xv j ( j = 1, 2, . . . , Nv) denotes the displace-
ment vector of the j th vehicle. Xv j with order 1 × 6 can be expressed as

Xv j = [ yc j θc j yt1 j θt1 j yt2 j θt2 j ] (3)

The displacement vector of the rail Xr with order Nr × 1 can be written

Xr = [qr1 qr2 · · · qrNr ]T (4)

where Nr denotes the total number of DOFs of the rail.
The displacement vector Xb with order N̄b × 1 for a series of multi-span continuous beams to model the

bridges can be written

Xb = [ Xb1 Xb2 · · · XbNb ]T (5)

where Xbi (i = 1, 2, . . . , Nb) denotes the displacement vector of the i th A bridge, Nb the total number of
multi-span bridges, as shown in Fig. 1, and N̄b is the total number of DOFs of all bridges. Xbi with order
1 × nbi and N̄b can be expressed as

Xbi = [qb1 qb2 · · · qbnbi ] (6)

N̄b =
Nb∑

i=1

nbi (7)

where nbi denotes the total number of DOFs of the i th multi-span bridge.
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3.2 Matrices for the vehicles

The matrices of the vehicles are marked with the subscript ‘vv’. The mass matrix Mvv of the vehicles, with
order (6 × Nv) × (6 × Nv), can be written

Mvv = diag[ Mv1 Mv2 · · · MvNv ] (8)

where Mv j with order 6 × 6 denotes the mass matrix of the j th vehicle and can be expressed as

Mv j = diag[ mc Jc mt Jt mt Jt ] (9)

The stiffness matrix Kvv of the vehicles, with order (6 × Nv) × (6 × Nv), can be written

Kvv = diag[ Kv1 Kv2 · · · KvNv ] (10)

where Kv j with order 6 × 6 denotes the stiffness matrix of the j th vehicle and can be expressed as

Kv j =

⎡
⎢⎢⎢⎢⎢⎣

2ks −ksL1 + ksL2 −ks 0 −ks 0
ksL2

1 + ksL2
2 ksL1 0 −ksL2 0

ks + 2kp 0 0 0
2kpL2

t 0 0
symm. ks + 2kp 0

2kpL2
t

⎤
⎥⎥⎥⎥⎥⎦

(11)

in which L1 denotes the horizontal distance between the centers of gravity of the car body and the ear bogie,
L2 the horizontal distance between the centers of gravity of the car body and the front bogie, and L t half of
the bogie axle base.

The damping matrix Cvv of the vehicles, with order (6 × Nv) × (6 × Nv), can be obtained by simply
replacing k in the corresponding stiffness matrix Kvv by c.

3.3 Matrices for the rail

The matrices for the rail are marked with the subscript ‘rr’. The mass matrix Mrr of the rail, with order Nr × Nr,
can be written

Mrr = Mrr1 + Mrr2 (12)

with

Mrr2 =
Nv∑
j=1

4∑
h=1

mw · NT
jh · N jh

N jh = [ 0 0 · · · 0 N1 N2 N3 N4 0 · · · 0 0 ]ξ=ξ jh

N1 = 1 − 3(ξ/ l)2 + 2(ξ/ l)3 N2 = ξ [1 − 2(ξ/ l) + (ξ/ l)2]
N3 = 3(ξ/ l)2 − 2(ξ/ l)3 N4 = ξ [(ξ/ l)2 − (ξ/ l)]

where Mrr1, with order Nr × Nr, represents the overall mass matrix of the rail itself, obtained by assembling all
its element mass matrix

∫ l
0 m̄rNTNdξ with order 4 × 4, in which m̄r denotes the rail mass per unit length, and

N = [ N1 N2 N3 N4 ]; Mrr2 (with order Nr × Nr) represents the overall mass matrix induced by all the wheel
masses; ξ denotes the local coordinate measured from the left node of a beam element; as shown in Fig. 2, the
solid circles (•) in the rail and bridge denote the nodes for the rail and bridge elements; ξ j1, ξ j2, ξ j3 and ξ j4
denote, respectively, the distance between the rear wheelset of rear bogie of the j th vehicle and the left node
of the rail element on which the wheelset is acting, the distance between the front wheelset of rear bogie of
the j th vehicle and the left node of the rail element on which the wheelset is acting, the distance between the
rear wheelset of front bogie of the j th vehicle and the left node of the rail element on which the wheelset is



712 P. Lou

acting, and the distance between the front wheelset of front bogie of the j th vehicle and the left node of the rail
element on which the wheelset is acting; and N jh with order 1 × Nr are the shape function matrices for the rail
element, evaluated at the position of the hth wheelset of the j th vehicle. It should be noted that each element
is zero in N jh except those corresponding to the four DOFs of the two nodes of the rail element on which the
hth wheelset of the j th vehicle is acting. N jh is time dependent as the hth wheelset of the j th vehicle moves
from one position to another within one rail element. As the hth wheelset of the j th vehicle moves to the next
rail element, N jh will shift in position corresponding to the DOFs of the rail element where the hth wheelset
of the j th vehicle is positioned.

The stiffness matrix for the rail Krr, with order Nr × Nr, can be expressed as

Krr = Krr1 + Krr2 + Krr3 (13)

with

Krr2 =
Nv∑
j=1

4∑
h=1

[kp · NT
jh · N jh + (cpv + mwa) · NT

jh · N′
jh + mwv2 · NT

jh · N′′
jh]

where Krr1 with order Nr × Nr represents the overall stiffness matrix of the rail itself, obtained by assembling
all its element stiffness matrix

∫ l
0 Er IrN′′TN′′dξ with order 4×4, in which Er denotes the Young’s modulus of

the rail, Ir denotes the constant moment of inertia of the rail cross section, and the prime denotes differentiation
with respect to the local coordinate ξ ; Krr2 with order Nr × Nr represents the overall stiffness matrix induced
by all the vehicles; Krr3 with order Nr × Nr represents the overall stiffness matrix induced by the stiffness of
the rail bed, obtained by assembling all the element stiffness matrix

∫ l
0 krbNTNdξ with order 4 × 4 due to the

rail bed supporting the rail element.
Similarly, the damping matrix of the rail, Crr, with order Nr × Nr, can be written

Crr = Crr1 + Crr2 (14)

with

Crr1 =
Nv∑
j=1

4∑
h=1

(cp · NT
jh · N jh + 2mwv · NT

jh · N′
jh)

where Crr1 with order Nr × Nr represents the overall damping matrix induced by all the vehicles; Crr2 with
order Nr × Nr represents the overall damping matrix induced by damping of rail bed, obtained by assembling
all the element damping matrix

∫ l
0 crbNTNdξ with order 4 × 4 due to the rail bed, supporting the rail element.

3.4 Matrices of the bridge

The matrices for the bridges are marked with the subscript “b’. The mass matrix of bridges Mbb with order
N̄b × N̄b can be written

Mbb = diag[ Mb1 Mb2 · · · MbNb ] (15)

where Mbi (i = 1, 2, . . . , Nb) denotes the mass matrix of the i th multi-span bridge. Mbi for the i th bridge,
with order nbi ×nbi , can be obtained by assembling all its element mass matrix

∫ l
0 m̄bNTNdξ with order 4×4,

in which m̄b denotes the bridge mass per unit length.
The stiffness matrix of the bridges Kbb, with order N̄b × N̄b, can be written

Kbb = diag[ Kb1 Kb2 · · · KbNb ] (16)

where Kbi (i = 1, 2, . . . , Nb) denotes the stiffness matrix of the i th multi-span bridge. Kbi of the i th bridge
with order nbi × nbi can be expressed as

Kbi = Kbi1 + Kbi2 (17)
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where Kbi1 with order nbi ×nbi represents the overall stiffness matrix of the i th bridge itself, obtained by assem-
bling all its element stiffness matrix

∫ l
0 Eb IbN′′TN′′dξ with order 4 × 4, in which Eb denotes the Young’s

modulus of the bridge, and Ib the constant moment of inertia of the bridge cross section; Kbi2 with order
nbi ×nbi represents the overall stiffness matrix induced by the stiffness of the rail bed, obtained by assembling
all the element stiffness matrix

∫ l
0 krbNTNdξ with order 4×4 due to the rail bed connecting the bridge element.

Similarly, the damping matrix of the bridges Cbb with order N̄b × N̄b can be written

Cbb = diag[ Cb1 Cb2 · · · CbNb ] (18)

where Cbi (i = 1, 2, . . . , Nb) denotes the damping matrix of the i th multi-span bridge. Cbi for the i th bridge,
with order nbi × nbi , can be expressed as

Cbi = Cbi1 + Cbi2 (19)

in which Cbi1 with order nbi × nbi represents the overall damping matrix of the i th bridge, and Cbi2 with
order nbi × nbi represents the overall damping matrix induced by the damping of the rail bed, obtained by
assembling all the element damping matrix

∫ l
0 crbNTNdξ of order 4 × 4 due to the rail bed connecting the

bridge element.
On the basis of the definition of Rayleigh damping, the damping matrix Cbi1 of the i th bridge, with order

nbi × nbi , is computed as follows:

Cbi1 = α · Mbi + β · Kbi1 (20)

Given the damping ratio ζb, the two coefficients α and β can be determined as α = 2ζbω1ω2/(ω1 + ω2),
β = 2ζb/(ω1 + ω2), where ω1 and ω2 are the first two natural circular frequencies of vibration of the bridge
[2,26].

3.5 Matrices of the vehicles–rail interaction

The matrices induced by the vehicles–rail interaction are denoted by the subscript ‘vr’ or ‘rv’. The stiffness
matrices Kvr with order (6 × Nv) × Nr and Krv with order Nr × (6 × Nv), the damping matrices Cvr with
order (6 × Nv) × Nr and Crv with order Nr × (6 × Nv) induced by the interaction between the vehicles and
the rail can be written as

Kvr =
Nv∑
j=1

Kv j r1 +
Nv∑
j=1

Kv j r2 +
Nv∑
j=1

Kv j r3 +
Nv∑
j=1

Kv j r4 (21)

Krv =
Nv∑
j=1

Kr1v j +
Nv∑
j=1

Kr2v j +
Nv∑
j=1

Kr3v j +
Nv∑
j=1

Kr4v j (22)

Cvr =
Nv∑
j=1

Cv j r1 +
Nv∑
j=1

Cv j r2 +
Nv∑
j=1

Cv j r3 +
Nv∑
j=1

Cv j r4 (23)

Crv =
Nv∑
j=1

Cr1v j +
Nv∑
j=1

Cr2v j +
Nv∑
j=1

Cr3v j +
Nv∑
j=1

Cr4v j (24)

with

Kv j r1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
...

−kpN j1 − cpvN′
j1

kpL tN j1 + cpL tvN′
j1

...
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(6×Nv)×Nr

Kv j r2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
...

−kpN j2 − cpvN′
j2

−kpL tN j2 − cpL tvN′
j2

...
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(6×Nv)×Nr
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Kv j r3 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
...

−kpN j3 − cpvN′
j3

kpL tN j3 + cpL tvN′
j3

...
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(6×Nv)×Nr

Kv j r4 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
...

−kpN j4 − cpvN′
j4

−kpL tN j4 − cpL tvN′
j4

...
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(6×Nv)×Nr

Kr1v j = [ 0 0 . . . −kpNT
j1 kpL tNT

j1 . . . 0 0 ]Nr×(6×Nv)

Kr2v j = [ 0 0 . . . −kpNT
j2 −kpL tNT

j2 . . . 0 0 ]Nr×(6×Nv)

Kr3v j = [ 0 0 . . . −kpNT
j3 kpL tNT

j3 . . . 0 0 ]Nr×(6×Nv)

Kr4v j = [ 0 0 . . . −kpNT
j4 −kpL tNT

j4 . . . 0 0 ]Nr×(6×Nv)

Cv j r1 = CT
r1v j

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
...

−cpN j1
cpL tN j1

...
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(6×Nv)×Nr

Cv j r2 = CT
r2v j

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
...

−cpN j2
−cpL tN j2

...
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(6×Nv)×Nr

Cv j r3 = CT
r3v j

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
...

−cpN j3
cpL tN j3

...
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(6×Nv)×Nr

Cv j r4 = CT
r4v j

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
...

−cpN j4
−cpL tN j4

...
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(6×Nv)×Nr

where Kv j r1 and Kr1v j represent the stiffness matrices induced by the interaction between the rear wheelset
of the rear bogie of the j th vehicle and the rail, and Cv j r1 and Cr1v j are the corresponding damping matrices;
Kv j r2 and Kr2v j represent the stiffness matrices induced by the interaction between the front wheelset of rear
bogie of the j th vehicle and the rail, and Cv j r2 and Cr2v j are the corresponding damping matrices; Kv j r3 and
Kr3v j represent the stiffness matrices induced by the interaction between the rear wheelset of the front bogie
of the j th vehicle and the rail, and Cv j r3 and Cr3v j the corresponding damping matrices; Kv j r4 and Kr4v j

represent the stiffness matrices induced by the interaction between the front wheelset of front bogie of the j th
vehicle and the rail, and Cv j r4 and Cr4v j the corresponding damping matrices. It should be noted that each
row is a zero vector in Kv j r1 , Kv j r2 , Cv j r1 and Cv j r2 except those that correspond to the two DOFs of the rear
bogie frame of the j th vehicle, and each column is a zero vector in Kr1v j , Kr2v j , Cr1v j and Cr2v j except those
that correspond to the two DOFs of the rear bogie frame of the j th vehicle; each row is a zero vector in Kv j r3 ,
Kv j r4 , Cv j r3 and Cv j r4 except those corresponding to the two DOFs of the front bogie frame of the j th vehicle,
and each column is a zero vector in Kr3v j , Kr4v j , Cr3v j and Cr4v j except those corresponding to the two DOFs
of the front bogie frame of the j th vehicle.

3.6 Matrices of the rail–bridge interaction

The matrices induced by the continuous springs and dampers between the rail and bridges are denoted by the
subscripts ‘rb’ or ‘br’. The stiffness matrix Kbr with order N̄b × Nr induced by the continuous springs between
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the rail and bridges can be written as

Kbr = [ KbrL KbrC KbrR ] (25)

where KbrL with order N̄b × NrL denotes the stiffness matrix induced by the continuous springs between the
bridges and the rail in the left track segment, NrL denotes the number of DOFs of the rail in the left track
segment except the DOFs of the rail node A (as shown in Fig. 1); KbrR with orderN̄b × NrR denotes the stiff-
ness matrix induced by the continuous springs between the bridges and the rail in the right track segment, NrR

denotes the number of DOFs of the rail in the right track segment except the DOFs of the rail node B (as shown
in Fig. 1); KbrC with order N̄b × NrC denotes the stiffness matrix induced by the continuous springs between
the bridges and the rail in the central track segment, NrC denotes the number of DOFs of the rail in the central
track segment including the DOFs of the rail nodes A and B. It should be noted that Nr = NrL + NrC + NrR ,
and that each element in KbrL and KbrR is zero.

KbrC consists of the stiffness matrices Kb1rC1 with order nb1×nb1, Kb2rC2 with order nb2 ×nb2, …, KbNb rCNb
with order nbNb × nbNb , and is zero in other positions, where Kbi rCi (i = 1, 2, . . . , Nb) with order nbi × nbi
denotes the stiffness matrix induced by the continuous springs between the i th multi-span bridge and the rail
supported on the i th multi-span bridge, and Kbi rCi with order nbi × nbi can be obtained by assembling all

the stiffness matrix −∫ l
0 krbNTNdξ with order 4 × 4 induced by the continuous springs between the bridge

element and the corresponding rail element of the i th multi-span bridge. Kbi rCi (i = 1, 2, . . . , Nb) should be

the position from the
(∑i−1

s=1 nbs

)
th row and the (

∑i−1
s=1 nbs − 2 × (i − 1))th column to the (

∑i
s=1 nbs)th row

and the (
∑i

s=1 nbs − 2 × (i − 1))th column in the stiffness matrix KbrC if i > 1, and from the first row and
the first column to the nb1th row and the nb1th column in the stiffness matrix KbrC if i = 1.

It should be noted that Krb = KT
br.

The damping matrices Cbr with order N̄b × Nr and Crb with order Nr × N̄b induced by the continuous
dampers between the rail and bridges can be obtained by simply replacing k in the corresponding stiffness
matrices Kbr and Krb by c, respectively.

3.7 Load vectors of vehicles, rail and bridge

The load vector Fv of vehicles, with order (6 × Nv) × 1, can be written

Fv = [ Fv1 Fv2 · · · Fv Nv ]T (26)

where Fv j with order 6 × 1 is the load vector of the j th vehicle

Fv j =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

0
0

kprξ=ξ j1 + kprξ=ξ j2 + cpvr ′
ξ=ξ j1

+ cpvr ′
ξ=ξ j2−kpL trξ=ξ j1 + kpL trξ=ξ j2 − cpvL tr ′

ξ=ξ j1
+ cpvL tr ′

ξ=ξ j2

kprξ=ξ j3 + kprξ=ξ j4 + cpvr ′
ξ=ξ j3

+ cpvr ′
ξ=ξ j4−kpL trξ=ξ j3 + kpL trξ=ξ j4 − cpvL tr ′

ξ=ξ j3
+ cpvL tr ′

ξ=ξ j4

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

(27)

The load vector Fr with order Nr × 1 of rail can be written as

Fr =
Nv∑
j=1

Fr j1 +
Nv∑
j=1

Fr j2 +
Nv∑
j=1

Fr j3 +
Nv∑
j=1

Fr j4 (28)
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with

Fr j1 =
(

mwg + 1

2
mtg + 1

2
mcg

L2

L1 + L2
− kp · rξ=ξ j1 − cpv · r ′

ξ=ξ j1
− mwa · r ′

ξ=ξ j1
− mwv2 · r ′′

ξ=ξ j1

)
NT

j1

Fr j2 =
(

mwg + 1

2
mtg + 1

2
mcg

L2

L1 + L2
− kp · rξ=ξ j2 − cpv · r ′

ξ=ξ j2
− mwa · r ′

ξ=ξ j2
− mwv2 · r ′′

ξ=ξ j2

)
NT

j2

Fr j3 =
(

mwg + 1

2
mtg + 1

2
mcg

L1

L1 + L2
− kp · rξ=ξ j3 − cpv · r ′

ξ=ξ j3
− mwa · r ′

ξ=ξ j3
− mwv2 · r ′′

ξ=ξ j3

)
NT

j3

Fr j4 =
(

mwg + 1

2
mtg + 1

2
mcg

L1

L1 + L2
− kp · rξ=ξ j4 − cpv · r ′

ξ=ξ j4
− mwa · r ′

ξ=ξ j4
− mwv2 · r ′′

ξ=ξ j4

)
NT

j4

where Fr j1, Fr j2, Fr j3 and Fr j4 represent the load vectors induced by the rear wheelset of rear bogie, the front
wheelset of rear bogie, the rear wheelset of front bogie, and the front wheelset of front bogie of the j th vehicle
acting on the rail, respectively.

All elements in the load vector of the bridges Fb, with order N̄b × 1, are zero.
Since N jh ( j = 1, 2, . . . , Nv, and h = 1, . . . , 4), rξ=ξ jh , and their differentiation with respect to the local

coordinate ξ are time dependent. Therefore, the matrices and the load vectors containing N jh, rξ=ξ jh , and their
differentiation, i.e., the matrices Mrr, Cvr, Crv, Crr, Kvr, Krv, and Krr, and the load vectors Fv and Fr in Eq. (1)
are also time dependent. They must be updated at each time step.

Equation (1) can be solved by the step-by-step integration method such as the Newmark-β method [21]
or Wilson-θ method [3], to obtain simultaneously the dynamic responses of train, of track and of bridges.
Equation (1) has been written on the assumption that Nv vehicles are acting on the track concerned. If a certain
vehicles is not on the track concerned, the corresponding rows and columns of the matrix equation should be
deleted.

Equation (1) can be applied not only to the analysis of the dynamic responses of the interaction system
among a moving train or single vehicle, a railway track and several types of railway bridges, such as a multi-
span or a series of multi-span railway bridges and a single-span or a series of single-span simply supported
bridges, but also to the analysis of the dynamic responses of a beam on viscoelastic foundation, a single-span
simply supported beam or a multi-span continuous beam subjected to a moving train.

4 Verification of the proposed procedure

In this section, the equation of motion derived for the train–track–bridge interaction system and the associ-
ated computer program will be verified through the study of an example. Let us consider a simply supported
Bernoulli–Euler bridge with a smooth top surface and ignored track subjected to a moving train consisting of
five identical four-wheelset vehicles with constant speeds from 10 to 110 m/s with increments of 1 m/s. All
parameters of the vehicle and bridge are listed in Table 1. The first natural circular frequency for the bridge
computed is ω1 = 25.62 rad/s.

To make use of the proposed procedure, the following data are assumed for the track: L r = 32 m,
Er = 2.943 × 1010 Pa, Ir = 2.88 m4, m̄r = 1.2 × 104 kg/m, krb = 0 N/m2, and crb = 0 Ns/m2 . That is to say,
the parameters of track are the same as those of the aforementioned bridge. It should be pointed out that the
proposed computer program has considered the damping of rail itself by using similar Eq. (20). In generally,
ζr (the damping ratio of rail) is zero, i.e., the damping of rail is neglected, in analysis of the dynamic responses
of the train–track–bridge system. However, ζr is equal to 0.02 in this example. The following data are assumed
for bridge: L = 32 m, Eb = 2.943 × 1010 Pa (arbitrary nonzero value), Ib = 2.88 m4 (arbitrary nonzero value),
m̄b = 1.2 × 104 kg/m (arbitrary nonzero value), ζb = 0.02 (arbitrary value), and Nb = 1. Because both krb and
crb are zero, in the present results, the dynamic responses of rail obtained by the proposed procedure are those
of the aforementioned bridge.

In the present analysis, both rail and bridge are divided into 10 elements of equal length. It is assumed
that the rail and bridge is at rest at the instant of train arrival. The equation of motion for this system is solved
by the Wilson-θ method with θ = 1.4. Figures 3 and 4, respectively, show the dynamic magnification factors
for vertical displacement and bending moment at the midpoint of the rail against train speed obtained by the
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Table 1 All parameters for the vehicle and bridge

Notation Parameter Value

Vehicle
mc Mass of the car body 4.175×104 kg
Jc Mass moment of inertia of the car

body
2.08×106 kg m2

Ld Horizontal distance between the
center of the rear bogie of a four-
wheelset vehicle and the center
of the front bogie of the follow-
ing four-wheelset vehicle

6.0 m

ks Spring stiffness of the second
suspension system

5.3×105 N/m

cs Damping coefficient of the sec-
ond suspension system

9.02×104 N s/m

L1 Horizontal distance between the
centers of gravity of the car body
and the rear bogie

8.75 m

L2 Horizontal distance between the
centers of gravity of the car body
and the front bogie

8.75 m

mt Mass of a bogie frame 3.04×103 kg
Jt Mass moment of inertia of a bo-

gie frame
3.93×103 kg m2

L t Half of the bogie axle base 1.25 m
kp Spring stiffness of the primary

suspension system
1.18×106 N/m

cp Damping coefficient of the pri-
mary suspension system

3.92×104 Ns/m

mw Mass of a wheelset 1.78×103 kg
Bridge

Eb Young’s modulus 2.943×1010 Pa
Ib Moment of inertia 2.88 m4

m̄b Mass per unit length 1.2×104 kg/m
L Span length 32 m
ζb Damping ratio 0.02

proposed procedure using 2,000 equal time steps for each train speed, along with the results obtained by Lou
et al. [18] using the modal analysis method (MAM) considering the first five modes of the bridge. The dynamic
magnification factors for vertical displacement and bending moment at a specified section are defined as:

Dynamic magnification factor for vertical displacement = (maximum dynamic vertical displacement)/
(maximum static vertical displacement)

Dynamic magnification factor for bending moment = (maximum dynamic bending moment)/(maximum
static bending moment)

From Figs. 3 and 4, one observes that good agreement has been achieved between the present and MAM
solutions. There is slight deviation in Fig. 4. The reason is that the beam deflection converges faster than
the beam bending moment in the MAM. The example serves to illustrate the reliability of the proposed
procedure.

In addition, as can be seen from Figs. 3 and 4, there are a few local peak values at various speeds, indicat-
ing the occurrence of a train–bridge resonance at that speed. The reason can be given as follows. From Yang
et al. [30], it is known that the dimensionless resonant speed parameter is Sres = d/(2nL), where d is the
vehicle length, L is the bridge span length, and n is a positive integer. Furthermore, from Yang et al. [27], the
speed parameter S is taken as S = vπ/(ω1L). When d = 23.5 m, L= 32 m, and ω1= 25.62 rad/s, one can obtain
the resonance speed as vres = 95.82/n (m/s). On the other hand, from Yang et al. [30], it is also known that
the dimensionless speed parameter for the waves generated by the moving axles loads to cancel each other is
Scan = 1/(2n̄−1), where n̄ is a positive integer. Equivalently, the cancelation speed is vcan = 260.96/(2n̄−1).
As shown in Figs. 3 and 4, the resonant speeds with vres= 96 and 32 m/s can be observed, while the other resonant
speeds are suppressed since they are coincident with or close to the point of cancelation.
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Fig. 3 Dynamic magnification factor for the vertical displacement of the bridge midpoint under various train speeds

Fig. 4 Dynamic magnification factor for the bending moment of the bridge midpoint under various train speeds

5 Numerical examples

In the following examples, the effect of two types of vehicle models, two types of bridge models and three
damping values of bridge on the maximum dynamic responses of train, track and bridges will be investigated.
The equation of motion for the train–track–bridge interaction system is also solved by the Wilson-θ method
with θ = 1.4. The running speed of the train is constant from 10 to 200 m/s with increment of 2 m/s. For the
case of each speed, 2,000 equal time steps are used to analyze the dynamic responses of this system. It should
be noted that the calculated accelerations for vehicle, rail and bridge in the following examples are absolute
value.

5.1 Example 1: The effect of two types of vehicle models on the dynamic responses
of the train–track–bridge interaction system

The effect of two types of vehicle models on the dynamic responses of the train–track–bridge interaction
system is investigated in this section. As an illustration example, let us consider a three-span continuous beam
to model the bridge with the track structure under a moving train using two types of vehicle models. One is a
four-wheelset whole-vehicle model, that is, each vehicle is considered as a four-wheelset mass–spring–damper
system, as shown in Fig. 2; the other is a half-vehicle model, that is, each four-wheelset vehicle is considered
as two two-wheelset mass–spring–damper system, as shown in Fig. 5. The train consists of five identical
four-wheelset vehicles with two-stage suspensions. A railway track is continuous throughout a three-span
continuous beam with the two approaches supported on embankments. The parameters of the vehicle and
bridge are the same as those in Table 1 except L . In this example, L (the span length) is 30 m, and the total
length of the three-span continuous beam is 90 m. The parameters of track concerned with top smooth surface
are listed in Table 2. It is assumed that the length of track structure on each approach embankment is equal,
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Table 2 The parameters for the track

Notation Parameter Value

L r Total length of the track structure concerned 138 m
Er Young’s modulus 2.06×1011 Pa
Ir Moment of inertia 2×2.037×10−5 m4

m̄r Mass per unit length 2×51.5 kg/m
krb Stiffness of the continuous springs reflecting the properties of the rail bed 2×6.58×107 N/m2

crb Damping coefficient of the continuous dampers reflecting the properties of the rail bed 2×3.21×104 N s/m2
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tt
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tt
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p
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car body car body

Fig. 5 Two half-vehicle models

Fig. 6 Maximum vertical displacement at the midpoint of the bridge for the two types of vehicle models

i.e., the length of the left track segment equals to that of the right track segment. The first two frequencies for
the bridge computed by the solution of eigenvalue for the bridge free vibration or by [8] are ω1 = 29.145 rad/s
and ω2 = 37.215 rad/s, respectively. In the finite element analysis, the three-span continuous beam is divided
into 60 elements each of length 1.5 m, and the rails is divided into 92 elements each of length 1.5 m. For
the half-vehicle model, all the parameters of the vehicle, the track and the bridge are the same as those in
this example except mc = 0.5 × 4.175 × 104 kg and Jc = 0 kg·m2. For the two types of vehicle models,
the maximum dynamic responses of train, track and bridge under various train speed have been plotted in
Figs. 6, 7, 8, 9, 10, 11, 12 and 13.

From Figs. 6, 7, 8, 9, 10, 11, one observes that the effects of the two types of vehicle models on the dynamic
response of rail and bridge are insignificant. However, from Figs. 12, and 13, the effect of the two types of
vehicle models on the vertical acceleration of the car body is significant. The omission of the interaction
between the front and rear bogies of the four-wheelset vehicle, as implied by the half-vehicle model, may
result in significant underestimation of the vehicle response, which is not conservative from the design point
of view.
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Fig. 7 Maximum vertical acceleration at the midpoint of the bridge for the two types of vehicle models

Fig. 8 Maximum bending moment at the midpoint cross section of the bridge for the two types of vehicle models

Fig. 9 Maximum vertical displacement at the midpoint of the rail for the two types of vehicle models

5.2 Example 2: The effect of two types of bridge models on the dynamic responses
of the train–track–bridge interaction system

In order to analyze the effect of different bridge models on the dynamic responses of the train–track–bridge
interaction system, let us consider two types of bridge models: one is the model of a three-span continuous
beam to model bridge and the other is the model of three single-span simple beams to model bridges. In this
study, the whole-vehicle model mentioned in Example 1 is used. All the parameters of the train, the track and
the bridge are the same as those in Example 1. For the two types of bridge models, the maximum dynamic
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Fig. 10 Maximum vertical acceleration at the midpoint of the rail for the two types of vehicle models

Fig. 11 Maximum bending moment at the midpoint cross section of the rail for the two types of vehicle models

Fig. 12 Maximum vertical acceleration at the last car body above the center of gravity of the rear bogie for the two types of
vehicle models

responses of train, track and bridge under various train speed have been plotted in Figs. 14, 15, 16, 17, 18, 19
and 20.

As can be seen from Fig. 14, 15, 16, 17, 19 and 20 the displacement, acceleration and bending moment
of bridge, the displacement and bending moment of rail and the vertical acceleration of the car body for the
continuous beam model are smaller than those for the simple beam model. Therefore, in the bridge design, the
continuous beam may be adopted to reduce the dynamic response of the bridge, the displacement of the rail
and the acceleration of the car body. However, from Fig. 18, one observes that the effect of the bridge model
on the vertical acceleration of the rail is insignificant.
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Fig. 13 Maximum vertical acceleration at the last car body above the center of gravity of the front bogie for the two types of
vehicle models

Fig. 14 Maximum vertical displacement at the midpoint of the central span of the bridge for the two types of bridge models

Fig. 15 Maximum vertical acceleration at the midpoint of the central span of the bridge for the two types of bridge models

5.3 Example 3: The effect of different damping values of the bridge on the dynamic responses
of the train–track–bridge interaction system

The effect of three types of damping ratios of bridge, such as ζ = 0, ζ = 0.02 and ζ = 0.04, on the dynamic
responses of the train–track–bridge interaction system is studied in this section. In this study, the whole-vehicle
model mentioned in Example 1 is used. All the parameters of the train, the track and the bridge are the same
as in Example 1 except for the damping ratio of bridge. For the three types of damping ratios of bridge,
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Fig. 16 Maximum bending moment at the midpoint cross section of the central span of the bridge for the two types of bridge
models

Fig. 17 Maximum vertical displacement at the midpoint of the rail for the two types of bridge models

Fig. 18 Maximum vertical acceleration at the midpoint of the rail for the two types of bridge models

the maximum dynamic responses of train, track and bridge under various train speed have been plotted in
Figs. 21, 22, 23, 24, 25, 26 and 27.

As shown in Figs. 21, 22, 23, 24 and 27, the amplitudes at resonance for the displacement, acceleration and
bending moment of bridge, the displacement of the rail and the vertical acceleration of the car body decrease
very quickly as the damping ratio of the bridge increases. Therefore, the increase of damping for the bridge is
an effective measure to reduce the resonant amplitudes for the train–track–bridge interaction system. As can
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Fig. 19 Maximum bending moment at the midpoint cross section of the rail for the two types of bridge models

Fig. 20 Maximum vertical acceleration at the center of gravity of the last car body for the two types of bridge models

Fig. 21 Maximum vertical displacement at the midpoint of the bridge for the different bridge damping ratios

be seen from Figs. 25 and 26, however, the effect of the damping ratio of bridge on the vertical acceleration
and bending moment of the rail is insignificant.

6 Concluding remarks

On the basis of the finite element method, the equation of motion for the train–track–bridge interaction sys-
tem in matrix form with time-dependent coefficients is presented. Using the present equation, the dynamic
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Fig. 22 Maximum vertical acceleration at the midpoint of the bridge for the different bridge damping ratios

Fig. 23 Maximum bending moment at the midpoint cross section of the bridge for the different bridge damping ratios

Fig. 24 Maximum vertical displacement at the midpoint of the rail for the different bridge damping ratios

responses of the interaction system among a moving train or single vehicle, the railway track and several types
of railway bridge, including a multi-span or a series of identical multi-span continuous beams to model railway
bridges and a single-span or a series of identical single-span simple beams to model railway bridges, can be
analyzed. In addition, the dynamic responses of a beam on a viscoelastic foundation or a single-span simple
beam subjected to a moving train can also be analyzed by using the presented equation. The effect of two
types of vehicle models, two types of bridge models and three types damping ratio of bridge on the maximum
dynamic responses of train, track and bridges are investigated. From the investigation, several conclusions can
be drawn:
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Fig. 25 Maximum vertical acceleration at the midpoint of the rail for the different bridge damping ratios

Fig. 26 Maximum bending moment at the midpoint cross section of the rail for the different bridge damping ratios

Fig. 27 Maximum vertical acceleration at the gravity center of the last car body for the different bridge damping ratios

1. The effects of the whole-vehicle model and the half-vehicle model on the dynamic responses of the rail
and bridge are insignificant; however, they have a significant effect on the the vertical acceleration of the
car body. The omission of the interaction between the front and rear bogies of the four-wheelset vehicle,
as implied by the half-vehicle model, may result in a significant underestimation of the vehicle response,
which is not conservative from the design point of view.

2. The displacement, acceleration and bending moment of the bridge, the displacement and bending moment
of the rail and the vertical acceleration of the car body using the continuous beam model are smaller than
those using the simple beam model. Therefore, in the design of a bridge, the continuous beam model may
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be adopted to reduce the dynamic responses of the bridge, the displacement of the rail and the acceleration
of the car body. However, the effect of bridge models on the vertical acceleration of the rail is insignificant.

3. The resonant amplitudes for the displacement, acceleration and bending moment of the bridge, the dis-
placement of the rail and the vertical acceleration of the car body decrease very quickly as the damping
ratio of the bridge increases. Thus, increasing the damping of the bridge is an effective measure to reduce
the resonant amplitudes for the train–track–bridge interaction system. However, the effect of the damping
ratio of the bridge on the vertical acceleration and bending moment of the rail is insignificant.
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